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LARGE SCHUBERT VARIETIES

MICHEL BRION AND PATRICK POLO

ABSTRACT. For a semisimple adjoint algebraic group G and a Borel subgroup
B, consider the double classes BwB in G and their closures in the canonical
compactification of G; we call these closures large Schubert varieties. We show
that these varieties are normal and Cohen-Macaulay; we describe their Picard
group and the spaces of sections of their line bundles. As an application, we
construct geometrically a filtration a la van der Kallen of the algebra of regular
functions on B. We also construct a degeneration of the flag variety G/B
embedded diagonally in G/B x G/B, into a union of Schubert varieties. This
yields formulae for the class of the diagonal of G/B x G/B in T-equivariant
K-theory, where T is a maximal torus of B.

INTRODUCTION

Consider an adjoint semisimple algebraic group G and a Borel subgroup B.
The Schubert varieties are the images in G/B of the closures in G of double classes
BwB. These varieties are generally singular, but all of them are normal and Cohen-
Macaulay [25]. The spaces of sections of line bundles over Schubert varieties play
an important role in representation theory, see for example [14], [29].

The group G has a canonical smooth G x G-equivariant compactification X,
constructed by De Concini and Procesi [9] in characteristic zero, and by Strickland
[27] in arbitrary characteristics. In this paper, we study the closures of double
classes BwB in X; we call them large Schubert varieties.

These varieties are highly singular: by [4, 2.2], their singular locus has codi-
mension two, apart from trivial exceptions. However, we show that large Schubert
varieties are normal and Cohen-Macaulay (Corollary Bl and Theorem 20). Further,
their Picard group is isomorphic to the weight lattice (Theorem [H).

Large Schubert varieties have an obvious relation to usual Schubert varieties:
the latter are quotients by B of an open subset of the former. A more hidden
connection arises by intersecting a large Schubert variety X with the unique closed
G x G-orbit Y in X. As Y is isomorphic to G/B x G/B by [27], X NY is a union
of Schubert varieties in G/B x G/B.

The space XNY is generally reducible; its irreducible components were described
in [4], e.g. those of BNY are parametrized by the Weyl group. We show that the
scheme-theoretic intersection X NY is reduced and Cohen-Macaulay (Corollaries ]
21). Together with a construction of [4], this yields a degeneration of the diagonal
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in G/B x G/B into a union of Schubert varieties, and then formulae for the class
of the diagonal in equivariant K-theory (Theorem [I6 and Corollary [IT).

Let B be the preimage of B in the simply connected cover G of G. Then the
space of sections of each line bundle over a large Schubert variety X is a B x B-
module, endowed with a natural filtration by order of vanishing of sections along
Y. We decompose the associated graded module into a direct sum of spaces of
sections of line bundles over X NY; the latter B x B-modules are indecomposable
(Theorem [@ and Corollary B2)). In the case where X = B, these modules can be
seen as degenerations of induced G-modules; see Corollary [0

As a consequence, we obtain in a geometric way a filtration of the affine algebra
of B (Theorem 11), similar to those constructed by van der Kallen in [28]. For
this, consider regular functions on B as rational functions on its closure B with
poles along the boundary. The factors of the filtration by order of poles are spaces
of sections of line bundles on BNY. In particular, as a B x B-module, the affine
algebra of B, k[B], admits a Schubert filtration in the sense of [24]. Filtering further
by ordering the irreducible components of BNY gives back a filtration & la van der
Kallen of k[B]. This generalizes to regular functions over B, by decomposing them
into sums of sections of line bundles over B.

Our proofs rely on the method of Frobenius splitting: following the approach of
[21]), we show that X is Frobenius split compatibly with all large Schubert varieties
(Theorem ). The normality of large Schubert varieties is a direct consequence of
this fact: it is easy to see that they are smooth in codimension one, and that their
depth is at least two (a regular sequence being provided by the “boundary divisors”
of X).

The proof that large Schubert varieties are Cohen-Macaulay is much more in-
volved. As for usual Schubert varieties [25], we proceed by ascending induction on
the dimension; but here the argument begins with B (instead of the point) which
is handled through its intersection with Y. It would be interesting to obtain an
equivariant desingularization of B; then the classical construction of Bott-Samelson-
Demazure would give equivariant resolutions of all large Schubert varieties. The
present work raises many other questions, e.g. is there a standard monomial theory
for large Schubert varieties?

One may also ask for extensions of our results to orbit closures of Borel subgroups
in complete symmetric varieties [9], or, more generally, in regular embeddings of
spherical homogeneous spaces [4]. In fact, it is shown in [5] that closures of orbits
of maximal rank are normal, and that their intersection with any irreducible com-
ponent of the boundary is reduced; further, these intersections can be described
in terms of the Weyl group. But many orbit closures of smaller rank are neither
normal, nor Cohen-Macaulay (see [I8] for the notion of rank; all large Schubert
varieties have maximal rank).

1. THE CANONICAL COMPACTIFICATION OF A SEMISIMPLE ADJOINT GROUP

We begin by introducing notation and recalling some properties of group com-
pactifications.

Let G be a connected adjoint semisimple algebraic group over an algebraically
closed field k of arbitrary characteristic. Let B and B~ be opposite Borel subgroups
of G, with common torus 7. Let & be the character group of T'; we identify X
with the character groups of B and B~. Let W be the Weyl group of T', and let
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® be the root system of (G, T) with subsets of positive (resp. negative) roots ®*,
&~ defined by B, B~. Let A = {aq,...,a,} be the set of simple roots, where r
is the rank of Gj let s1,...,s,. € W be the simple reflections. The corresponding
length function on W is denoted by ¢. Let wy be the element of maximal length in
W. Set N := £(wyp), the number of positive roots.

We denote by G the simply connected covering of G, and by B, T, ... the
preimages of B, T, ... in G. The character group of T is denoted by X; it is
the weight lattice of ® with basis the set of fundamental weights w1, ... ,w,. The
monoid generated by these weights is the set Xt of dominant weights. Let < denote
the usual partial order on X defined by A < w if there exist non-negative integers
ni,...,n,y such that p — A =nja1 +-- - + n,q,.

By [9] and [27], G admits a compactification X satisfying the following properties:

(i) X is a smooth projective variety, and the action of G x G on G by left and
right multiplication extends to X.

(ii) The boundary X — G is a union of r smooth irreducible divisors Dy, ..., D,
with normal crossings.

(iii) Each G x G-orbit closure in X is the transversal intersection of the boundary
divisors which contain it.

(iv) The intersection Y := Dy N---N D, is the unique closed G x G-orbit in X;
it is isomorphic to G/B x G/B.

Further, any compactification of G satisfying (i), (ii) and (iii) dominates X, and
any normal compactification of G with a unique closed orbit is dominated by X
(this follows from embedding theory of homogeneous spaces; see [17]). We will call
X the canonical compactification of G.

Note that in the above G is regarded as the homogeneous space (G x G)/diag(G),
where diag(G) denotes the diagonal subgroup, which is the fixed subgroup of the
involution (g1,¢92) — (g2,91) of G x G. Thus, the compactification X is a special
case of the compactification of symmetric spaces studied in [9] (for ¥ = C) and in
[10] (for char(k) # 2). In fact, for those results from [10] that we shall need, it is
easily seen that in this special case the hypothesis that char(k) # 2 is unnecessary.

For w € W, consider the double class BwB in G, and its closure in X. We
denote this closure by X(w), and we call it a large Schubert variety. On the other
hand, we denote by S(w) the usual Schubert variety, that is, the closure in G/B of
BwB/B. In other words, S(w) is the image in G/B of the intersection X(w) N G.

The intersections of large Schubert varieties with G x G-orbits were studied in
[4, §2]. In particular, we have the following decomposition of

Z(w):=X(w)NY
into irreducible components (which are Schubert varieties in G/B x G/B):
Z(w) = U S(wz) x S(xwp).
zeW
L(wz)=L(w)+L(x)
For w = 1 (the identity of W), we denote X (w) by B, and Z(w) by Z. Then
Z = | S(z) x S(zwo).
zeW

The large Schubert varieties of codimension one in X are X (wgs1), ... , X(wos:).
They are the irreducible B x B-stable divisors in X which are not G x G-stable,
or, equivalently, which do not contain Y. By [I0, Proposition 4.4], the divisor
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class group of X is freely generated by the classes of X(wps1),...,X(wps,). On
the other hand, the line bundles on X are described in [27, §2] (see also [10, §4]).
We now recall this description; a generalization to large Schubert varieties will be
obtained in Section 3.

For \, u € X, we denote by La/(A) the G-linearized line bundle on G/B whose
geometric fiber at the fixed point of B is the one-dimensional representation of
B corresponding to the character —\, and by Ly (A, ), or simply L(A, u), the
line bundle Lg/p(A) X Lo p(p) on Y = G/B x G/B. (With this convention,
H°(G/B, Lg/5(N)) is non-zero if and only if A is dominant; this is the convention
used in [27], it differs by a sign from the one used in [I4].)

Then, the map (A, u) — Ly (A, 1) identifies the Picard group Pic Y with X x X.
Now the restriction resy : Pic X — Pic Y is injective, and its image consists of the
Ly (\, —wo)), for A € X.

We denote by £x () the line bundle on X such that resy Lx () = Ly (A, —woA).
This identifies Pic X with X; we can index the boundary divisors D1,..., D, so
that the classes of the corresponding line bundles are Lx(«a1),...,Lx(a;,). Then
each Lx(a;) = Ox(D;) has a section o; with divisor D;; this section is unique up
to scalar multiplication.

Because G is semisimple and simply connected, each line bundle £x()) has a
unique G x G-linearization. (See, for example, the collective volume [20]: since
k[G] is factorial (Prop. 4.6, p. 74), existence follows from the Remark on p. 67, and
uniqueness from Prop.2.3, p. 81.) Thus, each space HO(X,Lx(\)) is a G x G-
module, which we denote by H°(X,\). Similarly, we denote H°(Y, Ly (), 1)) by
HO(Y, A, jt). This G' x G-module is isomorphic to H°(G/B,\) X H*(G/B, ).

Observe that the section o; of Lx(«;) is G x G-invariant. This is the starting
point for an analysis of the G x G-module H°(X,\) for arbitrary X, see [27) §2];
the results will be generalized to large Schubert varieties in Section 3. Here we will
need the following

Lemma 1. Let A be a dominant weight. The line bundle Lx () has a global section
Tx, eigenvector of B x B of weight (—woX, X). This section is unique up to scalar,
and its divisor is

T

Z()\, a) )X (wos;).

i=1
As a consequence, Lx(\) is generated by its global sections. Moreover, if A is regular
then Lx(A) is ample.

Proof. By [10, §4], the line bundle on X associated with the divisor X(wgs;) is
Lx(w;). Let 7; be the canonical section of this line bundle; then 7; is an eigenvector
of B x B, because its divisor X (wgs;) is B x B-stable. The closure in G of BwosiB
is the divisor of a regular function on G, eigenvector of Bx B of weight (—wow;, w;),
and unique up to scalar multiplication. Thus, the weight of 7; is (—wow;, w;). As the
Lx (w;) generate the Picard group of X, the existence of 7, and the formula for its
divisor follow immediately. Finally, uniqueness of 7 up to scalar is a consequence
of the fact that B x B has a dense orbit in X. This proves the first assertion.

The second one follows immediately. Since 7 does not vanish identically on Y,
the G x G-translates of 7, generate Lx ()).

If, moreover, A is regular, then £x () is ample by [27, §2]. O
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2. COMPATIBLE FROBENIUS SPLITTING AND APPLICATIONS

In the beginning of this section, we assume that k has characteristic p > 0. For
a scheme X over k, we denote by F' : X — X the absolute Frobenius morphism.
Recall that X is Frobenius split if the map F' : Ox — F,Ox is split, that is, if
there exists o € Homp, (FiOx,Ox) such that oo F is the identity. Let Y C X be
a closed subscheme with ideal sheaf Zy; then a splitting o is compatible with Y if
o(F,Iy) is contained in Zy.

By [27] §3], the canonical compactification X is Frobenius split compatibly with
all G x G-orbit closures. We will need the following refinement of this result.

Theorem 2. X is Frobenius split compatibly with all G x G-orbit closures and all
subvarieties X(w) and (wg, wo)X(w), for w e W.

Proof. Let St = H°(G/B, (p — 1)p) be the Steinberg module for G; it is a simple,
self-dual G-module [T4, I11.2.5, 11.3.18]. On the other hand, the line bundle Lx ((p —
1)p) is G x G-linearized by construction of X, and the G'x G-module H%(X, (p—1)p)
contains an eigenvector of B x B of weight (p — 1)(p, p), unique up to scalar, by
Lemma /[Tl Further, the image of this eigenvector under restriction to Y is non-zero,
since no X (wps;) contains Y. Using Frobenius reciprocity [14} I.3.4] and self-duality
of St, we obtain a G x G-homomorphism

f:StRSt — H (X, (p—1)p)
such that the composition

resy o f : StX St — H(Y, (p —1)(p, p))

is non-zero. Since the G x G-module HO(Y, (p — 1)(p, p)) is isomorphic to St X St,
hence simple, it follows that resy o f is an isomorphism.
We thus obtain a G x G-homomorphism

S7 1 (StR S0 — HO(X, 2(p — 1)p),

1 My @ 22 Wys = fzr Wyr) f(r2 My2).

Moreover, the composition

resy o f2: (St R St)®? — HO(Y,2(p — 1)(p, p))
is surjective, because the product map

HO(Y, (p = 1)(p,p))®* — H(Y,2(p = 1)(p, p))
is [14], T1.14.20]. Now, by [21], 2.1,2.3], there is a natural G x G-isomorphism

Homo, (F.Oy,Oy) — H(Y.2(p ~ 1)(p. p))
and there is a unique G x G-homomorphism (up to a constant)

@ : (St X St)®? — Homo,, (F.Oy, Oy).

Further, for a and b in St X St, the map ¢(a ® b) is a splitting of ¥ (up to a
constant) if and only if (a,b) # 0 where ( , ) is the G x G-invariant bilinear form
on StX St. Finally, if a = s?~! and b = tP~! for sections s, t of Ly (p, p), then the
zero subschemes Z(s), Z(t) in Y are compatibly ¢(a ® b)-split.

Because resy o f2 is a surjective G x G-homomorphism, we can identify it with
¢. Let vy (resp. v_) be a highest (resp. lowest) weight vector in H°(G/B, p). Set
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s:=uvy Moy, t:=v_KRov_, a:=sP"!and b:=tP~!. Then a, b are in St X St and
they satisfy (a,b) # 0. Thus, resy o f2(a ® b) splits Y compatibly with Z(s) and
Z(t).

Set 7 := ¢(a ® b) and consider

T
- p—1
o=T Hai ,
i=1

a global section of Lx ((p—1)(2p+Y_;_; @;)). Recall from [27] §3] that the dualizing
sheaf of X is

wx = ﬁx(—Qp - Zaz)
i=1
Thus, 0 € H(X,wy ?) = Homey (F.Ox,Ox). By [27, Th. 3.1], o splits X com-
patibly with Dq,..., D,.
Set 74 = f(o! 'K ) and 7= = f(v*" ' ®o”"). Then 74 and 7_ are in
HO(X, (p—1)p), and 7, (resp. 7_) is an eigenvector of B x B (resp. B~ x B~) of
weight (p — 1)(p, p) (resp. —(p — 1)(p, p)). By Lemma[I], we have

div(re) = (p — )Xy

where X is the sum of the classes of the X (wps;) over all simple reflections s;, and
X_ = (wp,wp)X4. Thus, o splits X compatibly with X; and X_. This implies
the theorem, as in the proof of [25] Th. 3.5(i)]. Namely, one uses [25] Lemma 1.11]
and the fact that each X(w) is obtained from X by iterating the process of taking
irreducible components and intersections. O

Corollary 3. Let char(k) be arbitrary.
(i) For any dominant weight A and for any intersection X of large Schubert
varieties and of boundary divisors, the restriction map

resy : HO(X,\) — H°(X,\)

is surjective. Further, H'(X,\) =0 fori > 1.
(ii) Any intersection of large Schubert varieties and of boundary divisors is re-
duced.

Proof. Let us prove (i). Note first that, by Lemmalll, X is ample (the associated
line bundle is Lx(p)) and Lx(A) is generated by global sections. Therefore, (i) is
a consequence of [26] Proposition 1.13(ii)] when char(k) = p > 0. Moreover, since
G, B are defined over Z, it follows from the construction of X ([27]) that X, the
boundary divisors D; and the large Schubert varieties X(w) are all defined and
flat over some open subset of Spec Z (in fact, they are defined over Z by [10]).
Therefore, by the semicontinuity theorem, (i) holds in characteristic zero as well.
Moreover, by the proof of [25] Th. 3], (ii) follows (in arbitrary characteristic)
from Theorem [2Z. O

For 1 < i < r, multiplication by o; (a section of Lx («;) with divisor D;) defines
an exact sequence

0 — Ox(-D;) — Ox — Op, — 0.
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Because Y is the transversal intersection of D1, ..., D,, the image of the map
T
(01, ,00) : P Ox(-D;) = Ox
i=1

is the ideal sheaf Ty .

Corollary 4. Again, let char(k) be arbitrary.

(1) The ideal sheaf of the set-theoretic intersection Z(w) = X(w)NY in X(w) is
generated by the image of (o1,... ,0y).

(ii) o1,...,0, form a regular sequence in X(w).

(iii) X(w) 4s normal.

Proof. By Corollary[3] the scheme-theoretic intersection X (w) NY is reduced; this
is equivalent to (i).

For (ii), we have to check that the image in Ox(y)/(01,... ,05-1) of 0; is not a
zero divisor, for each j. But the scheme-theoretic intersection

X(w)<j = X(w) N ﬂ D;

is reduced. Further, by [4, Th. 2.1], each irreducible component of X(w)<; has
codimension j — 1 in X(w), and is not contained in D;. Thus, the restriction of o}
to X(w)<; does not vanish identically on any such component. It follows that o;
is not a zero divisor in Ox(w).; = Ox(w)/ (01 -+ ,0j-1)-

For (iii), observe that X(w) N G is smooth in codimension one, as the preim-
age in G of a Schubert variety in G/B (this goes back to Chevalley [7| Cor., p.
10].) Further, the intersection X(w) N D; is reduced for 1 < ¢ < r, so that each
irreducible component of this intersection contains smooth points of X(w). Thus,
X(w) is smooth in codimension one (this also follows from [4] Cor. 2.1]). By Serre’s
criterion, it is enough to prove that X (w) has depth at least two.

Because B x B acts on X(w) with finitely many orbits and a unique fixed point
y (the base point of Y = G/B x G/B), it suffices to prove that X(w) has depth
at least two at y. This is clear if r > 2, because local equations of Dy,..., D, at
y form a regular sequence in the local ring Ox(y),y- On the other hand, if r = 1,
then each X(w) is smooth. We have indeed G' = SL(2), G = PGL(2), and X is
the projectivization of the space of 2 x 2 matrices where G acts by left and right
multiplication. So X(w) is either X or the projectivization of the subspace of upper
triangular matrices. [l

3. LINE BUNDLES ON LARGE SCHUBERT VARIETIES

In this section, we describe the Picard group of large Schubert varieties, and the
spaces of global sections of line bundles on these varieties.

Theorem 5. For any w € W, the restriction map
resx(w) : Pic X — Pic X(w)

is bijective. Further, the line bundle Lx () (\) is generated by its global sections
(resp. ample) if and only if A is dominant (resp. dominant regular).
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Remarks. 1) We will see in Corollary [ that Lx(,,)()\) admits nontrivial global sec-
tions if and only if A is in the monoid generated by all simple roots and fundamental
weights.

2) It is proved in [27] §2] that £x(2)) is very ample for any regular dominant
weight A. In fact, one can check that £x(A) is already very ample, using Corollary

Bl

Proof. We will use the duality between line bundles and curves: each closed curve
C in X(w) defines an additive map Pic X(w) — Z, L — (L -C) where (L-C) is the
degree of the restriction of L to C. In fact, (L-C) only depends on the classes of L
and C' up to rational equivalence. Further, C' is rationally equivalent to a positive
integral combination of closed irreducible B x B-stable curves [13].

Examples of such curves are the “Schubert curves” C(a;) := S(s;) x S(1) and
C'(a;) == S(1) x S(s;) in G/B x G/B. Note that

(Lxw)y(N) - Claw)) = (Lx(u)(N) - C'(—woai)) = (A, o)
for all A € X. We first show the following

Lemma 6. The closed irreducible B x B-stable curves in X are the C(o;) and
C'(ai) for 1 < i < r. They are contained in B. Further, each C(a;) is rationally
equivalent in B to C'(—wopay).

Proof. The first assertion follows from the description of all B x B-orbits in X given
n [ 2.1]. And as BNY contains both S(wp) x S(1) and S(1) x S(wyp), it contains
the C(a;) and C'(«;).

For the latter assertion, we begin by the case where G = PGL(2). Then we saw
that X = P? and B = P2. Further, Y is a smooth quadric in P?, and both C(«)
and C'(—woa) are embedded lines. Thus, they are rationally equivalent in P2.

The general case reduces to the previous one, as follows. Set X; := ) i Dj, then
X is the closure of a unique G x G-orbit X? in X. Let P; be the parabolic subgroup
generated by B and s;; let @Q; be the opposite parabolic subgroup containing B~
and let L; be their common Levi subgroup. Then the G x G-variety X; fibers
equivariantly over G/P; x G/Q;, with fiber the canonical compactification of the
adjoint group L;/Z(L;) (this follows e.g. from [I0l Th. 3.16]). This group is
isomorphic to PGL(2). Set P; := woQ;wo, the parabolic subgroup generated by B
and wos;wo. Now X; fibers equivariantly over G/P; x G/P; and the fiber over the
base point is a closed B x B-stable subvariety F; of X;, isomorphic to P3. Restricting
this fibration to Y C X;, we obtain the canonical map G/BxG/B — G/P;x G/P;.
Thus, F; contains both C(«;) = P;/B x B/B and C'(—woa;) = B/B x P;/B.
Further, B x B has a unique closed orbit O; in X?; and O; is contained in F; N B
(because B meets all G x G-orbits). Thus, the closure of O; in X; is isomorphic to
P2, and contains both C(a;) and C'(—wga;) as embedded lines. O

We return to the proof of Theorem[Bl For injectivity, let A be a weight such that
the restriction of Lx(A) to X(w) is trivial. Then the restriction of £x(A) to each
C(a;) is trivial. Tt follows that (A\,a)) =0 for 1 <4 <r, and that A = 0.

For surjectivity, we first prove that the abelian group Pic X(w) is free of finite
rank. For this, we identify Pic X(w) to the group of all Cartier divisors on X (w) up
to rational equivalence (this holds because X(w) is normal). Let y be the B x B-
fixed point of Y. Let X, be the set of all z € X such that the orbit closure (' x T)x
contains y. Then X, is an open affine T' x T-stable subset of X, containing y as
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its unique closed T x T-orbit (it is the image under (1,wy) of the affine chart V
defined in [27, §2]). Because y € X(w), the intersection X(w), = X(w) N X, is
a non-empty open affine T x T-stable subset of X(w), containing y as its unique
closed T x T-orbit. By the equivariant Nakayama lemma [I, §6], it follows that any
T x T-linearizable line bundle over X(w), is trivial. But since X(w),, is normal, any
line bundle over X(w), is T x T-linearizable [20, p. 67]. Thus, the Picard group
of X(w), is trivial. On the other hand, any regular invertible function on X(w),
is constant (for it is an eigenvector of T' x T' by [20} Prop. 1.3 (ii), p. 79], and all
weights of non-constant regular functions on X(w), are contained in an open half
space). Therefore, any Cartier divisor on X(w) is rationally equivalent to a unique
Cartier divisor with support in the complement X(w) \ X(w),. Now the abelian
group of Weil divisors with support in X(w) \ X(w), is free of finite rank.

We now prove that any Cartier divisor D on X (w) which is numerically equivalent
to zero (that is, (D-C) = 0 for each closed curve C in X(w)) is rationally equivalent
to zero. Indeed, by [12, 19.3.3], there exists a positive integer m such that mD is
algebraically equivalent to zero. But algebraic and rational equivalence coincide for
Cartier divisors on X (w), by freeness of Pic X(w) and [12] 19.1.2]. Thus, the class
of mD in Pic X(w) is zero, and we conclude by freeness of Pic X(w) again.

For a line bundle L on X(w), define a weight A by

A= (L Clar))wr + - + (L - Clon))wr,

so that (L-C(a;)) = (Lx(A) - C(a)) for 1 < ¢ < r. By Lemmalf, it follows that
(L-C) = (Lx(N) - C) for all closed curves C in X(w). By the previous step, L is
isomorphic to resx(,,)£Lx(A). This proves that resx(,) is bijective.

Finally, for the two remaining assertions of Theorem [, the sufficiency was es-
tablished in Lemma [[ Conversely, if L = Lx(A) is a line bundle on X such that
resx (w)(L) is generated by its global sections (resp. ample), then (L -C) > 0 (resp.
> 0) for any closed curve C in X(w). Applying this to the curves C(«;), one obtains
that A is dominant (resp. dominant regular). O

For any weight A, the space
HO(X(w)a >‘) = HO(X(U))’ ﬁX(w) (A))
is a finite-dimensional B x B-module. Its B x B-submodules
F,H(X(w), \) := H*(X(w), Lx (\) @ Th0)

(where n € N) form a decreasing filtration, which we call the canonical filtration.

Since 59 Fn H°(X(w), A) = 0 and since H°(X(w), ) is finite dimensional, this
filtration is finite, that is, there exists an integer ng()) such that F,, H*(X(w),\) = 0
for n > no(A).

Let n = (ny,...,n,) € N" and let |n| = ny + - -- + n,. Then multiplication by
the section o] - - - o' defines a map

o™ HY(X(w), A —njag — - - — npa,) — HO(X(w), ).
Because each o; is G x G-invariant and nonidentically zero on X (w), this map is

injective and B x B-equivariant. Let Fy, H(X(w), \) be the image of o™; it is a
B x B-submodule of F,, H*(X(w), \), where n = |n|.
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Theorem 7. With notation as above, we have

FoHO(X(w),A) = Y FaH(X(w), \)

neN”
[n|=n

Further, the n-th layer of the associated graded module satisfies

grnHO(X(w)v)‘) = @ HO(Z(w)a/\_nlal — _nrar)v
(’nl,u. ,n,,.)
the sum being taken over all (ny,...,n.) € N" such that ny+---+n, = n and that
A—niag — - — Ny, 18 dominant.

In particular,

grH (X (w), ) = @ H*(Z(w), n).
peXt
p<A
Proof. Set T = Ty(,). From the exact sequence of sheaves on X(w),

071" Lxw)(A) = I" @ Lx(w)(A) = "I e Lx(w)(A) =0,

we see that gr,, H(X(w), \) injects into H°(Z(w),Z" /" @ Lx (w)(N)). The latter
is equal to

@ HY(Z(w), A —niay — -+ — nyay.).

nit-tn.=n

We have indeed
0 /I = @ ot ol Ly (—niar — - = npay)

nit-An.=n

because Z is generated by the regular sequence (o1, ... ,0,) (Corollary d). We now
need the following

Lemma 8. For a weight p, the following conditions are equivalent:
(i) p is dominant.
(i) H°(Z(w), ) is nonzero.

Proof. (1)=(ii). If p is dominant, then the restriction to Y of Lx(u) is generated
by its global sections.
(ii)=-(i). Recall that

Z(w) = U S(wz) x S(zwp),
zeW
L(wz)=L(w)+L(z)

and that the restriction of Lx(p) to Y is equal to Ly (, —wop). Thus, there exists
x € W such that H°(S(wx), ) and HO(S(zwg), —wou) are both nonzero. But
HO(S(wz), 1) # 0 implies that (u, &) > 0 for each a € A such that wra € ®~; this
follows from [24, Cor. 2.3]; see also [8]. Similarly, H°(S(zwp), —wopu) # 0 implies
that (—wopu, ) > 0 for each B € A such that zweB € ®~. Since —wy permutes
the simple roots, the latter is equivalent to {(u,d&) > 0 for each a@ € A such that
xa € ®T. Now, for each o € A, we have either za € ®1 or wza € ®, because

Ywz) = L(w) + £(x). O
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Returning to the proof of Theorem [, let 4t = A — nja; — - - - — n.a, such that
the space H°(Z(w), i) is nonzero. Then p is dominant by Lemma[8 By Corollary
Bl the restriction

H(X(w), ) — H(Z(w), )

is surjective; therefore, the restriction

FoH(X(w),\) — H°(Z(w), A —njaq — -+ — npay)
is surjective. It follows that, first,
graH (X (w), \) = @ HY(Z(w), A —nia; — - - — npay),
(’nl,u. ,n,,.)
where the sum is taken over all (n1,...,n,) € N" such that n; +--- +n, =n and
that A —nja1 — - -+ — n.q, is dominant, and, second, that
FoHO(X(w),A) = Y FaHO(X(w), ) + Fu1 H(X(w), A).
e

Let t > 1. Replacing in the above formula n by n 4+ 1,...,n + ¢, and using the
fact that Fy HO(X(w), \) C FaHY(X(w), \) if n’ is greater than n for the product
order on N”, one obtains that

FoHO(X(w), ) = Y FaH(X(w), A) + Fo e HO (X (w), )

neN”
[n|=n

forallt > 1. Since F,++H°(X(w),\) = 0 for ¢ >> 0, this implies our statements. O

In particular, one obtains the following

Corollary 9. Lx(.)(A) admits a nonzero global section if and only if A belongs to
the monoid generated by A and Xt

Consider now the space

R(w) := @D H*(X(w), ).

AeX

Then R(w) is a k-algebra, with a grading by X. By Theorem B R(w) can be seen
as the multihomogeneous coordinate ring of X(w). Observe that o1,... ,0, are
homogeneous elements of R(w) of degrees a, ... , .

We define similarly,

Aw) = @ HZ(w), p)

(sum over all weights p, or, equivalently, over all dominant weights by Lemma []).
Then A(w) is the multihomogeneous coordinate ring over Z(w), a union of Schubert
varieties in G/B x G/B.

Corollary 10. o1,...,0, form a regular sequence in R(w), and the quotient
R(w)/(o1,...,0p) is isomorphic to A(w). As a consequence, R(w) is generated as
a k-algebra by o1,. .. , 0, together with the subspaces HO(X(w),w;), for 1 <i <r.



108 MICHEL BRION AND PATRICK POLO

Proof. The canonical filtrations of the H°(X(w), \) fit together into a filtration
(FnR(w)) of R(w). Theorem [7limplies that

FnR(U)) = ((71; s 707’)n

(the n-th power of the ideal generated by o1, ... ,0,) and that
FuR(w)/FaniRw) = @ oo HY(Z(w), ).
n1+...+~n,,.:n
pnex+

Thus, the associated graded ring is isomorphic to the polynomial ring A(w)[t1,
., tr]. By [6, 1.1.15], 01,...,0, form a regular sequence in R(w). Further, by
4, 11.14.15, 11.14.21], the graded ring A(w) is a quotient of P, HO(Y, 11), and

the latter ring is generated by its subspaces H°(Y,w;). So R(w) is generated by
o1,... 0. and the H%(X(w),w;) (which lift the H°(Z(w),w;)). O

We will show in Section 7 that the rings R(w) and A(w) are Cohen-Macaulay.

4. A FILTRATION OF k[B]

In this section, we construct geometrically a filtration & la van der Kallen of the
B x B-module k[B] (the ring of regular functions on B); see [28, Th. 1.13]. For this,
we first obtain a coarser filtration whose layers are spaces of global sections of line
bundles over BNY = Z. In particular, k[B] admits a Schubert filtration as defined
in [24], 2.8] (see also [29] 6.3.4]).

For € X7, we set
M) == H(Z, ).

Then M (p) is a finite dimensional B x B-module. By Theorem [7, each B x B-
module H°(B, \) has a filtration with layers M (u) where g € X+ and p < \.

We will need more notation on B-modules, taken from [28]. Let v be a weight;
then there exist a unique w = wy;, € W and a unique dominant weight p such
that ¥ = wpu and that the length of w is minimal. Set

P(v) = HO(‘S(wmin)7 1)

and

Q) := H°(S(Wmin), Los(wpim) ® La/p (1)),
where 0S(w) denotes the boundary of S(w), that is, the complement of its open
B-orbit BwB/B. Then both P(v) and Q(v) are finite dimensional B-modules.

Theorem 11. (i) The B x B-module k[B] has a canonical increasing filtration by
finite dimensional submodules, with associated graded module

D M.

(ii) For any p € X, the B x B-module M () has a filtration with associated
graded module

P Pr)RQ(-v).

veWnu
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Proof. Set T' = /'?/X For v € T, let k‘[B]A, be the sum of T-weight spaces in
k[B] (for the right T-action) over all weights in the coset . Then each k[B], is a

B x B-submodule of k[B], and we have

k[B] = €D k[Bl,.

yer

Further, as a k[B]-module, k[B], is freely generated by any B-eigenvector.

Choose v € T'. Tt is known (see [3, Chap.VI, Ex. §2.5]) that the set of dominant
weights belonging to the coset 7 admits a unique minimal element; denote it by A.
By Theorem M H°(B,)\) is isomorphic to M (\). Thus, H°(B, \) contains a right
B-eigenvector vy of weight A, and one deduces that

H°(B, L5(\)) = k[B] vy = k[B],.

Now, let us filter kJ[B]7 by the order of pole along the boundary of B. Specifically,
consider the section o := o1 --- 0, of L5(8), where 8 = a3 + -+ a,. Then o is
invariant by B x B, and its zero set is the boundary B — B. Therefore, the B x B-

module k[B], = H°(B,Lz(\)) is the increasing union of its finite dimensional
submodules

o "H°(B, X+ np)
for n > 0. The associated graded module of this filtration satisfies
gr"k[B), = H*(B,\ +np)/cH*(B,A + (n — 1)3).
Let R be the multihomogeneous coordinate ring on B, then o € R and
gr"k[Bly 2= Rayng/0Rat(n-1)8 = (R/TR)xnp-

Consider the decreasing filtration of R/o R, image of the filtration of R by the ideals
(01,...,0:)™R. Let

N"(0) := {(m1,...,my) € N" | my---m, = 0}.

Then, as o01,...,0, form a homogeneous regular sequence in R, the associated
graded ring of R/o R satisfies
grmR/oR = @ o't -eol A

(ma,...;m;.)EN"(0)
mi+---+m.=m
where A is the multihomogeneous coordinate ring of Z. Taking homogeneous com-
ponents of degree A+nf3, we see that each gr"k[B], has a finite decreasing filtration
with associated graded

@ MA+np —miar — mpa;).

(m1,... ,my)EN"(0) B
AnB—mia; —m,a,.€Xt

Reordering the indices, we obtain a canonical increasing filtration of k‘[B] satisfying
the requirements of (i).

For (ii), recall that the irreducible components of Z are exactly the S(w) x
S(wwg) for w € W. We first construct an increasing filtration of Z by partial
unions of these components, as follows. Choose an indexing W = {w1,... ,wp}
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which is compatible with the Bruhat-Chevalley order, that is, ¢ < j if w; < wj. In
particular, w; = 1 and wy; = wy. Set

Zi = S(wi) X S(wiwo), ZZ’i = U Zj, Z>l‘ = U Zj.
J>i j>i
Then we have the following
Lemma 12. Z, N Zs; = S(w;) x 0S(w;wp).

Proof. Let x, y in W such that S(z) x S(ywg) C Z;, that is, x < w; < y. If,
moreover, S(z) x S(ywy) € Zs;, then w; < y for some j > 4. It follows that
y # w;, so that Z; N Zs; C S(w;) x 95 (w;wop).

For the opposite inclusion, let y € W such that S(ywy) C 9S(w;wp), that is,
y > w;. Then y = w; for some j > 4. Thus, S(w;) x S(ywo) € S(y) x S(ywo) is
contained in Z; N Z~;. O

Returning to the proof of Theorem [Tl let Z; be the ideal sheaf of Z-; in Z>;.
Then Z; identifies to the ideal sheaf of Z; N Z<; in Z;. By definition, we have an
exact sequence of sheaves of Oz-modules: 0 = Z; — Oz, — Oz_, — 0. Thus, the
sequence -

0—7;®Lz(p) = Lz, (n) = Lz.,(n) — 0
is exact. Further, H'(Z>;,Lz(p)) = 0 as Z>; is a union of Schubert varieties in Y,
and p is dominant. So we obtain an exact sequence
0— HZ>,T; ® L2(1)) — H(Z>i, 1) — H*(Z>i, 1) — 0.
Now Lemma [I2] implies that
H(Z>:,T; ® Lz(n) = H*(Z:,Z; ® L2(1))
= HO(S(w;), 1) ® H(S(wiwo), Los(w,we) @ Layp(—wop)).

By induction on ¢, we thus obtain a filtration of M (u) with associated graded
module

P HO(S(x), 1n) ® HO(S(wo), Tos(woa) ® Loy (—wop))-
zeW
Further, we have H(S(z), u) = P(xu) by [29] Lemma 2.3.2]. And

HO(S(2), Tos(a) © Layp(p) = Qap)
if = is the element of minimal length in its coset *W,, (where W, is the isotropy
group of p in W). Otherwise, HO(S(J?),Ias(I) ® Lg/p(1)) = 0; indeed, the restric-
tion map HO(S(z), ) — H°(S(zmin), 1) is an isomorphism by [loc.cit.].

It follows that the B-module HO(S(xwo),Ias(xwo) ® Lg/p(—wop)) equals
Q(—zp) if x has maximal length in its coset W, and equals 0 otherwise. Thus,
the B x B-module M (1) has a filtration with associated graded module @ P(xp)X
Q(—zp), sum over all & € W such that z has maximal length in its W,-coset. This
implies (ii). O

Remark. A similar argument shows that the G x G-module k[G] has an increasing
filtration by finite dimensional submodules with associated graded module

P H(G/B, 1) ® H(G/B, —wop).

peX+
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This gives a geometric proof of a result of Donkin and Koppinen [14], I1.4.20].

For any dominant weight u, we denote by ¢, = ch M(u) the character of the
finite dimensional T x T-module M (x). Then ¢, is a regular function on T' x T,
and we have by Theorem [7] for ¢t,u € T,

cultiw) = 3 ch Pr)(t) ch Q(—v)(u).

veWnu

Further, ch P(v) is given by the Demazure character formula (see, for example, [I4]
11.14.18]), and ch Q(v) is given by a closely related formula [22, Th. 2.1].

By Corollary [, we have H(Z, ) = 0 for i > 1; thus, we can extend the map
i — ¢, to the group X by setting

e =x(Z,2) =Y (—1)'ch H'(Z, )
i>0

for arbitrary A € X.

We now establish two symmetry properties of the resulting map A — cy; the
second symmetry will be an essential ingredient of the proof that B is Gorenstein.
We will determine the value of ¢y at (t,¢~!) and, in particular, the dimension of
M(X) in Corollary [I9] below.

Theorem 13. We have c_y1(t, u) = cx(u,t) and
oAt u™Y) = (~)V p(t)plu)er-p(t, )
for all X € X andt,ueT.
Proof. With notation as in Lemma [[2] we have for any A € X and any index 1,
X(Z>i, ) = x(Z>i, A) + x(Z>i,Ti ® Lz(N))
= X(Z>i; A) + x(S(wi), A) X (S(wiwo), Las (wiwe) @ La/B(—wol)),

by Lemma [[2 and the argument thereafter. Since Z = Z>1, it follows that

(*) X(Zv )‘) = Z X(S((E), >‘) X(S(wa)v-’ZBS(xwo) & ‘CG/B(_TUO)\))
zeW

for all A € X. Thus, one has

et hut) = Z x(S(z), =\t X(S(zwo), Zos(zwo) @ ZIG/B(wO)\))(u_l).
zeW

Let z € W. Recall that, by [25, Prop.4 and Th. 4], the Schubert variety S(x)
is Cohen-Macaulay. Denote by wg(,) its dualizing sheaf, a B-linearized sheaf. In
fact, [25, Th. 4] shows more precisely that any standard resolution ¢ : V(z) — S(x)
satisfies dxwy (z) = Ws(z). Combining this with the results in [29, A.4], one obtains
an isomorphism of B-linearized sheaves

Ws(z) = Zos(z) @ La/s(—p)[p]
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where [p] denotes the shift by the character p in the B-linearization. Thus, using
Serre duality on each S(x), one obtains that

(=1)Yp(t)p(u™) et u)

= Z X(S(7), Zas () ® Layp(—p + ) (t) x(S(zwo), —p — wo)(u)
zeW

=D x(8), —p — wod) () X(S(ywo), Tos(yuwe) @ Layp(—p+ N)(D)

= C—wor—p (uv t)'

On the other hand, set Z? := S(w;wg) x S(w;) and define similarly Z2¢ Z>°.
Then we obtain as in Lemma[IZ that Z' N Z>% = 9S(w;wg) x S(w;). As above, it
follows that

X(Zv )‘) = Z X(S($w0)afasuwo) ® ‘CG/B()‘)) X(S({E), —U)()>\)
zeW
for any A. Thus, x(Z, —woA)(u,t) = x(Z, A)(¢t,u) and the first identity is proved.
In particular, c_wor—p(u,t) = ca—p(t, u) which completes the proof of the second
identity. O

5. CLOSURES OF BOREL SUBGROUPS ARE (GORENSTEIN

Let R (resp. A) be the multihomogeneous coordinate ring of B (resp. Z = BN
Y) as defined in Section 2. We show that both R and A are Gorenstein; as a
consequence, B and Z are Gorenstein as well.

It will be convenient to set

Bi=a1+- -+ .
Then the dualizing sheaf of X is Lx(—2p — ) by [27, §3].

Theorem 14. (i) B (resp. Z) is Gorenstein and its dualizing sheaf is isomorphic
to Lg(—p— B)[p, p] (resp. Lz(—p)p,p]) as a B x B-linearized sheaf.

(i) The graded ring R (resp. A) is Gorenstein and its dualizing module is gen-
erated by a homogeneous element of degree p+ 8 (resp. p), eigenvector of B x B
of weight (p, p).

Proof. We begin by proving that Z is Cohen-Macaulay. For this, we use the nota-
tion introduced in the proof of Theorem [[1 We check by decreasing induction on
i that each Z>; is Cohen-Macaulay. If ¢ = M, then Z>p = S(wo) x S(1) = G/B,
a nonsingular variety. For arbitrary i, we have an exact sequence

0— Ozzi — Ozi D OZ>¢ — OZimZ>i — 0.

Further, we know that Z; = S(w;) x S(w;wp) is Cohen-Macaulay; and, by the
induction hypothesis, the same holds for Z-;. On the other hand, Z;NZ~; = S(w;)x
0S(w;wo) by Lemma The dualizing sheaf of S(w;wp) is the tensor product of
the ideal sheaf of 0.5 (w;wo) with the invertible sheaf L/ p(—p). By [6, Proposition
3.3.18], it follows that 0S(w;wo) is Cohen-Macaulay, of depth ¢(w;wg) — 1. Thus,
the depth of Z; N Zs; is {(w;) + £(wiwo) — 1 = €(wy) — 1 = dim Z>; — 1. Together
with the exact sequence above, this implies easily that Z>; is Cohen-Macaulay; see
[6, Proposition 1.2.9].
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We now prove that the ring A is Cohen-Macaulay. For this, let C' = Spec A be
the corresponding affine scheme. Then C' is the multicone over Z in the sense of
[16]; we now recall some constructions from that article. Let S denote the sheaf of
graded algebras

S = Symg, (@ Lz(wi)),

i=1

let E = Spec(S) denote the corresponding vector bundle, with projection g : E —
Z. Then

005 = Syme,, (D Lz(w)) = B Lz(w).

i=1 u693+

In particular, H°(E, Og) = A so that we have a morphism p : E — C. The torus T
acts on E and on C' (because A is graded by the character group of T), compatibly
with the action of Bx B. Clearly, p and ¢ are equivariant for the action of Bx BxT.

As the line bundles Lz (w1),...,Lz(w,) are generated by their global sections,
p is proper. Further, we have p.Op = Oc¢, as C is affine and H*(E,Op) =
H°(C,O¢). In particular, p is surjective.

Let E° be the total space of E minus the union of all sub-bundles D, Lz(w))
for1 <i<r;let p’: E° — C and ¢°: E° — Z be the restrictions of p and ¢. Then
p¥ is an isomorphism onto an open subset C° of C, and ¢° is a principal T-bundle
over Z. As a consequence, the restriction of p to each irreducible component of FE
(that is, to each ¢~ (S(w) x S(wwyp)) is birational. Thus, C' is equidimensional of
dimension dim(B) = N + r.

We claim that Rip,Op = 0 for i > 1. Indeed, as C and q are affine, this amounts
to

0=H'(E,Op) = H'(Z,q.0p) = € H'(Z,p),
peX+
which follows from Corollary [3]
Because Z is Cohen-Macaulay, the same holds for E, and we have

Wwg =q'wz Quwg/z =q (Wwz @Lz(w1) @@ Lz(wr)) = q" (wz ® Lz(p))

as a B x B-linearized sheaf. Both wp and ¢*(wz ® Lz(p)) have canonical T-
linearizations, since T" acts on E and fixes Z pointwise; but

wg =¢q" (wz ® Lz(p))[—p]

as a B x B x T-linearized sheaf, where [x] denotes the shift of the T-linearization
by the character .

We claim that Rip.wp = 0 for i > 1, that is, H*(E,wg) = 0 for > 1. Indeed,
we have

H'(E,wp) = H'(Z,q.wp) @ H'(Z,wz ® Lz(p+ 1))
pex+
= P BN Z-p -,

peX+
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as Z is equidimensional of dimension N. For p € X, the line bundle £ (p+p) is
ample. Because Z is Cohen-Macaulay, we therefore have
for j < N and large n. But Z, being a union of Schubert varieties in Y, is Frobenius
split. Thus, H/(Z,—p — p) = 0 for j < N by [29, Proposition A.2.1]. This proves
our claim.

We now recall a version of a result of Kempf; see e.g. [15, p. 49-51].

Lemma 15. Let p: X—>Xbea proper morphism of algebraic schemes. Assume
that X is Cohen-Macaulay, X is equidimensional of the same dimension as X,
pOg = Ox and R'p,O4 = Rip,wg = 0 for i > 1. Then X is Cohen-Macaulay
with dualizing sheaf p.w ¢ .

Proof. The statement is local in X, so that we may assume that X is a closed
subscheme of a smooth affine scheme S. Denote by ¢ : X — S the inclusion and set
m:=top. Then 7,04 = 1,O0x and Riﬂ'*OX- = 0 for ¢ > 1. Applying the duality
theorem to the proper morphism 7 : X — S and the sheaves O ¢ and wg, we obtain
RHom(1.Ox,ws) = RHom(Rm,O ¢, ws) = Rm. RHom(O, m'wg)

= Rm.m'ws = Rmwy [dim X — dim S] = 7wy [dim X — dim ],
that is, Exts(1.0x,ws) = 0 for i # dim S — dim X, and

Extgimxfdims(u(’)x, Ws) = Me ;.

This means that X is Cohen-Macaulay with dualizing sheaf p.w. [l

Lemma [TH implies that the graded ring A is Cohen-Macaulay with dualizing
module

wa=H(C,powp) = P H(Z,wz @ Lz(n+ p))[—p]
peX+
P BV (Z,—n—p)* [0l
pex+
Further, H/(Z,—u — p) = 0 for j # N. The module wy is X-graded and each ho-

mogeneous component is a finite-dimensional B x B-module. Thus, we can consider
the Hilbert series

H,,(tu,z):= Z chwa(t,u) 2
AeX

where t, u are in T, and the z* are the canonical basis elements of the group algebra

Z[X]. Now we have
H(.UA (ta U, Z) = Z ch HN(Za —H— p)(t_lv u_l) 2P
peX+
= (—=1)¥ Z Copp(tH u )2 TP,
pex+
Together with Theorem [I3], it follows that
H,,(t,u,z) = p(t)p(u)z" Ha(t,u, 2).
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Using [6l, Cor. 4.3.8.a)], we therefore have
Hat™ w270 = (=)W p(4) p(u) 2P H o (t, u, 2).

Now a result of Stanley [6, Cor. 4.3.8.c)] would imply that A is Gorenstein if
A were a domain. This is not the case, but A is the quotient of the domain R
by the ideal generated by the regular sequence (o1,...,0,). It follows that R is
Cohen-Macaulay with Hilbert series

Ha(t,u,z)
H::1(1 — 2%)

because each o; is the restriction of a G x G-invariant section. As a consequence,
we obtain

Hg(t,u,z) =

Hp(t™ Y u™t 27 = (=1)3EB) o) p(u) 2P P Hp (t, u, 2).

Thus, by the result of Stanley quoted above, R is Gorenstein and its dualizing
module is generated by a homogeneous element of degree p + 3, eigenvector of
B x B of weight (p, p). Tt follows that A is Gorenstein as well and that its dualizing
module is generated in degree p and weight (p, p).

It remains to prove that B and Z are Gorenstein and to determine their dualizing
sheaves. For this, consider the isomorphism p? : E° — C° where C° is an open
subset of C, and the principal T-bundle ¢° : E° — Z. Then wgo = Ogo [p,p] as a
B x B-linearized sheaf, because the same holds for C. Further, wgo = ¢% (wz ®
Lz(p)) so that

wz @ Lz(p) ® ¢l0po = q20pap, p].
Taking invariants of T, we obtain
wz ® Lz(p) = Ozlp, pl;
that is, Z is Gorenstein with dualizing sheaf £z (—p)[p, p]. The argument for B is
similar. |
6. THE CLASS OF THE DIAGONAL FOR FLAG VARIETIES

We will construct a degeneration of the diagonal in G/B x G/B into a union of
Schubert varieties. For this, we recall a special case of a construction of [4, 1.6].
Consider the action of B x B on B and the associated fiber bundle

p:GxGxB*BB - G/BxG/B,
a locally trivial fibration with fiber B. The action map
GxGxB—X=(GxG)B: (g,h,x)— (g9,h)
defines a G x G-equivariant map
m:GxGxP*BB X,
Observe that 7 factors through the closed embedding
GxGxP*BB - G/BxG/BxX:(g,h,x)(B x B) — (9B, hB, (g, h)z)

followed by the projection G/B x G/B x X — X. Thus, 7 is proper and its
scheme-theoretic fibers identify to closed subschemes of G/B x G /B via p.. Further,
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the fiber 771(1) at the identity is the diagonal diag(G/B); and the reduced fiber
7 1(y)rea at the base point y of Y = G/B x G/B is

U S(x) x S(wox).
zeW
Consider now the closure T of T in X, then T is a T x T-stable subvariety

fixed pointwise by diag(T). By [27], T is smooth and meets Y transversally at the
points (w, wwy)y for w € W. Further, each (w, wwp)y admits a T x T-stable affine
neighborhood in T, isomorphic to affine r-space where T' x T acts linearly with
weights (—w(a;), w(a;)), 1 < 4 < r. Since the character group of T is the root
lattice, there exists a unique one-parameter subgroup A of T' such that (A, «;) =1
for 1 < i < 7. Then the closure of X in T is a curve vy containing 1 and isomorphic to
projective line, with A-fixed points z := (1,wp)y and 2z’ := (wyg, 1)y. In particular,
v\ {z,2'} is contained in T. Further, 7= 1(v) is a diag(7T)-stable subvariety of
G x G xB*B B and we have a diag(T)-equivariant isomorphism

7' (7) 2 {(9B,hB,x) € G/Bx G/B x| (97", h™")x € B}
identifying 71 () — 7 to the restriction of the projection G/B x G/B x v — 7.

Theorem 16. The morphism 7 : G x G xB*B B — X is flat, with reduced fibers.
Its restriction 71 (y) — v is flat and diag(T)-invariant, with fibers over v\ {z, 2’}
isomorphic to diag(G/B), and with fiber at z equal to

U S(z) x weS(wox).

zeW

Proof. By [4, Proposition 1.6], 7 is equidimensional. Further, G x G x> B is
Cohen-Macaulay, as B is. Because X is smooth, it follows that 7 is flat (see, for
example, [23, Cor. of Th.23.1]).

For z € X, the scheme-theoretic fiber 77!(z) identifies to

{(4B.hB) € G/B x G/B | (4=, h~V)z € BY.

Set F' := {(g9,h) € G x G | (¢97',h~ )z € B}. Then F is stable under right
multiplication by B x B, and left multiplication by (G x G), (the isotropy group
of x in G x G). The quotient of F by the right B x B-action is 7~!(z), whereas
the quotient by the left (G x G),-action is isomorphic to the scheme-theoretic
intersection of B with the orbit (G x G)x. This intersection is reduced by Corollary
Bl thus, F and 7~ !(z) are reduced, too.

The remaining assertions are direct consequences of these facts. O

We now deduce from Theorem [T a formula for the class of the diagonal of the
flag variety in equivariant K-theory.

For a variety X with an action of T, we denote by KT (X) the Grothendieck
group of T-linearized coherent sheaves on X. The character group of T acts on
KT (X) by shifting the linearization; this endows K7 (X) with the structure of an
R(T')-module. If the T-action on X extends to an action of the normalizer Ng(T),
then Ng(T) acts on KT (X) by n-[F] = [n*F]. Clearly, this descends to an action
of W on KT (X), compatible with the R(T)-module structure.

We apply this to X = G/B x G/B where T acts diagonally. For a T-stable
subvariety S of G/B x G/B, the class in KT (G/B x G/B) of the structure sheaf
Og will be denoted by [S]. In particular, we have the classes of Schubert varieties
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and of their translates by W x W; we also have the class of the diagonal, diag(G/B).
We will express the latter in terms of the former.

This will imply a formula for the class of the diagonal in the Grothendieck group
K(G/B x G/B) of coherent sheaves on that space, by applying the forgetful map

KT(G/B x G/B) — K(G/B x G/B).

Observe that the action of G x G on K(G/B x G/B) is trivial, because G is
generated by subgroups isomorphic to the additive group. Thus, the forgetful map
is W-invariant.

To simplify our statements, for z € W we set

S~ (x) := B~xB/B = wS(wox)
and
[S7 (@))% := [S™ (2)] — [0S ()] = wo[S(wo)] — wo|dS (wo)].
Corollary 17. With notation as above, we have in KT(G/B x G/B),

[diag(G/B)] = [| ] S(z) x 5~ (2)]

zeW
=Y B@Ix[s @)= > (D@D [S@)] x[S(y).
zeW z,yeW, <y

As a consequence, in K(G/B x G/B) we have
[diag(G/B)] U S(x) x S(wox)]

zeW
=Y [S@Ix[Sw)® = Y (=)W O[S(@)] x [S(woy)]-

Proof. Since « is a projective line fixed pointwise by diag(T), then [z] = [1] in
K4128(T) (7). As the map 7~ (y) — ~ is flat and diag(T)-invariant, the fibers 7=*(1)
and 7 1(z) have the same class in K7 (771(v)) and hence in KT (G x G xB*E B).
Thus, the direct images of these fibers under p are equal in K7 (G/B x G/B). This
proves the first equality.

For the second one, we use the notation introduced in the proof of Theorem [Tl
Set

Ai = S(wi) X S_(U)i), AZi = U Ai, A>i = U Ai.

Jzi J>i

Then Aspy = S(wo) x woS(1), Ax1 = Uyew S(x) x S™(x), and we obtain as in
Lemma [I2 that

A;NAS; =S(w;) x 0S™ (w;).
As a consequence, we have an exact sequence of sheaves

0—>Ii—>(’)AZi—>(9A>i—>O
where I; fits into an exact sequence

0—1I; = Oa, — OS(Wi)Xasf(“”) -0
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It follows that
[Azi] = [As] + [L] = [Asi] 4 [S(wi) x ST (wi)] = [S(ws) x 057 (wi)]
= [Asi] + [S(wi)] x [S7 (w:)]°.
By decreasing induction on %, we thus have
Asi= Y [S(uw)] x [S™ (w;)].
Jj>i
For the third equality, it suffices to prove that
[S(2))° =Y (=1 WS (y)]
y<z

in K7 (G/B). But the definition of [S(2)]® implies that [S(z)] = 32,y ,<.[S®)]°-
Further, the Mdbius function of the partially ordered set (W, <) is given by u(y, z) =
(—1)!@)=tW) if 4 < 2 and u(y, x) = 0 otherwise; see [IT]. O

Consider now the Grothendieck group K7 (G/B) of T-linearized coherent sheaves
on G/B. Since G/B is smooth and projective, KT (G/B) is isomorphic to the
Grothendieck group of T-linearized vector bundles, see e.g. [2, 2.6-2.7]; as a conse-
quence, it has the structure of a R(T)-algebra. Further, the R(T)-module KT (G/B)
is free, with basis the [S(z)] (x € W); and the R(T)-bilinear map

K*(G/B) x K¥(G/B) — R(T), (u,v) — x(G/B,u-v)

is a perfect pairing, where u - v denotes the product in K7 (G/B), and x(G/B, —)
denotes the equivariant Euler characteristic; see [19, 3.39, 4.9].

Corollary 18. The classes

(x € W) [S"@P= Y (D)W Ds(y)]
yeW, y>x

form the dual basis of the basis of the [S(z)] (x € W).

Proof. Observe that
X(G/B,u-v) = X(G/B x G/B, [diag(G/B)] - (u x v))
= > X(G/B,u-[S(x)]) x(G/B,v-[S(2)])
zeW

where the second equality follows from Corollary [T[7 In particular, for y € W we
have

X(G/B,u-[S()]) = Y x(G/B,u-[S(x)]) x(G/B,[Sy)]- 5 («)]°).

As the R(T)-linear forms u — x(G/B, u-[S(z)]) are linearly independent, we obtain

X(G/B,[S(y)] - [S7(2)]°) = a,y-
O

As another consequence of the determination of the class of the diagonal, we
recover a formula of Mathieu for the character of the G-module H°(G/B, A+ p) as
a function of the dominant weights A and p ([22, Cor. 7.7]). Further, we determine
the dimension of the modules M () introduced in Section 4.
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Corollary 19. For any weights X\ and p, and for any t € T, we have

X(G/B, A+ p)(t) = Z X(S(@), M) (t) X(S(zwo), Los(zwe) @ Layp(—wom)) ().
zeW

Therefore, x(G/B,2\)(t) = cx(t,t=1) for all t € T. Further, for \ € X+, one has
ch M(\)(t,t™1) = ch H°(G/B,2))(t)

and

(2A + p, @)

dimM(\) = [] o)

aedt

Proof. Let [£(\, )] denote the class of the G x G-linearized line bundle £(\, )
in KT(G/B x G/B). As the restriction of this line bundle to the diagonal is
L (A + 1), we have
X(G/B, A+ p) = x(G/B x G/B, [diag(G/B)] - [L(A, w)])-

By Corollary [I7, the latter is equal to

Z X(S(w), A) wox (S(wow), Zos(wow) ® Layp(1))-

weW
To complete the proof of the first equality, it suffices to check that

X(S(wow), Zos(wew) @ Lays (1)) (wot) = x(S(wwo), Zos(wuwe) @ La/p(—wow)) (™).

For this, using Serre duality as in the proof of Theorem [[3] we obtain

X(S(wow), Tos(uww) © Lays (i) (wot) = (=N p(t)x (S (wow), —p — 1) (—wot).
Further, the Demazure character formula implies that

X(S(wow), v)(—wot) = x(S(wwo), —wov)(t)
for all weights v. It follows that

X(S(wow), Toswow) ® Layp (i) (wot) = (=1)N ) p(t) x(S(wwo), —p + wop)(t)
= X(S(wwo), I@S(wwo) & 'CG/B(_wOILL))(_t)a
by Serre duality once more.
Now the second equality follows from formula () in the proof of Theorem [3

For A € X, the third equality follows from the vanishing of the H*(Z, \) (|25, Th.
2]), and the fourth one from Weyl’s dimension formula. O

7. LARGE SCHUBERT VARIETIES ARE COHEN-MACAULAY

In this section, we prove the statement of the title and we give some applications.
We begin by constructing a partial desingularization of X(w), by the total space of
a fibration with fiber B over the usual Schubert variety S(w).

For this, consider the action of B on B by left multiplication, and the associated
fiber bundle G x® B over G/B. The map G x B — X : (g,2) + gz defines a
birational, G x B-equivariant morphism

p:GxBPB-X
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where the action of G x B on G x? B is defined by (g,b)(¢’,z) = (gg’,zb~1). On
the other hand, the projection

v:GxPB—-G/B

is a locally trivial fibration with fiber B. Observe that (i, 1), being the composition
of

GxBB—GxBX~G/BxX,
is a closed embedding.
Let X’ (w) be the preimage of S(w) under ¢; then X’(w) is stable by the subgroup

B x B of G x B. Observe that X’ (w) is the closure of BuBx? B ~ BwB in Gx?B.
As a consequence, ¢ restricts to a B X B-equivariant morphism

X (w) — X(w)

which is an isomorphism over BwB. Denote by 0X(w) the complement of BwB in
X(w), and by 0X'(w) its preimage under f. Finally, let

g: X! (w) = S(w)
be the restriction of 1. Then g is a locally trivial fibration with fiber B, also.

Theorem 20. With notation as above, we have

(i) X'(w) is Cohen-Macaulay and its dualizing sheaf is isomorphic to Tyx: () @
T Lxw)(=p)p, p] as a B x B-linearized sheaf.

(ii) f*(’)x/(w) = Ox(w) and R"f*(’)xl(w) =0= Rif*wx/(w) fori>1.

(iii) X(w) is Cohen-Macaulay and its dualizing sheaf is isomorphic to f.wx: () =
Tox(w) ® Lxw)(—p)[p; p] as a B x B-linearized sheaf.

(iv) The graded ring R(w) = @, H°(X(w), A) is Cohen-Macaulay.

Proof. Because S(w) and B are Cohen-Macaulay, the same holds for X’(w). And
because f is birational and X(w) is normal, we have f.Ox () = Ox(w)-

We now show that R’f.Ox/ () = 0 for i > 1. For this, it suffices, by a lemma
of Kempf (see e.g. [14, 11.14.13]), to show that H*(X'(w), f*Lxw)(A)) = 0 for
i > 1 and for any regular dominant weight A\. Consider the line bundle *Lx())
and its higher direct images R’1.(¢*Lx(N)) for 7 > 0. Then R, (¢*Lx(N)) is
the G-linearized sheaf on G/B = G/B associated with the B-module H7(B,\),
and R7g.(f*Lx(w)(N)) is the restriction to S(w) of this G-linearized sheaf. As
H3(B,)\) =0 for all j > 1 by Corollary Bl we have

R g.(f* Ly (V) = 0

for j > 1.
For a B-module M, denote by M the corresponding homogeneous vector bundle
on G/B. Then we obtain from the Leray spectral sequence for g that

H (X' (w), f*Lx(w)(N) = H (S(w), g [* Lx(w) (A)) = H'(S(w), H* (B, A)).
By Theorems [ and [T, the left B-module H°(B, \) has a filtration with associated

graded a direct sum of P(u)’s for certain dominant weights . Further, we have for
i>1,
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as follows from [24, Prop. 1.4.2] or [29, Lemma 3.1.12]. Thus, for each i > 1, we
have H(X'(w), J*Lxw)(A)) = 0 and, therefore, Rif*OX/(w) =0.

We now determine the dualizing sheaf wx/(,,); we begin with the relative dual-
izing sheaf wy of g : X/(w) — S(w). Observe that the relative dualizing sheaf of
¢ : G xB B — G/B equals ¢*Lx(—— p) ® ¥* L p(p)[p] as a G x B-linearized
sheaf, where [p] denotes the shift by p of the B-linearization. Indeed, wy is the
(G x B)-linearized sheaf on G x” B associated with the (B x B)-linearized sheaf
wg on B. On the other hand, the sheaf ¢*Lx(—3 — p) ® ¥* L/ p(p)[p] is G x B-
linearized, and the associated B x B-linearized sheaf on B is wg by Theorem [4]
As g : X/(w) — S(w) is the pull-back of 1) under the inclusion S(w) — G/B, it
follows that wy = f*Lx(w)(—8 — p) ® g*Lsw)(p)lp]. In particular, w, is invertible.
Thus,

Wx/(w) = 9 Ws(w) @ Wy = 9" Las(w) @ [ Lxw) (=6 — p)lp, pl-
We now claim that
(1) 9 Tasw) @ [ Lx(w)(—8) = Lox (w)-

For this, observe that 0X'(w) contains the preimage under f of X(w) N (X\ G) =
X(w)N(D1U---UD,), a Cartier divisor. Further, the complement dX'(w)N f~1(G)
of that divisor is equal to g=1(8S(w)) N f~1(G). As the line bundle associated with
X(w) V(D1 U---UD,) is Lx(w) (=), it follows that

Tox'(w) = 9" Losw) ® [ Ix(w)n(Diu--uD,) = 9 Loasw) @ [*Lx(w)(—5),

which proves the claim. We conclude that

(2) wx/(w) = Lox/(w) @ [ Lxw)(=p)lp; p)-
Further, since f.Ox/(w) = Ox(w) and f(0X'(w)) = 0X(w), then
3) FeZox: (w) = Lox (w)s

and, therefore,
(4) Fewxr )y = Loxw) @ Lx(w) (—p)[p, p)-
We now prove that Rif*wxl(w) = 0 for ¢ > 1. Using Kempf’s lemma, again, it
suffices to prove that
(5) H' (X' (w), ¢ Tos(w) @ [*Lxw)y(A = B)) =0

for i > 1 and for A € Xt big enough (we consider here wx/ (w) @ [*Lx(w) (A + p)).
We argue by induction over £(w), the case where £(w) = 0 being obvious.

In the general case, choose a decomposition w = sx where s is a simple reflection,
and £(z) = ¢(w) — 1. Let Ps be the parabolic subgroup generated by B and s. This
defines the variety

S(w) == P, xB S(x)
together with the map o : S(w) — S(w). Let
X(w) = S(w) x5 X' (w) = Py xB X/ ()

with projections 7 : X(w) — X'(w) and ¢ : X(w) — S(w). Let p : X(w) — X(w)
be the composition of f and 7, then p is an isomorphism above BwB. Furthez", q is
a locally trivial fibration with fiber B. The B x B-action on X'(w) lifts to X(w),
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where 1 x B acts trivially on S(w) and S(w). Let dS(w) denote the complement
of the open B-orbit in S(w).

We claim that U*OS(M) = Os(w), O'*Iag(w) = Tys(w) and Ria*IBS(w) = 0 for
i > 1. This follows from [25]. In more detail, consider a reduced expression for
x and let ¢ : V(w) — S(w) denote the standard resolution associated to the
corresponding reduced expression of w = sx. Observe that ¢ factors through o,
say ¢ = 0. Since ¢, 0, o are proper and birational and S(w), S(w) are normal,
then ¢*Ov(w) = OS(w)7 G*Ov(w) = Og(w) and U*Og(w) = OS(w)- Let 8V(w)
denote the complement of the open B-orbit in V(w), then 8(V (w)) = dS(w) and
o0V (w)) = 0S(w), so that 0:Zp5(w) = Los(w)- Further, by [25] Prop. 2, Th. 4],
one has

Wy (w) = Zov(w) @ " Lsw)(—p):  Ws(w) = 0xwy(w) = Lasw) @ Lsw)(—p),

and Riqb*(’)v(w) =0= Ricﬁ*wv(w) for ¢ > 1. Since o is proper with fibres being
points or projective lines, then Ria*IBS(w) = 0 for ¢ > 2 and, therefore, one obtains,
by using the projection formula, that

R'0.(Zyg () @ Ls(w)(—p)) = Rlow(0:wy () — R'owy () = 0.

This proves the claim.
Define a sheaf F(w) on X(w) by

f(w) = q*Zag(w) ®p*£x(w)()\ - 6)

Since 7 is the pull-back of ¢ under the locally trivial fibration g, then, using again
the projection formula and the fact that cohomology commutes with flat base ex-
tension, it follows that

RiT*]:(w) = (RiT*q*Iag(w)) ® f*ﬁx(w)()\ -8),
~ ) 9T Losw) @ I Lxy(A—p8) ifi=0,
o ifi>1.
This yields
(6) H (X (w), 9" Tosw) © [ Lxw) (A = 8)) = H (X(w), F(w)),

and it suffices to prove that the right-hand side vanishes for ¢ > 1 and for A € X+
big enough. R

Embed S(z) = BxBS(x) into S(w), as a Cartier divisor; then X'(x) embeds into
X(w). Observe that 98 (w) = S(x)U (P, xB3S(z)) whereas S(x)N (P, x2S (z)) =
0S5(x). Therefore, we have an exact sequence

0= Zpstw) = Ir.xos@) — Los() ®0g,, Os@) — 0.
Denote by ¢ : X/(z) — X(w) the inclusion and set
Flw,z) = q"Tp x5os(z) @ P Lx(w)(A— B),

F(z) = *F(w, ).

Then F(x) is the sheaf ¢*Zyg(s) ® f*Lx(z)(A — ) on X/(x), and we have an exact
sequence

0— Flw) — Flw,z) — 1. F(x) — 0.
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The corresponding long exact sequence of cohomology groups, together with the
induction hypothesis applied to z, yields an exact sequence
(7) HO(X(w), F(w,z)) — H(X'(x), F(x))

— H'(X(w), F(w)) = H' (X(w), F(w, z))
and isomorphisms for ¢ > 2,
(8) H'(X(w), F(w)) = H (X(w), F(w, z)).
Further, consider the projection

7: X(w) = Py x? X'(z) — P,/B.

Then the sheaf R/ 7. F(w, z) is the homogeneous vector bundle on Ps/B associated
with the B-module H?(X'(z), F(x)). The latter vanishes for j > 1 and large A by
the induction hypothesis applied to z. As P,/B is a projective line, it follows that
H (X (w), F(w,z)) = 0 for i > 2. Therefore, by (8), we obtain that

H'(X(w), F(w)) =0
for i > 2. Moreover, setting
M = H°(X'(z), F(2)),
we have that 7, F(w,x) = M. Thus, (7) gives the exact sequence
HO(Py/B,M) — M — H(X(w), F(w)) — H'(P,/B, M).

To complete the proof, it remains to show that H'(X(w), F(w)) = 0. For this, it is
enough to check that M is generated by its global sections, that is, that M is the
quotient of a P;-module. Now, using (1) and (3), applied to z instead of w, observe
that

Further, 0X(z) = X(z) N Ps0X(x) (indeed, 0X(z) is obviously contained in
P,0X(z) N X(x); and X(z) is not contained in P,0X(z), because X(x) is not
stable by Ps), and this intersection is reduced as large Schubert varieties are com-
patibly split in X. Therefore, Zox(2) = Zp,0X(2) ®Ox () OX(2), and the restriction
map

H(X(w), Ip, ox(2) ® Lx(w)(N) = HY(X(2), Tox(z) @ Lx(z)(N) = M

is surjective for A big enough, by Serre’s theorem. Thus, M is a quotient of a
P,-module. This completes the proof of (ii).

Now the previous arguments and Lemma imply assertion (iii). Then (iv)
follows by arguing as in the proof of Theorem [I4] O

In particular, the closure in X of any parabolic subgroup P is Cohen-Macaulay.
As in Section 6, this yields a degeneration of the diagonal in G/P into a union of
Schubert varieties, and formulae for the class of the diagonal in K7 (G/P x G/P).

Consider now the subvariety Z(w) = X(w)NY of X(w), and its preimage Z’(w)
under f : X'(w) — X(w). We still denote by f : Z/(w) — Z(w) and g : Z'(w) —
S(w) the restrictions of f and g; then g is a locally trivial fibration with fiber Z.
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As Z'(w) = (BwBNG) xB Z, one has g710S(w) = |
hence f(g~'0S(w)) = U, «,, BxZ. Therefore,

flg~os(w) = | Z(@) = U S(xzy) x S(ywo).

r<<w

BxBNG)xP Z, and

x<w(

z,yeWw
z<w, {(zy)=£L(x)+L(y)

We shall denote this subvariety of Z(w) by §Z(w).

Corollary 21. With notation as above, we have:

(i) Z'(w) is Cohen-Macaulay and its dualizing sheaf is isomorphic to g*Lyg () ®
T*Lzwy(=p)lp,p] as a B x B-linearized sheaf.

(ii) f*OZ’(w) = OZ(w) and Rif*(’)zf(w) = Rif*wzf(w) =0 fori>1.

(iii) Z(w) is Cohen-Macaulay and its dualizing sheaf is isomorphic to fiwz () =
Tsz(w) @ Lzw)(=p)lp; p] as a B x B-linearized sheaf.

(iv) The graded ring A(w) = @ ,,c v+ H(Z(w), p) is Cohen-Macaulay.

Proof. Since Z(w) is the complete intersection in X(w) of the Cartier divisors
X(w)NDy,...,X(w)ND,, by Corollary @ it follows that Z(w) is Cohen-Macaulay.
Similarly, Z'(w) is Cohen-Macaulay and its dualizing sheaf is the restriction to
Z'(w) of

Wx(w) @ [T Lx () (1) @ -+ @ f*Lxwy(r) = wxw) @ f*Lxw)(B)-

The latter is equal to g*Zys(w) ® f*Lxw)(—p)[p,p], as we saw in the proof of
Theorem This proves (i).
The multiplication by o7 defines exact sequences

0 — Lx(w)(—a1) = Ox @) = Ox(w)np, — 0
and
0= f"Lx(w)(=a1) = Oxrw) = Oxr@wyng-1(py) = 0-
By Theorem 20)(ii), it follows that
FeOxrwyng-1(p1) = Ox(wynp, and R f.Ox/(uynp, =0 fori > 1.

Iterating this argument, we obtain fiOz () = Oz and Rif*OZ/(w) = 0 for
i > 1. The vanishing of Rif*wzf(w) and the equality fiwz (w) = wWz(w) follow
similarly from the exact sequences

0 — Wx(w) = WX(w) @ Lx(w)(1) = Wx(w)np, — 0

and

0 — wx/(w) = Wx/(w) @ [ Lx(w)(@1) = Wx/(w)nf-1(Dy) — 0
together with Theorem 20Jii). This proves (ii).
It also follows, using Lemma [[3, that
Wzw) = fswWzr(w) = [+9" Tosw) @ Lzw)(—p)[p; pl-

Furthermore, g*Zss(w) = Zg-1(a5(w)), Since g is a locally trivial fibration, and
JsZg-1asw)) = Lrg-1(as(w))s since fxOz () = Oz(y)- This completes the proof of
(iii).

Finally, (iv) is checked as in the proof of Theorem [4l O
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We now apply these geometric results to the structure of the B x B-modules
HO(X(w),A\) and H°(Z(w),\). For this, we recall the definition of the Joseph
functors; see [24, 1.4] and [29] 2.2]. Let y,z € W and let N (resp. M) be a

B-module (resp. B x B-module), then
HyN := H°(S(y),N) and H,.M := H°(S(y) x S(z), M),

where N (resp. M) is the corresponding G (resp. G x G) linearized vector bundle
on G/B (resp. G/B x G/B). Observe that H,M, where M is regarded as a B x 1-
module, has a natural structure of B x B-module and, furthermore, there is an
isomorphism of B x B-modules H,M=H, M.

Corollary 22. For any weight X\, we have
HY(X(w),\) 2 Hy 1H(B,\) and H°(Z(w),\) = H,1M(N).

Further, each endomorphism of the B x B-module H(Z(w), \) is scalar. In par-
ticular, this module is indecomposable.

Proof. Recall that H(X(w),\) = H°(X(w), Lx(w)(A)). By Theorem[20, the latter
is isomorphic to
HO (X! (w), f*Lx(w)(A) = H(S(w), g f* Lx () (N))
= HO(S(U}), HO(Ev A)) = Hw,lHO(Ea )‘)

Using Corollary 2Tl we obtain similarly that H%(Z(w), \) & H,, 1 M (\).

We prove that Endp, 5 H°(Z(w),\) = k by descending induction on ¢(w). If
w = wp, then Z(w) =Y and H(Z(w),\) = H°(G/B,\) X H°(G/B, —wo)). In
this case, the assertion follows from [14] I1.2.8, 11.4.7].

In the general case, let s be a simple reflection such that ¢(sw) = £(w) + 1; let
P, be the parabolic subgroup of G generated by B and s. Then, using [29, 2.2.5],
we obtain that

H(Z(sw),\) = Hyy M(X) = ind 2 H,M(A) & ind HO(Z(w), A).
Further, the natural map
ind > HO(Z(w), ) — H*(Z(w), \)
is surjective by Corollary[3l Thus, Endg, 5 H°(Z(w), \) embeds into
Homg, 5 (ind% HO(Z(w), \), H(Z(w), X)) = Endp,, z(ind2 HO(Z(w), V).

The latter equals End s, 5 H*(Z(sw), A) by [14] 11.2.1.(7)], and we conclude by the
induction hypothesis. [l

Remark. By looking at right actions, one can also prove that

HO(X(w),\) = Hy ,-1H°(B,\) and H*(Z(w), \) = Hy ,,-1 M(\).
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