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SPHERICAL FUNCTIONS ON MIXED SYMMETRIC SPACES

BERNHARD KROTZ7 KARL-HERMANN NEEB, AND GESTUR OLAFSSON

ABSTRACT. In this article we compute the spherical functions which are as-
sociated to hyperbolically ordered symmetric spaces H\G. These spaces are
usually not semisimple; one prominent example is given by H\G = (R" x
Gl(n,R))\(Hn xSp(n,R)) with Hy, the (2n+1)-dimensional Heisenberg group.

INTRODUCTION

In this article we investigate spherical functions on simply connected symmetric
spaces M := H\G. Let (g,7) be the symmetric Lie algebra associated to M and
g = b + g the corresponding T-eigenspace decomposition. Write xg € M for the
canonical base point. Our assumptions on M are purely geometric: We assume that
M is hyperbolically ordered which means that there exists an open convex cone C
in q 2 T,,(M) which is Ad(H)-invariant and hyperbolic, i.e., all operators ad X,
X € C, are diagonalizable over the real numbers. This includes the non-compact
Riemannian symmetric spaces K\G with g = ¢+ p and C = p, and the non-
Riemannian non-compactly causal symmetric spaces, for example SO(1, 1)\ S1(2,R),
or, more generally, SO(p, ¢)\ Sl(n,R), Gl(n,R);\ Sp(n,R) etc. (cf. [Hi()196, Th.
3.2.8] for the complete list and Ex. I.13(a) below). Further, there are interesting
non-nilpotent solvable examples (cf. Ex. I.13(b)). In general, however, G should
be neither reductive nor solvable in order to make H\G a hyperbolically ordered
space. We refer to those spaces as mized symmetric spaces.

The guiding mixed example is attached to the Jacobi group G = HSp(n,R) :=
H,, xSp(n,R) with H,, the (2n+1)-dimensional Heisenberg group (cf. the beginning
of Sect. II for a detailed discussion). The symmetric subgroup H is given by R™ x
Gl(n,R)+ and we would like to point out that H is not unimodular. The general
interest in the Jacobi group stems from the fact that the Schrédinger representation
of H,, extends to a unitary highest weight representation of HSp(n,R); a fact which
is going to be very useful for us later on since every hyperbolically symmetric space
H\G almost injectively embeds into (R™ x Gl(n,R);)\ HSp(n,R) (cf. [KrNe96]).

There are several reasons that make closer study of this class of spaces interesting.
One of them is the relation to quantum field theory, in particular, the Osterwalder-
Schrader axioms and reflection positivity; see [FOS83], [Jo87], [JoO198], [JoO100),
[Sc86] and the reference therein. In [JoOl98, JoOl00] the semisimple case was
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studied, but the general case has yet to be considered. If the group G is semisimple,
one can construct a dual simply connected symmetric space H\G¢ by defining the
Lie algebra of G¢ to be g¢ = b + iq. The H-invariant cone C' C g then extends to a
G-invariant cone W C ig®, which in turn defines a closed semigroup I' = G exp W.
If 7 is a suitable generalized complementary series representation of G¢, then there
exists a unitary involution J : H(m) — H(w), where H(m) is the Hilbert space of
7, such that Jm = 7w o 7J. Furthermore, there exists a subspace K C H(w) such
that the bilinear form (u,v)y := (u,Jv) is non-negative on . Let N = {u €
K : (u,u); = 0} and let K; be the completion of X/N. Then the representation
induced by 7 on K; extends to a holomorphic *-representation 7re of I'°. Finally,
the restriction 7pe to G€ is an irreducible unitary highest weight representation
of G¢. This allows one to “move” unitary representations from one real form to
another by analytic continuation. The spherical functions, that we study in this
paper, are—up to a normalizing factor—H-spherical distribution vectors of both
of those representations [Kr01] C)IOOJ. This fact relates the analysis of this duality
to the understanding of the positive definite spherical functions on hyperbolically
ordered symmetric spaces.

Another interesting fact is, that most of the classical Riemannian symmetric
spaces H/Kp can be realized as a real form of a bounded symmetric domain
G°¢/K°. The fact that G°/K° is a bounded symmetric domain implies that g°, the
Lie algebra of G¢, contains a G°-invariant pointed generating cone. Hence H\G
is hyperbolically ordered. This relation between real forms of bounded symmetric
domains, highest weight modules, and generalized complementary series represen-
tations has been used to construct canonical representations of the group H. It is
also closely related to the generalized equivariant Berezin transform on symmetric
spaces. We refer to [NoOT, (0100] and the references therein for further discussion
of this topic.

That (g, 7) admits an Ad(H)-invariant hyperbolic convex cone has far reaching
consequences for the structure theory of (g,7) (cf. [HiO196], [KrNe96]) and the
differential geometry of M (cf. [La94]). For example the subset I' := H exp(C) C
G is a semigroup, a so-called real Ol’shanskii semigroup. Further, there exists a
hyperbolic subspace a C ¢ which is maximal abelian in q. The cone C can be
reconstructed from its trace in a, i.e., C = Ad(H).(CNa), and we have ' = HT' s H
with T4 := exp(C N a).

The set of positive elements M™ := z9.I' is the natural domain for spherical
functions. If the group H is unimodular and H® := Z(a) is compact, then it is
natural to define spherical functions as continuous functions ¢ on M™ which satisfy
the integral equation

(Vs,t €T)  w(zo.5)p(x0.t) :/ o(xg.sht) dug(h)
H
(cf. [FH094J) Note that this implies, in particular, that ¢ is H-invariant. But
in general H is not unimodular, M carries no invariant measure, and there is
no chance to define spherical functions by an integral equation. Write X(H/H?)
for the group of continuous characters x: H — C* of H with H° C kery. For
— 1
each y € X(H/H") define x* € X(H/H®) by x*(h) = x(h) . Then for each
X € X(H/H") we have a line bundle C, xy G — M and we write D(x) for the
corresponding algebra of G-invariant differential operators. A continuous section
pof C, xg I' = M is called (H, x)-spherical if ¢ is right x*-semi-invariant and
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a common eigenfunction of D(x) in the sense of distributions. The reason why
there is a character y involved is that one wants that spherical functions model
appropriately the harmonic analysis on L?(M™). Here we need a quasi-invariant
measure p, on M™T which is constructed by a p-function on M™ which in turn is
a C>-extension of the character H — C*, h + det Adg(h)™ .

We write n = ®a€A+(g,u) g“ for the sum of the positive root spaces with respect
to a positive system which in some sense is adapted to the cone C. Denote by
A and N the analytic subgroups of G corresponding to a and n. Then the map
Hx Ax N — G, (h,a,n) — han is a diffeomorphism onto the open image HAN
and we have I' € HAN. Accordingly, every element s € I' can be written as
s = hu(s)ap(s)ng(s) with hy(s) € H, ag(s) € A and ng(s) € n, everything
depending analytically on s. Next we will identify (H, x)-spherical functions with
functions on I' in the obvious sense. For A € af. and x € X(H/H") we define the
(H, x)-spherical function with parameter X by

©X(s) :/ ap(sh)*Px(sh)x(h) duH/Ho(hHO) for seT
H/HO

provided the integrals exist. We write £X for the set of all A € ag for which all
integrals ¢} (s), s € I', converge. The main result of this paper is the Factorization
Theorem for ¥ which asserts that
. A%
pr(a) = }:(a) - ¢, " " (a)
foralla € T'4 (cf. Theorem II1.10). Here the first factor corresponds to the nilradical
1

U of G while goifi’Ag corresponds to a reductive complement L = G/U. Note that
there is a shift in the character by the square root of the modular function Ay of
H which is related to the fact that H is not unimodular. An explicit formula for
the function ¢}”(a) is given as

2% )=

Xz
SO/\Z (Cl) detA)\z
—_— 2 —_
_exp (— (07, wi, — (7w, W), + (255w, wi)a,)

([Taeas (sinha(loga))m) 3

We note that the Factorization Theorem gives a concrete formula for ¢¥ on solvable
symmetric spaces. Our product formula generalizes the one in [HiNe96]| for spherical
functions on Ol’shanskii spaces G\G¢. Spherical functions on reductive symmetric
spaces and their asymptotic expansions have been studied extensively by the third
author in [0197]. See also [O1Pa00] and [AOS00).

Spherical functions are closely related to representation theory. In fact, one can
think of positive definite spherical functions ¢ as certain matrix coefficients of a
representation (w,H) of I'. More precisely, ¢(s) = (n(s).v,v) where v € H™¢
is an (H, x)-spherical vector. Via the Liischer-Mack correspondence, representa-
tions of I' are related to unitary representations of the simply connected c-dual
group G¢ (cf. [HiNe97]). It is exactly this correspondence we use to prove our Fac-
torization Theorem. We use the generalized extended metaplectic representation
(tex, Ha) of G° which is a highest weight representation (cf. [Ne99]). Let (i, H,,) de-
note the extended metaplectic representation of the simply connected Jacobi group
HSp(n,R) = H, x Sp(n,R) (cf. [Fo89], [Ne99]). We equip the Jacobi group with an
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involution 7 such that HSp(n,R)™ = R™ x GL(n,R)+. Now (ux, H) is obtained by
a composition of an appropriate homomorphism (G¢,7) — (HSp(n,R), ) and the
extended metaplectic representation (p, H,,) (cf. Section II). The highest weight A
depends on the homomorphism (G¢,7) — (HSp(n,R),7). In Section II we give
a classification of the (H,x)-spherical distribution and hyper-function vectors of
(tx, Hx) (cf. Theorem II.14). Then we compute an integral over a certain ma-
trix coefficient of (ux, Hy) (cf. Lemma II1.16) which turns out to be crucial for the
factorization of ¢}.

One important point is the asymptotic behaviour of spherical functions at infin-
ity, since this models the growth of certain matrix coefficients (cf. [Wa88| Ch. 4]).
The “constant term” of ¢ at infinity is given by the c-function

N —A— — .
MW = [ anlm) G du ()
NN(HAN)
Using the product formula for the spherical functions and some arguments using
analytic continuation, we obtain a product formula for the c-function
n — WL 1
_ 22 e (W4, W) 5, xiAZ

C.X/I(A) - det AA My (Al)

(cf. Theorem IV.11). We also determine explicitly the domain of convergence £X
for the spherical function ¢} and the c-function. We conclude this paper with a
list of further comments and problems concerning the interplay between spheri-
cal functions, representation theory, and harmonic analysis on symmetric spaces.
In particular we explain the relation between spherical functions and H-spherical
distribution characters of spherical highest weight modules, in particular, holomor-
phic discrete series representations, and the role of the Factorization Theorem in
the theory of Hardy spaces on the c-dual symmetric space H\G®.

I. HYPERBOLICALLY CAUSAL SYMMETRIC SPACES

In this section we collect the results on the global and algebraic structure of
mixed symmetric spaces that we will need in later sections of this paper.

Symmetric Lie algebras.

Definition I.1. (a) A symmetric Lie algebra is a pair (g, 7) consisting of a finite
dimensional real Lie algebra g and an involutive automorphism 7 of g. We put
h={Xeg: 7 X=X}andq:={X €g: 7.X = —X}, and note that g=h @ q.

(b) An element X € g is called hyperbolic if ad X is diagonalizable over R.
An abelian subspace a C q is called abelian mazimal hyperbolic if a consists of
hyperbolic elements and is maximal w.r.t. this property.

(c) A subspace [ C q is called a Lie triple system if [I, [, 1]] C [. This means that
the space [, := [® [I, ] is a subalgebra of g. Recall that all abelian maximal hyper-
bolic subspaces and all maximal hyperbolic Lie triples systems in q are conjugate
under Inng(h) (cf. [KrNe96, Cor. I1.9, Th. IIL.3]). O

The abelian maximal hyperbolic subspaces generalize the Cartan subspaces
occurring in the restricted root decompositions of real semisimple Lie algebras.
The maximal hyperbolic Lie triple systems are the infinitesimal version of “maximal
non-compact Riemannian subspaces” on the level of the corresponding symmetric
spaces.
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Definition 1.2 (The structure of g). Let v denote the radical of g and t = vy + 4
its T-eigenspace decomposition. In the following, subscripts indicate intersections,
for example, ty := tN b, etc. According to [KrNe96, Prop. IIL.5], there exists a
T-invariant Levi complement s C g with the following properties: There exists a
maximal hyperbolic Lie triple system p C q such that p = p. © ps, where ps C 54 is
a maximal hyperbolic Lie triple system in s, and [p.,s] = {0}. Then each maximal
abelian subspace a C p is of the form a = p,Pas, and [pr,s] C s. Furthermore, there
exists a Cartan involution 6 on s commuting with ad[p,p] and 7|s (cf. [KrNe96)
Prop. 1.5]). The corresponding Cartan decomposition is denoted by s = s¢ @ sp,.
The largest ideal of s contained in sy, i.e., the kernel of the isotropy representation
of corresponding symmetric spaces, is denoted s;5,. So the semisimple symmetric
Lie algebra (s, 7|s) decomposes as

(5a7—|5) = (5iso;T 5,-)

n
5iso) D @(517 T
i=1

with (s;,7|s,) irreducible and effective. O

Definition 1.3 (Root decomposition). (a) Let a C g be an abelian maximal hy-
perbolic subspace. For every ad a-invariant subspace b in g and for every o € a*
we define

b = {X €b: (VY € a)[Y, X] = a(Y)X}.

In particular, we have b? := 35(a). We write A := {a € a*\{0} : g* # {0}} for the
set of roots. Then we get the root space decomposition g = g* @ Poca 9. For
each a € A we put my, := dim g«.

We call a root a € A semisimple, resp. solvable, if s* # {0}, resp. g* C t. The
set of all semisimple, resp. solvable, roots is denoted by Ay, resp. A,. Note that
A = A UA; (cf. [KrNe96, Lemma IV.5(i)]).

A root o € A is called compact if p¢ # {0} and non-compact otherwise. We
write Ay, A, resp. A, for the set of all compact, non-compact, resp. non-compact
semisimple roots. Note that Ay is independent of the choice of p D a (cf. [KrNe96|
Def. V.1]) and that A = A,yUA,, holds by definition.

(b) We call an element Xo € a regular if o(Xo) # 0 for all @ € A and a
subset AT C A a positive system if there exists a regular element Xy € a with
At = {a € A: a(Xp) > 0}. To each positive system AT we associate several

subalgebras of g:
nz@ga and n= @ga.
aeAt aEA~
Further, we set
nfz@ga, nf:@ta, npj[:eag(y and nfz@g“.
aeAE aenE acAFE aeAf
We write p, pr, ps, pn and pg, respectively, for % trady, %tr ady,., %tr ad,,, %tr ady,,,
and £ trady, .
(c) The Weyl group W of (g,7) w.r.t. a is defined by
W = Ninng (5) () /Zinng (5) (a)-

A positive system is called p-adapted if the set Al of positive non-compact roots is
invariant under the Weyl group. O



48 B. KROTZ, K.-H. NEEB, AND G. OLAFSSON

Definition I.4. The symmetric Lie algebra (g,7) is called quasihermitian if
3q(3(p)) = p. In this case a is maximal abelian in q and there exists a p-adapted
positive system AT (cf. [KrtNe96, Prop. V.10]). An irreducible effective quasiher-
mitian symmetric Lie algebra (g, 7) is called non-compactly Riemannian (NCR),
resp. non-compactly causal (NCC), if 3(p) = {0}, resp. 3(p) # {0}. The property of
being quasihermitian is inherited by s. This means that the irreducible constituents
(8;,7|s;) of s are either (NCR) or (NCC) (cf. [KxNe96l, Prop. V.9(v)]). O

From now on we will assume that (g,7) is quasihermitian and that AT is p-
adapted.

Definition I.5. (a) Let V be a finite dimensional real vector space and V* its dual.
For asubset E C V the dual cone is defined by E* := {w € V*: (Vz € E)w(x) > 0}
and cone(E) denotes the smallest closed convex cone containing E. A cone C CV
is called generating if V = C — C and pointed if C N —C = {0}.

For a convex subset C' C V we set

ImC:={veV:v+CCC} and B(C):={aecV*: infa|c > —oco}.

Note that both lim C' and B(C) are convex cones in V, resp. V*.
(b) We associate to a positive system of non-compact roots Ai the convex cones

Chin := cone ({[Xa,T(Xa)] : Xq €g% € Ai}),
Croin,r := cone ({[Xo,7(Xa)] 1 Xa € g%, a € AS}),

Crnin,p = cone ({[Xo, 7(Xa)] 1 Xa € g%, € A;}),
Crax = (A1) ={X €a: (Vo€ A})a(X) >0} and Caxp = (AF) Nas. O

Definition I.6. In the following, G denotes a simply connected Lie group asso-
ciated to g. Then 7 integrates to an involution on G also denoted by 7 and the
fixed point set H := G7 is a connected subgroup of G (cf. [Lo69] Th. 3.4]) with Lie
algebra . Further, we define A, H, N, N, R and S as the analytic subgroups of G
corresponding to a, b, n, 0, v and s (cf. Definition 1.3). By subscripts we indicate
intersections, for instance Hr = H N R, etc. |

Proposition 1.7 (The HAN-decomposition). For a simply connected symmetric
Lie group (G, T) associated to (g,7) the following assertions hold:

(i) The groups A, resp. N, are closed, simply connected and diffeomorphic to a,
resp. n, under the exponential mapping. Moreover, ANN = {1}.
(ii) The map

p: HxAXx N — G, (h,a,n)— han

s a diffeomorphism onto its open image.
(iil) The multiplication mapping pr: Hr X Ar X Ngp — R is a diffeomorphism.
(iv) The set HAN is R-saturated, i.e., left and right R-invariant.

Proof. This is Proposition IL4 in [KNO97]. O

This proposition tells us, in particular, that there exist analytic maps

hg: HAN — H, han w— h, ag: HAN — A, han — a,
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and
ng: HAN — N, han — n.

Let u denote the nilradical of g. We find a 7-invariant reductive subalgebra
[ C g such that [[[] = s and g = u x [. Accordingly, we have the decomposition
G = U x L. On A this decomposition induces a factorization A = Ay x Ap, where
Ay is a central subgroup of G. Let Nﬁ, N Si and N ,jt the analytic subgroups of G
corresponding to nri, n;)t and nf. In view of Proposition 1.7, we have

U:HUAUNR and L; HLALNL

with N = NE X Ny and Ny = N; X N,j. Furthermore, H;, A;, Ny, is open in L.
Writing each element a € A as a = aya; with a, € Ay and a; € A, we get two
analytic maps

apy: HAN — Ay, and apg,;: HAN — Ap.
Lemma 1.8. Letu € U and s = su,5; € HAN. Then
ap(s)) = ami(s1) = ami(s) = am(su).
Proof. Since the homomorphism G — L preserves the HAN-decomposition, we

may write s; € HLALNL as s; = hiaini. Note that ap(u) = 1 for all w € U
follows from U = Hy Ay Ngr. Thus

am () = am(suhraing) = ag(syhi)ar = ag(hy syhi)ar = a;.

This shows that am(s) = am,(s;), proving the second equality. Now the last
equality follows from (su); = s; concluding the proof of the lemma. O

We conclude this subsection with an integral formula which will be useful later
on. Since A is simply connected, the exponential mapping exp: a — A is a dif-
feomorphism and so has an inverse log: A — a. In particular, for all A € a the
prescription

A—C, aw a = Mos

defines an analytic function on A.
Whenever G is a locally compact group, we write ug for a left-invariant Haar
measure on G.

Lemma 1.9. Let f € C.(HAN). Then the Haar measures on G, H, A and N
may be normalized in such a way that

(11) /gf<g>dua<g>=l/;JCL[;f<han>a%’duN<n>duA<a>duH<h»

Proof. The open domain HAN C G is an orbit of the action of H x AN given by
(h,b).w := hab~!. Since, according to [Hel84, Prop. 1.5.1, p. 181], the formula

Aﬂmm%wmwm>

defines a right-invariant Haar measure on the group AN, the right-hand side of
(1.1) defines a measure on HAN which is invariant under the action of the group
H x AN. On the other hand, the restriction of ug to HAN is also invariant under
this action because det Adg(b) = 1 holds for each b € AN. Now the uniqueness of
invariant measures on homogeneous spaces implies the assertion. O
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Symmetric Lie algebras admitting hyperbolic cones.

Definition I1.10. We call (g, 7) admissible if q contains an open convex hyperbolic
Inng(h)-invariant subset not containing non-trivial affine subspaces. Then every
maximal hyperbolic subspace a C ¢ is maximal abelian in ¢, (g, 7) is quasihermitian
and has cone potential (cf. [KrNe96, Th. V1.6, Prop. V.9]). O

From now on we make the assumption that (g,7) is admissible. Further, we
assume that (g, 7) is effective, i.e., h does not contain any non-zero ideal of g. In
the following, AT denotes a p-adapted positive system.

Lemma I.11. Let (g,7) be an effective admissible symmetric Lie algebra and let
AT be a p-adapted positive system. Then:

(i) [u,u] € 3(g)-
(i) [, ny]=[n,,n,]={0}.

(iii) [, n7] C ni.

Proof. (i) In view of [KrNe96, Th. VI.6(iii)], this follows from [KrNe96, Prop.
VII.2(iii) (a)].
(ii), (iii) [KrNed6 Th. VIL18(ii)]. O

Remark 1.12. Let V :=n} @n,. Then u =V +3(g), L acts on V and V carries an
L-invariant skew-symmetric bilinear map ¢: V x V — 3(g), (v,w) — [v,w]. Note
that 3(g) C q since (g, 7) was assumed to be effective. The bracket on g = V+3(g)+!(
is given by

[(v,2,X), (W, 2", X")] = (X' — X" v, 0(v,0), [ X, X']).
Then G =V x 3(g) x L with group multiplication
(v,2,0) - (V.2 ) = (v+ 10, 2+ 2/ + Sp(v, 1), 1).
|

Example 1.13. We now give some examples of admissible symmetric Lie algebras.
(a) (Semisimple examples) Recall from Definition I.4 and Definition I.10 that a sim-
ple admissible symmetric Lie algebra (g, 7) is called non-compactly causal. (NCC)
symmetric Lie algebras are classified and we refer to [Hi()196, Th. 3.2.8] for the
table. However, we think it might be useful to explain some typical cases.

As a basis of 5[(2,R) we choose

1 0 0 1 0 1
H.—(O _1>, T.—(l 0), and U.—(_l 0).

Then a symmetric structure is introduced by the choice q := RH®RU and h := RT.
An abelian maximal hyperbolic subspace of q is given by a := RH. Further, we have
A = A, = {+a} with a € a* defined by a(H) = 2. For the choice of AT := {a}
there is only one e P-invariant hyperbolic convex cone in q which is given by

W ={hH+uU: h>0, |u|l <h}.

This example can be generalized to (g,§) := (sl(n,R),s0(p,q)) with n = p + g,
p,q > 0. Here a consists of all diagonal matrices in g and in the standard notation
a p-adapted positive system is given by AT = {e; —¢;: 1 < i < j < n} with
A;; ={e;—¢;: 1<i<p, p+1<j<n}. There is no easy global description of
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the maximal cone Wiyax (which is characterized by Wiyax N a = Chax). However,
the intersection of Wi, with p is particularly nice:

Winax Np = { (61 g) : A= AT B = B” inf Spec(A) > sup Spec(B)}.

(b) (Solvable example) A very important solvable admissible Lie algebra is the
four-dimensional oscillator algebra. This algebra is low-dimensional enough to per-
form explicit computations and on the other hand, rich enough to feature the solv-
able situation well. The construction goes as follows. Let h; := RX & RY & RZ be
the three-dimensional Heisenberg algebra with bracket relation [X,Y] = Z. Then
the oscillator algebra is the semidirect product g := h; x RA with [4, X] =Y,
[A,Y] = X and [4, Z] = 0. A symmetric structure is imposed on g by the choice
h:=RY and q := RA®RX ®RZ. A possible choice for a is a := RA + RZ and
we have A = A, = {+a} with a(aA + 2Z) = a. The maximal cone for AT = {a}
is Wax = {aA+2X +2Z: a > 0} but there also are pointed Inng(h)-invariant
convex cones, for example,

W:={aA+2X+2Z:a>0, 2>0, 2° < 2az}.

(¢) (Mixed examples) The most important example which is neither solvable
nor semisimple is the Jacobi algebra which will be discussed in great detail in the
beginning of Section II. |

Recall the definition of h° = 3y (a) and set H® = Zg(a). To proceed we first need
some structural information about the group H®. Recall that a subalgebra b C g
is called compactly embedded if Inng(b) is relatively compact in Aut(g).

Lemma 1.14. For an effective admissible symmetric Lie algebra (g,7) the follow-
ing assertions hold:

(i) The subgroup H® is compactly embedded, i.e., Ad(HO) is compact.
(ii) The group H° is contained in L, i.e., H® = H?. Moreover, H® = H% x HY
with HYZ(G)/Z(G) compact and HY simply connected abelian.

Proof. (i) This follows by replacing the Lie algebra h° in the proof of Proposition
VIL.12(ii) in [KrNe96| by the group H°.

(ii) First we prove that H® C L. Since H = Hy x Hy,, every element h € H® can
be written in a unique fashion as h = h,h; with h, € Hy and h; € Hy,. We claim
that hy, h; € HY. Let X € a and write X = X, + X according to the decomposition
a=a,®a. Then Ad(h).X = X implies, in particular, that Ad(h;).X; = X; for all
X € a. From a, = 3(g) it follows that h; € H°, proving the claim.

Now the fact that Hy is simply connected nilpotent implies that Hg =
exp(h® Nu) = h% Nu. According to (i), h° is compactly embedded and there-
fore h° Nu is central. Thus h° Nu = {0} by the effectivity of (g, 7). This proves
H°C L.

Next we show that H® = HY% x HY. Since L is simply connected, we have
L= Z(L)yxS. Now a = 3(g) ®ar and H° C L yield H° = Zy(A) = Zy(AL) =
Zu, (Ar). Therefore HN Z(L) C H® and HY = Zy,(As) = Zus(AL) = (HO)s,
so that Hy = Hy (), X Hg entails that HO = Hy 1y, X HY. Now (ii) follows from
the observation that Hy (), = HY and the group Z(L)y containing HY is a vector
group, so that H% is simply connected and abelian.
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Finally, it follows from [FHO94, Lemma 5.1] that H2Z(G)/Z(G) = Ad(HY) is
compact, completing the proof of (ii). In view of (i), this follows also from the
closedness of Ad(HY) in S/(S N Z(G)). O

From now on we fix a maximal hyperbolic Lie triple system p C g containing a.
We define

9(0) := 34 (3(p))-

Note that g(0) is stable under 7 so that (g(0), ) is a symmetric Lie algebra with
70 := T |g(0)- We define

G(0) :== Za(3(p))

and note that G(0) is a 7-stable subgroup of G. We denote the restriction of 7 to
G(0) also by 9.

Lemma 1.15. The following assertions hold:

(i) The symmetric Lie algebra (g(0),70) is non-compactly Riemannian (NCR)
and we have

9(0):=0+a+ B s ="+ [p,p] +p.
aEAg
(i) Z(G)H® C G(0).
(iii) The symmetric Lie algebra (g, 7) admits a triangular decomposition g = n,t @
g(0) @ n,,, ie., one has

min,]1Ca(0), and  [g(0),n;] Sy

n»'n

Proof. (i) The second assertion follows from [KrNe96, Prop. V.9(iii), Th. VIIL.1(ii),
Cor. TIL.8]. That (g(0),70) is (NCR) follows from Lemma I.14(i) together with
[KrNe96|, Prop. I1.1].

(ii) This is obvious by construction.
(iii) This follows from (A +AX)N A C AE (cf. [KrNedf, Prop. V.4]). O

For the proof of the next proposition the following concept turns out to be crucial.

Definition I.16. Let (g, 7) be a symmetric Lie algebra and g¢ the complexification
of g. We extend 7 to a complex linear involution 7 of gc. The c-dual (g¢,7¢) of
(g,7) is defined by g° := h + iq and 7° := 7 |ge. The complex conjugation in gc¢
w.r.t. the real form g° is denoted by 7. Thus the inclusion map (g,7) — (gc,7) is
an embedding of symmetric Lie algebras. We call (gc,7) the canonical extension
of (g,7) and write E := g¢ and q := ig¢ for the eigenspaces of 7. O

Example 1.17. (a) The c-dual of (g,5) := (s[(2,R),s0(1,1)) is (su(1,1),s0(1,1)).
More generally, the c-dual of (g, 5): = (sl(n,R),s0(p, q)) is (su(p, q),s0(p, q)). That
g¢ is hermitian in these examples is no coincidence; it is always the case for (NCC)
symmetric Lie algebras (cf. [Hi()l96, Ch. 1]).

(b) If (g,b) is as in Example 1.13(b), then the c-dual is the Lie algebra g¢ =
span{Y,iX,iZ, iA} which is well known as the Lie algebra of the harmonic oscillator,
where A corresponds to the Hamiltonian. For the symmetric subalgebra (h1,RY)
the mapping

b1 = by, X +yY +2Z—ixX +yY +izZ
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is an isomorphism of Lie algebras. We call (h1,RY") self-dual. The Lie algebra g is
not self-dual, as follows directly from the fact that the eigenvalues of ad A are real,
so that the eigenvalues of adiA are imaginary. O

Remark 1.18. It follows from our assumptions on (g, 7) that its canonical extension
(gc, 7) is also admissible. This implies, in particular, that (gc,7) is quasihermitian
so that a extends to a maximal abelian hyperbolic subspace @ C q which is also
maximal abelian in q, i.e., t¢ = ia is a compactly embedded Cartan subalgebra of
g°. Further, every p-adapted positive system A1 extends to a p-adapted positive
system At = 34‘(9@,3). In some sense one can say that every structural property
of (g, 7) is inherited by its canonical extension (gc, 7) (cf. [KrNe96, Th. VIIL1]). O

Let G¢ denote a simply connected Lie group associated to gc. Then o := 77 is
an involution on g¢ fixing g and integrating to an involution on G¢ denoted by the
same letter. Let p* and £c denote the complexifications of n and g(0), respectively
and write P* and K¢ for the corresponding subgroups of Gc.

Proposition 1.19 (The N, G(0)N,-decomposition). The following assertions
hold:
(i) The groups G(0) and N are closed subgroups of G and N is diffeomorphic
to nit wia the exponential mapping.
(ii) The multiplication mapping
N, xG(0)x NJF -G, (n_,k,ny)— n_kny
is an analytic diffeomorphism onto its open image.
(iii) The multiplication mapping Ny x G(0)r x Nt — R is an analytic diffeomor-

phism.
(iv) The set N, G(O)N,} is R-saturated.
Proof. Assume first that G = GZ. In view of the P~ K¢ P"-decomposition in G¢
(cf. [KNO97, Prop. IL5]), all statements in this proposition are true with N*, G(0),

G and Rreplaced by P*, K¢, Gc and Rc. Note that N* = (P*)? and G1(0) C K¢
so that taking fixed points in the P~ K¢ P*-decomposition proves (i)—(iv) provided

G = G¢.
The general case is easily deduced from this observation by standard lifting
arguments, because Z(G) C G(0). O

We define mappings
(:N,;GO)N} —mn,, n_kny+— log(n_)
and
¢: N, GOO)N,; —nl n_kny — log(ny).

By a hyperbolic cone W C q we understand a cone for which every element in
the non-empty interior is hyperbolic (cf. Definition I.1(b)).

Lemma 1.20. The following assertions hold:
(i) We have HAN = HG(0)oN,} € N, G(0)oN,” C N,, G(O)N,F.
(ii) The map (: N, G(O)N;¥ — n. induces a homeomorphism
HG(0)N,  /G(O)N,F — Q,

where Q2 =n_ + Qg is an open domain in n, with Qs Cn, .



54 B. KROTZ, K.-H. NEEB, AND G. OLAFSSON

(iii) The compression semigroup of Leomp :={g € G : 9.2 C Q} of Q is given by
Fcomp =HR exp(Wmax,s)a

where Winax,s @5 the unique mazimal Inng (hs)-invariant hyperbolic cone in Sq
with I/Vmax,s Na= Cmax,s-
(iv) NN HAN = QN .

Proof. (i) Since (g(0),70) is (NCR) (cf. Lemma 1.15(i)), the group G(0)p admits
an Iwasawa decomposition G(0)g = K(0)oAN,'. So the first assertion follows from
N =N, x N;' and K(0)o C H.

To prove the second inclusion, it remains to show that H C N,, G(0)N,!. First
we assume that G = G%. Let G° := G% and note that H = G N G°. Then we
have G¢ C P~ KcPt (cf. [KNO97, Prop. IL5(v)]) and taking o-fixed points we
get H C N, G(0)N,. Using standard covering theory, the general case is easily
obtained from this because Z(G) C G(0) N H.

(ii) Tt follows from (i), Proposition 1.19(ii) and the fact that HAN is open in
G (cf. Proposition 1.7(i)) that HG(0)N,F /G(0)N,” — Q is a homeomorphism onto
an open connected subset Q C nf. The R-saturatedness of HG(0)N,F, which
follows from (i) and Proposition 1.7(iv), implies that Q +n,_ = Q or equivalently
Q =n; + Qg with Qg Cn; and Qg = HsG(0)NJ /G(0)NS.

(ili) Again by the R-bi-invariance of HG(0)N,, we obtain I'comp = R X Lcomp,s;
where Teomp.s = {9 € S: 9.0 C Qs}. Now Teomp.s = Hs exp(Wmax,s) by [HiO196,
Th. 5.4.20], proving (iii).

(iv) In view of (i) and Proposition 1.19(ii), we have

Since N = N7 % N, is adapted to the decomposition of Proposition I.19(ii), we
thus obtain
HAN NN = (2 x G0)oN,) N (N, x N ) =QN, .
O

Let Wiax denote the unique maximal Inng(h)-invariant hyperbolic cone in q with
Wnax Na = Cmaxa

I' := H exp(int Wiax) € Tcomp, and T4 := exp(int Cpax)-
According to Lawson’s Theorem (cf. [La94]) the Polar Decomposition
H xint Wipax — I, (h, X) — hexp(X)

is a homeomorphism and T is a Lie subsemigroup of G, a so-called real Ol’shanskii
semigroup. The semigroup I' defines an ordering on the symmetric space M :=
H\G by

Hx < Hy: <= yelua.

We call M a hyperbolically causal symmetric space. Let xo := H.e be the base
point of M and set M* := {z € M: z > x¢}. Note that M = z.T".

Recall from Lemma I1.14 that H° is compactly embedded, so that the quotient
space H/HO carries a unique H-invariant measure pz JHO -

Proposition 1.21. The following assertions hold:
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(i) The set NH°AN s open in G and for f € L'(G) with supp(f) € NH°AN
we have

/f dyic (o //HO//fnhananuN( n) dyia(a) dyugzo (h) dyisg(7).

(ii) For all f € L*(H/H°) we have
/ FORHO) dpg o (RHO) = /_ £t (M) ()20 dpigg ().
H/HO NNHAN

Proof (cf. [0187]). In view of Proposition 1.19(iv), we have that NH°AN =
RNngASNs. Further as is also maximal abelian in ps, therefore Bruhat’s Theo-
rem shows that NgZ,(As)AsNg is open in S with a complement of Haar measure
zero. Note that Hg C Zk,(Ag) is an open subgroup which in general is proper.
So the first assertion follows from m.(ur ® ps) = pa, where m: R x S — G is the
multiplication mapping. The integration formula now follows by a similar argument
as in the proof of Lemma 1.9, here applied to the action of the group (NH®) x AN
on G (see also |O187, Th. 7.1]).
(i) (cf. [OI87, Lemma 1.3]) Choose a function ¢ € C,(AN) such that

//wan a2 dpn(n) djia(a) =

and set

f(hg(z)H)YY(am (z)np(z)) for € HAN,
0 otherwise.

fi(zH®) = {
Then f; € L'(G/H?), and, according to Lemma 1.9, we have
/ fi1(@) dpgypo(z) = / f(hH) d,uH/HO(hHO)'
G/H® H/H®
Thus it follows from the integration formula in (i) that
[ FH) dprgyo (112°)
H/H®
— [ i) dux(n) duata) duy (7)
HAN
= [ ilbu(man)en(m) e dux (n) disae) diux ()
NAN

- /— F (s (M) ()72 duy (),
NNHAN

as was to be shown. O

II. THE EXTENDED METAPLECTIC REPRESENTATION

In this section we discuss in detail the generalized extended metaplectic repre-
sentation (ux,Hy) of G. This representation is obtained by a composition of an
appropriate homomorphism of G¢ into the Jacobi group HSp(n, R) := H,, xSp(n,R)
and the extended metaplectic representation (u,H,,) of HSp(n,R). We classify the
(H, x)-spherical distribution and hyper-function vectors of (px, Hy) (cf. Theorem
I1.14). We further compute an integral over a certain matrix coefficient of (p, Hy)
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(cf. Lemma I1.16) that will be a key ingredient in the factorization of spherical
functions in Section III.

The symmetric Jacobi group. We recall from [KrNe96, Ex. VII.17(b)] the con-
struction of the symmetric Jacobi algebra. Denote by b, = R?" @ R the 2n + 1-
dimensional Heisenberg algebra with the Lie bracket

[(v,1), (W, t)] = (0,Q(v,v")) for v, € R t.t' €R,

where 2 is the skew symmetric bilinear form represented by

()
The Jacobi algebra is defined by hsp(n,R) := b, xsp(n,R). Set I, ,, := diag(l,,, —I)
€ gl(2n,R). The prescription
T, t, X) 1= (Inn-v, —t, In n X I »)
defines a symmetric structure on hsp(n,R) (cf. [Kn96, Ex. VIL.17(b)]). We call

(bsp(n,R), ) the symmetric Jacobi algebra.
Denote by H,, the simply connected Heisenberg group corresponding to h,,. Then

(HSp(n,R),7) := (H, » Sp(n,R),7)

is a simply connected Lie group with L(HSp(n,R)) = hsp(n,R), called the sym-
metric Jacobi group. We put (G°,7¢) := (HSp(n,R), 7) and accordingly (g, 7¢) :=
(bsp(n,R),7) (the terminology will be justified later on). Then we have

b= {0} ® (R" @ {0}) x { (f_f _2(0 : X € gl(n,R)}.

Thus we can identify b with R™ x gl(n,R), where gl(n, R) acts on R™ by the identical
representation.

Lemma I1.1. The following assertions hold:
(i) The fized point group H is isomorphic to R™ x GL(n,R),.
(ii) The group H is not unimodular and the modular function is given by

Au(p,g) = (detg)™"  for (p,g) € H.

Proof. (i) We only have to show that Sp(n,R)™ 2 GL(n,R),. Denote by K¢ the
maximal compactly embedded subgroup of S\[/)(n, R). As S\[/)(n, R)™ admits a polar
decomposition, we only have to show that é\ﬁ(n,R)T N K¢ = SO(n,R). But this
follows from K¢ 2 SU(n) x R.

(ii) Since Adg(p) is unipotent, this follows from

Ap(p,g) = |det Adu(p,g) | = det Adu(g™") = (det g) "
for (p,g) € H. O

If T = diag(t,. .. ,t,) is the diagonal matrix with entries ¢1, ... ,t,, then we set

X (b, ) = (_OT g)
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The symplectic Lie algebra sp(n, R) admits a 7-stable Cartan subalgebra t given
by

f[c = {X(tl,... ,tn)I t1,...,0n ER}

Note that t© = 3(g°) @ t{ is a compactly embedded Cartan subalgebra of g¢ and
write T® = Z(G*¢) x Ty for the corresponding subgroup of G°.

Remark 11.2. (a) The symmetric Jacobi algebra is self-dual, since both (b, 7
and (sp(n,R), T |sp(n,r)) are.

(b) The c-dual (g, 7) of (g° 7) is an admissible effective symmetric Lie algebra
which, according to (i), is isomorphic to (g, 7).

The subspace a := t¢ is a maximal abelian hyperbolic subspace of (g,7) and so
ﬁ(g@,t{é) = A(g,a). For 1 < j < n we define ¢; € a* by ;(iX(t1,... ,tn)) = t;.
Then an easy calculation shows that

Ay ={%e;: 1< j<n}, Ap ={x(ej+er): 1 <4,k <n},

h.)

and
Ak:{i(fj—Ek)l 1§]<k§n}

(cf. [Ne99, Ex. VII.2.30]). Moreover, a positive p-adapted system of roots is given
by

At ={eg;: 1<j<n}U{gj+ep: 1<jk<n}U{ej—er: 1<j<k<n}
and related to AT we have
Cmax,s = {iX(t1,...,tn) : (V1 <j<n)t; >0}
O

The extended metaplectic representation. Recall the definition of the
Schrédinger representation (o, H,) of the Heisenberg group H,, modelled on H, =
L?(R™). The explicit formula for ¢ is given by

(0((p.a),1).f) (@) = e2mitF2mi@atmitea) £ (g 4 p)

for all f € H, (cf. [Fo89, Ch. 1]). It is well known that (o, H) extends to a unitary
representation of the Jacobi group G¢, called the extended metaplectic representa-
tion and which we denote by (p, H,,) (cf. [Eo89 Ch. 4]).

In the following u,, denotes Lebesgue measure on R™.

Lemma 11.3. The following assertions hold:
(i) For all h = (p,g) € H=R" x GL(n,R), f € L*(R") and x € R™ we have

(u(h)-)(w) = D (n)* F (974w +p)) = det(g) " * (97" (a +p)).
(i) For X = X(t1,... ,tn) € —iCY,, . with det(cosT) # 0 we have

(u(exp X).f)(z) = det(cos T)_%

. / eﬂ-i(tan(T).x,x) +mi(tan(T).y,y)+27i{cos(T) " L.z,y) f(y) dpin (y)

for f € H,, and x € R", where for f € H, N L'(R") the Fourier transform is
given by f(y) = [ fz)e > o0 dp, (z).
Proof. (i) This is a special case of [Fo89, Th. 4.51]. (ii) [Fo89 Cor. 4.55]. O
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For any topological group G we denote by X(G) the group of all continuous
characters xy: G — C*.

Definition I1.4. Let G be a Lie group and H a Hilbert space.

(a) For a unitary representation (7, H) of G we denote by H> and H* the space
of all smooth, resp. analytic vectors of (7, H). The corresponding strong antiduals
are denoted by H™>° and H~“ and their elements are called distribution, resp.
hyperfunction vectors (see [KNOQ?, Appendix] for the definition of the topology of
H“). Note that there is a natural chain of continuous inclusions

HY - H® - H—H ® —H Y.

The natural extension of (7, H) to a representation on the space of hyperfunction
vectors is denoted by (77%, H™) and given explicitly by

(7 (g)-v,0) == (v, (g7 ")).

(b) Let H C G be a closed subgroup and x € X(H) a continuous character
of H. For a unitary representation (m,H) of G we write (H~«)) for the set
of all those elements v € H™ satisfying 7=« (h).v = x(h).v for all h € H. The
unitary representation (mw,H) is called (H, x)-spherical if there exists a cyclic vector
ve (H)HX), O

Remark 11.5. (a) Even though in general the topology on the space of analytic vec-
tors is hard to deal with, one has quite an explicit picture for unitary highest weight
representations. If G is a connected Lie group and (m,H) a unitary highest weight
representation of G with discrete kernel, then (7, H) naturally extends to a holo-
morphic representation of a bigger complex Ol’'shanskii semigroup I' = G Exp(W),
where W denotes a closed convex Ad(G)-invariant cone in ig with non-empty inte-
rior W°. For each X € W we then have

He = | m(Exp(tX)).H,

t>0

and the topology on H* is the finest locally convex topology on H“ making for all
t > 0 the maps H — H*, v+ w(Exp(tX)).v continuous (cf. [KNO97, Appendix]).
The action of I' on H™% is given by

(7% (s).v,0) = (v, ™ (s%).0).

(b) Let G = G° be the Jacobi group, and A" as in Remark I1.2(b). Let
g0 € 3(g)* = ai be defined by £o(i) = —1. Then one knows that the extended
metaplectic representation (i, H,,) is a unitary highest weight representation of the
Jacobi group G¢ w.r.t. A+ and highest weight A\ = 27ey — p,. Moreover, (e, Hy)
extends to a highest weight representation of the complex Ol’shanskii semigroup

~3

I' = G° Exp(Wmax,s) (cf. [Ne99, Ch. X]). O

Lemma I1.6. Let S(R™) denote the Schwartz space of R™. Then the smooth vec-
tors of the Schrodinger representation (o, Hy) and the extended metaplectic repre-
sentation (u, H,) coincide and we have

HE® = HE® = S(R™),
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Proof. First we claim that H° = S(R™). From the explicit formula for the derived
representation of the Schrédinger representation (cf. [Fo89, Ch. 1]) we deduce that

H® = {f € L*(R™) : (VP,Q € C[Xy,..., X))

0 0
P(zy,... 7xn)Q(8—x1a"'7%

Thus H° = S(R™) follows from the Sobolev Lemma.
In view of Hye C Hge, it only remains to show that S(R™) C H;°. But this

o
follows from the fact that all operators in du(g) are contained in the associative

algebra generated by do(h,,) (cf. [Fo89 Th. 4.40]). O

).feL2(R”)}.

Remark 11.7 (cf. [Fo89, Ch. 1.6]). We denote by (-, -) the standard hermitian inner
product on C™ and define the Fock space

F(E) = {7 €HOl@): f1* = [ 7)™ dpcn(2) < o0},

This is a Hilbert space with the reproducing kernel K (z,w) = e™=w) ie. the holo-
morphic functions K,,: z — K(z,w) are contained in F(C") and satisty (f, K,) =
f(2) for all f € F(C"). The Fock space is related to L*(R") by the Bargmann

transform
B: LX(R") - F(C"), (Bf)(z) =2te 3G [ fla)ememe Il g, (a)
]R?L

which is an isometric isomorphism. Writing w = p+iq for p, ¢ € R™, the Schrédinger
representation in the Fock model is given by

(2.1) (o(w,t).f)(2) = e Blwwl—mlzwit2mit £, 4 ),
Note that u and ¢ naturally extend to representations on all holomorphic functions
on C™.

The advantage of the Fock model of the Schrédinger representation is that one

also gets a good picture of the hyperfunction vectors. If we realize the representation
(1, Hy, ) in F(C™), then the mapping

'H;l“’ — Hol(C"), v~ (z — Z/(KZ))

is a G{-equivariant realization of H* (cf. [KNO97, Sect. VI]). Thus we obtain a
realization of the hyperfunction vectors of (u1,H,,) by holomorphic functions on
C™ with Hp-action given by (2.1).

According to [Fo89| (1.80)], the inverse of the Bargmann transform is given for

feF(C) by

n

(B~L.f)(a) = 2% e~ / 2= 5E2) f(2)e 1 dpuca (2),

where the right-hand side has to be interpreted as the limit of the correspond-
ing expressions for f,, where f, — f holds in F(C"), and the functions f, are
polynomials. For f = 1 we obtain, in particular,

(B~1.1)(z) = 2% Il
(cf. [Fo89] App. A)).
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For later reference we record the following formula for Gaussian integrals (cf.
[Fo89, p. 256]):

/ eQwi(;c,w}eQw(z,x>e—7r||;c||2 d,LLn(iL') _ e—ﬂ-(iz—ﬁ,—if—'w).
For w = 0 we obtain, in particular,

(2.2) / e2m () o=z dpin (z) = o™ (2:2)

Since the actions of some groups are more transparent in the realization of H,,
as L2(R™), it is instructive to see how the hyperfunction vectors can be Bargmann
transformed. We consider the function f,, € Hol(C™) given by

fw(z) _ eQwi(z,uﬁe%(z,E).

We will see below in Theorem IL9 that f, € H,*. For h € Hy C L*(R") we
obtain with

n

h(z) = €27 (Bh)(z) = 27 / h(z)e2 = m) ezl g (2)

the relation

(fw,Bh):/ (2mitew) o3 (23 = FEOR ) mIE gpuea (2)

_ / e2mite) gri (I eI g ().
Since the function z — e™™({22) is bounded, Fubini’s Theorem leads to
(fuw, Bh) = 2% | R(w)e eI’
R"L

/ 27 ({@,2) +i(z,w)) gmi Im(2 %) o= 2| dpice (2) dpn (2)

which means that B*(f,,) = B~!(f.) is represented by the function

n

B*(fw)(x) _ 2%677{‘”1”2 / 627r((x,z)+i(z,w))e7riIm(z,?)e—n—HZ”? d,LL(Cn (Z)
In view of Lebesgue’s Dominated Convergence Theorem, we have

B*(fu)(@) = 25 el Jim [ e2rleaititen) 52 o= G eIl e (2),
s<m JC

To evaluate the integrals on the right-hand side we use the general formula [Fo89]
p. 258] with v = 22, u = 2iw, A = 21 and D = —A. This leads to

B* z) = 24 e~ mlzl?g=5 oz +2i(W,x) +(iw, —iw))
03 (Fa)(a)

_ 27%677%@,10) e27ri(x,w) )
O

Lemma I1.8. Let Hy = Hy x Hy,1, be a semidirect product group, where Hy is a
real vector space which is a semisimple H; r-module. If Hy gx is the subspace of
H, . 1-fized vectors, then the mapping

X(Hl) - X(Hl,L) X X(HU,ﬁx)v X = (X|H1,L ) XlHU,fix)

is an isomorphism of groups.
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Proof. Since Hy is assumed to be semisimple as an H; y-module, we have Hy =
Hu fix ® Hy,et, where Hy e = span{h.w —w : w € Hy,h € Hy 1}. If x € X(H;)
is a character, then x |g, vanishes on Hy s which is contained in the commutator
group of H;. Now the assertion of the lemma follows easily. O

Theorem I1.9. Let (g$,7¢) be a symmetric subalgebra of (g¢,7¢) such that (g1,71)
is effective and admissible, /WI%aX Nig§ # 0, g5 = by x 1§ with § reductive, and
that t = g{ N t° is a compactly embedded Cartan subalgebra of g5. Denote by
G$ the corresponding analytic subgroup of G° and by (w1, H,,) the restriction of
the extended metaplectic representation to G{. Then Hy = Hy x Hy 1 and for
X € X(Hy) the following assertions hold:

(i) The representation (p1,Hy, ) is (Hy, x)-spherical if and only if x; = A?lh ;8

where x; = X |m, , and in this case we have

(Hu2) M) = Cxa,
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where X = X |u, is viewed as an antilinear functional on H, by

() = | @@ dian ()

(ii) We have (H;;J)(Hlax) = (H;loo)(HhX) if and only if xu is unitary. In partic-
ular,
(M) ) = {0}

whenever X, s not unitary.

Proof. (i) We recall the notation from Remark IL7. Let f € (H,“)#1X) and
w € C" such that y,(z) = ™) Note that the condition that y, extends to
a character of Hy = Hy x Hj,; means that w € C" is fixed under the group H; 1,
(cf. Lemma I1.8). In view of (2.1) in Remark I1.7, we have for all p € R™ C H; and
zeC"

TP £(2) = (m, ¢ (p).f)(2) = e FPPITTER f(z 4 p).
Putting z = 0 we derive

f(:L’) _ eQm‘(z,w)+%(z,z>f(0)

for all x € R™. Since f is holomorphic, it is uniquely determined by its restriction
to R™. Therefore (H,*)H1%) C Cf, with fy(z) = ™zt (=3),

We claim that/\fx € 7/-{\;1“’ . Let I'§ = Gf Exp(Wl) be the complex Ol'shanskii
semigroup with Wi = Wyax Nig$ (this cone is non-trivial by assumption). It
follows from Remark IL.5 that (p1,H,, ) extends to a holomorphic representation of
I'. By our assumptions on (g§,7¢), we find an element X = iX (t1,... ,t,) € WY.
Note that t; > 0 for all 1 < j < n. In view of Remark II.4(a), it suffices to show
that
(2.4) (Vs >0) py“(Exp(sX)).fy € F(C™).

According to [Fo89] Prop. 4.39], we have

tj

(1 (Bxp(s))-£)(2) = ([ e el et
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so that the explicit formula for f, shows that (2.4) is satisfied, proving our claim.
Hence

(2.5) (H,,«)H0) C Cf, CH, 2.

—w
M1

Now we turn to the L?(R")-model of the extended metaplectic representation,
where the H-action is much simpler than in the Fock model. Using the Bargmann
transform, we obtain

(H,2)Hx) € Cxy,

because we have seen in (2.3) in Remark II.7 that B*(f,) = cx, holds for some
ceR.
For g € H we have

(1(9)-f) (@) = (det 9)~2 f(g~ L)

and, in particular,
(11(9)-xu) () = (det g) =3 2mite™ o),

The right-hand side equals x(g)x. for all ¢ € Hy if and only if x; = A%{l because
w is fixed by the group Hi 1 (see Lemma II.8). According to Lemma II.3(i), this
condition is equivalent to (H;l“’)(Hl’X) # {0}. In view of (2.5), this proves (i).

(ii) Note that the function y, is a tempered distribution if and only if x,, is

unitary. Hence the assertion follows from S(R") = H}? (cf. Lemma IL.6). O

Corollary I1.10. The extended metaplectic representation is (H,x)-spherical if

and only if x = A O
In the following we write f*(x) := f(z~!) for a function f on a group G.

Lemma II.11. Let x = XuA[%{ € X(Hy) and w € C" with y,(z) = e2™@w),
Further, let vy(z) = 2% e=1=I1* be the normalized highest weight vector of (1, Hyy).
Then we have for all a = Exp(is,iX (t1,...,tn)) € IS and h € Hy 1 the formula

/H st (@) 0 (0) sy (0)

N 1 —2rms
=21 % exp (— 7({(coth T').w, w)
det(sinh T')2
+ (" (sinh 7)™ ".w, W) — 2((sinh T) ~".w, w))).
Proof. According to Remark I1.5 and a* = a, we have
(Xu, p1(ahp).vr) = (p1“(a)-Xu, p1(hp).vx).
In view of Lemma I1.3(i), we have for all z € R"

(1 (hp)vx) () = Ay (h)z e~ wtph o),

If w is real, then x, is a tempered distribution with ¥, = d,, (the evaluation in
w € R™) and J§,, = X_u, so that Lemma I1.3(ii) yields

(11 (@) xu) ()
(26) — 67271'5 det(cosh T)féefﬂ'((tanh T.z,z)+(tanh T.E,w))e27ri((cosh )~ '.z,w) .
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If w denotes an element of C™ and not only of R™, then the right-hand side is
a Schwartz function depending antiholomorphically on w. We claim that (2.6)
remains true for every w € C™ which is not a priori clear since x, need not be
bounded, i.e., a distribution vector for the representation on L?*(R") (cf. Lemma
11.6).

In view of Lebesgue’s Dominated Convergence Theorem, the antiholomorphic
dependence of the right-hand side of w implies that for each f € L2?(R™)¥ the
mapping w +— (Xu, f) is antiholomorphic. Let s € int(I'“). Then the mapping

p¥(s): LA(R™) ™ — L*(R")® = S(R")

is continuous, and therefore the mapping C* — S(R™),w — pj “(a).x. is weakly
antiholomorphic. Since point evaluations are continuous linear functionals on
S(R™), it follows that for each x € R™ the function

C" =R, wr (u7“(a)xu) ()

is antiholomorphic, and therefore that (2.6) also holds for all w € C™.
We recall that Hy = R™ and that in this sense pp, corresponds to p,. Using
h.w = w for all h € Hy 1 (Lemma IL.8), we calculate

/H (s 1 (@h) 03X (B) dptrry (D)

efw(tanh T.w,w)

det(cosh T')2

. / / e*ﬂ'(h_l.I+P7h_1.x+p>
n n

e*ﬂ'(tanhT.z,z)+27ri((coshT)_1.z,w) . 627ri<p,ﬁ> d,LLn(iL') d,LLn(p)
e—w(tanhT.@,’w) / / e—ﬂ'(h71.x+p,h71~$+p>6277i(p,ﬁ>
det(cosh T')2 n JRn
e—ﬂ'(tanhT.;c,;c>+27ri((coshT)71.x,w} dﬂn( )dﬂn( ) (Fublnl)
7 (tanh T.w,w)
=21e¢ ™ Ay(h)? ——— c / / e~ T(Pp) 2mi(p—h~".xW)
det coshT n Jrn

e {tanh T.z.2) +2mi{(cosh T) ™.z w) dpy, (p) dpn(x)  (translation inv.)

— 2% AL (h

~—
[N

N

= Z%e_QWSAH(h)

M\»—A

e—w(tanh T.w,w)

— o _2ms . —m{p,p) ,2mi{p,W)
2re Aa(h) det(coshT)z / (/"e ‘ d,un(p))

e—ﬂ-(tanhT.;c,:c>+27ri((coshT)71.x,w}e—Qﬂ'i(:c,E) dﬂn( )

N

(Hi,p-inv. of w)
" e~ (tanh T.w,w)

_ 21672W5AH(h)%67W<w’w> e i
det(coshT')2

/ 677r<tanhT.x,x)+27ri((coshT)_l.x,w)ef27ri(x,ﬁ> d‘LLn(iL')
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e—w(tanhT.ﬁ,w)

. 1
det(sinh T)2

1 1
. . -5 _ ‘ 2 wy  — 2
. / esz((sthCOSh T) 2 ~3?7’w>e 2mi((cothT)?2 .x,w)e ||| dun (l‘)

_ Z%e—QTFSAH(h)%e—TI'(U},U}

e—ﬂ(tanh T.w,w)
det(sinh 7')=

1 1 1 1
e*ﬂ'((sinh T coshT)” 2. w—(cothT)2.w,(sinh T coshT)™ 2.w—(cothT)2.w)

= Q%e_QWSAH(h)%G_W<w’w

ons 1
e’ AH(h)2 —m((tanh T+ (sinh T cosh T) ~1).w,w)
det(sinh T')2
e*ﬂ'((lJrcothT).w,E) 6271'((sinh 7)1 w,w)

w3

2

w3

— 27T 1
-9 Le”? SAH(h‘)2 e—w((cothT).ﬁ,w)e—ﬂ(eT(sinhT)71.w,ﬁ)eQTr((sinhT)fl.w,uﬁ.
det(sinh T2
(|

Embedding into the symmetric Jacobi algebra. In this subsection we con-
struct a homomorphism of an effective admissible symmetric Lie algebra into the
symmetric Jacobi algebra. With the aid of this homomorphism we can also use
the explicit computations of the preceding subsection in an appropriately general
framework.

Let (g,7) be an effective admissible symmetric Lie algebra and g’ := 3(u) be
the largest ideal of g contained in [. We write [ = I' @ g”, where ' is an ideal of [
complementing g”. Then g = ¢’ ® g” with g’ = u x . Since all subspaces in this
decomposition are T-invariant, we obtain the decomposition

(g,7) = (g, 7) @ (¢, 7").

By our assumptions on (g, 7), the canonical extension (gc,7) has strong cone
potential, i.e., for all w € —int C* the hermitian form

<'a '>w: p:_ X p:_ - (Ca (Xa Y) = _w([Xv?(Y)])

on p; is positive definite (cf. [KrNe96, Th. VIIL.1(vii)]). Note that for all a # 8 €
A the corresponding root spaces are orthogonal with respect to (-, ).

Since the form Q(v, w) := —iw([v, w]) is a non-degenerate skew-symmetric bilin-
ear form on V¢ := p;" @ p,, we obtain for n := dimc p;” a homomorphism

P 1= a’dVC: [ — BP(VC,Q) = 5p(n,(C)

with ker ¢, = gt. According to the vector space decomposition gc = Ve®3(g)c®lc,
we write the elements of gc¢ as triples (v,z,X). Our considerations lead to the
following result.

Proposition I1.12. Let (g, 7) be an effective admissible symmetric Lie algebra and
n := dimg p;". Then for each w € —int C* the mapping

min,r

jw: (gCﬂ/—\) - (h5p(nv(c)a7—)a (’U,Z,X) = (’U, _Zw(z)7<pw(X))

is a morphism of symmetric Lie algebras with j,(g%) C hsp(n,R) and kerj, C
3(g)c @ g(’c’, Moreover, it maps the sum ni of the positive non-compact root spaces
into the corresponding subspace of hsp(n,R). O
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Definition II.13 (cf. [Ne96]). Let G¢ be a simply connected Lie group with Lie
algebra g°, w € —int C;, . and j,: G° — HSp(n, R) the homomorphism induced
from g° — bsp(n,R). If (u,H,) is the extended metaplectic representation of
HSp(n, R), then the prescription g — u(j.(g)) gives rise to a unitary representation
of G¢ which we call the extended metaplectic representation with parameter A =
271w — p, and which we denote by (ux,Hy). We note that (ux, ) is a unitary

highest weight representation of G¢ w.r.t. A+ and highest weight \. O

Now we can adapt Theorem I1.9 and Lemma II.11 to the more general setting.
Let H denote the 7-fixed point group of G¢. Then H = Hy x Hy, where Hy = R"
is a vector group and it is Hy, reductive. In this sense we may identify L?(R™) with
L?(Hy).

Theorem II.14. Letw € —int Cr;,

(i) The extended metaplectic representation (u,\,LQ(R”)) is (H, x)-spherical if

and A = 27w — py.

and only if x; = AI%{ and in this case we have
(LP(R") 7)) = Cx.
(ii) We have
(L2(R™) 7)) = (L2(Rm)=>) )
if and only if X 1s unitary, and (LQ(R”)_‘X’)(H’X) = {0} otherwise.

Proof. These are immediate consequences of Theorem I1.9 and Proposition I1.12.

O

Pick wp € —int C*

min, and consider the corresponding positive definite real sym-
metric form (-, -) := (-, -)u, on 0 = pfNg. Since for each w € —int Cy;, . the form
(-,")w is positive definite on p;, there exists a unique operator A, € End(n;}) C

End(p,h), positive definite w.r.t. (-, -), such that
(2.7) (v, W)y = (Ap.v, Ay.w)

holds for all v,w € p;.
We note that the mapping

by =0l vy

which is uniquely determined by v = vy + T.v4 is an isomorphism of vector spaces
and extends to a complex linear isomorphism

(h)e =9, v v
Therefore we obtain a hermitian scalar product on (hy)c by (v, w)y = (v, wy)y
for v,w € (hy)c. We normalize the left Haar measure pg, on Hy = b, by the
requirement that

2 (X)),

u

/H ) o(h) dpp, (h) = / p(exp X) dpy

u
where u?;o is the Lebesgue measure corresponding to the scalar product (-, ).
u
Likewise, we normalize a Haar measure f,+ on n;f.

Lemma I1.15. For each w € —int C*

min,r

we have g = (det Ay) ™' -
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Proof. Since the mapping b, — n;, v — vy is an isometry, it suffices to prove the
corresponding assertion for the measures u:’+.

In view of (2.7), A, maps an orthonormal basis with respect to (-, -),, into an or-
thonormal basis with respect to (-, -),,,. Comparing the volume of the corresponding
cube W, we see that

1= u‘:g (Aw. W) and iy (Ap.W) = (det Aw) i (W) = det A,
([l
Lemma I1.16. For w € (h,)c we define xu: R® — C* by xu(x) = 2™®®)  Let

X = xuAZ € X(H), w € —intCyy,
(H;“’)(Hvx).

i) Fora € I'Y and h € Hy, we have
(i) 4

and A = 21w — pr. Further, let vy = xu €

A(h) 1 2™

/ <UX,H/\(ahp)-U/\>XZ(p) dMHU (p) - det Aw

Hy

2 _ 2 .
_exp (= 2n((gfty W5 Wi o + (g7 W, W) — (g W, W )w))

( [T,ca+ sinha(log(a))me ) 3

(ii) For all s € T' we have
(Uy, pa(s).00) = 2%X(hH(s))71aH(s))‘e*”<m“’>“.

Proof. (i) To make the formula from Lemma II.11 available, we have to write for
an element iX € a the operator ady,(X) in the appropriate block form. We have
ad X (hy) C iqy and ad X (iqy) C by.

Let v1,... ,v, be a basis of root vectors in n;” and a4, ... ,a, the corresponding
roots. Then (vj + 7.v;)j=1,... » is a basis of b, and (iv; — iT.vj)j=1,.. » is a basis of
[a,4qy) = ihy. Moreover,

[X,v; + 1] = —0 (iX)i(v; — Tvj) and [X,i(v; — 7.05)] = ;(iX)(vj + T.v;).

Therefore ady, X is represented by a block matrix (_OT g) with

T = diag (al(iX), . ,ozn(iX))7
considered as an operator on (hy)c. The calculation above shows that
(Tw) = ad(iX).vy
because
ad(iX).v; = o (iX).v; = o (1X).(v; + 7v5) 4+ = (T-(v; + T.vj))Jr

for all j. Hence we have in the terminology of Lemma II.11 for a = Exp(iX):

a+a ! a®+1
hT). ) - vy = :
((cot ).w e L R
2a 2a?
T -1 _ _
(6 (SlnhT) .w)+ = a— a71 Wy = m.ﬂ)+,
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and therefore
((coth(ad iX)).w, w), + (X (sinh adiX) ' .w, @), — 2((sinhadiX) " L.w,w),
a2+1 2a2 . 2a
= 1.w+,w+>w+<a2_1.w+,w+)w—(m.w+,w+)w.
In view of Lemma I1.11, Proposition I1.12, and Lemma II.15, this proves (i).
(ii) According to the H AN-decomposition, we have s = hg(s)ag(s)ng(s). Then
the same calculation as in the proof of [Ne94, Prop. I11.9] yields

a2 —

-1
(vx, pa(s).on) = x(he(s))  am(s) (vy,va)
and formula (2.2) in Remark I1.7 yields

(0, 0) = 2%/ BErila e rlell gue (1) = 2% e~ T@W,
proving (ii). O

III. SPHERICAL FUNCTIONS

In this section we define the (H, x)-spherical functions ¢¥ with parameter A and
study their domain of convergence £X and analytic dependence on A. Using the
results developed in Section II, we prove the Factorization Theorem for ¢} into
a unipotent and a reductive part (cf. Theorem IT1.10). We conclude this section
with a discussion of the structure of the algebra D(x) of G-invariant differential
operators on the line bundle Cy, xy G — H\G.

Definitions and basic properties. For each x € X(H) we write (x, Cy) for the
corresponding one-dimensional representation of H. We let H act on Cy x G by
h.(z,9) = (x(h).z, hg) and write C, x g G for the corresponding quotient space and
Cy xug E for a subset E C G with HE = E. Then C,, xg I' is a smooth vector
bundle over M := H\I'. We identify the smooth sections of this bundle with the
space

C(H\T, x) :={f € C=(T) : (Vs € I)(Vh € H) f(hs) = x(h)f(s)}-

We collect some facts from [Hel78, Ch. II] and [Sh90] on invariant differential
operators. We write D(x) for the algebra of all G-right invariant differential op-
erators on C*°(H\G, x) and D(G) for the algebra of G-right invariant differential
operators on G. The derivation of the left regular representation of G on C*(G)
yields a homomorphism

g D(G), X Ly (Lx-)o) = 5| flew(-1X)9)

extending to an isomorphism U(gc) — D(G). The operator Ly, u € U(ge), defines
an operator in D() if and only if u € U(gc)? = {v € U(gc) : (Vh € H) Ad(h).v =
v}. Let I, be the left ideal in U(gc) generated by X + dx(X).1, X € bh. Then the
isomorphism from above induces an isomorphism

(3.1) D(x) = U(ge)"/ (U(ge)" N I).
Let (-,-) denote an inner product of L*(G) with respect to a left Haar measure
on G. For each D € D(G) we define its transpose DT by (DT.f.g): = (f, D.g) for

all f € C*°(G) and g € C°(G). In the sequel we consider elements ¢ € L®(G)
also as distributions via C°(G) 3 f — (f, D).
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Definition III.1. A continuous section ¢ of the bundle C, xy I' = M™ is called
(H, x)-spherical if the following conditions are satisfied:

(S1) The section ¢ is right x*-semi-invariant, i.e., ¢(sh) = x*(h)¢(s) holds for
allsel'and h € H.

(S2) Forevery D € D(x) there exists a complex number Ap such that D.p = Apgp
holds in the sense of distributions on I'. O

Remark 1I1.2. (a) If x is trivial and G is semisimple, then Definition II.1 coincides
with the definition of spherical functions on a non-compactly causal symmetric
space (cf. [0197]).

(b) In the case, where (g, 7) is a non-compactly Riemannian symmetric Lie alge-
bra of hermitian type, the (H, x)-spherical functions have been studied by Heckman
and Opdam (cf. [HS94] Part I}). O

We write X(H/H?) for all those elements of X(H) which are trivial on H°. For a
fixed x € X(H/H?") there exists an interesting family of spherical functions (¢Y)a,
where X\ runs over a certain subset of af, whose construction we describe below.
The construction is motivated by the special cases considered in [FHO94], [HiNe96]
and [0197].

Using the H AN-decomposition, we extend each y € X(H/H°) to an analytic
function on HAN by x(s) := x(hu(s)) for all s € HAN.

Definition IIL.3. For A € a} and x € X(H/H?) define

A6 = [ am(om 3N do o (b

for s € I" provided the integral exists. If x = 1 is trivial, then we write ) instead
of p¥. We write EX for the set of all A € af for which all integrals ¢X(s), s € T,
converge. We will see below (Proposition II1.17) that ¢X is spherical. We call ¢}
the (H, x)-spherical function with parameter \. O

Remark 111.4. If the group H is unimodular, Z(H) is compact, and Y is trivial, then
there exists another definition of spherical functions in the literature, namely by
integral equations: an H-bi-invariant continuous function on I' is called spherical if

o(@)p(y) = /H o(ahy) s (h)

holds for all z,y € T, cf. [FH(394J. It is not clear which of the functions @y
obtained by analytic continuation in the parameter A satisfy this integral equation
because the integral does not have to exist in general. This motivates the definition
of spherical functions as certain eigenfunctions of invariant differential operators,
which in some respects is easier to deal with. O

Lemma IIL5. For x € X(H/H®) and X € EX the function X is left x- and right
x*-semi-invariant.
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Proof. For hy,hs € H and s € I" we have

X (hyshs) = / arr (hashah)*x (b shah) () dpugg o (RHO)

=) | (shah) x(shoh XTR) dp o ()

S R e CONCRDR IR (g

= x(h1)x" (ha2)x(s),
proving the lemma. O
Definition II1.6. Let u be a positive measure on the o-algebra of all Borel subsets

of the finite dimensional real vector space V. The Laplace transform of u is defined
by

L(u): Dy — R, «a H/ e ) du(x),
14

where D, = {a € V*: L(u)(a) < o0}. O
We recall from Definition 1.5 the notation used in the following lemma.
Lemma II1.7. For a positive measure p on the finite dimensional vector space V

the following assertions hold:

(i) The domain D,, is convex and L(u) is a convex function on D,,.
(i) If C, = conv(supp u), then D, + B(C,) C D,, i.e., B(C,) Clim D,,.
(iil) The Laplace transform of p extends uniquely to a holomorphic function, also
denoted L(p), on int D, + iV* C V& which is given by the integral formula

L(p): int D, +iV* - C, a— / e @) du(x).
1%
(iv) The function L(u) admits no analytic continuation to an open domain strictly
larger than int D, + V™.

Proof. (i),(ii) [Ne99, Prop. V.4.3].

(iii) [Ne99, Prop. V.4.6].

(iv) This is a special case of [Ne98b, Th. IIT.4]. O
Lemma III.8. Let x € X(H/H").

(i) The domain of definition EX for the (H,x)-spherical function @Y is of the

shape
EX =ia* + &F,
where EF is a convex set with —C; C lim &Y.

(ii) For each fized s € T', the function
mt&X —C, X — ¢X(s)

s holomorphic. If, in addition, x is positive, then it is a convexr function on
the domain where it is defined.
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Proof. We may w.l.o.g. assume that y is positive. For every a € I' 4 = exp(int Ciyax)
(cf. Lemma I1.20) we consider the mapping

VYo: H/H® — a, hH° — logag(ah).

Let v, be the measure on a defined by the push forward of x(ah)x (h)dgr)po (hH®)
under the map %,. Then we have

L0 = [ @)= [ an(an) Xam ) d o (HO)
and so
(3.2 Lo~ ) = ¢ (a).

As ¢ is left x- and right x*-semi-invariant (cf. Lemma IIL5), the function ¢
is uniquely determined by its restriction to I'4. Thus (3.2) implies that

(3.3) &= () (p—Du),
a€l 4

and so it follows from Lemma IIL.7(i), (iii) that £X is convex and ia* C lim EX.
Further,

im, C convOW.loga) + Cpin
by [Ne97al, Th. I1.8], so that C,, C conv(W.loga) + Cpin. We conclude that
B(p—C,,) =B(—Cy,) 2 B(—conv(W.loga) — Cmin) = —Chiys-
In view of (3.2) and (3.3), this proves (i). Finally, (3.2) and Lemma ITL.7(i),(iii)
imply (ii). O

Factorization of spherical functions. In this subsection we take a closer look
at the (H, x)-spherical functions ¢} with parameter A. Using the results of Section
II, we prove the Factorization Theorem for ¢} in unipotent and reductive part (cf.
Theorem III.10).

Lemma II1.9. The following assertions hold:
(i) The multiplication mapping
m: Hy x (Hy/H®) — H/H®, (u,1) — ulH°

18 a diffeomorphism of homogeneous spaces.

(ii) Denote by Ay the modular function of H. Then Hy, H® C ker Ag.

(iii) Consider Ay as a function on Hy,/H°. Then the pull back of pp)po under
m is given by pr, @ Agfig, o, i-e., for f € L'(H/H°) we have

/ FORH®) dpigg o (hHO)
H/HO

_ / / Pl HO)A g (ha) digg, 510 (i HO) dpu, ().
Hy JHL/HO
Moreover, we have

/ f(RH®) dpgr/po (hHO)
H/HO

_ / FhHO) dpigr, o (HO) dptgry (h).
Hy/HO JHy
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Proof. (i) This follows from H = Hy x Hy, and H° C Hy, (cf. Lemma 1.14(ii)).

(ii) Note that Ag(h) = |det Ad(h)~!|. Since b is a nilpotent h,-module, the
subgroup Hy is contained in the kernel of the modular function Ay. As HO is
compactly embedded (cf. Lemma 1.14(i)), we also have H® C ker Ay.

(iii) First we note that the measure v := ppg, @ (Agpm, ) is an Hy-left invariant
measure on H = Hy x Hj which we consider as the product of the two locally
compact spaces Hy and Hy. For g € G we define I,: G — G by I,(x) = gzg~'.
For h € H;, we then have

()" (1ay ® (Ampn,)) = (Iipay @ N, (Aupm,))
= (AH(h)/LHU ® (Am o A}Tl),ufHL)
= /'[/HU ® AH/,[/HL

Hence v is a left Haar measure on H. From this, it directly follows that v induces
on the quotient space H/HY the left invariant measure

WHy @ Apfip, /Ho.

Here we use (ii) to see that Ag factors to a function on H/HP.
To obtain the formula for integration in the reversed order, we first observe that

/ F(h) dv(h) = / F b)) dpirz, () dasry (o)
H Hy JHp,
— / F i) A s () dpasry (ho)dpirr, (ha)
H; JHy
- / Fuhi b)) Ay (ha) dpssry (g, ()
H; JHy
- / F(huha) dsy (h)dgasn, ().
Hp JHy
For hg € H® we now obtain from Ag(ho) = 1:
/ F(huhiho) du(h) = / f(hihuho) dprry, (ho)dprr, (hr)
H H; JHy
= / f(hlhohalhuho) dMHU (hu)duHL (hl)
H; JHy
= Ap(ho)™! f(hihohy) dpry (ha)dpm, (hi)
Hy, Hy

:/ f(hlhohu) dMHU(hu)dNHL(hZ)'
Hp JHy

Thus the invariant measure on H/H° can be written as in the second formula
above. O

According to the decomposition a = a, @ a;, we write each element A € af as
A=A+ N with A, € (a,)¢ and A € (ag)¢.

Theorem II1.10 (The Factorization Theorem). Let x € X(H/H°) with x,(exp )
= ¥ UTw) for o € by and n = dimn;.
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(i) If A € &X, then Re), € —intC;lm,, and we have that for all a € Ty =
exp(int Cax) the product formula
23 it
X =
px(a) det Ay
2
.exp(—(<a211w+,w+>)\ + (Fg w0y, W), — (257 wi,wi)a,))

( HaEA;*' (Sinh a(log a))ma) 3

where

@;‘:A (a):/H /HOaHJ(ah)/\z—p;(XlA ) (ah)(x Aé)(h) dHHL/Ho(hHO).

1
2
(ii) If EXlA C ()¢ C af denotes the domain of convergence of @fjAH, then
1
2
EX = (ia" —int Cyp, ) N EFAH.

In particular, EX is independent of X -

Proof. (i), (ii) Suppose first that Re A, € —int C%,; . . N EX. Since both sides of the

mm T

formula asserted in (i) depend holomorphically on A (cf. Lemma IIL8(ii)), it suffices
to assume that A\, € —int C};,, .. In view of Lemma II1.9, we have
(3.4)

A = [ anlah) (RN dug o (hH

- / / arr(ahiha) = x(ahuh, ) X(ih) dpirzy () dpzr, er0 (i HO)
Hy/H° JHy

- / am(ah)™ P xa(ahe)xi(he)
Hy /HO

. (/ aH,u(ahlhu))\zXu(ahlhu)Xu(hu) dMHU (hu)) d,UfHL/HO(thO)v
Hy

where we have used Lemma 1.8 and its analogue for the H-projection.
To obtain the product formula, we first have to evaluate the integral

T(a, i) = / art.w(ahihe ) Ya(ahihe) xaUra) dity ().
Hy

Let o := X\, —p, € a* and (o, Hy) denote the extended metaplectic representation

of G¢ with parameter o. Put ¢ = xy 1A2 In view of Lemma II.16(ii), we have for
hi € H, hy € Hy and n = dimn;:

(Vp, po (@hphy) v ) = 2%w_l(ahlhu)aH(ahlhu)“e_%@’w)*z
= 9% AH(ahl)_%Xu(ahlhu)e_%@’w)*z aH,u(ahlhu)’\zaH,l(ahl)_”r,
so that we obtain
aru(ahihu) Xu(ahih) xu(ho)
=271 AH(ahl)ée% >*zaHl(ahl)p' (W, o (ahihy) v ) Xu (ha)
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(note the different signs of w in ¢ and the character x used in Lemma II.16).
Integrating over Hy and using Lemma I1.16(i) now gives

s Ap(ah)} Ay ()
_ Pr 2
I(a, i) = ap(ahy) 2 det Ay,

- 2 .
e—((ﬁ-w+7w+>xz+(a°’rl-w+7w+)xz—(;z"'_—1~w+7w+>xz)

( HOLEAfT (Sinh a(log a))ma) %

Putting this expression in (3.4), we finally obtain

2% 1 qM= e_((ﬁ'm7w+>AZ+(£'w+7m>Az_<(T,20'__1~w+,w+)kz)
X (a) = o . :
Az ( HOLEA?T (Slnh a(log a))m,a) 3

. / . aH,l(ah))"'fph'Xl(ahl)AH(ahl)%Xl(hl)AH(hl)% dMHL/HO (thO)
Hy/H

, _ 1 a? —\ . _(_a
_2%7Tna)\2 e ((az,l~w+7W+>xz+<a2,1~w+7W+>xz (a2,1~w+,w+)xz) X"AI%-I(G)

= ’ )\
det A (ILcax (sinh a(log a))m=) 2 l

To complete the proof of the theorem, we have to show that Re A\, € —int C}y;,, ..,
whenever ¢X is defined. If not, then the convexity of & and —C}, C lim &Y
(Lemma ITL.8) implies the existence of A\ € int & with A\, € —9C%;,. Choose a
sequence (A"),en in int EX converging to A. Then

lim det AN; =det Ay, =0,

n—00

so that

lim go‘;fql (a) =0

n—oo
for all a € T'4. In view of the convexity of A\ — @L\Xl(a) (cf. Lemma II1.8(ii)), this
shows that Re A, € —int C7; . whenever A € int £X. O
Remark II1.11. (a) Our product formula generalizes the product formula for spher-
ical functions on Ol’shanskii spaces G¢/Gr which has been derived by J. Hilgert
and the second author in [HiNe96, Prop. IL.5].

(b) There exists a close connection between spherical functions and distribu-
tion characters of spherical highest weight representations of the group G¢. These
distribution characters occur naturally in the Plancherel formula of G¢-invariant
Hilbert spaces of holomorphic functions on certain G¢-invariant complex domains
in G¢/Hc or coverings thereof. But in this application of spherical functions to

1

2

representation theory only the character x = A2 occurs. In this case our product
1

-2
formula for gafH boils down to
ALZ, . 22qpnal 1

P (a)= det Ay, '(HaeAi(Sinha(loga))m”)%Qp)\l(a).
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The algebra D(y). We now discuss the algebra D(x) in detail. We prove a version
of the Harish-Chandra homomorphism which relates D(x) with the Weyl group
invariants in the symmetric algebra S(ac) of ac (cf. Theorem II1.13). After that we
give the still missing proof of the fact that the functions ¢¥ are (H, x)-spherical.

Define the big Weyl group of a by W= Ninng(0)/Zmn g(a) and note that W C
W.
Lemma II1.12. We have
w = NInng([) (a)/ZInnE([)(a) = NInng(s) (a)/ZInnE (s) (Cl)

and W is generated by the reflections sq: a — a,X — X — a(X)d corresponding
to the semisimple roots a € Ay.

Proof (cf. [KrNe96, Lemma I11.6]). First we show that
(35) NInng(a) = NInng([)(a)ZInng(u) (Cl)

The inclusion “D” is obvious. For the converse let g € Niung(a) and write g = lu
with [ € Inng(l) and u € Inng(u). As a = 3(g) © a; and u is an ideal in g with
[ = g/u, it follows that I € N, (iy(a). Thus u € Niyy,(u)(a) and it remains to
show that

(36) NInng(u)(a) = ZInng(u)(a)'
Let u € Npm,u(a). As g is a nilpotent u-module, we find X € u such that
u = eX_ For the same reason we have ad X = loge®?X and so X normalizes
a, i.e., X € ny(a). Now a being a maximal hyperbolic subspace, the ideal u is a
semisimple a-module. Hence u = 3,(a) @ [u,a] and so 3,(a) = ny(a). This proves
(3.6) and hence (3.5).
It follows from (3.5) that
ZInng(a) = ZInng([)(a)ZInnE (u) (Cl)
This proves the first assertion. The second assertion is immediate by the standard
structure theory of semisimple symmetric Lie algebras (cf. [Kn96, Ch. VII, Lemma
7.22, Prop. 7.32]). O
Theorem I11.13. The following assertions hold:
(i) With Iy =3 yey Ulac)(H + dx(H).1) we have
U(ge) = U(ac) & (Iy + nld(gc))-
Further, if x., is trivial, then we also have
U(ge) = U(ac) & (Iy + (n + [a,u])U(gc))-
(ii) For u € U(gc) let ug denote the first component of u in the decomposition of
(). If g is solvable or x, is trivial, then the mapping

i Ulge)™ — S(ac)”, u = ug — pluo)
is an algebra homomorphism, inducing a homomorphism v, : D(x) —>S(ac)w.

Proof. (i) (cf. [Sh90, Prop. 2.1].) From g = hdadn and the Poincaré-Birkhoff-Witt
Theorem we deduce that U(gc) = U(hc) @ U(ac) ® U(nc). For each x € X(H), the
mapping

ix:hc = U(bc), H— H—dx(H)1
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is a homomorphism of Lie algebras, hence extends to an algebra homomorphism
iy: U(bc) — U(bc). Since iy 0iy—1 = iy-1 0iy = id, the map 4, is an isomorphism.
Hence U(gc) = U(iy(he)) @ U(ac) @ U(ng). This proves the first assertion.

If Xu =1, then I, = U(gc)hu @ D pgep, U(gc)(H + dx(H).1). Further, we have
g="0h®ad ([a,u] +n). Thus if U((n + [a,u])c) denotes the subspace of U(gc)
spanned by all ordered products of elements of an ordered basis of (n + [a,u])c,
then U(ge) = U (ix((bi)c)) @U(ac) @U((n + [a,u])c), proving the second assertion.

(i) First we show that 7, is a homomorphism. For that it suffices to prove
that u ~— ug is homomorphic. Let u,v € U(gc)?. Write u = ug + u1 + uz with
ug € U(ag), w1 = Y xep ux (X +dx(X).1) € I and uz € nld(gc). Similarly, for v.
Then

uv = (ug + up + uz)v
= uov + ZuX(X—l—dx(X).l)v mod I, + nlf(gc)
Xeh

= uov + ZuXU(X—i—dx(X).l) mod I, + nl4(gc)
Xebh

= ugu mod I, + nl4(gc)

= ugUo + U2 mod I, + nl4(gc)

= ugvy mod I, + nlf(gc),

where the last equality follows from the fact that a normalizes n.

Now we show that im v, C S(ac)”” which is the hard part in the proof of this
theorem. .

If g is solvable, then W is trivial by Lemma II1.12 and the assertion is clear.
Thus we may assume that x, is trivial. According to Lemma IIL.12, the big Weyl
group W is generated by the reflections s, corresponding to base roots o of Af.
Thus we only have to show that im~, C S(ac){**=} holds for all base roots a of
AT

We adapt the method in the proof of [Wa88, Th. 3.2.3] to our situation. For a
base root o € A let m, be the Lie algebra generated by a and @562& g’ ie.,

mo=(@e P ') Cavn’e P o’

BEZLa BEZa

Since (g, 7) is assumed to be admissible (cf. Definition 1.10), hence has cone po-
tential (cf. [KrNe96l Th. VI.6]), it follows that g7 C s for all v € A (cf. [KrNe96!
Prop. VIL8]). In particular, m, is a 7-invariant reductive subalgebra of [ + a and
its commutator algebra m/, is semisimple of rank one. Set h, = m, N h. Further,
we define

na)= P = @ ° and phla) ={X+7(X): X €n(a)+u}.
BEAT\Na BEAT\Na
We claim that
(3.7) [ma,n(@)] € n(a).
(3.8) [ha, ()] € b(a).

The first statement follows from the fact that « is a base root. For (3.8) we
observe that h(a) = b, @ h(«); and so we only have to show that [h, h(@)(] C h(«).
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Let X € hy and Y € h(a)(. Then Y = Z 4 7(Z) for some Z € n(a) and we have
(X, Y] = [X, 2] + [X,7(2)] = [X, 2] + 7([X, Z]).

Since [X, Z] € n(a) by (3.7), it follows that [X,Y] € h(«a), proving (3.8).
Let I3 := 3 pep(a)U(gc)(H + dx(H).1) and note that

Iy =U(gc)hu® > Ulge)(H +dx(H).1),
Heb(a)
since x, is trivial. As g = my @ () ® n(a) @ [a,u], a similar argument as in (i)
shows that

(3.9) U(ge) =U((ma)c) @ (Iy + (n(e) + [a,u])U(gc)).-
It follows from [, [a,u]] C [a,u] together with (3.7) and (3.8) that both summands
are ad ho-invariant. Thus we get a projection q: U(gc)? — U((my)c)He, where
Hg = Inng, (ha). Finally, let o € Aut (U((ma)c)) be given by

o(X)=X - %(tradX|

n(a)Jrn;*')’ X e Ma,

and set ¢ = o ogq. Let 7y denote the Harish-Chandra homomorphism associated
to m,. We claim that v, =~y o ¢* holds.
In view of the Poincaré-Birkhoff-Witt Theorem, we have

(3.10)  U((ma)c) =U(ac) & ( D U((ma)c)(H + dx(H).1) + nold((ma)c)),
Hebha

and
L+ (n+ [a,u])U(gc) 2 (I;’ + (n(a )+[ u))U(gc))

@ (Y U((ma)e)(H + dx(H).1) + noU((ma)c)).

Heba

Thus it follows from (3.9), (3.10) and (i) that in (3.11) equality holds. Now our
claim is immediate from (3.9) and (i).

It remains to show that im~yy C S(ac)ttse}. We may assume that m, is
semisimple. We distinguish two cases:

Case 1: The root « is compact. In this case all roots of m, are compact and
m, is (NCR). If b, is semisimple, then dx |y, = 0 and the assertion follows from
[Hel84, Ch. II, Th. 5.18]. If b, is not semisimple, then m,, is hermitian, and the
assertion follows from [HS94, Part I, Th. 5.1.10]. O

Case 2: The root « is non-compact. In this case m, is (NCC). If b, is semisimple,
then dx |y, = 0 and the assertion follows from [HS94, Part II, Th. 4.3]. If b, is not
semisimple, then m, is (CT) and therefore its Riemannian dual m}, is hermitian
(cf. [HiO196, Th. 1.3.11]). Since the complexifications of m, and m’, coincide, we
may assume that m, = mJ, (cf. the method in the proof of [HS94], Part II, Th. 4.3]).
Now the assertion follows from [HS94), Part I, Th. 5.1.10]. O

(3.11)

Remark 111.14. In general, it is not true that -, is injective, since this becomes
false for non-abelian solvable admissible symmetric Lie algebras (h is abelian in
this case). But still an open problem is whether +, is onto or not. [l

Lemma II1.15. Let (g,7) be a non-compactly causal symmetric Lie algebra, G
a simply connected Lie group with Lie algebra g and K C G a T-stable mazximal
compactly embedded subgroup of G. Then the following assertions hold:
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(i) The subgroup H° = Zy(a) is compact.
(ii) For each compact subset Q C T4, the set Q.(K N HAN) is a compact subset
of HAN.

Proof. (1) Let G¢ denote a simply connected Lie group with Lie algebra gc and set
Hy := (expg,(bh)). Since G is simply connected, the covering q5: G — G1 C Gc
restricts to a covering q: H — H;. By [FHO94, Lemma 5.1] the group HY is
compact. Thus we only have to show that the fibers of ¢ are compact, i.e., g~1(1)
is compact. Let K denote a 7-stable maximal compactly embedded subgroup of G
and € the corresponding Lie algebra. Note that Z(G) C Z(K). Since G and hence
K is simply connected, we have

Z(K) = exp(3(t)) x F' = 3(t) x F,
where F', the set of elements of finite order, is a finite group. Now

¢ '(1)CHNZ(G)C HNZ(K).

Since exp(3(8)) = 3(¢) and F is a finite group, it follows that 7(F) C F. Using
the table [HiO196, Th. 3.2.8], we deduce that 3(¢) C q. Thus H N Z(K) = H N
(exp(3(€)) x F') = exp(3(¢))” x F7. Now exp(3(¢))7 is a 2-subgroup of exp(3(¢)) = R,
hence is trivial. Thus H N Z(K) = F7 is finite, proving (i).

(ii) As Q is bounded (cf. [Hi()l%, Th. 5.1.8]) and @ is compact, it follows that
Qg = Q.Q C Q is compact (cf. Lemma 1.20(iii)). In view of Lemma 1.20(i), we
have

QHAN = Q.QH°AN C QoH°AN C HAN.

Since both Q¢ and HY are compact, Qo H® is compact and so Qo HYAN = Cx AN
for some compact subset Cx C K by the Iwasawa decomposition of G. On the
other hand, the compactness of K/Z implies that QK/Z is compact in G/Z. Thus
by the Iwasawa-decomposition of G/Z we obtain QK C KC4Cy with compact
subsets C4 C A and Cy C N. Therefore we have

QKN (HAN)) C KCA,CyNCAN = CgC,Ch.

Since Cx C'4Cy is compact and the set HAN is H°-right invariant (Lemma 1.20(i)),
the set Ck and therefore Cx C4Cy is contained in HAN, proving (ii). O

Lemma I11.16. The mapping

HxTaxH—T, (h1,a,hs)— hiahy
is an identification map.
Proof. Recall from Section I that the polar decomposition

HxW —T, (h,W)+— hexp(X)
is a homeomorphism. In view of
W =exp(W) and hyahg = hihg exp(Ad(hy) ™t log(a)),

we only have to show that the mapping

HxWna) =W, (h,X)— Ad(h).X

is an identification mapping. But this follows from [Ne98al, Lemma I1.3], proving
the lemma. |
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Proposition IIL.17. Let x € X(H/H®) and X € EX. Then the function ¢ is
(H, x)-spherical and we have for all D € D(x)

Proof. Tt follows from Lemma IIL5 that ¢} is left x- and right x*-semiinvariant.
Thus it remains to show that ¢ is a continuous common eigendistribution for D(x)
to the character ~,.

Step 1: The function ¢} is continuous.

In view of Lemma III.16 and the H-semi-invariance properties of ¢¥, it suffices
to check that ¢X |p, is continuous. Now our product formula for ¢} (cf. Theo-
rem I11.10) shows that we may w.l.o.g. assume that (g, 7) is reductive. Note that
X (aap) = ay” ©X(a) holds for all a € 'y and ag € Z(G) N A. Therefore we may as-
sume that (g, 7) is semisimple. Splitting (g, 7) in irreducibles, we even may assume
that (g, 7) is irreducible. We have to distinguish two cases (cf. Definition 1.4).

Case 1: (g, 7) is non-compactly Riemannian (NCR).

In this case H/H" is compact and G = HAN is the Iwasawa decomposition,
and therefore Y} is continuous for all A € af and x € X(H/H").

Case 2: (g, 7) is non-compactly causal (NCC) (cf. [FHO94, Prop. 5.3)).

Since H is compact (cf. Lemma II1.15), we can apply [()187, Lemma 1.3] and
get

[ ) dunyy (nr1®) = [ PRz (k)2 dyugc (k)
H/HO KN(HAN)

for all f € L'(H/H?). In particular, we obtain

X (a) = / a (ah(k))* x (ah (k) xR ax (k) dpe (k)
(3.12) KN(HAN)

- / arr (k)P x(ak)az (k)X (k) dyusc (k).
KN(HAN)

Let @ C I' 4 be a compact subset. Then Lemma ITI.15(ii) implies Q(K N (HAN))
is a compact subset of HAN. We conclude, in particular, that

Q x (KN (HAN)) = C, (a,k) — |x(ak)an(ak)*~?|

is a continuous function, bounded from above and below by positive constants.
Thus it follows from (3.12) that ¢} is continuous, concluding the proof of Step 1.
Step 2: The function ¢} is a common eigendistribution for D(x) w.r.t. the char-
acter 7y .
We know already that ¢} is continuous and therefore defines a distribution on
I". We define a function

EX:T —C, s+ ap(s)* x(s).
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Now we have for all f € C(T") and D € D(G),
(D)(f) = / (D71 (9)¢(9) duals)
/ / (DT £) @)k (gh)XR) dpazs o (RH®) dpc ()
H/HO
/ / (DT F) o)k (gh)X (R duci(g) dpurzymo (WHP)
H/HO

/ /f WD.EX) (gh)x(h) dpc(g) dppsmo(hHP).
H/HO

To prove Step 2, it therefore suffices to check that
(3.13) (VD € D(x)) (D-kY) =1 (D)ky.

This is now seen as follows. Recall from (3.1) that D(x) is a certain quotient of
U(gc). Let u € U(gc). Then the H-invariance of u implies

(wkX)(s) = x(s)(u-kX)(an (s))

for all s € I'. Now write u = ug +u1 +ug with uo € U(ac), ur € - e Ulge)(H +
dx(H).1) and uz € nld(gc). Then (ug.kX)(ar(s)) = 0, because A normalizes n and
X is constant on right N-cosets. Similarly, we get (u1.kY)(am(s)) = 0. Thus

(wkX)(s) = x(s)(uo-k¥)(an(s)) = x(5)(Auo) = p(uo))am ()77 = 7 (w)kX(s),
proving (3.13) and thus Step 2. O

Problems ITI1.18. (a) Is there any defining integral equation for (H, x)-spherical
functions? In view of the product formula for the ¢X (cf. Theorem III.10), this

should be the case at least for the character x = AI_{% (cf. Remark IIL.11).
(b) Spherical functions can be defined for all x € X(H). How natural is the
assumption y € X(H/H°)? O

IV. C-FUNCTIONS AND ASYMPTOTIC BEHAVIOUR OF SPHERICAL FUNCTIONS

In this last section we study the asymptotic behaviour of the (H, x)-spherical
functions ¢X. We discuss the “constant term c¢,(A) at infinity,” the so-called c-
function. Using our product formula from Theorem II1.10 for the spherical functions
and an analytic continuation technique, we obtain a product formula the c}A (M) in
unipotent and reductive part (cf. Theorem IV.11). We conclude the section with a
list of problems relating the theory of spherical functions to harmonic analysis on
complexified symmetric spaces.

Lemma IV.1. Let x € X(H/H®) and A € EX. Then we have for all s € T
X6 = [ an(sm) Pau() (X diy (7).
NN(HAN)

In particular, if s =a € T' 4, then

X

X (a) = > /N g (T P 7)o X d (7).
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Proof. In view of Proposition 1.21(ii), we have for all s € T’

A = [ am(h X di e ()

:/_ ap(sh (@)~ x(sha ()X (ha (M) an(R) > dug(m).
Nﬂ(HAN)

Writing @ = hy (R)ay (R)ng (W) we obtain hy (R) = Rag (7))~ 1n for some n € N,
and so

X6 = [ au(sm P (m) M (s () dey(m)
NN(HAN)

- /_ an (57 ~Pag (7)™ X(sT)X () dpa ().
NN(HAN)

This proves the first assertion.
For s = a € 'y we further get

o (a) = [ ar (@) Py ()P (am)X () dyie ()
NN(HAN)

=a*P L ag(ama™ N Pag (@) "Px(ana ) x (@) duw(7),
NN(HAN)
concluding the proof of the lemma. O

Definition IV.2. Fix x € X(H). For A € af we set

cMM:L arr () PX() dpeg (),
NN(HAN)

) = /QaH()“()duN()
and

A = / an () ) i ()

provided the integrals exist. We write £), for the set of all A for which ¢}, is
defined. Accordingly, we define £ and &;. O

Before we turn to the properties of the c-functions, we need some additional geo-
metric information on the image of N, under the projection L :=logap: HAN —
a, han +— loga.

Proposition IV.3. Let X € A Nint(A})*, a = expX, and m € N,; N HAN.
Then ana~! € HAN and

ap(ama™) — ay (@) € Cuin.
Proof. First we note that L(zy) = (xh H ) ), showing that
L(ana™') = L(ahy (M) + L(n) —loga.
Now the Non-Linear Convexity Theorem ([Ne97al Th. I1.8]) shows that
L(ahu(m)) € L(aH) C conv(W.loga) 4+ Crin = loga + Crin,
and the assertion follows. O

Corollary IV.4. L(N,, N HAN) = L(2) C —Chin-
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Proof. Let X be as in Proposition IV.3 and m € N, N HAN = Q. Then
tliglo exp(tX)mexp(—tX) =1
and therefore Proposition IV.3 implies that
tli>nolo L(exp(tX)ﬁeXp(—tX)) — L(m) = —L(7) € Chin.
O

Lemma IV.5. For the domains of convergence E3 resp. Exy, of ¢, resp. ¢y, the
following assertions hold:

(i) We have £ = ia* + E5 p, where £5 p C a* is a conver subset with —C;, C
lim X z. The restriction of the function c& to int EY is holomorphic.

(i) We have Ex = ia* + Exy g with EXy » C a* a convex subset. The restriction
of ¢y, to int EX; is holomorphic.

Proof. (i) We may assume that x = |x|. We define a measure p, on Q by p, =
(Xty-)la Consider the mapping

Y: Q—a, m—logag(m)

and let v, be the push forward of u, under this map. Then we have

L)) = / ey (X) = / ar (1) X() dpiy- (7)

a Q
- / ap (M) () duy- (),
Q
and so
1) L) (0 +3) = ().

Thus Lemma II1.7(i) implies that 86 is convex and ta* C 56. Further, Lemma
II1.7(iii) implies that ¢3 is holomorphic on int £5.
In view of Corollary IV.4, im¢ C Cpin, hence CVX C —Cyin and therefore

B(C,,) 2 Cf;,. In view of (4.1) and Lemma IIL7(ii), this shows that —Cy; C
lim £, concluding the proof of (i).
(ii) This is analogous to the first part of the proof of (i). O

Lemma IV.6. The following assertions hold:

(i) If s € HAN let bp(s) := ag(s)nu(s). Then we have for all s € HAN and
uelU

hi(su) = hig(s)he, (bg(s)ubg(s)™1).

In particular, we have for all x € X(H) that x(su) = x(8)Xu (b (s)ubg(s)™1).
(ii) For all w € U we have

hH(u_l) = hH(u)_l.

In particular, we have x(u™t) = x(u)™* for all x € X(Hy).
(iii) For allm, € Ny N HAN and 7, € N we have

ap (Mpny) = ag (A () ).
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Proof. (i) This follows from
he(su) = hg(hg(s)bg(s)u) = hg(s)hg (b (s)u) = he(s)ha, (b (s)ubg(s) ™).

(ii) In view of Proposition 1.7(iii), we have u = hy(u)ag(u)ng(u). As [u,u] C
3(g) = ay, we therefore get
ut =ngu) tag(u) thy(u) "t € hg(uw) ' Ay Ng,
as was to be shown.

(iii) This follows from [HiNe96, Lemma I.2.8] by embedding into the canonical
extension (cf. Definition 1.16, Remark 1.18). O

Lemma IV.7. For all X\ € £X; we have
Su(A) = g (Ve (A).
In particular, we have
Eq =ESNES.

If, in addition, x € X(H/H"), then & = £f = {\ € at.: (Va € Af)ReA(a) > 0}
is independent of x.

Proof (cf. [FH094, Prop. 6.5], [HiNe96, Prop. I1.14]). Accordingto N = N, xN, ,
every m € N can be written as 7 = m,ny with i, € N, and nj, € N, . We have
forme NN HAN:

ap (nnyg) = apg(Mnhy (7x))am (k)

with hp (7r) € K(0)o € G(0)o (cf. Lemma I.15). Note that - is K(0)o-invariant.
Thus, in view of Lemma 1.20(iv), we get

() = /N B /Q ap (Wmig) "X (WaTx) dpy (W) dpy - ()

:/7aH(n—k)—k—p

k

ar (hir (%) " Tnhw (%)) "X (nmir) ditp— (M) dpty - (k)

ap (M) "X (hir (W) Tohe (%) dpoy- () dp - ()

/,
/.
,
/. () [ s 50X () i (7))

- / () PR (%) dpy- (75) / ap ()X () dpy ()
N Q

k

g (Neg (M),

where the last equality follows from ap (7g)?» = 1 (since p,, is W-fixed).

It follows, in particular, that £X, = X NEY. If, in addition, y € X(H/H"), then
X |k (0), is unitary. Thus & := &; is independent of . Finally, [Hel84, Ch. IV, Th.
6.13] implies that

g ={\€ak: (Ya € AF)ReX@) > 0},

concluding the proof of the lemma. O
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Next we consider the analytic behaviour of the c-functions and its dependence of
Xus resp. w. Recall that there is an isomorphism X(H/H®) 2 X(Hy,/H®) x X(Hy fix)
(cf. Lemma I.14, Lemma I1.8). Thus we find a complex subspace W C C™ = (hy)¢
such that

W — X(Hygx), W— Xuw; Xwl(exp(z)) := e2mi@w)
is a surjective homomorphism. For fixed x € X(H) and X € £, we set
EXN = {w e W :e$X¥()\) is finite}.

Note that 56”\ # 0, because cg () is finite. Similarly, we define 5}31)‘. Finally, we
set Wg = W NR"™ and note that W = Wr @ iWk.

Lemma IV.8. Let x € X(H) and A € EX. Then the following assertions hold:
(i) The domain EQ’)‘ has the form
A A
56’ =Wgr+ Eé;R,
where é’éﬁ C iWr is a non-empty convex subset with Eéﬁ = —Eé:]g; in par-
ticular, 0 € €g§ Further, the mapping
int E3* — C, w s 5X(N)

s holomorphic.
(ii) If x € X(H/H"), then an analogous statement holds for ¢, and 53{,})‘.

Proof. (i) In the following we write the elements of @ of N7 = N,” x N as products
n =n,n, with n, € N, and n, € Ng.
Consider the mapping

b Q= iby, T 2milog by (be (M) b (7))
and let v be the push forward of the measure aH(ﬁ)_/\_pxs(n_p)duN; (7) under
. Then Lemma IV.6(i) entails that £(v)(w) = ¢5*** for all w € W, and all the

assertions except for Sé’ﬂ’g = —8&’% follow from Lemma III.7. Let w € W. Then we
compute with Lemma IV.6(ii), (iii)

L) (w) = / e~ (W) dy(x)

- / a1 (1) 2 )Xo (o1t (T b1 () 1) - ()

[ an ) A AT b )1 i, (57) de ()
Qs JNg

— [ an N T b ) () ) i (77) d (1)
Qs JNg

:/Q /N ar (Mpiir) ™ xs (Mp) xw (b (M) Trbm (7)) Qi (75) dpine (77)
= L({v)(~w)

)

concluding the proof of (i).
(i) Our technique of using Laplace transforms shows that the domain of conver-
gence is a tube domain as well as holomorphic dependence in the interior (Lemma
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1L7). If, in addition, x € X(H/H?), then the symmetry of Exy g follows from (i)
and Lemma IV.5 since £} = & does not depend on x. O

Lemma IV.9. If G is reductive and x € X(H/H"), then the following assertions
hold:
(i) The function ¢X is defined if and only if c& () is finite, i.e., EX = EY. More-
over, EX is open.
(ii) If X € Ey4 and X € int(A™1)*, then
lim e~V X (exp(tX)) = i, (V).

t—oo

Proof. (i) If x = 1, then, in view of Definition 1.4, the first assertion follows from
{FH(’)94, Th. 6.3]. The general case is obtained by a slight modification of their
arguments (cf. the proof of Case 2 in the proof of Proposition IT1.17). The openness
of £X follows from the same type of arguments as in [0197, Th. 3.10].

(i) This follows from [FHO94, Th. 6.8] for x being trivial. The general case is
obtained exactly along the same lines. [l

Remark IV.10. Recall the content of Lemma IV.7(iv). In view of our characteriza-
tion of the various c-functions as Laplace transforms (cf. Lemma IV.5), we conclude,
in particular, that the c-functions do not admit a holomorphic continuation to an
open domain bigger than the interior of the domain of convergence of the Laplace
transform. In the following we will use this fact frequently without mentioning it
explicitly. O

Now we have all the technical tools to prove the two main results of this section.

Theorem IV.11 (Asymptotic behaviour of spherical functions). If x € X(H/H?"),
then we have for all X € £y, and X € int(AT)*
hm PN X (exp(tX)) = X, ().

t—o0
Further, if xu(exp(z)) = 2™ @) for x € b, and n := dimn;, then the following
product formula

Wy W
227r6<+ +> XZA

CM(A) det Akz My (Al)

holds. The domain £, of convergence is independent of Xu and given by

Exy = (ia* —int Cyp )N EX'A :
Proof. Fix x; € X(H/H®) C X(H/H®) and X € int(AT)*.

We define
FOLw) = lim eP=NEX) XX (oxp (X)),

t—o00

whenever the right-hand side exists and set
D(x) :=={(A\,w) € EXXv x W 1 f(\, w) exists}.
Then Theorem III.10(i) implies for all (A, w) € D(x;) that

2% ﬂne_<w+ 1m>>\z

- lim e(PrAEX) XlA i (exp(tX)),

(4.2) fw) = dot AL Jim
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where n = dimn} and p; := p — p, denotes the half sum of positive roots corre-
sponding to [ counted with their multiplicities. In view of Lemma IV.9, it thus
follows from (4.2) that

n — W 1
227-(-ne <w+:w+>/\z XI,A%

(@3) () € D) Fw) = e R ).

We conclude from (4.3) and Theorem II1.10(ii) that

D(x) = ((ia* —int Cyypp) N 5;;) x W.

In particular, D(y;) is open by Lemma IV.9 and Lemma IV.7. Further, (4.3)
together with Lemma IV.5(ii) imply that f is holomorphic on D(y;).

Now we compute the limit in a second way. Let x € X(H/H°) such that x|, =
xi- As lim &Y DO —C%, . (cf. Lemma IIL.8), we deduce that

£X:={Ae EX: Re(A—p) € ~Chn N (A))*)

is a convex subset of £X with non-empty interior. Let A € £X and assume first that
X 18 unitary, i.e., Xy, = X for some w € Wg. In view of Lemma IV.1, we have

NNHAN o
- X(exp(tX)mexp(—tX))x(7) dux(m).

Thus we only have to justify taking the limit under the integral sign. For that
we may assume that y = |x| and since X, was supposed to be unitary, we even
may assume that xy = [x;|. Recall that NN HAN = Ny - Qp and that Qp is
bounded. As exp(tX).Qr C exp(sX).Qr C Qp for 0 < s < t, we deduce that
exp X.Qp = J,>, exp(tX).Qp is a compact subset of Q. In particular, the function

I (exptX) = [ am{exp(tX)mesp(~£X)) Par(m) A

(NNHAN) x [1,00[— RF, t |x(exp(tX)mexp(—tX))|
is uniformly bounded from above and below by positive constants. Moreover, A €
EX implies that t — ay(exp(tX)mexp(—tX))*~* is monotonically decreasing for
allm € NN HAN (cf. [Ne97al Prop. 11.10]). Hence pushing through the limit is
justified, ¢},(A) is finite and we have
(4.4) (Vw € Wg)(VA € X% f(N,w) = i (N).

On the other hand, ¢} (\) depends holomorphically on w and A (cf. Lemma
IV.7(ii), Lemma IV .8(ii)). Further, Lemma IV.8(ii) shows that X" # () implies
that £ jf/’[”\ # 0 for all w € W. Thus analytic continuation in (4.4) in both variables
w and A gives

o n,—{(wi, W) 1
_227T6<+’ +>Z.XZA[?[

(@5) (M) €D(w) () = T el () = F(w).

In view of Remark IV.10, the proof of the theorem is now complete. O

Corollary IV.12 (Product decomposition for the co-functions). If y € X(H/HY)
and X € EY, then we have

. 2%7‘(‘"6_<w+7m>>\2 XZA%

() = A (v,
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The domain of convergence EY of ¢ coincides with the domain of convergence EX
of ¢} and we have

1
XiAZ

EX =& = (ia" —int Cryp, ) NEY)

Proof. We deduce from Theorem IV.11 and Lemma IV.7 that
23 e (W W), XIAI%{

(YA e &Xy) cs(N) = ol g ().

As both sides are holomorphic functions on the interior of their domain of definition
(cf. Lemma IV.5(i)), we see that equality holds for all A € int 5. Then Theorem
II1.10(ii) together with Lemma IV.9(ii) imply

1
— (ia* 3 * xi1AZ
EX = (ia" —int Oy, ) N EG, .
In view of Remark IV.10, the proof of the corollary is now complete. O

Remark IV.13. If G is reductive and x = 1, then cpq is known. In fact, it is
a product of c-functions corresponding to (NCR) and (NCC) spaces. For (NCR)
spaces the c-function was computed by Gindikin and Karpelevic (cf. [Hel84, Ch. IV,
Th. 6.13]) while for (NCC) spaces the exact formula for ¢y was recently obtained

2 _1
in [KrOl199]. Hence for general G and the canonical character x = A,?, Theorem
IV.11 gives us a precise expression for the c-function cji/l. O

V. FURTHER REMARKS AND PROBLEMS

We conclude our paper with some remarks related to earlier work and we give
a list of problems concerning the interplay of the theory of spherical functions and
harmonic analysis. See also |O198] and |O100].

Spherical functions on reductive symmetric spaces. In view of our decompo-
sition results (Theorem I11.10, Theorem IV.11), the study of spherical functions on
hyperbolically ordered symmetric spaces is reduced to reductive symmetric spaces
consisting of (NCR) and (NCC) components. For the theory of spherical functions
on non-compactly Riemannian symmetric spaces we refer to [HeI84] and [GaVa&8]
for the case x = 1 and to [HS94] Part I] for the theory on hermitian symmetric
spaces with x arbitrary. For y = 1 and (g,7) non-compactly causal, spherical
functions, their asymptotic expansions, meromorphic continuations and domains of
convergence have been discussed by the third author in {(/)197J. More detailed results
on the analytic continuation and the singularities of the spherical functions have
been obtained by the third author and A. Pasquale in [OIPa00| by using the Bern-
stein polynomial to obtain the analytic continuation of the spherical function. The
analytic continuation of the spherical functions and estimates that can be derived
from the integral formula defining the spherical function and its analytic continu-
ation (cf. |0197] and |OIPa00]) are the fundamental tools in harmonic analysis on
H\intI'. Those results are used to prove analytic continuation of the spherical
Laplace transform on H\G in case G is simple and to characterize the space of the
image of the space of function on H\intT' with compact support modulo H. It
has been shown in [AQS00] that the image is contained in a Paley-Wiener space
of holomorphic function with exponential growth similar to the Riemannian case.
But the surjectivity of the Laplace transform is still an open problem.
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Analytic continuation, estimates and Paley-Wiener Theorems. Fix y €
X(H/H") and a € T 4. Prove that the map

X 1 X
EX—C, A O @y (a)

admits a meromorphic continuation on ac. If (g,7) is solvable, then this follows
from Theorem II1.10 and Theorem IV.11. If x = 1 and (g, 7) is (NCR), then this
is a consequence of the fact that the ¢}, = ¢y is meromorphic (cf. [Hel84, Ch.
IV, Th. 6.13]), and for x = 1 and (g, 7) being (NCC) this has been proved by the
third author in [0197]. More detailed information of the location of the poles was
obtained in [O1Pa00|. Thus in view of our product formulas in Theorem II1.10 and
Theorem IV.11, the situation is reduced to the (NCC)-case for characters x # 1. It
also remains an open problem to prove that the meromorphic continuations of the
normalized spherical functions Tl()\)gof exhaust, up to scalar multiples, all (H, x)-
spherical functions (cf. Definition III.1). It is also natural to try to generalize
the Laplace transform and prove Paley-Wiener type theorems in the general case
considered in this article.

Spherical functions and character theory. Let (7, H)) be an (H, x)-spherical
unitary highest weight representation of G¢ which we also consider as a holomorphic
representation of I'® (cf. Remark IL.5). Set intI'® := G°© Exp(/ngax). Ifo#ve
(H;“’)(H X) and vy, is a highest weight vector, then we define the spherical character

6)/{ of (WA,H)\) by

X. 3 c <U/\7 'U)\>
(5.1) OF: intI'* - C, sw— RN (ma(s).v,v).
Note that ©Y is a holomorphic function on int I'® (cf. [KN 097, Lemma V.6]). Prove
for all parameters A € a* which correspond to non-singular unitary spherical highest
weight representations the relation

) 1

(Vs e intIT°N HAN) ©OX(s) = mapi\(+p(s).

If (g,7) is (NCC) and x = 1, then this has been proved in [Kr01, Th. V.3] and
[HiKr99ad, Th. 4.1.2]. This relation has far reaching consequences for the harmonic
analysis on G®-invariant subdomains D of the Stein manifold 20, = G¢x g W2
(cf. [KNO97|, [Ne98a]). For instance, it implies the Plancherel Theorem for G°-
invariant Hilbert spaces of holomorphic functions on the domains D (cf. [HiKr99a],
K198, K199, [Kr01]). This is also used to decompose the Cauchy-Szego kernel of
the Hardy space on =Y into H-spherical distribution characters of holomorphic
discrete series representation and derive a formula for those characters using the
Harish-Chandra type expansion in [0197] for the spherical function, {(/)198], This
gives a Harish-Chandra type formula for the H-spherical distribution character
of holomorphic discrete series representations generalizing the results of Harish-
Chandra for the holomorphic discrete series representation of G°.

It was proved in [FHC)94] in case y is trivial and G is semisimple that the
spherical functions correspond to H-spherical characters of a prinicpal series rep-
resentation of the group G. This shows that on the level of characters, principal
series representations of G correspond to H-spherical representations of the group
G. Tt is still an open problem to generalize those results to our setting.
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Basic inequality and boundary behaviour. Let a® := int(A%)* and A :=
exp(a™). We define a function A on A1 by

Ala) = J] (- eetos)yme

acAt

and let ||-|| denote an arbitrary norm on a. Then for the generic character x = A;I%,
it follows from Theorem IT1.10 and [HiKr99bl, Th. 4.2.1] that there exist constants
k> 0 and d € N such that for all integral parameters A € £X one has

N A

(Va € AT)  ¢X(a)A(a) < k2202 P(1 + || logal|)?.

det A)\Z
Further, using [HiKr99b| Th. 4.3.2] one can deduce that the inequality holds for
all parameters lying in an affine cone in £X. One should consider this estimate
as a generalization of Harish-Chandra’s estimates for spherical functions on non-
compact Riemannian symmetric spaces (cf. [Wa88, Prop. 4.6.3]). It implies, in
particular, that the function a — A(a)¢X(a) admits a continuous continuation in
the origin. This in turn has far reaching consequences for the determination of
the spectrum of various G¢-invariant Hilbert spaces of holomorphic functions, for
instance, for Bergman spaces on the domains D (cf. [HiKx99d], [Kx9]]).

Reflection positivity. The spherical functions relate generalized principal series
representations of G to highest weight modules for G¢. This idea was further devel-
oped in [,100198, Jo(’)lOOJ, where it was shown, using the Liischer-Mack Theorem,
that this correspondence can be explained using the representations themselves.
The main idea is to take the part of the principal series representation supported
on an open H-orbit in a flag manifold and invariant under the semigroup I' N G.
Using a new inner product related to the construction of the complementary series
representation this gives rise to a *-representation of I', which by the Liischer-
Mack correspondence corresponds to an irreducible highest weight representation
of G°. It is an open problem how much of this construction can be generalized
to the more general framework considered in this paper or even infinitely dimen-
sional Lie groups. We refer to [JoO100] for a discussion on how this relates to the
Osterwalder-Schrader duality in quantum field theory.

Hardy spaces. We now explain how the results of this paper can be used for the
L2-harmonic analysis on the c-dual symmetric space H\G¢, in particular, for the
theory of Hardy spaces. However, we will omit the proofs which are more or less
straightforward generalizations of arguments existing in the literature, in particular,
[HO®I1).

Let G, G° be connected Lie groups with Lie algebras g and g¢. To facilitate the
exposition, we will assume in the following that both G and G¢ are contained in a
complex Lie group G¢ associated to ge (one can overcome this difficulty by using
the theory developed in [KNO97, Sect. IV]). We also assume that 7 integrates to
an involution of G¢ and we set H := (G7)o and Hc = (G§)o.

Let W C Wiax be a closed H-invariant convex cone which is pointed (i.e., con-
tains no affine lines) and has non-empty interior. Then W extends to a {G¢, —7}-
invariant convex cone W C ig® with W N q =W (cf. [KxNe96, Th. X.7]). In partic-

ular, I' = H exp(W) extends to a complex Ol'shanskii semigroup I' = G° exp(W).
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Now we collect some facts from [KNO97, Sect. IV] about the domains E :=
W x g G€. By the embedding

E — Hc\Ge, [X,g]+— Hcexp(X)g

a complex structure is induced on Z° := (int W) x g G¢. Further, T acts from
the right on Z and we have E = [0,1].T as well as Z° = [0,1].intI. Set K¢ :=
exp(g(0)¢), P*:=(N;)¢ and recall from [KNO97, Lemma I11.7] that T’ C HcKEPT.
Further, we have Hc K&P" = He X genm. KEPY (cf. [KNO97, Prop. I1.6]).

Write Agy: H — R7T for the modular function of H. Then Apy extends to a
holomorphic character Ag.: Hc — C*. Finally, a simple argument using covering
semigroups leads to a continuous map

Ao: T —C*, Ag(hkp™):=Ap.(h)  (h€ He ke K& ptePt)

which is holomorphic on int [. That Ag is well defined can be deduced from
Algnke =1 (cf. Lemma II1.9) together with some covering arguments.

Recall that G¢ has to be unimodular by the existence of the open elliptic cone
i1int W C g°. Set p := |Ag| and note that p satisfies

~ Ae(n)V
Hence p is a rho-function in the sense of [War72, App. 1]. In particular, p |ge
induces a quasi-invariant measure p, on H\G°.

In the sequel we identify = with the corresponding subset of Hc\G¢. Using again
an argument involving covering manifolds, we obtain a continuous cocycle

(5.2) (Vhe H)(Vs €T)  p(hs)

-5 ANo(z7)\ 2
.- x. —
J:Z2xT' —C*; J(Hex,7) : ( 0(37))

with J(Hc,1) = 1. We note that J is holomorphic when restricted to the interior
of its domain of definition.

By definition of the measure p, we have for all f € L'(H\G, u,) and g € G°
that

63) [ ) (He 9 du(He) = [ f(tH) d(H).
H\G® H\G®
A holomorphic representation of I on Hol(Z) given by

(7(7).f)(m) == J(m,y)f(m7)  (f € Hol(2°),y € T,m € ).

Now we can define the Hardy space associated to Z° by

22 = ol(Z%) : su 7(7).f)(m)|? m o0 ¢
HE) = {F e BE): sup [ ()P dieom) < o0

yer

Using standard techniques, for example, as presented in [Ne99, Ch. XIV], one can
show that H2(Z°) is a Hilbert space on which G¢ acts unitarily (by (5.3)) and T by
contractions. Further, we have an isometric boundary value map

b HAE) — LAHNGE ), = b) = T (7)) e
’Yeintf

The Hardy space admits a reproducing kernel K: 2% x 20 — C, called the

Cauchy-Szegé kernel. The function Z° x Z° > (z,w) — K(z,w) extends in the
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second variable to a smooth function on = and hence O(m) := K(m, o) is a well
defined positive definite function on =°

The case where G is semisimple and y is trivial was discussed in detail in [O198].
In particular, it was shown that if f € H2(Z°)°°, then b(f) is a pointwise limit along
the center of . By [HOQ91] it is known that H2(Z°) = @ H,, where H, is the
holomorphic discrete series representation constructed in {0@91] and A stands for
the highest weight of the minimal K-type. Define the H-spherical distribution O
on H\G by

CZ(H\G) 3 f = pa(f)(x0) € C

where py stands for the orthogonal projection onto H . Note that ©) is the bound-
ary value of the spherical character defined in (5.1) for x = 1. It is proved in [0198|
using the results in [KrOI] that this function is just d(A)@xy,. Here d()) is the
analytic continuation of the formal dimension of H, when realized in L*(G¢). The

7

Harish-Chandra type expansion of ¢y in [O198]

(5.4) pa(a) = Y c(wN)pwa(a),

wew

therefore gives a formula for the H-spherical distribution character of H) gener-
alizing the corresponding results of Harish-Chandra for the group case. It follows
also that © decomposes as © = > d(A)@atp. It is therefore natural to conjecture
that in the general case © has a similar decomposition:
A;%
(5.5) O(m) 3 AN (m),
A unitary highest weight
ApE—int C

Aef(Wmaiam’

where again d()) is the formal dimension of (my,H) when realized as a subrep-
resentation of L%(G*) (cf. [Ne97h] for the formula for d()\)). Note that for small
parameters the right-hand side in (5.5) is actually an analytic continuation as ex-
plained in [Kr99] (the poles of v+, get canceled by the zeros of d(A)). In particular,
we can now see how our Factorization Theorem IT1.10 (see also Remark I11.11) yields
important information on the Cauchy-Szeg6 function of the Hardy space. It is also
an open problem to show that the character formula (5.4) holds for other discrete
series representations of H\G°.
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