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COMPARISONS OF GENERAL LINEAR GROUPS
AND THEIR METAPLECTIC COVERINGS II

PAUL MEZO

ABSTRACT. Let A be the adele ring of a number field containing the nth roots
of unity, and let ai(r, A) be an n-fold metaplectic covering of GL(r, A). Under
an assumption on n, we prove identities between all of the terms in Arthur’s
invariant trace formulas for GL(r, A) and GL(r, A). We then establish a cor-
respondence between the automorphic representations of these groups.

1. INTRODUCTION

Correspondences of metaplectic covering groups have their origin in the work of
Shimura ([35]). Shimura constructed a correspondence between modular forms of
half-integral weight and cusp forms of even weight, which preserves L-functions. He
suggested that this correspondence be studied further by using the representation-
theoretic techniques developed by Jacquet and Langlands ([22]). This approach
was explored (among others) by Flicker ([I7]), who gave a complete description of
the correspondence between the automorphic representations of an n-fold covering
of GL(2) and the automorphic representations of GL(2). Flicker’s correspondence
was proved using the Selberg trace formula and followed Langlands’ proof of base
change for GL(2) ([29]). Trace formula methods were also exploited by Flicker,
Kazhdan and Patterson ([I8], [25]) in the proof of some additional correspondences
between the automorphic representations of n-fold metaplectic coverings of GL(r),
r > 2, and automorphic representations of GL(r). We prove correspondences of
automorphic representations for the same groups under some assumptions on n,
the order of the covering. Our approach is novel in that we use the invariant trace
formula of Arthur ([8]) and follow Arthur and Clozel’s proof of base change for
GL(r) ([13]). We refer the reader to the introductions of [17], [24], [25] and [I8] for
the ramifications of metaplectic correspondences to number theory.

This paper is the sequel to another paper ([30]), in which the local metaplectic
correspondence and the invariant trace formulas are described. We shall assume
that the reader is familiar with this work and adopt its notation without further
comment.

The topic of §§2HIZ is the comparison of invariant trace formulas. This compar-
ison is made under an assumption on the order of the covering. We first describe
the content of these sections and then consider the assumption. Let A be | the adele
ring of a number field F. The conjectural invariant trace formula for GL(r, A) is
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placed into the form

ST W wE S S (L )

MeL YEM(F))F,s/udt
S SN S I TC N
MeL t>0 TI(M.t)

and a special version of the invariant trace formula for GL(r, A) is placed into the
form

> Wt we ! > MG

MeL YE(M(F))F,s/ph!
=y |W({W||WOG|_1Z/ oM7) I3 (7, f)dx.
vy >0 /P (M,t)

Thg\function f in these equations is taken to be arbitrary in the global Hecke space
of GL(r,A). The interesting terms in these formulas are of two types: local and
global. The local terms, which are each identified by an “I”, are distributions
defined in terms of weighted orbital integrals and weighted characters. The global
terms, which are each distinguished by an “a”, are constants which depend either
on the automorphic nature of the representations involved, or the rational geometry
of the groups.

The principal results of §§2HI2 are Theorems A and B which match the global
terms, a™(S,4") with a™(S,v), and a™ (%) with a™*(7); and the local distribu-
tions, I3y (v) with I3;(7), and Iy (%) with I3 (7).

The structure of the proof of Theorems A and B follows II [13] very closely. There
are however two notable deviations. The first is our use of the local invariant trace
formula ([12]) in §§3 and [2. We assume that this formula holds for metaplectic
coverings. The second is the use of strong approximation in §I20 Otherwise, the
reader familiar with [13] should have no difficulties in relating the ideas of §§2HI2
to II [13]. To make this relation more transparent, the results of §§2-12, which
have counterparts in II of [I3], have references to their counterparts in parentheses
immediately following their own numbering.

Let us now consider the assumption on the order of the covering. This is given
as Assumption [[lin § Under this assumption n is relatively prime to the positive
integers less than or equal to r and is also relatively prime to i(1 4 2m) — 1, where
1<i<r,and 0 < m < n—1is a fixed integer which stems from the metaplectic
covering. The reader may find it helpful to consider Assumption [T with m = 0, in
which case the assumption is greatly simplified, but the covering groups are still
non-trivial. We list below the obstructions that are removed under this assumption.
The list is given in increasing order of the author’s perception of their difficulty.

Assumption [[ excludes even coverings. If n is even, the orbit map, the basic
means of comparison, is defined only on a proper subset of G(F,) and contains a
term defined in terms of K-theory. The former consequence would require the proof
of an additional vanishing property for the geometric side of the trace formula of
GL(r, A), or restrictions on f . The latter would make computations involving the
orbit map more complicated.

Proposition 26.2 of [I8] and the Appendix to [30] ensure that the local metaplec-
tic correspondence commutes with parabolic induction under the assumption that
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n is relatively prime to i(1+2m)—1,1 < i < r. It is expected that this assumption
can be lifted, but to date there is no proof of this expectation.

Assumption [Il implies that n > 3. In this case the archimedean completions of F’
are all complex. Since metaplectic coverings of GL(r, C) are trivial, the representa-
tion theory at the archimedean valuations is very straightforward. Jordan canonical
form may also be used to simplify the comparison at the archimedean valuations.
In order to complete the comparison in the case n = 2, one would presumably have
to prove identities of differential operators on GL(r, R) parallel to those in [33].

The assumption that n is relatively prime to the positive integers less than or
equal to r simplifies the comparison of v and 4", and of their centralizers in G(F,).
Many terms in the invariant trace formulas are expressed in terms of these objects
(see §§3land M]). Under the above assumption, the discrepancies in these terms may
be described purely in terms of nth roots of unity.

As mentioned in the introduction of [30], the vanishing property for the geomet-
ric distributions of ﬁ(r, F,) does not follow for general n. It does follow under
Assumption [] (Proposition 8.2, [30]). This obstacle might be circumvented by mak-
ing restrictions on f , or by showing that the sum of the undesirable distributions
vanishes.

Last, but certainly not least, the matching of weighted orbital integrals required
for Lemma B-4] and the approximation arguments of 12| is only proved in the case
that n is relatively prime to certain integers which are included in Assumption [I
([31]). Even under the assumption that the local trace formula ([12]) holds for
metaplectic coverings, this matching is not immediate.

Theorem B entails some global metaplectic correspondences which are listed in
Theorem M3l In broad terms, there is a correspondence between unitary auto-
morphic representations of GL(r, A) and unitary automorphic representations of
Levi subgroups of GL(r, A). This correspondence preserves a character relation at
almost every valuation of F'. If a representation 7 of @(r, A) corresponds as above
to a cuspidal representation m of GL(r, A), then a character relation is preserved at
every valuation of F' and 7 is the only representation of @(r, A) which corresponds
to . This implies the multiplicity one and strong multiplicity one properties for 7.

Aside from the elimination of the rather vexing Assumption [Il there remains
much more work to be done in obtaining a general metaplectic correspondence. The
paper is concluded with two conjectures concerning the general correspondence and
suggestions for their possible solutions.

Portions of this paper appeared in the author’s thesis [32]. The author would
like to thank J. Arthur for his encouragement and the Max-Planck-Institut fiir
Mathematik in Bonn for their generous support.

2. STATEMENT OF THEOREM A
We adopt the notation of [30]. The global metaplectic covering,
G(A) = GL(r, A),

depends on three integral parameters, which are suppressed from the notation (see
§2, [B0]). The first is the rank, r > 2, of the general linear group. The second is the
order, n > 1, of the metaplectic covering. The third is the degree, 0 < m <mn —1,
of the “twist” of the underlying metaplectic two-cocycle defined by Matsumoto
(p. 58, [18]). Any two metaplectic coverings associated to distinct triples are not
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isomorphic. Moreover, for any choice of the above three parameters, there exists
a corresponding metaplectic covering. Henceforth, we assume that the following
assumption holds on the parameters of G(A).

Assumption 1. The the order of the metaplectic covering n is relatively prime to
i(14+2m)—1 and ¢ for all1 <i <r.

The relevance of Assumption 1 has been discussed in the introduction. The
restrictions involving the fixed integer 0 < m < n—1 are required for the arguments
of the Appendix to [30], which ensure that parabolic induction commutes with the
local metaplectic correspondence (cf. §26.2, [I8] and §3.1, [30]). These restrictions
are also needed for the geometric vanishing properties of §8 in [30)].

The second main assumption that we work under is related to the trace formulas
of Arthur. Recall that the centralizer of o € G(F') in G is denoted by G,.

Assumption 2. Suppose o is a semisimple element of G(F). Then the local trace
formula of [12] and global trace formula of [8] are valid for G.

Assumption 2]is rather expansive, but is not expected to be grave. We refer the
reader to §1 and the beginning of §7 in [30] for more details on this matter.
In §9 of [30] we expressed the conjectural invariant trace formula for G(A) as

ST wE| 3 ™ (S,4") I (v, f)

MeL YE(M(F))m,s /bt
= S e [ o @
t MeL TI(M.t)

where f is a test function in the global Hecke space H(G(A)), and S is a sufficiently
large finite set of valuations of F.

This function f € H(G(A)) is taken to be a restricted tensor product of the
form &, fu. Each f, belongs to the local Hecke space H(G(F,)) and is associated
to a function f/ defined on the tempered representations of G(F,). The function
f; is defined by

Flm) = { tr (fr(f)) , if @ = & for some 7 € Memp(G(Fs)),

0, otherwise.

where @ — 7’ is the local metaplectic correspondence of Flicker and Kazhdan
(Theorem 27.3, [18] and §3, [30]). In fact, f{} belongs to the Paley-Wiener space
Z(G(F,)) as defined in §3 of [30]. The distributions of Arthur’s invariant trace
formula pass to maps on Paley-Wiener spaces. We may therefore substitute

F'=Qf e T(G(A))

into the invariant trace formula for G(A). With this substitution, the invariant
trace formula for G(A) is expressed in Proposition 9.2 of [30] as

> W w ! > a™ (S, I3 (v, f)

MeL YE(M(F))m,s/pdt

=t Y S w / oM () Iy (., ).

t Mer II(M,t)
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The distribution I3;(7) on the left is defined by
v H= > Iulm, ), feHG(Fs)),

neppt /s
where the sum is taken over a certain set of nth roots of unity in the center of M (F)
(86, [30]). The forms of these two trace formulas and Theorem A in [13] motivate
the first main theorem of our comparison.

Theorem A. Under Assumptions 1 and 2, the following two assertions are true.
(i) Suppose that S is a finite set of valuations with the closure property. Then

() = I )y 7 € Meomp(Fs), f € H(G(Fs)).
(i) Suppose v € M(F). Then
a™(S,7') = a™(8,7)
for any suitably large finite set S.

The closure property of assumption of Theorem [Al (i) is a technical property
given in §3.1 of [30]. The closure property is satisfied if and only if S contains an
archimedean valuation or S is comprised entirely of valuations which divide a fixed
rational prime. The set Mcomp(Fs) is a dense open subset of M (Fg), defined in §4
of [30].

The proof of Theorem A will be completed in §I2] Observe that by the splitting
properties ((23) and Proposition 6.2, [30]), Theorem A (i) holds if and only if it
holds in the case that S consists of a single valuation.

The proof of Theorem A consists of several induction arguments. Suppose o is
a semisimple element of G(F'). We make the induction hypothesis that Theorem A
holds if G is replaced by the centralizer G, and dim(G,) < dim(G).

The subgroup G,(A) C G(A) is defined in terms of the same three parameters
which determine G(A). It should therefore not be too surprising that Assumption
Mpertains to G, (A) in the same way it pertains to G(A). The relationship between
the induction hypothesis and Assumption [lis further explored in the Appendix.

Every Levi subgroup in L is of the form G,. Furthermore, it follows from Propo-
sition 3, §2, IT of [27] (Krasner’s Lemma) and §1 of [25] that for any nonarchimedean
valuation v and semisimple element oy € G(F),) there exists a semisimple element
o € G(F) such that G, (F,,) = G,(F,). This fact allows us to apply the induction
hypothesis in the local nonarchimedean context.

Let us consider some immediate implications of our induction hypothesis. By
combining the induction hypothesis with the descent properties, we obtain the
following lemma.

Lemma 2.1. Suppose My and M are in L such that M, g M. Suppose further
that v € M1(Fs) N Meomp(Fs) satisfies My, = M. Then

Ly £) = i ), | e HIG(Fs)).
In particular, this equation holds for v € M1(Fs) N Goreg(Fs).-

Proof. Tt follows from Jordan canonical form and exercises 33—34, Chapter 5 of [I]
that M, = M, if and only if My , = M,. We therefore have

Ml,a - Ml,a” C M =M, = Ml,a;
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and so My o = My on. That is, v € M1 comp(Fs). By the descent properties ((22),
Corollary 6.1, [30]), we have

N H -t hH= Y. df ( it (. fr) —ﬁf(%ﬁ))-
Lel(My)
The induction hypothesis and the fact that dﬁl (M,G) =0 (§7, [7]) imply that the
right-hand side vanishes. [l

Applying our induction hypothesis to the geometric sides of the trace formulas
and also to expansions (28) and (29) of [30], we obtain the following lemma whose
proof can be gleaned from the proof of Lemma 5.2, II of [13].

Lemma 2.2 (5.2). The distribution,
f’_> I(.f) - Iz(f/)a .f € H(G(FS))a
is the sum of
SoowwErt Y @M (B 6. ) - e )
MeL,M#G YEM(F))na,s/ 1!
and

> > (aé(& u) — a%(S, u)) X (6u, f).

d€Ac(F)\u§ ueUc(F))a,s

3. COMPARISON OF I{(v, f) AND I3 (v, f)

Our aim here is to show that I3 (7, f) is equal to I/ (7, f) under various circum-
stances. We begin by showing that Theorem A (i) holds if it holds at certain regular
elements. In order to do this, we need to be able to compare the functions r(7y, a),
which appear in the definitions of our invariant distributions. The following two
lemmas afford such a comparison.

Lemma 3.1. Suppose that v € M(F,) is not G(F,)-conjugate to any element o €
L(Fy,), such that L € L, L G M and L, = M,,. Suppose further that v = ou
is the Jordan decomposition of v in M(F,). Then there exists n € uM such that
Gyy = Gyn and Gye = Gon. Moreover, M, = Mqn.

Proof. We shall show that dim(G,,) = dim(G,») for some n € p}. The first
assertion of the lemma then follows from the fact that centralizers in G are closed
and connected. The remaining assertions shall follow easily from the proof of the
first. Recall decomposition (4) of [30],

M=M®1)x - x M) =2GL(r1) X --- x GL(ry).
Identify v € M(F,) with (y1,...,v), where v; € GL(r;, Fy), 1 < i < £. As

explained at the beginning of §1 of [25], there exist positive integers, k;, ri;, and
commuting elements, o;;,u;; € GL(ry5, Fy), for 1 < ¢ < £, 1 < j < k;, such

that the elements o0;1,... , 0, are semisimple, pairwise distinct and generate field

extensions, F;1, ..., Ei,, respectively; the elements u;1, . .. , u;;, are unipotent and

upper-triangular; and ~; is GL(r;, F}, )-conjugate to the block diagonal matrix
Ti1Ui1 0

(1) € GL(ry, Fy,) &2 M (i) (Fy).

0 Oik; Uik,
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This matrix determines a unique Levi subgroup,
Li = GL(TM) X - X GL(Tiki),

of M (i) =2 GL(r;). In turn, we obtain a unique Levi subgroup L € £ such that
L>L;x---xLyand L C M. Suppose 7 is the element of L(F,) determined
by @). Then L., = M,,. To see this, observe that for 1 < j; < jo < k;, the
eigenvalues of 0;;, are pairwise distinct from the eigenvalues of o;;,. This implies
that L; ,, = M(i), (exercise 33-34, Chapter 5, [1]). This last equality clearly
implies L, = M,,. By the hypothesis of the lemma we must have L = M. This
means that k&; = --- = kp = 1 and that ; is GL(r;, F,))-conjugate to o;u;, where
0; = 0;1 and u; = w;1. An immediate consequence is that ] is GL(r;, F, )-conjugate
to oj'u;’. The element o' generates a field F; which lies between F; = E;; and F,.
Assumption [Jimplies that E; = F;. Indeed, after identifying o; with an element of
E;, we have E; = Fj(0;) = F;i((67)"/™). According to Theorem 10 (b), VIII, §6 of
[28], the index [E; : F;] divides n. At the same time we have [E; : F;] <r; <r and
so Assumption [l implies that [E; : F;] = 1. It is immediate that the degree of the
minimal polynomial of ¢;, namely [E; : F,], is the same as that of ¢}*. Furthermore,
by applying Jordan canonical form (in GL(r;/[E; : Fy], E;)) and Lemma 4.1 of [30]
to oful, we find that it is GL(r;, F, )-conjugate to ofu;. Suppose that

(2) o} # oj,, whenever 0j, # 0j,, 1 < j1 <ja </

Then the previous two observations imply that there is a degree-preserving bijection
between the elementary divisors of v and ™. Since the dimensions of G, and G~
are determined by the degrees of the elementary divisors of v and " respectively
(Theorem 5.15, [1]), we have dim(G) = dim(G+»). Now suppose that o}, = o7,
but o, # oj, for some 1 < j; < jo < {. By regarding o, and o;, as elements of
E; (= Ej,), we find that o;, = (o}, for some ¢ € p,. This implies the existence of
an element 7 € p?, such that if v is replaced by 7y in the earlier argument, then
(@) holds. This proves the first assertion of the lemma. The second assertion is
seen to follow easily from the above argument by taking v = 1. The final assertion

of the lemma is a consequence of F; = Fj;. O

We already mentioned in the proof of Lemma 6.2 in [30] that rps(y, @) is invariant
under translation by Ag(Fs) in the first variable. This justifies the appearance of
the quotient in the index set of the sum in the following lemma.

Lemma 3.2. Suppose v € M(F,) satisfies the hypotheses of Lemma 31 and a €
At reg(Fy). Then

Y rulpa) =ru(y"a).

nepd /ug

Proof. By Lemma B, we may assume that v satisfies G, = Gyn, Go = Gon and
My = Myn. Suppose n € . We would like to use Lemma 8.2 of [9] to show that

GW . o
3) ryv(ny,a) = { SM (v.a), if ag, = ag,

, otherwise.

In order to be able to invoke Lemma 8.2 of [9] we must verify the three conditions
listed on p. 262 of [9]. To satisfy the first condition, we must have n € G(F).
This is trivial. The second condition is satisfied if am, = am- This is obvious as
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M, = M. Finally, we must verify that G, (F,) is contained in G- (F,). This is
simple to verify since,

G (F2) € Gy (F) = G (F) = Gy (F).

We now have equation (3)). A moments thought reveals that ag, = ag if and only
if n € u&. Thus,
> ru(ny,a) =ruly.a).
neuyt /ng
Now 7ar(7,a) is defined in the usual fashion (cf. §6, [2]) from the (G, M) family

o B[O

rp(v,v,a) =rp(v,ou,a) = H‘a , PeP(M).

The product on the right is taken over the roots of (P NGy, A, ), and p(B, u) is a
real number (defined in §3, [9]) which depends only on the conjugacy class of u in
M,. Since u™ is conjugate to u in M, (Lemma 4.1, [30]) and

(PN Gy, Ant,) = (PN Gon, Ari,n ),
we have in turn that
rp(v,y",a) =rp(v,o"u",a) = rp(v,ou,a) = rp(v,vy,a)
and
m(Y"a) =rm(y,a).
This completes the lemma. O

Lemma 3.3 (3.6). Suppose that f is a function in H(G(Fs)) such that

Ly ) = Lt (0 f)
for every element v € M(Fs) N Goreg(Fs). Then the same formula holds for any
element v € Mcomp(Fs).

Proof. By the splitting properties ((23) and Proposition 6.2, [30]), it suffices to
prove the lemma in the case that S consists of a single valuation v. By Lemma 2]
it suffices to prove the lemma under the assumption that v € Mcomp(Fy) satisfies
the hypotheses of Lemma Bl By following the argument of Lemma 3.6, IT of [I3],
we may conclude that

Iy (v. ) = it (0, ),
if the semisimple component ¢ of « satisfies G, = M,. Now suppose that a €
At reg(Fy) is close to the identity so that

Iy (ay, f) = Iif (a7, f)
holds. According to the definitions of our invariant distributions and Lemma B2
we have

inf) = dm 3 >0 rimali(en, )
LeL(M)nepM /uk
- . L n M n
= im Y b aR e )

LeL(M)
= I (v, f)
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Lemma B3 tells us that in order to prove Theorem A (i) it is enough to consider
the case that v belongs to M (Fs) N Goreg(Fs). This is an important observation
which we shall, often implicitly, make use of in the rest of this paper.

We now consider a very different comparison. At almost every place v, a function
in H(G(A)) is of the form f; defined in (27) of [30]. Tt is therefore valuable to
compare I3 (7, f2) with 13 (v, £2).

Lemma 3.4. Suppose v is a valuation such that |n|, = 1. Then
L (v, £0) = I (0 £2)). 7 € Meomp(F).
Proof. By Lemma [33] it suffices to prove the lemma for v € M(F,) N Goreg(FY).
Obviously, |n|, = 1 implies
L (v ) = L (0, D).
By Lemma 2.1 of [7] the term on the right is equal to the weighted orbital integral
T (Y, £2) (cf. §2, [9]). Let f2 € H(G(F,)) be the characteristic function of K.

It may easily be verified that fﬁG = fg ). Under Assumption [I] we may apply the
Theorem of [3I] to conclude that

Ta F) = D Il £).
nepdl /u§

Again, by Lemma 2.1 of [7], the sum on the right is equal to
S Il £2) = Tu(r, £2).

nepd /nG

O

We now turn to comparisons which are more obviously connected to Theorem
A. Through the comparison of trace formulas in §I2] we will prove Theorem A (i)
in the special case that S contains {v : |n|, # 1}. The purpose of the next theorem
and its corollary is to show that the general case of Theorem A (i) follows from this
special case.

Theorem 3.1 (6.1). In the special case that S contains {v : |n|, # 1}, we suppose
that

ECHIESACHIE
for any v € Leomp(Fs) and L € L:( ). Then there are unique constants
6L(S) g(s)a LG'C(M)a

such that
B H= Y Iy (,en(S)f;), v € M(Fs).
LeL(M)
The constants have the descent property
Z dﬁl(MaL)glL\/h(S)a MICMv
LeL(My)
and the splitting property

em(8) = Y df(L1, Lo)ef} (S1)ef?(Sa), S=S1US,.
Ll,Lzeﬁ(M)
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Proof. This theorem follows from the proof of Theorem 6.1, II of [I3], with I¢,
replaced by I3 and Iy replaced by I3 O

Corollary 3.1 (6.4). In the special case that S contains {v : |n|, # 1}, we suppose
that

I on =17 (n ),
for any v € Leomp(Fs) and L € L(M). Then

1, M=aG,
gM(S)_{ 0, M#G

for any finite set S of valuations with the closure property.

Proof. Fix M G G. By the induction hypothesis following Theorem A we have that
ek (8)=0,if M S LG G. Tt follows from the the descent property of Theorem B.1]
that £p7(S) = 0 unless M = My. It follows from the splitting property of Theorem
B that

enmo(S) = Z ey (V).

veS

The corollary therefore follows if we show that ez, (v) = 0. Under Assumption 2,
we assume that the invariant local trace formula of Arthur (Proposition 8.1, [I2])
holds for G(F,) and we compare local trace formulas to show that &z, (v) = 0. Our
assumption is that the geometric side of the local trace formula ((8.5), [12]),

S W [WE| (— 1)t /4e) / ~

MeL (M(Fy)en)

II\;I(S/vfl X f~2)dﬁla

is equal to the spectral side ((8.6), [12]),

S W W | (—1)tim A Ac)
MeL

<Yl [ rg e P (e, B x o)) an

# €T ss0 (M) iads
We shall make a few remarks concerning the notations. The set (M (F,)en) is
the set of M(F,)-conjugacy classes of elements 4 in M (F,) such that p(3) is F,-
elliptic in M(F,). It is a measure space by virtue of an identification with a set of
anisotropic tori. The invariant distribution I (7, f1 % f2) is defined analogously to
the distribution I, (%, f) of §7 in [30)], the only differences being that f1 and f, are
Hecke functions on the same group and that f; is genuine, not antigenuine. The
set Tlgiec(M) is, in our case (Proposition 27, [18]), a subset of (equivalence classes
of) representations of the form

T = 7~T¥ &® ﬁh 7~T1 S Htemp(M(Fv));
where 7y denotes the contragredient of 71. The term 7 (7, P) is obtained from
the (G, M) family of normalizing factors given in §5 of [30]. The reader is referred
to [12] for a description of the remaining notations. Applying the local vanishing
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property (Lemma 8.1, [30]), making the change of variable from v to 4/, and making
some obvious definitions, we find that the geometric side is equal to

SO W WE | (—1)dmA /4e) / Il L (v o % fo)dny
MeLl (M(Fv)ell)/ll'ﬁl
=S WMWE | (—1)dma/Ae) / 0 Fo x o).
MeL (M(Fy)en)/pn!

The geometric side of the local trace formula for G(F,) at f] x f} is equal to

S W W (-t | fvily £ % oy
MeL (M(Fy)en)
= ny |W§4||WOG|_1(—1)dim‘AM/AG)/ I (v, fi % fa)dn.
MeLl (M(Fv)ell)/ll'ﬁl

The comparison of the spectral side of the local trace formula of G(F,) follows in
three steps. First, from a simple computation (cf. §8) and the definition of our
normalizing factors (§5, [30]), it follows that

i (7x, P) = ndimAs/Ae), (7 P) P e P(M).

Second, the local metaplectic correspondence for tempered representations ((8),
[30]) implies that
tr (Indg(@, i x fz)) — (fl x ) (Indg(fr;/)).

Finally, we leave it to the interested reader to show that once the terms in the
definition of @}l (%) and a}! (7') are unraveled, they are easily seen to be equal.
Taking the foregoing into consideration and noting that d\’ equals nd™(A») )\ we
conclude that the spectral side of the local trace formula for G(F,) is n times the
spectral side of the local trace formula for G(F,). The coefficient n cancels the

n appearing in front of the geometric side of the trace formula for G(F,). Thus,
taking the difference of our modified local trace formulas yields

DWW (i )
MeL

x / I o x o) — I3y, fa % fo)dy = 0.
(M(Fv)ell)//"’a/[

An application of the splitting properties of I3/ () and I3, (y) (which follow as in
(23), [30] and Proposition 6.2, [30]) and the induction hypothesis to the integrand
reduces this equation to

4]

~1 r—1 r Mo (.1 F Mo/ 1 F
-1 2|n|re =0 (', - )20 (7 7 )dy =0,
o (=1) /o(Fv)/u% [ pen, (v) Mo (v fl,Mo) A (v f2,M0) Y
which in turn implies

@) / errs (I (v F) I, f2)dy = 0.
Mo (Fy)/puM

Choosing appropriate non-negative functions fl, fg in this equation implies that
em, (v) = 0 and the corollary is complete. O
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4. COMPARISON OF GERMS

We shall establish germ expansions for I{(y) and I3,(y) and then compare
them. Before writing the germ expansion for I'); (%) we extend the notion of (M, o)-
equivalence (cf. §2, [9]) to metaplectic coverings. Suppose that & is a semisimple
element of M (Fs), and ¢, ¢» are functions defined on an open subset ¥ of M&(FS),
whose closure contains an Mjs-invariant neighborhood of 6. We say ¢ is (M ,0)-
equivalent to ¢o and write

-\ (M,& -\ =
01() " 62(3), F e %,
if there exists h € C°(M(Fs)) and a neighborhood U of & in M (Fs) such that
G1(3) — ¢2(7) = IM(3,h), ¥€ ENU.

For the remainder of this section we assume that v is nonarchimedean and f €
H(G(F,)). Suppose that 4 € M(F,) such that p(%) has Jordan decomposition ou.
Choose ¢ such that p(6) = o and ¥ = Gu. The germ expansion of I,;(7, f) is the
extension of (2.5) of [7] to metaplectic coverings and reads as

(5) ICR IR > 95GOI, f).

LeL(M) §ea(Ur, (Fu))
As in the germ expansions of invariant orbital integrals (§4, [30]), the germs 91%”4 (7, 5)
are parameterized by classes in (Ur, (F,)) (by way of the orbit map s). Therefore
in comparing germ expansions at v = ocu € M(F,) and ' it would be convenient

to have a bijection between (Uy, (F,)) and (Ur . (Fy)). The following lemma gives
us such a bijection provided o is F,-elliptic in L.

Lemma 4.1. Suppose L € L(M) and o is a semisimple element of M(F,) such
that o is F,-elliptic in M and o™ is F,-elliptic in L. Then there exists an element
n in uM such that Lo (Fy) = Lon(Fy). In particular, no is F,-elliptic in L.

Proof. For the sake of convenience, we suppose that L = G. Recall decomposition

(4) of [30],
M(F,) = M(1)(F,) x -+ x M(€)(F,) = GL(r1, F,) x - - x GL(r¢, F ).

We identify M (F,) with this direct product of general linear groups. By assump-
tion, o is Fy-elliptic in M (F,). It is therefore M (F,)-conjugate to

g1 0

oy 0

0 gy

where o; € GL(m;, F,)) generates an extension F;/F, of degree m;, m; divides r;,
and o; appears r;/m; times (cf. §1, [25]). Since o™ is F,-elliptic in G(Fy), it is
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M (F,)-conjugate to

g0 0

0 g0

where o¢ € GL(my, F},) generates a field extension Fj of degree mg, mg divides r,
and og appears r/mg times. The elements o; € GL(m;, F},) may also be regarded
as elements of the fields F;, 0 < i < £. From this perspective we have

F;, =F,(0;) D Fy(o}') = Fy(09) = Fp, 1 < i </

Obviously [F; : Fy] < r and, by Theorem 10 (b), VIII, §6 of [28], [F; : Fp] divides n,
1 < i < {. As we are working under Assumption [I] we must have Fy = F} = --- =

F;. As aresult, m; =--- =my =mg and o} = --- = 0} = 0p. Since Fy contains
i, it follows that there exist (1,...,({; € p, such that ;o1 = 0;. The elements
C1,--. ,C determine an element n € u such that
g1 0
no =
0 g1

The lemma now follows from the fact that
Gna(Fv) = Ger(’I"/?’TlO7 F()) = ng (Fv)
O

In the hypothesis of Lemmal[41] we take o to be F,-elliptic in M (F,). We shall
see in a moment that this restriction does not pose a problem for the comparison of
germs because the germs of (B) vanish for non-elliptic . We therefore assume for
the rest of this section that o is a semisimple element of M (F,) which is F,-elliptic
in M(F,).

Let us consider the ellipticity of ¢™. There exists a unique maximal Levi sub-
group Lo € L(M) such that o™ is F,-elliptic in Lg. Indeed, if o™ is F,-elliptic in
Li,Ly € L(M), then the centralizer in G of the split torus Ar, N Ap, is a Levi
subgroup L € L(M). It is then simple to verify that

Ap(Fy) = A, (Fo) N AL, (Fy) = Apy o (Fo) N A, oo (Fy) = Ar . (F),

which is equivalent to o™ being F,-elliptic in L. By Lemma[£Z1] we know that there
exists 79 € pM such that Lo oo (Fy) = Lo on(Fy). We shall assume that 7o is the
identity for the rest of this section. As a result, o is F,-elliptic in L € L(M) if and
only if o™ is Fy-elliptic in L.

Lemma 4.2. Suppose that L € L(M), o is F,-elliptic in L, and n € p. Then
no is F,-elliptic in L if and only if n € pk.

Proof. If n € pk, then L,,(F,) = L,(F,), so no is clearly seen to be F,-elliptic in
L. Conversely, suppose no is F,-elliptic in L and, for the sake of simplicity, that
L = G. Since o is Fy-elliptic in G, we may assume by rational canonical form that

go 0
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where 09 € GL(my, F},) generates a field extension Fyy of degree mg and o( appears
r/mg times. Consequently,

1100 0
no = R . ’
0 Nr /mo 00
where the scalar matrices, 71, ... ,7,/m,, are projections of 1 into the GL(mq, F;)-
blocks. In order for no to be F,-elliptic in G, we must have 7,00 = njoo for
1 <i,j < r/mg. This implies that n € uS. O

We are now ready to give germ expansions for the local geometric terms of the
trace formula.

Lemma 4.3. Suppose 7y € M, (F,) N Goreg(Fy) and f € H(G(F,)). Then there
exist functions v — gk (v,8) such that

IHICHIREED Y > gk OILE, ),

LeL(M)dsco(Ur, (Fy))

Proof. Suppose f € H(G(F,)). If n € u, then no is a semisimple element and by
(2.5) of [7], we have

Ing (7, f) (M’L?U) Z Z 91%/1(% L, f), v € MWU(FU) N Goreg(Fv)-

LEL(M) 5€(nolir,, (F.))

As n lies in the center of M(Fy,), it is easy to see that (M, no)-equivalence of a
function in v is the same as (M, o)-equivalence of a function in 7y. The above
expansion may thus be written as

(M,0)
Ina(my, f) ™ Z Z 91%4(77%5)IL(6; f), v € Mo(Fy) N Goreg (Fy).
LeL(M) 56(/,70.1/{1477(7 (Fv))
Consequently
(v ) = S Iu(m f)

nepd /nG

ey oy Yo gklm, §)ILE ).

LEL(M) nep! /ug s€noUs,, (Fu))

Now if v = 01 and § = nou, where u € Uy, , (F,), then by Lemma 9.2 of [7] w
have

r)(r

L gt (y1,uw), if no is Fy-elliptic in L,
5) =4 9Ium,
anr(.0) = { 0, otherwise.

If o™ is not F-elliptic in L, then neither is no for any n € u /uS and g%, (v, ) = 0.
On the other hand, if o™ is F,-elliptic in L, then, by our assumption on ¢, Lemma
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and Lemma 9.2 of [7],

770

,u), ifne ,
gh iy, 8) = 4 9 O i e 15
0, otherwise

_ gj%/[i,(’yhu)a 1f776Mn/an
0, otherwise

_ [ gi(n6), itn e ph/ug,
0, otherwise.

Combining these last two observations, we find that

nehH Uy S gk Y. Inmo. f)

LeL(M)éeo(Ur, (Fv)) n€ny /ng
= > > gt
LeL(M)éeo(Ur, (Fv))
O
The next lemma shows that there is a similar germ expansion for the distribution
I (7, f). We shall abuse notation slightly by identifying the index set (Uz, (F,))
below with (s(Ur, (Fy))).
Lemma 4.4. Suppose 7y € My, (F,) N Goreg(Fy) and f € H(G(F,)). Then there
exist functions ~y +— gj%;[(s('y), s(9)) such that

e p 3 ST gk (s(),s(0) IS, ).

LeL(M) s€o(UrL, (Fy))

Proof. Expansion (2.5) of {7] translates into the metaplectic context as

-~ M L (5§ 5, f
LG f) RS > 9530150, f)
Lel(M) 560’(ULOW,(FU))

for 4 € My(Fy) N Greg(F,). Lemma 9.2 of [9] translates as

P~ = - ,s(u)), if o™ is Fy-elliptic in L,
gjl\/;l(%é) _ gM(,n (71, 8(w)) . p
0, otherwise,

where 4 = o’v1, 6 = o's(u) and u € Uy, (F,). If o™ is F, -elliptic in L, it follows

from our assumptions on o that L, = L,». Consequently, L, = Lgn and the
previous equation becomes
i~ Zo s(u if o is Fy-elliptic in L
(6) gI\L?[(Py’(S) _ gMa (IVIa ( ))7 .v p ,
0, otherwise.

By taking these facts into consideration, we obtain the expansion,

LG H TN gh GG T € Mo ()0 Greg(F).
LeL(M) sco’ (U, (Fy))
The local vanishing property, Lemma 8.3 of [30], tells us that I E(Sv f) vanishes
unless p(d) = 6™ for some § € G(F,). The set o(Ur,(F,)) maps bijectively onto
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the set o’ (U, (F,)) under the orbit map. This can be deduced from Lemma 4.1 of
[30] and the identity of cocycles (1) of [30]. Hence,

;3 HU Y ST GEGOILE ), A€ My (Fy) N Greg(Fy).

LeL(M) s€a(Ur, (Fy))

Once again, by the local vanishing property, I,;(7, f) vanishes unless p(5) = 4" for
some vy € G(F, )ﬁGoreg( v). We claim that for each L € L(M) and 0 € o(UL, (Fy)),

the function g o (%, &) has the same vanishing property. We may assume inductively

that this is true for L # G. Fix §; € o(U,(Fy)). There exists a function fi e
H(G(F,)) such that

1, iféd=40,
0, otherwise

} b e Ua,(F))

(cf. §3.3, [38]). In particular,

~ 1, if & = 6,
Ié(él’fl) - { 0 otherwisle } , 0 € oUa, (Fy)).

It is easily shown using Lemma 4.1 of [30] in this instance that ¢’ = §] if and only
if § = 6;. Thus

- 1, =6
1=(6', ) :{ 0 Other;,ise } § € o(Ug,(F,)).

If we substitute f1 into our last germ expansion, the desired vanishing property for
g]% (%, ¢") follows. Our germ expansion now has the form

L H T ST ST RGO D), 7 € MF) N Goreg(F).

LeL(M)dsco(Ur, (Fy))

As noted in §3.1 of [30], the orbital integral of any function in Cé"i(M(Fv)) is equal
to the orbital integral of a function in C'° (M (F,)). Therefore (M, ¢’)-equivalence
may be taken to be (M, o)-equivalence and we may write

B H 2 ST S gE (L F) 7€ M(F) O Goreg(F).

LeL(M)sco(Ur, (Fy))

We now follow an argument on pp. 121-122 of [I3]. Suppose o is F,-elliptic in L.
Then by equation (B]) we have

gjl\i[(’y/a 5/) = g’I\Li (7{; u/) = g’I\Li (s(’yl)nv S(u)n)v
where v = 01 and § = ou. The metaplectic version of the homogeneity property of
germs (Proposition 10.2, [9]) implies that g}%‘i (s(y1)™,s(u)™) is equal to the product
of |n|1()dim(L(,u)fr)/2 with

3 ST g (stn)stu))eky (unm) ke s,

LieLl (M) ui€Ur, ,(Fy))



540 PAUL MEZO
where cﬁ;’ _(u1,n) is defined as in (20) of [30] and
L

L, . 1 ) 1, ifu=wuy”,
[wa” s ul = { 0, otherwise.

Suppose that u = ulL” and set 01 = ou;. Then

|n|z/2|n|(dim(L(w,)—r)/2 _ |n|dim(L1,51)/2 _ ALl((Sl).

Furthermore, by Lemma 3.5, IT of [I3], we have

cp (ur,n) = cf7" (uf,n) = cf, (ou,n) = cf, (o7, m).

Again, by equation () we have

L1 -
gy (s(1), 8(u1)) = gt (7). 5(61)).
Putting these facts together, we see that
[EER D A CUr B S )
s€o(Ur, (Fv))
is (M, o)-equivalent to

> >, AP (81)g 3 (s(7),8(81))er, (67, I (61, F),
LieLE (M) d1€0(Uz,y , (Fo))
if o is Fy-elliptic in L. If o is not F,-elliptic in L, then equation (B) and Lemma
3.5, IT of [I3] imply that both of these expressions vanish, and are thus still equal.
In consequence, I{(v, f) is (M, o)-equivalent to the sum of the latter expression
over L € L(M). Interchanging the sums over L and L; and substituting (20) of
[30] then completes the lemma. O

In the remainder of this section we compare the germ expansions of Lemma
and Lemma E4.

Lemma 4.5 (7.1). Suppose Theorem A (i) holds for G. Then for each v € Ug(Fy)
we have

(M1) &
gir(ru) 7 gg(s(7),8(w), v € M(F,) N Goreg (Fy).
Proof. We may assume by induction that

gk (ru) P2V gL (s(4),5(u)), 7 € M(F,) N Goreg(F),

for all L € £(M) such that L # G. We may equate the germ expansions of Lemmas
K3 and [44] since we are assuming Theorem A holds. Together with the induction
assumption, this yields

¢ 7 (M,1)

> (95 60)5w) g8 w) A, )
u€Ua(Fyv))

for v € M(F,) N Goreg(Fy). As in Lemma 4] for a a fixed element u; € (Ug(FY)),
we may choose f; € H(G(F,)) such that

) ={ § h b we Welr)

0,

otherwise

The lemma now follows by replacing f with fl in the last (M, 1)-equivalence. [
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Lemma 4.6 (7.2). Suppose v € M(F,) N Goreg(Fy). Then

- (M1)
9E(s(7),1) "~ g (v, 1).

Proof. Fix a supercuspidal representation 7 € Htemp(é (Fy)) and let f be a matrix
coefficient of 7. Although f only has compact support modulo the center of G (Fy),
the distributions I5/() and I3, (v) are still defined at f. Indeed, these distributions
are defined on the space Ha.(G(F,)) of “almost compact” Hecke functions (cf. §11,
[10]). Furthermore, it is clear from §27.3 of [18] that there exists a matrix coefficient
f of @ such that

A0 ) = 16(1, ), 7 € Goreg(Fy).-
The local trace formula ((9.3), [12]) implies the equations,
)

nly (v, f) = (=D ()20 (),

L (7, ) = (1) DE ()1 20 (4),

for v € M(Fy,) N Goreg(Fy) which are Fy-elliptic in M (the coefficient n in the
former equation arises from an invariant sum over i(p,)). It is immediate from
these equations that we also have

L (v ) = 07l 2 (=)0 | DC (v 320z (1),

15 (7, ) = (150 S DO () 1204 ().

neunt /ng

According to character relation (6) of [30] the right-hand sides of these equations
are equal. If v € M(F,) N Goreg(Fy) is not Fy-elliptic in M, then

Lt (v, ) = 0= I3 (3, f),
by [6]. Applying Lemma B3] we obtain
LA, f) = (1, ).

Suppose u € M(F,) is unipotent and u # 1. Then u can be represented by
an induced unipotent conjugacy class u}!, where u; € (U, (F,)), My € L and
My G M. Expansion (20) in [30] and the descent formula of Corollary 8.2 in [7]
(extended to metaplectic coverings) imply that

i f) = AM@) Y eq(” )l ((uf), f)

LeL(M)
= M) D ep@whn) Y dﬁl(LaLl)f,\le(U'pfgl)-
LeL(M) LieL(My)

Since f is a supercusp form on G, we have fL} = 0 for any L1 € L such that L, ; G.
It follows that the right-hand side of this equation vanishes. Using a similar, but
simpler argument we see that I3 (u, f ) also vanishes. Collecting our results, we find
that many of the terms in the respective germ expansions in Lemmal[£.3]and Lemma
B4 of I3 (v, f) and I3 (7, f) about the identity disappear. Assuming inductively
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that the lemma holds for G replaced by L € L with L ; G, we find that the
difference of the remaining terms is

95 (s(v), DIE'(L, ) = g (v, DIZ(, )
= (95600 1) = g8 (3, D) Inly 72 (1)

“Eh o,
The lemma now follows from the fact that f(1) # 0. O

We now define a subspace 7'[(C~1'(Fs))0~ of H(G(Fs)) upon which our distribu-
tions shall be easier to compare. Set H(G(Fs))? to be the subspace of H(G(Fs))
generated by functions,

f: H.fva fv € H(G(Fv))a
veES

such that for each nonarchimedean valuation v € S the orbital integral of fv van-
ishes at any element of the form

(0uus,C), 6 € Ag(Fy), uy € Ua(Fy), uy # 1, C € fin.
Proposition 4.1 (7.3). Suppose o is as above and f € H(G(F,))°. Then
~ (M,O') ~.
IJ\A;(%f) ~ Z Z g@(y,é)]ﬁ”(é,f), Y€ Ma(Fv)mGoreg(Fv)~
LeL(M)de(Ur, (Fy))
Proof. Suppose 6 = ou, where u € Uy, (F,), and v = o7, where v1 € M, (F,).
Then according to Lemma 9.2 of [9] and the proof of Lemma 4]

L 3 M . . .
r _ J 9yf. (n,u), if o is Fy-elliptic in L,
o0 = { 0, otherwise,
and
/E_/ 3 3 . . .

. “o (s ,s(w)), if o is Fy-elliptic in L,

gk (s(7),8(9)) = 9,7 (s(11),8(u)) F-ollp
0, otherwise.

By the germ expansion of Lemma [4), it suffices to show that

(Ms,1) T
g][\l/[a(,(’ylau) ~ 91%42 (s(’yl)vs(u))a
if o is Fy-elliptic in L, and L € £(M). Suppose that o is F,-elliptic in L and that
L, # G. Then the induction assumption following Theorem A holds for L, and we
may apply Lemma [45] with L, in place of G, to obtain
Mﬂ"]‘) .
< g (s(n), s(u)).
By Lemma 2.1 of [9], it follows that (M, 1)-equivalence of these germs as functions
of ~1 is that same as (M, o)-equivalence as functions of 4. That is,

(
gjl\//[i, (717 U’)

9k1(7,0) = g7 (71, 0) = g2 (s(n).8(w)) = g ((7), 5(6)).

The remaining possibility is that o € Ag(F,) and L = G. Suppose this is the case.
Then, by our assumptions on o and Lemma 4.5 of [30],

S gGsMsIF O H = Y S(s(7).5(8)AC(8) 14, ).

d€o(Ua(Fy)) d€o(Ua(Fy))
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Since f € H(G(F,))°, we see that I a0, f) vanishes in the above sum unless § = .
Since o is central,

| and Lemma [Z6 Hence,
ST %), sV ) = gG(s(),5(0) 1 (o, f)

d€o(Ua(Fy))

95 (s(7),8(0)) = 9% (s(m), 1) = g5 (. 1) = g5/ (7. 0)
by Lemma 9.2 of [9

(M,0)
g5 o)1 (o, f)

= Y 9 IE 6, )
s€a(Uc (F.))

and the lemma is complete. O

5. THE DISTRIBUTIONS I, (7, X) AND I3 (7, X)

Leaving the geometric side of the trace formula behind, we examine the spectral
side. The spectral side contains invariant distributions,

Iy(7, X, f), # € (M (Fs)), X € ans, [ € H(G(Fs)),

which are introduced in §3 of [7] in the case of the trivial covering. We assume that
the reader is to some degree familiar with this introduction and describe some of it
below in the context of non-trivial coverings.

Given p € (M (Fs)), we define

IG7E(ﬁ,X f') =n" diIIl(AG)IAﬁ(ﬁ/7X/, f/) — ’I’L_lfM(/;I,X/, f/),
for all X € aprs and f € H(G(Fs)). The coefficient n~! appears in this definition
in order absorb the same coefficient appearing in I*(f) = n='I(f’). If L e L(M)
and A € aj, g is in general position, then the induced representation ﬁﬁ belongs

to 2(L(Fs)). When ﬁf appears as an argument of I (-) or I7 (), we will often
suppress the superscript L. For 7 € H(M(FS)), we define I3 (7, X, f) as

(™) ZWPZZ / rL (s P IE (B, i (X), e,

eptiay, g/ia} s

where P, L and j are summed over P(M), £L(M) and X(M(Fs)) respectively. For
the definitions of hr(X) and wp see §6 of [10] and §3 of [f]. The definition of

7"1\%(7?)\,@) follows §6 of [10].

As on p. 127 of [I3], we identify a representation 7 in II(M (Fs)') with the orbit
{mytA€ay ot in II(M (Fs)), if 7 is not unitary. If 7 belongs to unis (M (Fs)b),
then we identify it with the orbit {#y : A € iaj,} in Iy (M (Fs)). We make
similar identifications for representations in TI(M(A)') and My (M (A)Y). If 7 €
it (M (Fs)b), set

Ly (m, f) = Iy (7,0, ),
and

II\E/:I(ﬁ—afN) = II\E/:I(ﬁ)\voa.f)a
for any A € ia},. It may be verified that these definitions are well-defined. Both of
these definitions are independent of S, if S is large, and therefore may be extended
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to representations in ITypni (M (A)'). In complete analogy with the expressions of
the geometric side of the trace formula, we shall compare I (7, f) with the term
I3 (7, f ) occurring in the spectral sides of the trace formulas.

We may draw parallels between the local geometric and the local spectral terms
of the trace formulas. In order to compare the local geometric terms of the trace
formulas for G and G, we use the orbit map. One might surmise that the analogous
transfer map for the local spectral terms might be given by the local metaplectic
correspondence (11) of [30]. Unfortunately, this map does not intrinsically relate
the characters of the representations to each other. In what follows, we define
certain constants which relate representations in II(M(Fs)) to representations in
II(M(Fs)) in a fashion that is compatible with their characters.

By the Langlands quotient theorem and §5 of [I0] there exist constants A(7, p)

and I'(p, &) for arbitrary p € (M (Fg)) and 7 € II(M (Fs)), such that

w(@) = Y = TE @,

FEI(M(Fs))

and

(@ = Y AF ().

ES(M (Fs))
For m € II(M(Fs)) and j € ©(M(Fs)) define
A(m, p) = A(m, ).
Given 7 € II(M(Fs)), we set

5(7Taﬁ) = Z A(W,ﬁ)r(ﬁ, ﬁ-)

PEX(M (Fs))

As can be seen from the next proposition, the map of virtual characters,

(8) O~ > 6(m7)Os,

FEM(M(Fs))
is the transfer map which allows us to compare characters of representations.

Proposition 5.1 (8.2). For any f € H(M(Fs)) and matching f € H(M(Fs)) we
have

()= Y dmmuE(f). e M(M(Fs)).

FEM(M(Fs))
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Proof. According to the character relations satisfied by the local metaplectic cor-
respondence

tr(r(f) = Y.  Amp)tr(pf))
pES(M(Fs))
= > A p)t(p(f))
PES(M(Fs))
> Y. AT R)(F(]))
PES(M (Fs)) #€T(NM(Fs))
- > b(ma)te(R(f)).
FEM(M(Fs))
O

Corollary 5.1 (8.3). Suppose S consists of a single valuation v, for which |n|, =
1, and that 7 € TI(M(F,)) is an unramified representation. Then for any m €
(M (Fy))

1, difr=7,
O(m, %) = { 0, otherwise.

Proof. Take f to be an arbitrary function in H(M (F,)) which is bi-invariant under
s (K, N M(F,)). Theorem 16 of [18] tells us that tr (7'(f)) = tr(7(f)) for any
f € H(M(F,)) matching f. The corollary now follows from Proposition 1] and

the linear independence of characters. O

This corollary allows us to define a map
8(m, %) = [ (o 70)
v

for adelic representations © = &, 7, € II(M(A)) and 7 = @, 7, € I[(M(A)). All
of the above formulas remain valid in the adelic context. Given 7 € II(M(A)') and

7w e (M(A)), set
6(7(; 7~T) = Z 6(7T)\1 ) 7~T)\)
)\Eafw,c

for arbitrary A1 € a}; ¢. This definition may be verified to be well-defined.

6. STATEMENT OF THEOREM B

Now that we have a spectral transfer map (8)), we can begin to compare the
spectral sides of the trace formulas. The spectral side of the (conjectural) trace
formula for G is of the form

I(f) =) L(f).

>0

where

() L) = 3w we / (@) PdF
Mer TI(M.t)

A description of the terms occurring in this formula may be extrapolated from §4
of [8]. The definition of II(M,t) is given here (cf. §4 of [8]), as we shall often
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consider it. Let M; € L and t be a positive real number. We are obliged to
first define two other sets, II(M (A)?, t) and Hdisc(Ml, t), before we define TI(M, t).
Given a representation # € II(M(A)'), let vz be the infinitesimal character of
the archimedean factor of #. The set II(M(A)',¢) is defined to be the set of
(equivalence classes) of representations 7@ € II(M(A)') such that |Im(vz)| = t.
We write Hdisc(Ml,t) for the subset of Hunit(M(A)l,t) consisting of irreducible
constituents of induced representations

G\, Le LM 5 € My (L(A), 1), X € daj fia}y,,
in which &) satisfies the following two conditions:

1. ak_(5) #0 (see (4.4), [§]).
2. There is an element s € WM (ar)reg such that soy = Gx.

Then TI(M,t) is defined as the disjoint union over M; € LM of the sets
My (M, t) = {7 = 715 : 71 € Haise(M1, 1), X € ia}y, /iaj,}.
The measure in (d) is given by
dic = diry 5 = (W |WM | ~Ld.

Let us again consider §2, where we examined the geometric sides of the trace
formulas. In Proposition 9.1 of [30], the geometric side of the trace formula for G(A)
was expressed in a manner that was compatible with the orbit map. We shall follow
suit by expressing the spectral side of the trace formula for G(A) in a manner that
is compatible with the spectral transfer map (). This will be carried out in §d For
the the time being, we set up the appropriate grouping of representations for the
global datum a™ (7). In other words, we define the global datum a*-*(7), which
should equal the global datum ™ (7), occurring in the trace formula for G(A).
This is similar in spirit to the grouping of the local geometric terms according to
pM in §6 of [30]. We first define aé\?slc’z(frl) for My € LM, Set

agl ()= Y alli(m)é(m,7), 71 € N(Mi(A)).
mEM(My1(A)Y)

This sum may be shown to be finite using the arguments of Lemma 9.1, IT of [I3].
Given 7 = 715, where A € a}; o/a}y, o, we set

aME(7) = ag/iléc’z(ﬁl)rgl (T1,0)-

The number 7"%1 (m1,2) is not defined for arbitrary #; € II(M;(A)'), and so the

definition of ™ *(#) is not valid as it now stands. The obstacle stems from the
fact that r%l (71,x) is derived from the adelic version of the normalizing factors of
intertwining operators (§5, [30] and §8). As such, it is defined as an infinite product
over the valuations of F' and might not converge. One expects such normalizing
factors to converge and have analytic continuation for automorphic representations.
This is borne out by the theory of Eisenstein series (§4, [10]). In order to rectify
the above definition, we make the following induction hypothesis. We assume that
for any M; € £ with M; # G, that

a1 (7)) = all(71), 71 € M(My(A)Y).

disc
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In this case aé\?slc’z(frl) vanishes unless 7, belongs to HdiSC(Ml,t). If My € .M,
71 € Maise(Mi,t) and \ € 0}y, /105, then r%l (71,») is defined and the above
definition of a™+* (71 )) makes sense.

The global datum a*(7,), suggests the definitions of sets of representations are

made along the same lines as the definitions of i (M, ), I,z (M, t) and TI(M, t)
above. We define the sets of (equivalence classes of) representations IT%, (M, ),
Hﬁl (M, t) and IT* (M, t) as above, except that a}l_ is replaced with a

M,S
disc *
We are now in the position to state the spectral analogue of Theorem A.

Theorem B. Under Assumptions 1 and 2 the following assertions are true.
(i) Suppose that S is a finite set of valuations with the closure property. Then

Ly f) = I (7, f), & € Mu(M(A)Y), [ € H(G(Fs)).
(ii) For any given
7= @1 € TIVL(A)), A€ aiy o/aic,

we have

(1) = oM (7).
The proof of this theorem will be completed at the end of §I2]

7. COMPARISON OF I (7, X, f) AND I3, (7, X, f)

The purpose of this section is to show that Theorem A (i) implies Theorem B
(i). We achieve this using the maps ezLV[ and 60]’%4 defined as in §4 of [7]. These maps
are defined on H,.(L(Fs)) and take values in Zoc(M(Fs)) for every pair of Levi

subgroups M C Lin £. The spaces Hac(L(Fs)) and Za.(M(Fs)) contain H(L(Fs))

and Z(M (Fs)) respectively and are defined as in §11 of [10]. The map (13) of [30]

extends in an obvious manner from a map on H(L(Fs)) to a map on Ha.(L(Fs)).
The above maps satisfy the following properties:

ST ko= S bL6:(f) =0,

LeL(M) LeL(M)
(10) Iy Hy = > cikG,00().
LeL(M)
and
(11) I3 h = Y IE@H, op(f)),
LeL(M)

for 4 € M(Fs) and f € Hac(G(Fs)). For the definition of I (%) see §4 of [7]. Set
CIJ\A;(’W ]E) = AM(’Y) CI]\?[(’Ylv ]E)v S M(FS) N Goreg(FS)'

The analogue of property (I[T) for ¢I3/!(y) is then seen to be

i) = Y AMAIEW, 6:(f)
LeL(M)
(12) = Y MO, 0:(F). v € M(Fs) N Goreg(Fs).

LeL(M)
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After a similar computation we may conclude that the analogue of property (I0) is
(13) B = 3 cIyM(n.0:(f). v € M(Fs) N Goreg(Fs).
LeL(M)
Properties () and () may also be adapted to the distributions of the form I3, ().
We mimic the arguments of §6 in [30] to arrive at the equation
Du(my, ) = “Iu(1, [), [ € HaeG(F)), v € M(Fs), 1 € ;.-
Thus, imitating the definition of I3, (7), we set
‘D)= > Iulmy, ), v € M(Fs), f € Hae(G(Fy)).
neun’/ng
The analogue of property (1) for ¢I3;(v) is then seen to be

Ti(nf) o= > > Il L)

neu /uG LeL(M)

= D D D Iilmmy, 6u(f)

LeL(M)nepd! /pk mepnl /ug
(14) = > Y Intmn DD ML)

LeL(M)nepp /pk mepy /ng
Here,~"1CéM(f’) is defined as ("h)y where h € Hae(M(Fs)) such that hy =
°Orr(f") (Lemma 4.1, [7]), and " h is the left-translate of h by n; € uk.
Theorem 7.1 (10.2). Fiz an element M € L and assume that

(. ) =17 (n. ), | eH(G(Fs)),

for each L € L(M) and v € Leomp(Fs). Then for any f € Hao(G(Fs)) and
X € apy,s, we have

Ou(f) = > "0u(f)

nepdt /ug
Ou(f) = > "0u(f),
nepd /ng
Ly (5. X, ) = I (5, X, ), b € S(M(Fs)),
and
Ly (7, X, [) = Ly (7, X, ), & € (M (Fs)).

Proof. We shall not prove this theorem in its entirety as its proof is almost identical
to the proof of Theorem 10.2, II of [13]. We shall, however, provide a proof of the
first and third assertions. We begin with the first assertion. We assume inductively
that the theorem holds if G is replaced by L; € £ such that L ; G. We also make
the inductive assumption that the theorem holds if M is replaced by Ly € L(M)

such that L; 2 M. We may assume that f € H(G(Fs)) as the restriction of any
function in Hac(G(Fs)) to

G(Fs) = {7 € G(Fs) : Ha(p(})) = Z}, Z € ac,s,
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lies in H( 7(Fs)). Suppose v € M(Fs) N Goreg(Fs) and consider the expression

w (s f) = Iy )
= > LMecerh) - Y Ik Y O
LeL(M) nepd /uk mepk/nG

Under the assumption of the theorem and the above induction hypotheses this
difference reduces to

LM en 0 (D) =1 (e Y2 " 0u()
neuy/ug
+ > Mo o) - iy, c6p(F)
{LeL(M):L#M}
= LiOn o) = > "0u(f).
neun /ug
By Lemma 4.4 of [1], CIA/}"(-,JE) — “’IM(-,f) is a function of compact support in
the space M (Fg)-conjugacy classes of M(Fs) Given X € ap s and e M(Fs)
Goreg(Fs) such that Hps(y) =X, then M (7,07 (f) — ZWEHQJ/H 10 (f')) is the
orbital integral of a function defined on
M(Fs)* = {m € M(Fs) : Hu(n) = X}.
The tempered characters of this function are
CHM(.]?)/(W7X) - Z ncéM(f,77TaX)7 ™ themp(M(FS))'
neud /ng
Since 1M (v, 0,7 (f)) — D oneuM JuG 10 (f')) has compact support in v, and Hpy
maps M (Fs) N Goreg(Fs) onto aps, g, this difference has compact support in X €
anr,s. We shall combine this fact with the classical Paley-Wiener theorem in order
to deform contours of integration later in the proof. We proceed by showing that
Donepnt e O (f',m, X) vanishes if m € Iliemp(M (Fs)) is not metic, that is if =

is not in the image of (10) in [30]. It follows easily from the definitions that for
7 € iemp(M (Fs)),

Wi (o, X) = pdim(As/Ac) gy (f 7w X)), if 7 is pM-invariant,
m(f'm X) = 0 otherwise.
neud! /ng ’

If 7 is metic, then it is p-invariant. Suppose therefore that 7 is not metic but is
pM-invariant. Define

IM va f Z IM |2 ach(f))a pEE(M(Fs)), XeaM,S~
LeL(M)

According to Lemma 5.2 of [7] and Proposition 5.4 of [7] there exist constants wp
and a meromorphic function,

O (f',pr) = / Grr(f', pa, X)AXdX, N e CEYer
ans,s
such that
(15) “In(p, X, ') zlién Z u}p/ BN 0rs (F, pr)e X,

PeP(M) eptidis s
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Here (3 is a test function in C¢°(aps,s) which approaches Dirac measure at the origin
and X € apr g is any point at which the left-hand side is smooth. We take p = m,,
where v € aj; is in general position. We can then deform the contour of integration
in the above integral so that

Dlm X, ) =l Y QUDJ/ ) O (e )e 20 dn
PEP(M) a5
= X hm Z wp/ A —v) CéM(f’,m\)e_)‘(X)d)\.
PEP(M) vFian,s

Notice that the function
A B =),
is the Fourier transform of the function,
X e Mp(X)

which approaches Dirac measure at the origin if 3 does. We may therefore replace
B(A —v) with S(A\) in the previous equation to obtain

ey (m,, X, f') =lim > wp/ BN s (f, ma)e M an,
PcP(M) vtiag, s
By definition
(16) A= Opr(f, )
the Fourier transform of the function
X — Oy (f', 7, X).
By our assumptions on m we have
X = O (f)(mX) = > "0u(fm X) = nmAAD fy (1w, X).
new! /ug

This function has compact support in aaz,s. It follows that (1) is the Fourier trans-
form of a function of compact support and is therefore entire. We may consequently
deform the contour of integration in the previous integral to iays g- This implies
that e=*(X) ¢[(r,, X, f) is independent of v € ay;, for v in general position, and
by a comment on p. 143 of [T3] it follows that e=¥(X) Cf(m,,X, f’) is independent
of v € a}, without restriction. According to Lemma 4.5 of [7] we have

S wr(X)e Ny (m,, X, ) =
PeP(M)

Here, wp(X) = vol(apN Bx)vol(Bx) ™!, where By is a small ball in a); centered at
X and vp is a point in the chamber (a})t which is far from the walls. It is obvious
from this equation and the independence in v just mentioned that Iy (m,, X, f') =
0. Setting v = 0 and applying Lemma 4.7 of [7] we obtain

CéM(f/aﬂ-7X) = CIAM(Tr;Xaf/) =
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We have just proved that Zneui‘f/uf;‘ n éM(f/’ 7, X) vanishes if 7 is not metic. Now

suppose that 7 € Miemp(M (Fs)). Define

‘Li(p,X,[) = n” @ADLy (7, X", ')
_ Z n- dim(AG)IAI{‘/I(ﬁI,XI, céL(fl))
LeL(M)
_ Z n- dim(AL)IA]%4(p~/7 XI, Z ncéL(‘]E/))7
LeL(M) nepy /ug
for p € ©(M(Fs)) and X € ayr.s. Equation (I3) allows us to write I3 (p, X, f) as
7d1m(AG hm Z WP/ (f, (~ ))efAI(XI)dA/
PEP(M) eptiaiy, s
_ hm Z wp / dlm(AM/AG) cg (f,, (ﬁ)\)/)ef)\(X)d/\.
PEP(M) eptiai,s
Defining
Ta(p. X, = > IL(5. X, 0:(F), o€ S(M(Fs)), X € ars,
LeL(M)

we follow the earlier argument to show that °I; (7., X, f) eI (7, X, f) is equal
to

PeP(M)
. /* B (CQI\?I(JE)/((ﬁquA),) —ndim(AM/AG)CéM(fla(frer)/)) e XA,

and that this expression vanishes. It now follows as before that
o (fo 7, X) —nmdmAe)g (7 7 X)) = 0.
This equation may be rewritten as
- dimlda)eq o (F) (7, X') — nmdmA) gy (f 7 X') =0,
and the first assertion follows. The first assertion implies that
Oy (F) (72)') = n™AMA G (f (7)), 7 € Tiemp(M (Fs)), A € alyc

By analytic continuation, this formula holds if 7 is replaced by a standard repre-
sentation. Recalling (5), this implies that

“Iy(p, X, f) = “Iy(p. X, f), p € S(M(Fs)).

By the induction assumption and the first assertion we have

0 = CIM(/;M){M]F)_CI]%J/I(@X)JF)
= > IEGX,0:(0) - L5, X, 05(f))
LeL(M)

= Iy X, )= I (p. X, f).
This is the third assertion. O
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With Theorem [Tl in place, the proof of of Theorem B (i) follows mutatis mu-
tandis from the argument on p. 145 of [I3]. We include it here for the sake of
continuity. We wish to show that

(7,0, f) = Iy (7,0, f), 7 € Munie(M (F)).

The distribution on the left is defined by equation (@), while the distribution on
the right is defined by

Sy oy Gon A3 i (), Fle
6p+zaM S
where P, L and / are summed over P(M), L(M) and $(M(Fs)) respectively.

The number rl\i;[(ﬁ)\,ﬁA) vanishes if A(7, p) vanishes ((6.4), [10]). Comparing the
expansions of these two distributions, it is clear that it suffices to prove

(17) IZ(px. hio(X), ) = Iz (b, he(X), f),

for all L € L(M), X € am, A € aj; ¢ With small real part, and p € S (M(Fs))
such that A(7,p) # 0. By using the splitting property for these distributions
(Proposition 9.4, [7]) it suffices to prove ([IT) for S = {v}. Suppose then that
p € B(M(F,)) and A(#,p) # 0. Then the central character of 5 must be unitary.
From the definition of standard representations, it follows that p is either tempered
or induced from a proper parabolic subgroup of M. Suppose first that p is tempered.
Then by the proof of Lemma 3.1 of [7], we have

0, L # G,
fiag, tr (ﬁ)ﬂ-u(f)) eheay, L =G

= I;(pr, he(X), f).

Now suppose that p = ﬁ{‘z, where p, € (M, (F,)) and M; is a proper Levi subgroup
of M. We apply the descent property (Corollary 8.5, [7]) to (I7)) and find that it
suffices to show

AL17E - ~ AT . ~
(18) IMl (pl,)leaf[?l) = If/jll (pl,k7XlafE1)7

for X7 € ap, and Ly € L(M;) with Ly # G. The induction hypothesis of following
Theorem A allows us to apply Theorem [7.Il with G replaced by L, in order to
obtain (). The proof is now complete. O]

IZ (pr, hi(X), f)

8. MORE ON NORMALIZING FACTORS

This section is devoted to the construction of a few additional (G, M) families
which are required for the comparison of the spectral sides of the trace formulas.
We shall return to the actual comparison of the trace formulas in the following
section.

Take 7@ = @, 77, and ™ = @, T, to be representations in II(M (A)) and IT(M (A))
respectively, and suppose that

) = [[o(mo. )
v

does not vanish (§0). Define

7:1—51“52 (771,,7?1,) = Tpl‘pz(ﬂv)_lrfjllpz (ﬁ'v), P, P e P(M)
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If |n], = 1 and both 7, and m, are unramified representations, then 7, = m, by
Corollary Bl The normalization of §5 in [30] then implies that

~ - -1 - -1

7515, (Tos o) = 7Py 2, (M) ™ 1 p, (o) = TPy () TPy Py (T0) = 1.

This fact allows us to define the infinite product

fpllpz(ﬂ)\/,ﬁ',\) = H’FPJPQ(WUJ"’%”V\)’ Pl,PQ S P(M), A E CL}FVI,C.
v

Given P, € P(M) we define a (G, M) family by
TV, A, Tx, PL) =Tpp, (7TX77~T)\)717Z15‘151 (x40 TAtr)s
where P € P(M) and v € ia},.

Lemma 8.1 (11.3). (a) Take 7 and m as above. Then for each L € L(M),
Ff;l(m\/,fr)\) is independent of Py and is also a rational function of the variables
{A(aY), qv_/\(av)}ves, where o runs over the roots of (G, Anm), qu is the order of the
residue field of F,, and S is a finite set of valuations outside of which T and 7 are

unramified. .
(b) Suppose, in addition, that T € Igisc(M,t) and m € Haise(M,t). Then

fﬁl‘ﬁQ (71')\/,7?)\) =Tp|P, (7T)\/)717’151u52 (7~T)\), P, P e P(M)

In particular, for each L € L(M), the function 77]%[(77»,7?,\) is regular for A € ia},.
Moreover,

r}%{(ﬁ/\): Z ndim(Am/ALl)r,«J%/[l(ﬂA,)fél(w/\/,ﬁ')\),

Lielt(M)

Proof. (a) of the lemma follows from the computations on p. 149 of [13]. Under the
hypotheses of part (b), 7 5,(7x) and 7p, |p, (7x) are regular functions in A € ia},
(86, [3]). Thus, if one unravels the definition of 75 |5, (mx/, 1), one obtains the first

equality and the regularity on iaj,;. The last equality follows from an application
of Lemma 6.5 in [2] to

rs(v,7tx, PL) = 7 (v, T, 7ix, P (VT PL).

O

We may define further (G, M) families along the same lines as 7, (mx, 7). If we

replace 7 in the above discussion with some p € ¥(M(A)) such that A(w, p) # 0,
we obtain the (G, M) family

7;15(”7 T P ]51) = fﬁ\ﬁl (71—)\,75)\)*17?15“61 (7T>\’+1/7P~)\+V)~

We define yet another (G, M) family for representations 71, my € II(M(A)) such
that §(m;, ) # 0 for i = 1,2. Set

P, T, T, PL) = (v, mia, T, PO (v, T, Ta, P 7L

This (G, M) family is independent of 7. Lemma 6.5 of [2] applied to this last (G, M)
family yields

(19) Fa(moa, ) = Y P (T, o )FE (T2, ).
LleﬁL(M)
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For arbitrary 7 € TI(M(A)), p = @, p» € (M (A)) and 7 € II(M(A)). Set
7’15(77')\7[5)\) = A(ﬁvﬁ)fﬁ(ﬁ)\vﬁ)\)a

TV, A, TTx) = 0(m, T)T (v, mar, TA),
and
(v, T, pa) = A(T, p)T s (v, T, pa)-
In the following lemma we compare the final (G, M) family in this list to another,
keeping in mind the normalization in §5 of [30].
Lemma 8.2 (11.4). For each L € L(M) we have

(v, pr) = n A AL (e 5.

Proof. According to Lemma 6.2 of [2], 7“1%4 (ma, pa) is equal to

A(m, p) ll,li% Z 91L3(V)717'1L3\P1 (7T/\/)7"1L3|P1 (7-()\/4'11’)7171][5/“51 (ﬁ)\)ilré‘ﬁl (Prtv)s
PePL(M)

where
-1
05(v) = vol (aky/Z(A5)") " T wla"),
acAk
and AL are the simple roots of (P, Ay). (We apologize to the reader for the simi-
larity in notation of % with the maps of §71) Making the change of variables from
v to ' in the limit and noting that 65(n='v) = n~dm(An/AL)gL " this expression
can be rewritten as the product of A(r, §/)ndim(Am/AL) with
: L N—1,L L 1L  N-1.L =
z}li% Z 0p(v) 1TP\P1 (77/\’)7”P|p1 (T 4v) 17”P|pl (Py) 17”P|Pl (P/)\uru)-
PePL(M)

This is by definition equal to ndm(As/Ac)pL (7, 5 ). O

The other (G, M) families defined in this section satisfy versions of Lemma
as well. These versions are proven similarly.

9. A FORMULA FOR I}

The object of this section is to express the spectral side
M =Y n L)
>0 >0

in a manner that is compatible with the spectral expansion (8). This amounts to
expressing the spectral side for G(A) in terms of the global datum a™* and the
set of representations I1* (M, t).

The integrals in I} ( f ) are taken over spaces of representations which, on the face
of it, are not metic. We need the following spectral vanishing property to ensure
that these non-metic representations do not appear in I*( f ).

Proposition 9.1. Suppose p € (M (Fs)). Then
jM(vav f~,) =0, f~ € H(G(FS))v

unless p is metic.
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Proof. Recall that p is metic if there exists f; € H(M(Fs)) such that f/(p) # 0.
Therefore, the proposition follows in the case M = G. We assume inductively that
the proposition holds if G is replaced by L € L with L g G. By the splitting
property, Proposition 9.4 [7] (and the remark immediately following it), it suffices
to prove the proposition for S = {v}. Suppose that p is not metic. We may write
p = M where My € LM 7 € Tiemp(M1(F,)) and v € ays,- Since the local
metaplectic correspondence commutes with induction, it is clear that 7, is not
metic. According to Corollary 8.5 of [7], the Fourier transform,

/ Tar(pas X, ) X0 ap,

x ;x
8n ,v/“‘M,v

(where the projection hpr(X1) of X1 € apr, » onto anry, is X € apre,) is equal to

> d§n (M, L)y, (m, X, ).
Lel(My)

If My G M, then df/h (M, G) = 0 and the right-hand side vanishes by the induction
assumption. Taking the inverse Fourier transform then implies that 5/ (pr, X, f! )
vanishes as well. We may therefore suppose that M; = M, in which case p =
m,. If v is nonarchimedean, the infinitesimal character of m, is given by a finite
set of cuspidal pairs (p1, M1), ..., (ps, M) where My,... , My € LM and p; €
S(M1(Fy)), ..., ps € B(Ms(F,)). If v is an archimedean valuation, then the infini-
tesimal character of 7, also determines a set of cuspidal pairs (p1, Mp), ... , (ps, Mo)
as above. It follows from the remark immediately preceding Theorem 27.3 of
[18] and Theorem 26 of [18] in the nonarchimedean case; and §3.2 of [30] in the
archimedean case, that these supercuspidal (and hence elliptic) representations are
not metic. The discussion of §7 in [I1] tells us that for v € a3, in general position
We may express fM(WV, X, f’)e‘”(X) as

2 / D> (Ay(m)@) (i, py)dA.

(L1, LEL(M):Ly SL2M} viFiay /i85y o =1 j=1

Here, A;;(m) is a differential operator on a}; ¢ x aj;, ¢ and ®(A;, p;) is equal to
the product of
. = L —1 L L -1
1/111T0 Z QlQo (Tr)\iJr)\a pj%) TQ|Qo (7T/\,-+)\+u1 » P A+ )HQl (Vl)
QePLi(L)

with I, (pﬁ/\, hr,(X), f'). Tt is obvious from this equation that Iy (7, X, f') van-
ishes if

fL1(ng':)\ahL1(X),f~/) =0, L1DL 2 M.

Since Ly 2 M and p; » is not metic, the earlier descent argument shows that this is
indeed true. We have thus succeeded in showing that In(m,, X, f') = 0if v € a}; is
in general position. However, the mean value property (Lemma 3.2, [7]) expresses
the value of Iy, (my, X, f’) at any v € a}, in terms of nearby points. In consequence,
jM(WV,X, f’) vanishes for all v € a},. O

The following lemma gives an expansion of the local distributions occurring in
IZ(f) in terms of the distributions I3 (7).
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Lemma 9.1 (12.1). Suppose that © € My (M(A)') and f € H(G(Fs)). Then
n~ 1y (m, f') is equal to

(20) > oy L (e i) IE (Fr, PN

LEL(M) #eTI(M(A)) M““M/“‘L

Proof. This proof is almost identical to the proof of Lemma 12.1, IT of [13]. It is
included so that the reader may feel a sense of continuity. Any statements which
seem unjustified may be compared to the analogous statements in Lemma 12.1,
where the details are given. To begin, relabel the summation index L in 20) by
L;. We then replace IEl (T, f) with expression (),

Yow Y Y / R Fage i) e P
QEP(Ly)  LEL(L) peri(nr(A)t)” fQ 0L, /101

We deform the contour of mtegratlon in g so that (20) is equal to the sum over
Ly,L € L(M), with L, C L, of

> x| rL iy, Ba)rk (o, 52) I (5, ).
RENI(II(A)Y) pen(iT(A)) ~ M ok /i0h
Taking the sums over L1 and 7 inside the integral we find that
> S B )k (7 )
FEN(M(A)Y) LieLE (M)
= ff;f(ﬁ,\',ﬁx) Z §(m, T)A(T, p)

RET(M (A1)
= ) S Ama) S T(LAAR)
PLEX(M(A)Y) FET(N (A1)

= L (mv, WA, )
= M(W N5 PA)-
Expansion (Z0) is therefore equal to
(21) > X [ hme e
LEL(M) es(h1(A)L) * EM TN /0L
By Lemma [R.2] and the spectral vanishing property, Proposition[0.1] we have
Z rﬁ;j(ﬂ)\/vﬁ)\)ILZ(ﬁ)\afN)
PEX(M (A1)
pdAM /AL N e (e, ) (nflfL(ﬁ/m f’))
pEN(M(A)Y)
pdim(Aar/AL) Z TJLW(?TA',pN) (n_lfL(px,f')> .
PEXT(M(A)T)
Substituting back into (ZI) and noting that d\ = nd™AM/AL) g\ we obtain

Z Z / (T, ) (nflfL(pA, f’)) d\.
em+iay, /iaj

LeL(M) pex(M(A)Y)
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Since 7 is unitary, this expression is equal to n =!I/ (7, f'). O

Proposition 9.2 (12.2). Suppose that t >0 and f € H(G(A)). Then
(22) = S WIS [ @)
Mer 11> (M, t)

Proof. From §8 (cf. (@) we know that IZ(f) equals

> W w |
{My,MeL:MDM;}

" 2 / aaise (M), ()™ g (v, f1)aX.
m€Mqisc (My,t iayy, /iag,

Substituting expression (Z0), deforming the contour of integration appropriately,
and noting that d\ = nd™(As/AM) g\ we find that I(f) equals

> ST W i A
{M1,M,LEL:M1CMCL} 7, clI(M,; (A)1,t)
(23) x / ST @ ) () (v, ) B (o, £

emtiagy, /iaf mE€gise (M1,t)

The term 7'1%4 (ma,71,5) in the above sum vanishes unless §(m,71) # 0. Fix some
m1 € Haisc (M1, t) such that §(m1,71) # 0. Then for any other 7 € Tlgisc(M7,t) with
d(m, 1) # 0 we may write
ndim(AMl /141%)7,5\\4/11 (ﬂ_)\/)
— Z dlm(AM1 /AL1) L4 (771 v ) dlm(ALl/AM)
{L12M1CL1CM}
= > it Ay Qi (i, ,\/)7"2"/[ (1,75 ).
{Ll:Mchch}

L, (T, )

We substitute this expression into (23]) and deform the contour of integration from
em +iayy, /ia} to er, +ia},, /ia} for some small regular point €1, in a} . We then
bring the sum over M inside the integral. Notice that

> P (o ) (T, ) = 6(m, @) FE (v, 71,)
{M:L.CMCL}
by equation (IJ)). Observe also that
M ~ M, S
Z a’dlslc (7[-)6(7(’ ’/Tl) = a’dlslc (7T1)
Wendisc(Mlvt)
Now ([23)) may be written as

> mhwEr Y D, nimthe/n)

{M:,LeL:M,CL} 1 el(My(A),t) {L1:M1CLi1CL}

(24) % / ayin” (F)rih (mon g (v, BT (Faox, A,
eLy +iajy, /ia}
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The summand indexed by M; = G in ([24)) reduces to
(25) Z a(?isc (7}1)[3 (ﬁb f)
T EHdNC(G,t)

My, %

dise implies

If My # G, then the induction hypothesis stated after the definition of a
that
My,S ~ Mo~ \ =~ ~ 1
adlslc (7‘(’1) = adislc(ﬂ-l)’ ™ € H(Ml (A) 7t)'
It is immediate from this equation that aﬁﬁf(frl) vanishes unless 7, € HdiSC(M 1,1).
Thus, by a variant of Lemmal[8T] the integrand of (24) is analytic for A near ia}, ,
and we may deform the contour of integration from ez, + ia}, /ia} to ia}, /iaf.

This allows us to take the sum over L, inside the integral. It is a simple exercise
in (G, M) families (cf. proof of Lemma[81] (b)) to show that

Z dlm(AMl /ALl) L,y (771 /\/)rli (71-1,/\/,7"}1,/\) = TJL\//L (ﬁ-l,/\).
{L1:M1CL1CL}

Therefore the summand indexed by M; # G in (24) is equal to
W W Y ) / oM )k, () IE (o, F)dA.
LEL(M:) 7y €Ml (M 1) *M1 /10
Combining this expression with (25) we obtain
PP =S WHWE [ @
Lel I1>(L,t)

O

We can now apply Proposition [0.2] to obtain a striking comparison between the
spectral sides of the trace formulas.

Lemma 9.2 (12.3). Suppose that t > 0 and f € H(G(A)). Then
FH-L(H= Y (a3e(® — adse(®) te(7( 1),
FEM(G(A)L,L)
where f is the restriction of f to G(A).

Proof. This proof is almost identical to Lemma 12.3, IT of [13] and is included solely
for the sake of continuity. Consider the difference of ([22]) and

WP = S0 WWE [ M@ 7

Mer TI(M 1)

If My € £ and M, g M C G, then the induction hypothesis of §6limplies that
oM7) = aM(7), 7 € I,y (M, 1),

and Hle (M, t) = 1573 (M, t). If 7 is not unitary, both a™>(7) and a™ (#) vanish.
When 7 is unitary, we know from the discussion at the end of 7] that
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Therefore, the only terms which remain in the difference, I( f) — Ii( f), are those
parametrized by M; = M = G. The lemma now follows from

IE(7, ) = tr(7(fY) = I5(7, f), 7 € Haise(G, ).

10. THE MAP e/

Having simplified the comparison of the spectral sides, we do the same for the
geometric sides. We lighten the burden of this task by adding yet another induction
hypothesis. From this point on, fix M € L such that M # G. The additional
induction hypothesis is that

If/l(’)/vf) = IE(’va)a aS Lcomp(FS); f~€ H(G’(FS))a

where L € £L(M) with L # M.

The following proposition brings us closer to the proof of Theorem A (i) in that
it expresses the difference of our invariant distributions in terms of orbital integrals,
which are easier to manage.

Proposition 10.1 (13.2). There exists a unique map
e H(G(Fy))® — Toe(M(F5)),
such that

I]\.A/;l(')/a f) - IJE(’Y; f) = IAJI\\4/I('Ya 5M(f))7 S Mcomp(FS); f € H(G(FS))O
The map satisfies the splitting property

em(f) = 6M(f1)f§,M + JE{,MgM(fZ)v

where S is the disjoint union of S1 and So (each satisfying the closure property)
and f = fi1fs is a corresponding decomposition.

Proof. 1f e); satisfies the first property of the proposition, then the earlier splitting
properties ((23) and Proposition 6.2, [30]) imply that the splitting property for ep;.
Therefore, we only need to show that the map ej; exists. In other words, we must
show that

EM(’YM]E) = IJ\/\;(’%JE) - 11%4(7).]?)) v E Mcomp(FS)a

is an orbital integral at v of a function in H,.(M(Fs)). The splitting properties
((23) and Proposition 6.2, [30]) allow us to restrict our proof to the case that
S is comprised of a single valuation v. Also, Lemma B3] allows us to restrict
to the case that v € M(F,) N Goreg(Fy). Suppose first that v is archimedean.
By our assumptions on F, this means that F, = C. We may therefore apply
Jordan canonical form to conclude that every element of M (C)NGoreg(C) is G(C)-
conjugate to an element in My(C). If M 2 My, then Lemma 1] implies that

em(7, f) vanishes. In other words, if M 2 My, then
(26) em(f) =0, f € H(G(C)).

We therefore need only consider the case M = M. We proceed by showing that,
for fixed f € H(G(C)), the function,

v eaty (7, £)s ¥ € Mo(C) N Goreg (C),
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extends to a smooth function of My(C). Suppose 7 is an arbitrary element of

My(C). Then, by the definition of I} (vo, f) — I3;, (70, f) (§§6 and 7, [30]) and
Lemma[3.2] the limit,

> ki (3 @) (184 @0, f) = TE (a0, 1))

lim
{a—)l:CLEAMO,reg(C)} LE,C

- {aﬂl:aelA}Ij\rfloweg(C)}gMo (a”yovf)a
exists. In consequence, €y, (-, f) extends to a continuous function on My(C). To
see that this function is smooth, suppose that z is a differential operator in Z¢, the
center of the universal enveloping algebra of the complexified Lie algebra of G(C).
This operator passes to a differential operator on G(C) 2 G(C) x u,, by virtue of
its action on G(C). It follows from Theorem 1 of [33] and results on p. 9 of [33]
that

5M0(707Zf~) = 8J\/IO(CVYOVZJF)

lim
{a—1:a€ AN reg(C)}

= lim Z’ € ayo, )

{a—1:a€A N reg (C)} My Mo( Y0 f)

Here, zpy, is the image of z under the Harish-Chandra isomorphism and
ZMy = 2,

is an algebra automorphism (§3, [33]). We can choose a set of generators, z1, . .. , 2o,
of Z¢ and apply a well-known argument involving the fundamental theorem of cal-
culus to show that z; 5/ en, (70, f), 1 <4 < 2r exists and is equal to

(a1 QEEIE (C)}Zg,MOEMo(a'YOv]E) = Mo (70, 2i f)-
—1: 0:reg

A simple induction argument on the number of generators occurring in z then

implies that 2}, €ar, (70, f) exists and
(27) Z;WOEMO (70; fN) = €My (’707 Z.f)

This proves that ey, (-, f) extends to a smooth function on My(C). We continue
by showing that the function,

éMo (.f77T7X) = / €My (7; f)W(PY)d’)/v X € Ary, T E Htemp(MO(C))v
Mo(C)*

where
Mo(C)* = {y € My(C) : Hy,(7) = X},

is a Schwartz function of X. To see this, set

“erry (7, f) = CII\%)('Y; JE) - CIl\z/:lo(')’a .f)a 7 € Mo(C) N Goreg(C),

and recall that by expansions (I3)) and (4] and the first assertion of Theorem [Tl
we have

ey (1, f) = Cenns(n )+ L | v D 0 () = O, (F) |

M,
NE n 0 //"S
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for any v € My N Goreg(C). Given X € apg, and 7 € Iiemp(Mo(C)), the function
En, (f,m, X) is equal to the sum of

[ e e,
Mo(C)X
and

Z ncho(f/aﬂ—vX)_ CeMo(f),(ﬂ—vX)'
neun® /ng

The former summand vanishes for X outside of a fixed compact subset (Lemma 4.4,
[7]). Corollary 5.3 of [7] tells us that any invariant differential operator on az, ap-
plied to the latter summand yields a rapidly decreasing function in X € ajs,. Conse-
quently the same property holds for ey, (f, 7, X). The smoothness of &, (f, 7, X)
in X € ay, follows from the smoothness of e, (v, f) in v € My(C), hence
e, (f,m, X) is a Schwartz function on aayz,. Now if &7, (f) belongs to Zoe(Mo(C)),
then we may define 57, (f) to be &x,(f) and the proposition is proven at the
archimedean valuations. It is easy to see that &y, (f) is almost compact in the
sense of §11 in [10] as My is a minimal Levi subgroup. The only requirement that
1, (f) does not obviously satisfy for it to be in Z,.(My(C)) is the K, N My(C)-
finiteness requirement. This is equivalent to showing that there exists a finite set
T, of (equivalence classes of) irreducible admissible representations of K, N My (C)
such that

/ et (7, f)m(y)dy = / Ento (f,m, X)dX

Mp(C) anr,

vanishes unless the restriction of 7 € Iliemp(Mo(C)) to K, N My(C) contains a
representation in I'jz,. Since f is K,-finite, there exists a finite set I of (equiv-
alence classes of) irreducible admissible representations of K, such that fMO (7),
= Htemp(Mo(C)), vanishes unless the restriction of 7 to K, contains a represen-
tation in T. Clearly, T determines a finite set of (equivalence classes of) irreducible
admissible representations I' of K, such that f]'wo (), m € Itemp(Mo(C)), vanishes
unless the restriction of 7¢ to K, contains a representation in T'. Let T'ps, be

the finite set of irreducible constituents of restrictions of representations in I' to
K, N My(C). It is a straightforward consequence of equation (27) that

fH/ Ent, (f, 7, X)dX, 7 € Hiomp(Mo(C)),

is an invariant eigendistribution of Z¢. It then follows from Harish-Chandra’s work
([19]) that there exists a smooth function ¢ on Iiemp(Mo(C)) such that

(28) / €Mo (f7 7, X)dX = C(ﬁ-).f]\?[o (7?) = C(ﬁ-)fllwo (ﬁ-l)7 e Htemp(MO(C))-

Moreover, if 7 € iemp(Mo(C)) is not metic, then it is not uTI‘l/IO—invariant (Lemma

3.1, [30]). Since ep, (-, f) is pMo-invariant, we must have

/ ety (1. Fm(7)dy = 0.
Mo(C)
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This vanishing property together with equation (Z8)) imply that I"ys, satisfies the
K, N My(C)-finiteness requirement for &y, ( f) This completes the archimedean
case of the proposition.

Now suppose v is nonarchimedean. For v € M (F,) N Goreg(F,) define

em(y.f) = L (L D) = ‘(v f), FeRGE)),

(cf. §0). By Lemma 4.4 of [7], this function has compact support as a function of

M (F,)-conjugacy classes of M (F,). It is related to e (7, f) by

en(r, f) = Cen(r f) = (0N = Do "0u(F).

nepd /uG

To see this, recall that by the induction assumption after Theorem A, Theorem [7-1]
equations ([0) and () and their analogues for I3;(7), we have

5M('Yaf)_ CgM('Yaf)

= X chMead - X il X )
{LeL(M):LGG} mept /uk neuy /ng

_ 3 TM(,0:(F) — I (., 0:.())
{LeL(M):MGLGG}

+ L 70D = Y "hu(f)

nep! /ng

= I [v.ou(f = > "0u(f)
nepd /nG

Since 07 (f)" — 22, e /e 105 (f') belongs to Zo.(M(F,)) (84, [7]), this equation
implies that “ep/ (7, f) is an orbital integral of a function in Hae (M (F,)) if and only

if epr(7y, f) is as well. More generally, given a semisimple element o € M(F,), it
implies that

“enly, f) 70, 5 € My (F) ) Goreg ()
if and only if

en(, ) "0, 7 € My(Fy) 0 Goreg ().
We shall complete the proposition by showing that

en(1, F) 70, 3 € My(Fo) 01 Gones ()

and then showing that this implies that ey (7, f) is an orbital integral of a function
in Hac(M(F,)). If 0 is not F,-elliptic in M, that is, if ap;, # aps, then there is a
proper Levi subgroup M; € LM of M such that M, (F,) C M;(F,). Lemma E1l
then implies that

7 (M,0)

em (v, f) 0, v € My(Fy) N Goreg(Fy)-
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Suppose that o is F,-elliptic in M. We may assume that o is F,-ellipticin L € £L(M)
if and only if o™ is F,-elliptic in L. Indeed, we know by Lemma ETl that a translate
of o by an element in p satisfies this property and we also know that

ev(my, f) = em(v, f), n e pll.

We may therefore apply Lemma 3] and Proposition 1] to see that e (7, f) is
(M, 0)-equivalent to

> Y k) (IO - TEG.N) s 7€ Mo(F) N Goreg(F).

LelL(M)sco(Ur, (Fy))

Since g4 (v,d) = 0, we may apply the induction hypothesis of this section to con-
clude that the right-hand side vanishes. From our earlier remark we now have

& (M,0) & (M,0)

CgM(PYaf) ~ EM(’)/vf) ~

for any semisimple element o € M (F ). We use a partition of unity argument
on the compact support of (7, f) in the space of M (F,)-conjugacy classes to
conclude that “eps(7, f) is in fact an orbital integral. O

Oa v e MO’(F’U) N Goreg(F’U)v

Suppose v is a valuation for which |n|, = 1. Then it is an immediate consequence
of Lemma B4l that e,(f°) = 0. It therefore follows from the splitting property of
Proposition [T that the map e extends to a map on H(G(A))°.

11. COMPARISON FOR f € H(G(A), M)

We now give a sketch of the proof that I(f) =I" (f) for f in a certain subspace
H(G(A), M) of H(G(A)). The train of reasoning in this section is based entirely
on §§15 and 16, II of [13]. We shall outline the arguments found there and leave
the confirmation of the details to the reader.

Recall that M € £ was fixed in the previous section. Let H(G(A), M) be the
subspace of H(G(A)) spanned by functions

f= vaa .fv S H(G(Fv))7
v
which satisfy the following property. For two nonarchimedean places v; and wvs,
which are not in {v: |n|, # 1},
fo i =0, LEL i=12,

unless L contains a conjugate of M. If S contains {v : |n|, # 1} and at least two
other nonarchimedean places, we define H(G(Fs), M) in the same way.

The proof of Lemma 13.1, IT of [I3] may be imitated to obtain the following
lemma.

Lemma 11.1 (13.1). For f € H(G(A), M), the distribution
I(f) = I7(f)
equals the sum of

W™ Y M) (e - B D)

YEM(F))m,s/ud!
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and

2 > (oS~ a(S,w) 18 6u, ).

d€Ac(F)\ug veUa(F))a,s

Proof. The lemma follows from the splitting properties and the properties of f . See
Lemma 13.1, IT of [I3] for details. O

Let H(G(A), M)° be the space of functions f in
H(G(A), M) N H(G(A))°

which satisfy one additional condition, namely, that f vanishes at any element in
G(A) whose component at each nonarchimedean place v belongs to Ag(F,). This
ensures that f € H(G(A), M)° vanishes at

(0u,Q), d € Ag(F), u e Ua(F), ¢ € fin.
Lemma 11.2 (15.1). Suppose that f € H(G(A), M)°. Then
I(f) = IP(f) = n ™0 W (ang) [T Y (e (),
where I is the analogue for M of I = I€.

Proof. By the properties of f Lemma [T and Proposition LI we see that I(f)—
I*(f) is equal to

ndim(AM)|W(aM)|*1 Z aM(S, 'y)IAj\]‘f(%EM(JF));
YE(M(F))m,s

for a large set of valuations S. By the descent property (Corollary 8.3, [7]) and
Lemma [27] it follows that

IA]\]\/ﬁl (%gM(f)Ml) = IAJI\\4/I(’Y75M(]E)) =0, 7€ Ml(FS) N Goreg(FS)a

for any M; € L such that M, ; M. Therefore, for such My, ey (f)a, = 0.
Combining this with the splitting property (Proposition 9.1, [7]) applied to I {\\441 (),
we find that

I (viem(f) =0, v € My(F) N Gogeg(F),

for any M; € LM such that M, g M. Thus by the geometric side of the trace
formula for M is

n A W)t > (S L (v em(f))
YE(M(F))m,s
= pdimA) | (ap)| ! Z [Wo | (W=
Mleﬁjw
xS aM(S I (e ()
YE(M1(F))nmyq,s

— pdim(Axr) |W(aM)|_1fM(€M(f))-
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We now give an outline of the method of separation by infinitesimal characters,
which is found in §15, IT of [I3]. Let So denote the set of archimedean (in our
case complex) valuations of F. Then G(Fs__ ) may be regarded as a real Lie group.
Let hc denote the standard Cartan subalgebra of its complexified Lie algebra. Let
h be the real form of hc associated to the split real form of G(Fs_). Then b
contains ays, as a vector space and in turn contains all vector spaces of the form
ar, L € L. Let h! be the orthogonal complement of ag in . We recall the theory
of multipliers ([4]). Let o belong to £(h")", the convolution algebra of compactly
supported, distributions on h', which are invariant under the complex Weyl group
W of G(Fs_.). Then there is an action, f — fo, on H(G(A)) such that

font(7) = a(vs) fp (7), 7 € TI(M(A)).
As usual, vz is taken to be the infinitesimal character of the archimedean factor

of 7. This action of £(h")" on H(G(A)) affects only the archimedean factor of f,
and is supported on characters. The map,

a—a, acf@)Y,
given by
(29) o (v) = n~ IO o (n 1), v el

is compatible with the map (13) of [30]. More precisely, given a € £(h*)"V and

7 € iemp(G(Fs)), we have vz = v,-1z (§3.1, [B0]) and in turn

(fo) (&) = a(n™ va) fo(7) = o' (var) ' (7') = o (7).
This map is also compatible with the map e,; of Proposition [TUT1

Lemma 11.3 (14.4). Suppose f € H(G(A)), and o € EHHWV. Then en(fo) =
5M(f)a’-

Proof. Suppose f = IL, fo € H(G(A)) and suppose S contains all valuations at
which fv #* fg If v is nonarchimedean, then « acts trivially on f,, that is, fua = fv.
If v is complex, it follows from equations @6) and E8) that ens(fo.a) = ear(f)ar-
Repeated applications of the splitting property of Proposition [[0.1] yield

5M(foz) = ZgM(.fvl,(y) H (.fw,a)ﬁw H(ﬁ(}))l]\/[

v1€S weS—vy vgsS

= Z e (for)or H ((fw);')M H(ﬁ?y]\/[
v1€S wES—v1 vgS

= 6M(f)@t“

O

Let b be the set of points v in h§ /iaf, such that the complex conjugate of v with
respect to h* is equal to —sv for some element s € W of order two. The archimedean
infinitesimal character of vz associated to any 7 € Il (G(A)!) belongs to h*.
Given v € b}, define

1L, (G(A)Y) = {7 e II(G(A)Y) : vz = sv; for some s € W}.

We can use multipliers to prove the following lemma.
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Lemma 11.4 (15.4). For each f € H(G(A), M)° and v, € b*, we have

ur

> (aael®) — aFue(®) tr (7(7) = 0.
7€l (G(A))

As the proof of Lemma [TT.4] is almost identical to that of Lemma 15.4, IT of
[13], we shall only sketch the proof. Given f € H(G(A), M)°, T > 0 and v, € b%
we choose a1 € £(h1)W as in Lemma 15.2, IT of [I3]. The multiplier a; has the
property that 0 < @7 (vz) < 1 for any 7 € it (G(A)) whose K-type is the same as
that of f . Furthermore, the inverse image of 1 under o is {sv; : s € W}. Following
Corollaries 14.2 and 14.3, IT of [13], we find that £3/(f) is a moderate function in
Zac(M(A)) in the sense of §6 of [§]. We may then apply Corollary 6.5 of [8] (cf.
(15.5), II of [13]) to obtain

> Li(fap) = I (fap) = n ™AW (ap) | I (200 (f) (agym )| < Ce RV

t<T
for some positive constants C, k and N. Thus
(30) D Li(fap) = I (fap)
t<T
approaches
(31) > A W (an) | T M (ear (F) (agym)
t<T

as m approaches infinity. According to Lemma 15.3, II of [13] we may write (31])
as

S AWt Y e [ el Na A
t<T €Tl (M,t) ia%, Jia,
for some Schwartz function
A= en(fLmN), A €ial,/iak.
The multiplier ar; was chosen so that
0<a)(vr+A) <1,

for all but finitely many X € ia},/iaf in the above integral. Thus, by the domi-
nated convergence theorem, the integral approaches zero as m approaches infinity.
Expression (Bl) therefore also approaches zero as m approaches infinity. Moreover,
by Lemma it is equal to

Y (aael®) — af @) (7)) dave)™
t<T 7ell(G(A)L,t)
By our choice of «q, the limit of this expression as m approaches infinity is the
expression in Lemma [TT.4]
In §16, IT of [13] it is shown, using the Plancherel formula, how to extend Lemma

014 to functions in H(G(A), M). We shall not repeat the arguments here. We
merely translate the final result of that section into the following proposition.

Proposition 11.1 (16.2). For any f € H(G(A), M), we have
I(f) = I*(f).
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Proof. By Lemma and the extension of Lemma [T to H(G(A), M), the dif-
ference I;(f) — IF(f), t > 0, is equal to

3 > (aael®) — aFue(®) tr (7(7) = 0.
{v1:l[Im(v1) =t} 7el1,, (G(A)Y)
It is then obvious that

1))=Y L) =) 17 () = I*(]).

t

12. COMPLETION OF THE PROOFS OF THEOREMS A AND B

We first prove Theorem A (i). The structure of the proof is as follows. We begin
by showing that for any valuation v of F' and each v, € M(F,) N Goreg(F,) there
exists a constant &ps(7,) such that

It v, ) = Ty (s ) = ent (30) IS (v, ), F € H(G(F)).

This part of the proof follows §17, II of [I3]| almost exactly. It then follows from
the splitting properties that for any Sy containing {v : |n|, # 1} and

Y= H Yo € M(FSO) m(;’oreg(F‘So);
vESH

we have

(32) IJ\'A/;l(PYa f~) - IJ%/[(PYa fN) = <Z €M(’)’y)> Ié\/[(7a fN)v f~€ H(G(FSO))

vESH

Using the strong approximation theorem, we show that ) g eam(7y) vanishes
unless M = MOE The induction hypothesis of §I0 and Corollary Bl then imply
that epr(y,) = 0 unless M = My. We then take care of the case M = My by using
the local trace formula as in the proof of Corollary [31

Suppose f € H(G(A), M). According to Lemma [Tl and Proposition T the

sum of

63) W)Y @S (e ) - s )
YEM(F))m,s /bl

and

(34) Z Z (a™(S,u) — a(S,w)) I (du, f)

d€Ag(F)\uG ueUc(F))a,s

vanishes. Recall that S is a large finite set of valuations which depends on f and
contains {v : |n|, # 1}. We may assume that S = {v1,..., v}, where v; and vy
are any two distinct valuations satisfying

[nlo, = |n|o, = 1.

T am indebted to J. Arthur for providing the underlying ideas for this portion of the proof.
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Take v to be an element in M (F')NGoreg (F') such that v is Fi,,-elliptic in M (F,,), ¢ =

K3

1,2. Choose f; € H(G(Fv )) such that it is supported on a very small neighborhood

K3

of v'i(p,) in G(F,,) and
MO o) =1 (L f) =1, i=1,2.

For the remaining 3 < i < k, let f; € H(G(F,,)) be arbitrary and set f = f; --- fp.
This function lies in H(G(Fs), M) by the construction of fi and fy. If we shrink
the support of f1 and f, around ~'i(pr), the set S is not affected. Bearing in mind
that M(F ) is a discrete subgroup of M(A), we may then assume that the support
of f1 and f5 is so small that (B4) vanishes and the only contribution to the sum in
B3) comes from G(Fs)-conjugates of 4. The distributions in (33) are constant on
G(Fs)-conjugacy classes. By Theorem 8.2 of [5] we have

a™ (S, 7y) = vol(M,(F)\M,(A)"),
for S large enough (in a sense depending only on 7). Consequently,

(35) (v, f) = (v, f) =0.

We apply the splitting properties ((23) and Proposition 6.2, [30]) and the induction
hypothesis of §2lto this equation repeatedly in order to obtain

k
(36) S (B0 F) = B 1) TT R G o) = 0.

i=1 j#i
Suppose 3 < i < k. Choose v € M(F) as in 36), f; € H(G(F,,)) such that
L™ Fi) = 1 (0 f) =0,
and the remaining f; € H(G(ij)), J # 1, such that
™ £ ) # 0.
In this case, the left-hand side of (B8] is a nonzero multiple of
LY (v, fi) = I (0, fo).

Consequently, this distribution vanishes for any f; € H(G(F,,)) such that I} (v, fi)
vanishes. This implies that there exists a constant 7(7) such that

for any f; € H(G(F,,)). Observe that if M 2 My and F,, = C, then the left-
hand side of this equation vanishes by Jordan canonical form and Lemma 2.1 This
implies that eps(y) = 0 at the archimedean places whenever M 2 M.

Let V; = {v;,v1,v2}. Suppose that v; is nonarchimedean. The set

{ H Yo € M(Fy;) N Goreg(FV;) © Yo, is Fyj-elliptic in M (F,;), j = 1, 2}
veV;

is open in M(Fy,). Since M(F') is dense in M (Fy;), it is also dense in the above
open subset. It follows that we may approximate any ; € M (F,) by an element
v occurring in (B7). Since all of the distributions in (1) are smooth on M (F,,) N

i
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Goreg(Fy,;), the function e5s also extends to a smooth function on this space and
we have

(38) I]./\}A(Py“ﬁ) - I]@(’Y“.fl) = EM(’Yi)Ié;M(’)’i,fi), i € M(FUL) N GOY@g(Fvi)'

Now suppose that F,,, = C. If M 2 My, then, as we have already remarked, equa-
tion (38) holds with €ps(v;) = 0. Otherwise, it is obvious that one can approximate
¥i € Mo(C) N Goreg(C) by an element v € M(F) N Goreg(F) which is F,;-elliptic
in Mo(F,,), for j = 1,2. After all, the latter condition is satisfied for any element
in Mo(F,,), j =1,2. As a result, equation (B8] holds for the archimedean places
as well. Finally, notice that since our choice of v; and vy was arbitrary as long as
||y, = |n|v, =1, equation (B8] holds for any 1 < i < k.

Suppose M 2 My and Sy D {v : |n|, # 1}. We may assume that S O Sp.
By approximating elements of M (Fs) with elements of M (F') as above, repeated
use of the splitting properties ((23) and Proposition 6.2, [30]) and the induction
hypothesis of {2, we obtain equation (B2) from (BH). We would like to show that
> ves, €M (7w) vanishes and then apply Corollary B3

Suppose that v ¢ Sy and v, lies in K, N M (F,) N Goreg (Fy). It is obvious that
IX (0, f2) # 0 (cf. (27), [30]). However, according to Lemma [34 the left-hand
side of equation (BY) vanishes. Therefore,

(39) €M(7v) =0, w € K, N M(Fv) N Goreg(F'u); v ¢ So.

Recall decomposition (4) of [30],

£ L

i=1 i=1

=
!
—
=
®

We consider the subgroup Hle SL(r;) of Hle GL(r;) and identify it with its image
in M using the above isomorphism. We shall show that

4
(40) Z 5M(’Yv) =0, = H Yo € HSL(W;FSO) N Goreg(FSo)-

v€ESo vESo i=1

One should keep in mind that the summands parameterized by archimedean valu-
ations all vanish, as we are assuming that M 2 Mjy. We may suppose that vy, v
are as earlier and vy,vy ¢ Sp. For i = 1,2 we choose 7,, to be F,, -elliptic ele-
ments in M(F,,) which also lie in H§:1 SL(rj, Fy,), Ky, and Goreg(Fy;). To see
that this is possible, consider a finite Galois extension F of F,,,. Let 1 be an ele-
ment of E such that F,, (z}') = E. Choose a non-trivial element o in Gal(E/F,,)
and set z = x1/0(21). Then |z|g = 1, Ng/p, (z) = 1 and F(2") = E. These
properties of x can be translated respectively into the above context as v,, € K,,,
Yo; € Hle SL(r;, Fy,) and vy, € Goreg(F,) being F,-elliptic in M (F,). Now sup-
pose Yo € Hle SL(ri, Fs,) N Goreg(Fs,). The the strong approximation theorem
([26]) allows us to choose v € Hle SL(ri, F') N Goreg (F') such that «y is close to 7o
at the nonarchimedean valuations in Sp, 7 is close to 7,, in M(F,,) for i = 1,2,
and v € K, for any v ¢ SpU {v1,v2}. Choose ﬂ € H(G(Fv)), 1 < <k, such that
fl, fo are supported on very small neighborhoods of ~'i(py,) and ﬂ = ff} if v; ¢ Sp.

It then follows from equation (B6l), equation (B9) and our earlier observations that
equation (@) holds.
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Suppose § = [[,cg, oo € M(Fs,) N Goreg(Fs,) and

4
Yo = H Yo € HSL(W;FSO) N Goreg(FSo)

vESy =1

such that 09 € M(Fs,) N Goreg(Fs,). Our next step is to show that

(41) Z v'YU Z EM

vESy vESo

It is easily seen that we may choose v,,, ¢ = 1,2, as in the previous paragraph, but
with the additional requirement that ﬁi satisfies the same conditions as ,,. Weak
approximation allows us to choose y1 € M(F) N Goreg(F') such that 7 is close to
Yo, In M(F,,) for i = 1,2, and ~; is close to ¢ at the nonarchimedean valuations
of Sp. Let V' be the ﬁmte set of valuations {v ¢ Sp : 11 ¢ K,}. Choosing S large

enough and fl, ceey i appropriately in equation (B6), we may conclude that
(42) 0= > em(m)= em(d)+ > emn).
veESYUV vESH veEV

(In this equation we are abusing notation as eps(7y1) depends on v € Sy UV.) As
earlier, by strong approximation, we may choose 3 € Hf 1SL(7ri, F') N Goreg (F)
such that it is close to v,, in M (F,,) for ¢ = 1,2; it is close to 7o at the nonar-
chimedean valuations in Sp; it is close to the 1dent1ty in M (Fy); and it lies in K,
for v ¢ Sy UV. We may assume that the product 172 € M(F) is also in Goreg(F).
By construction, ;172 is close to 'yv in M(F,,) for i = 1,2; close to dvyp at the
nonarchimedean valuations of Sp; and close to v; in M (Fy ). Furthermore, v17v2
lies in K, for valuations v ¢ Sop UV. Again, a judicious choice of S and fl, e ,fk
in equation (B6) implies that

0= Y emmm) =D em(om)+ Y enl(n).
veESHUV vESH veV

Comparing this equation with equation (#2), we find that (@I) is true.
It is a simple exercise to show that any do = [[,cg, 90,0 € M (Fs,) N Goreg(Fs,)

can be written as a product 6y, where 6 € My(Fs,) N Goreg(Fs,) and o is as
above. As M 2 My, equation (4I]) and Lemma 2.1 imply that

Z 5M(50,v) = Z 5M(5U =
vESo vESo

By equation ([B2) and Corollary [31] this constitutes a proof of Theorem A (i) for
M 2 M.
To take care of the case M = My, we must show that
em,(7) =0, v € Mo(F,) N Goreg(Fv)'

Bearing in mind the induction hypothesis of §I0l we may argue as in the proof of
Corollary Bl (cf. equation (@) to conclude that

/ 5M0(7)Ié(7,7f~1)1é(7/af~2)d7 = Oa
Mo (Fy)/pit

for any genuine Hecke function f; on G(F,) and f, € H(G(F,)). Fix y1 € Mo(F,)N
Goreg(Fy). Since H(G(F,)) is dense in C°(G(F,)), we may let fo approach the
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antigenuine analogue of Dirac measure on G(Fv) at ;. The Weyl integration
formula then implies that the function

5 IDC(p()M215(7, f2), 7 € Mo(F,),

approaches the antigenuine analogue of Dirac measure on MO(FU) at v4. It then
follows from our equation that

ento (P)IDE(GI T2 6 (01, i) =0,

and in turn that epz,(71) = 0. This concludes the proof of Theorem A (i).
All that remains to be done now is to prove Theorem A (ii) and Theorem B.
Proof of Theorem A (ii). We wish to show that
a™(S,9") = a™(8,7), v € M(F).
Suppose first that v € M (F') has Jordan decomposition v = ou, where the semisim-
ple element o is not in Ag(F') if M = G. Then
dim(M,) < dim(G),

so we may apply the induction hypothesis of §2to decompositions (28) and (29) of
[30] and the lemma follows. On the other hand, if M = G and o € Ag(F), then

aé(S, v = aé(S, u')
and
a%(8,7y) = a%(S, u),

by (28) and (29) of [30] respectively. It follows from Theorem A (i) and Lemma
[[TTl, where we may now take M = M, that

> (aé(S, w') — aC (8, u)) M(ou, f) =0,
oc€Ag(F) ueUa(F))
for any f € H(G(A)). We may choose f € H(G(A)) above so that for a fixed
element u; € Ug(F'), we have

~ 1, fco=1landu=u
M _ ) 1,
15 (ou, f) = { 0, otherwise

(3.3, [38]). This clearly implies that a®(S,u}) = a®(S,u1). O

It has already been shown in §7 that Theorem B (i) follows from Theorem A (i).
This leaves us with a single proof to be completed.

Proof of Theorem B (ii). By the induction hypothesis of §6] we need only show that

G2 (7) = aG (7), 7 € I(G(A)Y).

Let v1 be the infinitesimal character of the archimedean factor of some fixed 7 €
II(G(A)'), and let K; be a compact open subgroup of [1.¢s.. Ko such that 7 is bi-
s(K)-invariant. Let IT,, x, (G(A)") be the set of bi-s( K )-invariant representations

in TI(G/(A)") with infinitesimal character v;. In the process of proving Proposition
[T (cf. (16.6), IT of [13]), one obtains

> (e62® - af®) e (7)) =0,

7€, 1y (G(A)Y)
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for any f € H(G(A)') which is bi-s(K)-invariant. This sum is finite by Lemma
4.2 of [8], and the linear forms,

Fotr (fr(fl)) , 7 eI,k (G(A)Y),

on the space of bi-s(K)-invariant functions in H(G(A)) are linearly independent.
The result follows. U

13. A GLOBAL CORRESPONDENCE

We derive a global correspondence from a special case of Theorem B (ii). The

global datum a$,.(7) is defined by the equation (cf. (4.3), [8] and (9.2), 11, [13]),

disc

> @I )

TeIl(G(A)L,t)

(43) = D IWIIWEITT DD [det(s = 1)ag | "M (M(5,0)pg,,(0..))
MeL SEW(QJ\l)reg
Here, f € H(G(A)), Q is any element of P(M) and pg.+(0) is the induced rep-
resentation of (:?(A)l obtained from the genuine subrepresentation of M(A)' on
L2(§0(M(F))\M(A)1) which decomposes into a discrete sum of elements in
(M (A),t). The term M(s,0) is the global intertwining operator associated to
an element in
W(an)reg = {s € W(an) : det(s — 1)qc # 0}.
By Theorem B (ii) and the definitions of §§5Hd, the right-hand side of [H3) is equal
to
s .
> i ®IEF )
FET(G(A)L,t)
= Z accl;isc (Tr)nilfG (777 f,)
T€II(G(A)!,nt)
= a7t Y WMWY T det(s = Lgg, |7 Mer (M(5,0)p0.0e(0, f)),
MeL SEW(QJ\l)reg

where f € H(G(A)) is a function whose “Fourier transform” fg ((13), [30]) is equal
to f' € Z(G(A)). (This uses the trace Paley-Wiener theorems of [16] and [I5].) We
would like to convert this identity of representations on G(A)! and G(A)! to an
identity of representations on G(A) and G(A). We may embed the connected
component Ag(R)? of Ag(R) diagonally into [[,.g  Ac(F,). The map,

Hy : Ac(R)? = ag,

is an isomorphism which allows us to pull back the Haar measure on ag to Ag(R)°.
Given X € iag,, we define

IdiSC,ty)\(f) = / Z a’dGisc (ﬁ—)‘[é (77(; .fa/)e)\(HG(p(a/)))da/’
Ac(R)® 2 omGa) )

where

for(3) = [(d'7), 7 € G(A), a € Ac(R)".
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Since f!, = f', MHga(p(a'))) = N(Hg(a)) and da’ o s = nda, our earlier identity
becomes

(44) Idisc,t,)\(f) = Idisc,nt,)\’(f)-

This identity may be rewritten as

STWIWET DD [ det(s = Lg [T r (M(5,0)pg,,1(0. )

MeL SEW(GJ\/I)reg
= D WTIWETT YT [ det(s — Dag | er (M(5,0)pqnex (0, f))
MeL SEW (A )reg
Here
G~
pQ,t,)\(O) = @ Indéﬂ'7
ﬁ'EHdisc(M(A)vt»)‘)

where Tgisc(M(A),t, \) is the set of irreducible, A-equivariant and genuine sub-
representations of M(A) on L%(so(M(F))\M(A)) whose infinitesimal characters’
imaginary parts have norm equal to t > 0. Since M (s,0) intertwines Pot, 1, (0) with
itself, Schur’s lemma implies that there exist complex numbers ¢, # such that

tr (M(s, 0)pg.1.1 (0, f)) - 3 Co mtr ((Indgﬁ)(f)) :

7€M disc(M(A),t,\)
Set

cz = [WM|WE |~ Z | det(s — 1)u%|_1cs7%, 7 € Haise(M(A), 1, \).
SEW(CIM)reg

Identity (@4]) now has the form

(45 > 3 cxtr (ﬁé(f)) . 3 eatr (1€ (f)) = 0.
MeL 7eMgioe(M(A),t,N) m€Mqisc (M (A),nt,\)
Given a valuation v such that |n|, = 1, let H(G(F,), K,) be the subset of

H(G(F,)) of s(K,)-bi-invariant functions. Suppose # = @, 7, € II(G(A)) and
T=Q,m € II(G(A)). We say that 7 corresponds (or lifts) weakly to  if

tr (7(72) = tr (ma(£.).

for any matching functions f, € H(G(F,),K,), f, € H(G(F,),K,) and almost
every valuation v of F. We say that 7 corresponds (or lifts) to  if

tr (7(72) = tr(ma(£).

for any matching functions f, € H(G(F,)), f, € H(G(F,)) and every valuation
v of F. We say that 7 is metic if 7, is metic (§2) for all valuations v and that
f =TI, fo € H(G(A)) matches f= IL fo € H(G(A)) if f, matches f, for all
valuations v.

Theorem 13.1. Under Assumptions 1 and 2, the following assertions are true.
(i) Suppose t > 0, X\ € iay and 79 = Q, 7o, belongs to Haisc(G(A),t, N).
Then there exist a unique Levi subgroup L € L and a unique representation my €

Haise(L(A),nt, \') such that my is metic and 7o corresponds weakly to 7§ .
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(ii) Supposet >0, X € iaf, and my = mo,» € Iaisc(G(A),nt, X') is metic. Then
there exists g € HdiSC(G(A), t,\) such that Tty corresponds weakly to my. Moreover,
if e HdiSC(M(A), t,\) and 7G corresponds weakly to my, then M = G.

(iil) Suppose the representation mo of (ii) is cuspidal. Then there exists a unique

representation 7y € Igisc(G(A),t, A) which corresponds to my. Moreover, if T €
HdiSC(M(A),t, A) and 7?? corresponds weakly to my, then T = 7.

Proof of (i). We assume inductively that (i) holds if G is replaced by a proper Levi
subgroup in £. Let V be the finite set of valuations at which 7 is ramified. Suppose
w ¢ V. By §§11, 16, 17 of [I8], we can assign to each unramified representation in
II(G(F,)) a Satake parameter. Recall that a Satake parameter corresponds to an
element of (C")°7, the set of equivalence classes of C™ under permutation. Suppose
f =11, fo € H(G(A)) such that f,, € H(G(Fy), Ku), f = [1, fo € H(G,,) matches
f, and t,, € (C")5". Set

a(ty) = Z z:c;r H tr (ﬁ?(fv)) —ZCW H tr (75 (o)) |,

MeLl T vFEW ™ vFEW

where the first sum is parametrized by the representations 7 = @), 7, belonging

to aise (M (A),t, A) such that 7, has Satake parameter ¢,, and the second sum is
parametrized by the representations 7 = &), 7, belonging to Igjsc(M(A),nt, \')
such that m,, has Satake parameter nt,,. By Theorem 19 of [18] f,, € H(G(Fy), Kw)
and so equation (@) implies that

Z a(tw)qu(tw) =0,
tyw€(CT)Sr—{0}

where fY is the Satake transform (§11, [I8]) of f,. It follows from the Satake
isomorphism that

a(ty) =0, t, € (C")5" —{0}.

Suppose tz, . is the Satake parameter of my ,,. We can combine the earlier argument
with an induction argument on the number of valuations outside of V' to conclude
that

COND SIS SIS | EYCHIA) ED DD SIS | KICHIS)E

MEL 7eTI(N ,70,V) veV MeL nell(M,70,V) veV
Here, II(M, 7, V) is the set of representations,
™= ® 7:‘:’U S HdiSC(M(A)7 ta A)7
v

which satisfy
tr (7E(R)) = B (ty)s b€ HG(F0), Ku), w ¢V,
and TI(M, 7o, V') is the set of representations,

™= ®7T1) € Hdisc(M(A)vnta /\l)7

which satisfy
tr (Wg(h)) =h"(ntryw), h € H(G(Fy), Ky), w ¢ V.
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Of course, 7 is an element of set II(G, %o, V) and ¢z, = 1. If H(M, 7o, V') is empty
for every M # @G, then Lemma 16.1.1 of [22], applied to equation (46l), implies that
II(M, 7, V) is not empty for some M € L. If H(M,fro, V') is not empty for some
M # G, then our induction assumption implies that II(M, 7, V}) is not empty for
some finite set V3 D V. In any case, we have shown the existence of 7y as in the
theorem. The uniqueness of this representation follows from the strong multiplicity
one property for the cuspidal representations of general linear groups (Theorem
4.4, [23]) and the construction of the discrete spectrum of general linear groups in
terms of the cuspidal representations ([34]).

Proof of (ii). Suppose V is the finite set of valuations at which 7 is ramified. Given
w ¢V, set tr, . to be the Satake parameter of 7 ,,. Given a finite set V43 D V,
define H(M, 7o, V1) to be the set of representations

T = ®77f1) S Hdisc(M(A)vta >‘)
v

which satisfy
tr (ﬁg’(ﬁ)) = 1Y (ntry), b€ H(G(Fy), Ky), wé V.

Arguing as in (i) and applying the strong multiplicity property for general linear
groups, we obtain

(47) [[oEGe) =3 > eIlu(Fd).
veV] MeL zer(M,xo,V1) veVL

Since the left-hand side is not zero, there exists a representation 7o belonging
to Ilgise(M(A),t, \) such that #C corresponds weakly to mp. Furthermore, any
T e HdiSC(M(A), t, \) such that 7% corresponds weakly to 7y occurs as a summand
on the right-hand side for some V4 D V. By (i) (with G replaced by M) there exist
M; € LM and 7 € Tlgise(M1,nt, \') such that 7o corresponds weakly to 7. In
particular, m , and 7 , have the same Satake parameters at almost every valuation
v. By the strong multiplicity one property mentioned earlier, it follows that 71 = g
and in turn that M, = M = G.

Proof of (iii). According to Theorem 27.3 of [I§], for every valuation v of F', there

exists a unitary representation 7, € II(G(F,)) such that

tr (%,v(fv)) =tr (WO,v(fv)) )

for any matching functions f, € H(G(F,)) and f, € H(G(F,)). Together with the
second assertion of (ii) this allows us to rewrite equation [T as
[[e(F.h)= Y Ilu(=0)
veEV] ﬁ-en(éﬂro,vl) veEV]
It follows from Lemma 16.1.1, applied to this equation, that there exists a unique
representation 7y € II(G, mg, V1) which corresponds to mp. The second assertion of

(iil) follows from the second assertion of (ii) and the fact that the finite set V43 D V
is arbitrary. O

Theorem [[3.] (iii) yields the multiplicity one and strong multiplicity one property
for the representations of G(A) which lift to cuspidal representations of G(A). We
expect the same properties to hold for representations of G(A) which lift to any
representation in the discrete spectrum of G(A). One could attempt to prove this



576 PAUL MEZO

by showing that the local metaplectic correspondence preserves character identities

for the local factors of representations in the residual spectrum of G(A) and then

argue as in Theorem 3] (iii). Let us describe the residual spectrum of G(A) in

more detail so that we can state these character identities as a precise conjecture.
Recall decomposition (4) of [30],

M=M@1)x---x M) = GL(r1) x --- GL(r¢).
Suppose ry = --- =1y, so that r = ¢r;. Suppose further that 7 = &), 7, is a unitary,

cuspidal and metic representation of GL(r1, A). Let ®f=1 7| det(-)|“2=1))/2 be the
representation of M(A) given by

M 0 ‘
= [T (vl det(va) =5, 7, .7 € GL(r1, A),
0 Ve =t
where |- | = @, |- |v, and let P € P(M) be the unique parabolic subgroup

containing the group of upper-triangular matrices. The induced representation
nd$ (®f:1 7| det(-)| ¢ (2=1)/ 2) has a unique irreducible quotient which belongs

to the discrete spectrum of G(A) (§2, [21]). Conversely, any discrete representation
of G(A) is of the above form ([34]).

Conjecture 1. Suppose that v is a monarchimedean valuation of F and m, €
II(GL(r1, Fy)) and P € P(M) are as above. Suppose further that m, is metic and

that T is the unique irreducible quotient of Ind$ (771,|det(-)|§,€7(2i71))/2>. Then
there exists 7, € II(GL(r1, F,)) such that

Ind¢ (frv|det op(.)|ﬁ(25“)
has a unique irreducible quotient w1 which satisfies
tr (7)) = tr (ma(£)
for any matching functions f € H(G(F,)) and f € H(G(F,)).

This conjecture can be shown to hold in the case that m, is supercuspidal by
using an argument in the proof of Theorem 29.1 in [18]. Conjecture [ would follow
from a character identity of unitary representations if one could generalize the work
of Bernstein, Tadi¢ and Zelevinsky ([14], [39], [37]) to G(F,) (see also [20]).

Taking the case r = 2 into consideration ([17]), we make a second conjecture.

Conjecture 2. Suppose t > 0, A € iaf, and 7 belongs to Haisc(G(A),t, ). Then
there exists a unique metic representation m € Ilgise(G(A), nt, N') such that T cor-
responds to w. Moreover, if T, is a representation in Hdisc(M(A),t, A) such that
7?? corresponds weakly to w, then 71 = @. This correspondence maps cuspidal
representations to cuspidal representations and residual representations to residual

representations.

This conjecture holds true given the general strong multiplicity one property,
which follows from Conjecture[], and given a characterization of the residual spec-
trum of G(A) as in [34]. We refer the reader to [36] for a discussion of the residual
spectrum of G(A). The final assertion of Conjecture [ is false if Assumption [Tl is
not assumed. This can be seen in [I7] and §29 of [Ig].
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14. APPENDIX

Suppose F), is nonarchimedean and o is a semisimple element of G(F;,) such that
dim(G,) < dim(G). Tt is implicit in the induction hypothesis of §2 that the results
of the proof of Theorem A apply to G, (F,) just as they do for G(F,). In particular,
the results depending on the fixed integer 0 < m < n— 1 must hold for G, (F,) just
as they do for G(F,). The purpose of this appendix is to convince the reader that
these particular results do indeed hold for G, (F,) under Assumption [Il

There are two such results and both occur in the preparatory paper [30]. The
first result pertains to the vanishing of some local geometric terms in the trace
formula. This is the local geometric vanishing property of Lemma 8.3 in [30]. The
other result depending on m occurs in the Appendix (Lemma 10.1, [30]) and is
used to show that the local metaplectic correspondence commutes with parabolic
induction. In both of these results the integer m appears purely by way of the
commutator computation of Proposition 0.1.5 in [24]. As G,(F3) is a subgroup of

G(F,), the analogous commutator computation in GN[,(FU) is identical to the one
in the ambient group G(F,). This observation should be sufficient to convince the
reader that Lemma 8.3 of [30] follows for G, (F,) exactly as it does for G(Fy).

We shall reproduce Lemma 10.1 of [30] here in the context of G, (F,). In §1 of
[25] it is shown that there are integers, 1 < aj,...,ar < r, and field extensions,
Eq, ..., Ey, of F, such that G, (F,) is isomorphic to GL(a1, Eq) X - - - X GL(ag, Ek).
Suppose L is a Levi subgroup of of G, which is defined over F. Then there exist
integers mp =0 < my < --- < my and by, ..., by, such that Z;n:m
for 1 <i <k, and L(F,) is isomorphic to

i—1+1 bj = G4

mi mg

[IGL®; B x---x ] GL(b;, Ex).

j=1 j=my_1+1
Suppose 1 < i < k, mi—1 +1 < j < m; and set L(j)(F,) to be the subgroup of
L(F,) which corresponds to GL(b;, E;) in this isomorphism.

Let (,9)r, : F) X F) — py be the nth Hilbert symbol on F, and let B be a

maximal subgroup of F* with respect to the property that (r1,x2)r, = 1 for all
T1,22 € B. Set

LB(j)(F,) = {¥ € L(j)(F,) : det(p(¥)) € B},

where the determinant above is taken with respect to the ambient group G(F). It
is a simple matter to check that L (j)(F,) is a normal subgroup of finite index in
LG)(F,). )

Suppose 7 is a genuine irreducible admissible representation of L(j)(F,). Its
restriction to LZ(j)(F,) is the sum of conjugates of some irreducible representation
p of L(j)(F,). In other words, we have

Alpogy =D 0"
g
where the sum runs over representatives y of cosets in L(j)(F,)/L” (4)(F,) and

P () = plymy ), m € LP(G)(F).

Lemma 14.1. Suppose that vy is a representative as above. Then p is not equivalent
to p7 unless L(j)(F,) 2 F)} or~y € LB(j)(F,).
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Proof. It L(j)(F,) = FX, then L(j)(F,) = FX X pn. In particular, L(j)(F,) is
abelian and p = p7. Suppose that L(j)(F,) is not isomorphic to F,*. By using
the Iwasawa decomposition, it is easy to see that representatives of the quotient
L(j)(F,)/LP(j)(F,) may be taken to be diagonal matrices in GL(bj, E;). Let v be
such a representative corresponding to the diagonal element

" 0

€ GL(b;, E;),

0 Vo,
and suppose that p” is equivalent to p. In other words, suppose that there exists a
linear isomorphism T such that

Top'(3)=p(A) 0T, 7 € LP(j)(F).

Suppose = € B and choose 4 € L?(j)(F,) such that p(§) corresponds to the scalar
matrix

x 0
€ GL(b;, F).
0 T
Let (-,-)g,; be the nth Hilbert symbol of E;. By Proposition 0.1.5 of [24] and the
properties of the Hilbert symbol, we have
() = Top(i)oT !
= Top(viy HoT™!

bj
= | (det(y), det(e@N) >/ [[ (s @), | Top(F) 0T

((det(y), det(P(F)) 5"/ (Ng. /e, (1 w,),2)p,) T o p(3) o T
((det(v), det(p(3)) 5 ™" /(det (), 2)r,) T o p(7) 0 T~

It may be verified by following 0.1.1 of [24] that 4 is in the center of LZ(j)(F,) and
so, by Schur’s lemma, §(¥) is a nonzero scalar operator. Consequently the above
identity reduces to

(det(y), )27 =1,

Asn and b;(142m)—1 are relatively prime by Assumption [I] we have (det(v), z)r,

= 1. The element = € B was chosen arbitrarily, so this means that v € LZ(5)(F,).
(|

_ This lemma can now be employed in showing how the genuine representations of
L(F,) are related to those of L(j)(F,) as in §26.2 of [I8] and the Appendix of [30].
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