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ON THE SPANNING VECTORS OF LUSZTIG CONES

ROBERT BEDARD

ABSTRACT. For each reduced expression i of the longest element wo of the
Weyl group W of a Dynkin diagram A of type A, D or E, Lusztig defined a
cone C;j such that there corresponds a monomial in the quantized enveloping
algebra U of A to each element of C; and he asked under what circumstances
these monomials belong to the canonical basis of U. In this paper, we consider
the case where i is a reduced expression adapted to a quiver 2 whose graph
is A and we describe C; as the set of non-negative integral combination of
spanning vectors. These spanning vectors are themselves described by using
the Auslander-Reiten quiver of €2 and homological algebra.

0. INTRODUCTION

Let C be the Cartan matrix of a complex finite dimensional simple simply laced
Lie algebra of rank n. We can attach to C' its quantized enveloping algebra U
over Q(v). Recall that U is an associative algebra with generators E;, F;, K;, K;l
(1 < < n) and relations (see 4.1 for the notations and a precise presentation of U).
Let U™ be the subalgebra of U generated by the E; (1 < i < n). Using different
methods, both Kashiwara [8] and Lusztig [9] have constructed a canonical basis B
of Ut with remarkable properties. Lusztig has shown in [I0] that both methods
give the same basis B.

(e1) plea) Efc), where i = (i1,42,... ,im) is a sequence of el-

A monomial E; " E;
ements of {1,2,... ,n} and ¢1,¢a,... ¢, € N, is said to be tight (respectively
semi-tight) if it belongs to B (respectively it is a linear combination of elements in
B with constant coefficients). Lusztig gave in [I1] a criterion involving the positivity
of a non-homogeneous quadratic form Q for a monomial to be tight or semi-tight.

In [I1], Lusztig defined a subset C; of N” for each reduced expression i =
(i1,92,...,1,) of the longest element wq (i.e. wyg = 8;8i,---5;,) of the finite
Weyl group (W,S) associated to C where S = {s1,82,...,8,} and asked under

what circumstances is the monomial EZ.(ICI)Ei(;z) . -Ei(f“) tight or semi-tight for
c = (e1,¢2,...,¢,) € C;. We will recall the definition of C; in 3.1. C; is related
to the linear part of the non-homogeneous quadratic form Q. In the case that C is

of type A, for n =1,2,3,4 and ¢ = (¢1,¢2,...,¢,) € Ci, then Ei(lcl)Ei(;z) . Ez(cn)
is tight. This result has been proved by Lusztig in the case where n = 1,2, 3 (see
[11]) and by Marsh in the case where n = 4 (See [12]).

R. Marsh has described in [13] these subsets C; as the non-negative integer span
of v independent integral vectors (called its spanning vectors) for all reduced ex-

pressions i of wg when the Cartan matrix C is of type A,. He also called them
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Lusztig cones. The combinatorics that he uses to describe these v spanning vectors
involves the chamber diagram of the reduced expression i. These spanning vec-
tors were used by Marsh in [14] and by Carter and Marsh in [5] in relation with
parametrizations of the canonical basis using strings of root operators and with
piecewise linear functions defined by Lusztig.

In this paper, we will describe C; as the non-negative integer span of v inde-
pendent integral vectors when i is a reduced expression of wy adapted to a quiver
Q of the Dynkin graph associated to a Cartan matrix C of type A,, (n > 1), D,
(n>4)or E, (n=6,7,8). This description is done using the Auslander-Reiten
quiver I'g of 2 and homological algebra. This is done in section 3 of this article.
In the first two chapters, we will recall the basic facts about representations of
algebras, Auslander-Reiten quivers, almost split sequences and reduced expressions
of wy adapted to a quiver. The main theorem of the paper is Theorem 3.8 where
the spanning vectors are described. In the last section, we consider monomials in
U corresponding to elements of Lusztig cones and show that some of them are
independent of a quiver €.

1. NOTATIONS AND BASIC FACTS

1.1. Fix an (n x n) positive definite symmetric matrix C' = (ai;)1<i,j<n such that
a; =2for 1 <i<nandaj;=uaj€{0,-1}if 1 <i#j<n Let Q@ be the

free abelian group with basis a1, as,...,a,. Define an inner product ( | ) on @
by (o | @j) =a;j. Let R={aeQ|(a]a)=2}, Rt ={a€ R|a=> ba; with
b; € N} and R~ = —R™. R is a simply laced root system with basis B = {«a1, as,

.,an}t and RT is the corresponding set of positive roots. We will assume from
now on that R is irreducible.

For each a € R, we will denote the corresponding reflection by s,: @ — Q.
Recall that so(z) = z — (a | z)a for all z € Q. We will denote sq, by s;. Thus
si(aj) = aj —agja; for all 1 < 4,5 < n. Let W be the Weyl group of R. Recall that
W is the subgroup of Aut(Q) generated by S = {s1,52,...,5,}. We will denote
by ¢(w) the length of w € W relative to S.

We will denote the Dynkin graph associated to the Cartan matrix C' by A. Recall
that the set of vertices of A is {1,2,... ,n} where ¢ is identified with the simple root
a; € B and there is an edge between the vertices ¢ and j if and only if a;; = —1.

1.2. It is well known that there exists a unique element wg of the Weyl group W
that is of maximal length and, in this case, £(wg) = #(R'). We will also denote
this length by v.

Let o be the unique permutation of the vertices of A such that wo(a;) = —ag().
In other words, if A is of type D,, with n even or of type Ay, E7 or Eg, then o is
the identity; while if A is of type A, with n > 1, D,, with n odd or Eg4, then o
is the unique non-trivial automorphism of the graph A. Denote by h, the Coxeter
number of A. In other words, h is (n+1), 2(n—1), 12, 18 or 30, if A is respectively
of type A,, D,, Eg, E7 or Es.

If si,8i,---8i, = wo is a reduced expression of wp, then we will abbreviate it

v

by writing i = (i1,42,...,%,). It is well known that if i = (i1,42,...,4,) is a
reduced expression of wy, then the sequence a(M (i), a®(i),... , o) (i) defined by
AW (i) = 55,8, si,_, () for j =1,2,... v contains each root of R once and

exactly once.
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1.3. Ifi= (i1,42,...,4,) and i’ = (¢},45,... i) are two reduced expressions of
wp, we say that i’ is related to i by a short braid relation if i’ is obtained from i by
replacing two consecutive entries z,y in i (with ag, = 0) by y, x; while we say that
i’ is related to i by a long braid relation if i’ is obtained from i by replacing three

consecutive entries z,y, in i (with azy = —1) by y, z,y.
It is known that given two reduced expressions i and j of wq, there is a sequence
i =1io,iy,12,...,1, = j of reduced expressions of wy starting with i, ending with j

and such that, for each ¢ =0,1,2,...,(p—1), ig41 is related to i, by either a short
braid relation or by a long braid relation. This is part of a theorem of Tits (see
7).

We say that two reduced expressions i and j of wg are commutation-equivalent if
there exists a sequence II: i =i, iy,... ,i, = j of reduced expressions of wy starting
with i, ending with j and such that i;4, is related to iy by a short braid relation for
g=0,1,...,(p—1). We will write in this case i ~ j and an equivalence class for
this relation is called a commutation class. We also denote by [i] the commutation
class containing i.

1.4. Given a graph G whose edges are oriented, we say that a vertex ¢ is a sink
(respectively a source) if and only if each edge {i,j} having i as one of its vertices
is oriented as follows: i «— j, the arrow pointing toward 4 (respectively i — j, the
arrow pointing away from 7).

1.5, 'We will recall the notations of section 4 of [9] for the theory of representations
of a quiver. Let € be a quiver with underlying graph A. In other words, we have
oriented the edges of A. Let F' be an algebraically closed fixed field. The category
Mod(2) of modules or representations of the quiver 2 is given as follows. An object
is a collection of finite-dimensional F-vector space V; (i € {1,2,...,n}) and of F-
linear maps f;; : V; — V; defined for each arrow i — j in Q2 and a morphism from
the object V = ((V;‘)lgign, (fij)iaj) to the object V/ = ((V;/)lgignv (fv,/])l*’]) is a
collection of F-linear maps g; : V; — V/ (i € {1,2,... ,n}) such that f/;09; = g;o fi
for all arrows ¢ — j in . This category is in an obvious way an abelian category.
Recall that if ¢ is a sink (respectively a source) of €, then

(a) s;(2) denotes the quiver obtained from {2 by reversing the orientation of each
arrow that ends (respectively starts) at i;

(b) @ (respectively ®; ) denotes the corresponding reflection functor from the
category of modules of € to the category of modules of s;(€2). (The precise
definition of these functors is given in 4.3 of [9]).

1.6. A reduced expression i = (i1, 12,... ,14,) of wy is said to be adapted to the
quiver  if and only if i) is a sink of s;, _,si, , -5, () = Qg forallk =1,2,... ,v.
For example, in the case As, the reduced expression i = (2,1,3,2,1,3) of wy is
adapted to the quiver 1 — 2 «— 3, while the reduced expression j = (2,1,2,3,2,1)
of wy is not adapted to any quiver.
The following facts are known:

(a) A reduced expression i of wy is adapted to at most one quiver  of A.

(b) For each quiver Q with graph A, there is a reduced expression i of wy adapted
to Q.

(c) Let i, j be two reduced expressions of wg such that j ~ i. If i is adapted to
the quiver Q with graph A, then so is j.
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For (a), see 4.13 in [9]. For (b), see Proposition 4.12 (b) in [J]. Finally, it is easy
to verify (c) by simply considering the case where j is related to i by a short braid
relation.

1.7. Let Q be a quiver with graph A and i = (iy,42,...,i,), a reduced expression
of wy adapted to Q. Let ¢;, be the simple module V = ((V;)1<i<n, (fij = 0)i—;) of

Qg, as in [9], such that
v {F if i = ig;

0, otherwise;
and eq = ®; @ -~ ®;  (e;,) for a = a®) (i) = 55,55, -5i,_, (). Then it is
possible to prove that e, is an indecomposable module of Q2 whose dimension is a.
Here the dimension dim(V) of the module V = ((Vi)i<i<n, (fij)i—;) of Q is defined
as y_ ., (dimp V;) a;. We will denote the isomorphism class of the module V of €

by [V].

Theorem 1.8 (Gabriel). The map [eq] — o = dim(e,) gives a bijection between
the set of isomorphism classes of indecomposable modules of Q0 with graph A and
the set RT of positive roots of A.

Proof. See Proposition 4.12 in [9] for example. There are also proofs of this result
in [6] and [4]. O

1.9. For k € {1,2,...,n}, denote by P(k) the following module of Q: P(k); is the
vector space over I’ with basis the set of paths k = kg — k1 — ko — - >k, =4
from k to ¢ in 2 and for any arrow ¢ — j in Q, let f;;: P(k); — P(k); be defined
by sending the basis element k = kg — k1 — ko — -+ =k, =i t0o k = kg —
ki —ky — - — kp, =1 — j. It is easy to prove that P(k) = (P(k)s, (fij)i—j)) is
an indecomposable projective module of 2 and that all indecomposable projective
modules are isomorphic to some P(k) for k € {1,2,... ,n}.

1.10. We will denote by P(2) the set of positive roots a such that the indecom-
posable module e, of € is projective. In other words, a € P(Q) if and only if « is
the dimension dim(P(k)) of the projective indecomposable module P (k) for some
ke{l,2,... ,n}.

2. AUSLANDER-REITEN QUIVERS AND REDUCED EXPRESSIONS

2.1. We will also need to recall some notations and results on the Auslander-
Reiten quiver I' of €. For this theory, we refer the reader either to section 6.5 in
[7] or to section 2.2 in [I5] or the book [2].

The vertices of the Auslander-Reiten quiver I' are the isomorphism classes of
indecomposable modules of the quiver © and two isomorphism classes [V] and [W]
of indecomposable modules of Q are linked by an arrow [V] — [W] in I'q if and
only if there exists an irreducible morphism V. — W.

As seen above, the set of isomorphism classes of indecomposable modules of 2 is
in bijection with R* and we will represent below each vertex [e,] of ' by simply
writing the corresponding positive root o = dim(e,). We won’t need to explicitly
determine the irreducible morphisms between two vertices who are linked together
in I'g, we will just draw the arrow in I'g corresponding to the fact that there are
irreducible morphisms.
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The Auslander-Reiten quiver can be computed in a very combinatorial way using
the dimension type of the indecomposable projective modules and the additivity
property of the dimension types on the Auslander-Reiten sequences.

Let NQ be the following quiver: its set of vertices is N x {1,2,...,n} and,
whenever there is an arrow ¢ < j in 2, we draw one arrow (z,7) — (z,7) and one
arrow (z,7) — (z+1,4) for each z € N. Define A(£2) as the full subquiver of N of
all vertices (z,4) such that 1 < z < (h+a; —b;)/2 where, for each i € {1,2,... ,n},
a; (respectively b;) is the number of arrows in the unoriented path from ¢ to o ()
that are directed towards ¢ (respectively o(7)).

There is a unique isomorphism ¥: I'g — A(Q) of quivers such that U([P(k)]) =
(1,k) for each k € {1,2,...,n}. From the dimension types of the indecomposable
projective modules, we can then easily compute I'g using this isomorphism ¥ and
the additivity property of the dimension on the Auslander-Reiten sequences.

We define po: RT — {1,2,...n} by po(a) = i for each o € R*, where ¥([e,]) =
(z,i) € A(Q) for some z € N.

Let ZA denote the translation quiver associated to the Dynkin graph A as
presented in Figure 13 of section 6.5 of [7]. Note that this implies a choice of indices
for the vertices of A. Recall that the set of vertices of ZA is Z x {1,2,... ,n}. The
translation 7 is the function on the set of vertices of ZA defined by 7(z,1) = (2—1,1).
There is a unique embedding Z of T'q (or A(2) under the isomorphism ¥) into ZA
such that [P(1)] = ¥=1(1,1) is mapped to the vertex (1,1) of ZA.

In the examples below, we write the root o« = Z:'L=1 d;a; by simply displaying
the values (dq,da, ... ,d,) in the same pattern as the Dynkin graph A and we have
identified @ € RT with the vertex [e,] of I'q.

Example 2.2. For the quiver Q: 1+ 2 — 3 — 4 «— 5 with an underlying graph
of type As, the Auslander-Reiten quiver is

00011 00100 11000
00010 00111 11100 01000
00110 11111 01100
11110 01111
10000 01110 00001

Example 2.3. For the quiver
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with underlying graph of type Dy, the Auslander-Reiten quiver is
0
000 / 013 / 11} 0
00§ 121
01§ 109

2.4. TFor two positive roots a, 8 € RT, we will write 3 <q « if and only if there
isapath =0 - a' - a®> - ... > a* = a from B to a in the Auslander-
Reiten quiver I'. Here we have identified the positive roots with the corresponding
isomorphism classes of indecomposable modules as in 2.1. For a quiver Q of A

corresponding to our Cartan matrix C, it is known that < is a partial order.

2.5. Let i= (i1,42,...,%,) be a reduced expression of wy adapted to the quiver
Q. We will now describe all the reduced expressions i’ of wp in the commutation
class [i].

Theorem. Let Eq be the set of bijections f : Rt — {1,2,... ,v} such that f(5) <
f(a) whenever o, B € RY and 3 — « in Tq. In other words, Eq is the set of total
orders on R* compatible with <q. For a reduced expression i’ of wy, denote by
7y Rt — {1,2,... v} the function defined by my (a9 (")) = j forj =1,2,... v
(a) Ifi ~1i, then Ty € Eq.
(b) The function [i] — Eq defined by i’ — 7y is a bijection whose inverse Eq — [i]
is given by f— (if, 1%, ... i) where i}, = po(f~1(k)) fork=1,2,... v

Proof. This is Theorem 2.17 of [3] applied to the case of wp. O

Example 2.6. If we consider the quiver 2 of Example 2.2 and we represent an
element of Eq by writing f(«) in the position corresponding to the positive root «
in [, then the function f defined by

NSNS
NSNS NS

\/\/
/\/\

is an element of Fq and the corresponding reduced expression of wy adapted to the
quiver 2 (under the bijection given in the above theorem) is (4,1, 3,2,5,1,4,3,5,4,
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2,5,3,1,4). We get this because the quiver A(Q) is simply

;5) (2,5

(2,4

—

3,4

N/
/NN
NSNS
ARNZRN

(1,5 (3,5)

/ \
(1,4) (4,4)
\ /
(1,3) (2,3 (3,3)

1,2

)

2,2

—~
~—

N/

(1,1) (2,1 (3,1)

Here the isomorphism W simply maps corresponding vertices of the two quivers I'q

and A(£2).

2.7.  To conclude this section, we will recall some results on almost split sequences
(also called Auslander-Reiten sequences) and Grothendieck groups of artin algebras.
We will describe these results not in full generality as they appeared in [1] and [2],
but rather as they are needed for our situation.
Let V, V/ and V" be three modules of the quiver . A morphism f:V — V”
(respectively g : V! — V) is said to be right (respectively left) almost split if
(a) it is not a split epimorphism (respectively monomorphism);
(b) any morphism M — V" (respectively V/ — M) which is not a split epimor-
phism (respectively monomorphism) factors through f (respectively g).

An exact sequence 0 — V'’ vV 0 s said to be an almost split sequence
if g is left almost split and f is right almost split.

2.8. Let K(€,0) be the free abelian group with basis the isomorphism classes [M]
of modules M of Q modulo the subgroup generated by the elements of the form
[V]+ [W]—=[V®W]. It is well known that the set {{M] | M is an indecomposable
module of Q} is a basis of K(€2,0). Due to Theorem 1.8, this means that {[e,] |
«a € R} is a basis of K(£2,0).

K(©,0) modulo the subgroup generated by the elements of the form [V'] +
[V"] — [V] whenever there is an exact sequence 0 — V' — V — V” — 0 is the
Grothendieck group K(€2) of the category Mod(€2) of modules of Q. Denote by
¢ : K(92,0) — K(£) the canonical epimorphism.

Consider the bilinear form ( , ) : K(Q,0) x K(£2,0) — Z such that, whenever
V and W are modules of 2, we have ([V],[W]) = dimp Homq(V, W), where
Homg(V, W) is the vector space of morphisms V. — W in the category Mod(2)
of modules of 2.

Let V” be an indecomposable module of . If V" is nonprojective, then there

is a unique, up to isomorphism, almost split sequence 0 — V' SvIivr 0. We
then associate to V”| the element rv~» = [V'] + [V"] — [V] in K(Q,0). If V"
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is projective, we define ryv» = [V”] — [rV"] € K(Q,0) where rV” is the unique
maximal submodule of V.
From now on, we will denote the element 7. of K(£2,0) by r,. Here a € R*.

Proposition 2.9. (a) For all o, 3 € RY, we have
0, if a#p;

(leal T8) = Lo
1, ifa=p0.

(b) {ro | @ € R} is a basis of K(£,0).
(c) {ra | € R\ P(Q)} is a basis of Ker(¢)
(d) For each x € K(£2,0), we have

T = Z (leals x) To-

a€ERTt
Proof. (a) Let i = (i1,42,...,%,) be a reduced expression of wy adapted to the
quiver . By Lemma 1.1 in [I], we get that
(leal.ms) = { e
s T'e) = .
¢ (lea); [eal); if a=B.

Because e = ®; @, ---®;  (e;,) for some k, 1 <k < v, and the functors ®; give
equivalences between appropriate full subcategories of modules, we get that

(leals [ea]) = dimp Homg, (€4, €;,) = 1.

Thus (a) is proved.
(b) and (d) are simply Proposition 2.1 of [1] applied to our situation.
(¢) is Theorem 2.3 of [1]]. O

2.10. T'g comes equipped with a translation 7 = D o T'r where T'r is the transpose
(see chapter IV of [2] for the definition) and D is a duality (see chapter II of [2] for
the definition). We will just list some of the properties of 7 that are verified in our
situation.

(a) If P is a projective module, then 7(P) = 0.

(b) If V and W are modules of Q without projective summands, then V and W
are isomorphic if and only if 7(V) and 7(W) are isomorphic.

(c) 7(@;~, V(i) is isomorphic to @~ 7(V(i)) where V(1), V(2),...,V(m)
are modules of €.

(d) 7 induces a bijection [V] — [r(V)] (also denote by 7) from the set of in-
decomposable nonprojective modules of €2 into the set of indecomposable
noninjective modules of 2 with Tr o D as inverse.

(e) If V is an indecomposable nonprojective module of Q and Z([V]) = (k, ) for
some i € {1,2,...,n} and k € Z, where E is the unique embedding of I'q
into ZA defined in 2.1, then Z(7[V]) = (k — 1,4).

(f) If W is an indecomposable nonprojective module, then the set of vertices [V]
of I'q such that [V] — [W] in T'q is equal to the set of vertices [V'] of T'q
such that 7[W]| — [V'] in Tq.

(g) f o € RT\P(Q), then, for the nonprojective indecomposable module e, of €,
there exists an almost split sequence 0 — 7(eq) — V — e4 — 0 whose middle
term V is isomorphic to the direct sum € eg of indecomposable modules eg
where the sum is over all the positive roots 8 such that 8 — « in I'g and this
way we get all almost split sequences of modules of 2 up to isomorphism.
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3. THE SUBSET C;

3.1. Leti= (i1,42,...,%,) be areduced expression of wy. Asin 16 of [IT], consider
the set C; of sequences ¢ = (¢, c¢a,...,¢,) € N¥ with the following property: for
any two indices p < p’ in {1,2,...,v} such that i, = i,y = ¢ and i # i whenever

p < q<p,wehave

(*) Z Cq 2 Cptop
q

sum over all ¢ with p < ¢ < p’ such that i, is joined by an edge to ¢ in the Dynkin
q
graph A).

3.2.  For the rest of this section, 2 will be a fixed quiver with graph A and i =
(41,92, ... ,1,) will be a fixed reduced expression of wy adapted to the quiver €.

3.3. For ¢ = (c1,¢c2,...,¢,) € Z¥, we will denote by Aj the unique homomor-
phism of K(€2,0) into Z such that i c([eq)y]) = ¢; for all j € {1,2,...,v} and
c € Z¥. Note that A ¢ is well defined because K(€2,0) is a free abelian group with
basis {[es] | @ € RT}.

Lemma 3.4. (a) The function A; : Z¥ — Hom(K(,0),Z) defined by c — Aic
is a well defined isomorphism of abelian groups (dependent on i) whose inverse is
given by A — ¢ = (c1,¢2,...,¢,) where ¢; = AM[equ)(py]) for all j € {1,2,...,v}
and all A € Hom(K(Q,0),Z).

(b) The image A;i(Ci) of Ci under A; is the subset C¢, of Hom(K(2,0),Z) con-
sisting of the homomorphisms A : K(Q,0) — Z such that

Mlea]) =0 for all @ € RTand AN(ror) <0 for all o' € RT\ P(Q).

Proof. (a) The proofis left to the reader. It follows easily from the fact that K(£2,0)
is a free abelian group with basis {[e,] | « € RT}.

(b) If ¢ = (c1,¢2,...,¢,) € Ci, we want to prove that A\ic € C,. If @ € RT,
then a = al) (i) for some j € {1,2,...,v}. Consequently, we get that ;i c([eq]) =
Aiclleatn@))) = ¢ > 0 for all @ € RT. If o/ € RT \ P(Q), then 7([en]) = [eq] for
some o € RT and 7o = [ear] + [ea] = >_ 5., /[e5] Where the last summation is over
all positive roots 3 such that § — o' in I'n. This is due to 2.10 (g). By Theorem
2.5 and 2.10 (e), there are two indices p < p’ in {1,2,...,v} such that o = a(® (i),
o = a®)(i), i, = i, =i and i, # i whenever p < ¢ < p'. By Theorem 2.5 and
2.10 (f), if 3 € R* is such that 8 — o' in T, then a — 3 in I'g, 8 = a9 (i) for
some p < g < p’ and iy = pa(B) is joined by an edge to i = pa(a) in A. Conversely,
if g €{1,2,...,v} is such that p < g < p’, i, is joined by an edge to 7 in A, then
B = a9 (i) is such that 3 — o in T'g. Because ¢ € C;, we get that

Tar = [ea(P’)(i)] + [ea(z’)(i)] - Z[ea(ﬂﬁ(i)] and  Ajc(rar) = cp +¢p — Z cq <0
q q
where the summations » 4 are over all ¢ such that p < ¢ < p’ and 7, is joined to ¢
by an edge in A. So Aj¢ € C, if ¢ € C;.
Reciprocally if A € Cf,, we want to prove that Ai_l()\) =c=(c1,¢2,...,0,) € ZY,
defined by c; = A([equ) (1)) for j € {1,2,...,v}, is an element of C;. First because
A € Cg,, we get that ¢; > 0 for all j and ¢ € N”. Secondly for any two indices p < p/
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in {1,2,...,v} such that i, = i,y =i and iy # ¢ whenever p < ¢ < p’, we have for
a=a® (i), o = a®)(i) that e, is nonprojective, [eq] = 7([eas]) by 2.10 and

To = [ea/] + [ea] - Z [65] [ a®) (i ) (y(P)(l) Z (y(Q)(l)

B—a’ q

by the same argument as above. Here the summation g 18 over all positive
roots [ such that 3 — o' in I'q and the summation Zq is over all g such that
p < ¢ < p’ andig is joined by an edge to i in A. Thus ¢y +¢, =3 cg = A(rar) < 0.
Soc=A; '\ egif xecy.

From now on, we will study C¢, rather that C;. By the previous lemma, this is
equivalent to studying C;.

To define C¢,, there are (2v — n) inequalities: v of them of the form A([eq]) > 0
for « € R and (v — n) of the form A(ro/) < 0 for o/ € RT \ P(2). The next
proposition shows that we only need v inequalities. O

Proposition 3.5. C{, is equal to the subset of elements A of Hom(K(,0),Z) such
that

A[ea]) =0 for all a € B and A(ros) <0 for all o/ € RT\ P(Q).
Recall that B is the set of simple roots.

Proof. Tt A € Hom(K(£2,0),Z) is such that A([eq]) > 0 for all @ € B and A(ry/) <0
for all o/ € R\ P(Q), then we want to prove that A([e,]) > 0 for all & € R™.
We will do this by induction on the height ht(a) = Y. | b; of the positive root
o = Z?:l bzaz

If ht(a) = 1, then o € B and we have by hypothesis A([eq]) > 0. If ht(a) > 1,
assume that the result is true for all positive roots with height strictly smaller than
ht(a). Because ht(a) > 1, then « is not a simple root and e, is not a simple module
of Q. Let V' be a nonzero proper submodule of e, and V" be the quotient e, /V'.
Because e, is not simple, there exist such a proper submodule V' # 0 and we get
V" 2 0. Both V' and V" are sums of indecomposable modules whose dimensions
are positive roots with height smaller than ht(a). Consider = [V']+[V"] —[en] €
K(9,0). Because 0 — V' — e, — V” — 0 is an exact sequence of modules of 2,
then z belongs to Ker(¢) and

x = Z (lear], ) Tar-

o’ ERF\P(Q)

Note that {[eq],z) > 0 for all « € RT \ P(R2). In fact, by applying the functor
Homg(eq, ) to the exact sequence 0 — V' — ¢, — V" — 0, we get the exact
sequence

0 — Homg(eqr, V') — Homg(en, €q) — Homg(eqr, V')
and consequently
dim g (Homg (eqr, V")) > dimp(Homg (e, €4)) — dimp(Homg (eqr, V')).

This last inequality means that ([eq/], z) > 0.
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Thus we have

M) =MV + V"] = [ea]) = A Yoo Alewla) ra

o/ ERH\P(Q)

= Y (lewla) Ara) <0,

o' ERT\P(Q)

because A\(14/) < 0 and ([en/], z) > 0 in the summation. So A([V']+[V"]) < A([ea])-
Because V' and V” are sums of indecomposable modules whose dimensions are
positive roots with height smaller than ht(«), we get that 0 < A([V']) and 0 <
A([V"]) by induction hypothesis. We can conclude that 0 < A([eq]). This proves
the proposition. [l

Lemma 3.6. For each a € R, define the element z, € K(Q,0) by

~)lea,], if a=dim(P(i)) € P(Q) for some i;
T\, ifae RT\PQ).

Then {zo | @ € R} is a basis of K(€,0).
Proof. First, note that

1, ifk=q

dimp Homg (P(k), €q,) = {o if ki

The proof of this follows easily from the description of the projective indecom-
posable modules of 2 in 1.9 and the simple module e,,. In fact, if &k # i, then
either there is no path from & to 4 in € and, in this case P(k); = 0 and clearly
Homgq(P(k), eq;) = 0, or there is a path from & to 7 in © and, in this case P(k); = F,
P(k); = F, where j is the unique vertex in this path from % to ¢ such that j — ¢
in Q, and P(k); — P(k); is an invertible homomorphism, but if there is a ho-
momorphism from P(k) to e,, such that P(k); — (eq;): is invertible, then we
get a contradiction by considering the induced map P(k); — (eq,):. It is in-
vertible being the composition P(k); — P(k); — (eq,): and it is O being the
composition P(k); — (ea;); = 0 — (eq,)i- Thus for all k& # i, we have that
Homgq(P(k), eq,;) = 0.

If k = i, then there is a linear map from P(i); to (e, ); sending the constant path
at i (the basis element of P(i);) to 1 € F' = (eq,); and being 0,P(i); — (eq,); for
j # . This gives a basis of Homg (P (i), eq,) and we get that dimp Homg (P(7), e, )
=1

By Proposition 2.9 (d) and the above remark, we get that

leaid = D (les], [eal]) s
BERT

= Tdim(P(i)) T Z (les], [ea;]) 5.
BERT\P(Q)

From this and Proposition 2.9 (b), we get that {[e,] | @ € B}U{r, | @« € RT\P(Q)}
is a basis of K(€2,0). So the lemma is proved. O
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3.7. For a € RT, define €, to be equal to 1 if « € P(Q) and —1 if « € RT \ P(Q).

Theorem 3.8. (a) For each o € RT, there is a unique well defined homomorphism
Ao € Hom(K(Q,0),Z) such that

0, ;
e = {0 0o

Moreover, {\o | @ € Rt} is a basis of Hom(K(,0),Z).

(b) Ao € C, for all € RY and each X € C{, is a linear combination of the A,
with non-negative coefficients. In fact, X =3 c pt €aMTa) o where eaN(zo) € N
for allaw € RT.

(c) If a € P(Q), then A is the homomorphism Ao = ([ea],-) : K(Q,0) — Z
defined by x — (leq),x) for all x € K(9,0). In particular, if o« = dim(P (7)) for
some i€ {1,2,...,n} and B =3} _, bray, € RT, then A\a([eg]) = b;.

(d) If « € RT\ P(Q), then A\, is the homomorphism

Aa = <Z<[ea]a [eai]> <[P(Z)]7 >> - <[ea], > : K(Q,O) — 7

i=1

defined by

3

i < ([eal, [ea:]) <[P(i)]7x>> — (leal, )

1=

for all x € K(©,0).

Proof. (a) Because {zg | B € R"} is a basis of K(£,0), we easily get that the
Ao are unique well defined homomorphisms. Each A € Hom(K(£2,0),Z) can be
written uniquely as the linear combination A = > p1 €aA(Ta)Aa. To see this, we
compute

D caM@a)halas) = egh(@p)es = Azp)
aERT
for all 8 € Rt and consequently A =3 _pi €aA(Za)Aa because {z5 | f € RT} is
a basis of K(£2,0). This proves (a).
(b) First we will prove that A\, € C, for all « € RT. If @ = dim(P(4)) € P(Q2)
for some ¢ € {1,2,...,n}, then we have, for 5 € B, that

1, if 8= ay;
Aaueﬁn—{o’ e

and Ao (ros) =0 for all o/ € RY\P(Q). If « € RT\ P(2), then A\, ([eg]) = 0 for all
B € B and, for o/ € RT\ P(Q),

Nalrer) -1, ifd =
o ’[“0,/ =
0, ifd #a.

Due to Proposition 3.5, A, € C, for all « € R*.

If X € Cy, we see in the proof of (a) that A = >° _pt €aA(Za)Aa. We must
prove that e A(zo) € N. If o = dim(P(i)) € P(Q) for some i € {1,2,...,n},
then eaA(7o) = A([ea;]) > 0 because A € Cf. If @ € RT\ P(Q), then exA(za) =
—A(ra) > 0, because A € Cg,. In all cases, we have that exA(x,) € N.
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(¢) If a = dim(P(7)) € P(Q) for some i € {1,2,...,n}, then we will first prove
that, for 8 € R™, we have
1, if 8= q;
Aa(rg) = {

0, if B+ a.

If B € RT\ P(Q), then we have A\,(r3) = 0 by definition of \,. If 3 =
dim(P(k)) € P(Q) for some k € {1,2,...,n}, then either 8 is a simple root or
it is not. If § is a simple root, i.e. § = ay, then we have that 73 = [eq, ] and

1, ifk=i(ie. B=a);
)\a([eak]) - {0, if k 751 (i.e. ﬁ 7& a).

If B is not a simple root, then we have a short exact sequence
0—rP(k) - P(k) = eq, — 0

of modules of 2 where rP(k) is the unique maximal submodule of P(k) and con-
sequently the element x = [rP (k)] — [P(k)] + [ea,] = [€a,] — 73 belongs to Ker(¢).
Thus z is a sum of the form x =3_ /¢ g\ p(q)([€a’], ¥) rar and

Aa(@) = Aa([ear] —T8) = Aa ( Z (lea]; ) Ta’)
(©)

o/ €RT\P

= Z ([ear]; ) Aa(rar) = 0.

o' €ERT\P(Q)
So

1, ifk=1i (e B=a);

Aa(r5) = Aallea,]) = {0 ik (e £ a).

We can now use what we have just proved. By Proposition 2.9 (d), we have that
T = ZﬁeR+<[eﬁ]’ x) rg for all x € K(£2,0). By applying Ay, we get that

/\a(l‘) = Ao Z <[6[3],J)> g

BERT

= Z (lesl, ) Aa(rg) = ([ea], )

BERT

for all z € K(,0).

To complete the proof of (c), we need to prove Aaimp i) ([eg]) = ([P (4)], [es]) = bs
where 8 = >"}'_, byay. This is proved by Ringel in the lemma of section 2.4 in [16].
This finishes the proof of (c).

(d) Recall that we have shown in the proof of Lemma 3.6 that

1, ifk=4

(P o)) = {0 har
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If « € RT\ P(Q), then we will first show that
-1, if 3€ RT\ P(Q) and 8 = o
Aa(rg) =<0, if € R\ P(Q) and 8 # «;
(leals [€a;]), if B =dim(P(z)) € P(Q) for some .
For 3 € RT \ P(f2), we have by definition of A, that
-1, if =«
Aa(rp) = .
0, if 8 # a.
Now we consider the root 8 = dim(P (7)) € P(Q) for some i € {1,2,...,n}. By
Proposition 2.9 (d) and the above remark, we get that

[eai] = Z <[€a/], [eai]> Tar = Z <[€a/], [eai]> Tor + Z <[6a/], [eai]> Taf

a’€RT o’ €P(Q) o' €RT\P(Q)
= Tdim(P(:)) T Z (lear], [ea;]) Tar-
' €RH\P(Q)

By applying A\, and because A, ([eq,;]) = 0, we get that

0= s (Tdim(P(i))) + Ao Z <[€a/], [eai]> Ta!
a’€RT\P(Q)
= Aa(Tdimp@))) + Z (lear], [ea:])Aa(rar)
a’€RT\P(Q)

= Aa(Taim(@(iy)) + (=1){[eal; [ea,])-
Thus Ao (Taim(e(i))) = ([€als [€a:])-
We can now use this. By Proposition 2.9 (d), we have for all z € K(,0) that
T =3 5cp+(lesl, z)rg. By applying A, we get that

Aa@) =Ko | D (lesla) s | = D (lesl ) Aalrs)

BERT BERT

= <Z<[ea]7[em]> <[P(i)]7x>> = ([eal; ).

i=1

This proves (d). O

3.9. The previous theorem can easily be applied to compute the values of A\, on
leg] for all a, B € RT. In other words, we can easily get A;l(/\a) = (c1,¢2,...,¢),
because ¢; = )\(y([eam(i)]).

After recalling the notion of additive functions on ZA as defined in 6.5 of [7],
we will also recall how these functions can be used to compute A, ([eg]) for all
a, 8 € RT. We will later illustrate this process in an example.

An integer-valued function ¢ on the set of vertices of ZA is said to be additive
if, for each vertex x, it satisfies the equation

8(z) +8(r(x)) = Y (y)

where the sum is over all arrows y — x in ZA.
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A slice of ZA is any connected full subquiver of ZA which contains a unique
representative of the vertices (z,14),z € Z, for each ¢ € {1,2,... ,n}. For each vertex
x of ZA, there is a unique well determined slice admitting x as its unique source
and we will call it the slice starting at x.

It is easy to verify that an additive function ¢ is uniquely determined by its
values on a slice and these values can be chosen arbitrarily. We will denote by d,
the unique additive function which has value 1 on the slice starting at z and we
will call it the additive function starting at x. It is possible to prove that if S is a
slice through x and y € S, then d,(y) = 1 or 0 according to whether or not there is
a path from z to y within S.

If @ € P(Q), then the homomorphism A, = ([eq],-): K(€2,0) — Z of Theorem
3.8 (c) has the following values on the basis {[eg] | 5 € R} of K(©,0):

Aa(les]) = ([eal, [es]) = d=(ean) (Elles]),

where = is the unique embedding of I'q into ZA given in 2.1 and dz(,)) is the
additive function on ZA starting at Z([eq]).

We can see this as follows. Because e, is projective, ([eq],) is such that
(leals [V']) + ([eal, [V"]) — ([ea], [V]) = 0 for all short exact sequences 0 — V' —
V — V" — 0 of modules of . In particular, this is true for all almost split se-
quences of modules of 2 and this means that the function f defined on {E([es]) |
B € R} by f(E([eg])) = ([ea], [es]) is the restriction of an additive function on
ZA. By using the description of the projective indecomposable modules of €2, it is
easy to prove that for ¢,5 € {1,2,... ,n}, we have

1, if there is a path in €2 from j to i;

0, otherwise.

From this we get that the above additive function § is the additive function d=(p))
for a = dim(P(3)).

If « € RT\ P(), then the homomorphism ([e,],): K(£2,0) — Z that appears
in the formula of A\, in Theorem 3.8 (d) has the following values on the basis
{les) | 3 € R} of K(2,0);

([eal; [esl) = {

where dz(f,]) is the additive function on ZA starting at =([e,]) and <q has been
defined in 2.4.

We can see this as follows. For o, 8 € Rt and « # 3, then any f € Homg(eq, €3)
is a sum of compositions of irreducible morphisms between indecomposable modules
of © because of Theorem 7.8 and Exercise 7 of chapter V of [2]. If ([eq], [eg]) # O,
then there exists a nonzero f € Homgq(e,, eg) and consequently by expressing this f
as a sum of compositions of irreducible morphisms, we see that there is a path in I'q
from [es] to [eg] corresponding to one of these nonzero compositions of irreducible
morphisms. Thus a <q S.

If a <q B, we would like to show that

(leals [es]) = d=((ea)) (E(les)))-
We can fix an irreducible expression i = (i1,42,... ,4,) of wo adapted to . Then
O = 5484, Si_y (), B = 8486, -85, (as,,) with & < K, because o <

Oz(lea]) (E([es])), if a <q B;
0, otherwise;

and by using Theorem 2.5. We have e, = &; &, ---®;  (e;,), eg = &, & -
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®; , (€i,,)and Homg(eq, ep) ~ Homg, (e;, , ®;,

- ®;,  (e;,,)) using the fact that

the ®; are equivalences between appropriate subcategories of modules. But e;, is
a projective indecomposable module of 2, and we can then use the same argument
as above when « is projective to see that dimp(Homg, (e;,,-)) can be described
by an additive function. Analysing the relation between the Auslander-Reiten
quivers of  and Q (see for example Lemma 2.10 in [3]) we can conclude that
<€a,6[3> = (55([%])(5([6[3])) when a <q .

For a € R\ P(Q), we can use this description of {[e,], ) to determine the
values ([eq], [€a;]) for i =1,2,... ,n. Note that a <q «; if ([eq], [€a;]) # 0. Denote
Io(a) ={1<i<n|a=<qa;}. Thusif a <q 5, we have

Ao(les) = | D dz(en) Ellea])) Sz (Elles)) | = 0z (en (Elles)))-
i€lq(a)
Otherwise, we have

Aalles) = | D2 Oz(teanEllea))) dzqpian (Elles])

iEIQ((X)

Example 3.10. Let € be the quiver with underlying graph of type D, of Example
2.3. If we consider first the root @ = as + a3 + a4 represented by 01% in the
Auslander-Reiten quiver I'q, then e, = P(2) and a € P(2). The slice starting at
01% goes through the vertices

0 1 0 1
115, 017, 017, 015

The values Ao ([eg]) = ([P(2)], [es]) given by Theorem 3.8 (c) are written below at
the position of  in I'g:

NN\
NZANYZAN

They are given by the restriction of the additive function starting at 01%.

We now consider the root a = a; + 2as + a3 + a4 represented by 12% in the

Auslander-Reiten quiver I'g. In this case, « € RT \ P(£2). The slice starting at 12%
goes through the vertices

0 1 1 0
01y, 127, 11y 117
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The values ([e,], [eg]) for B € RT are written below at the position of 3 in I'g:
’ \ / " \ / : \
0 0 \ 0 / 1 1 / 2
0 1

We have {8 € B | a <q } = {a1,a2}. In fact, ([eq], [€a,])
Thus A, = ([P(1)],-) + ([P(2)],-) — {[ea], ). The values ([P(1)
are written below at the position of § in I'g:

NN N
NZANYZAN

We gave above the values ([P(2)],[eg]) for 5 € RT. Finally, we get that the
values Ay ([eg]) are written below at the position of § in T'g:

NN N
NZANYZAN

To end this section, we will describe for each o € R™ the set of i, 1 < i < n, such
that (eq,€q;) # 0 and also give these nonzero values (eq,eq;) # 0 in two cases:
first, in the case where the underlying graph of the quiver €2 is of type A, and
second, in the case where the quiver is alternating for any underlying graph of type
A, D or E. In these two cases, the formula of Theorem 3.8 (d) can then easily be
made more explicit.

= <[ al; [eas]) = 1.
. les]) for B € RT

3.11. Given a quiver Q with underlying graph A and a positive root a« = > | b;a;
€ R, we recall that the support of « is supp(a) = {1 < i < n|b; # 0}. We will
denote by Q(«) the subquiver of Q whose underlying graph consists of the full
subgraph of A whose set of vertices is the support supp(«) of «.

Proposition 3.12. Let Q be a quiver whose underlying graph A is of type A, and
a positive root a« € RY. Then ([ea], [ea;]) # 0 if and only if i is a source of Q(«).
In the case that i is a source of Q(«), then ([eq], [€q;]) = 1.

Proof. 1t is possible to describe e,. In fact, we easily get that e, is isomorphic to
the module V = ((V})1<j<n, (fjr)j—k) such that

v _ [P it € supa)
T 0, otherwise;
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and

Idp, if j,k € supp(a) and j — k in €
fik = .
0, otherwise.

Also, e, is isomorphic to the module W = ((W;)1<j<n, (gjk);j—k) such that

F, if j =i
W, =< tJ Zf and g;r =0 forall j — kin Q.
0, otherwise

If ¢ is a source of Q(«), then it is not difficult to verify that T(a): V — W

defined by
T(a) aldp, if j=1i;
a); =
/ 0, otherwise;

for each a € F gives a homomorphism of modules of §2. Because both dimp(V;) =
dimp(W;) =1 and dimg(W;) = 0 for j # 4, we get that ([eq], [eq,]) = 1.

If 4 is not a source of Q(«), then there exists a vertex i’ € supp(a) such that
i’ — i is an edge in Q(«). If T : V — W is a morphism, then by considering the
commuting diagram

F=Vy -,y =F

0=Wy —23W,=F

we get that T; = 0 and consequently that ([e.], [eq;]) = 0. This proves the propo-
sition. 0

3.13. Let Q be a quiver whose underlying graph is of type A,, with n > 1, D,,
with n > 4 or E,, with n =6,7,8. We say that  is alternating if and only if each
vertex is either a sink or a source.

For example the quiver

4

/

1——2+—3

N

5

is such an alternating quiver of type Ds.

Proposition 3.14. Let Q be an alternating quiver as defined above and a positive
root a =Y 1 bia; € RT. Then (leq], [€a;]) # 0 if and only if i is a source of Q(«).
In the case that i is a source of Q(a), then ([eq], [€a;]) = bi-

Proof. Write eq =V = ((V})1<j<n, (fjk)j—k). We have dimp(V;) = b; for all j =
1,2,...,n. Note that e,, is isomorphic to the module W = ((W;)1<j<n, (9jk)j—k)
such that

Foifi— g
W= "I and g =0forall j —kin Q.
0, otherwise;
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If i is a source of £2(«), then for each A € Homp(V;, W;), we get a homomorphism
Ta:V — W defined by T(A); = A and T(A); = 0. It is not difficult to check that
A — T(A) gives an isomorphism Homg(eq, €q,;) =~ Homp(V;, W;). From this, we
can conclude that ([e,], [eq;]) = dimp(Homp(V;, W;)) = dimp(V;) = b;, because
W; =F.

If ¢ is not a source of (), then 7 is a sink of Q. We will first prove that

@fi’i5@vi’_’vi

i —1
il —i

is surjective, where the sum @,,_, fi:; is over all edges in € ending at 7. Assume
that @,,_, firs is not surjective. Let V' = ((V))1<j<n, (f};)j—k) be defined by

J J
image( @ fii), ifj=1i; ) _ ‘
= i —i o and  f;, = fjr whenever j — k in 2
Vj if j #14;

and also let V" = ((V/")1<j<n, (f]})j—«) be defined by

VI —
V=4 "’ 1 j Z,’ and  fj; = 0 whenever j — k in Q,
0, ifj#i;
where V/ is any subspace of V; such that V; = V" @ (image(@D,,_,, fii)). Note
that we have dimp(V;”) # 0, because we assume that @,,_, fir; is not surjective.
It is not difficult to verify that both V' and V” are submodules of V and that
V = V' ® V”. But this contradicts the fact that e, is indecomposable. Thus
D, _; firi is surjective.
If Y:V — W is a morphism, then, by considering the commuting diagram

@7:/_”: firq
Dy Vi —— Vi

0=, Wy ——W;=F

where the direct sum @,, Vs is over all the vertices i’ joined to i by an edge, we get
that Y; o (D, _; firi) = 0. Because (P, _,,; fii) is surjective, we get that T; = 0.
Because W; = 0 for all j # i, we can conclude that ([eq], [eq;]) = 0 when ¢ is not a
source of Q(a). O

4. MONOMIALS

In this last section, we will recall the definition of the quantized enveloping
algebra U associated to the Cartan matrix C' and then consider monomials in U
corresponding to elements in the Lusztig cones.

4.1. Let v be an indeterminate. We can attach to C its quantized enveloping

algebra U. This is an associative algebra over Q(v) with generators E;, F;, K;,

K; ' (1 <i<n) and relations

(r.l) KK ' = K 'K; =1, K;K; = K;K;;

(I‘ 2) Kl‘Ej = Ua”'EjKi, Kle = ’U*a”FjKi;

(r.3) EiF; — F;E; = 6;;(K; — K; 1) /(v — v~ 1)), where §;; = 1if i = j and §;; = 0
if i # j;
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(1".4) EZQE] — (U+071)EiEjEi +EjEi2 =0if Q5 = —1, EzE] — EJEz =0if Q5 = 0;
(1"5) F‘EFJ‘ — (’U + Uﬁl)FiFsz‘ + F‘]‘F‘,L-2 =0if Q5 = —1, FiFj — F}F’z =0if Q5 = 0.
We denote by UT the subalgebra generated by the elements E; for all i €

{1,2,...,n}.
Given an integer N > 0 and 1 < i < n, we define

[N)! =I5, ((0F —v™") /(v = v71)) € Q(v)
and we will denote EV /[N]! by Ei(N).

4.2. Let Mg be the set of pairs (f,g) of functions f: RT™ — {1,2,...,v} and
g: RT — N such that f is a bijection belonging to Fq. (Eq has been defined in
2.5.)

To such a pair (f,g) € Mg, we can associate a monomial £(f,g) in UT by

_ poler) g(e2) (cv)
g(fag)_Eil Ei22 "'Eiu

where i; = po(f~1(j)) and ¢; = g(f~1(j)) for j = 1,2,... ,v.

Example 4.3. Let Q be the quiver Q : 1 «— 2 — 3 — 4 «— 5 of type A;. The
Auslander-Reiten quiver ' of Q is given in Example 2.2. Consider the pair (f, g) of
functions f: R — {1,2,...,v} and g: Rt — N such that each value (f(«), g(a))
is written below at the position of the positive root « in the quiver I'g:

(9,2)

15,7)

il
o
=)
=
/\A
—

(5, 1)
(1,4)
(3,8)

We have that (f,g) € Mg and
g(f, g) _ E£4)E§13)E§8)E§11)Eél)E£14)E£5)E§9) Eé2)E£6)E§12)Eé3)E§10) E§15)E§7)

Lemma 4.4. Let (f1,9) and (fa,g) be two elements of Mq. Then E(f1,g9) =
g(f27g)

Proof. Fix a reduced expression i of wg adapted to the quiver ). Because f;
and f, both belong to Eq, there exist two reduced expressions i’ and i’ of wq
both belonging to the commutation class [i] such that f; = 7y and fo = m.
This follows from Theorem 2.5. So there is a sequence i’ = ig,i1,...,i, = i"” of
reduced expressions of wy such that i;4, is related to i; by a short braid relation
for g =0,1,...,(p—1). To prove the lemma, it is then enough to prove it with the
hypothesis that fi; = my, fo = m» and i” is related to i’ by a short braid relation.
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If i = (44,45, ... ,4,) and i = (¢/,i4, ... ,4}), then there exists 1 < m < v such
that
i, if j #m, (m+1);
i = gy, if j=my

il ifj=m+1;

and Qi it = 0. We easily get that
aW(i), i jEmm+ 1
oD (i) = { D), i j = m;

™), ifj=m+1.

If we write ¢ = g(f5*(4)) and c; = g(fi () for j =1,2,... v, then we also get
that
¢y G mnt1);
C;‘, =19 Cmt1, i i=my
e, if j=(m+1).

Because a;; i =0, we get that

mt1
g(fQ,g) = Ez(/lc/l )Ez(/;z) . Ez(;u)
_ Ez(,CIl)Ez(/CIQ) L Ei(lcl(m—l))Ei(Isz+1))Eflc;n)E§,cz,,,L+2)) . E(,CZ’)
1 2 (m—1) (m+1) m (m+2) v
_ E?,('lcll)Ez('jlz) N 'El(cl(mf1))Ei(,ci")E(Cl(mﬂ))E(CEmw)) o E(cf,)
=£&(f1,9).

Hm-1y  m gy U2 v

4.5. For a quiver Q and a function g: Rt — N, we define £({, g) to be E(f,g)
where f is any element of Eq. By the previous lemma, £(12, g) is well defined. Note
also that if A € Cf, and g : Rt — N is defined by g(a) = A([eq]) for all « € RT,
then the monomials £(€2, g) are the ones considered by Lusztig in section 16 of [IT].

Theorem 4.6. Let Q, Q' be two quivers with the same underlying graph A and let
g: Rt — N be a function such that g(a + ) = g(a) + g(3) whenever o, 8 and
a+B€R". Then

E(Q,9) =&, 9).

Proof. Let i = (i1,42,...,1,) be a reduced expression of wy. Denote by £(i, g) the
monomial
&, g) = Ei(lcl)Ei(ZCZ) . -Ei(f”) where g(a(j)(i)) =c¢jforj=1,2,...,v

We will first prove that £(i, g) = £(j, g) for any reduced expressions i, j of wg, As we
have indicated in 1.3, there is a sequence i = ig, i1, ... ,i, = j of reduced expressions
of wy such that igy; is related to iz by either a short braid relation or by a long
braid relation. So it is enough to prove that (i, g) = £(j, g) whenever j is related
to i by a short braid relation or by a long braid relation. Write i = (i1, 42, ... ,,),

j = (j17j25 o ajV)7 Ck = g(a(k)(i)) and C;c = g(a(k)(j))
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If j is related to i by a short braid relation, then there exists an integer m,
1 <m < (v —1) such that
jk = im-‘,—la 1fk:m7
im, if k= (m_‘_l);

with a;,,;,., = 0. We also have

a® (i), it k #m,(m+1);
a® () = a™tD(E), if k=m;
a™ (i), ifk=(m+1);

and
o ik A m, (mt1);
C = 4 Clm1), if k=m;
Crns ifk=(m+1).
Thus

o) = gl pleh) o plel)
€(G,9) = BV B - Ej

Jv

_ Ei(lcl)Ei(;Q) ... gpleom-1) plemin) plem) plem+2) ”Ei(ucu)

T(m—1) L(m+1) im L(m+2)

= ESVE - B VB B gl Bl
=£(3,9),

because a;,,i,,,, =0and E; E; = =FE; FE,.

If j is related to i by a long braid relation, then there exists an integer m,
1 <m < (v —2) such that

ik, if k#m,(m+1),(m+2);
do = imer, i k= m, (m+2);
im, if k= (m + 1);

with i, = i(my0) and a4,,i,,,, = —1. We also have that

a® (i), it k #m, (m+2);
o (§) = § oD (), if k= m;
a™ (i), ifk=(m+2);

and
kA m, (m o+ 2);
¢ =3 Cimt2), if k=m;
Crns if k= (m+2).

Because we have that o™+ (i) = o™ (i) + a™+2)(i), we get that Cm+41) =
g(al™t (i) = g(a™ (i) + (i) = e + Cmy2)-

Note also that we have Ei(b)Ei(,bJrc)Ei(c) = Ei(,C)EZ.(bJrC)Ei(,b) where a;; = —1 and
b,c € N. See for example Proposition 2.3 or Example 3.4 in [9].
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Thus
E(i.g) = B B B
_ Ez'(lcl)Ei(2C2) . pleom—n) plemsn) pleamtn) plem)  plemts) Ez‘(,,cu)

t(m—1) i(m+1) im T(m41) " t(m-+3)

i1 2 t(m—1) im L(m+1) im U(m+3) iy
=£(i, g).

If i is adapted to the quiver 2, then we easily get that (i, g) = E(m, g) = E(Q, g).
By choosing i adapted to 2 and j adapted to €', then we have that £(Q,¢9) =
E(,g9)=E@,9) =&, 9). O
Proposition 4.7. Let Q be a quiver and A € C{, be such that M(ro) = 0 for all
o' € RT\P(Q). Define the function g : RT — N by g(a) = X[ea]) for all« € RT.
Then g(a+ B3) = g(a) + g(B) whenever a, 8 and o + 3 belong to RT.

Proof. By Theorem 3.8 (b) and because z, = 1, and \(r,) = 0 if « € RT\
P(§2), we have that A = > s €a A(Za) Aa = X pep) A[Za]) Aa- So A =
> A(lea;])Adim(p(s)). By Theorem 3.8 (c), we get easily that, whenever
f and a + ( belong to RT, we have that Agimp())([€a]) + Aaime @) (les]) =
Adim(P (@) ([€(a+s)])- From this, we get that g(a + ) = g(a) + g(3) whenever
a, B and o + 8 belong to RT. O

— gleple) Egc("'tfl))E(Cvrt)Egc("rt+1))E.(C(7'L+2))E.(C(m+3)) L ple)
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