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HARISH-CHANDRA MODULES
FOR QUANTUM SYMMETRIC PAIRS

GAIL LETZTER

ABSTRACT. Let U denote the quantized enveloping algebra associated to a
semisimple Lie algebra. This paper studies Harish-Chandra modules for the
recently constructed quantum symmetric pairs U, B in the maximally split case.
Finite-dimensional U-modules are shown to be Harish-Chandra as well as the
B-unitary socle of an arbitrary module. A classification of finite-dimensional
spherical modules analogous to the classical case is obtained. A one-to-one
correspondence between a large class of natural finite-dimensional simple B-
modules and their classical counterparts is established up to the action of
almost B-invariant elements.

Let g be a semisimple Lie algebra and let g? be the Lie subalgebra fixed by
an involution 6 of g. There is an extensive theory concerning the Harish-Chandra
modules associated to the pair g, g?. These are g-modules which behave nicely with
respect to the restriction of the action of g to g?. One of the main motivations in
understanding such modules is their close connection and impact on the study of
real Lie group representations. Harish-Chandra modules also are a class of infinite-
dimensional g-modules that have a reasonable amount of structure and thus are
amenable to study. In this way they are similar to the other infinite-dimensional
g-modules that have been examined thoroughly, the so-called category O modules.
These modules behave nicely with respect to the Cartan subalgebra of g.

Let U denote the Drinfeld-Jimbo quantization of the enveloping algebra of g. In
the quantum case, there is already a well developed theory of category O modules
(see for example [Jo]). However, much less is known about infinite-dimensional
quantum modules that correspond to the classical Harish-Chandra modules. One
of the main reasons for this difference is that there is an obvious quantum analog
of the Cartan subalgebra of g, while the analogs of the invariant Lie subalgebra are
less apparent. In [L2], we introduced one-sided coideal algebras B = By as quantum
analogs of the enveloping algebra of the fixed Lie subalgebra under the maximally
split form of an involution §. These analogs generalize the known examples already
in the literature in the maximally split case. Using these analogs in this paper, we
lay the groundwork for the study of quantum Harish-Chandra modules.

In the first part of the paper, we prove elementary results about quantum
Harish-Chandra modules associated to U, B. As in the classical case, every finite-
dimensional simple U-module comes equipped with a positive definite conjugate lin-
ear form. One checks that B behaves nicely with respect to this form which allows
us to decompose finite-dimensional U-modules into a direct sum of finite-dimen-
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sional simple B-modules. This is exactly the condition necessary to make such a
U-module into a quantum Harish-Chandra module with respect to B. Using this
result applied to the locally finite part of U, we prove that the sum of all finite-
dimensional unitary simple B-modules inside a U-module is a Harish-Chandra mod-
ule. As in the classical case, this result should prove useful in finding examples of
Harish-Chandra modules inside of infinite-dimensional U-modules.

In the next part of the paper, we study a special type of quantum Harish-
Chandra module: the finite-dimensional spherical modules. We show that a finite-
dimensional U-module is a spherical module for B exactly when the corresponding
g?-module is spherical. Some of the proof here is similar to the classical case, while
some new ideas are needed to avoid the use of Lie groups. These results extend the
work of Noumi and Sugitani (see [N| Theorem 3.1] and [NS| Theorem 1]) in special
cases and suggest that the quantum analogs of [L2] will yield a good quantum
symmetric space theory for maximally split involutions (see [Dil end of Section 3]).

In order to have a reasonable Harish-Chandra module theory, one needs to un-
derstand the finite-dimensional simple B-modules. One obvious class of finite-
dimensional simple unitary B-modules is the submodules of finite-dimensional U-
modules. We extend this class when g? has a nontrivial center. Unfortunately, in
most cases, neither the enveloping algebra of the semisimple part nor the center of
g? lifts to a subalgebra of B. However, B is shown to be the direct sum of a poly-
nomial ring whose generators correspond to a basis of g? /[g?, g’] and a subalgebra
of B. This decomposition is then used to produce analogs of the one-dimensional
U(g?) representations for B. The class of finite-dimensional unitary simple mod-
ules is extended by taking submodules of tensor products of these one-dimensional
simple B-modules with finite-dimensional U-modules.

In order to gain further understanding of the finite-dimensional simple modules,
we study those modules of B which can be specialized to g?-modules. One of the
difficulties in understanding finite-dimensional B-modules is that unlike the quan-
tized enveloping algebra, there is no obvious Cartan subalgebra inside of B. Thus
one cannot analyze finite-dimensional B-modules using weights and highest weight
vectors. In [GI] (see also [L1l Remark 2.4]), certain finite-dimensional modules are
analyzed when B is the analog of U(so n) using Gelfand-Tsetlin basis; however,
this approach does not generalize to other cases. Despite these problems, we show
that every specializable simple B-module remains simple upon specialization and
every finite-dimensional simple U(g?)-module is the image under specialization of
some finite-dimensional simple B-module. Furthermore, every finite-dimensional
unitary simple U(g?)-module can be lifted to a finite-dimensional unitary simple
B-module. The picture is particularly nice when g? is semisimple. Indeed in this
case, there is a one-to-one correspondence between specializable finite-dimensional
simple B-modules and finite-dimensional simple U (g?)-modules.

The main new idea in studying specialization is to embed finite-dimensional
B-modules inside of certain U-modules coinduced from a subalgebra of B. The
process is rather delicate since one must show that specializable B-modules embed
in a way that is compatible with specialization of the larger U-modules. When g
is not semisimple, we use the results on spherical modules to lift the center of g’
to elements of U (though not to elements of B). This is necessary to ensure that
the center of g? will acts as scalars on the specialization of the B-modules under
question.



66 GAIL LETZTER

In the quantized enveloping algebra case, all finite-dimensional simple modules
are specializable (up to a one-dimensional representation of the Cartan subalge-
bra). This is not true for the analogs of U(g?). At the end of the paper, we give
examples of one-dimensional nonspecializable modules for an example of B where
g? is semisimple.

There is more than one way to embed the analogs in [L2] of U(g?) into U up
to Hopf algebra automorphisms. These embeddings are divided into two classes,
standard and nonstandard (see Section 2). All the results listed above are proved
for the standard embedding. The same theorems are also true for a large class of
nonstandard embeddings (see Section 3 and Section 4). This was somewhat sur-
prising to the author and required a completely different argument for the theorem
classifying finite-dimensional spherical modules (see the end of Section 4).

This paper is organized as follows. Section 1 sets notation and recalls basic facts
about semisimple Lie algebras. In Section 2, we give the necessary background
material on quantum symmetric pairs, and in particular, the construction of the
analogs of U(g?). Section 3 is devoted to basic results about quantum Harish-
Chandra modules. Necessary and sufficient conditions for a finite-dimensional U-
module to be spherical are established in Section 4. In Section 5, we produce a
decomposition of B when g? is not semisimple in order to obtain additional one-
dimensional representations of B. Section 6 is an analysis of certain coinduced
modules and their finite-dimensional B-submodules. In Section 7, we define and
study specializable B-modules.

1. BACKGROUND AND NOTATION

Let g =n~ @ h® n' be a semisimple Lie algebra of rank [ over C. Let (a;;)
denote the Cartan matrix of g and let A (resp. AT) be the set of roots (resp.
positive roots) for g. Write m# = {ay...qq} for the set of positive simple roots
and set Q@ = Y., Zo; and QT = > .. Nay (where N denotes the set of
nonnegative integers). Let (, ) denote the Cartan inner product on h* and set
(a, B) = 2(e, B)/(B, B). We use “<” for the usual order on Q. In particular, we say
that A < v whenever vy — A € Q*.

Let ¢ be a fixed indeterminate. We will be defining quantized enveloping algebras
over an extension of C(g) and we will also need a notion of conjugation on this
extended field. Note that the ring C[q],—1) can be considered as a subring of the
ring of formal power series C[[q — 1]]. Furthermore, every element in C[[¢ — 1]] that
is not in the ideal generated by (¢ — 1) has a square root in C[[g — 1]]. Let A be
the smallest subring of the algebraic closure of C(g) such that every element in A
which is not contained in the ideal generated by (¢ — 1) has a square root and is
invertible. It follows that we can also embed A inside of C[[g — 1]]. Write K for
the quotient field of A. Define R to be the intersection of K with the real closure
of R(q). Using the theory of real ordered fields, we have that K = R+ iR (see [Jal
§11]). Conjugation ~ on C can be extended to conjugation on C(q) and hence on
K by setting the conjugate of ¢ equal to ¢™ for all integers m.

Given an indeterminate ¢, the Drinfeld-Jimbo quantized enveloping algebra U =
Uy(g) is the algebra over K generated by z;, v, tfﬂ, 1 < ¢ < [ subject to the
relations in [L2] or [Jol 3.2.9]. (We follow the conventions of the warning in the
latter reference.) The algebra U is also a Hopf algebra with comultiplication A,
counit €, and antipode ¢ as in [Jol 3.2.9].
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The group T = (t1,...,1;) is isomorphic to the additive group @. Define the
corresponding isomorphism 7 by setting 7(a;) = t; for 1 <4 <. We will sometimes
adjoin additional elements 7(\) to U where A € h* as in [JL2, §3.1].

Given an algebra S and subalgebras 5;,1 < i < 7, we call the map from
S1®---® S, to S which sends s1 ® --- ® s, to s1...s, the multiplication map.

Let UT (resp. U™, resp. U°) be the K subalgebra of U generated by z; (resp.
i, TESp. tzil), for 1 < i < [. There is a vector space isomorphism over K via the
multiplication map ([R])

U=U @U°UT.

We may replace Ut (resp. U~) by G (resp. G~) where GT (resp. G7) is the
subalgebra of U generated by xitfl (resp. y;t;) for 1 <i <.

Given a U-module M and a A € K[T]*, we write My for the A weight space of
M. In particular, My = {v € M|tv = A(t)v for ¢ € T}. When A takes the form
A(7(B)) = ¢ for some A € h*, we write A = ¢* and M, instead of M. When
M is a subset of U, the A weight space of M is defined with respect to the adjoint
action of T on U. If v € M has weight A, then we set wtv = A.

Set U equal to the A subalgebra of U generated by z;, s, (t; —1)/(¢ —1). By
say [DK| Proposition 1.5] and [IL2, 6.11], we have that U(g) = U ®4 C where
we identify C with A/{(q¢ — 1). Given a subalgebra S of U, set S=0UnS. The
specialization of S at ¢ = 1 is the image of S in U(g) using the above isomorphism.

Though we started with the field C, the results in this paper also hold if we
replace C by the algebraic closure of any real ordered field. Basic facts about
quantized enveloping algebras which are not referenced explicitly can be found in

[Jol.

2. QUANTUM SYMMETRIC PAIRS

Let 6 be an involution of g and write g? for the corresponding fixed subalgebra.
Replacing 0 by a conjugate using automorphisms of g (if necessary), we may assume
that 6 is maximally split (see [D] 1.13.8]). In particular, we may assume that ¢
satisfies the following three conditions:

(2.1) 8(h) = h;

(22) 0(61) = €; and g(fz) = fz if g(hl) = hi;

(2.3) 6(e;) (resp. O(f;)) is a nonzero scalar multiple of a root vector in n™ (resp.
n") if 0(h;) # hi.

The above conditions imply that 6 induces an automorphism of the root system
which we denote by ©. Set me = {a; € 7|0(hi) = hi}, Q(me) = > . cro Lis
and Ag = Q(me) N A. We have that Ag is a root system with positive roots
Ag = A" N Ag, negative roots Ag = A~ N Ag and simple roots 7. Let mg
denote the reductive Lie subalgebra of g? generated by g? N h and the semisimple
Lie subalgebra whose root system is Ag. Write ng for the Lie subalgebra generated
by the root vectors of weights in AT — Ag and define ng similarly using negative
weights. (In what follows, we drop the © subscript from mg since © will be
understood from context.)

As in say [L2, (3.7)], there exists a permutation p on the set {i|la; € 7 — 7o}
such that for each a; € m — o,

(2.4) O(as) + o) € Q(me).
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Quantum analogs of U(g?) are constructed and studied in [L2]. These analogs
are subalgebras of U which specialize to U(g?) and are right coideals. Because of
the convention of considering left modules more often than right modules, it will
be convenient to replace these right coideals by left coideals. This is done by using
the isomorphism of U which sends x; to y;, y; to x;, t; to ti_l, and sends the Hopf
structure of U to the opposite Hopf structure. Thus when referring to results in
IL2], we will assume this isomorphism transforming the Hopf structure has been
applied to U.

Let us briefly review the construction and properties of the quantum analogs of
U(g?) defined in [L2]. Let To denote the subgroup of T consisting of those 7(\)
such that A = ©()A). Let R be the subalgebra of U generated by the x;, y;, with
a; € me and the group Tg. Alternatively, we can view R as the subalgebra of U
generated by the quantized enveloping algebra U, ([m, m]) and Te.

The involution @ can be lifted to a C-algebra involution 6 of U such that (see
L2| Theorem 3.1])

[
(2.5) 0(q) = ¢~

(2.6) O(T(A)) = 7(=0O(})) for all 7(A) € T}

(2. Q(mz) = z; and H(yz) =y, for all a; € me;

(2.8) O(z;) € GQ( and H(yz) € G@(—a,;) where «; ¢ To.

Let B be the K-subalgebra of U generated by R and the elements
B} = yit; + 0(y)ts

for a; ¢ mo. In what follows, we drop the 6 subscript or superscript from Bj and

Bf as long as the involution # can be understood from context.
By [[2, Theorem 4.9], B satisfies the following properties:

(2.9) B specializes to U(g?).
(2.10) A(B) cU ® B.
(2.11) If B C C and C is a subalgebra of U which also specializes to U(g?), then
B=C.

Moreover, if B’ and B both satisfy (2.9), (2.10), (2.11), then B’ is isomorphic
as an algebra to B (see |[L2, Theorem 5.8]). This isomorphism is not necessarily
the restriction of a Hopf algebra automorphism of U. To classify such left coideal
algebras up to Hopf algebra isomorphism, set S equal to the subset of 7 — mg
consisting of those «; such that (A, a;) = 0 for all 7(\) € Te. Let S denote the
set of [-tuples (s1,...,s;) such that s; € A and s; # 0 implies that o; € S. Given
s €S, set

B]S-’t9 = yjtj + g(yj)tj + Sjtj
for 1 < j <. Let B 45 be the subalgebra of U generated by R and Bjs-’a for oj ¢ Te.

Let ‘H denote the set of the Hopf algebra automorphisms of U which fix elements
of T and send x; to a;y;, y; to a;lyi, where a; and a;l are in A — (¢ — 1)A for
1 < i <. Let [O] denote the set of all involutions of g corresponding to the root
system automorphism ©. Replace condition (2.9) by

(2.12) B specializes to U(g?) for some ¢’ € [O].
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By [L2, §5 (the paragraph following Lemma 5.5, Theorem 5.8, and Remark 5.10)],
we have the following classification of subalgebras of U satisfying (2.10), (2.11), and
(2.12).

Theorem 2.1. A subalgebra B of U satisfies conditions (2.10), (2.11), and (2.12)
if and only if there is a Hopf algebra automorphism T € H such that T(B) = B, ;
for some s € S. Moreover, B is isomorphic as an algebra to Bj.

When s is identically zero, then BS79~ is just the same as Bj. In this paper, we
call B a standard analog of U(g?) if B is the image of B; under a Hopf algebra
automorphism of U in H. Thus, any analog isomorphic to B, 5 with s # 0 via
a Hopf algebra automorphism in H is nonstandard. We usually7 take the point of
view of the standard analogs of U(g?) in this paper. However, we show that the
results of this paper are true as well for all nonstandard analogs of U(g?) that are

Hopf isomorphic to a subalgebra invariant under a certain real antiautomorphism
of U.
Let Ng be the subalgebra of U™ defined by

Ng = D (GT oW )),r(y).
vEQT
In the lemma below, we show that this algebra (defined somewhat differently than
in [L2]) is a quantum analog of U(ng). Set R~ = RNU~ and Rt = RNUT.
Define a twisted adjoint action or, more precisely, a (right) skew derivation (see
[Jol 1.2.11]) of U™ on U by
(ad ;)b = yibt; * — byt; !
for all 1 <7 <. Similarly, we define an action of U" and U° on U by
(ad ;)b = ;b — t; "oty (adt;)b = t; 'bt;
forl1 <i<I.

We can associate to the ordinary adjoint action a map Ad : U — U ® U°P
such that if Ad(a) = > a1y ® a(g), then (ada)b = ) aqybaz). Let ¢ be the C-
algebra automorphism of U defined by ¥ (x;) = x;, ¥(y;) = yi, ¥(t;) = t;l, and
¥(q) = ¢~ for 1 < i < 1. A map similar to Ad for ad can also be defined. In
particular, the C-algebra homomorphism (¥ @) o Ad from U to U @ UP sati~sﬁes
(Y ®@9)oAd (c) =) cay®c) when (adc)b = ) c1ybeay. Thinking now of ad as
a map from U into End U, the above discussion implies that
(2.13)

(ad ;) (ady;) = (ady;)(ad z;) + i (ad (t — ;1)) /(g™ = q)
for1 <i<lI.

Proposition 2.2. The algebra Ng 18 (aa R) invariant. Moreover, the algebra gen-
erated by Ng and R is isomorphic to Ng ® R as vector spaces via the multiplication
map and the algebra generated by Ng and R* is equal to all of UT.

Proof. Tt is straightforward to check that (ady;)U™ is contained in UT + Utt; 2
for 1 < i <. Fix a nonnegative integer r and a sequence i1, ...,%, of r elements in
the set {i|a; € me}. Pick j such that 1 < j <[ and o; ¢ 7e.

Set

Y, = (adys,) - (ad i, ) (0(y;)m(O(=)))-
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We show by induction on r that

(2.14) AY,)ctit ot (O(-y) @Y, + U R

and

(2.15) Y, eU™.

By [L2, Proposition 4.1], (2.14) and (2.15) hold for » = 0. Assume (2.14) holds
for r =n—1. Set A = wtY,,_1 and note that A = —qy;, -+ —a;, , + O(—qy). It

follows that yinr()\)ti_nl ® t;ﬂlYn_lti_nl = T()\)yinti_nl ® Yn_lti_f. Using this fact, a
straightforward computation shows that

AYn) = AW, Vo1t = Yao1yi t; ) = 7MWt ' @ (adys, ) Va1 + U @ R.

n

Statement (2.14) thus follows by induction.
Now assume that (2.14) holds for ¥;, and (2.15) holds for ¥;,—1. Then, write
(ady;,)Yn—1 as by + bgt;f where b1 and by are in Uj:—a,', . We have

Alby +bot;?) =7(\) @by + TV 2 @bot; 2+ > U USU.
’Y<)\—O¢1‘,n
Since A — a,, ¢ Q(me), we cannot have that bgt;nz € R. Thus by (2.14) for r = n,
by = 0 and hence (2.15) holds for r = n. Therefore (2.15) follows by induction on
.

Using induction again, we assume that Y,_; € Ng . In particular, Y,_; =
(ar—1)T(wtY,_1) for some a,_; € U~. It follows that Y, = (ady;.)Y,—1 =
(ap)T(Wt Yr,l)ti:l where a, = y;,.ar_1 — gt “‘*l’aivv)ar,lyi,,,. Hence Y, € Ng.

We have shown that (ad R™)(0(y,)) € Ng for all a; ¢ mo. Thus Ng contains
elements which specialize to the root vectors that form a basis of ng. Since these

;
0

generators are also in U , we see that the dimension of each weight space of Ng is
greater than or equal to the dimension of each weight space of U (ng). Furthermore,
by definition, of Ng, the specialization of Ng is contained in U(ng). Hence Ng
specializes to U(ng)7 there is an equality of character formulas ch Ng =chU (ng)7
and NJ must thus be generated by the set {(ad R™)(0(y;))|a; ¢ me}. This set is
a vector space spanned by weight vectors, hence Nér is (aa R°) invariant. It now
follows from the definition of ad y; that Ng is also (ad R™) invariant.

To show that N& is (ad Rt) invariant, it is sufficient to show that (adz;)a
is in NJ for any of the generators of NJ and for any x; € R. In particu-
lar, assume that a takes the form Y, = (ady;,)--- (adyi, )(0(y;)7(©(—q;))) for
an appropriate sequence iy,...,41. By (2.13), we have that (a~dxi)Yr € Ng +
(adys,) - - (adys, ) (ad 2:) (0(y;)T(©(—a;))). Tt is enough to show that zero equals
(adz;)X where X = 0(y;)7(0(—q;)). Now (adx;)X = x;X — t; ' Xt;x;, hence
0((ad ;) X) = xy;7(y) — tiy;7(e;)t; "ai. Note that j cannot equal i because
a; € T while a;j ¢ me. Thus (aa ;)X =0 and Nér is (aa R) invariant.

Recall Sweedler’s notation for Hopf algebras: A(r) = r(1)y ® r(2). If r € R and
n e Né' , then

(2.16) = rmyne(re)) = rayno(re))re) = ((adra))n)re).

Since Ng is (aa R) invariant and R is a Hopf algebra, every element of the algebra
generated by N& and R is in the vector space N3 R = span{nr|n € N&,r € R}.
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Let m™ @m°®m™ be the triangle decomposition of the reductive Lie algebra m.
In the classical case, the subalgebra generated by U(m™) and U(ng)) is isomorphic
as a vector space to U(ng) ® U(m™*) via the multiplication map. Since NgR*
specializes to this algebra as g goes to 1, the subalgebra generated by Ng and R™
must be isomorphic to Ng ® R as a vector space via the multiplication map.

Note that (ch Ng)(ch R") = (chU(ng)(chU(m™)) = chU*. Hence the above
tensor product decomposition shows that the subalgebra of Ut generated by Ng
and RT is equal to all of U'. The proposition now follows from the triangular
decomposition of U and the triangular decomposition of R. |

Let A be the subgroup of (t}/2, .. ,tll/2> generated by t;/27'(®(ozi))_1/2 for 1 <
1 < I. Let T’ be the subgroup of (t}/2, ... ,tll/2> generated by Té)/2 = (t'/2|t € To)
and A. Note that T’ contains the group T. Write Ug for the extension of U
generated by U and T”. Asin [L2l Theorem 4.5], there is a vector space isomorphism

via the multiplication map called the quantum Iwasawa decomposition
(2.17) Uo = BTY? @ K[A|® N&

where B is any of the analogs of U(g?) described in Theorem 2.1. As mentioned
earlier, NJ is defined somewhat differently from [L2]. This compensates for the
fact that here we work inside U and not the larger algebra generated by U and
026,

Define Ng to be the subalgebra é(Ng) of G~. Note that

No= 3 (U~ nd(G)-r(y).

vEQT

By Proposition 2.2 and the definition of 6, it follows that Ng is (ad R) invariant.
The proof of Proposition 2.2 also implies that y;¢; is contained in N o for each
a; ¢ me and that Ng is generated by the sets (ad R™)y,t; for a; ¢ me. Thus Ng
is the subalgebra of G~ considered in [Ke]. Just as in (2.17), we have a vector space
isomorphism via the multiplication map Ug = BT(})/2 ® KA ® Né

Define a degree function on U by setting degy; = 1 and degx; = deg t;ﬂ = 0 for
1 <i <. Set B; = y;t; whenever «o; € mg. Given an m-tuple I = (i1,...,0y), we
set Br = By, ... B;,, and yr = yi, tiy ... Yi,,ti,, . Note that By = yr+ lower degree
terms. Also, yr is a weight vector in U and B; = y;+ higher weight terms. By the
discussion following [L2| Lemma 4.3], each element of B can be written as a sum of
terms of the form Bjr; where I is an m tuple for some nonnegative integer m and
rr € RYR°. Moreover, by [L.2, Lemma 4.4], the highest degree term of any element
b in B is contained in G™RTR°. Let L be a set of tuples of different lengths such
that {yr|I € L} is a basis for G~. It follows that

B= @BIR+R°.
Iel

3. QUANTUM HARISH-CHANDRA MODULES

Let B satisfy the conditions of Theorem 2.1 for some fixed ©. In this section we
introduce the notion of quantum Harish-Chandra modules similar to [L1), §4]. We
look at two important examples of Harish-Chandra modules: finite-dimensional U-
modules and the locally finite part F(U) of U (see [JL1]). Ultimately, F(U) plays
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the same role as g in the classical case. In particular, for all standard analogs and
some nonstandard analogs B, we show, using F'(U) and the coideal structure of B,
that the sum of the finite-dimensional simple unitary B-modules inside a U-module
is a Harish-Chandra module. Some of the results in this section generalize [L1]. One
of the main tools will be a conjugate linear antiautomorphism which makes U into
a Hopf x algebra and B into a * invariant subalgebra under a suitable embedding
inside of U.

Consider the subalgebra of U generated by F(U) and B. We claim that this
subalgebra is equal to the set F(U)B := span{ublu € U and b € B}. To see
this, consider bu where u € F(U) and b € B. As in (2.16), we have that bu =
> (ad b(y))ub(2). The claim now follows from the fact that F'(U) is an (ad U)-module
and B is a left coideal.

Note that any F'(U)B-module is automatically a B-module using the restricted
action.

Definition 3.1. A F(U)B-module M is called a Harish-Chandra module for the
pair U, B if M can be written as a direct sum of finite-dimensional simple B-modules
using the restriction of the action to B.

We could have defined a U, B Harish-Chandra module using a U-module instead
of an F(U)B-module. However, we show that sum of the finite-dimensional simple
unitary B-modules inside a U-module form a F'(U)B-module (Theorem 3.7 below)
but not necessarily a U-module. (See example 3.8.)

Let Ur be the R subalgebra of U generated by x;, y;, and T over R. Let k be
the R-algebra antiautomorphism of Ug defined by k(x;) = yiti, x(y;) = ti_la:i, and
k(t)=tforallt € T.

We may extend k to U by insisting that the resulting antiautomorphism is linear
as a K map. We will refer to this extension by k as well. Note that x is the
composition of a Hopf algebra automorphism fixing the root system of g composed
with the chevellay antiautomorphism defined in [Jol 3.3.3].

There is an alternate extension which results in just a R linear map. Extend
to an antiautomorphism & of U over R by setting &(aw) = ax(w) for a € K and
w € Ug.

It is straightforward to check that (k ® k) o A = Ao k. The same identity
also holds for K. Since K also commutes with the counit, this conjugate linear
antiautomorphism describes a Hopf * algebra structure on U (see [CP, 4.1F]).

Note that & (resp. &) isa K (resp. R) Hopf algebra antiautomorphism. It follows
that both x(B) and %(B) are left coideals satisfying conditions (2.12), (2.10), and
(2.11).

Lemma 3.2. Assume that B is a standard analog of U(g?). There exists a Hopf
algebra automorphism Y in 'H such that k(Y (B)) = &(Y(B)) = Y(B) and Y(B;) €
Ur for dall ; ¢ mo.

Proof. Without loss of generality, we may assume that B = B;. Now the con-
struction in [L2| Theorem 3.1] finds one particular involution corresponding to ©.
Other involutions of U corresponding to © can be obtained using an element of
‘H. Checking the maps used in [L2l Theorem 3.1] to construct this involution of U,
we see that this particular involution restricts to a R algebra involution of Ug. In
particular, replacing 8 by yfx ! for some y € H if necessary, we may assume that
B; € Ug for all o; ¢ mo.
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Consider the elements B; = yiti—f—é(yi)ti where o; = —O(a;). It follows that é(yl)
is a nonzero scalar multiple, say a; € A—(¢—1)A4, of xitfl. Thus ai_l/Qyiti—l-a;/Qxi
is contained in B. Let Y; be the element in H which sends z; to ai_l/Qxi and y; to
aimyi for each i such that a; = —O(ay). It follows that £(Y1(B;)) = «(Y1(B;)) =
Y1(B;) = yit; + ©; € Ug whenever a; = —0(q;).

Note that %(Y1(B)) is an algebra satisfying (2.10),(2.11), and (2.12). Hence
there exists an l-tuple s € S such that x(Y1(B)) is isomorphic to B ; via a Hopf

algebra automorphism in H. By the previous paragraph, Bis’e = y;t; + b;x; for
some b; in A whenever ©(«;) = —a;. Hence s = 0 and there is a Hopf algebra
automorphism Yo € H such that &(T1(B)) = YT2(B).

Since B; € Ug for each i, we can find scalars a; in ANR — (¢ — 1)A such that
Yo(z;) = a;z; and To(y;) = a;lyi for 1 <4 < [. Since R is the intersection of
K with a real closed field, there is a well defined notion of absolute value of an
element and every positive element has a square root in R. Also, by construction,
every square root of an element in A — (¢ — 1)A is also in A — (¢ — 1)A. Let T3
be the element in H such that Y3(z;) = |a;|*/?x; for 1 < i < 1. Let T4 be the
element in H such that T3Y, = Ts. By the choice of T3 and Y4, we must have
that Yy(z;) = €;2; for 1 < i <[ where each ¢; € {1, —1}. Furthermore,

(3.1) £(T3(B)) = Ta(T3(B)).

Note that by definition of Y3, we have that T3(B;) € Ug for each a; ¢ 7.

Without loss of generality, we may assume that a; = ¢; = 1 for all o; € mg. Set
B’ = T3(B). The proof of the lemma is finished if we can show that T4(B’) = B’.
This will be accomplished by showing that the generators of B’ are contained in
T4(B’). Note that the algebra R is contained in T4(B’).

Consider i where «; ¢ mo. There exists b; € ANR such that yiti—i—bié(yi)ti e B.
Set j = p(i). If € = €, then Tu(y;t; + bié(yi)ti) = ¢ (yit; + bié(yi)ti) and hence
Y 4(B’) contains the generator y;t; + bié(yi)ti.

Now assume that €¢; # ¢;. We can find y € U~ U° of weight ©(«;) such that
x; +y is also in B’. Tt follows that Y4(B’) contains x; — y = *e€;(z; — y) which
in turn must equal &(y;t; + bié(yi)ti) by (3.1). By Theorem 2.1, B’ specializes to
U(gal) for some involution 6" corresponding to ©. Upon specialization, we see that
both e; + f and f; + e are elements of g? . Here e; (resp. f;) is the root vector in
g corresponding to «; (resp. —a;). Similarly, f (resp. e) is a root vector of weight
O(a;) (resp. O(—ay)). Let ¢ denote the classical chevellay antiautomorphism
which is just the specialization of k. Since F(y;t; + bié(yi)ti) = x; — ¥, it follows
that c(f; + e) = e; — f. Let K denote the Killing form. By say [D 1.13.1],
K(f; +e,e; — f) = 0 since f; + e € g while 0/(e; — f) = —(e; — f). However,
by [Jo2) Lemma 2.5], K(f; + e,e; — f) # 0 because e; — f = c(f; + e). This
contradiction forces €; = ¢;. In particular, T4(B’) contains the generators of B’.
Thus Y4(Y5(B)) = T3(B). Setting T3 = T proves the lemma. O

Now consider a nonstandard analog B of U(g?). Modifying the arguments of
Lemma 3.2 slightly, one can show that there is a Hopf algebra automorphism Y’
such that x(Y'(B)) = Y/(B). However, Lemma 3.2 in full, does not quite work
for an arbitrary Bs,é' Consider T(Bs,é) where YT is as in the proof of Lemma 3.2.

Note that (Y (B, ;) contains R and the generators T(Bis’é) where O(a;) # —ay.
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Moreover, when ©(«;) = —a;, we have that T(Bis’a) is of the form y;t; + x; + a;t;
for some a; € A. We say that Bygisa real nonstandard analog of U(g?) if a; is in
RN A for all choices of ¢ such that a; = —O(«;). More generally, call a nonstandard
analog B of U(g?) a real nonstandard analog if there is a Hopf algebra automorphism
1 € H such that ¢(B) = B, 5 and By ; is a real nonstandard analog. Note that the
assumptions on a; imply that Lemma 3.2 is true for all real nonstandard analogs.

Now let T be as in Lemma 3.2. Note that T9T~_1 also satisfies the conditions
(2.5), (2.6), (2.7), and (2.8). Thus we may replace 6§ by YT 1. For the remainder
of the paper (unless stated otherwise), we will assume that B is a standard analog
or real nonstandard analog such that

(3.2) B=Bjor B=B_; for somes € S;

(3.3) R(B) = B=k(B);

(3.4) the generators of B, (i.e. the B; for a; ¢ me and the generators of R) all sit
inside of Ug.

Condition (3.3) ensures that B is invariant under the % structure of the Hopf
algebra U. (Of course, equivalently, we could have replaced & by Y~'&Y instead of
changing B.)

Let A be an element of K[T]* such that the simple highest weight U-module
L(A) generated by a highest weight vector of weight A is finite-dimensional.

Let U] (resp. U;) denote the augmentation ideal of Ut (resp. U~). Define
the Harish-Chandra map ¢ as the projection of U onto U° using the direct sum
decomposition U = (UUJ + U, U) & U° of U. Set S = Sj equal to the conjugate
linear form on L(A) which satisfies

(3.5) S(va,va) =1
and
(3.6) S(foa, gua) = Ae((f)g))

for all f and g in U.
Note that (3.6) implies that S(fv,v) = S(v,&(f)v) for all v € L(A) and f € B.
Let v denote the highest weight vector of L(A). By [L1] Lemma 4.2], we have that

S(w,w) # 0 for any nonzero w € L(A).

Theorem 3.3. FEach finite-dimensional U-module is completely reducible as a B-
module.

Proof. The conjugate linear form S can now be used as in [L1, Lemma 4.3] to break
down a finite-dimensional U-module into a direct sum of its simple B-submodules.
O

Theorem 3.3 implies that any finite-dimensional U-module is a Harish-Chandra
module for the pair U, B. It follows that F'(U) is a Harish-Chandra module for the
pair U, B using the adjoint action. As in [L1l, Section 4], we can show that F(U) is
the maximal Harish-Chandra module inside of U with respect to the adjoint action.
The following key lemma is an adaptation of [L1, Lemma 4.4].

Lemma 3.4. Let M be a U-module which admits a semisimple T-action. If W is
a finite-dimensional simple B-submodule of M, then W generates a locally finite
semisimple U-submodule of M.
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Proof. Note that we may restrict the action of B on W to R and thus W is a finite-
dimensional R-module. Since R is generated by the quantized enveloping algebra
Uy ([m, m]), and the group Te, it follows that z; and y; act locally nilpotent on W
for a; € mg. For a; ¢ me, we may apply the argument in the proof of [L1, Lemma
4.4] to show that "W = yW = 0 for some large m. Using the arguments in [L1]
Lemma 4.4] one can show that for all 1 < i <[, z; and y; act locally nilpotent on
the U-submodule generated by W and thus the lemma follows by [JLI, Theorem
5.9]. O

Note that F(U) is a semisimple (adT')-module and, furthermore, F(U) can be
written as the direct sum of all the finite-dimensional simple U-modules inside U.
Thus Theorem 3.3 and Lemma 3.4 imply the following result as in [LI, Corollary
4.6].

Theorem 3.5. The (adU)-module F(U) is the maximal Harish-Chandra module
for the pair U, B inside of U.

Consider again a finite-dimensional U-module L(A) with conjugate linear form
S and highest weight generating vector vy as above. Define a real lattice Lz by
Lz = Urva. The vector space Lg is a R subspace of L(A) such that L(A) =
Lr ®ilr, UrLr C Lg, and Sx(v,v) > 0 for all 0 # v € Lg.

Set Bgr equal to BN Ug. By (3.3) and (3.4), all the generators of B are con-
tained in Bg and R(Br) = Bg. Note that a simple Bg-module tensored with
K is automatically a simple B-module. Let V be a simple Bgr-module inside of
Lg. Set W equal to the perpendicular of V inside of Lg with respect to S. The
perpendicular of V' in L(A) with respect to S is just V ® K. In particular, the
decomposition of L(A) as a B-module corresponds to the decomposition of Lg as
a Bgr-module. Thus a simple B-submodule W which is contained in L(A) has the
following properties:

(3.7) W has a R vector subspace Wy such that Wgr @ K = W and Wy is a simple
Bpr-module of the same dimension as W.

(3.8) W has a conjugate linear form Sy such that Sy (v, bw) = Sw (&(b)v, w) for
all b € B and Sw (v,v) is a positive element of R for each nonzero v € Wrg.

Of course, condition (3.8) implies that Sw(v,v) # 0 for all 0 # v € W. In
general, we call a simple B-module W a unitary B-module if W satisfies conditions
(3.7) and (3.8). Given a finite-dimensional simple U-module L(A), we can form the
finite-dimensional B-module L(A) @ W.

Lemma 3.6. IfW is a finite-dimensional simple unitary B-module, then L(A)QW
is also unitary.

Proof. Note that the vector space Lr ® Wr satisfies (3.7). Set S(v @ w,v' @ w') =
Sa(v,v")Sw(w,w'). The fact that S is conjugate linear and positive definite on
Lr ® Wg follows from the properties of Sy and Sy. Now S(a(vi ® va), (w1 &
wa)) = S(agyv1 ® ayvz, w1 ® we) Since B is a left coideal, we have that a() €
B. Thus S(amvi ® a2, w1 @ we) = S(v1 ® va, K(an))wr @ k(az))wz) again
by properties of Sy and Sy. Since K commutes with the coproduct, this equals
S(v1 ® v, R(a)(wr @ ws)). O

Let W be a finite-dimensional U-module and let V' be a finite-dimensional simple
unitary B-module. Just as in the proof of Theorem 3.3, Lemma 3.6 implies that
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W ® V can be written as a direct sum of finite-dimensional simple unitary B-
modules. Thus the finite-dimensional unitary modules make good building blocks
for Harish-Chandra modules (see Theorem 3.7 below). Now assume that V is a
B-submodule of a finite-dimensional U-module W’. Then the B-module W ® V is
contained in the U-module W ® W’. Thus the only simple unitary B-modules we
have seen so far are submodules of finite-dimensional U-modules. We will produce
more examples of unitary modules in Section 5.

Theorem 3.7. Let M be a U-module and let W be the sum inside of M of all
the finite-dimensional simple unitary B-submodules. Then W is a Harish-Chandra
module for the pair U, B.

Proof. By the definition of Harish-Chandra modules, it is sufficient to show that
W is a F(U)-submodule of M. Make F'(U) ® W into a B-module as follows:

c- (FU)@W) = (adc))F(U) @ coyW

for all ¢ € B. Note that cyy € B for ¢ € B and hence c¢oW C W. Also, since
F(U) is an (ad U)-module, it follows that (adc(;))F(U) C F(U). Furthermore,
since F(U) is a direct sum of finite-dimensional (ad U)-modules and W is unitary,
the discussion preceding the theorem implies that F(U) @ W is a direct sum of
finite-dimensional simple unitary B-modules.

Consider the map F(U) ® W to the F(U)-submodule F(U)W of M defined by
the multiplication map. We have

(ad C(l))F(U)C(Q)W = C(l)F(U)O'(C(Q))C(g)W
= C(l)F(U)G(C(Q))W
= cF({U)W.

Hence the map from F(U)®@ W to F(U)W is a B-module map. Note that this map
restricts to a map of B-modules F(U)®@ W onto F(U)W. Thus F(U)W is a locally
finite semisimple B-submodule of M. By definition of W, F(U)W = W. O

In the example below we return to the issue of why quantum Harish-Chandra
modules are defined using an F'(U)B action instead of the action of U.

Example 3.8. Keep the notation of Theorem 3.7. In special cases, W is actually
a U-module such as when M is a finite-dimensional U-module or when M = F(U).
Unfortunately we cannot expect W = F(U)W to be a U-module in general. For
example, consider the case where g = sl 2 and B is just the polynomial ring in one
variable, yt + x. Let v be the generator of a one-dimensional B-module such that
(yt + x)v = Av where A € R. Note that Kv is a unitary B-module with conjugate
linear form S such that S(v,v) = 1. Hence F(U)® Kwv is a Harish-Chandra module
for the pair U, B by Theorem 3.7. Now F(U) ® Kv is a proper submodule of the
U-module U ® Kv. Consider u € U — F(U). Then either (ad z)™u # 0 for all m or
(ady)™u # 0 for all m. Thus by weight space considerations, (yt + z)™(u ® v) =
(adyt + )™u ® v + (adt)u ® Av is never zero. It follows that B does not act
locally finite on u ® v for any u € U — F(U). Hence F(U) ® v is the sum of all
the finite-dimensional B-modules inside of U ® v. In particular, the appropriate
choice for a Harish-Chandra module contained in U ® v is a F(U)B-module but
not a U-module.
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4. SPHERICAL MODULES

We continue our assumptions on B, namely that B is either a standard or a
real nonstandard analog of U(g?) satisfying (3.2), (3.3), and (3.4). In this section
we consider spherical modules associated to the subalgebra B. We show that U, B
is a Gelfand pair (see the definition below). We further prove that the finite-
dimensional spherical modules can be classified in exactly the same way as in the
classical case. This generalizes work of Noumi and Sugitani who explicitly find the
spherical vectors for specific families of quantum analogs (see [N, Theorem 3.1] and
[Nl Theorem 1]). (See also [L2, §6] which shows that the examples in [NS] fit into
the framework of Theorem 2.1.) Our proof is general and translates to a new proof
even in the classical case using just enveloping algebras and no Lie groups.

Definition 4.1. A U-module V is called spherical if the set VZ = {v € V]bv =
e(b)v for all b € B} has dimension 1. If dim V2 < 1 for all finite-dimensional simple
U-modules V' then U, B is called a Gelfand pair.

Let a be the classical counterpart to A appearing in the classical Iwasawa decom-
position. Let A(a, g) denote the corresponding set of restricted roots with positive
roots AT (a, g). Write Q(a, g) (resp. Q@ (a,g)) for the integral (resp. nonnegative
integral) linear combinations of elements of A(a,g). There is a standard partial
order on Q(a,g) defined by A > X if A — X is in Q% (a,g). Note that Q(a,g) can
be identified with the subset of Q(7) consisting of those weights orthogonal to the
set {a; + O(;)|1 < i <1} under the Cartan inner product. In particular, A(a,g)
can be taken to be the nonzero elements of the set {a; — O(;)|1 < i < I}. (For
more information about restricted roots, see for example [Knl.)

Let Z denote the subgroup of the nonzero complex numbers consisting of all

fourth roots of unity. One can associate a group homomorphism of <t1/2, e ,tll/z)

into Z to each I-tuple ¢ = (¢1,...,¢() € Z! by setting C(tl/z) = (. Given X €

Q(a,g) and ¢ € Z!  define elements (¢* € K[A]* by CqA(ti/zT(G(ai))_l/Q) =
C(t}mr(@(ai))_lm)q(/\’(""’_e(o""))/Q) for each 1 <1 <.

Now let V' be a finite-dimensional simple U-module. By say [R2], there exists
a fixed ¢ € Z! such that all weights of V are of the form (¢® where 8 € Q(n).
(Here ( is restricted to its action on T'; elements of T are sent to elements of the
group {1, —1}.) We can also break V' up into weight spaces for the action of 4. In
particular, given I' € K[A]*, the I" weight space of V consists of those vectors v
such that av = T'(a)v for all a € A. Tt is straightforward to see that the possible
weights of V' considered as an .A-module take the form (¢* where A € Q(a, g). We
write C¢* < ¢¢ if A < X. Since V is finite-dimensional, it makes sense to talk
about a maximal A-weight of V, say (q”. Let V7 be the corresponding weight
space.

Theorem 4.2. If V is a finite-dimensional simple U-module, then dimV? < 1.
In particular, U, B is a Gelfand pair.

Proof. By (3.3) k(B) = B. Set BT equal to the intersection of the augmentation
ideal of U with B.

Let V be a finite-dimensional simple U-module. Write U’ for the extension of
U by the elements in <t1/2, e ,tll/2>. It is straightforward to extend the action of
U on V to an action of U’ on V so that the highest weight of V takes the form
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¢q* where ¢ € Z! and \ € h* is dominant integral. Note that Ug (see Section 2) is
contained in U’ and thus V is also a Ug-module.

The proof here uses the quantum Iwasawa decomposition (2.17) and follows
the argument of Kostant in [KIl, §2]. Let Ng* denote the intersection of Ng
with the augmentation ideal of U. By Proposition 2.2 and its proof, we have
that R]\fér t = Ng TR. Since Ng is generated by weight vectors, we also have
ANST = NS TA.

Let v be chosen so that (¢” is the maximal A weight of V where ¢ € Z! and
vEQR(ag) Set V' ={v € V|N5'+v = 0}. Using the argument in [K1 Proposition
1.2.3], it follows that V¥ = V™ and that V™ is irreducible as a AR-module.

Let V' denote the dual of V' which becomes a U-module using the antiautomor-
phism . Assume that VB is nonzero. By definition, (v,z - w) = (k(z)v,w) for all
veV,we V' and z € B. Hence if v € VB and (v,w) # 0, then w ¢ B*V'. Now
V’/B*TV’ is isomorphic to a direct sum of one-dimensional trivial B-modules. By
Theorem 3.3, there exists a trivial B-submodule W of V’ such that W = V'/BTV".
Of course W is just equal to V'B. Thus VZ # 0 implies that V'? is nonzero.
Similarly, if VB #£ 0, then VB #£ 0.

We continue the assumption that V2 # 0. Using the quantum Iwasawa decom-
position (2.17) as in [KT, Lemma 1.2.4], we can now show that V", VB V'B and
V'™ are each one-dimensional. In particular, choose 0 # w € V'B and 0 # v € V™
and assume that 0 = (v, w). Then 0 = (v, Bw) = (Bv,w) = (BTé)/QANgv,w> =
(Ugv,w) = (V,w), a contradiction. It follows that V'B and V™ are dual to each
other under the bilinear form (, ). Now V" is an irreducible R-module and V' is a
direct sum of trivial R-modules. Since R is the algebra generated by the quantized
enveloping algebra U, ([m, m]) and Te, finite-dimensional simple R-modules are self
dual. In particular, V™ must be a trivial one-dimensional R-module and hence V'B
is one-dimensional. A similar argument works for V2 and V™. |

In the next theorem, we classify the finite-dimensional simple spherical modules
for analogs B of U(g?). The classification parallels the classical case; see for example
[Knl Theorem 8.49].

Theorem 4.3. Assume that B is a standard or real nonstandard analog of U(g?)
satisfying (3.2), (3.3), and (3.4). A finite-dimensional simple U-module V' is spher-
ical (with respect to B) if and only if the highest T weight (¢ of V vanishes on
To and its restriction X to A satisfies (X,B)/(ﬁ,ﬁ) 18 a positive integer for every
positive restricted root 3.

Before proving the theorem, we replace the last condition on restricted roots
with one on simple (nonrestricted) roots.

Lemma 4.4. Let A be an element of h* such that X\ is zero on v whenever T(v) €
To. The restriction X of A to A satisfies (X, 3)/(8,0) is a nonnegative integer for
every positive restricted root (8 if and only if

(4.1) 2(\, @)/(«, @) is a nonnegative integer for all positive simple roots a such that
a# —0(w)

and

(4.2) (M a)/(a, @) is a nonnegative integer for all positive simple roots o such that
« ().

)
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Proof. Let A be a weight and write A for its restriction to a. By the proof of [Knl
Theorem 8.49], we have (X, 3)/(53,0) is a nonnegative integer for every positive
restricted root 3 if and only if

(4.3) 2(\, a)/(«, ) is a nonnegative integer for all positive roots « such that « #
—6(a)
and

(4.4) (A a)/(a, ) is a nonnegative integer for all positive roots « such that o =
—0(a).

So it is enough to show that (4.3) and (4.4) are equivalent to (4.1) and (4.2).
Clearly (4.3) (resp. (4.4)) implies (4.1) (resp. (4.2)). To see the other direction,

we modify the proof of [Kn| Proposition 4.62]. Indeed if O(a) # —a, then the

induction argument of [Knl, Proposition 4.62] works here as well. On the other hand,

if ©(a) = —a, then one adapts the argument by replacing a reflection corresponding

to a simple root by the reflection corresponding to some a; — O(«;). O

Proof of Theorem 4.3. We assume first that B is a standard analog. Let V be
a finite-dimensional simple U-module with highest weight (¢* and highest weight
generating vector vy. Set m; = 2(\, o)/ (a4, ;). Since V' is finite-dimensional, the
my;, 1 <14 <[ are all nonnegative integers. Hence it is sufficient to show that V is
spherical if and only if A acts trivially on Te and m; is even whenever a; = —O(«;).

We argue first that dim V/BTw, is less than or equal to 1. To see this, we can
find a basis of V' consisting of elements of the form y, vy where y, is in G~ of weight
7. Without loss of generality, we may assume that y, is a monomial, say yr. Since
B is a standard analog, the elements B;, 1 < i <[ are all contained in B*. Thus,
Brvy = yrvy + higher weight terms and is contained in B¥w). Induction on weight
implies the dimension claim. Moreover, BT vy = V if and only if vy € Bt wvy.

If dim V/B*wvy = 1, then, by Theorem 3.3, V contains a one-dimensional trivial
B-module. On the other hand, if BT acts trivially on the nonzero vector w, then,
again by Theorem 3.3, we cannot have w € BTV. Thus V is spherical if and only
if
(45) U ¢ BJrU)\.

To complete the proof of the theorem we argue that (4.5) happens if and only if A
has the nice form of Theorem 4.3 as interpreted by Lemma 4.4.

Note that if vy ¢ BT, then vy ¢ (R)Tv) where (R)" denotes the augmentation
ideal of R. Recall that R is the algebra generated by the quantized enveloping alge-
bra U,([m, m]) and Te. Hence vy ¢ (R)" v, if and only if (R)Twvy = 0. Moreover,
(R)*twvy = 0 if and only if X is trivial when restricted to Tg if and only if vy gener-
ates a one-dimensional trivial R-module. Furthermore, if Kv) is a one-dimensional
R-module, then m; = 0 for all o; € 7o.

Now a typical element of B is a sum of elements in B;RTR° (see Section 2).
Hence we only need to determine when vy cannot be written as a linear combination
over A using terms of the form Bjuvy.

It is well known that the annihilator of vy in U is

(4.6) U Anngovy + Z Uz; + Z U(yiti)m”ﬂ.
1<i<l 1<i<l

We have that Bjvy = yjvs + higher weight terms. Suppose that By € U(Bi)m""|r1
for some i. If o; € mg, then m; = 0, B; = y;t; and Byvy = 0.
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Assume that «; ¢ mg and assume further that O(a;) # —ay. It follows that
tO(w;) + sa; is never contained in the set of positive weights where ¢ and s are
positive integers. In particular, if we rewrite (B;)™ as a sum of elements in the
form ace where a € G, c € U°, and e € U™, then (B;)™ = (yit;)™ + UU T where
U*T is the augmentation ideal of UT. Hence BI"vy = (y;t;)™vy for all m. Thus
(Bi)miJrlU)\ =0.

Now assume that «; = —©(«;). In this case, B, = y;t; + ;. We drop the
subscript @ from y, ¢, and x in the argument that follows. Note that (yt + z)" vy =
(yt+z)"~Lytvy for any positive integer n. Now (yt+z)"Lytv, is a sum of terms of
the form (yt)"~% vy where n —2j > 0 and j is a nonnegative integer. Furthermore,
the coefficient of (y¢)™vy in this sum is one. Choosing n = 1,2,3,..., we see that
BTwy contains (yt)"v, for all odd values of n.

Assume first that m; is even. It follows that

(yt + z)™i oy € Z K(yt + z)vy C Btoy.
j<mi,jodd

Hence

(yt+z)"vr € > K(yt+z) v,
1<j<m;
for all n > 1. Thus vy ¢ (BT N K[yt 4+ z])vy in this case.

Now assume that m; is odd. By the above, (yt)"vx € BVtwy for all odd n.
Hence (yt + z)(yt)"vx € Btwvy whenever n is odd. Note that if n < m; + 1,
then z(yt)"wvy is a nonzero multiple, say a,, of (yt)" lvy. Thus BTv) contains
(yt)" oy +an(yt)" Loy, Consider (yt-+x)(yt)™ivy. Since (yt)™i vy = 0, we must
have that (yt)™~lvy € BTwvy. It now follows by induction that (yt)™i~1=%uy €
BTty for (m; —1)/2 > j > 0. Hence vy € Btw, in this case.

We have shown that when a; = —O(«;), vx € (K[yt + x| N BT)vy if and only
if m; is odd. Also, by the previous two paragraphs, there exists a polynomial p;
of degree m; + 1 such that p;(yt + x)vy = 0. Moreover, this polynomial p; has a
nonzero constant coefficient if and only if m; is odd. Set a; equal to the constant
coefficient of p;.

Recall (see the end of Section 2) that

(4.7) B =P B/R°R"
JeL

where {ys|J € L} is a basis for G~. Let Z be a subset £ such that {vy}U{yrvsll €
7} is a basis for V. Furthermore, by (4.6), a typical element y in the augmentation
ideal of G~ satisfies

(4.8) y=> ayr+» G (yit:)™
rez i

Since By = yr+ lower degree terms, we also have that {vy} U {Brvx|I € T} is a
basis for V. Moreover, given a typical element b € BT, using (4.7) and (4.8), we
may find scalars ay € K such that

b=> aB;+ > B(B;)mit1

IeT {il®(aj)#—ay}

+ Y BYpB)+ > K@p(Bj)—a)+BR)*.
{7l®(ej)=—a;} {il®(aj)=—a;}
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Thus by € Y ;c7 KBroa + Zj Kajvy. In particular, V' is spherical if and only if
R acts trivially on vy and each a; = 0. This in turn is equivalent to A acts trivially
on T and m; is even whenever o; = —O(«;). This completes the proof in the
standard case.

Now consider the case where B is a real nonstandard analog of U(g?). The proof
above applies to B as well, except for the part concerning the B; with a; = —0(a;).
Without loss of generality, we may assume that B contains elements y;t; + x; + s;t;
where s; € ANTR for all «; such that o; = —O(a;). (Note that y;t; + x; + s;t; is
not in B* when s; # 0. However, y;t; + x; + (s;t; — s;) is in BT. Thus we want to
use y;t; + x; + sit; — s; instead of B; in the preceding arguments.) Let V; be the
Klyit; + x; + s;t; — s;]-submodule of V' generated by vy. Theorem 4.3 will hold for
real nonstandard B, if we can show that V; admits a spherical vector if and only if
m; is even for each i such that s; # 0.

Dropping the subscript ¢ from z, y, and ¢, we are reduced to the following question
about Uy(sl 2). Let X = yt + x + a(t — 1) where a € ANR. Note that B* is
the polynomial ring generated by X. We must show that an n dimensional simple
Uy(sl 2)-module is spherical if and only if n is odd. (Here we may think of m; as
equal ton + 1.)

Let w be a nonzero vector which generates a one-dimensional simple Uy(sl 2)-
module with tw = —w. Note that A(X) € at® X + U+ ®1. Thus, if L(¢"*) admits
a spherical vector v, then w ® v is a spherical vector of Kw ® L(¢"*) = L(—q"*).
Hence, we reduce to the case of n dimensional simple modules L,, generated by a
highest weight vector of weight ¢(»~1)%/2 for some nonnegative integer n.

Now, if n is even and L,, contains a vector v annihilated by X, then the special-
ization of L, is a spherical (sl 2)?-module, which is a not possible by the classical
theory. On the other hand, let n = 3, and let v; be the highest weight generating
vector of L3. One checks that

vit+alg > =D)(g+q ) Tytor — (g + ¢ ") Hwt) o

is annihilated by X and hence Lj3 is a spherical module.

To show that the other L,, are spherical for n odd, we pass to the locally finite
part ' = F(Uy(sl 2)) of Uy(sl 2). We will use the following lemma later, so it
will be proved for all U and not just Uy,(sl 2). Set F(U)B = {a|la € F(U) and
(adb)a = €(b)a for all b € B}. By Theorem 3.5, F(U)B = UP where U® is defined

in a similar fashion.

Lemma 4.5. The set F(U)? equals {z € F(U)|o~1(2)b = bo~1(z) for all b € B}.
In particular, F(U)B is a subalgebra of F(U).

Proof. Note that the second sentence follows from the first. To prove the first state-
ment, we follow the argument in [JLI, Corollary 2.4]. Set Zp = {z € F(U)|o~1(2)b
=bo~!(z) for all b € B}. If z € Zp, then

(ad b)z = b(1)z0(b(ay) = a(byo " (2)o " (b))
Since b(z) € B, the above equals
o0 (2)byo (b)) = bayo(be))z = €(b)=.
On the other hand, if z € F(U)®, then
oM (2)b =07 (2)buye(bra)) = (b)) (2)bay = o (e(bray)2)b().-
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Since bz) € B and z € F(U)®, 71 (2)b equals
Uﬁl(b(g)za(b(g)))b(l) = b(3)071(z)071(b(2))b(1) = b(2)071(2)6(b(1)) = bofl(z). O

Using the Separation of Variables theorem for U,(sl 2), we have that the har-
monics are a direct sum of the modules (adUy(sl 2))z™ = Lo,y1 (see [JL2] and
[JL1l §3.11]). Let v € (adUy(sl 2))z be a nonzero spherical vector. By weight
space considerations, v = z+ lower weight terms. Lemma 4.5 implies that v™ is
in F(U)B for all n > 0. Now v" = z"+ lower weight terms. One sees by the
degree arguments using the filtration defined in [JL2| §2.2] and the decomposition
in [JLI Lemma 3.11], that v" is not in FZ* where Z* is the augmentation ideal
of the center Z. Hence by degree considerations, there is a nonzero spherical vec-
tor w in Lo,11 such that v € w + FZT + Y 1<i<m L2n—1Z. In particular, each
Loy 11 is a spherical module for B which completes the proof of Theorem 4.3 in the
nonstandard case. O

5. SEMISIMPLE PART OF B

In the classical case, ¢’ is not necessarily semisimple though it is reductive.
In order to analyze finite-dimensional simple B-modules, we want to split off the
“semisimple” part of B. We do this to a certain extent in this section and thus
produce a large class of one-dimensional nontrivial B-modules

Write g? as a direct sum of the semisimple Lie algebra [g?, g] and the center
Z(g?). Let {21,...,2} be a basis for Z(g?). (Of course, if g is simple, the classical
version of Theorem 4.2 implies that » < 1.) Note that this decomposition of g‘g
implies that no z; can been written as a sum of commutators of elements in g?.

Let e;, fi,hiy, 1 < 1 < I be a set of generators for g. Here ¢e; is the root vector
corresponding to «;, and x; specializes to e;. Similarly, f; is the image of y; and h;
is the image of (¢; —t; Y/(q — ¢ 1) under specialization. The generators for g? are
say e; + 0(e;) and h; 4+ 0(h;) for i such that «; ¢ mo and e;, f;, h; for ¢ such that
o; € TO.

Assume that there exists an n such that e, + 6(e,) cannot be written as a
sum of commutators. If n # p(n), then h,, — hy(,) is a nonzero element of g? and
(" —hp(n), €n+0(en)] # 0 which is not possible. On the other hand, if o, # —O(av,)
and n = p(n), then there must exist a; € mg such that (a;, ay) # 0. So e, +60(ey) is
a nonzero multiple of [h;, e, +6(ey)], a contradiction. It follows that —0(a,) = an
and so, without loss of generality, e,, + 0(e,,) = €, + fa.

Choose cy, . ..c, so that z; € C*¢; + [g?, g%] and ¢; is either equal to h,, + 0(h,,)
or e, + fn for some n. If ¢; = h, + 0(hy,), then set C; = ¢,7(0(«,)) while if
¢; = en+ fn, set C; = B,.

We may write g as a direct sum of simple Lie algebras g7 such that the root
system of g is a disjoint union of the root systems A; of the g7. By (2.1), (2.2), and
(2.3), it follows that 6(g?) is equal to another summand g* where g” is isomorphic
to g/. Suppose that ¢; = e, + f, for some i, 1 < i < r and somen, 1 <n < I.
Let A; be the subset of A containing .. It follows that f(g?) = g7. Since g’ is
simple, by the classical version of Theorem 4.2, z; is the only element up to a scalar
of Z(g?) contained in g/. Thus we may write g = D1 <j<s8j where gi1,.... 851
are simple and 6 restricts to an involution of each g;. Furthermore, we may assume
that ¢; is in g if and only if ¢; is contained in h.



HARISH-CHANDRA MODULES FOR QUANTUM SYMMETRIC PAIRS 83

The discussion in the previous paragraph implies that each ¢; ¢ h lie in a dif-
ferent simple summand of g; of g where 1 < j < s — 1. Furthermore, all ¢; € h
are contained in the last summand gg. It follows that Clcy, ..., ¢ ] is a commuta-
tive polynomial ring. The same argument can be made in the quantum case. In
particular, the ring over K generated by the C;, 1 < i < r is a polynomial ring in
r variables. Let Z be the ring generated by {C;|1 <i < r} and {C;*|C; € T and
1<i<r}.

Let B’ be the subalgebra of B generated by the sets

{Bila; ¢ me and B; # C; for any 1 < j <7},

{t:i7(©(a;))|vi ¢ mo and t;7(O(a;)) # Cj for any 1 < j <r},
and
{2i, yi tis t; Vi € To )
Set Bt =UtNB.
Theorem 5.1. B= BB'TB® 7.

Proof. Since the theorem takes place entirely inside of B, we may assume without
loss of generality that B is a standard analog of U(g?). By the above discussion,
we may reduce to the following two cases.

Casel: r=1and C = B, forsome 1 <n <.

Case 2: Each C; € Tg for 1 < i <r.

Let Ry be the subalgebra RN B’ of B and write (R;)" for the augmentation ideal
of Ry. Let Z denote the set of all m-tuples, where m is any positive integer, which
satisfies the condition that at least one entry is contained in the set {i|B; € B'}. By
[L2] discussion following Lemma 4.3], we have that RTR°B; = B;R*R° for each
o; ¢ me. Thus we can write B(B")"B =3 ;.7 BfR°R* + (R1)"Z.

Let Z; be a maximal subset of Z such that the set {y;|I € Z;} is linearly in-
dependent over K. Recall the degree function on U defined at the end of Section
2. Note that By = yr+ lower degree terms. Hence {B;|I € I;} is also linearly
independent over K.

Set J equal to the set of m-tuples such that {y;|J € J} = {y*|m > 1} in Case
1 and equal to the empty set otherwise. By the choice of Z;, {y;|I € Zy U J} is
a basis for G~ over K. The proof of the theorem now follows from the following
lemma. O

Lemma 5.2. B(B')"B =3 ,.; BiR°R" + (R1)"Z.

Proof. Tt is sufficient to show that whenever we have a relation of the form

Za[B]’I“[ = Z b[B]’I“/I—I—C

IeT IeT, U J
where r7,7) € R°R* and ¢ € Ry Z, then by = 0 whenever I € J and ¢ € (Ry)"Z.
Now the relations among the By R°R' come from the quantum Serre relations on
G~ (and relations of R) (see the discussion at the end of Section 2). Hence without
loss of generality we may assume that there is some positive integer m such that
whenever aj is nonzero, the degree of y; is m and whenever by # 0, y; has degree
strictly less than m.

Recall that the quantum Serre relations each involve two elements y;t; and y;t;

for some ¢ and j. Thus, we can reduce to the case where the a;y # 0 if and only
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if I has one entry equal to j and m;; = —(o, ;) + 1 entries equal to ¢ for some
1 < ,j <. Furthermore, either B; or B; (or both) must be in B’. We are thus
interested in relations of the form

(5.1) S AB" T B;BE = X
k

where A, € K and X has degree strictly lower than m;;+1. (Here the A, are chosen
from the quantum Serre relations. In particular, ), Aky;n”ikyjyf = 0.) We argue
in the following cases that X is in ) ; ., BrR°R" + (R1)"Z. Set m = my;.

Case (i): o; or a; is in me: Assume that a; € mg and o ¢ mg. We
may write B; = y;t; + 0(y;)t;. In this case 0 = Y, Ap(yits)™ *(y;t;)(vit:)F =
Dok qSAkyimfkyjyft;”tj for some s independent of k. Hence

0=00> ¢" Ary" Fyy )ity = > a* Awy" 0y, )yl et
k k

= Aw(yits)" " 0(y; )t (yiti)*.
k

It follows that 3, ApBy" "B;BF = X = 0. The same argument works when
a; € mg and a; ¢ me. Furthermore, if both ; and «; are in 7g, then we must also
have that X = 0.

For the remaining cases, we assume that o; ¢ mg and o ¢ 7e.

Case (ii): @ # p(i), i # p(j): It follows immediately that j # p(i). Recall
(Section 2) that the highest degree term of X must be contained in G~ R°R™.
Furthermore, the assumptions in this case say that any monomial in 6 (y; )t;, 0(y;)t;,
yiti, and y;t; is not in G~ R°R™ unless it is actually a monomial in y;t; and y;t;.
In particular, X = 0 in this case.

Case (iii): i = p(i): One checks that ¢ # p(j) and j # p(i) in this case. More-
over, it will not matter whether or not j is equal to p(j). Now the highest degree

term of X can be written as a sum of monomials of the form y;”_%_k/yjyf/ R°RT.

Hence X can be written as a sum of terms of the form Bzm_%_k/ B;BF R°R* where
k>1and m —2k>0and m — 2k >k’ > 0. Since m — 2k + 1 is strictly less than
m+1 for k > 1, we may assume the elements Bzm_%_k’ B; Bf/ are contained in the
set {Br|ll €eyUJ}.

Now if 7 = 0 or Z = K[B,,] with j # n, then it follows that X € >, ., BrR°R*
as desired. So assume that Z = K[B,]. Now if g is of type G2, we must have that
g’ is semisimple (see [Ku, p. 543]). Hence, we may assume that m = 2 or m = 3.
Using the above, if m = 3, then X € ZIeL BrR°R™T since each B contains at
least one B; term. Hence we are reduced to the case where Z = K[B;] and m = 2.

If a; = —O(v), then by the classical version of the identity in [T Lemma 2.2],
we have that e, + f,, € [g?,g?], a contradiction. If a; # —©(a;), then one checks
by looking at the possible monomials on the left hand side of (5.1) that X is in
> rez, BIR°RT + (R1)* Z as desired.

Case 4: ¢ = p(j): It follows that j = p(i), j # p(j), and i # p(7). In this case,
X will be a sum of terms of the form BZ’“lRoR+ where B; appears exactly m — 1
times. By assumption, it is impossible for B; = B,,, and thus X has the desired
form. O
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Using Theorem 5.2, we can now construct a family of nontrivial one-dimensional
B-modules.

Corollary 5.3. For each x1,...,x, € K such that x; is invertible whenever C; is
in T, there exists a (unique) one-dimensional B-module Kv such that C;v = z;v
and B v = 0.

Unfortunately, we cannot expect to actually lift U([g?,g?]) to a subalgebra of
B. To see this, consider the case when g = sl 3 and O(a1) = —a2,0(a) = —ag.
In this case, B is generated by By = y1t1 + :cgtgltl, By = yoto + x1t1t2_1 and kq, ko
where k1 = t1t2_1 and ko = k'l_l. Relations for B are given in [LI, Lemma 2.2].
(Note that we must apply a suitable automorphism to U and take into account the
difference in the definition of the generators of the quantized enveloping algebra so
that the subalgebra here agrees with the one in [L1].) In particular, for i # j, we
have that

(5.2) BIBj—(q+q ")BiB;Bi+ B;B} =(q+ q ) Bi(’ki+k; ).

In addition, each B; is a weight vector for the action of (adk;), i = 1,2, in the
obvious way.

We may set C = k; and Z = K[C,C~!]. Suppose that we have a subalgebra B”
of B which specializes to U([g?, g%]) and furthermore, such that B = B"®@ K[t,t™1].
We should have that B” contains By and Bo. By (5.2), B” contains B;(¢*k; +k; ).
Hence B” NU contains the element (¢ — 1)~ (Bi(¢*k; +k; ') — 2B;) which does not
specialize to an element of U([g?,g?]). Note that the same problem occurs if we
replace B; by B;t"™ for any integer m or even any rational number m. Thus, such
a subalgebra B” does not exist. Problems also arise in trying to construct such a
B’ when C is not in Tg.

Set Zr equal to the R subring of Z generated by all C; € Z and all of the
C’i_1 which are in Z for 1 < i < r. Let x be an element in the set of algebra
homomorphisms Z to K which restricts to an algebra homomorphism from Zx
to R. Set V, to be the one-dimensional B-module Kv, where B'v, = 0 and
svy = x(s)v, for all s € Z. Since z(s) € R for all s € Zg, we can define a
conjugate linear form on V,, which satisfies (3.7) and (3.8). In particular, we have
the following additional unitary B-modules.

Theorem 5.4. Let W be a finite-dimensional U-module and let x be an element of
Hom (Z, K) which restricts to an element of Hom(Zx,R). The B-module W @ V,,
can be written as a direct sum of finite-dimensional simple unitary B-modules.

6. COINDUCED MODULES

Let M denote the subalgebra of R corresponding to U, ([m, m]). In this section
we use M to construct coinduced modules. Such modules play an important role
in the classical theory. Here we use them in a novel way. In particular, in the next
section, these modules are used to study and specialize certain finite-dimensional
simple B-modules.

In this section we only need to assume that B is a standard or nonstandard analog
of U(g?) such that x(B) = B as in Lemma 3.2. (Thus the results in this section
hold for all nonstandard analogs.) Let W be a finite-dimensional simple M-module.
We make M into a T-module by assuming that the highest weight generating vector
of W is also a weight vector for T of some chosen weight. In particular, let hi equal
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Y 1<i<i L[1/2]w; where w; is the fundamental weight corresponding to the root a;.
It follows that ¢ is a well defined weight in the quantum case whenever A € hj.
Let hj;, be the subset of hj so that for each A € hjy,, (g™ restricts on M NT to the
highest weight of W (where ( is some fixed homorphism on T'N M sending each
t; € TN M to the set {1,—1}). The argument below is independent of the choice
of weight in hij,.

Make W* into a M-module using the antiautomorphism k. Note that x preserves
both M and T. Set Ng = ¢(Ng) where ¢ is the automorphism of G~ fixing each

y;t; and sending g to ¢~ 1.

Lemma 6.1. x(Ng) = Ng.

Proof. By Proposition 2.2, Ng has generators Xz where Xz is an element in Ug
and 3 is a weight of ng. Furthermore, using (2.14), we have that

AXp) cT® X5 +USR.

Applying the same argument as in [L2, Proposition 4.1], we have that Xz is the
unique element up to scalar of U ; satisfying this condition on the coproduct. We
can similarly show that Ng is generated by elements Y3 in G5 where —f is a weight
of ng. Once again we have that Y3 is the unique element up to nonzero scalar of
G satisfying the coproduct condition

AY3) CT®Ys+U®R.

Since x sends U' to G~ and preserves the Hopf structure of U, it follows that
k sends the generators of Ng to the generators of N3. Hence x(Ng) =Ng. O

We can make W into a MT'Ng-module by letting Ng act as zero on the lowest
weight generating vector of W. It follows that W* becomes a M TN(:Dr -module where
Ng acts as zero on the highest weight generating vector of W*.

Let V' be the right U-module Hom (U, W) coinduced from W. Here the U
action is defined as follows. Let f € V and w € U. Then u- f(v) = f(vu). We have
V(U O pTNG W*)* as U-modules where f, is mapped to x and

fx(r(m))(w*) = x(m @ w").

Recall the definition of Té/ 2 (Section 2) and note that there is an obvious way
to make a finite-dimensional B-module into a BTé/ % module. In particular, let
1 € {1,—1} and let E be a set of generators of Tg. If tv = 1g™v for some v inside
a finite-dimensional B-module and ¢t € E, then we may set t'/20v = ¢™/2v if 1) = 1

and t'/2v = ig™/2y if ¢ = —1.
Theorem 6.2. Let N be a B-module. There is a vector space isomorphism

(6.1) HomBTé/z(N,HomMTNé(U@,W)) =~ Homp (N, W).

Proof. This is a standard argument (see [D,, §5.5]) which we include for complete-
ness. Let € be the map from Hom (Uo, W) to W defined by €(f) = f(1) for
f in the space HomMTN(; (Uo, W). Define a map y from the left hand side of (6.1)
to the right hand side of (6.1) by x : ¢ — € o g. The map x will be the desired
isomorphism.

We first check that eog is indeed an element of Homp (N, W). Givenn € N and
r € M, we have that eog(n) = g(n)(1) which is in W since g is in the left hand side
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/ 2_module

of (6.1). Furthermore, € o g(rn) = g(rn)(1) = rg(n)(1) since g is a BTé
map. Hence € o g(rn) = re o g(n).

To see that y is one-to-one, suppose that e o g = 0. Then g(n)(1) = 0 for all
n € N. Hence k(u)g(n)(1) = g(n)(u) =0 for all w € U and n € N. Thus g(n) =0
for all n € N and so g is identically equal to zero.

We now check that y is onto. First we argue that
Homyyzn= (Ue, W) = Hom (BTS*, W)

as vector spaces using the restriction map. Let f,g be two elements of
Hom Ng (Uo, W) and assume that f and g are equal when restricted to BTé/ 2,

Let u € U and write v = ), m;b; using the quantum Iwasawa decomposition (2.17)
wherem; € Ng Aand b; € BT(})/Q. It follows that g(u) = > m;g(b;) = > m;f(b;) =
f(u) for all w € U. Hence f = g. Thus the restriction map gives a one-to-one map
from Hom (U, W) into HomM(BTé)/Q, W). To see onto, one notes that any

fe HomM(BTé/Q,W) can be lifted to a map f € HomMTNé(U, W) in a well
defined unique way using the quantum Iwasawa decomposition. In particular f(u)
is defined to equal > m; f(b;) where u =Y m;b; as above.

We are thus reduced to showing that HomBTém (N, HomM(BTé)/Q, W)) maps
onto Homps (N, W) using x. Let f € Homp (N, W). We define the function g in
Hom(N, Hom (BTS/?,W)) by setting g(n)(1) = f(n) and g(n)(b) = g(bn)(1). A

straightforward check shows that g is an element of the set Hom g /2 (N,
)

HomM(BTé/Q, W)) and g maps to f. O

Now assume that IV is a simple B-module which is locally finite as a M-module
(where the action of M comes from restricting the action of B). Since M is just a
quantized enveloping algebra of the semisimple Lie algebra m, we can decompose
N into a direct sum of finite-dimensional simple M-modules. Hence the dimension
of the right hand side of (6.1) is just the index [N : W]. Let X (W) denote the sum
of all the finite-dimensional simple B-modules contained in (U ®,,, NE W*)*. Then

the left hand side of (6.1) just equals [X (W) : N]. Thus we have the following.

Corollary 6.3. If N is a simple B-module and is locally finite as a M -module
under the restriction of the action to M, then

Note that U®p 4 NE W* is just a quantum version of a generalized Verma module
corresponding to the reductive algebra m + h (resp. parabolic subalgebra p) whose
enveloping algebra is the specialization of MT (resp. MTNg.) In particular, let
A be the highest weight of W* considered as a T-module. Then W* is the finite-
dimensional simple MT module generated by a vector vy of highest weight A. Write
M’ (A) for the U-module U OprNg W*. We have by the proof of Proposition 2.2
that ch M'(A) = ch Ngch W* = ch U(ng)ch W*. Furthermore, G~vs = Ng Ru is
a free A-module with weight vectors as a basis which form a basis for M'(A). Set
M'(A) := G~ wa.

We say that the algebra homomorphism A from U? to K is linear and specializes
to the weight A € hj, if A(T(\)) = ¢ for all 7(a) € T. If A is a linear weight,
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then the specialization of M’(A) at ¢ =1, M'(A) ® C, is a U(g)-module. Further-
more, the above equality of character formulas ensures that this specialization is
equal to M'(X) := U(g) ®y(p) W* where W* is the finite-dimensional m+h module
of highest weight .

Using [J], we may choose A € hjj, so that M’(\) is simple. Again, set A = ¢*.
Suppose that w is a nonzero highest weight vector in M’(A). Rescaling if necessary,
we may assume that w is in M’(A) and w ¢ (¢ — 1)M’(A). Thus w specializes to a
nonzero highest weight vector of M’(\). It follows that M’(A) is also simple.

Write 0M'(A) for the locally finite T dual of M'(A) (see [Jd, 4.1.4]) where A is
chosen as in the previous paragraph. Since M’(A) is simple, we have that M’'(A) =
IM'(N). Now (U D pANE W*)* can be considered as a T' completion of §M’(A)
or equivalently M’(A) in the following sense. Elements of (U &, NE W*)* can
be written as possibly infinite sums of weight vectors of distinct weight in M’(A).
Let M'(A)* denote the A-submodule of M’(A)* which consists of infinite sums of
weight vectors of distinct weight in M’ (A) with coefficients in A. We may further
assume that these weight vectors have been chosen so that M’(A) @4 C = M’(A).

7. SPECIALIZABLE MODULES.

In this section, we study the modules of B which can be specialized to U(g?)-
modules. In particular, let V' be a finite-dimensional B-module. We call V' special-
izable if there exists a basis B of V such that B Y wes Av C Y2 cp Av. Of course
there could be more than one choice of basis which makes V' specializable. Any such
basis of V will be called a specializable basis. Given such a basis B we can form the
specialization V := Y Av®4 C which inherits a U(g?)-module structure. Note
that dimc V = dimg V. Of course such a specialization seems dependent on the
choice of specializable basis. We show below that this is not so for simple modules.

Let V be a finite-dimensional B-module with specializable basis B. Let C' be
an invertible matrix with entries in A. If D is the matrix whose rows are the
vectors in B, then it is straightforward to see that the rows of C'D also form a
specializable basis and moreover the specialization of V' using B and this second
basis are isomorphic as U(g?)-modules. Now assume that C' € M, x,(A) and det
C € C*. Elementary matrices that exchange rows or add a scalar (in A) multiple
of one row to another are invertible with inverse also in M, x,(A). Hence C is
equivalent to a diagonal matrix D with all entries in C. In particular, C' is invertible
with inverse also in My, x,(A).

Though two specializable basis might produce different specializations, the fol-
lowing two lemmas show that these specializations at least have the same compo-
sition series.

Lemma 7.1. Let B = {v1,...,v,} be a specializable basis for the B-module V. Let
Vi denote the specialization of V' using this basis. If {v1,...,vs} specializes to a
basis of a submodule W of V1, and By = {v1,...,vs, (q— 1) vsi1,...,(¢g—1) v, }
is also a specializable basis of V' with specialization Vo, then Vi and Va have the
same composition series as B-modules.

Proof. Let b € B. Write bv; = Y 1<i<n bijvi where bj; € A. Since both B; and
By are specializable basis, we must have that b;; € (¢ — 1)A whenever 1 < < s
and s +1 < j < n. In particular, vs41,...,v, also specializes to a basis of a

~

submodule, say W’ of V4. Moreover, W & W’ = V;. Now we cannot say that
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(g—1)"Yvgy1,...,(g—1)" v, specializes to a basis of a submodule of V5. However,
let N be the A-module generated by vq,...,vs. Then (¢ — 1)"lvsq + N, ...,
(¢ —1)"1v, + N specializes to a basis of a module isomorphic to W’. In particular,
Vi/W =V, /W. The lemma now follows. O

Lemma 7.2. Let V be a finite-dimensional specializable B-module. Let By, Bs be
two specializable basis with corresponding specializations Vi and Va. Then Vi and
Vi have the same composition series as U(g?)-modules.

Proof. Write By = {v1,...,v,} and Ba = {wy,...,w,}. Note that if we multiply
all elements of a specializable basis by the same nonzero scalar, we get another
specializable basis with isomorphic specialization to the first specialization. Write
v; = Y a;;w;. Multiplying B; by a nonzero scalar if necessary, we may assume that
all the a;; € A and not all the a;; € (¢ — 1)A. Let C be the matrix with entries
a;;. Note that we must have det C' # 0 since it transforms one basis of V' into
another. Using standard P.I.D. theory, we can find elementary invertible matrices
E and F with entries in A so that ECF is a diagonal matrix D with diagonal
entries dy,...d, in A. Moreover d; divides d;;1 for each i. Note that both E and
F' are invertible matrices with inverses in M,,(A). Hence ECBs specializes to the
same module as does Bj.

We can also find a diagonal matrix H with entries a power of (¢ —1) so that HD
is a diagonal matrix with all entries in C. Since det HD # 0 and F' is invertible
in M, x,(A), it follows that HDF~'By has the same specialization as By. By
Lemma 7.1 and induction, the specializations of DBy and HDF~'B, have the
same composition series. O

Let V be a U-module such that each element of V' is a (possibly infinite) sum of
T-weight vectors of distinct weight and of weight less than or equal to some fixed A.
Assume further that there is an A-module V4 inside of V such that V =V, @ K,
(U )V4 C V4 and that there is a well ordered set of linearly independent weight
vectors in V4 such that each element in V4 is a possibly infinite linear combination
of these vectors over A. Suppose that N is a finite-dimensional B-submodule of V'
such that there exists a K basis for NV inside of V4.

The following lemma is critical to showing that IV embeds in a nice way inside
of certain coinduced modules from Section 6. This nice embedding will allow us to
specialize the quantum picture to the classical case.

Lemma 7.3. NNVy4 is a free A-submodule of V4.

Proof. Think of A as a subalgebra of the formal power series C[lg — 1]].
Let {v;]i > 0} be the set of linearly independent weight vectors of V4 such that each
element of V4 is a possibly infinite linear combination of these vectors over A. Let
{w;|]1 <i < r} be a basis for N over K where each w; is in V4. We may write each
w; as Zj>0 pi;v; for some p;; € A. Set p(w;) = j where p;; is the first nonzero
polynomial in the sequence p1;,pa2;, . ... Using the fact that A is a P.I.D., reordering
the basis of IV and taking linear combinations if necessary allows us to assume that
p(w1) > p(wa) > -+ > p(w,). Let m(w;) be the highest power of (¢ — 1) dividing
the coefficient pjp(.,) of vp(w,) in the expression of w; above.

Now write w; = ), ~o(q¢ — 1) ws, where each w;p, is in the A span of the set
{v;|i > 0}. Let j be the smallest integer such that > 1<k<j Awko does not equal
Zl<k<j Kuwyo N V4. It follows that there exist elements (;ji € A such that w; —
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> 1<icj ajiw; is divisible by (¢ —1) in Va. Set w} = (¢ — D~ wj — Di<icy Qjil;).
Note that the set wq,... ,wj_l,wg, Wj41,..., W, is still in V4 and is a basis for N
over K. Also, p(w}) = p(w;) and m(w}) = m(w;) — 1. Repeating this process, and
applying induction on m(w;), we can find a vector w such that the intersection of
the K span of {w1,...,w;} with V4 is a free A-module with basis {w., ..., w;j_1,w}.
The lemma now follows by induction on j. O

We recall some of the notation from the previous section. First note that any
M-submodule of a finite-dimensional specializable B-module must be a specializ-
able M-module. Let W be a finite-dimensional (specializable) simple M-module.
Choose A € hjj, and set A = ¢* such that both M’(A) and M’()) are simple. Recall
that (U DMrNg W*)* embeds in a T completion of M’(A) and that M’(A)* is an
A-submodule of this completion. Let IV be a finite-dimensional specializable simple
B-module with [N : W] # 0. Let {ny, na,...,n,} be a specializable basis of N. Let
N be a copy of N contained in (U OprNg W#*)* and write 7n; for the image of n;

Lemma 7.4. For each i there exists a smallest integer s; such that (¢ — 1)%n; €
M'(A)*. Thus NN M'(A)* is a free A-submodule of M'(A)*.
Proof. Let 2 denote the set of weights of M'(A)*. We may write 7i; = >, cﬁ,w%

where ¢, € C(g) and w; is a weight vector of weight n in M'(A)* and w, ¢

(g — 1)M’'(A)*. We can extend the standard partial order (the Bruhat order) on
Q to a complete ordering. Multiplying each n; by the same nonzero scalar does
not change the specialization of {n1,...,n,}. So without loss of generality, we may
assume for each i, that if n; is the highest weight with C% # 0, then cﬁ, € A

Let ¢ be the highest weight such that cé ¢ A for some choice of i. Since
both M’(A) and its specialization is simple, there exists x; such that z;we ¢
(g — 1)M’(A). Consider x(B;)i; = > neq Cywy- The we , term comes from
ijZwC and terms G’_c%wg where 8 > (. In particular, c’<+m ¢ A. This contra-
dicts the choice of ¢ and the fact that {ny,...n,} is a specializable basis of N. The
second statement follows immediately from Lemma 7.3. O

If g? is semisimple, then we are ready to show that the finite-dimensional simple
modules of B remain simple upon specialization. However, when g? has nonzero
central elements then it is necessary to understand how these nonzero central ele-
ments behave. We use material from Section 4 to do this.

It is well known that U specializes to U(g) at ¢ = 1. Let U denote the simply
connected quantized enveloping algebra as defined in [JL2]. (Note that all our U-
modules can be given an obvious U-module structure. Furthermore, one can define
the A subalgebra U” in a manner similar to U .) We also have that U specializes
to U(g) since the extra terms in the extension T of T do not contribute anything
new to the specialization. Let F (U ) denote the locally finite part of U. Write T
for TN F(U). Recall [JLI] that U is a free module with basis say r1,...,7s in
T over F(U)TZ!. Since the specialization of (ts — 1)/(q — 1) is the same as the
specialization of (t —1)/(¢—1)+ (s—1)/(¢—1) for all s,¢ € T, we have that both
F(U)TZ' and F(U) specialize to U(g).

One can define a notion of specializable modules for U just as we did for B. By
[JL2], the center Z of U specializes to the center of U(g). Also by [JL2], F(U)
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is free over Z with basis H. Furthermore, H is a direct sum of finite-dimensional
simple (specializable) U-modules with the same multiplicities as in the classical
case. Thus the simple U-submodules of H specialize to their classical counterparts
in the harmonics of U(g). Recall by Lemma 4.5 that o' (F(U)?) is the set of

elements in F(U) which commute with all b in B.

Lemma 7.5. For each y in U(g)ge, there exists a Y € o~ Y(F(U)?) such that Y
specializes to y.

Proof. If y is in the center of U(g), then by say [JL2| Theorem 6.17], we can lift y
to an element of the center of U. By [JL2| Theorem 7.4] and the classical version
IK2], we thus reduce to the case where y is an element of the classical harmonics.
Since g? is a Lie subalgebra of g, it is invariant under the antipode, &, of g. Hence
a(y) is also in U (g)gg. Furthermore, without loss of generality, we may assume
that &(y) lies in some simple summand say V' of the harmonics of U(g). There
exists a simple summand V of H which specializes to V. Since finite-dimensional
(specializable) U-modules are spherical if and only if their specializations are (see
Theorem 4.5), we can find an element Y in F(U)5 NV such that Y specializes
to (y). Now set Y equal to 0’1(}7). By properties of o and & it follows that Y
specializes to y. O

Recall the definition of the basis {z1,...,2.} for Z(g?) and the elements
{e1,...,¢.} in g? from Section 5. Using Lemma 7.5, find Z; € o~ (F(U)?) for
each ¢ such that Z; specializes to z;.

We return now to specializing simple B-modules.

Theorem 7.6. Let N be a finite-dimensional simple specializable B-module. Then
N specializes to a finite-dimensional simple U(g?)-module of the same dimension
which is independent of the choice of specializable basis of N.

Proof. The independence of the choice of basis follows from Lemma 7.2 after we
prove the rest of the theorem.

Let {n1,...,ns} be a specializable basis for N. Let Ni,..., Ny be linear inde-
pendent copies of N inside of M’(A)*. Set n;; equal to the image of n; in N;.

Reordering and taking linear combinations if necessary, we may assume that
the span of the first r vectors {ni,...,n,} specialize to a finite-dimensional simple
U([g?, g’])-module Y. Without loss of generality, we may assume that n; special-
izes to the highest weight generating vector of Y under a suitable choice of the
Cartan subalgebra of U([g?,g’]). By Lemma 7.3, we can replace Ni,..., N, by
suitable linear combinations of the N; so that {n;1|1 < i < s} is an A basis for
2i<i<s Kni 0 M (A)".

Thus we may assume that the image of the C span of the set {ni;j|1 < 4,5 < s}
includes s linearly independent copies Y; of Y. By the choice of the Z; and Lemma
4.5, the Z; commute with each element of B. Also, since B specializes to U (g?) we
can find foreach 1 < j <s,a5; € B such that Z; =8;+(q— 1)U Since each N; is
a B-module, it follows that S;N; C IN; for each choice of j. Furthermore, the action
of S; is the same on each IV; since the IV; are isomorphic as B-modules. Hence there
exists a scalar b such that Z;n = bn+(g—1)M'(A)* for alln € @, ., ,(NiNM'(A)*).
Thus z; acts by the same scalar on each Y;. In particular, the Y; are actually
isomorphic as U(g?)-modules.



92 GAIL LETZTER

Let W denote the specialization of W. Recall that W is an M-module and
M is the quantized enveloping algebra of the semisimple Lie algebra [m,m|. By
Corollary 6.3 and its classical version, we have that

Y W]=[X:Y]=s=[N:W].

Note that this argument works for each finite-dimensional (specializable) simple
M-module W. By the quantized enveloping algebra theory, the finite-dimensional
specializable M-modules correspond to their classical counterparts. Hence we must
have that dimY = dim N. The result now follows. O

The next theorem goes the other direction lifting simple U(g?)-modules to the
quantum case.

Theorem 7.7. For each finite-dimensional simple U(g?)-module V', there exists a
specializable simple B-module V' such that the specialization of V is V.

Proof. Let V be a finite-dimensional simple U (g?)-module. Choose a finite-dimen-
sional M-module W and a T-weight A = ¢* so that the highest weight of W
is the restriction of A to 7N M and M’()) is simple. We may further assume
that [V : W] # 0 where W is the specialization of W. Hence V appears in the
composition series of M’(\) considered as a U(g?)-module.

Recall that M'(A) = G~ v where vp is the highest weight generating vector
for W and that M'(A) is also simple. Given a weight vector n in G~ one can
find a t € T such that nt € F(U). (This follows from the embeddings of finite-
dimensional simple U-modules L(\) in G=7(—1/2)\) N F(U) found in [JL.2, §4].)
Thus M'(A) = F(U)va = F(U)Mwvs. By Theorem 3.7 applied to M instead of
B, it follows that M’(A) is isomorphic to a direct sum of finite-dimensional simple
M-modules.

Let Y7 and Y be submodules of M’()\) such that Y;/Ys is isomorphic to V.
Choose v € M’(A) such that the image of v under specialization is contained in
Y1 but not in Y5. Assume further that the image of the specialization of v in the
simple U(g?)-module Y; /Y5 corresponds to a highest weight vector under a suitable
choice of Cartan subalgebra of U([g?,g?]). Let Y be the B-submodule of M’(A)
generated by v and let Y’ be its maximal proper B-submodule. Note that v cannot
be contained in Y. Given w € M'(A) — (¢ — 1)M’(A), let @ be the weight vector
of M'(A) — (¢ — 1)M’(A) such that w = w4+ weight vectors of weight higher than
the weight of w + an element in (¢ — 1)M’(A). Using induction on weight, we
can find a basis B (resp. B) of Y/ (resp. Y) such that the set {w|w € B’} (resp.
{#|w € B}) remains linearly independent upon specialization of M’(A). Moreover,
one can choose the basis for Y first and then enlarge this to a basis of Y. Note
that these bases make Y and Y’ into specializable modules.

Set V = Y/Y"’ and note that this is a simple B-module. The set {y+Y'|y € B—
B’} of V is a specializable basis of Y/Y’ by the previous paragraph. Furthermore,
the element v + Y” will be nonzero under the specialization of Y/Y” with respect
to the above basis. It follows that the specialization of V has V in its composition
series.

We have constructed a simple specializable B-module V' whose specialization
includes V' in its composition series. The proof now follows as in Theorem 7.6. Note
that we have not assumed that V is finite-dimensional. However, V is a locally finite
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semisimple M-module and we have assumed that V is finite-dimensional. Thus the
arguments of Theorem 7.6 are applicable in this case as well. [l

A natural question is: What is the relationship between B-modules with iden-
tical specializations? This is addressed in the next theorem. First, we need finer
information about elements of U which commute with elements of B.

Lemma 7.8. Let y be an element of Z(g%). For each positive integer n, there
exists an element b, € B such that b, € o Y (F(U)?)NU" + (¢ — 1)"U" and b,
specializes to y.

Proof. Consider y in Z(g?) and let Yy be an element in o~ (F(U)®)NU" such that
the specialization of Yj is o as in Lemma 7.5. Since yo € U(g?), we can find X, € B
which also specializes to yo. It follows that Yy — Xo € (¢ — 1)U". Furthermore,
b(Yy — Xo) — (Yo — Xo)b € (¢ —1)B for all b € B. Therefore, (g — 1)~ (Yy — Xo)
specializes to an element of U(g?) + U(g)ge because g? acts locally finite and
semisimple on U(g). By Lemma 7.5 and (2.9), we can find Y; € o= Y(F(U)2)NU
and X; € B such that (¢ — 1) (Y — Xo) = (X1 — Y1) + (¢ — 1)U". In particular,
the element Yy + (¢ — 1)Y7 commutes with all elements of B, specializes to yo and
is in B + (¢ — 1)2U". The lemma follows by induction. O

Consider again the basis {z1,..., 2.} of Z(g?). By the above lemma, we can
find two sequences {yin}n>1 and {zin}n>1 for each ¢ such that for all n > 1,
Zin € oY F@P)NU", yin € B, Yin — 2in € (¢ — 1)"U", and z;, specializes
to z;. Since B is K invariant and each ¢; is invariant under the classical chevellay
antiautomorphism, we may assume without loss of generality that each z;, and each
Yin 1s K invariant. (This can be easily accomplished by replacing each z;, (resp. ¥in)
by 1/2(R(zin) + zin) (resp. 1/2(R(Yin) + ¥in)).) Note that this invariance implies
that we can further assume that each z;, € Ug and each y;, € Br.

Given a finite-dimensional simple specializable B-module V, we can embed it
inside a U-module using Theorem 6.2 and Corollary 6.3. For any positve integer n,
the arguments of Theorem 7.6 ensure that this embedding can be chosen so that
zin acts as a scalar on V. Thus y;, must act like a scalar modulo (¢ — 1)" on V for
each n (i.e. yin acts as a matrix which is the sum of a scalar matrix and a matrix
with entries all in (¢—1)"A). Call two B-modules compatible if for each ¢ and each
n, yin acts by the same scalar a;;, modulo (¢ — 1)™ on both modules.

Theorem 7.9. Let V; and Vo be two specializable finite-dimensional simple B-
modules. Then Vi and Va are isomorphic if and only if they are compatible and
there specializations are isomorphic. Moreover, each finite-dimensional simple B-
module is self dual.

Proof. Note that the M-module structure of V3 and V5, must be the same since
their specializations are isomorphic. Let W be a finite-dimensional simple M-
module and A = ¢* such that A € h};, and both M’(\) and M’(A)* are simple. Set
s=[Vi:W]=[Va:W]. Let {Vj;]1 < j < s} be linearly independent copies of V; in
M'(A)* fori =1 and i = 2 and let vj;, ... v}} be a basis for the j*" copy of V;. Using
the arguments in Theorem 7.6 we can find a new basis such that using this basis
the 3, Vi; specializes under the specialization of M'(A)* to a finite-dimensional
U(g?)-module N of the same dimension. The process of finding this basis consists
of multiplying the basis {vfj} by a suitable matrix with entries in K. Let n be the
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smallest nonnegative integer n such that (¢—1)™ times this matrix forces all entries
to be in A. By assumption, z; ,41 acts on the original basis by a scalar matrix
Cin+1 plus a matrix with entries in (¢ — 1)"T'A. Hence for each i, z; 11 acts
on the new basis by the same scalar matrix C; 41 plus a matrix with entries in
(g—1)A. Since z; ,+1 specializes to z;, each z; acts as a scalar on the specialization
N. Thus U(g?) acts semisimply on N and N is a direct sum of 2s copies of V.
This contradicts the fact that [V : W] = [V; : W] = s.

Now let V be a finite-dimensional simple specializable B-module and let V* be
the dual using . Since each z;, and y;, is k invariant, the action is the same on V'
and V*. The theorem now follows from the previous paragraph and the fact that
the specializations of V' and V* are isomorphic. O

The picture is particularly nice when g? is semisimple.

Corollary 7.10. If g? is semisimple, then there is a one-to-one correspondence
between finite-dimensional specializable simple B-modules and finite-dimensional
simple g?-modules.

We now turn our attention to unitary modules.

Corollary 7.11. For each finite-dimensional simple unitary U(g®)-module V,
there exists a finite-dimensional specializable simple unitary B-module V' such that
the specialization of V is V.

Proof. Let V be a finite-dimensional simple unitary U(g?)-module. So V has a
real vector subspace Vg such that dimg Vg = dimc V. The proofs of this section
work if the base field is R instead of K. In particular, there is a finite-dimensional
specializable simple Br-module Vz which specializes to Vg. Set V = Vg @ K
and note that V specializes to V and satisfies condition (3.7). By the previous
corollary, it follows that V is isomorphic to its dual V*. Rescaling if necessary, we
may assume that the bilinear pairing between Vz and V3 specializes to the bilinear
pairing between Vg and its dual. This bilinear pairing becomes the conjugate linear
form on V which satisfies (3.8) because its specialization is positive definite. O

Unfortunately, the methods in this section are not constructive. The modules
considered in Section 5 are more computable. We show below that many of the
finite-dimensional simple B-modules considered earlier in the paper are specializable
B-modules. Note that any finite-dimensional simple U-module with highest weight
of the form ¢* where \ is dominant integral is a specializable B-module. Let
x denote the r-tuple x1,...,z, such that each z; € A. Write V, for the one-
dimensional B-module as defined in Corollary 5.2. Note that for such a choice of
x, V, is a specializable B-module.

Proposition 7.12. If W is a B-submodule of L(q)®V,., then W is a specializable
B-module.

Proof. Let vy be the highest weight generating vector of L(A) and let v be a basis
vector for V. Let u1v)®w,...,usv)®v be a basis for W. Rescaling if necessary, we
may assume that u; € U. Furthermore, using linear combinations and the fact that
A is a principle ideal domain, we may assume that the set {u1v) v, ..., usvy v}
remains linearly independent upon specialization. Let b € B and find b;; € K such
that bu;vy v = Zj bijujva®v. Fix ¢. If b;; is not in A for all j, then there exists a

smallest positive integer s such that (¢—1)°b;; € A for all j. Now (¢—1)®b € (¢—1)U,
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so upon specialization of (¢ —1)* Zj bijujvy we get a nontrivial linear combination
of linearly independent vectors is zero. This contradiction ensures that b;; € A for
all ¢, 7. Hence W is specializable. [l

Unlike the quantized enveloping algebra, not all finite-dimensional B-modules are
specializable. Of course when g? is not semisimple, it is easy to construct finite-
dimensional modules which are not specializable. Indeed, any one-dimensional
module V, where x takes some C; to an element not in A is such an example.
The surprising thing is that there are non specializable modules even when g? is
semisimple. We consider such an example below.

Example 7.13. Let g = sl 3 and define © by ©(«e;) = —a; for 1 < i < 2. It
follows that g is isomorphic to the simple Lie algebra so 2 = sl 2. By [[.2, Lemma
2.2] the generators B; = y;t; + x;, j = 1,2 satisfy the following relations.

(7.1) B}B; — (q+q ")ByB;By, + BB} = ¢B;

for {k,7} = {1,2}, j # k. Let A be an algebra homomorphism from B to the
scalars K. Assume that vy generates a one-dimensional B-module such that Bjvy =
A(Bj)vx. Note that by (7.1), A(B1) = 0 if and only if A(Bz) = 0. For j = 1,2,
set A; = A(Bj). The only specializable one-dimensional B-module is the one where
both A1 and Ao are zero. Now assume that neither of them are zero. Substituting \;
for B; in (7.1) yields four additional one-dimensional nonspecializable B-modules.
In particular, solving for A;, we get the following two choices for each j:

Aj = +ig/(q—1).

Note that since £(B) = B, these one-dimensional nonspecializable B-modules are
not unitary.
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