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STRICTLY SMALL REPRESENTATIONS AND A REDUCTION
THEOREM FOR THE UNITARY DUAL

SUSANA A. SALAMANCA-RIBA AND DAVID A. VOGAN, JR.

ABSTRACT. To any irreducible unitary representation X of a real reductive
Lie group we associate in a canonical way, a Levi subgroup Gs, and a rep-
resentation of this subgroup. Assuming a conjecture of the authors on the
infinitesimal character of X, we show that X is cohomologically induced from
a unitary representation of the subgroup Gs,. This subgroup is in some cases
smaller than the subgroup G, that the authors attached to X in earlier work.
In those cases this provides a further reduction to the classification problem.

1. INTRODUCTION

For a Lie group G in Harish-Chandra’s class, the authors outlined in [3] a pro-
gram for classifying its unitary dual. This is the set of equivalence classes of unitary
irreducible representations of G. In that paper we partition the unitary dual into
disjoint subsets parametrized by a discrete set denoted by A,. Roughly, to each
element A\, € A, and its centralizer G, in G we attach a set Hf;u (G) of unitary
irreducible representations of G related to some representations of the subgroup
G,. This is done so that, under an assumption on the infinitesimal characters of
unitary representations (Conjecture [[8]), the problem of classifying the unitary dual
is reduced to classifying the unitarily small representations (Definition [T0). These
are representations attached to a parameter A, whose centralizer in G is G itself.

However, this is still a very large set and it contains representations which we
already know how to construct from smaller groups. In the case when G is SL(2,R),
the set of unitarily small representations consists of the trivial representation, the
two discrete series with lowest K types 2 and —2, the two limits of discrete series,
the complementary series, and the unitary principal series.

In the present paper we give a refinement of this partition. Still assuming Conjec-
ture[I8], we show that for each irreducible unitary representation X of G associated
to a given subgroup G, we can find a subgroup G, C G, so that X is cohomolog-
ically induced from some unitary representation of Gg,. This further reduces the
classification problem to those representations for which Gy, is still all of G. Our
main result is Theorem [I9|.

In this new framework, the subgroup Gy, attached to the first two discrete
series of SL(2,R) is the torus. For the rest of the unitarily small representations of
SL(2,R), G, is still G.
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This suggests that we can separate the discrete series of the group G—for which
we should expect a reduction—from the unitarily small representations. What we
gain is that we have fewer unitary representations left to classify.

More precisely, we associate a group G, to a representation of the maximal
compact subgroup K parametrized by a weight p (see (). The same group is
associated to any unitary representation containing u as a lowest K type (see Def-
inition [ below).

In the same way, the group G, (resp. G,) in [3] is the same for any admissible
(resp. unitary) representation containing a lowest K type pu.

The precise definition of the map yu — Gy, is given in Definition [2 but the idea
behind it is fairly simple. The semisimple part of the subgroups G,, and G, are each
determined by a set of simple roots which are zero on the weight A, or, respectively
on Ag, as described in [3] (for convenience, we recall the definitions below). The
relationship between these two weights is that all the roots which vanish on A, also
vanish on A, and consequently G, C G,.

The groups G, and G,, are part of an increasing family of subgroups G; para-
metrized by a scalar ¢ € [1, 2], so that G1 = G, G2 = G, and G} is constant except
for a finite number of points ¢ in that interval (see Definition 2). We define Gy, to
be equal to Go_. for any small positive number . This is made more precise in
Definition

The point is that for this subgroup G, we can implement a bijection between a
set of unitary representations of G, and unitary representations of G with lowest
K type p.

This approach fits with the general shape of the reduction theorems of this type.
Typically one fixes a representation of K with highest weight p and associate to
w a pair (H,up) with H C G, a subgroup of G and up, a highest weight of a
representation of H N K and such that there is a bijection between the sets

irreducible unitary irreducible unitary
representations of G — representations of H
with lowest K type with lowest H N K type pg

Such a theorem gives no information at those K types u for which H = G (and
= p). We call such K types non-reducing.

For example, in [3] the non-reducing K types are the unitarily small ones. Their
extremal weights are those lying in a certain closed convex polygon around zero.
What we accomplish here is to prove a reduction theorem for K types on the
boundary of this polygon.

The general goal is to look for ways to shrink the set of non-reducing K types;
possibly by making the group H associated to p even smaller so that the case
H = G happens less often than before. In this paper the smaller subgroup is
G5, and non-reducing K types are called strictly unitarily small or strictly small.
These are precisely the K types whose highest weights lie in the interior of the closed
convex polygon corresponding to the unitarily small K types (cf. Lemma 29 and
the remark following). Because the highest weights lie in a lattice, extending the
reduction theorem to the boundary of the polygon can be a significant improvement,
especially for groups of low rank. In the case of Sp (4, R), for example, the theorem
of [3] provides a reduction theorem except for 25 lowest K-types (Example [I4
below). The result in this paper provides a reduction theorem for 11 of those 25
remaining cases (Example [2H).
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2. UNITARILY SMALL K TYPES

Denote by K the maximal compact subgroup of G and let T be a maximal torus
in K. As is the case for the group G, in [3], the construction of G, for X will
be in terms of a lowest K type of X. We first describe the construction of G, and
include some results from [3].

We will denote Lie groups by roman uppercase letters, their Lie algebras by the
corresponding lower case gothic letter with the subscript 0 and their complexified
Lie algebras by the same gothic letter without the subscript. Recall that we have
an inclusion

Tc it5.

For any T-invariant subspace v of g, denote by A (v,t) the set of weights of T'
in b. We fix a positive root system A (£ t) and denote by p. half the sum of the
positive roots for €.

Denote by the same 6 the Cartan involution on G, go and g, defined by K so
that go = €y + s¢ is the corresponding Cartan decomposition of gg. Here sq is the
—1 eigenspace of 6 on gg.

We also fix a #-invariant symmetric bilinear form (, ) on go, negative definite
on £y and positive definite on s5. We use the same notation for its complexification
(defined on g) as well as its restrictions and dualizations.

Choose a weight 1 € it. If p is the highest weight of an irreducible representation
of K, then p is £-dominant and integral. That is,

(1) (n,0) 20, e A+(E,t),
(V) €Z, «a€A(tt).
Definition 1. Suppose that X is an irreducible, admissible (g,K )-module.
a) A K type of X is an irreducible representation § € K that appears as a
subrepresentation of X when X is viewed as a representation of K.
b) A K type 6 € K of X is a lowest K type if for any highest weight p € it of
6, the length
(1 + 2pe,s 4 2pc)
is minimal for all K types of X.

Let A (g,t) be the set of nonzero weights of T' in g, a possibly non-reduced root
system. Fix a system of positive roots making p + 2p. dominant:

(2) AT (g.t) C{aeA(gt) | (u+2pc,a) >0},

Let p be half the sum of these positive roots and C, the positive Weyl chamber
defined by the system

(3) C={xeitg| (x.0) 20, Ve A* (g0},
a closed convex cone in itj. Define
(4) P:ity—C

to be the orthogonal projection onto C' with respect to (, ).
We will use a family of different projections onto this convex cone, taken from
[ and [Bl Section 1}).

Definition 2. Let u € it} be as in Definition [ and P as in (@).
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1. For t € [1,2] C R, define
Moo= M) =P(u+2p.—tp) € C, and
Gt = Gi(p)=G(M)

to be the centralizer in G of ;.
2. Define

(5) G () = max (G ()| £ <2}

As was seen in [3, Proposition 1.4], A; is well defined, that is, independent of the
choice of roots A (g, t) positive on u + 2p,.

Remark 3. At the endpoints we have

(6) M) = Aa(p) =Aa, and Gy (p) = G,
(7) Ao () = Au(p) = Ay, and G2 (p) = Gy
as defined in [3} (0.5d) and Proposition 2.3]. We also denote
(8) Ao = {)\a (1) ‘u eT dominant} ,
(9) A, = {)\u (w) ‘u eT dominant} .

Remark 4. Note that both A, (1) and A, (1) determine not only their centralizers
in G but also a subset of roots of t in g that are positive on them. There is a
non-empty interval (s,2), so that for all ¢ € (s,2), the weight A; (1) determines
the same group Gy, (1) and the same subset of roots of t in g that are positive on
At (p). We will pick one of these weights and call it Agy, (1).

In the examples below we define sgn (0) = +1.

Example 5. In the case when G is SL(2,R), K = SO(2) =T and K «— Z C
R 2t5. Then A (8,t) =0, A (g,t) = {£2}. Let p «— n.

1. If |n| < 2, then A, =0 and G, = G.

2. If n| > 2, then A\, =n —2sgn(n) and G, =T.

However, both G, and G, are T if [n| > 1. If |n| < 1, then for all ¢t € [1,2],
)\t:Oanth:G.
Example 6. If G = U (1,1), then K =U (1) x U(1) =T and K «— Z x Z.

At t)=¢, Ag,t) ={x(1,-1)}. Let p «— (a,b) € K. Define p = a—b. Then
AT (g,t) = {sgn (p) (1,—1)}. Then if v is the positive root, p = ¢ = % (1,-1),

2
1
p+2p.—tp=p—tp=_(a,b) —sgn(p (_,_5)
and

(p—tp,a) =sgn(p)(a—b) —t=la—0b -t
Then
= e iy a2
Therefore, for 1 <t < 2,
Loifja —b[ =2, Ao (1) = p—p, M (1) = —
2. if [a—b] < 1, Aa (1) = A () = (52, %52).
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For t =2,
1. ifla—b>2 A, () =p—2pand Gy, (p) =T;
2. if la —b] <2 A, (p) = (%22, 22) and G, () = G.

The following results are useful when calculating these parameters.

Proposition 7 ([T} Prop. 1.2] and [3, Prop. 1.1]). Let V be a finite-dimensional
real vector space with a positive definite inner product (,). Let C be a closed
convex cone in V. Denote by C° the dual cone of C':

O’ ={veV|(vc)>0,foralccC}.
Then, for any v € V there is a unique element ¢y of C' closest to v. The following
conditions characterize cy:

1. For anyce C, |v—co| <|v—c|.
2. For anyce C, (v —cpg,c—co) <0.
3. The vector co —v € C° and {(cy — v,cp) = 0.

In the context of (), co is precisely Pv (@), the projection of v onto C. Then
any v € V is uniquely written as an orthogonal decomposition

(10) UV = Vdom + Uneg
where vgom = Pv =g € C and vy, = v — Pv € —C°.

Proposition 8. Suppose p € it} and a decomposition of u as in ([[Q). Denote by ®
the set of simple roots of AT (g, t) and set S () = {a € @ [{, paom) = 0}. Suppose
TcCSw), T={ai,q,...o;}, define

PT 1w = orthogonal projection of i onto (Span T)l ,
pt =Py
Then (MT)dom = Mdom

Proof. Write

Clearly,

1" = pgom — | Y maP’a
acS(u)

meq >0

T
= Mdom — § ma P a
aeS(u)—T
meq >0

since PT is 0 on all roots in 7.
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We claim that for a ¢ T, PTa = o + Z§'=1 cjai;, with all ¢; > 0. In fact, the
identity is true with all the ¢; € R. Now, for any g € T,

<chaij,ﬂ> = (PTa.8) — ()
j=1

= —(a, ) >0.

The last inequality is true since a # 3. This shows that 22:1 cja; is a dominant
weight in SpanT and hence in the positive cone. So, all the constants c; are positive.
Then

t
B = pgom — | Y. ma [ at+ D e

a€s(p)—T j=1
The last term is a positive linear combination of simple roots perpendicular to pgom, -
By the uniqueness of the decomposition given by (I0), Proposition B follows. O

Proposition [§ gives us an algorithm to find A (1). That is, we just need to find
the set S (u + 2p. — tp). We proceed as follows. Write puy = u+ 2p. — tp.

1. If py is dominant, then S () = ¢ and A (@) = g

2. If py is not dominant, choose T = {a € @ [{a,pu) <0} C S (p). Then the
previous proposition says that S (uTl) =5 (u).

3. If u™ is dominant, we are done and \; (u) = pt.

4. If MTl is not dominant, set Tp = {a cd |<a,uT1> < O}. Then T7 C Ty C
S ().

5. Proceed in this way until 475 is dominant.

Example 9. For G = SO, (4,1), K =S0O(4), T = S0 (2) x SO (2). We can fix
AJF (E, f) = {61 + 62} 5

so that K «— {(a,b) €ZxZ |a > |b|]} C R22t} and 2p, = (2,0). Let p «—
(a,b) € K. Then p+ 2p. = (a+2,b), a +2 > |b| and we can choose

AT (g,t) = {e1 T ea;er;sgn (b) ea).
Then the set of simple roots of t in g is ® = {e; — sgn (b) ea; sgn (b) e2} and

tp =t <;,sgn(b) %) ,

o= i+ 2pe—tp= <a+2—gt,b— Sgr;(b)t) .
Denote by o = e; — sgn (b) ea, and by as = sgn (b) ea. Then
(12) (ut,00) = a—|b|+2—t>a—|b|,foralltell,2],
(13) (yas) = [b| — %t > [b| =1, for all £ € [1,2].

1. First suppose t = 2. Then
(a) If a > |b| > 1, then Ay (1) = p2 = Ay is dominant and G, =T
(b) If @ = |b] > 1, following Proposition[®, set 71 = {a1}. Then

Au = ([b] = 1,0 — sgn (b))

So G, = SL(2),, CG.

«
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(¢) When a = |b| < 1, then by (c) in Proposition[d A, = 0, G, = G and
we (0,0, (1,£1)}.

(d) If a > |b| and |b| < 1, set T1 = {az}. Then

p™ = (a—1,0).
Clearly, <MT1,042> = 0, but <MT1,041> is negative if and only if a < 1.
Then G, = G only if u = (1,0).
2. Now assume that ¢t =2 —«.

(a) For a > |b| > 1, At () = pt is strictly dominant and G, =T

(b) When a = |b| <1, then a — [b| +2—t =a — |b| +& > 0 but [b| — 1t =
|b| =1+ 5 <0 only if [b] = 0. In that case set 71 = {a2}. Then

3
=(-1+2c0).
= ()

Clearly, <MT1 , a1> is negative for ¢ < % Hence, if p = (0,0), A5y, = 0 and

Gsu = G.
On the other hand, if a = |b|] = 1, p; is dominant for ¢ = 2 — ¢ and
Gou=T.

(c) When a > |b| but |b] < 1, we proceed as in 2(b). If b = 0, uT* =
(a—1+ 2¢,0) > 0 on ay since a > [b|. Hence T C Gy, C G in this case.

Definition 10 (see [3, Definition 6.1]). Let p € it as in Definition[2 and let A, ()
and Gy, (p) as in (7).
1. We say that A, () is unitarily small if G, (1) = G. If that is the case, we say
that p is a unitarily small K type associated to A\, () and any representation
X with a unitarily small K type is unitarily small as well.
2. Denote by B)u(G), the set of unitarily small K types associated to A, by
Definition

It is clear from the definition that if G is semisimple, then the only unitarily
small weight in A, (see [@)) is A\, = 0. In general, if )\, is unitarily small, it lies in
the center of g (under the identification of t* with t via the invariant bilinear form
()

Example 11. B (SL(2,R)) = {0, +1,42}.

(%7%) _(m m {(an)ai 17_1)} formeven,

Example 13. B? (SO, (4,1)) = {(0,0),(1,0), (1,4+1)}.
Example 14. B (Sp (4,R)) = {(a,b) €iti | 3>a>b> —3,a—b<4}.

The first three examples above are clear from the previous calculations for these
groups. For G = Sp (4,R), the calculation was partially done in [3] example 6.3].

Remark 15. The example of U (1, 1) illustrates the role of the center. Since U (1,1)
is not semisimple, the set of unitarily small K types is not finite. It is the set
of integral weights inside the product of the lattice of half integral weights in the
center of the group and a finite set of K types in SU (1,1). This finite set is the
set of unitarily small K types of SU (1, 1) associated to (0,0). More precisely, the
set of all the unitarily small K types of U (1,1) is the set of integral points on the
linesy=z,y=ox+t1landy=o+2.
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A similar phenomenon happens for a general reductive group. We will make
this precise in Proposition 271 However, we need to use the réle of the center of G
to state Theorem [[J. Therefore we will fix some notation we need right now and
postpone the explanation of the relationship of the center of G with the unitarily
small K types until we need it. We will use the same notation as in [3], (6.1) and
Lemma 6.5:

Denote by Z the identity component of the center of G. We have

Z = (ZﬂK) exp (50 ﬁﬁo) = Z.Zp,
(14) a,
T, = GsNT,and ty =tos + 30,c-

derived group of Gy,

Here 30, = Lie (Z.) and t9 s = span of the roots of t in g. Then we can write any
K-dominant weight p € T as a decomposition of its restrictions to Z, and Ts. If
we call the differentials of these restrictions . € i35 . and ps € itf ; respectively,
then

(15) f= iz + s

3. MAIN THEOREM.

Let h =t+ a C g be the maximally compact Cartan subalgebra of g.

Notation 16. For the purpose of stating and proving Theorem [[9 we fix once and
for all a weight u € it} dominant for AT (€,t). Whenever it is clear from the context,
we will drop the variable p from all the parameters attached to this fixed weight.
For example, we will write G, for G, (1) and Ay, for Ay, (1), ete. as in Definition
and Remark [l

Denote by gsu = gsu (1) the complexified Lie algebra of G,,. It is clear from the
definitions that

(16) g =8(\) =+ D> CXa
(Asu,a)=0
Set
(]‘7) Ugy = Z (CXa
(Asu,a)>0
and
(18) Isu = Ysu (,LL) =q (Asu) = Gsu T Usu

the #-stable parabolic subalgebra of g defined by As,, (see [2], Section 4.6). Denote
by

A (use N8) = {a € A (s, ) | (Asus @) > 0}

(19) 2p (ugy, N5) = a.
€A (Ugy,Ns)
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Definition 17. Given any weight A € itj, let G (\) be the centralizer in G of A
and let g (A) = g (A) +u(X) be the §-stable parabolic subalgebra defined by A as in
[2], Section 4.6, and s (A) = dim (u (A) N ). Define the functors

Ly (A): (g(A),G(A)NK) modules — (g, K) modules,
ﬁﬁx) (A): (G(A)NK) modules — K modules
as in [2], Section 5.1.
Denote by W the Weyl group of A (g, t) and for any weight v € t*, let
(20) (W)

be the convex hull of the orbit of v under W. Our Main Theorem will still assume
the following.

Conjecture 18. Let X be an irreducible Hermitian Harish-Chandra module of G;
b, a 0-stable Cartan subalgebra of g and ¢ € b*, a weight representing the infinites-
imal character of X. Assume X is unitarily small (Definition [I0) and let A, (X)
be a weight associated to X as in Definition [2 and BQ“(X)(G), the set of unitar-
ily small K types associated to A, (X), (Definition[Il). Suppose further that the

canonical real part RE of ¢ does not belong to
Au (X) + (W - p).
Then, the Hermitian form on X is indefinite on Bi‘“(x)(G).

Theorem 19. Fiz notation as in Remark [§, (8) and (@8). Assume Conjecture
I8 holds for all Levi factors of 6-stable parabolic subalgebras of G. Let A, and G,
as in [@) and let g, be the complexified Lie algebra of G,. Let q, be the 0-stable
parabolic subalgebra of g determined by A\, and with Levi factor g, and let qsy C gy

be as in (I8).

Then, the following are true:

1. The weight pisy = p—2p (Usy, N8) € it is a highest weight of a unitarily small
finite-dimensional irreducible representation of Gg, N K.

2. There is a bijection between the set of unitary irreducible Harish-Chandra
modules of Gg, containing s, as a lowest Gg, N K type and the set of ir-
reducible unitary Harish-Chandra modules of G containing the K type u as
a lowest K type. The mapping between these sets is provided by the derived
Sfunctor module map

Ls (Asu) @ (8su, Gsu N K) modules — (g, K) modules
of Definition[I7. Here
(21) s =5(Asy) = dim (ug, NE).

3. Moreover, if X is an irreducible Hermitian (g, K) module with lowest K type
w corresponding to an irreducible Hermitian (gsu, Gsu N K) module X, with
lowest Ggy, N K type gy, then:

(a) For every representation N, of Gs, N K in B} (Ggy), the K type n =
LE (Ngw) (nsu) is nonzero.

(b) The signature of the Hermitian form on Xs, on a representation ns, in
B (Gyy) is equal to the signature on n of the form on X.
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We will give the proof in Section 5.

There is one respect in which this theorem is not as clean as the one in [3].
There we had an identification of all representations of G attached to A\, with all
representations of G, attached to A,. This theorem identifies just some of the
representations of G attached to A, with those of G, attached to A,. The case of
SL (2,R) illustrates what is going on.

Example 20. Suppose G is SL(2,R) and A, = 0. The unitary representations
of G corresponding to A, = 0 are the unitarily small representations of G: those
with lowest K types p = 0,£1,42. For these unitary representations the main
theorem of [3] provides no information. However, if y = 2, then G, = T and
ttsu = 0. Theorem [I9 says that we have a bijection between the set of irreducible,
unitary, unitarily small representations of 7" with weight 0 (which is just the trivial
representation of T') and the set of all unitary, unitarily small representations of
G containing p = 2 as a lowest K type (which is just a single discrete series
representation).

Notice, however, that we have only an inclusion of the unitary representations
of T with A, = 0 (still just the trivial representation) into those of G with A, =0
(which include also the principal series, the limits of discrete series, the complemen-
tary series, the trivial representation, and another discrete series representation).

4. STRICTLY UNITARILY SMALL K TYPES.

Definition 21. Let p be the highest weight of a unitarily small K type (Definition
Q).

1. We say that p is strictly unitarily small, or strictly small if G, (1) = G. We
denote by BZ, (G), the set of strictly small K types of G.

2. If A € A, N3 (see (@) and ([4)), we denote by B, (G) the set of strictly
unitarily small K types with central character A. If G is semisimple, then we
denote B, (G) = BY, (G) simply by By, (G).

Example 22. BY (SL(2,R)) = {0, +1}.

Example 23. B?, (U (1,1)) = {(a,b) € Z X Z| |a —b| < 1}.
Example 24. BY, (SO, (4,1)) = {(0,0)}.

Example 25. BY, (Sp(4,R)) ={(a,b)[2>a>b> —2a—b<3}.

We collect here a series of results on projections onto C' (@) and unitarily small
K types that we will need. They are all proved in [3].

Proposition 26. Let the notation be as in (@), B), @) and ({@4). Denote by
IT = {a1,q,...,0q} the set of simple roots for A* (g,t) and let {&;} be the dual
basis of fundamental weights. Then:

1. Denote by C° the dual cone of C: C° = {¢C € C | {¢,v) >0, forallv € C}.
Then

l
C =30+ R,
i=1

l
CO = Z Rzoai.
=1
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2. Suppose v and 6 are dominant weights in C' and v is any weight in it§. Then
Plv—y—=-96)=P((Pv—7)-19).

Proof. 1 is obvious from the definitions and 2 is Corollary 1.6 in [3]. O

Proposition 27. With the notation as in (I4) and Definition [0, suppose p € T
is a highest weight of a representation of K. Let A, and X\, be as in (@) and (@)
and s and p, as in ([I3).
1. A = A% (us) + po. Here NG+ (us) is the weight associated to jis, with respect
to Gs, as a Gs N K representation.
2. The following are equivalent:
(a) w is a highest weight of a unitarily small K type.
(b) Ay = pz.
(€) Ao € pz + (W -p).
(d) Let AT (g,t) be a choice of Toots positive on p+ 2p., 11, the set of simple
roots of AT (g,t) and p = 3 D aca+ (g @ Then

Ao =piz+p— ana-

acll
ca>0

Proof. 1is Lemma 6.5 in [3]; 2 (a)—(c) is Theorem 6.7 (a)—(c) of the same paper and
2 (d) follows from Proposition 1.7 (a) and (b), again from the same reference. O

The next lemma will be a consequence of Proposition 27 and Definition 2. We
need the following

Definition 28 (see [3], (2.3a)]). For weights A,y € it§ we say that « is a singular-
ization of A if for all @ € A (g, t),

(7,0) >0= (A a) >0.

Lemma 29. Let p € it] be the highest weight of a K -representation, A, and A, as
in Definition[d, Gs, and sy, as in ([I8) and Remark[]. Denote by W,_, the Weyl
group of the roots of t in gs,. Write (approximately as in Proposition [27] (d))

A=A +p— ana.

acll
ca>0

(This will be explained in more detail in 22) and @3) below.) Then

1. Ay is a singularization of A (Definition[28).
2. With the notation as above,

Gsu = h+ Z (CXﬁ

peSpan{alce>0}

3. g belongs to the interior of the polygon Ay + p (Usy) + (W (gsu,t) - p(gsu))-
This is a boundary facet of the polygon Ay + p (W) + (W (gu, t) - p(gu))-

4. The K type p is strictly unitarily small—that is, gsq = g—if and only if A,
belongs to the interior of the polygon p,+{(W - p). In particular, ps, is strictly
unitarily small for Gg,.
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Proof. Recall that (see (@) and Definitions [2] and H)
Aa =P (p+2pc—p),
Asu =P (1 +2pc —tp)
for some 1 < t < 2, close to 2.
Then, by Proposition 1.5 in [3],
Asu =P (P(p+2p.—p)—(t—1)p)
=P —(t—-1)p).
Now assume that « is a positive root, but (A,,a) < 0. Then Lemma 1.3 in [3]
implies that

(22)

<P (/\(l - (t - 1)p) aa> = </\suaa> =0.
This proves 1.
Now, by Proposition 1.1 in [3], for every ¢ € [1,2] there are constants ¢, (t) > 0
so that

(23) A=Xa—(t—1p+ > calt)a,

acll
ca>0

with the last sum orthogonal to A;. The constants ¢, of the lemma are just c,(2).
Denote by g: = g (\) the Lie algebra of G ()\;) from Definition 2. Then

(24) g=b+ > CX,.
(A,a)=0
Set
Uy = Z CXOM
At, 0
(25) (At o) >

A(ge,t) ={a € A(g,t)[(M,) =0},
A (ug,t) ={a e Ag,t) [(Ar,a) >0}.
Then 2 of this lemma will follow from

Lemma 30. With the notation as in 23), 24) and 25), then
Alg,t) = A(g,t) N Span{a € ey (') >0, t' > t}.
Moreover,

1. ¢q (t) is increasing for all a € TI.
2. If ey (to) > 0 for some tg € [1,2], then ¢, (t) is strictly increasing on [to,2].

We leave the proof of Lemma for later. To finish 2 recall from Remark [4
that there is a nonempty interval (s,2) so that for all ¢ € (s,2), the weight A
determines gs,,. This means that if « is a simple root of t in gy, then o € A (g, t)
for t € (s,2). From Lemma [30] ¢, > 0, since ¢, () > 0 for all ¢ > s. Conversely, if
¢o > 0, Lemma B0l also says that for t € (s,2), (A, ) = 0 so that a € A (gsu,t).
Now 2 follows.

We will now prove 3 of Lemma[29. By 2 of Lemma [29 we have

Aa =Au+p— Z Ca ¥,

a€Tl(gsu)
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with ¢, > 0. In particular,
Ao — Ay € p+ Span (A (gsu, t)) .
Using the parabolic subalgebra q,, = g, + u,, we can write
p = p(ua) + p(gu)-
On the other hand, by (3.2d) and the discussion following in [3],
Aa = Au € p(un) + (W (gu) - p(gu)) -
Now most of 3 follows by applying to g, to the following fact.

Claim 31. Suppose q = [+ u C g is a 6-stable parabolic subalgebra of g. Let
Wi =W (l,h). Then

(W - ) [+ Span (A (1, )] = (Wi~ p) = p () + (Wi - po).
This is a boundary facet of the convex polygon (W - p).
Proof of Claim. If w e W,

wp = p — Z Co(w)a

acAt(g,t)
cq (w)=0,1

—p- Y ows- Y e
BeAt(1,t) YEA (u,t)
cp(w)=0,1 v (w)=0,1

The last sum is nonzero if and only if w ¢ Wi. It follows first of all that the
left-hand side in the claim contains the right-hand side. For the other inclusion,
suppose that > a,w - p is a convex combination in (W - p). Then

Zaww P=p— Z Z awcp(w)B — Z Z uCy (W)Y

w BeA+(L0) w yEA(u,t)
All the coefficients here are nonnegative, so this convex combination can belong to
p+Span (A (I, 1)) only if all the a,,c(w) are zero; that is, only if all the w appearing
belong to W;. This proves that the left side in the claim is contained in the right
side, completing the proof of equality. The left side is the intersection of a convex
polygon with an affine subspace containing a vertex (namely p). It is therefore a
boundary facet, proving the claim.
To complete the proof of 3 in Lemma [29] it remains to show that A, is an interior
point of the polygon. What we showed before Claim 1] was that

Mo =i+ 0 Usi) + | pl8s) = D Carr
(XEH(qu)

with ¢, > 0. We are to show that the term in square brackets is in the interior of
(W(gsu) - p(8su)). Now A, is dominant, and the other terms on the right are or-
thogonal to the roots of gs,. It follows that the term in square brackets is dominant
for gsy. So we can apply the following to ggy:

Claim 32. Suppose 7y is a dominant weight of the form
Y=p— Y catt,
a€cll
with all ¢, > 0. Then « belongs to the interior of (W - p).
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Proof of Claim. We must show that v belongs to no codimension one boundary
face of (W - p). Such a face is given by the intersection with the polytope of a
hyperplane

(TN =, N}

Here p’ is half the sum of some set of positive roots, and X is a fundamental weight
for that set. Given such a p’ and X, let A be the corresponding fundamental weight
for AT; suppose it corresponds to the simple root ag. Then we compute

(v, Ny < {1, A) (since v is dominant)
= - Y caan)
= (pA) — caq
< (pA) = <plv)‘/>'

This shows that v does not belong to the boundary face defined by )\, and proves
the claim.

We now turn to the proof of 4. Suppose first that p is strictly unitarily small.
That A, is in the interior of the indicated polygon is a special case of 3. Conversely,
suppose that gs, # g. If g, # g, then we know from Proposition 27 2(c) that A,
is not even in the closed polygon p, + (W - p). If g, = g, then A\, = pu.; so 3 says
that A, is on a boundary facet of p, + (W - p). The facet is proper since gs, 7# @
by hypothesis.

The last assertion of 4 follows from 3 and the first part, by an argument such as
the proof of Lemma 3.2 in [3].

This completes the proof of Lemma [29. O

We now proceed to prove Lemma [30
Proof. Since the last sum in (23) is orthogonal to A, then
0= an (t) (M, @)
but ¢, (t) > 0 and (A, a) > 0. Hence,
(26) Ca(t) >0 = (M,a) =0

and « is a root in g;. Moreover, « is also a root in gy, for all ' > ¢. Then (20
implies that cg(t) = 0 whenever (3, \;) =0, so (Z3) becomes

M=Xds—(t—1)p+ Z o (1) .
(Oé,)\t>=0

We will be looking at what happens near a point ¢g € [1,2]. First write

p = pu,) + p(8t,) = puey) + Z Moo,

with m,, positive. Then for any small ¢ > 0,

)\t0+5:/\a—(t0—1+e)p+an(to+5)a.
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On the other hand, the decomposition of p above gives

Mg —ep () = Xa—(to—1)p—cep+epg, + Y calto)a
= Xa—(lo—1+e)p+ Z (Ca (to) + mag) .
(Ot,)\t>=0

Now, the last summand is orthogonal to both Ay, and p (us, ), and it belongs to
the dual cone

C° = {ycith|(y,€) >0, forall £ € C'}

of C (see ([B)). Whenever ¢ < ({\,, )/ (p (u,),3)) (for all simple roots 3 that are
positive on Ay, ), the left-hand side is dominant. By Proposition 1.1 (c) in [3],

(27) Aore = Ay —€p (uto) )

(28) ca(to+e) = calto) +mae (o, A\e) = 0),

(29) calto+e) = 0 ((B,\)>0).

These formulas establish Lemma O

5. PROOF OF THEOREM [19]

By the results in [3] (Theorems 5.4 (a)—(c) and 5.8 (a)), assuming Conjecture[I§
holds for all Levi factors of #-stable parabolic subalgebras of GG, there is a bijection
between unitary irreducible (g, K) modules containing the K type with highest
weight p and irreducible unitary (g, G, N K) modules containing the (unitarily
small) lowest (G, N K) type with highest weight p,, (notation as in Theorem [[J).
Using this bijection, Theorem can be reduced to the case when pu is unitarily
small. Therefore, to prove the theorem we will only consider this case. To take care
of one direction of the bijection we need the following

Proposition 33. With the notation as in Theorem[Id, suppose i is unitarily small.
For any nsu € By (Geu), write Ne = (Nsu), + (Nsu),- Then

Gsu s
1. )‘aGS“ (Nsu) = (Msu), + )‘l(l ) (ns)-

B _ — 0 is unitarily small for G, and the

2. By (Gou) = {5 € (GauNK) center of Gy N K acts by (psu), on o }

3. Set A\ (Nsu) = AG5v (sy) + p (su). Then <)\G (nsu),oz> > 0 for all a in
A (Ugy, t).

4. The weight 1 = Nsy + 2p (Usy N'5) is dominant for AT (&,t) and hence the
highest weight of a representation of K. In particular, the map

LE (\su) = By (Gsu) — By (G)

is never zero (see Theorem [19).
5. A\ (nsu) =g ("7)

Proof. 1 is immediate from the definitions. To prove 2 we use 2(a)—(c) of Lemma
27 applied to ns, and Ggy. Then

(Nsu) P Au-
Now, in the proof of 4 in Lemma 29 we showed that

(Msu)z = Mz = /\u



108 SUSANA A. SALAMANCA-RIBA AND DAVID A. VOGAN, JR.

This proves 2. Therefore, since 75, = Ay + (su) 5, then
A¢ (nsu) = )\aGS“' ((nsu)s) + Ay + o (Usu)

Ay is central in GG, and hence it has no effect on the roots of ug,. So, to verify 3 we
only need to check that

<)‘§” ((nsu)s) + p (Usw) a> >0

for all o in A (ugy, t).
For that we use the following.

Lemma 34. Let q = [+ u C g be any 0-stable parabolic subalgebra. Set p; as half
the sum of some choice of positive roots A* (I,t) of t in [. Denote by W; the Weyl
group W (I, t) and let v in (Wi - p1) (see Definition[20). Then

(v+pu),a)>0
for all a in A (u,t).

We leave the proof of this lemma for later. Now, since 7, is unitarily small for
Gsu, then ASsv ((nsy),) € (Wy.., - pg...) and using Lemma B4] 3 follows.

4 follows from 3 and from Lemma 6.3.23 of [4] and from Lemma 2.7 in [3]. Since
by 4 71 is dominant, then 5 follows from Lemma 6.5.4 in [4]. O

We turn now to the proof of Lemma B4

Proof. Fix AT (g,t) = AT ([,t) U A (u,t), so that p = p; + p(u). Let w € Wy =
W ([,t). Then w preserves A (u,t) and

wp = wpr + p (u).

Hence wp is strongly dominant for A (u,t). Then, any sum

D awwpi+p W)=Y aw(wp)+(p(w) D aw

ay>0 Ay >0 Q>0
weW; weW; weW;
is strongly dominant for A (u,t). Nowif > a, =1, the right-hand side becomes
> aw (wpr) + p (w)
Ay >0
weW,

and hence strongly dominant for A (u,t). This proves Lemmal34 and concludes the
proof of Proposition B3l O

Proposition 35. In the setting of Theorem[I9] suppose Z is an irreducible module
for (gsu, Gsu N K), endowed with a Hermitian form, with lowest G, NK type pisy €
B} (Ggy). Assume Congjecture [I8 holds for all Levi factors of 0-stable parabolic
subalgebras of G, then:

1. L5 (Asu) (Z) = X contains the K type with highest weight p as a lowest K
type.

2. The Hermitian form on Z induces one on X by Proposition 2.6 in [3].

If, in addition, Z is unitary, then X is irreducible and unitary.

4. Lg (Nsu) preserves signatures on B¢ (Gs,). In other words, for these K types,
the signature of the form on X equals the signature of the form on Z.

@
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Proof. s, is unitarily small for Gg, and hence Z is a unitarily small Harish-
Chandra module. By Conjecture I8 the canonical real part RE (7s,) of the weight
vsu associated to the infinitesimal character of Z is in A, + (Wy,, - pg..)- Then by
Lemma [34],

RE (Ysu + p (Usu) ;) >0

for all & € A (usy). By 2.13 (e) of Bl, L5 (Asu) (Z2) is irreducible and hence contains
the lowest K type p. This proves 1. Now, 2 and 3 follow also from Theorem 2.13
(c) and (f) in [3]; and 4 follows from Proposition 3.1 in [3] and Theorem 2.13 (d)
in 3] O

Now for the other direction in Theorem [[9] we first need the following.

Proposition 36 ([3] Theorem 5.9]). Let X be an irreducible Hermitian Harish-
Chandra module of G, b a 0-stable Cartan subalgebra of g, and ¢ € b* a weight
representing the infinitesimal character of X. Assume X is unitarily small (Defi-
nition [I0). Let \, be a weight associated to X as in Definition [ and B (G) the
set of unitarily small K types with the same central character A, (Definition [I0).
Suppose further that the canonical real part RE¢ of ¢ belongs to

Aut (W p).

Then, X is unitary if and only if the Hermitian form on X is positive definite on

BN (G).

Proposition 37. With assumptions as in Theorem[Id, suppose X is an irreducible
unitary Harish-Chandra module of G with unitarily small lowest K type p. Then:

1. There is a unique irreducible Hermitian (gsy, Gsy N K) module Z containing
a lowest Gy N K type pgy, so that X is the unique irreducible subquotient of
Ls (Asu) (2).

2. The signature of the form on Z is strictly positive on all of By (Gsy).

3. The real part of the infinitesimal character of Z lies in Ay + (Wy,, - Pa.u)-

4. 7 is unitary.

Proof. 1 and 2 again follow from (b), (c¢) and (d) of Theorem 2.13 and Proposition
3.1 in [3]. 3 follows from 2 and Conjecture I8 Now, 4 follows from Proposition
O

Now Propositions B8l and B7 together prove Theorem
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