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ABSTRACT. We prove a strong induction theorem and classify the tempered
and square integrable representations of graded Hecke algebras.

INTRODUCTION

Let G be the group of rational points of a simple adjoint algebraic group over
a p-adic field, which is an inner form of a split group. Consider the set of iso-
morphism classes of irreducible admissible representations of G whose restriction to
some parahoric subgroup contains some irreducible unipotent cuspidal representa-
tion of that parahoric subgroup modulo its “unipotent radical”. The classification
of such “unipotent” representations of G has been established in [L8| (see also [KL]
for an earlier special case) in accordance with a conjecture of Langlands (refined in
[L1]). In the special case considered in [KIJ, the tempered and square-integrable
representations were also explicitly described; the main tool to do so was an “in-
duction theorem” [KIJ, 6.2] for affine Hecke algebras with equal parameters. But in
the context of [L8] the induction theorem was missing and the problem of describ-
ing explicitly the unipotent representations that are tempered or square integrable
representations remained open.

One of the techniques used in [L8] was the reduction (see [LA]) of the (equivalent)
classification problem for certain affine Hecke algebras with unequal parameters to
the problem of classifying the simple modules of certain “graded” Hecke algebras
which could be done using methods of equivariant homology. By these methods one
can reduce the problem of describing the tempered or square integrable unipotent
representations to the analogous problem for graded Hecke algebras. This last
problem is solved in the present paper. As in [KIJ one of the key ingredients is an
“induction theorem”. In fact, we will prove a strong form of the induction theorem
(without “denominators”) inspired by [L9, 7.11] which implies the classification of
tempered and square integrable representations.

In the case where G has small rank, the classification of square integrable unipo-
tent representations of G has been given in [R].

After this work was completed, I received the preprint [W] where most results
of the present paper (but not the strong induction theorem) are obtained indepen-
dently in the case G = SOz 41.
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1. PRELIMINARIES AND STATEMENT OF RESULTS

1.1. Unless otherwise specified, all algebraic varieties are assumed to be over C. If
X is a subvariety of X'/, we write ¢l(X) for the closure of X in X’. For a Lie algebra
g let 34 be the center of g. If A is a subset of g, we set 3(4) = {z € g;[z,y] =
0 Vy € A}; if a is a Lie subalgebra of g, we set 34(A) = 3(4) Na.

For any algebraic group G let G° be the identity component of G, let Ug be
the unipotent radical of G° and let Zg be the center of G. Let G = G/Ug and let
wg: G — G be the canonical homomorphism. Let G be the Lie algebra of G. If A is
a subset of G, we set Z(A) = {g € G;Ad(g)y =y Vy € A}. Let g : G — G be the
map induced by mg. Let Gger be the derived group of G (a closed subgroup if G is
connected). If x € G is a semisimple element, we denote by (z) the smallest torus
in G whose Lie algebra contains x.

1.2. Let G be a connected reductive algebraic group. Let g = G; let gn be the
variety of nilpotent elements of g. Let gss be the set of semisimple elements of g.
Let 3 be the variety of parabolic subgroups of G.

A cuspidal datum for G is a triple (P,c, L) where P is a G-orbit on P, c is a
G-orbit on the set of pairs (z, P) with P € P, x € P is nilpotent, and £ is an
irreducible G-equivariant local system on c¢ such that for some (or any) P € P, the
restriction of £ to the P-orbit

cp ={z € P;(x,P) €c}

(a local system that is automatically P-equivariant and irreducible) is cuspidal in
the sense of [LL4] 2.2].

A cuspidal triple in G is a triple (L,C,€&) where L is a Levi subgroup of a
parabolic subgroup of G, C is a nilpotent L-orbit in L and £ is an irreducible
L-equivariant local system on C' which is cuspidal in the sense of [L4, 2.2].

To a cuspidal datum (P, c, L) we attach a cuspidal triple as follows: let P € P,
let L be a Levi subgroup of P, let C be the nilpotent orbit in L corresponding to
cp under the obvious isomorphism L — P and let £ be the local system on C
corresponding to L], under the obvious isomorphism C' = c¢p. Then (L,C, &) is
a cuspidal triple in G. Using [L6, 6.8(b), (c)], we see that, conversely, any cuspidal
triple is obtained as above from a cuspidal datum (P, c, £) where P, c are unique
and £ is unique up to isomorphism.

1.3. Let (P, c, £) be a cuspidal datum for G and let @ € P be such that @ contains
some P € P. Then there is an induced cuspidal datum (P’, ¢, L) for Q, defined
as follows. Let P’ be the set of all subgroups P’ of @ such that Wél(P,) € P. Let

¢’ be the set of all pairs (2/, P') where P/ € P’ and 2/ € P’ = Wél(P/) is such

that (x',wél(P')) € c¢. The inverse image of £ under the map ¢’ — ¢ given by

2/, P') — (2/, 75" (P')) is denoted again by £. Then (P’,c’, £) is a cuspidal datum
Q

for Q.
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1.4. In the remainder of this paper we fix a cuspidal datum (P,c, L) for G.

For each P € P we form the torus P/Pye, (resp. the vector space P/[P, P]). If
P, P'€P, there is a canonical isomorphism P’/ P}, = P/Py., (resp. P'/[P', P'] =
P/[P,P)]) induced by Ad(g) where g € G is such that Ad(g)P’ = P. This is
independent of the choice of g. Hence we may identify P/Py., (resp. P/[P, P]) for
any P € P with a single torus T (resp. a single C-vector space §). Thus, for any
P € P we have a canonical isomorphism P/Pge, — T (resp. P/[P, P] = b). Since
for P € P we have P/|P, P] = P/Pj.,, we have canonically h = T.

1.5. The set
{P' € B; P’ contains strictly some P € P and is minimal with this property}

decomposes into G-orbits (P;);cr. Here I is a finite indexing set.

For any J C I let P; be the set of all P’ € 8 such that P’ contains some member
of P and, for ¢ € I, P’ contains some member of P; if and only if : € J. Then P;
is a G-orbit on . We have P = Py, P; = Py, fori € I.

The diagonal action of G on P x P has only finitely many orbits; an orbit is
said to be good if it consists of pairs (P, P’') such that P, P’ have a common Levi
subgroup. Let W be the set of good G-orbits on P x P. There is a natural group
structure on W (see [L6], 7.3]).

1.6. Let P € P and let L be a Levi subgroup of P. For any J C I let P; be the
unique member of P; that contains P. For i € I write P; instead of Pp;;. We
have Py = P. Let T = Z9; then T = 31. Let N(T) be the normalizer of T in G.
Then W(L) = N(T)/L acts naturally (and faithfully) on T and on I"*. We have

g =D, cpr- 8¢ where
g“={zecglyz]=aly)r Vyel}.

Note that g is an L-module by the ad action. Let R = {a € T";a # 0,g* # 0}.

By [L4l 2.5], R is a (not necessarily reduced) root system in 7™ with Weyl group
W(L). (We do not have to specify the set of coroots since they are determined
uniquely by R and the Weyl group action on T*.) Let L; be the Levi subgroup of P;
that contains L. There is a unique o; € R such that g** C Up and L; = @, ¢"*".
Then {a;;i € I} is a set of simple roots for R.

Let C be the nilpotent L-orbit in L which corresponds to cp under the obvious
isomorphism L =5 P. Let y € C. For i € I let ¢; be the integer > 2 such that

ad(y)" 2 : g% @ g>* — g% B g>* is #0,
ad(y)cifl . gai @92(11' N gai D g2ai is 0.
Then ¢; is independent of the choice of P, L and y.

We identify W (L) with W by n — G — orbit of (P,nPn~1!). Via the obvious
isomorphism T = P/[P, P] = b, the W(L) action on T and T* becomes a W
action on h and h* (independent of the choice of P, L) and the vectors «;(i € I) in
T* become vectors in h*, denoted again by a; (these are also independent of the
choice of P, L). The action of W on h* is denoted by w, & — *¢. For i € I let s; be
the unique element of W which is a reflection in h* such that s;(c;) = —a;. Then
W together with s;(i € I) is a Coxeter group. For J C I let W be the subgroup
of W generated by {s;;i € J}.

For future use we note the following property:
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(a) Let i € I and let Q € P be such that P C Q, P, ¢ Q. Then LN Q =
@D,.cn 8" In particular, (g~ & g2*)NQ =0.

1.7. Let H be the associative C-algebra defined by the generators £ (in 1-1 corre-
spondence with the elements £ € §*), s; (indexed by i € I) and r, subject to the
following relations:

(a) a€ +a'¢ =al+d'¢ for any £, € h* and any a,d’ € C;

; si(i € I) satisfy the relations of W;

(d) si —*is; = cig_;:gr for any £ € h* and any i € I.
)
)

r is central.

(In (d) we have 5;5 € C.) This is the same as the algebra denoted by H in [L4]
6.3].
1.8. Let

d={(y,P)€gxP;ycPiap(y) €cp+ Zp}.
Let 7 : g — g be the first projection. Now G x C* acts on g by

(9. ) 1y = A"2Ad(g)y,
on P by
(9, A) : P gPg™"
and on g by
(9:A) = (y, P) = (A"*Ad(9)y, gPg™").
For y € gy we denote by M (y) or Mg (y) the stabilizer of y in G x C*. Thus,
M(y) = {(9,\) € G x C*;Ad(g)y = Ny}

We also have an action of G x C* on ¢ given by (g, \): (z, P)— (A"2Ad(g)z, gPg~1).
Here we regard Ad(g) as a map cp — cpy-1. The local system £ on c is automat-
ically G x C*-equivariant [L6l 7.15]. Let s : § — ¢ be given by s(y, P) = (¢/, P)
where y’ € cp,mp(y)—y' € Zp. Then L = s*L is a G x C*-equivariant local system
on g and K = m(£*) is (up to shift) a G x C*-equivariant perverse sheaf on g, with
a canonical action of W, [L4] 3.4].

1.9. Let X be an algebraic variety with a given morphism X — g. Define X ——

X g by the cartesian diagram
X "

T

X —— g
Then m*(K) is naturally an object of the bounded derived category of constructible
sheaves on X with a W-action inherited from /C; hence there is a natural W-action
on the hypercohomology
H(X,m"(K)) = H(X,m|L*) = H(X, L").

(We will often denote various local systems obtained from £, £* by some natural
construction again by L, £*.)
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1.10. If, in addition, X has a given action of a closed connected subgroup G’ of
G x C* and m is compatible with the G’-actions, and if ' is a smooth irreducible
variety with a free G’-action, we can form the cartesian diagram

X g

w

rX " rg

where Y +— Y is the functor from algebraic varieties with G’-action to algebraic
varieties given by Y — G'\(T' x Y)).

The local system C XL* on I x g is G'-equivariant; hence it descends canonically
to a local system p£* on rg. Also, CKK is (up to shift) a G’-equivariant perverse
sheaf with W-action on I" x g; hence it descends to a perverse sheaf (up to shift)
rK with W-action on rg. We have canonically tK = (r7)i(r£*). Then (pm)*(rK)
is naturally an object of the bounded derived category of constructible sheaves on
FX , with a W-action inherited from r/C; hence there is a natural W-action on the
hypercohomology

H2I (0 X, (rm)* (pK)) = HZ (0 X, (em)i((e)* (r£7))) = HZ (0 X, pLY)

where d = dim X. (We write p£* instead of (pr)*(r£*).) We can choose I so that
H™(T,C) = 0 for n € [1,m] where m is large compared with j. Taking duals, we
see that W acts naturally on the equivariant homology

HY' (X, £) = HX* D (e X L)
L4l 1.1]. This action is independent of the choice of T'.

1.11. Let S = S(h* @ C) = S(h*) ® C[r] where S() denotes the symmetric algebra
of a C-vector space and r = (0,1) € h* @ C.

For any algebraic group G’ we write H¢, instead of H, (point, C) (equivariant
cohomology). For any surjective homomorphism G’ — G” of connected algebraic
groups we have a canonical algebra homomorphism H¢, — Hf,. (Using the iden-
tification [[4, 1.11(a)], this is obtained by associating to a polynomial function
G" — C its composition with the obvious map G’ — G”.) In particular, if P € P,
we have a canonical algebra homomorphism

* — g* . *
Hp p,, xc = HP/Pde,,.xC* — Hp, o

Composing this with the algebra homomorphism H3 . — Hf .

[L4} 1.7]) we obtain an algebra homomorphism Hp, p o — Hp (.
L4l 1.6, 1.4(e), 1.4(h)] we have canonically

Heco(8,C) = Hp - (ap' (cp + Zp), C) = Hp, o+ (cp, C) = Hp . (cp, C).

We obtain an algebra homomorphism H}’;/Pd wor — HEyc-(8,C). Using the

(cp,C) (as in
(CP,C). By

canonical isomorphism P/ Py, — T we obtain an algebra homomorphism Hi -
— H¢  c-(g,C). This is in fact an algebra isomorphism (a reformulation of [L4]
4.2]). By [L4, 1.10] we have canonically Hy, . = S(h* & C) = S. Thus we have
an algebra isomorphism

(a) S = Hgye(8,C).



CUSPIDAL LOCAL SYSTEMS AND GRADED HECKE ALGEBRAS, III 207

Assume that X is an algebraic variety with a given action of a closed connected
subgroup G’ of G x C* and with a given morphism 7 : X — § compatible with the
G'-actions. We write £ instead of m*L (a local system on X). Then HE (X, L)
is an S-module as follows. Let £ € S, let & € H{, .(g,C) be the element that
corresponds to £ under (a) and let £” € HE (g, C) be the image of ¢ under the
homomorphism H¢, . (8, C) — HE.(§,C) as in [L4, 1.4(f)]. We have m*(¢") €
HE(X,C). If z € HE (X, L), then £z is defined as the product m*(¢”) - z €
HE' (X, L) as in [L4, 1.7].

1.12. Let y € gn. Let
Py={PcPiycPiap(y) €cp+Zp} ={P € P;yc P;rp(y) €cp}.

(The second equality follows from the fact that y is nilpotent.) The second projec-
tion identifies {y} with P,. Note that {y} and {y} are stable under M (y), hence
under M°(y). By 1.10 applied to X = {y} and by 1.11 applied to X = {y} we see
that, if G’ is a closed connected subgroup of M°(y), then H*Gl (Py, E) has a natural
W-action and a natural S-action. It also has a natural H,-module structure [L4]
1.7]. Now there is a unique H-module structure on HS’ (P,, L) such that r € H
actsasr € S, £ € Hactsas £ € S (for £ € h*) and s; € H acts as s; € W (for
i € I). (In the special case when G’ = M(y), this follows from [L4] 8.13]. The
case when G is not necessarily M°(y) can be reduced to the special case using the
isomorphism

(a) He @ne,  HM WP, L) = B (P, L)

MO (y)
as in [L4] 7.5]; that result is applicable in view of [L4], 8.6].) The H-module structure
commutes with the Hg,-module structure on HY (P, £).

Now the finite group M (y) = M (y)/M°(y) acts on Hyo(y)(Py, L) by [L4, 1.9(a)].
This action commutes with the H-module structure and is compatible with the
H ]”\‘/[O(y)—module structure where we regard HX40(y) as being endowed with the action
of M(y) given again by [L4] 1.9(a)].

1.13. Let G’ be a closed connected subgroup of G x C*. Then G’ C g C. By [L4]
1.11(a)], we may identify H}, with the space of polynomials f : G’ — C that are
constant on the cosets by the nil-radical of G’ and are constant on the Ad-orbits of
G'. Let (o,7) € G’ be a semisimple element. Let jf,: be the maximal ideal of HE,
consisting of all f such that f(o,7) =0. Let C,, = Hé,/jac,: (A one-dimensional
C-vector space.)

Now assume that G’ € M°(y). Then G' C {(x,r) € g ® C;[z,y] = 2ry} =
MPO(y). In particular, we have [o,y] = 2ry.

Let fi : G — C be defined by fi(z,7) = r. In the Hf,-module structure on
Hf'(Py, L), f1 acts as multiplication by r € H. We form

E’!!Jﬂ" - Caﬂ“ ®H81 H*GI(,PZN‘C) = Hf/('Py,ﬁ)/jf;Hf/('Py,ﬁ)

Then E, ,, inherits from H*G/(’Py, £) an H-module structure in which r € H acts
as multiplication by r (since f; —r € JUG,/,) By 1.12(a), Ey 5, defined in terms
of G’ is the same as E, ,, defined in terms of M°(y). For this reason we do not
include G’ in the notation for E, ;.
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Let M(y,0) = M(y) N (Z(o) x C*). Let M(y,o) be the group of connected
components of M(y,o). The obvious map M(y,o) — M(y) is injective, since
M°(y) N (Z(o) x C*) is connected. Clearly, the restriction of the M (y) action on

_ 0 _ 0 .
Hjo(,) to M(y, o) leaves TM ) stable; hence the action of M(y) on HY (y)(Py, L)

induces an action of M(y, o) on Ey ,,. This action commutes with the H-module
structure.

1.14. Let IrrM (y,0) be a set of representatives for the isomorphism classes of
irreducible representations of M (y, o). For p € IrrM (y, o) let

Eyorp= HomM(y,a) 2 Ey,on“)-

Let TrroM (y,0) be the set of those p € IrrM(y,o) such that E, ., # 0 or,
equivalently (see [L4, 8.10]) such that p appears in the restriction of the M (y)-
module H, (P, E) to M(y, o). (Equivariant homology or cohomology in which the
group is not specified is understood to be with respect to the group {1}.)

Theorem 1.15. (a) Let y, 0,7 be as above; assume thatr # 0. Let p € IrrgM (y, o).
Then the H-module E, ;. , has a unique mazimal submodule. Let Ey . ., be the
simple quotient of Ey . p.

(b) Let r € C*. The map (y,0,p) — Ey ., establishes a bijection between the
set of all triples (y, 0, p) withy € gn, 0 € gss with [0,y] = 2ry and p € IrrgM (y, o)
(modulo the natural action of G) and the set of isomorphism classes of simple H-
modules in which r acts as multiplication by r.

The proof is given in 3.39, 3.41, 3.42. (A bijection as in (b) has already been
obtained in [L6] by other means since (a) was not known in [Lg].)

1.16. Let J C I and let Q € Py. Let Q! be a Levi subgroup of Q. Let y € Ql
be nilpotent. Now Q! carries a cuspidal datum (P’, ¢/, £) analogous to that of G
(see 1.3). Here we identify Q! = Q via mg. Replacing G by Q! in the definition
of W,h,S,H,P,, L we get W, h,S, H',P,, L. We use P/ — Wél(P,) to identify P’
with P* = {P € P; P C Q} and P, with P; = {P € P,; P C Q}.

Let C be a maximal torus of M2, (y) € M%(y). Then HE (P £) is an H'-module
(by 1.12 for Q' = @ instead of G). Using the obvious algebra homomorphism
H' — H (taking the generators of H' to the corresponding generators of H) we
can form the H-module H @y HE (P E) Now the closed imbedding j : Py — P,
induces a map ji : H*C(’P;,E) — HE(P,, L), (see [L4] 1.4(b)].) From the definitions
we see that 7, is H'-linear; hence it induces an H-linear map
(a) Hew HO(P), L) — HO(P,, L),

Let yUg = coker(ad(y) : Ug — Ug). Define € : Mgl (y) — C (recall that Mgl (y) C
g®C) by

e(z,A) = det(ad(z) — 2X : \Ug — yUg).

(For (x,r) € M2, (y) we have [z,y] = 2ry; hence [ad(z),ad(y)] = 2rad(y); hence
ad(z) : Ug — Ug induces a map ,Ug — ,Uqg denoted again by ad(z).) The
restriction of € to C is denoted again by e. By the identification [L4, 1.11(a)] we
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may regard € as an element of H¢,. Applying H[e '|®ux to (a) we obtain an
HZ e '-linear map

(b) Hile ' @ny (Hew HY (P, L)) — Hile ] @uy, HY (Py, £).
Theorem 1.17 (Induction theorem). The map 1.16(b) is an (H-linear) isomor-
phism.

The proof is given in Section 2 as an application of the “strong induction the-
orem” 2.16 which states the existence of an isomorphism similar to 1.16(b) but in
which no elements of H} need to be inverted.

Corollary 1.18. Assume that (o,7) is a semisimple element of M2, (y) such that
€(o,r) # 0. Define E . like Ey ;. but in terms of Q' instead of G. Choose C
as in 1.16 such that (o,7) € C. Then the map 1.16(b) induces an isomorphism of
H-modules H @u E!

y,o,7

~
— Eyor.

1.19. Let Z be the collection of all simple finite dimensional g-modules V' such
that for any P € P there exists a P-stable line Dp in V' (necessarily unique). An
equivalent condition is that, for any P € P, {v € V;Upv = 0} is a line in V.
(Clearly, {v € V;Upv = 0} is P-stable, hence if the second condition holds, then
the first condition holds. Conversely, let P € P and let b be a Borel subalgebra of P.
If {v € V;Upv = 0} is nonzero, then it is a P/Up-module with a unique line stable
under b/Up, a Borel subalgebra of P/Up, since such a line must be b-stable and V'
is simple. It follows that {v € V;Upv = 0} is simple as a P/Up-module. Hence, if
there exists a P-stable line in V' (necessarily contained in {v € V;Upv = 0}), then
that line must be equal to {v € V;Upv = 0} so that {v € V;Upv = 0} is a line.)

Let V € Z. Then V defines an element &y € h* as follows. Let P € P. Then zv =
u(x)v for € P,v € Dp where u: P — C is a Lie algebra homomorphism. Then
u factors through a linear form on P/[P, P] = b denoted by &y . It is independent
of the choice of P.

1.20. In the remainder of this section we assume that G is semisimple.

Let » € C* and let 7 : C — R be a homomorphism of abstract groups such that
7(r) # 0. Let E be an H-module of finite dimension over C. We say that E is
T-tempered if for any V' € Z, any eigenvalue A of {y on E satisfies 7(\)/7(r) > 0.
We say that E is T-square integrable if for any V € 7, other than C, any eigenvalue
A of {y on E satisfies 7()\)/7(r) > 0.

The standard basis of the Lie algebra sl3(C) is denoted as follows:

co=(50), ho=(5%), fo=(9).
Theorem 1.21. Assume that v # 0. Let y,o0,p be as in 1.15(b). The following
three conditions are equivalent:
(i) By o.rp 15 T-tempered.
(ii) Eyorp is T-tempered.
(iii) There exists a homomorphism of Lie algebras ¢ : slo(C) — g such that

y = ¢leo), o, d(ho)] = 0,[0,0(fo)] = —2r¢(fo) and any eigenvalue \ of
ad(c —r¢(ho)) : g — g satisfies T(A) = 0.

If these conditions are satisfied, then Ey 5.r.p = Ey o p-

The proof is given in 3.43.
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Theorem 1.22. Assume that r # 0. Let y,o,p be as in 1.15(b). The following
five conditions are equivalent:
(i) y,0 are not contained in a Levi subalgebra of a proper parabolic subalgebra
of g.
(ii) There exists a homomorphism of Lie algebras ¢ : slo(C) — g such that
y = d(eo), 0 = ro(ho); moreover, y is distinguished.
(ili) Ey,o,rp is T-square integrable.
(iv) Eyorp 18 T-square integrable.
(v) For any V € I, other than C, any eigenvalue of r—'&v on Ey o, is an
integer > 1.

If these conditions are satisfied, then Ey .r.p = Ey o p-

The proof is given in 3.44.

2. A STRONG INDUCTION THEOREM AND A PROOF OF THEOREM 1.17
2.1. In this section we place ourselves in the setup of 1.16. Thus,
J,Q, Ql,H',y,P',P;,P*,Py*, C
are defined. We set q = @, qt = Ql, n=Ug. We can find a Lie algebra homomor-

phism ¢ : sl3(C) — q! such that ¢(eg) = y and such that C' is a maximal torus
of

{(9: ) € Q" x C*; Ad(g)¢(e0) = N*¢(en), Ad(9)d(fo) = A"*6(fo)}-
For any P € P we set
P'=(PNQ)Uq
(a parabolic subgroup of Q).
Let f: q — q' be the projection of ¢ = q' ® n onto q*. Let
W, = {w € W;w has minimal length in wW;}.

There are only finitely many orbits for the conjugation action of @ on P. A @Q-orbit
O on P is said to be good if any P € O has some Levi subgroup that is contained
in Q. For such O and for P € O we have P' € P* and the G-orbit of (P, P') in
P x P is good (see 1.5) and indexed by an element w € W,. Moreover, O +— w
is a well defined bijection between the set of good @Q-orbits on P and W,. We
denote by o(w) the Q-orbit on P corresponding to w € W,. Note that P+ P' is
a @Q-equivariant morphism o(w) — P*.

If X is a subvariety of g, then X = {(z, P) € §;z € X} (see 1.9) is a subvariety
of g. For any subvariety F' on P we set

Xr={(z,P)e X;P e F}.
For w € W, we will often write X, instead of Xo(w). Define

JE: Juw — (ql).l = qiv (z,P) — (f(z)vpl)'
Let S = Zgl. Let w € W,. Let o(w)® be the fixed point set of the conjugation
action of S on o(w). The properties (a) and (b) below are easily verified.
(a) The map o(w)® — P* given by P — P' is an isomorphism.
(b) Let z € q and let P € o(w)®. Then we have (z, P) € ¢ if and only if
(z, P € g.
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The fixed point set of the S-action on §,, (conjugation on both factors) is g. The
restriction of f defines an isomorphism g = g1.

We choose a homomorphism of algebraic groups x : C* — S such that A\ —
Ad(x(N\)) has weights > 0 on n. We define a C*-action on §,, by

At (2 P) = (Ad(x (V)2 x(WPx(N) ™).

Then f : qu — g} is C*-equivariant where C* acts on qi trivially. Let n =
dim P — dimcp — dim Zp for any P € P.
Lemma 2.2. (a) G is a smooth variety of pure dimension dim @ — n.
(b) Let (2/,P') € §u. Define (z,P) € 4. by f(z/,P") = f(z,P). Then
limy_o A(2', P’) exists in q,, and equals (z, P).
(¢) The fized point set of the C*-action on §,, coincides with the fized point set
of the S-action on .

Consider the fibration pry : 4, — o(w). Let P € o(w). Let P! be a Levi sub-
group of P that is contained in Q. Let ¢! be the nilpotent orbit in P! corresponding
to cp under P! = P. Then pr; ' (P) may be identified with

(" +Zp1+Up)Nq=c'+Zp1 + (UpNq)
and this is smooth irreducible of dimension
—n 4 dim P* + dim(Up N Q) = —n + dim(P N Q).

Now o(w) is smooth, irreducible of dimension dim @ — dim(P N Q) and (a) follows.
We prove (b). We have 2/ = 2z + x with © € n. We have P"' = P' and P, P are
in o(w), hence P’ = uPu~"! for some u € Ug. Thus,

A2, P') = (Ad(x(N) (2 + z), x(NuPu~ " x (M) )
= (z 4+ Ad(x(\)z, x(Nux(A™H) Px(Mu~'x(N) 7).

Now limy_g x(A)ux(A™!) = 1 and limy_o Ad(x()\))z = 0 by the choice of x. Hence
limy 9 A(2’, P’) = (z, P). This proves (b). Now (c) follows immediately from (b).

2.3. Let A=y +3¢(0(f0)), A'=Angq.

Lemma 2.4. Let w € W,.

(a) Ay is smooth of pure dimension —n + dim 34(¢(fo)).

(b) A is smooth of pure dimension —n + dim 3q: (¢(fo)).

(c) The map A, — A}, (2, P) — (f(2), P') is an affine space bundle with fibres
of dimension dim 3, (6(f0)).

By [L9, 6.9,

(d) the map Q x A — q (given by the adjoint action of Q) is smooth with fibres

of pure dimension dim 34(¢(fo))-
We have a cartesian diagram

A pri
Ay ——

Lo

quq
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where the vertical maps are the inclusions. This induces a cartesian diagram

QxA, —— Qx A

! l

quw - q

where the vertical maps are given by the obvious action of Q. Using (d), it fol-
lows that Q x A, — dw (adjoint action) is smooth with fibres of pure dimension
dim 34(¢(fo)). Since g, is smooth of pure dimension dim@ — n (see 2.2(a)), it
follows that Q x A,, is smooth of pure dimension dim Q —n + dim34(é(fo)). Hence
A, is asin (a). Now Al is the same as A, (where g, q are replaced by q*,q'). Hence
(b) follows from (a).

We prove (c). Note that A, is a closed subset of Jw, stable under the S-action
(hence under the C*-action) on g,, (as in 2.1). By 2.2(c), the fixed point set of the
C*-action on A, is the same as the fixed point set of the S-action of A, ; that is,

A ={(z,P) e g;z € A, P € o(w)®}
and the map A, — Al (restriction of f : g, — §l) restricts to an isomorphism
AS" =, A}. Using 2.2(b) and the fact that A, is closed in q.,, we see that
(e) for any (2, P') € Ay, limy o A(2', P') exists in A,, and belongs to AS".

Let Z be a connected component of Ay. Then Z€ = Zn AS may be identified
with f(Z), hence is connected (a connected component of AS™ =~ Al). Let Z’ be
a smooth C*-equivariant projective compactification of Z. We have Z€" c Z/€";
let Z} be the connected component of Z’C” that contains Z€". Let Z} be the set
of all z € Z’ such that limy_,o Az exists in Z’ and belongs to Z;. From (e) we see
that Z C Z,; hence Z) is dense in Z'. By a known result of Bialynicki-Birula, Z is
locally closed in Z’ (hence open) and the map f : Z, — Z} given by & — limy_ Az
is an affine space bundle. Let = € Z€, Z* = {2/ € Z; f(2') = x}. We have

dim f'~'(z) = dim Z, — dim Z| = dim Z — dim Z| < dim Z — dim Z€" < dim Z*,

Since Z* C f'~'(z) and f'~'(x) is irreducible, we see that we must have Z* =
f'~'(x) and dim Z€" = dim Z/. Thus we have a cartesian diagram

zZ — 7}
7z —— 7z

(the horizontal maps are inclusions and the vertical maps are f , f’ ). It follows that
f:Z — Z€ is an affine space bundle with fibres of dimension

dim Z} — dim Z} = dim Z — dim Z€" = dim 4,, — dim AS"
= —n+dim3q(¢(fo)) — (—n + dim3q1 (¢(f0))) = dim3n(é(fo))-

(c) follows. The lemma is proved.
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2.5. Let
A=y+5m((fo), A =Ang' ={y},
A,:y+3n(¢(f0))+t7 All:A,mqlzy"_tv
A’ = Y +3n(¢(f0)) +4t, A= A" ql =y+t,
where t = 351 and t, = {z € t;34(z) = g}, We have A C A’ D A", A* Cc At D
A"t Hence AC A D A", Al ¢ A'{ D A”}. We have
(a) Al ={yy xP;, Ai=@+OxP;, A1=(y+t)xP;
From the definitions we see that, for w € W, we have cartesian diagrams

Ay —— A

AL Al

Al —— A

| |

PR
where the horizontal maps are the obvious inclusions and the vertical maps are
defined by (z, P) — (f(z), P*). Using this and 2.4(c) we see that

(b) the maps
Ay — AL, A — AL A — A

defined by (z,P) — (f(z),P") are affine space bundles with fibres of dimension
dim 3 (&(f0))-

Lemma 2.6. Let E be a connected algebraic group, let U be a closed normal unipo-
tent subgroup of E and let T be a torus in E. Let e, h,e’ be elements of E such
that [h,e] = 2e,[h,e] = —2¢€',[e,e'] = h and such that [d,e] = [d,e'] = [d,h] =0
foranyd € T. Let u=U. Define ® : U x 3(¢) x T — T xu by ®(u,z,d) =
(d,Ad(u)(e+z+d)—e—d). Then ® is an affine space bundle with fibres isomorphic
to 3u(e).

Let Z = Zy. We show that there exists a morphism d — L/, 7 — Hom(Z, Z)
and a morphism d — L/, T — Hom(Z, ker(ad(e’) : Z — Z)) such that

(a) z = [Ly(2), e +d] + Lg(z)
forany z € Z,d € 7. We can find a direct sum decomposition Z = @gzl Vi where
Vi are vector subspaces of Z and linear forms aq,...,any on Z such that for any k,

V}: is a simple slp(C)-submodule of Z under ad(e),ad(h),ad(e’) and [d, v] = ar(d)v
for any d € T,v € V.
Let bo i, b1k, - - -, bpn, 1 be a basis of Vi, such that

ad(e’)bo x = 0,ad(e)box = —b1,k,ad(e)br = —bak,...,ad(€)bn, —1.5 = —bn, k-
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For s < 0 we set by, = 0. For s € [0, ny] we set
Ly(bs i) = bs—1.% + ar(d)bs—ok + ap(d)?bs—_s 1 + - - - + ar(d)* b,
Ly(bs,i) = ax(d)®bo k.

This defines uniquely L/, L'}. It is clear that (a) holds.
Next we construct for any d € 7 an isomorphism,

(b) pi{(22) € Zx 32()i [ e+ d] + 2 = 0} = ().
This is by definition a direct sum over k of isomorphisms
pr: {(v',v) € Vi x ker(ad(e’) : Vi, — Vi); —ad(e + d)(v') + v =0}
= ker(ad(e') : Vi, — Vi)

given by pi(cobok + c1bik + - -+ + Cnpbny b, Do) = Cn—kbn—k k-

We prove the lemma by induction on dimU. If dimU = 0, the result is trivial.
Hence we may assume that dimU > 0 and that the result is true when E,U are
replaced by ' = E/Z,U = U/Z, T is replaced by the image 7 of 7 in £ and
e,h, e’ are replaced by their images €, h,& under E — E. (We have dim Z > 0.)
Let u = U. The obvious map u — u may be regarded as a surjective map of
5l5(C)-modules; by the complete reducibility of such modules, this map admits a
cross section as an sl (C)-module; in particular, the induced map 3,(e’) — 34 (€’) is
surjective. Let Z — T be a linear cross section for this last linear map. Let u — u
be an algebraic cross section U — U for the obvious map U — U.

Let (d,€) € T x u; let € be the image of £ under u — u and let d be the image
of d under the isomorphism 7 = 7 induced by E — E. We have

O Hd, &) 2 {(u,x) € U x 3u(¢)); Ad(u)(e +x +d) = e +d + &}
By the induction hypothesis,
X = {(4,7) e U x33(@);Ad(a)(e+Z+d)=e+d+ &}
is an affine space isomorphic to 3;(€). We have an obvious map ¥ : ®~1(¢) —
X. Its fibre at (4,Z) € X is the set of all (u,z) € U x 3y(€’) x T such that
Ad(u)(e+x+d) =e+d+ €& and u = ul,z = T + z for some ¢ € Z,z € 32(f).
Note that Ad(i)(e + Z +d) = e+ d + £ + 2o for some 29 € Z. The equation
Ad(u)(e+x+d) = e+d+ £ can be written as Ad(i¢)(e+Z+2+d) =e+d+&, or
as Ad(Q)(e+d+E+20)+2z=e+d+¢& oras Ad(()(e+d)+ 2z = e+ d— z. Setting
¢ =exp(?), 2 € Z, we see that the fibre of U at (@, Z) may be identified with
(©) ((2),2) € Z % 32(¢'); Ad(exp(=))) e + d) + = = e +d — 2},
Since [Z,e+d] € Z, we have [2/,[z',e+ d]] = 0 for 2z’ € Z and (c) becomes
{(z',2) e Zx3z(e");[7 e+d +2=—2}

or

{(2/,2) € Zx32(e');[¢, e +d] + 2 + [Ly(20), € + d] + L (20) = 0}
By the substitution 2’ = 2’ + L/(20), 2 = z + L!/(20), this becomes

{(Z',2) e Zx3z(e');[Z e +d+z=0}.

By the isomorphism (b) this is identified with the vector space 3z(e). We see that
P~1(¢) is a vector bundle over X. Since X is an affine space, this vector bundle must

be trivial (Quillen-Suslin) and therefore ®~1(¢) is itself an affine space isomorphic
to 3z(e) X 3a(€) = 3u(e). The lemma is proved.
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Lemma 2.7. Let t' be the Lie algebra of a torus contained in Zgi. Let X =
Yy —l—g.n(qb(.fo)) +t. Let O be a Q-orbit on P. Assume that O is not good. Then
HI(Xo,L*) =0 for any j € Z.

In this proof all local systems are deduced from £* and we omit them from the
notation.

The assignment P — P' defines a morphism 7 : @ — P’ where P’ is a conjugacy
class of parabolic subgroups of ). The fibres of 7 are exactly the Ug-orbits on O.
It is enough to show that HY{(XF,) =0 for any fibre F of 7 and any i € Z, where
Xp={(z,P) € X;P € F} (see 2.1). Wefix P € F;let p=P. Let Y = {(z,u) €
g x Ug; (Ad(u)z, P) € ¢,z € X}. Define Y — Xp by (2,u) — (z,u"'Pu). This
is a fibration with fibres isomorphic to Ug N P. It is then enough to show that
Hi(Y,) =0 for any i € Z. Setting z —y = = + d where z € 3,(¢(f0)),d € t' and
cp = 1;1(01: + é), we identify ) with

{(2,d.u) € 5u(6(fo)) x ¥ x Ugi Ad(u)(y + 2+ d) € ¢i}.
This maps to
V' ={(d,v)et xnjy+d+vecp}
by (z,d,u) — v = (d, Ad(u)(y + .+ d) —y — d); this is an affine space bundle by 2.6
applied to E =Q,U =Uqg,Z =t,e=y,h = ¢(ho), e’ = ¢(fo). Hence it is enough
to show that H.(Y’,) = 0. For any d € t' let
Vi={vemy+d+vecp}

be the fibre at d of pr; : ) — t. By the Leray spectral sequence for pry, it is
enough to show that H:()),) =0 for any d € t'. If y+d ¢ n+p, then V), = () and
there is nothing to prove. Thus we may assume that y+ d+ 1y € p for some 1y € n.
Setting { =y +d+1vp € pNq,v = v — 1y, we may identify )/, with

V={Vené+v ecp}={Vennp;é+1 €cp}.
Let R = (PNQ)Up (a proper parabolic subgroup of P since O is not good). Let R
be the image of R under P — P (a proper parabolic subgroup of P). The nil-radical
of Ris nNp + Up. Hence the nil-radical of R is

hy = (01 p+Up)/Up = (nNp)/(n 1 Up).

Let k: nNp — ny be the canonical map. Let & be the image of § under p — P.
We have € € q, hence & € R. Let

V'={pen;&+pccp+2Zp}

We have a cartesian diagram

y// - nl
where the horizontal maps are the inclusions and k' is induced by k. Since k is an
affine space bundle with fibres isomorphic to nNUp, so is k. It is therefore enough
to show that H:()"”,) = 0. This follows directly from the fact that £* is a cuspidal
local system since n; is the nil-radical of the proper parabolic algebra R of P and
& € R. The lemma is proved.

Lemma 2.8. Let § = dim 3, (¢(fo)),b = dimt.
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(a) We have Hj(./l’ L) = 0,HI(A},L*) =0 for odd j. For any j we have
dim HJ (A, £*) = §(W.,.) dim HI~ 50 Py, L.

(b) We have HJ(.A L*) = 0,HI(A1,L*) = 0 for odd j. For any j we have
dim HI (A, £*) = 4(W..) dim HI~ 2 (Py, L*).

(¢) Let D =dim A, D' = dim A’. For any j we have

dim HY (A, £) = dim HS, 5 pp_opr 405 (A, £).

We can arrange the Q-orbits on P in a sequence O1,0s,...,O, so that R,, =
O1UO2U---UO,, is closed in P for any m € [1,n]. We set Ry = 0. For any m we
have

(d) HI (A o, , L) =0 for odd j.

(Indeed, if O,, is not good, this follows from 2.7; if Om is good, then, using
2.5(a),(b), we see that it is enough to show that HJ(P;,L*) = 0 for odd j. This
follows from [L4l 8.6].) Using induction on m we deduce that

(e) HI (A, R ,L*) =0 for odd j

for any m. Taking m = n we obtain the first sentence of (a). For m € [1,n] we
have a cohomology exact sequence

(f) 0 — HI(Ap,, . L*) — HI(AR, L) — HI(A]

Rp—1

L) =0
(we use (c) and (d)). Using induction on m it follows that
dim H7 (A R L£¥) = Z dimHg(A/om,,ﬁi*).
m/€[1,m]
Taking m = n we obtain
dim HI(A', £*) = Z dlmH](.A' ,E*)
m’€[1,n]

Using 2.7 and 2.5(a),(b) we obtain the second sentence in (a).

The proof of (b) is entirely similar (it is again based on 2.7 and 2.5(a),(b)).

We prove (c). The last equality in (c), in the nonequivariant case (that is the case
where C'is replaced by {1}) follows immediately from the equation dim H7 (A’, £*)=
dim HJ~20(A, £*) (see (a) and (b)). The case where C' is present can be deduced
from the nonequivariant case using the existence of (noncanonical) isomorphisms
of graded vector spaces

which follows from [L4l 7.2(a)] (which is applicable, by (a) and (b)). The lemma is
proved.

(g) Remark. The following six conditions are equivalent:
(1) HZ(Py, £*) # 0
(2) Hz(P;. L") #
(3) Hi(A, L) # 0
(4) Hi(Ai, L7) #0;
(5) He(A'LL7) #0:
(6) Hy (A, L) #0.
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Indeed, we have (5) < (2) by (a), (3) < (2) by (b), (6) = (2) and (4) < (2) by
2.5(a),(b). It remains to show that (1) < (3). Usmg L4l 7.2] (Whlch is applicable
by the odd vanishing (b) and [L4} 8.6]) we see that (1) < (1) and (3) < (3') where

(1) HE (Py, £) # 0;

(3) HE (A, £) #0.

It remains to show that (1') < (3'). Let Pyc,/lc,nc be the fixed point sets
of the C-action on ’Py,./l,n. Since C' contains Zg)l, we have n® = {0}, hence
nyC = A®. By the localization theorem [L6l 4.4] (which is applicable by [L4l, 8.6]
and (b)), the canonical H}-linear maps H*C(Pyc,ﬁ) — HE(P,, L), HC(AC, L) —
HS¢ (A, E) become isomorphisms after the scalars are extended to the quotient field
of Hy. Hence the canonical Hp-linear map HE (P, £) — HE (A, L) becomes an
isomorphism after the scalars are extended to the quotient field of Hf. Since the
Hg-modules HE (P, L), HC (A, L) are finitely generated, projective (by [L4} 7.2]
which is applicable by [[4] 8.6] and (b)) it follows that (1’) < (3').

The previous argument shows also that HE (P, L) — HE(A, L) is injective.

For x € g let x5 be the semisimple part of x.

Lemma 2.9. Let Y = {z € q;34(zs) C q}.

(a) Y is an open dense subset of q.

(b) Let z be an element in the image of pri : Y — Y. There exists a Levi
subgroup L of Q such that the following holds: for any P € P such that (z, P) € Y
we have Z9 C P.

(c) We have Y = Uwew, Yo

(d) For any w € W, there is a well defined isomorphism of algebraic varieties
fuw: Y =5 Y1 given by (z, P) — (z, PY).

(e) For any w € W,, Y,, is open and closed in'Y .

We prove (a). Let S be the variety of semisimple classes of q/n. Then Y is the
inverse image under ¢ — gq/n — S (composition of canonical maps) of a subset Y
of §. Let ¢ be a Cartan subalgebra of q1 It is enough to show that Y is nonempty,
open in S or that the inverse image Y of Y under the canonical open map ¢ — S
is nonempty open in ¢. Now

Y =YnNe={z€c3r) Cal={z€cs() Cq'}.

Let Ro (resp. Rj be the set of roots of g (resp. of q!) with respect to ¢. Then
R}, C Ry and

Y ={zecc{acRyalr)=0} CR)}={rccalx)#0 VYac Ry— R)}.
This is nonempty, open in ¢; (a) is proved.

We prove (b). We can find a Levi subgroup L of @) such that 34(zs) C L.
Let P € P be such that (z,P) € Y. We have z € P, wp(2) € cp +3p, hence z, €
P,mp(zs) € 3p. Hence z, € 1;1(32), that is, 2z, is contained in a Cartan subalgebra
of L;l(g p). Equivalently, z, € ¢ where c is the center of a Levi subalgebra P! of
P. Since c is abelian, from z, € ¢ we deduce ¢ C 34(xs), hence ¢ C L. Hence 3z, is
contained in 34(c) = P'. Thus, 3, C P and (b) follows.

We prove (c). Let (z, P) € Y. Let L, 3, be as in the proof of (b). We have 3, C P.
Since z € 3q(xs) C L, we have z € L, hence [31,2] = 0. Then [7p(35), 7p(2)] = 0.
By a known property of cuspidal local systems, the centralizer in P of an element in
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cp+3p (in particular, 75(2)) has a unique Cartan subalgebra, namely 3. It follows
that mp(3.) (the Lie algebra of a torus) is contained in 5. Thus, 3, C 75 (35)-
Hence 37, is contained in a Cartan subalgebra of L;l(z, p). Equivalently, 3, C ¢
where ¢ is the center of a Levi subalgebra of P. Tt follows that 34(c') (a Levi
subalgebra of P) is contained in L, hence is contained in ¢. In particular, the
Q-orbit of P in P is good. Thus, (z, P) € Y,, for some w € W,. This proves ().

We prove (d). Let (z, P) € Y,,. Let L be as in (b). Then Z9 ¢ P. By 2.1(b)
(with S replaced by Z?) we have (z, P') € Yi. Hence the morphism f,, : Y, — Y3
as in (d) is well defined.

Assume that (z, P), (2/, P’) in Y,, have the same image under f,,, that is z = 2’
and P' = P". Let L be as in (b) (attached to z = 2/). Then Z% c P, Z9 c P'.
Using 2.1(a) (with S replaced by Z9) we see that P' = P! implies P = P’. Thus,
fw is injective.

Now let (z, P;) € Y;. Let P be the unique subgroup in o(w)® (S as in 2.1) such
that P' = P;. By 2.1(b) we have (z, P) € Y,,. We have f,,(z, P) = (2, P). Thus
fw is surjective. We see that f,, is bijective. We omit the proof of the fact that
fo!is a morphism.

We prove (e). Let us first replace our cuspidal datum (see 1.4) by the cuspidal
datum (B, {0}, C) where B is the variety of Borel subgroups of G. Let Y/, W/, Y.,
be the analogues of Y, W, Y,, for this new cuspidal datum (Y is unchanged). Now
Y] ={(3,B);z € Y,B € B,B C Q,z € B} and pr; : Y/ — Y is proper since
{B;B € B,B C @} is projective. Using the isomorphism Y, — Y/ (as in (d)),
we deduce that pri : Y], — Y is proper for any w’ € W). Hence in the cartesian
diagram

Y’ Xy Y,Jj, —_— Y,L:],

al pﬁl

y Xy
the map a is proper. Hence the image under a of {(§,&) € Y/ xy Y. ;£ €Y.} (a
closed subset of Y’ xy Y/,) is closed in Y. But this image is just Y,/,. We see that
Y/, is closed in Y.

We now return to the cuspidal datum in 1.4. Let m : B — P be the morphism
given by m(B) = P where B C P. This induces a map from the set of Q-orbits
on B to the set of Q-orbits on P, which can be viewed as a map m : W) — W,.
Let Y/ ={(2,P);z€Y,P€P,z€ P}. Let m : Y/ — Y" be given by m/(z, B) =
(z,m(B)). Tt is clear that m/ is a proper morphism. Now Y is a subvariety of Y.
The restriction of m’ defines a proper morphism m” : m'~'(Y) — Y. Since Y,

is closed in Y’, we see that Y, Nm/~(Y) is closed in m'~*(Y) (here w' € W/).

Let w € W.. Since U, ews.m(w)=w Yor N m' =1 (Y) is closed in m’ =1 (V) and m” is
proper, it follows that m" (U, cw/.m (w)=w Yar N m'~1(Y)) is a closed subset of Y.

It is clear that this subset is just Y,,. Thus Yw is closed in Y. Then leeW* le is

closed in Y hence its complement Y, is open in Y. This proves (e). The lemma is
proved.

2.10. Let K be the direct image with compact support of £* under
pri:{(z,P);z € q/n; P € P*,z € Pimp(z) Ecp+ Zp} — q/n.
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Let K’ be the direct image with compact support of £* under
pri:{(z,P);z€ ;P € P,z € Pirp(2) €Ecp+ Zp} — 4.

By [L4, 3.4(a)] applied to q/@ instead of g, K is an intersection cohomology
complex (ICC) supported by

Yo={z€q/Ug:;IP € P*,z € P;zp(2) € cp + Zp}

(a closed irreducible subset of q/Uqg) with a canonical W-action. Clearly, K’ is

the inverse image of K under the obvious vector bundle q—q/ Uq. Hence K'is an
ICC supported by

Yo={rs€qIP P, 2€Pnp(z) €Ecp+Zp}
(a closed irreducible subset of q) with a canonical W -action.
If X is a subvariety of q, then K'| 5 (a complex of sheaves on X1) has a T -action
inherited from K’; hence there is a natural W -action on the hypercohomology

HI(X, K'|g,) = HI(X1,L").
From the definitions we see that, if ¢ : X; — X is the imbedding, the induced map
o HI(X, LYY — HI(X,, L¥)
is compatible with the W-actions (W acts on HJ (X, £*) as the restriction of the
W-action 1.9).

2.11. Let
Yi={z€q3PeP*,2z€P,mp(z) €Ecp+ Zp,jq4(2s) C P}.
We have Y7 C Yy. We show that
(a) Y7 is open dense in Y.
Clearly, Y1 # 0. Since X1 = {2z € ;AP € P,z € P,np(2) € cp + Zp,34(2s) C P}
is open in
Xo={z€g3IP€P,z€ P,np(z) €cllcp) + Zp}

(see [L6l 7.1]) it follows that X7 N Yy is open in Xo NYy = Yy. Hence to prove (a)

it is enough to show that X; NYy = Y;. The inclusion Y7 C X7 NY} is obvious.
Conversely, let 2 € X; NYy. Thus, z € q and there exist P € P, P’ € P* such that

zeP,ze Pap(z) €cp+ Zp,mpi(2) € cl(cp) + Zpr,3g(2s) C P.

We have mp(zs) € Zp,mp/(2s) € Zps; hence there exists a Levi subalgebra [ of
p and a Levi subalgebra [' of p’ such that z5 € 31,25 € 3v. Then [ C 34(2).
This, together with 34(zs) C P implies [ = 34(25). We also have I' C 34(zs) and
dim!" = dim [ = dim 34(2s), hence ' = 34(25). Thus, [ = [". Let ¢ be the nilpotent
orbit in [ that corresponds to cp under [ = P and also to cps under [ = P’. Now
[ is a Levi subalgebra of p Np’, hence z = 2’ + 2" where 2’ € [,2” € Upnp: are
uniquely determined. We also have z = 21 + 22 + 23 with 21 € ¢,22 € 31,23 € Up
and z = 2§ + 25+ 2} with 2] € cl(c), 2} € 31,24 € Ups. It follows that 23 € UpNP' C
Upnpr and z4 € Upr NP C Upnpr. By uniqueness of the decomposition z = 2’ + 2"
we then have z1 + 20 = 2/ = 2] + 2§. Taking nilpotent parts we deduce z; = 2{. In
particular, z{ € c. We see that

FAS B/aP € P*;EP/(Z) € cp +@739(’ZS) C B/v
hence z € Y;. This proves (a).
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Since Y is irreducible, from (a) we deduce that Y7 is irreducible. Now Y NYj is
closed in Y. Since Y7 C Y, from (a) we deduce that Y7 is open dense in Y NYy. In
particular, Y N'Yp is irreducible.

The image of pr; : ¥ — Y has image contained in Yp. (Indeed, by 2.9(c),(d),
the image of pri : Y — Y is contained in the image of pry : Y1 — Y.) Thus we
have maps pry : Y -YnN Yo,pry : Y, — Y NY,. Taking the direct image with
compact support of £* under pry Y -YNY, (resp. pri : Y, — Y NYy), we get a
complex of sheaves K’ (resp. K/,) on Y NYy. From 2.9(c),(e) we have canonically
K' = @, cw, K, in the derived category. Since K’ = K|yny, where K (as in
1.8) has a natural W-action, we see that K’ has a natural W-action. On the other
hand, W acts on W, by w : w; — w * w; where w * w; is the element of minimal
length in ww, Wj.

Lemma 2.12. For w € W and wy € W, we have wK,, = K|

wkwy *

Clearly, K| = f(;,myo. (Note that Y’ NY} is an open dense subset of Y} since Y is
open in q and Y NYy # 0.) Tt follows that K is an ICC supported by Y NY;. Using
2.9(d) we deduce that for any wy € W, K, is isomorphic to K7 in the derived
category. Hence K, is an ICC supported by Y NYy. Since K' = @, ey, Ky »
we see that K’ is an ICC supported by Y NYy. It is therefore sufficient to check
the equality wK,, = K|, over the open dense subset Y7 of Y NY,. Using [L4]

wxwq
3.2(a)] we see that
(Y1) ={(z, P); z € Y1;34(2s) is a Levi subalgebra of P}.
Then W acts freely on (Y1) by w : (2, P) — (2, P') where P’ € P is defined by the
condition that 34(zs) is a Levi subalgebra of P’ and (P, P’) is in the good G-orbit
on P x P corresponding to w. The decomposition (Y1) = |],, ¢y, (Y1)w, clearly
satisfies
WY1 )w, = (Y1) wsw,

for any w € W,wy € Wj. Using the definition of K’ and of the W-action on it we

see that wK, = K, holds over Yi. The lemma is proved.

Lemma 2.13. Assume that H*(P,, L*) # 0. Let v : A} — A" be the inclusion.
The linear map o o

HI(A", L") — C[W] @cpw,) HI(A], L7)
defined by € — 3 ey w @ (wlE) is an isomorphism.

Let z€ A”. We have z =y +n+t wheren €nand t € t.

By 2.8(g) we have H;(P;, £*) # 0 hence by [L4] 8.6] we have Eu(Py) # 0. The
set {P € Pyt e P} is the fixed point set of a torus action on P, hence it has the
same Euler characteristic as P; in particular, this set is nonempty.

Let P € P, be such that ¢ € P. Since n C P, we have z € P. Since t € t, we
have [t,z] € Ug C Up for all z € q. In particular, [t,z] € Up for all x € P, hence

(a) np(t) € Zp.

Thus, 7p(2) = mp(y) + p(t) € cp + Zp so that z € Y. Now z and y + ¢ have
the same image in q/n; hence z, and t have the same image in q/n; hence z5 and
t are in the same Ad(Ug)-orbit. Since t € t, we have 34(¢) C q hence 34(25) C q
so that z € Y. Thus, z € Yy NY. We see that A" C Yy NY. Taking the direct
image with compact support of £* under pri : A” — A" (resp. pry : A” — A”)
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we obtain a complex of sheaves K" (resp. K!') on A”. This is the same as K'| 4~
(resp. K,|av). Hence we have canonically K" = @, . K, and from 2.12 we
deduce that the W-action on K" satisfies wK7, = K, for any w € W and any
wy € W,. Hence we have K" = @,y wKY'. It follows that we have canonically

Hg(.AH,K”): @ Hg(.AH,K{L) = @ U)Hg(AHaKi/)v
weW, weEW,
that is,
JA" L) = @ HI(AL L) = P wHI(A], L£).
weW, weW,
The lemma follows.

Lemma 2.14. Let /' : A] — A’ be the inclusion. The linear map
HI(A' L") — CW] ®@cyw, HI(AL, L)
defined by & — 3 cp. w @ V*(w™rE) is an isomorphism.

If H(P,,L*) = 0, then the linear map above is 0 — 0, by 2.8(g) and the result
is obvious. Assume now that H}(Py, L£*) # 0. Tt suffices to prove the similar result
where the ground field C is replaced by an algebraic closure F}, of the finite field
F,, where p is a large enough prime (local systems and cohomology will be [-adic,
where [ is a prime # p). We will assume (in this proof) that G has a fixed F,-split
rational structure (F, C F}, has q elements) with Frobenius map F, that y,c, @, Q*
are F-stable and that we are given an isomorphism F*£ = £ which induces on
any stalk at a point of ¢(Fy;) a map of finite order. Moreover, we assume that any
nilpotent orbit in g or ¢ is defined over Fj and that any irreducible local system
over such an orbit is defined over Fy. Using the [-adic analogue of Lemma 2.13 and
taking pure parts we obtain an isomorphism

Hg(ANv ‘C*)pure - QI[W] ®QZ[WJ] Hg( .llla 'C.*)pure

where H7(?,7)pure is the part of HZ(?,?) where the Frobenius map acts with eigen-
values \ such that any complex absolute value of A is ¢//2. It is then enough to
show that

(a) HY(A", L) pure = HI(A', L),

(b) Hg (AZN t*)pwe = Hg («4207 E*)

for any w € W,. -
We prove (b). Using 2.5(b) (or rather its analogue over Fj,) we see that it is
enough to show that

HI(A"S, £ )pure = HI(A'], L7).
Using 2.5(a) (or rather its analogue over F,) we see that it is enough to show that
Hg((y +t) x P;a L) pure = Hg((y +1) x 73;, L")
Using Kiinneth’s theorem, we see that it is enough to show that

(c) Hﬁ(P;ﬁ'*)pwe = Hg(Py*,ﬁ*),

(d) Hg(tr;Ql)pure = Hg(t; Ql)
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Since t; is the complement in t of a finite set of hyperplanes, the eigenvalues of F'
on H(t,, Q) are easily seen to be of the form ¢/~4m* (see [LE]) and (d) follows.
Now (c) is a special case of

(e) HI(Pa, L) pure = HI(Py, L),

(for any nilpotent element x € g(F,)) obtained by replacing G by Q'. To prove (e)
is the same as to prove that the eigenvalues of F' on the stalk at = € g(F;) of the
jth cohomology sheaf of K have complex absolute value ¢?/2. Now the restriction
of K to the nilpotent variety of g is of the form @, ¢ Vo.e ® ICC(cl(0), ) where
O runs over the nilpotent orbits in g and £ are irreducible local systems on O that
are linked to our fixed cuspidal datum by the generalized Springer correspondence
L2 Sec. 6]; Vo ¢ are certain multiplicity spaces. It is then enough to prove that
for any of these ICC(cl(O), £), the eigenvalues of F' on the stalk at « € g(F,) of the
jth cohomology sheaf have complex absolute value ¢7/2 (this holds by [L3, 24.6])
and that F' acts trivially on each multiplicity space Vo ¢. These multiplicity spaces
can be viewed as multiplicity spaces of the various irreducible representations of W
in the regular representation of W, hence F' acts on them trivially. This proves (e),
hence (c) and (b).

We prove (a). We can arrange the Q-orbits on P in a sequence O1,0s,..., 0,
as in the proof of 2.8. Thus, R,, = O1 UOs U ---U O,, is closed in P for any

€ [1,n]. We set Ry = 0.

To prove (a) it is enough to show that

HI(A%, £)pure = HI(AR,, . L7),

for any m € [0,n]. We argue by induction on m. For m = 0 the result is trivial.
Assume now that m > 1 and that the result is known for m — 1. We have a
cohomology exact sequence

0 — HI(AD, L) — HI(AR,  L7) — HI(AR, . L*) =0

m—1"

(we use the fact that ‘Al(/On is empty if Oy, is not good (see 2.9(c)), and is both

open and closed in A" if O, is good; see 2.9(e). Taking pure parts in this exact
sequence gives again an exact sequence

0— Hg( .I(Iom»[:*)pw"e - Hg( .Ilfzmvt*)pure - Hg(.A;';{ t*)pwe — 0.

m—1"

This exact sequence together with the exact sequence 2.8(f) are the rows of the
commutative diagram

0 ? Hg (Al(loma )pm’e — Hg( ./szmv)pure B— Hg (AIII%,,L,l ) )pm’e —0

| | |

0 ——— Hi(Ap, ) —— Hi(AR, ,) —— Hi(Ap, _,,) ——0

where the vertical maps are induced by the obvious open imbeddings and the symbol
£* is omitted in the notation. Now the left vertical map is an isomorphism. (If
O, is good, this follows from (b); if O,, is not good, this follows from the fact that
HJ (.A’O,E*) =0 (see 2.7) and that A'('g = (); see 2.9(c).) The right vertical map
is an isomorphism by the induction hypothesis. It follows automatically that the
middle vertical map is an isomorphism. This proves (a). The lemma is proved.
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Lemma 2.15. Let /' : A} — A’ be the inclusion. The H-linear map
defined by w @ & — wii(§) is an isomorphism.

By [L4l 3.8] (which is applicable in view of 2.8(a)), the two sides of (a) are
finitely generated projective H-modules which, after applying Hf{*l}@) He,, become
the analogous objects with C replaced by {1}. Now (a) is an isomorphism when C
is replaced by {1} (we take the transpose of the isomorphism in Lemma 2.14). We
see that the lemma can be deduced from the following statement which is easily
verified.

Let R be the polynomial algebra over C in the indeterminates x1,xs,...,x,
graded by deg(x;) = 2 for all i. Let Z be the ideal of R generated by x1,xa, ..., Zy.
Let M, M’ be two N-graded free R-modules and let f : M — M’ be an R-linear
map compatible with the gradings such that f induces an isomorphism M/ZM —
M'/IM’'. Then f is an isomorphism.

The lemma is proved.

Let ¢: Al — A be the inclusion. Consider the H¢-linear map

C(p* o Cr A p
(b) Hew H, (P, L) — H, (A L)
given by the composition

H ow HE(P:, L) = CIW] @, HE (P}, L)
(C) 1®p* C . . a C . .
—_— C[W] Qcwy] H, (Al,ﬁ) — H/ (A, L)
where a is given by w ® £ — wu(§) and p : A — B, is the affine space bundle
(2, P) — P.

Theorem 2.16 (Strong induction theorem). The W-module structure and S-mod-
ule structure on HE (A, L) define an H-module structure on HE (A, L). Moreover,
the map 2.15(b) is an H-linear isomorphism.

By the argument in 2.8(g), we have a natural H-linear imbedding HE (P, £) —
HE(A, L) which becomes an isomorphism after the scalars are extended to the
quotient field of H{ . Since the W-module structure and S-module structure on
HE(Py, E) are known to define an H-module structure, the same must then hold
for HE (A, £) (which is projective over Hg,). This proves the first assertion of the
theorem.

To prove the second assertion we may assume by 2.8(g) that H} (P, ﬁ*) £ 0.
The composition of C C G x C* with G x C* 22, C* is surjective, as we see from
the Morozov-Jacobson theorem for y € q'. Hence the image under the induced
homomorphism H¢. — HE of the generator r is a nonzero element of Hf denoted
again by r. It is enough to show that a in 2.15(c) is an isomorphism. Recall from
2.8 that b = dimt. We show that

(a) the map (t1)r : H]C(Al,ﬁ) — Hﬁr%( {,£) induced by the inclusion ¢; :
A — A’ is injective and its image equals rijC( "1, E)
Recall that
Ay =A{(z,P) € iz €y +3n(¢(fo)) +t, P C Q},

A1 ={(2,P) € ;2 € y +3(6(f0)), P C Q}.



224 G. LUSZTIG

We have an isomorphism
(b) kA xt = A

given by ((y+n, P),t) — (y+n+t, P) where n € 3,(6(f0)), ¢ € t. (We use the fact
that t C 7= (Zp) + Up for any P € P*; see 2.13(a).) Note that k is C-equivariant
where the action C' x t — tis ((g, \), 1) — A~2L.

This implies, by [L4, 1.10(b)] that the image of (¢1)r is r? H{'( {",£). Since r’ # 0
in H and HE (A, L) is projective over Hg, we have

dimr’HY (A}, £) = dim H (A}, £) = dim H (A4, £).

(The second equality follows from (b) and [L4, 1.4(e)].) Hence (t1)r must be an
isomorphism onto r’ H{ (A}, £). This proves (a).

As in 2.8(c), let D = dim A, D’ = dim A". Let D; = dim A,, D} = dim A} so
that D} = Dy + b.

From 215 we have HY (A", £) = 3 cw wH Lapri2p; (A}, L) and v : HE(A, £)
— HE(A', £) (induced by the inclusion ¢ : A — A’) is W-equivariant. Hence from
(a) we can deduce that

bHC ./4, : Z U)I‘ 2D’+2D/ (A17 )C Z ’U)(Ll)!HjCLQD/+2D/1(A1,£)
weWw weWw
- Z wu H 2D/+2D/ +2D—2D; (A,£) c “H _2D'+2D|+2D 2D, (4, 2).
weWw
Thus,

rijc(A/, £)c L'H " aprsaprap (A, £).
It follows that

dimrijC(./l', L)= dimHC(Al L)< dlmuH " opropran (A £)
< dim H 51494420 (A, £).

These inequalities must be equalities since
) i
dim Hj (AI, ) dlmH 2D’+2b+2D(A »C)

(see 2.8(c)). It follows that

(c) rijC(A’,E') = L!HJC_QD,HHQD(A, £) and y is an isomorphism onto its
image.

From 2.15(a) we deduce

CW] ®@cw, t"HY (A), £) = " HE, 2D/ (A, L)
which by (a) and (¢) becomes

CW] @cpw,) Hy (A1, £)Q >~>> H 51, 4op (A, L).

The theorem is proved.
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2.17. Let V be a finite dimensional C-vector space with an algebraic action of C'.
Let [V] € H{ be the element corresponding (as in [L4, 1.11]) to the regular function
C — C, £+ det(&,V). Here £ : V — V is given by the associated Lie algebra
representation of C' on V. Now E = 3,4(¢(fo)) is a C-module for the restriction of
the G x C*-action on g. Hence [E] is a well defined element of H..

Note that E = ker(ad(fo) : n — n) = coker(ad(eg) : n — n) canonically. (Indeed,
we have n = ker(ad(fy) : n — n)®@Im(ad(eg) : fn — n) since n is an slp(C)-module.)

Lemma 2.18. (a) The homomorphism H*C(P;,E) — HCE(A1, L) induced by
the inclusion Py* C A; is injective.
(b) The homomorphism HE (P, L) — HE (A, L) induced by the inclusion P, C
A is injective. o _
(c) We have [E|HE (A1, L) C H*C(’P;‘,E).
(d) We have [EJHE (A, L) ¢ HE (P, L).

(b) has already been noted at the end of 2.8. An entirely similar proof yields

(a)

We prove (c). We have an isomorphism

an(0(fo) x Py = Ay

given by (n,P) — (y + n,P) (we use the fact that 3,(¢(fo)) C n C Up for any
P € P*). Under this isomorphism, the inclusion P, C Ay corresponds to the map
Py — an(6(fo)) x Py given by P +— (0,P). Now the result follows using [L4}
1.10(b)].

We prove (d). Using 2.16, (c) and the fact that the homomorphism in (b) is
W-equivariant, we see that

[EJHC (A, £) = [E] 3 wHE (Ay, £) = S~ w[EJHE (i, £)

weWw weWw
weWw

The lemma is proved.

2.19. From 2.18 we see that we have a natural isomorphism
HEE] " @my HE (Py, £) = HE[[E] '] @ng, HE (A, £).
We combine this with 2.16; Theorem 1.17 follows.

3. PROOF OF THEOREMS 1.15, 1.21, 1.22

3.1. Until the end of 3.8, let P,L,T,W(L),R,C be as in 1.6. Let R; = {a €
R;2a ¢ R}. Then R; is (reduced) root system in 7" with Weyl group W(L).
For ¢ € I, the set Ry N {a4,2a;} consists of a single element; we call it af. Then
{a};i € I} is a set of simple roots for R;. We have g% C Up.

3.2. Let ¢p : slo(C) — L be a Lie algebra homomorphism such that ¢g(eg) € C.
(Such a ¢g exists by the Morozov-Jacobson theorem.) Let Z = Z(Im(¢p))° (a
connected reductive subgroup of G). Then Z = 3(Im(¢y)).

Lemma 3.3. (a) T is a mazimal torus of Z.
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(b) Let Nz(T) be the normalizer of T in Z so that Nz(T)/T is the Weyl group
of Z. The obvious homomorphism Nz(T)/T — N(T)/L = W(L) is an
isomorphism.

(c) We have g° NZ=LNZ=T. For any o € Ry we have dim(g* N Z) = 1.
Hence Ry is the root system of Z with respect to T.

(d) PN Z is a Borel subalgebra of Z.

(e) The map J — P;yN Z is a bijection between {J;J C I} and the set of
parabolic subalgebras of Z that contain PN Z.

(f) 3z =3q-

For (a) see [L4, 2.6(a)]. For (b) see [L7} 11.7(b)]. For (c) see [L4l 2.9]. For (d)
see [L7, 11.7(a)].

We prove (e¢). The map in (e) is well defined by (d). This is a map between two
finite sets of the same cardinal, 24(0). To show that it is bijective, it is enough to
show that it is injective. Let J, J’ be two subsets of I that satisfy P;NZ = Py NZ.
We must show that J = J’. We have P;NPy = Pyny. Then PingNZ = PjNZ =
Pj, N Z and it is enough to show that JNJ' = J and JNJ' = J'. Thus we are
reduced to the case where J C J'. Assume that J # J'. Let i € J' — J. Then
P, C Py, P, ¢ P;. Using 1.6(a) with Q@ = P; we see that E N P; = 0 where
E =g *@g 2. Note that E C Py. Let E' = ENZ. We have E'N(P;NZ) =0,
E" C Py N Z. Since dim(E’) = 1 (by (c)), we deduce that PN Z # Py NZ, a
contradiction. This proves (e).

We prove (f). Since 34 C 3z, it is enough to show that the two centers have the
same dimension. From (a) and (c) we see that dimzz = dim(T) — #(I). It is easy
to see that dim 34 = dim(Z") — §(I). This proves (f). The lemma is proved.

3.4. Let V € 7 and let D be the unique P-stable line in V. For any v € D,z € T
we have zv = &y (xz)v where £ € T* corresponds under the obvious isomorphism
T = P/[P,P] = b to the vector of h* denoted in 1.19 again by &y. Now {x €
g;xD C D} = Pk for a well defined K C I. We then say that V' € ZTx. We say
that V € Z% if V € Tk and 34 acts as 0 on V.

Let i € I. Then {&{v;V € I?f{i}} = {w;,2w;,3w;,...} where w; € T (or
w@; € b*) is well defined; we have ; = £5: where A’ € I(I)f{i} is well defined up to
isomorphism.

3.5. Let Z’° be the collection of all simple finite dimensional Z-modules on which
3z acts as 0. Let V/ € 7' and let D’ be the unique (PN Z)-stable line in V. There
is a unique vector &, € T™ such that zv = &,/ (z)v for any v € D',z € T. Also
{x € Z;2D' C D'} = Px N Z for a well defined K C I (see 3.3(e)). We then say
that V' € 7'9%.

Let i € I. We have {{y; V' € I’(}f{i}} = {w}, 2w}, 3w}, ...} where w] € T" is
well defined; we have w) = 55\; where A} € I’(I)_{i} is well defined up to isomorphism.

Lemma 3.6. Leti € I. We have w; = n;w, for some n; € N — {0}.

Let D be the unique P-stable line in A’. Then P;_g;y = {z € g;aD C D}. We

may regard A’ as a Z-module by restriction. In this Z-module, 37 acts as 0 (see
3.3(f)) and D is stable under the Borel subalgebra PNZ (see 3.3(d)) of Z. Hence the
Z-submodule V' generated by D is simple. Clearly, {x € Z;2D C D} = P;_pNZ.
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Thus, V' € I'(}f{i}. From the definition, we then have w, € {w},2w},3w},...}.
The lemma is proved.

3.7. Let X = Hom(T, C*) (homomorphisms of algebraic groups). The differential
gives an imbedding d : X — b* whose image X is a free abelian group such that
CRX = b* Let hg = {z € h;&(x) e R VE € X}
Under the obvious isomorphism T~ P/[P, P] = b, hr corresponds to a subset
TgofT.
We shall need the following variant of a lemma of Langlands.
Lemma 3.8. Assume that G is semisimple.
(a) For any f € br there is a subset J of I and a decomposition f =°f +1f
with Of, 1 f € T such that
ai®fy<0ifiel—J, «®f)=0ifieJ,
wi(*f)>0ified, w('f)=0ifiel—J.
Moreover, J,°f,1f are uniquely determined by f.

(b) If f, [ € br satisfy wi(f) < wi(f') for any i € I, then w;(°f) < wi(°f')
foranyiel.

Using the isomorphism T = b in 3.7, we see that the statement above is equiva-
lent to the one where h, hr are replaced by I',T'g. Moreover, if o;, w; are replaced
by of,w}, then these statements hold by Langlands’ lemma [BW], IV, 6.11-6.13]
applied to the root system R; of Z with respect to T. However, this replacement
does not affect the statements since o, o, differ from «;, w; only by rational > 0
factors (see 3.1 and 3.6). The lemma is proved.

3.9. In the remainder of this section (except in 3.42) we fix y € gn, 7 € C and
0 € gss with [o,y] = 2ry such that
(a) Eu(Py;) #0
where

P?={PeP;ocP},P; =P NP,
and Fu denotes Euler characteristic. Condition (a) is equivalent to each of the
following conditions:
(b) Eu(Py) # 0,
The equivalence of (a) and (b) follows from the conservation of Eu by passage to
the fixed point set of a torus action. The equivalence of (b) and (c) follows from

the vanishing theorem [L4] 8.6].
If r # 0, conditions (a), (b), and (c) are also equivalent to the condition

(d) Eyor #0.

The equivalence of (c) and (d) follows from [I.4, 7.2] (which is applicable in view of
T4 8.6]).

Lemma 3.10. Let Q € B and let Q' be a Levi subgroup of Q. Assume that y,o
are contained in Q". Then {P € PJ; P C Q} # 0.

We may use the argument in the second paragraph of the proof of 2.13 (replacing
t by o).
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3.11. By a variant of the Morozov-Jacobson theorem (see [KIL, 2.4(g)]) we can find
h,y in g such that
[Ua g] = —2ry, [ya g] = ha [ha y] =2y, [ha ?]] =-2y.

Then [0, h] = 0.

We now assume that r # 0. We fix 7: C — R as in 1.20.

Let V be a finite dimensional g-module. We have

V= @Va where V,, = {z € V02 = ax},
acC
V= @(nV) where .,V = {x € V; hz = nz}.
neZ

Since [o, h] = 0, the maps v — ov,v — hv from V' to V' commute, hence

V= P (V) where Vo=,V NV,
n,a;n€Z,acC
We have
V=EP"V where "V = b (nVa).
beR n,a;7(a)/7(r)=n+b

These definitions can be applied, in particular, with V' replaced by g with the ad
action of g. We have

Y € 202, h € 080,y € —28-2r,0 € 0go-

From the definition we have
T E nle,V € nVy = a0 € iy Votar,
relgoelV = zwet’v

3.12. We define Q € 9 and a Levi subgroup Q' of Q by

Q = @ (nga) = @ bg’

n,a;7(a)/7(r)<n b;b<0
Ql - @ (n8a) = @ ’g.
n,a;7(a)/7(r)=n b;b=0
Then
n= @ (n8a) = @ bg
n,a;7(a)/7T(r)<n b;b<0

is the nil-radical of Q. Also, y, h,§, o are contained in Ql. Now ad(o), ad(y) define
endomorphisms of n whose commutator is 2rad(y). Hence ad(o) maps

4 = coker(ad(y) : n — n)
into itself.
Lemma 3.13. ad(c) — 2r: yn — ,n is invertible.

An equivalent statement is that any eigenvalue of ad(o) — 27 on

(a) coker(ad(y): B ()= D (w8l

n,a;7(a)/7T(r)<n n,a;7(a)/T(r)<n
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is # 0. Now (a) is a quotient of @, ,.,<0.+(a)/r(r)<n(n8a) Which is itself a quotient
of

(b) @ 9a

a;T(a)/T(r)<0

and it is enough to show that any eigenvalue A of ad(o) — 2r on (b) is # 0. We
have A = a — 2r for some a € C such that 7(a)/7(r) < 0. Then 7(\)/7(r) =
T(a —2r)/7(r) = 7(a)/7(r) — 2 < —2. In particular, A # 0.

Lemma 3.14. Let z € G be such that Ad(z)y = 2cy, Ad(z)o = o for some ¢ € C.
Then z € Q.

We must show that Ad(z)z € Q for any € Q. We may assume that x € ,,g,
where 7(a)/7(r) < n. We have [0, Ad(z)z] = Ad(2)[0, z] = Ad(2)(az) = aAd(z)z.
Thus, Ad(z)x € G,. Since Ad(z)y = 2cy for some ¢, z belongs to the parabolic
subgroup of G corresponding to @,,~,(mg). Hence Ad(z)(z) € Ad(z)(nG) C

©D,.m>n(m8). We see that

Ad(z)(z) € P (mga) C P (me) @

m;m>n m;T(a)/T(r)<m
The lemma is proved.

Lemma 3.15. (a) Q is independent of the choice of h,§.
(b) We have M(y,0) C Q x C*.

We prove (a). Any other choice of h, 7 is of the form h’,§" where h' = Ad(z)h,
¥ = Ad(z)y for some z € G such that Ad(z)y = y,Ad(z)c = 0. (See [KL|
2.4(h)].) Let @' be attached to k', ¢’ in the same way as @ is attached to h, 3.
Then Q' = 2Qz~'. By 3.14 we have z € Q. Hence Q' = Q.

We prove (b). Let (g,A) € M(y,0). We can find an element g; in the one-
parameter subgroup of G corresponding to h such that Ad(g;)y = A?y. Since
h € Ql, [0,h] = 0, we have g; € Q' N Z(c). Replacing (g, \) by (gg; ', 1) we see
that we are reduced to the case where A =1 and g € Z(y) N Z(0).

Since g € Z(o) we have Ad(g)(gs) = gq for all a. Since g € Z(y), we have
Ad(g)(ng) C @n/;n’Zn(n'g)' Hence Ad(g)(nga) - @n’;n/Zn(’ﬂ'ga) for any n,a.
Using this and the definition of @ (see 3.12) we see that Ad(¢)(Q) C Q. Hence
g € Q. The lemma is proved. - o

Lemma 3.16. Let o’,y',h', 3§’ be another quadruple like o,y,h,y. Define Q' in
terms of o', y', h', ' in the same way as Q was defined in terms of o,y, h,§. Assume
that Q@ = Q" = G. Assume that there exist P € P; and P’ € ’P‘y’,/ such that the
image of o in P/[P, P] = b coincides with the image of o’ in P'/[P',P'] = 4. Then
there exists g € G such that Ad(g) carries (o,y,h,g) to (o/,y', b, 7).

Replacing (¢/,y’, h', ') by a G-conjugate we may assume that P’ = P and

mp(0) = o1, mp(01) = o1, 7p(Y) = 7p(y) = u1,

mp(h') =mp(h) = h1, 7p(§') = 7P (§) = 1,



230 G. LUSZTIG

where y; € cp and
[y1, §1] = ha, [ha, y1] = 2y1, [ha, 1] = =201,
[o1, y1] = 2rys, [o1, 1] = =277,
[0, y1] = 27y, (01,9

1] = —2ry;.
Moreover, o1 and ¢} have the same image in P/

H

, P]. Hence z = 0y — 0o € [P, P).
We have [z,y1] = 0,[z,91] = 0, hence [z,hi] = 0. Since y; is a distinguished
nilpotent element of P, the centralizer in [P, P] of y1, hl, g1 is 0. Thus, z = 0 so
that o1 = 0}. Let L be a Levi subgroup of P. Since g,0’ € P, there exist g,g' € P
such that

Ad(g)o € L,mp(0c — Ad(g)o) = 0,Ad(¢')o’ € L,mp(c’ — Ad(g")o’) = 0.

Hence mp(Ad(g)o) = o1 = of = mp(Ad(g’)o’). Since the restriction of 7p to L is
injective, it follows that Ad(g)o = Ad(¢’')o’. Thus, 0,0’ are conjugate in G.
Replacing (o’, 3, h',3’) by a G-conjugate we may assume that ¢/ = 0. We show
that
(a) y belongs to the (unique) open orbit of Z(o) on gay.
Let G’ be the connected reductive algebraic subgroup of G such that

Ql = @ g2mr-

meZ

Note that ¥, h, § are contained in G’. Let ,G' = ,gNG’. Since in our case, Q' = g,
any eigenvalue b of ad(c — rh) : g — g satisfies 7(b) = 0. Hence ,g, # 0 —
7(a)/7(r) = n. Hence go = oG’ and gz, = 2G’. Tt follows that Z (o) is equal to
the centralizer C(h) of h in G'. We are reduced to the following known statement
about slo-triples in G': y belongs to the open orbit of C'((h) on oG’. Thus, (a) holds.

Similarly, ' belongs to the (unique) open orbit of Z(¢’) on {z € g; [0/, z] = 2ra}.
Since o = ¢/, we see that both y and 3’ belong to the unique open orbit of Z(s) on
gor. In particular, y, 3" are conjugate under an element in Z(o).

Replacing (0,9, h', ') by a Z(0o)-conjugate we may therefore assume that y = y'.
As in the proof of 3.15, we can find z € G such that Ad(z)y = y,Ad(z)oc = o,h’ =
Ad(2)h,§’ = Ad(2)j. Replacing (o,y,h',§') by its Ad(z~!)-conjugate we may
therefore assume that (o/,y’,h',3’") = (0,y, h, 7). The lemma is proved.

Lemma 3.17. We have {P € PJ; P C Q} # 0. In particular, Q € Pk for a well
defined K C 1.

This follows from 3.10.

3.18. Let V € Z; where J C I. For any P € P let Dp be the unique P-stable
line in V. If P € P?, we have necessarily Dp C V, for a unique a € C; we set
vy (P) = a. Let

by = min(b € R;°V #0).
The following result is closely related to [L1), 2.8, 2.9], [KIJ, 7.3].

Lemma 3.19. We preserve the setup of 3.18.
(a) If Pe P?,y € P, then 7(vy (P))/7(r) > by.
(b) f K=J,PeP°,yc P,P¢Q, then T(vy(P))/7(r) > by.
(c) IfPEP,PCQ, then Dp C"V.
d) f K=J,PeP° PCQ, then T(vy(P))/T(r) =by.
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From 3.11 we have

Ve @ 'vietve @ v
Vb <b o b <b
Hence nbvV = O,Qb"V chvv.

Let P be as in (a) and let v € Dp — {0}. We have v € V,, (p). We write
v = (mv) where ,,v €,V (py. Since v # 0, there exists n such that ,,v # 0.
Since y is nilpotent in P, we have yv = 0, hence ) y(,,v) = 0. Since y € 292,
we have

y(mv) S m+2VuV(P)+27"~
Since Y, y(mv) = 0 and the sum ) (my28u,, (P)+2r) is direct, we have y(,,v) = 0
for all m. In particular, y(,v) = 0. From y(,v) = 0 and ,v # 0 we see, using the
representation theory of sl that n > 0. Since ,v is a nonzero vector of ,V,,, (py C
TV (P)/T()=nY and ¥V = 0 unless b’ > by, we see that 7(vy (P))/7(r) — n > by.
Since n > 0, we must have 7(vy (P))/7(r) > by. This proves (a).

In the setup of (b), assume that 7(vyv (P))/7(r) # by. Then, by (a), we have
T(vy (P))/7(r) = by. Also, in the proof of (a) we must have ,v #0 = n =0
so that v = gv € ¢V, (p) and v € Tv(P)/7(MY = vy Thus, Dp C *vV. By
assumption, V' contains a line D such that {z € g;zD C D} = Q. This implies
that {v € V;nv = 0} = D. (See the argument in 1.19.) Since n®vV = 0, it follows
that ¥V ¢ D. Since Dp C YV, we have Dp C D, hence Dp = D. Since Dp is
P-stable, we see that D is P-stable, hence by the definition of D we have P C @
so that P C Q. This proves (b). N

Next, assume that P is as in (c¢). Since Qb"V C "V, we have PV c bvV.
Let b be a Borel subalgebra of P. Then b®VV C vV and, by Lie’s theorem, there
exists an b-stable line L in ®vV. This is necessarily the unique b-stable line in V.
Since Dp is b-stable we must have L = Dp, hence Dp C ®VV. This proves (c).

In the setup of (d), V' contains a line D such that {z € G;2D C D} = Q. Now
D is P-stable, hence Dp = D. Since h is contained in the derived subalgebra of Q,
it acts as zero on the Q—stable line D. Hence D C V. We have Dp C Vou( 1C6
D C V,,(p). As in the proof of (b) we have bvV/ C D; this must be an equality
since dim®V > 1,dimD = 1. From D C (V,D C Vo (py, D = "V we deduce
T(vy (P))/7(r) = by. This proves (d). The lemma is proved.

Lemma 3.20. In the setup of 3.18, assume that Q = Q' = G. Let P' € Py where
J' C J and let L' be a Levi subgroup of P'. Assume that o,y,h,§ are contained in
L. IfPe P’ PCP,then t(vy(P))/7(r) = by.

p) hence

Clearly, Q'*V c bV for any b. Since Q' = g, we see that *V is a g-submodule of
V. Since V is simple, we have V = ®V for some b. Since ®VV # 0, we have V = vV,
Since P’ € Py, there exists a P’-stable line D in V. From our assumptions, we
have h € [P’, P']. Hence hD = 0 so that D C V. Since o € P’, we have 0D C D
hence D C V, for some a. Thus, D C ¢V, C 7(@/7(My Thus, 7@/} # 0. Now
%V = 0 unless b = by. Hence 7(a)/7(r) = by. Since P C P’, we have PD C D.
Hence Dp = D and a = vy (P). The lemma is proved.

Lemma 3.21. {P € PJ; P C Q} is open and closed in Py .

(Compare [KIJ, 7.4].) We can find V € Z; with J = K. In terms of this V' we
define vy : P2 — C and by as in 3.18. Since P? is compact, vy : P — C is
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constant on any connected component of P, hence it is locally constant. Hence its
restriction vy : Py — C is locally constant. Hence {P € Pg;7(vv(P))/7(r) = bv}
is open and closed in Py. By 3.19(b),(d), we have

{PePyir(w (P))/r(r) =bv} ={P € PJ; P C Q}.

y b
The lemma follows.

3.22. Let ¢ : P? — b be the morphism whose value at P is the image of o € P in
P/[P, P] = bh. This must be locally constant since P? is compact and h is affine.
From the definitions, we have

&v((P)) =vv(P)
forany V€ Z,P € P°.

Lemma 3.23. IfVeZ;, J=K, PeP°,yc P,PZ Q and P € P, P' C Q,
then

(& (W (P))/7(r) > 7(&v (Y (P))/7(r)-

In view of 3.22, an equivalent statement is 7(vy (P))/7(r) > 7(vy (P"))/7(r) and
this follows from 3.19(b),(d).

3.24. Since [0, h] = 0, we have 0 — rh € gs5. Let P~ = {P € P;o — rh € P}.

Lemma 3.25. Let A= {P € P°""; P C Q}.

(a) We have A # 0.

(b) For P € A, let tp be the image of o —rh in P/[P,P|=0. Let V € Z. We
have T(&v (tp))/T(r) = by.

(¢c) tp € b is independent of the choice of P € A. We denote it by t.

We prove (a). We have o —rh € Q. Hence there exists a Borel subgroup B of Q
such that ¢ — rh € B. By 3.17, we have {P € P; P C Q} # (. This is a conjugacy
class of parabolic subgroups of @, hence at least one of its members contains B.
This proves (a).

We prove (b). Let Dp be as in 3.18. We have V = @,__ (V where

ceC
@y = @ (Vo) ={z €V;(c —rh)x = cz}.

We have °V = Der(e)/r(r)=b (V. Define v/ : P°~™ — C by /(P) = ¢ where
Dp C DV, For P € P7~"" we have &y (tp) = v/(P). By 3.19(c), for P € P,P C Q
we have Dp C "V, that is, Dp C @..r(0)/r(ry=py V. Thus if P € A, then
V' (P) = ¢ where 7(c)/7(r) = by. Hence {y(tp) = ¢ where 7(¢)/7(r) = by. Hence
T(&y (tp)) = by7(r). This proves (b).

We prove (c). Let P’, P” be two members of A. Let V € Z. By (b), we have
T(fv (tp/)) = T(fv (tp//)). Since this holds for any 7, we have fv (tp/) = fv(tp//).
Since &y with V € 7 span b*, it follows that tpr = tpr. The lemma is proved.

Lemma 3.26. Let P’ € P be such thaty € P', P’ C Q. (Such P’ exists by 5.17).
(a) Ifi e I — K, then —7(a;(t))/7(r) > 0.
(b) Ifi € K, then —7(a;(t))/7(r) = 0.
(c) Let V e€Z. Then (& (¢(P') —t))/7(r) > 0.

(d) Let V € Zy where K C J C I. Then m(&v (v(P') —t))/7(r) = 0.
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Pick P € A (see 3.25(a)). Since o — rh is a semisimple element of Ql NP and
P C @, we can find a Levi subgroup L of P such that L C Q' and 0 —rh € L. Let
T = Z9. Under the obvious isomorphism T' = P/[P, P] = b, t € b corresponds to
an element ¢ € T such that t = o0 —rh+x where x € [P, P|. Since c—rh € L,t € L,
we have z € [P,P]NL = [L,L]. Let i € I. Now g~ (defined as in 1.6 in terms of
our P, L) is an L-module, hence tr(z,g~*") = 0 (since x € [L, L]). Let 21, 22, ..., 2k
be the eigenvalues of ad(c — rh) on g=%i.

Assume first that ¢ € K. Then L; C Ql (notation of 1.6), hence g~ C Ql.
Using this and the definition of Q', we have 7(z;) = 0 for all j € [1,k]. Then tr(oc —

rh,g=%) = z14+ -4z and 7(tr(c—rh, g~ %)) = 7(21)+- - -+7(21) = 0+---+0=0.
Now ¢ acts on g~ as —a;(t) times the identity, hence tr(¢, g~*)) = —ka;(t). Since
t =0 —rh+x, we have —7(ka;(t)) =040 =0 and —7(y(t)) = 0.

Assume next that i € I — K. Then P; ¢ @ (notation of 1.6). Using 1.6(a) we
see that (g7 @ g~ 2*)NQ = 0. Hence g~ N Q = 0. This implies that 7(z;) > 0
for all j € [1,k]. Then tr(c —rh,g=%) = 21 + -+ + 2z and 7(tr(c — rh,g~*)) =
T(z1) + -+ 7(zx) > 0. Now tr(t,g~ %) = —ka;(t). Since t = 0 — rh + x we have
—7(ka;(t)) > 0 and —7(a;(t)) > 0. This proves (a) and (b).

We prove (¢). Using 3.25(b) and 3.22 we see that we need to prove that
7(vy (P"))/7(r) > by. This follows from 3.19(a).

We prove (d). The subgroup generated by the &y with V' € Tk contains any
&y with V € Py where K C J C I. Hence it suffices to prove (d) for V € Zk.
Using 3.25(b) and 3.22 we see that we must prove that 7(vy (P’))/7(r) = by when
V € Zk. This follows from 3.19(d). The lemma is proved.

3.27. For x € h define "z € hr (see 3.7) by v("z) = 7(y(z))/7(r) for all y € X.
Then z — "z is a group homomorphism h — hr. We can now reformulate Lemma
3.26 as follows.

Lemma 3.28. Let P' € P° be such thaty € P', P' C Q.
(a) Ifi e I — K, then —a;("t) > 0.
(b) Ifi € K, then —a;("t) = 0.
(c) Let V €Z. Then & (Ty(P) —7t) > 0.
(d) Let V €Iy where K C J C 1. Then &y (Ty(P') —7t) =0.

Lemma 3.29. Assume that G is semisimple. Let P' € P° be such that y € P’,
P C Q. Then °("(P")) =Tt € hr (notation of 3.8(a)).

This follows immediately from 3.8(a) and 3.28.

Lemma 3.30. Let o', y', b/, 4’ be another quadruple like o,y, h, 7. Define Q', Q"' t'
€ b in terms of o',y , b, ¥ in the same way that Q,Q*,t € b were defined in terms
of o,y,h, 3. Define K' C I by Q' € Pg:. Assume that there exist Py, P> € Py with

Py C Q and P{, Py € PG with P{ C Q', such that
(i) the image n of o in P,/[P;,P,] = b coincides with the image of o' in
(ii) the image ' of o' in P}/[P},P}] = b coincides with the image of o in
Py /[Py, Po] = b.
Then there exists g € G such that Ad(g) carries (o,y,h,3) to (¢',y', 1, 7).
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The general case reduces easily to the case where G is semisimple. We now
assume that G is semisimple. Applying 3.29 twice (once for o,y, h, 9, Py and once
for o/, 4/, W', ¢, P]) we see that

O(Tn) _ Ttvo(rn/) _ Tt/.

(Notation of 3.8(a).) Applying 3.19(a) (reformulated with the aid of 3.22 and
3.25(b)) to o,y, h, g, P> (where P is not necessarily contained in Q) we see that

(a) Ev(Tn' =7t) >0

for any V € Z. Using (a) and 3.8(b) with f = "t/,f/ = "5 we deduce that
En,(°(T)) = €A, (°(Tt)) for any @ € I. Hence &p, (Tt') > &a,(Tt) for any i € 1.
(We have °("t) = 7t. Indeed, for any f € hr we have °(°f) = Yf.) By symmetry
we have also &, ("t) > &, (Tt)) for any i € I. Hence &y, ("t) = &5, ("t') for any
i € I. Thus, the annihilator of "t — "t’ in h* contains any &, with ¢ € I. Since
these elements span b*, it follows that "t = "t’. Then for any v € X we have
T(v(t)) = 7(y(t")). Since this holds for any 7, we deduce that y(t) = v(t') for any
v € X. Since X generates bh*, it follows that t = t'.

From 3.26 we see that K = {i € I;7(a;(t)) = 0}. Similarly, K' = {i €
I; 7(ai(t")) = 0}. Since t = t/, it follows that K = K’. Thus, there exists g1 € G
such that Q" = 91Qg; ", Q"' = ¢1Q" gy '. Replacing (o', 4/, 4/, ') by a quadruple in
the same G-orbit, we see that we may assume that Q = Q’, Q" = Q'".

We show that Pj is automatically contained in ). Assume that P ¢ Q' = Q.
Let V € Tg. Applying 3.19(b) (reformulated with the aid of 3.22 and 3.25(b)) to
o',y by, Py, we see that & ("n) > &y (Tt'). Applying 3.19(d) (reformulated with
the aid of 3.22 and 3.25(b)) to o,y, h,y, P1, we see that & (™n) = &y ("t). This
contradicts the previous inequality since t = t’. Thus,

(b) PcQ'=Q.
Note that all of o,y,h,9,0’,9y', 1/, are contained in Ql. We show that these
elements satisfy the hypotheses of Lemma 3.16 (with G replaced by Q1).

The analogues of Q,Q’ (when G is replaced by Q') are Q!,Q'. Now in Q' we
have an analogue of P, namely

P ={R,R=PNQ,PcP,PCQ}

(See 1.3.) Let Ry = PLNQY Ry = Pyn QL. Clearly Ry € P’; by (b), we have
Ry, R € P'. Now b defined in terms of Q!, P’ is canonically the same as b defined
in terms of G, P. From (i) and (b) we deduce that the image of o in R, /[R;, Ri] = b
coincides with the image of o/ in R}/[R%, R5] = bh. Thus, 3.16 is applicable and

(o,y,h,7), (o',y,,§') are conjugate under an element of Q'. The lemma is
proved.

Lemma 3.31. Assume that G is semisimple. The following two conditions on
(y,0,7) are equivalent:

(i) For any P € Py and any V € I we have §y (T (P)) > 0.
(i) Q =G.
Assume first that @ = G. By 3.28(b) we have a;("t) = 0 for all ¢ € I. Hence
"t = 0. By 3.28(c), for any P € Py and any V' € T we have {y ("¢(P) —7t) > 0,
hence &y (T¢(P)) > 0. Thus (ii) implies (i).
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Next, assume that Q # G, that is, K # I. Let i € I — K and let V € T;_y;.
Then §v = 3.7 zja; (in h*) where z; > 0 for all j and z; > 0. By 3.28(a),(b) we
have a;("t) <0 for all j € I and «;("t) < 0. Hence

&)= za;("t) <0.

JeI

Now let P € Py be such that P C Q. By 3.28(d) we have v ("¢(P) —"t) = 0,
hence &y (T(P)) < 0. Thus (i) implies (ii). The lemma is proved.

Lemma 3.32. Assume that G is semisimple. The following four conditions on
(y,o,7) are equivalent:

(i) If P € P and L' is a Levi subgroup of P’ such that o,y are contained in
L', then P' = G.
(ii) y is a distinguished nilpotent element of g and there exists § € G_o, such
that [y, 9] = r~to.
(iii) For any P € Py and any V € I,V # C, we have &y (Y (P)) = nr where
n € N —{0}.
(iv) For any P € Py and any V € I,V # C, we have {y (T(P)) > 0.

The fact that (i) implies (ii) is proved in [L1] 2.5].

We show that (ii) implies (iii). Assume that (ii) holds. Let s = Cy + Co + Cy
(a homomorphic image of sl2(C)). To prove (iii) it is enough to verify the following
statement.

Let P € Py and let V € I,V # C. Let Dp be the P-stable line in
V. Then o acts on Dp as multiplication by rn where n € N — {0}.
(Compare [L1] 2.8].)

From the representation theory of sly, we see that ¢ acts on Dp as rn where n € N.
(Use that y acts as 0 on Dp.) Assume that o acts on Dp as 0. Then Dp must
be stable under s which acts on it by 0. Now let P’ € B be such that P’ is the
stabilizer of Dp in G (we have P’ # ). Then s C P, hence s is contained in a
Levi subalgebra of P'. Thus, y is not distinguished in G, contradicting (ii). Thus
(ii) implies (iii).

It is clear that (iii) implies (iv).

Assume now that (iv) holds and (i) does not hold. Then we can find P’ € 3,
P’ # @G, and a Levi subgroup L’ of P’ such that ¢ € L',y € L'. Replacing if
necessary P’, L' by a G-conjugate, we may assume that o,y, h,§ are all contained
in L'. Let A = {P € Pg; P C P'}. By 3.10 (applied to P’ instead of @), we
have A; # 0. We have P’ € P;,J # I. Since (iv) holds, we see from 3.31 that
Q = Q' = G and from its proof, that "t = 0. Let V € Z;. Then V # C.
Let P € A;. By 3.20 (reformulated with the aid of 3.22 and 3.25(b)) we have
& ("Y(P)—"t) = 0. Since "t = 0, it follows that &y ("¢(P)) = 0. This contradicts
(iv) since V' # C. Thus, (iv) implies (i). The lemma is proved.

3.33. Let E be an S-module of finite dimension over C. There is a canonical direct
sum decomposition E = €P, ¢, »E where , E (a weight space) is the set of all z € E
such that for any £ € h*, £ : E — E is given on ,E by multiplication by £(n) plus
a nilpotent endomorphism of , E.
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3.34. The torus G’ = {(o,7)) in G x C* is well defined (see 1.1). The fixed point
set of the G’-action on g (restriction of the G x C* action) is

89 ={(,P) € g;[o,y/| = 2ry/,0 € P}.
Let pt denote a point (y’, P) of gG’. Since o € P, we have G’ ¢ P® C.
Let k£ be the composition
S=Hf,c-(8,C) — HE(9,C) — HE(pt,C) — Cyp e

where the first map is as in [L4], 1.4(g)], the second map is j* (see [L4] 1.4(a)]
attached to the imbedding j : pt — g and the third map is the quotient defined as
in 1.13. For £ € h* (a subset of S) we have from the definitions:

(a) k(&) = €& (o,7)
where ¢’ is the linear form on G’ given by the composition G' — P — P/[P, P] =
h Lc (the unspecified maps are the obvious ones).

The image of ¥ : P — b (as in 3.22) is a finite subset D of h. From the
definitions we have &'(o,r) = £(¢(P)), hence (a) can be rewritten as follows:

(b) k(&) = £(@(P)).
Now let X be a subvariety of §¢'. By 1.11,
HS (X, L) =HS @ H (X, L)
(see [L6) 1.21]) is naturally an S-module. Hence
A=C,, @u:, HS (X, L) = H.(X, L)

(where G, = H&'},/If; is as in 1.13) is again an S-module.

We have a morphism X — D C b given by (y/,P) — ¢ (P). Consider the
partition X = | | SEA X7 of X into connected components (A is the set of irreducible
components of X .) Now each connected component X9 is mapped by X > Dtoa
single point of D denoted v¥(d). Since X‘s 1s open and closed in X and is G'-stable,
we may identify canonically A = ;e A % where A° = H, (X S E) Clearly this
direct sum decomposition is compatible with the S-module structure.

Lemma 3.35. For any n € b we have ,A = @56&1&(5):" Al

We may assume that X is connected. Let d € D be defined by d = ¢(P) for any
(y,P) € X. Let £ € h*. We must show that £ — £(d) acts nilpotently on A. Let £
be the image of ¢ under the composition

S = Hg, - (8,C) = HE (3,C) — HE (X, C)
= H}, @ H*(X,C) — C,, ® H*(X,C)
where the first map is as in [L4] 1.4(g)], the second map is m* (see [L4] 1.4(a)]
attached to the imbedding m : X — g, and the third map is induced by the
quotient defined as in 1.13. The action of { on Ais multiplication by { € H *(:X' ,C)
on H,(X,L£). We have £ = {y+&~ where & € HY(X,C) and &5 € P,.oH"(X,C).
Clearly, multiplication by & on H,(X,L) is nilpotent. Since X is connected, we
have 50 = ¢l wherec € Cand 1 € HO(X C) is the unit element of the algebra

H*(X,C) (which acts as the identity on H, (X £)). Tt is then enough to show that
¢ = &(d). Let pt denote a point (', P) of X. Let j/ : pt — X be the imbedding.
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From the definitions, j"* : H*(X,C) — H*(pt, C) = C carries £ to k(€) (as in 4.2),
that is, to £(¥(P)) = &(d) (see 4.2(b)). It automatically carries &~ to 0 hence it
carries §~0 to £(d). It also preserves unit elements. Hence it carries c1 to ¢. Since
& = cl, it follows that ¢ = & (d). The lemma is proved.

3.36. Let G’ = ((o,7)) C G x C*. Since (o,7) € M°(y), we have G’ ¢ M(y).
Let M = E, ,, be as in 1.13 (recall that the choice of G’ in 1.13 is immaterial; in
particular, we may take G’ = ((o,7))). For p € IrrgM (y, o) we set M, = Ey 5.1 .
The fixed point set of the G’-action on P, (restriction of the M (y)-action) is just
Py . By the localization theorem [L6, 4.4(b)] (which is applicable in view of the odd
vanishing theorem [L4, 8.6]), the imbedding j : Py — P, induces an isomorphism

gt Cop @pz, HY (PY L) = Cop @2, HY (P, L)
or equivalently
(a) A M.

Here A (as in 3.34) is an S-module and M is an H-module (in particular, an S-
module via the obvious algebra homomorphism S — H). The isomorphism (a)
is compatible with S-module structures. Now the direct sum decomposition A =
DPsca A% in 3.34 (where A is the set of irreducible components of Py ) corresponds
under (a) to a direct sum decomposition

(b) M=P M’

dEA

and we can reformulate 3.35 as follows:
(c) For anyn € b we have yu M = @ sc py(5)=n M°-
Here , M are the weight spaces of M.

Since the My, s)-action on M commutes with the H-module structure, each
weight space , M is M(y, o)-stable. It follows that for p € IrrM(y, o), we have

(d) W(MP) = HomM(y,a) (p’ "IM)
Now the M (y)-action on Py restricts to an M (y, )-action on Pg. Hence M(y,0) =

M(y,0)/M(y,0)° acts naturally on A. Let A be the set of M(y,o)-orbits on A
and let 6 — 0 be the canonical map A — A. Let p € IrrM (y, o). We have

M, =P M;
eeA
,0) (P Dsens=c M?). Now 1) : A — b is constant on M(y, o)-
orbits hence it induces a map v : A — b. Then, from (c) and (d) we deduce:
(e) for any n € b we have n(My) = D.ca.g(e)—n Mo

Let P* = {P € P; P C Q}. Let A’ (resp. A?) be the set of irreducible components
of Py that are contained in P* (resp. in P — P*). By 3.21, we have a partition

A =A"UAZ Let
M= P M M= P M.
§;0eAl ;0€A2
Then M = M*@® M?2. Now the summands M*, M? of M are stable under M (y, o)
(since M (y,o) C Q x C*, see 3.15). Hence, setting

Mll) = HomM(y,a) (pa Ml)a M?} = HomI\Z(y,U)(p7M2)a
we have M, = M,l) & /\/ll%.

where M7, = Hom j;(
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Lemma 3.37. (a) Each of M and M? is a sum of weight spaces of M.
(b) Each of M}, and M2 is a sum of weight spaces of M,,.

Using the inclusion M?% C ;)M (see 3.36(c)) we see that
(c) M} ¢ MW M2 C M where

MY = Z s MM = Z w(5)M.

Si6cAl 5:6€A2
We show that
(d) MDD AM®3P =0,
Since the weight spaces of M form a direct sum, it is enough to show that 1(§) #
¥(8") for any 4,6’ € A such that § C P*,§ C P — P* or equivalently, that ¢(P) #
Y(P') for any P, P’ € Py such that P C Q,P' ¢ Q.

Let V € Zk. By 3.19(b),(d) we have 7(vy (P))/7(r) = by, T(vv (P"))/7(r) > by,
hence vy (P) # vy (P'). Hence &y (¥(P)) # &v (¢ (P')). Hence ¥(P) # ¢(P'), as
desired, and (d) is proved.

Since M = M' @ M2, we see from (c) and (d) that M! = MM M2 = M3,
Since each MM M) is a sum of weight spaces of M, (a) follows.

We prove (b). Let k € {1,2}. By (a) we have M* = @i\;l(nnM) where 7,, are
distinct elements of h. It follows that

N
MI; = Homyy(, o) (0, M @ Hom iz, 0y (P 9, M (n, M
n=1 n=1

The lemma is proved.

3.38. Replacing G,y,0,7 by Q',y,0,r in the definition of W, h, S, H, P,, Py, L, M
we obtain (as in 1.16) WK,b,S,H’,P{/,’P’Z,E-,M'. Since M (y,0) C Q, the ana-
logue of M (y, o) for Q! instead of G is a quotient of M (y, o) by a unipotent normal
subgroup. Hence M (y,o) defined in terms of Q! is the same as that defined in
terms of G. Hence for p € IrrM(o,y), we can define M, in terms of M’ in the
same way as M, was defined in terms of M. By 1.18 we have an isomorphism

(a) U:Hew M = M.

Then z — ¥(1® z) is a map M’ — M.

(b) This is an isomorphism of M’ onto M*.
Indeed, using the localization theorem [L6, 4.4(b)], M’ — M may be identified
with the map

Cor ®nz, HY (P'], L) — Cor @pz, HY (Pg, L)

induced by the obvious inclusion P’ 5 C Py whose image is the open and closed
subset Py NP* of Py .
Now for any p € IrrM (0, %), (a) induces an isomorphism

(c) H @ M/p =M,
and (b) induces an isomorphism

~ gl
(d) L= M,

Since H' — H is injective and H is a free H'-module, from (c¢) we deduce that

(e) M £ 0 M, #0.
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3.39. Proof of Theorem 1.15(a). Note that in the setup of 1.15(a) we have
Ey or # 0, hence we are also in the setup of 3.9.

By 3.38(e) we have M/, # 0. As in the proof of 3.16 we see that y belongs to
the unique open orbit of Z(c) N Q' in gor N q'. Hence we may apply [L4, 8.17(b)]
to Q! instead of G and conclude that M, is a simple H’-module.

Let F' be a proper H-submodule of M,. If F N M; = M;, then, since M;
generates M, as a H-module (see 3.28(c),(d)), it follows that F' generates M, as
a H-module, hence F' = M, contradicting the assumption that F' is proper.

Thus we must have FﬂM; #* ./\/l;. Since M; is a simple H’-module and Fﬁ./\/l;
is a proper H’-submodule of ./\/lll), it follows that

(a) FN M} =0.

For any n € h we have ,F' C ,(M,) and by 3.37(b), ,(M,) is contained either in
/\/lll) or in MI%. Thus, we have either ,F C /\/lll) or ,F C Mf) The first alternative
cannot occur if ,F' # 0 by (a). Thus, we have ,F C /\/l,% for any 7 hence ' C Mf)
It follows that the sum of all proper H-submodules of M, is contained in /\/li and
thus it is itself a proper submodule (since M; is # 0, being isomorphic to M'p)
This proves 1.15(a).

3.40. Let p € IrrgM(o,y). Let M maz be the unique maximal H-submodule of
M,,. Recall that M, maee C M2, Tt follows that
(a) The obvious map M/, = M} — M,/ M maq is injective.
Let V € Ik. Let
X={nebh;,(My/M,maz) #0,7(&v(n))/7(r) is minimum possible}.
Note that X is well defined (see the proof of 3.37) and the minimum value in the

definition of X is by . From the proof of 3.37 we see also that
(b) The image of the map in (a) equals 3-, o x n(Mp/Mpmaz).

3.41. Proof of injectivity in Theorem 1.15(b). Let v, o b be another
quadruple like y, o, h, § (with the same 7). Let p € TrrgM (0, y), p' € IrrgM (o', y').
Define
1ALl gl /" 1! ! /
Q,Q aMpHM p!aM pHMp!,mam’w
in terms of ', o', h', 7', p' in the same way as
Q, Q" My, Mjy, My, M maz,
were defined in terms of y, o, h, ¥, p. Assume that
(a) Mo/ My s = My M,
as H-modules. We show that there exists g € G which conjugates y, o, h, 7, p to
o' W gt
We can find 7 € 'such t|hat n(M) # 0. By 3.40(a), we have ,,(M,/ M maz) 7#
0, hence by (a), n(sz/M})!7max) # 0.

It follows that , M # 0, ,(M.,) # 0.

Using 3.36(c) we deduce that there exist P € Py and P € ’P‘y’,/ such that P, C Q
and

,max

Y(P) =n = (7).
By symmetry, there exist P| € 735//, Py € Py and ' € h such that P C @ and

(P =1 = ¢(Py).
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Then the assumptions of 3.30 are verified and we see that there exists g € G which
. ~ 1 1 1~ | 1 1
conjugates y, o, h,y to y',o', h',y’. Thus, we may assume that y' = y,0° = o, h’ =

h,' = . Then

Q! = Q) QU = leM!p! = Mp!vM,!p! = M;)ly
Mli)’ :M})UM!' :Mp’,mawil :1/1-

phymax

Let V € Ig. Consider an H-linear isomorphism M,/ M, mas — My /My maz
This clearly carries the subspace

Y Mo/ My mac)

nex
(X as in 3.40) onto the subspace

Z T](Mp!/Mp!,mam)

neX

(here X is as in 3.40, and the analogous set for M, is again X); hence, by 3.40, it
carries the subspace ./\/lll) isomorphically onto the subspace ./\/lll)!. Hence it induces

an isomorphism of H’-modules M;) = /\/l;!. As in the proof of 3.16 we see that

y belongs to the unique open orbit of Z(c) N Q! in go, N q'. We now apply [L4]
8.17(c)] to Q" instead of G and deduce that p' = p. This completes the proof.

3.42. Proof of surjectivity in Theorem 1.15(b). A statement close to the
surjectivity in Theorem 1.15(b) was stated in [L4] 8.15] but the proof given there
has an error in line -7 of p. 199 (“Since H]’\}O(y)/l” is an artinian C-algebra...”). (I
thank David Vogan for pointing out that error). In the part of the proof preceding
that line it was shown that:

(a) if AV is a simple H-module, then there exists y € gy, an ideal J of finite
codimension in A = H]*V[O(y) and a nonzero H-linear map X/JX — N
where X = Hyo(y)(Py,ﬁ).

We continue the proof starting from (a). We have dimc(X/JX) < oo (this can
be seen from [L4] 7.2] using [L4] 8.6]). Let X/JX — X’ be the largest semisimple
quotient of the H-module X/JX. Then X’ inherits from X/JX an .A-module
structure. Clearly, there exists a nonzero H-linear map X’ — N. Let X}, be the
N-isotypical part of the H-module X’. Then X}, is an A-submodule and X}, # 0.
Let radJ = {x € A;2™ € J for some n > 1}. The elements of rad(J) act on X},
as commuting nilpotent elements. Hence rad(J) X}, # X}, (since X}, # 0). Hence
there exists a nonzero H-linear map X,/rad(J)X\, — N. Now X,/rad(J)X ), is
a direct summand of the H-module X’/rad(J)X’, hence there exists a nonzero H-
linear map X'/rad(J)X' — N. The canonical map X/rad(J)X — X'/rad(J)X’
is surjective, hence there exists a nonzero H-linear map X/rad(J)X — N. Since
rad(rad(J)) = rad(J), we may assume that J = rad(J). Then the commutative
algebra A/JA is a finite direct sum of copies of C. Let I1,..., I} be the maximal
ideals of A that contain J. We have A/J = A/I; & ... ® A/I; and X/JX =
X/ X@...0 X/ X (as H-modules). Hence there exists j € [1, k] and a nonzero
H-linear map X/I;X — N. Hence we may assume that .J is a maximal ideal of

A. Then there exists a semisimple element (o,7) € M°(y) such that J = jﬁo(y)

(see 1.13). Then X/JX = E, ,, and we see that there exists a nonzero H-linear
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map Ey,, — N. Now E, ,, = @pp ® Eyo.rp Where p Tuns over IrrgM (y, o).
Hence there exists p € IrrgM (y, o) and a nonzero H-linear map E, ., — N. This
map is surjective since the H-module N is simple. It follows that the induced map
Ey,omp — N is an isomorphism. This completes the proof of Theorem 1.15.

3.43. Proof of Theorem 1.21. Assume that 1.21(iii) holds. Replacing h, g by
#(ho), ¢(fo), we see that G = Q! = Q. Using 3.31 we see that 3.31(i) holds. Using
3.36(c) we deduce that for any n € h such that ,M # 0 and any V € Z we have
T(&v (n))/7(r) > 0. Hence M is 7-tempered. Hence M, is 7-tempered and 1.21(i)
holds.

Clearly, if 1.21(i) holds, then 1.21(ii) holds.

Assume now that 1.21(iii) does not hold. Using 3.31 we see that @ # G, that is,
i€l—K. Let V€I ;. Let n € b be such that ,M], # 0. Then, by 3.40(a), we
have ,,(M,/ M maz) # 0. We can find P € PJ such that P C Q and n = ¢(P).
By the second paragraph in the proof of 3.31 we have 7({y (¥(P)))/7(r) < 0, hence
T(&v (n))/7(r) < 0. It follows that M,/ M, mqs is not 7-tempered. Thus 1.21(ii)
does not hold.

Thus the three conditions in 1.21 are equivalent. If these conditions are satisfied
then, as we have seen above, we have G = (). As in the proof of 3.16 we see that y
belongs to the unique open orbit of Z (o) in go,. Hence we may apply [L4] 8.17(b)]
and conclude that M, is a simple H-module. This completes the proof of 1.21.

3.44. Proof of Theorem 1.22. The equivalence of 1.22(i) and 1.22(ii) follows
from 3.32.

Assume that 1.22(ii) holds. Using 3.32 we see that 3.32(iii) holds. Using 3.36(c)
we deduce that for any 7 € h such that ,M # 0 and any V € Z,V # C we have
&v(n) = nr where n € {1,2,3,...}. Hence 1.22(v) holds.

Clearly, if 1.22(v) holds, then 1.22(iv) holds.

By 1.21, conditions 1.22(iii) and 1.22(iv) are equivalent.

Assume that 1.22(iv) holds and that 1.22(i) does not hold. Then we can find
P’ ¢ B, P' # G and a Levi subgroup L’ of P’ such that y € L',0 € L'. We may
assume that h € L', € L'. By 3.10, we have {P € Pg; P C P'} # 0. In particular,
P’ € Py for some J C I, J # I. In particular L’ inherits a natural cuspidal datum
(as in 1.3) and in terms of this we can define H, M in the same way as H, M were
defined in terms of the cuspidal datum of G. We have a natural imbedding

jo : .A;l — M
Let ' = Ups and let ,n’ = coker(ad(y) : n’ — n’). We show that

(a) ad(o) — 2r: yn’ — 40’ is invertible.
By 1.21 (and its proof) we have Q = Q' = G. Thus, ,g, #0 = 7(a)/7(r) = n.
We must show that any eigenvalue of ad(o) — 2r on coker(ad(y) : n’ — n’) is # 0.

Now the last cokernel is a quotient of P, ,.,,<o(n8a). Hence it suffices to show that
if nga # 0 and n < 0 then a — 2r # 0. But

T(a—=2r)/T(r) = (nT(r) = 27(r))/7(r) =n—2 < =2,

hence a — 2r # 0, as required. This proves (a).
We see that 1.18 is applicable (with P’, L’ instead of @, Q'). We deduce that

(b) jo(M) generates the H-module M.



242 G. LUSZTIG

We can find a surjective H-linear map p : M — M,. The composition ML

ML M, is nonzero. (Otherwise, jo(M) would be contained in the proper H-
submodule Ker(p) of M contradicting (b).) Since pjo is S-linear, it follows that
there exists € h such that nM # 0 and , M, # 0. Hence there exists P € P such
that P C P’ and ¥(P) = 7. By the argument in the last paragraph of the proof
of 3.32, we have 7(&y (¢(P)))/7(r) = 0, that is, 7(&v (n))/7(r) = 0 where V € 7.
This contradicts 1.22(iv) since V' # C. We have proved that if 1.22(iv) holds, then
1.22(i) holds.
This completes the proof of 1.22.
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