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REPRESENTATIONS OF REDUCTIVE GROUPS
OVER FINITE RINGS

G. LUSZTIG

ABSTRACT. In this paper we construct a family of irreducible representations
of a Chevalley group over a finite ring R of truncated power series over a field
F4. This is done by a cohomological method extending that of Deligne and
the author in the case R = Fy.

INTRODUCTION

0.1. In [L| Sec.4] a cohomological construction was given (without proof) for certain
representations of a Chevalley group over a finite ring R (arising from the ring
of integers in a non-archimedean local field by reduction modulo a power of the
maximal ideal); that construction was an extension of the construction of the virtual
representations RS in [DL] for groups over a finite field. One of the aims of this
paper is to provide the missing proof. For simplicity we will assume that R =
F,, = Fy[[¢]]/(¢") (e is an indeterminate, F, is a finite field with ¢ elements and
r > 1). A similar method applies in the case where R is a finite quotient of a ring
of Witt vectors. On the other hand, we treat possibly twisted groups.

Let F be an algebraic closure of Fy. Let G be a connected reductive algebraic
group defined over F with a given F,-rational structure with associated Frobenius
map F : G — G.

Using a cohomological method, extending that of [DL], we will construct a family
of irreducible representations of the finite group G(F,.),r > 1, attached to a
“maximal torus” and a character of it in general position. In the case where r > 2
and G is split over F, the representations that we construct are likely to be the same
as those found by Gérardin [G] by a non-cohomological method (induction from a
subgroup if r is even; induction from a subgroup in combination with a use of a Weil
representation, if r is odd, > 3). In any case, since for r = 1, the cohomological
construction is the only known construction of almost all representations, it seems
natural to seek a cohomological construction which works uniformly for all » > 1;
this is what we do in this paper.

0.2. Notation. Let ¢ be an indeterminate. If X is an affine algebraic variety
over F and r > 1, we set X, = X(F[[¢]]/(¢")). Thus, if X is the set of common
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zeroes of the polynomials f; : FN — F(i = 1,...,m), then X, is the set of all
(71,22,...,25) € (F[[€]]/(¢")) such that f;(z1,72,...,7x) (a priori an element
of F[[¢]]/(€")) is equal to 0 for ¢ = 1,...,m. We have X; = X. For r = 0 we set
X, = point. Then X — X, is a functor from the category of algebraic varieties
over F into itself. If X’ is a closed subvariety of X, then X/ is a closed subvariety of
X,.. If X is irreducible of dimension d, then X, is irreducible of dimension dr. For
any r > 7’ > 0 we have a canonical morphism ¢, : X,, — X,.. If r > 1, we have
naturally X C X, (using F C F[[¢]]/(¢")). If G is an algebraic group over F, then
G, is naturally an algebraic group over F. For any r > ' > 0, ¢y, : G, — G,/ is
a homomorphism of algebraic groups hence its kernel, Gvf', is a normal subgroup of
G,. For r > 1 we have naturally G C G,.. We have

=GrcGrtc...cGlcG=aG,.
For r > 1/ >0, we set G7* = G7 — G T'. We have a partition
G, =GY*UGH U...uGI b u {1}
We fix a prime number [ invertible in F. If X is an algebraic variety over F we
write HJ(X) instead of HJ (X, Q).
For a finite group I' let I' = Hom(I', Q}).

0.3. If T is a commutative algebraic group over F with a fixed Fg-structure and
with Frobenius map F' : T'— T, we have a norm map

NE" :TF" S TF ¢ tF()F2(t)... FPL(¢).

1. LEMMAS

Lemma 1.1. Let 7,7’ be two commutative, connected algebraic groups over F
with fized F-rational structures with Frobenius maps F : T — T, F :T' — T'. Let
f:T = T be an isomorphism of algebraic groups over F. Let n > 1 be such that
Ff=fF":T —T'; thus f: TF" = T'F" . Let

H={(tt)eT xT;f(F{t)"'t)=F{)"'t}.

(A subgroup of T x T' containing T¥ x T'F.) Let 6 € ﬁ, 0 € T'F be such that
0~ RO is trivial on (TF x T'FY N H. Then ONE" = 0/ NE"f € TF".

Setting t; = tF(t)...F""Y(t) € T, to = fO)F(f(t))...F"L(f(t)) € T’ for
t € T, we have

FR) ) = fFEF" ()7 = fOFF" @) = FOF"(f(1) 7" = F(t2) ',

so that (¢1,t2) € H. Now t — (t1,t2) is a morphism 7 — H of algebraic varieties
and 7T is connected; hence the image of this morphism is contained in H°. In
particular, if t € 77" we have (NE" (), NE" (f(t))) € (TF x T'F) n H® hence, by
assumption, O~ (NE" (£))0'(NE"(f(t))) = 1 for all t € TF". The lemma is proved.

1.2. Let G be a connected reductive algebraic group over F with a fixed F-rational
structure with Frobenius map F : G — G. If r > 1, then F' : G — G induces a
homomorphism F' : G, — G, which is the Frobenius map for a F-rational structure
on G,.
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Let T, T’ be two F-stable maximal tori of G and let U (resp. U’) be the unipotent
radical of a Borel subgroup of G that contains T' (resp. T’). Note that U, U’ are
not necessarily defined over F,. Let r > 2. Let 7 =T/~ 1, 7' =T/" 1,

S ={(z,2",y) € F(U,) x F(U) x G;2F(y) = ya'}.

Let N(T,T') = {v € G;v~'Tv = T'}. Then T acts on N(T,T’) by left multipli-
cation and T” acts on N(T,T’) by right multiplication. The orbits of T are the
same as the orbits of T7; we set W(T,T") = T\N(T,T") = N(T,T")/T" (a finite
set). For each w € W(T,T") we choose a representative w in N(T',7"). We have
G= |_|weW(T,T,) G where G, = UTwWU' = UwT'U’.

Let Gy, be the inverse image of G,, under ¢,; : G, — G and let ¥,, =
{(ea ) € Sy € o).

Now TF x T'F acts on ¥ by (t,t') : (x,2',y) — (tat=,¢'2't' =1 tyt'~1). This
restricts to an action of Tf' x T'¥ on %, for any w € W.

If0 € TF, 0 € T/F and M is a T x T -module, we shall write My-1 4 for the
subspace of M on which T.f" x T'¥" acts according to §~1 X ¢'.

Lemma 1.3. Assume that v > 2. Let w € W(T,T"). Let § € i}, 0 e i’?
Assume that HI(Xy)g-1,6 # 0 for some j € Z. Let g = F(w)™" and let n > 1 be

such that g € G¥". Then Ad(g) carries TF" onto T'F" and 0|77 o NE" € TF" to
0'|zr o NE" € T/F™,
By the definition of Gy, the map U, x Gi x (T,w) x U, — Gy, given by

(u, k,v,u’) — ukvu' is a locally trivial fibration with all fibres isomorphic to a fixed
affine space. Hence the map

Yo = {(z, 2", u, v k,v) € F(U,) x F(U.) x U, x U x G} x T
rF(u)F(k)F(v)F(u') = ukvu'z’} — 3,
given by (z,2',u,u’ k,v) — (z,2',ukvu’), is a locally trivial fibration with all
fibres isomorphic to a fixed affine space. This map is compatible with the TExT!F
actions where T x T/F acts on 3, by
(a) (1) : (z, 2 u, ik, v) e (tot ™ 2ttt T ettt Y,
Hence there exists j° € Z such that Hgl(iw)g—l,al # 0. By the substitution
2F(u) — x,2'F(u')~! — 2/, the variety %, is rewritten as
(b) {(z, 2", u,u, k,v) € F(U,) x F(U") x U, x U. x G x Tyai;
2 F(k)F(v) = ukvu'2'};

in these coordinates, the action of TF' x T'F is still given by (a). Let

H={tt)eTxT {'F{t')' = F(w) "tF({t) ' F(w)}.

(A closed subgroup of T, x T!.) Tt acts on the variety (b) by the same formula as
in (a). (We use the fact that hk = kh for any h € G~ k € GL.) By [DIL}, 6.5], the
induced action of H on H g' (X,) is trivial when restricted to HC. In particular, the
intersection (TF x T/F) N HO acts trivially on HZ (3,,). Since HI (3,)g-1,9/ # 0,
it follows that =1 X 0’ is trivial on (TF x T/F) N HO. Let g = F(w)~! and let
n > 1 be such that g € GF". Then Ad(g) carries 7¥" onto 7'F" and (by Lemma
1.1 with f = Ad(g)) it carries |7+ o NE~ to 6'|7» o NE". The lemma is proved.
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Lemma 1.4. Assume that r > 2. Let 6 € ﬁ, VS Z/}’? be such that
(a) H(S)g-1,0 #0

for some j € Z. There exists n > 1 and g € N(T'",T)"" such that Ad(g) carries
Ol7r o NE" € TF" to 0'|7r o NE" € T/F™.

The subvarieties G, of G have the following property: for some ordering <
of W(T,T'), the unions |, ,, Gu are closed in G. It follows that the unions
Uw <o Guw',r are closed in G, and the unions U < Zw are closed in X. The
spectral sequence associated to the filtration of ¥ by these unions, together with
(a), shows that there exists w € W(T,T") and j € Z such that HI(X,)p-1,¢ # 0.
We can therefore apply Lemma 1.3. The lemma follows.

1.5. Let ® be the set of characters  : T — F* such that o # 1 and T acts on
some line L, C LieG via « (in the adjoint action); for such «, let G be the one-
dimensional unipotent subgroup of G such that Lie G* = L,. For a € ® there is
a unique 1-dimensional torus 7% in T such that T'® is contained in the subgroup
of G generated by G¢, G . Let T = (T*)r~1 (a one-dimensional subgroup of
T=Tr1.

Let x € TF. We say that x is reqular if for any o« € ® and any n > 1 such that
F™(T®) =T, the restriction of yo NE" : TF" — Q} to (T7*)F" is non-trivial. (It
is enough to check that y o N& |(Ta)pn is non-trivial for any a and for just one n
such that F"(7%) =T for all o)

—

Let 8 € TF. We say that 6 is regular if |7+ is regular.

1.6. Let T be an F-stable maximal torus of G. Let U,U,V, V be unipotent radicals
of Borel subgroups containing 7" such that U NV = U NV = {1}. Let ® be as in
1.5. Let
Pt ={aec®:G*CcV},d ={aecd G*CU}.
Then ® = ¢t LU ®~ and &~ = {a 0 € DT}
For o € ®* let ht(a) be the largest integer n > 1 such that a = ajas...ay
with «; € ot
Let z € (G*)%, 2’ € (G*)¢ where a,a’ € ® and b, ¢ € [0,7].
(a) If b+ ¢ > r, then za’ = a'x.
(b) If b+ c < r and aa’ # 1, then zz’ = z'zu where u is of the form
Ll

‘o

Hi,i'zl;aia'i’ecb i with w0 € (G
(The factors in the last product are written in some fixed order. In the special
case where b+ ¢ = r — 1, these factors commute with each other by (a), since
r—1l+r—1>r)
() fb4+ec>r—1,b+2c>rand ad/ = 1, then z2’ = 2'z7, ,»u where
Toa € T and u € (GY)"~1 are uniquely determined.

Lemma 1.7. We fiz an order on ®t. For any z € V,,3 € &, define Ty €
GP by » = H[36<I>+ T (factozﬂs written using the given order on ®%). Let a €
® ,a € [1,r —1]. Let z € V;* be such that x5 € (G°)¥* for all f € & with
ht(B) > ht(a™t). Let € € (G*)r=21. Then &z = z&7¢ ,we , where ¢, € T and
We 2 € U::fl.
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We argue by induction on N, = #(8 € <I>+;ch3 # 1). If N, = 0, the result is
clear. Assume now that N, = 1 so that z € G? with 8 € ®*. If af = 1, the
result follows from 1.6(c). If a3 # 1 and ht(3) > ht(a™!), then z € (G)¢*+! and
€z =2 by 1.6(b). If af # 1 and ht(B) < ht(a~1), then by 1.6(b) we have £z = z&u
where u = Hi,i/zl;oﬁﬁi’ecb u; i with w; 4 € (Galﬁl )r=1; it is enough to show that
if i,i > 1, we cannot have oi’ € &+, (If i’ € &+ for some i,i’ > 1, then
afB € ®* hence ht(3) > ht(a~1), contradiction.) }

Assume now that N, > 2. We can write z = 2’2" where 2/,2" € V* N, <
N,.,N,» < N,. Using the induction hypothesis we have

€z =¢£2"2" =2 ¢ ywe 2"

where 7¢ . € T%, we o € Ur™t. We have wg 2" = 2w, and 7¢ 2" = 2"'7¢ 0.
Using again the induction hypothesis, we have
! " / " / "
2 ETe e 12 = 2 ETe 212 W o = 2E2 Te 21 We o
o _
= 22 &g 21 W 21 Te 2/ We 2t = ZETe 20 Tg 211 We 21 WE 27

Thus, £z = 2€T¢ we, . where
Tg,z = Tg,2/Te,2/ WE,z = W 2/ We 207

The lemma is proved.

1.8. In the setup of 1.6, let Z = V N V. Let ® = {f € ®;G’ ¢ Z}. We have
&' C dT. Let X be the set of all subsets I C @' such that I # @ and ht : &7 — N
is constant on I.

To any z € Z! — {1} we associate a pair (a, I,) where a € [1,r — 1] and I, € X
as follows. We define a by the condition that z € Z*. If 27 € G* are defined as
in 1.8 in terms of a fixed order on ®*, then z7 € (GP) for all § € ® and rh =1
for all 3 € ®F — ®. Let I, be the set of all o/ € ® such that 22, € (G*)%* and
x5 € (GP)st! for all B € ®F such that ht(3) > ht(e/). It is easy to see, using
1.6(a),(b), that the definition of I, does not depend on the choice of an order on
®*. Fora € [I,r —1] and I € X let Z»*! be the set of all z € Z! — {1} such that
z € Z»*, I =1I,. Thus we have a partition

(a) zi-{y= |z

a€ll,r—1],J€X

Lemma 1.9. Let T, 7", U, U',r, T, 7" be as in 1.2. Let 0 € ﬁ,ﬁ’ € Z/’T’T’ Assume
that 0'|rr = x is reqular. Let ¥ be as in 1.2. Then 3, 5 (—1)7 dim H}(X)g-1¢: is
equal to the number of w € W(T,T')¥ such that Ad(w) : T'F' — TF carries 0 to
0.

Using the partition ¥ = |_|w€W(T’T/) Y we see that it is enough to prove that
Zjez(_l)j dim H(2,,)g-1 ¢ is equal to 1 if F(w) = w and Ad(w) : T)F — TF
carries 6 to 0’ and equals 0, otherwise. We now fix w € W(T,T"). We have

B = {(z,2",y) € F(U;) x F(U;) x Gr;2F(y)
=ya',y € U,GT U, = U, Z wT!U}
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where Z = V NV, Here V (resp. V') is the unipotent radical of a Borel
subgroup containing T' (resp. T”) such that UNV = {1} (resp. U' NV’ = {1}. Let
Sw = {(z, 2", u, 0, 2,7") € F(U,) x F(U)) x U x Ul x Z} x T';
zF(u)F(2)F(w)F (T F(u') = uzwr'v'z'}.
The map 2, — %y, given by (z, 2/, u, v/, z,7') — (z, 2, uzwr'u') is a locally trivial

fibration with all fibres isomorphic to a fixed affine space. This map is compatible
with the T)F" x T/ F-actions where TF' x T/F acts on 3, by

(a) (tatl) : (xvxlau7ulaza7-l)
(ot Ve T bt T et T it .
Hence it is enough to SI}OW that
> jez(—1)7 dim HI(3y)p-14 is equal to 1 if F(w) = w and Ad(w) : T\F — TF
carries 6 to 0’ and equals 0, otherwise.
By the change of variable zF (u) — x, 2’ F(u')~
S = {(z, 2", u, 0, 2,7") € F(U,) x F(U) x U, x Ul x Z} x T';
2F(2)F(w)F(7") = uzir'v'z'}

L 2/ we may rewrite X, as

with the TF x T/F-action still given by (a). We have a partition ¥, = 3/ 115/
where
2, = {2 uu 2, 7') € F(U;) x F(U}) x Uy x Uy x (Z; —{1}) x T;
2F(2)F(w)F (") = uzwr'u'z'},
S = {(z, 2’ u,u,1,7) € F(U,) x F(UL) x Uy x Uy x {1} x T);
oF(w)F(r") = wir'u'z'},
are stable under the T/ x T!F-action. It is then enough to show that
(b) Zjez(_l)j dim HI (3 )g-1 ¢/ is equal to 1 if F(w) = w and Ad(w) : T/F —
TF carries  to ' and equals 0, otherwise.
(C) Hg(Z;})a—lﬁ/ =0 for all ]
We first prove (c). If M is a 7'¥-module we shall write M, for the subspace of
M on which T'F acts according to . Now T'F acts on 3/, by

/. / / / /o0y —1 11 0—1 140 —1
t(x, 2 u,u 2, ) (x, T YT 2 T ).

Hence H(!,) becomes a 7'F-module. It is enough to show that H7(3/,).,) = 0.

We shall use the definitions and results in 1.6-1.8 relative to U, U V.,V where
U =wU'w™ ', V =@V '. The partition 1.8(a) gives rise to a partition 3/ =
Ua.r 3@ indexed by a € [0, — 1], I € X where

sl — {(z, 2 uu, 2, 7)€ 8!z € 20T

It is easy to see that there is a total order on the set of indices (a, I) such that the
union of the 3% for (a, I) less than or equal to some given (a®, I°) is closed in ¥/, .
Since the subsets 2&1 are stable under the action of 7/, we see that, in order to
prove (c), it is enough to show that

(d) HI(Z5 0 =0
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for any fixed a,l as above. We choose o/ € I. Let @ = o/~'. Then G¢ C
U, NUi".
For any z € Z%*,£ € (GY)'~*"! we have
2 = 2ET¢ Jwe
where ¢, € T w(&,2) € wU.""1i~! are uniquely determined. (See 1.7.) More-
over, the map (G¥)' =971 — T &+ 7(£, 2) factors through an isomorphism

A (GO0 (G S T
Let 7 : (G*)r=a=1 — (G*)r =271 /(G*)"~% be the canonical homomorphism. We
can find a morphism of algebraic varieties
b (@ G (G
such that m) = 1 and ¢ (1) = 1. Let
H ={t' c TV 'F(t') € w ' T}
This is a closed subgroup of 7”. For any t' € H' we define fy : 247 — ST by
fo(a,a’ uu, 2,7') = (@F(€),&' u, F(E') ' F(), 2, 7' F(t'))
where
E=AH(WWF) o) € (GY) v C U, NU ™
and 2’ € G, is defined by the condition that
cF(&)F(2)F(w)F(T'F(t") = uzar’ F)F (') 'w/ F(t) .
In order for this to be well defined we must check that ' € F(U.). Thus we must
show that
2F(F(2)F(w)F(T'F(t')) € uzwr’ W' F(t')F(U))
or that
TF(2)F(E)F(1e ) F(we ) F () F(T'F(t')) € uzivr’u' F(t")F(UY).
Since zF(z) = uzwr'u/z'F(r') " F(1™1), it is enough to show that
uzrT'u'd F (") (™) F(E)F (e, ) F(we ) F () F(T'F(t))
€ uzwt' v F(t')F(U))
or that
' F(r) T F (™) F(E)F(1e,2 ) F(we, ) F(0)F(r'F(t') € F(t')F(U).
Since 2’ € F(U}), F (') F(we,.)F(w) € F(U}), it is enough to check that
F(r) (™) F () F (1) F(w)F (' F(t') € F(t')F(Uy).
Since F(w™1)F(§)F(w) € F(U.) it is enough to check that
F(r') ' F (™) F(re . )F(w)F(r'F(t')) € F(t')F(U})
or that
F(i™)F(re,.) F(w)F(F(t') = F(t)
or that w7 ;i = F(#') "' or that \,(m.(£)) = wF(¢')~'¢/w~1. But this is clear.
Thus, fir : %7 — 3207 is well defined for ¢ € H'. Tt is clearly an isomorphism
for any ¢ € H'. In particular, it is a well-defined isomorphism for any ¢ € H' 0. By
general principles, the induced map f; : HI(X%1) — HI(X%!) is constant when
t' varies in H’°. In particular, it is constant when ¢ varies in 7/ N H'. Now
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T'F ¢ H and for t' € T'F, the map fy coincides with the action of ¢/ in the
T'F-action on $41. (We use that 1(1) = 1.) We see that the induced action of
T'F on HI(X%47) is trivial when restricted to 7'F N H'°.
We can find n > 1 such that F" (w17 %) = @~ 17 “i. Then
t = tFAYF2(t) ... F* (1)

is a well-defined morphism w17 % — H’. Its image is a connected subgroup of

n

H’ hence is contained in H'0. If t' € (v~ 'T%w)"", then NE"(t') € T'F; thus,
NE"(#') € T'"F n'H'°. We see that the action of N5 (#') € T'F on HI(X%7) is
trivial for any ¢’ € (= T w)"".

If we assume that HJ (f)fl;l)(x) # 0, it follows that ¢/ — x(N£ (') is the trivial
character of (=17 *w)¥ " This contradicts our assumption that y is regular. Thus,
(d) holds. Hence (c) holds.

We now prove (b). Let

H={tt)eT, xT;tF{t)t = Flw)t' F{t') ' F(w™1)}.

This is a closed subgroup of T, x T containing TF x T!¥. Now the action of
TF x T!¥ on X! extends to an action of H given by the same formula. To see this
consider (¢,¢') € H and (z,2,u,v/,1,7') € . We must show that

(bt ¢ 2t tut ™ T 1 ) e B
that is,

tet L F(w)F (™Y )F()F(w)F () Ft' 1) = tut™ i Haor't e/t 1 2t 1
or that
ot P F () F () F{' ™) = w2t 1
or that
ot PP F () F(r)F{t'™1) = oF (w)F(r' )t !

or that t~1F(t)F(w)F(t'~') = F(w)t'~!; this is clear. Let T\, T’ be the reductive
part of T, T (thus T\ is a torus isomorphic to T'). Let H, = H N (T, x T.). Then
H? is a torus acting on ¥ by restriction of the H-action. The fixed point set

(ZA)Z,)HO of the H-action is stable under the action of T x T/F and by general
principles we have

S (1) dim HI (S )g-1,0 = Y (=1)7 dim HI () )51 1.
JEZ JEZ
It is then enough to show that
(€) Xjez(=1) dim H ()57 )g-1 ¢/ is equal to 1 if F(w) = w and Ad(w) :
T!¥ — TF carries 6 to 6" and equals 0, otherwise.
Let (z,2',u,u',1,7) € (2;{,)’?0 By Lang’s theorem the first projection H, — T} is
surjective. It follows that the first projection H? — T, is surjective. Similarly the
second projection H? — T is surjective. Hence for any ¢t € T,,t' € T we have

tot ™t =z, 2t =2 tut T = w, T =

hence z = 2/ = u =u' = 1. Thus, (/)5 is contained in
) {(LL L1177 € T, F(uwr') = wr'}.
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The set (f) is clearly contained in the fixed point set of H. Note that (f) is empty
unless F'(w) = w. We can therefore assume that F(w) = w. In this case, (f) is
stable under the action of H. In particular, it is stable under the action of H 0. Since
() is finite and H? is connected, we see that H? must act trivially on (f). Thus, (f)
is exactly the fixed point set of H?. Hence this fixed point can be identified with
(wT!)¥. From this (e) follows easily. The lemma is proved.

2. THE MAIN RESULTS

2.1. Let G, F be as in 1.2. Let T be an F-stable maximal torus in G and let U be
the unipotent radical of a Borel subgroup of G that contains T'. (Note that U is not
necessarily F-stable.) Let r > 1. Let R(GL) be the group of virtual representations
of G over Q;. Let (,) be the standard inner product R(GE) x R(GE) — Z. Let

ST,U = {g € Gr;g_lF(g) € F(UT)}'
The finite group GE x TF acts on Sry by (g1,t) : g — gigt~ . For any i € Z

we have an induced action of GE x TF on H:(Sr,). For 6 € ﬁ?, we denote by
HE(S7,17)e the subspace of H!(St,;) on which T)f acts according to . This is a

GF-submodule of H:(St ). Let

Ry, v, = > (-1 H(Sru)s € R(GT),
i€Z
Proposition 2.2. Assume that r > 2. Let (T',U’,8") be another triple like T, U, 6.
Let T =T7=1, 7' = T/"1.
(a) Leti,i’ be integers. Assume that there exists an irreducible G -module that
appears in the GE-module (H:(St,u)g-1)* (dual of Hi(S7.v)e-1) and in
the GF -module H” (S7/ 7/)or. There exists n > 1 and g € N(T',T)"" such

—

that Ad(g) carries @ o NE" | 7rn € TF" 106 o NE" | prem € T'F™,

(b) Assume that there exists an irreducible GE-module that appears in the vir-
tual GE-module > ,(=1)'H(Stv)e and in the wvirtual GE-module
S (1) HY( Sy 11)er. There exists n > 1 and g € N(T',T)F" such that
Ad(g) carries o NE" |7 € TE" to 0 o NE" |71em € T'F".

We prove (a). Consider the free GX'-action on Sty x St/ v given by g1 : (g,9") —
(919, 919'). The map

(9.9") = (z.2",y),a =g ' Flg),2a" =g ' Fg)y=9""g
defines an isomorphism of GE'\ (St x St/ ) onto ¥ (as in 1.2).

The action of T.F" x T'F on St x St/ v given by right multiplication by ¢+
on the first factor and by ¢! on the second factor becomes an action of TX x T/F
on ¥ given by (z,2',y) — (twt=1,¢'2't'=1 tyt'~1). Our assumption implies that
the GF-module H!(S7,1)g—1 ® HY (S7/ 7/)er contains the unit representation with
non-zero multiplicity. Hence the subspace of Hit" (GF\(Sry x St /) on which
TF x T!F acts according to ' K6’ is non-zero. Equivalently, H* ()51 41 # 0.
We now use Lemma 1.4; (a) follows.

We prove (b). By general principles we have

Y (CDUHASru)e1)" = Y (—1) Hi(ST.0)o-

i %
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Hence the assumption of (b) implies that the assumption of (a) holds. Hence the
conclusion of (a) holds. The proposition is proved.

Proposition 2.3. We preserve the setup of 2.2. Assume that 0 or ¢’ is reqular (see
1.5). The inner product <R%7UT, R%’,,UJ is equal to the number of w € W(T,T")¥
such that Ad(w) : T!¥ — TF carries 0 to ¢'.

We may assume that 6’ is regular. As in the proof of 2.2, we have

<R9T,,,U,,.7 R%{,U;,>
= > (- dim(HL(Sr.0)o-1 @ HY (S17.0))°"
Wi €Z
= (1) dim H}(GF\(St.v % Srv.07))o-1.0r
JEZ
= (-1 dim H}(Z)g-1
JEZ
where ()Gf denotes the space of GE-invariants. It remains to use 1.9.

Corollary 2.4. Assume that r > 2. Let T,U be as in 2.1. Assume that 0 € ﬁ 18
reqular.
(a) R%,Ur is independent of the choice of U.
(b) Assume also that the stabilizer of 6 in W (T, T)¥ is {1}. Then RGT,,,U,,. is +
an irreducible GE -module.

We prove (a). Let U’ be the unipotent radical of another Borel subgroup of G
containing T'. Let R = R}, |, , R’ = Rf, ;. By 2.3 we have

(R,R) = (R,R') = (R,R) = (R, R).

Hence (R — R',R— R') =0, so that R = R’. This proves (a). In the setup of (b),
we see from 2.3 that <R%’U7,, RGT,,,U,,.> = 1. This proves (b).

2.5. Assume that » > 2. Let T be as in 2.1. Assume that 6§ € i} is regular. We
set

R, = Ri, v,
where U is chosen as in 2.1. (By 2.4(a), this is independent of the choice of U.)

3. AN EXAMPLE

I wish to thank A. Stasinski for pointing out an error in an earlier version of this
section.

3.1. Let A = F[[¢]]/(¢?). Define F : A — A by F(ag + €a1) = al + eaf where
ap,a1 € F. Let V be a 2-dimensional F-vector space with a fixed F,-rational
structure with Frobenius map F : V. — V. Let G = SL(V). Then G has an
F-rational structure with Frobenius map F': G — G such that F(gv) = F(g)F (v)
forall g € G,v € V. Let Vo = A®p V. Then G (see 0.2) may be identified with
the group of all automorphisms of the free A-module V5, with determinant 1. We
regard V as a subset of V5 by v — 1®wv. Any element of V5 can be written uniquely
in the form vy + ev; where vg,v1 € V. The Frobenius map F' : Vo — V5 satisfies
F(vg + evy) = F(uvg) + €F(vy) for vg,v1 € V.
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Let G¥ be the set of isomorphism classes of irreducible representations of G

over Q;. The objects of GI can be classified by Mackey’s method using the fact
that GI' is a semidirect product of G and Fg

The table below shows the number of representations in GE of various dimensions
assuming that ¢ is odd; the first column indicates the dimension, the second column
indicates the number of representations of that dimension. (See also [S] for the
closely related case of PGLs.)

dim i

1 1

q 1
qg+1 (q—3)/2

(q+1)/2 2
q—1 (g—1)/2

(¢—1)/2 2

*+q  (¢g—1)7%/2
?-q (F-1)/2
(> —1)/2 4q

The analogous table in the case where ¢ is a power of 2 is

dim i
1 1
q 1
g+1 (q—2)/2
q—1 q/2
?+q (¢—1)(g—2)/2
(¢®+q)/2 2(¢—1)
@ —q (> —q)/2
(> —q)/2 2(¢q—1)
¢ -1 q

3.2. Let B be the set of all A-submodules L C V5 such that L is a direct summand
of V5 and L is free of rank 1. Now Gs acts transitively on B. If L € B, then
F(L) € B. Thus we obtain a map F : B — B, the Frobenius map of a F,-rational
structure on B. Let
X ={LeB;LNF(L)=0}.

Then X is a Gf'-stable subvariety of B. We now define a finite covering of X as
follows. Let e, e’ be an F-basis of V' such that F(e) = e, F(¢') = ¢’. Let T be the
subgroup of G consisting of the automorphisms e — ae, e’ — a~ e’ with a € F*.
(An F-stable maximal torus of G.) Let U be the subgroup of G consisting of the
automorphisms

er—e+be e — e with be F*.
Let v € G be such that v(e) = €/,v(e’) = —e. Let

X ={g€ Ga;g ' F(g) € vU,}.

(We use the action of U, on G2 by right translation.) Then g — Age’ is a well
defined morphism X — X. This is a finite principal covering with group I' (acting
by right translation) where

I ={teTy Ft)=t"'} (of order ¢° +q).



12 G. LUSZTIG

For any variety Y with an action of a finite (abelian) group and any character w
of that finite group, let H7 (Y '), denote the subspace of HZ(Y') on which the finite

group acts according to w. Thus, for w € I, H(X),, is well defined.

3.3. Let
G = {330 eVixg A F(J?()) =eA 6,}, Goo = {J?() S 60;F2(l‘0) = —xo}.

Now GT" acts on &g (restriction of the G-action on V). This restricts to a GF-
action on Gpy. We show that this action is simply transitive. If g € G keeps
fixed some xo € &g, then it also keeps fixed F(xo) hence it must be 1 (recall that
x9, F(x0) form a basis of V). Thus the G¥-action on &g has trivial isotropy. We
may identify Ggo with {(a,b) € F?;ab? — alb = 1,aq2 = —a,bq2 = —b}. For such
(a,b) we have automatically a # 0. We make a change of variable (a,b) — (a,c)
where ¢ = b/a. Then &gy becomes

{(a,c) € F%;a9 (¢ — ¢) = 1,a? = —a,c” = c}.
The second projection maps this to {c¢ € F;cq2 = ¢,¢? # c} which has ¢*> — ¢
elements. The fibre at ¢ is {a € F;a?™ = (¢? — ¢)7'}. (For such a we have
automatically a? = —a since ¢ = c¢.) This fibre has exactly ¢ + 1 elements since

(c? —c)~t # 0. We see that #(Sg0) = (¢ + 1)(¢? — q) = #(GF). Tt follows that the
GF-action on Gy is indeed simply transitive.
3.4. We now analyze X. Let

S={zeVazNF(z)=eAe}.
Now G acts on & by g1 : # — g12. The map g — g(e) defines an isomorphism

X 5 6.

We check that this is a well-defined bijection. Let g € X. Then F(g) = gvu for
some u € U,. Let x = ge/. Then for some u € U, we have

zAF(x) = (ge') NF(ge') = (g¢/) NF(g)e = e’ A g™ F(g)e’ = e’ Avue'
= Ave =€ N(—e)=eN€,
hence x € & and ¢ is well defined. Now let x € &. We can find g € G2 such that
ge’ = x. Then
ene =z ANF(z) = (g/) NF(ge') = (g¢/) NF(g)e' = Ag ' F(g)e.

Hence g~ 'F(g)e’ = —e+be’ for some b € A. Tt follows that g~' F(g) = u'vu where
u,u’ € Uy. Then (gu’)"'F(gu’) = vuF(u') hence gu’ € X. Clearly, ((gu’) = z
so that ¢ is surjective. Now assume that g,¢’ € X satisfy t(g) = ¢(¢’), that is,
ge’ = g'¢’. Then ¢ = gu’, v’ € U,. We have ¢’ "1 F(g') = vu with u € U,, hence
W lgT F(g)F(u') = vu. Also, g7 'F(g) = v with @ € U,, hence v~ 'vaF (u') =
vu so that v’ € vU,v~ !, Thus, ' € UyN(vUyv~ 1) = {1}, hence v’ =1 and ¢’ = g.
Thus, ¢ is injective hence bijective. It commutes with the G1 -actions.

Now & consists of the elements xg + ex1, with zg,z1 € V such that

(o + ex1) A (F(xo) + €F(z1)) = e A€,

that is,
ro AF(xzg) =eAe and x1 A F(zo) + 20 A F(21) = 0.
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We have a morphism
k:6 — Gg,xg + €x1 — xp.
If 29 € &y, then x~!(x) may be identified with
{z1 € V21 AN F(x0) + 20 A F(21) = 0}.
Note that xg, F(z0) form a basis of V hence F?(zq) = cowg+c1 F(xo) with cg,c; € F.
Since g A F(z9) = e A€ is F-stable, we have xg A F(z0) = F(z0) A F?(x0) hence
cg = —1. Let 6g1 = 69 — Gg9. We have a partition 6 = &, U G,, where
G, =k 1(Bq0), Gux = kK H(Bg1) are GL-stable. If xg € Gp, then any z; € V can
be written uniquely in the form
x1 = apxo + a1.F(zp)
with ag,a; € F. The condition that g + ex1 € k™ 1(xg) is

(a0 + a1 F(z0)) A F(xo) + o A (adF(x0) + af F?(x0)) = 0,

that is,
aozo A F(zo) + 20 A (ad F(x0) — afzo + afe1 F(xg)) = 0,
that is,
aoro N F(zo) + alzo A F(xo) + alcizg A Fxg) =0,
or

aop + ad +aicy = 0.
Thus we may identify x~!(xq) with {(ag,a1) € F%ap + ad + ale; =0}. If 1 # 0
(that is, if zp € Sp1), this is isomorphic to the affine line. Thus, k restricts to an
affine line bundle &,, — Sp;.

Now the action of T on X corresponds under ¢ to the action of {\ € A; \F(\) =
1} on & by scalar multiplication. Hence the action of {t € T;t € T3} on X
corresponds to the action of A" = {A € A;AF(\) = 1,A € 1 +¢€A} on & by
scalar multiplication. The action of 1+ e\; € A’ (with A; € F) in the coordinates
(x0,a0,a1) is (zg, ap,a1) — (xo,ap + A1,a1). Thus it preserves each fibre of &.

Now &, is stable under the action of {\ € A; AF(A\) = 1} and the restriction of
this action to A’ preserves each fibre of G, — Gp; (an affine line); hence this group
acts trivially on H7() of each such fibre, hence it also acts trivially on HJ(&..).
Thus, HI (&) — H}(S.) is an isomorphism on the part where Y7, ,, A acts as 0.

We now study HJ(S.). If 2o € Sgo, then xk~!(z¢) may be identified with
{(ag,a1) € F%;a¢ + al = 0}. Thus, &, is an affine line bundle over

Soo X {aOEF;ao+ag:0}

which is a transitive permutation representation of G4 that is explicitly known from
3.3. It follows that H7(S,) = 0 for j # 2 and the part of HZ(&,) where Y7, 4/ A
acts as 0 is the direct sum of the irreducible representations of degree ¢? — ¢ (each
one with multiplicity 2) and of degree (¢*> — q)/2 (each one with multiplicity 1);
note that the latter representations occur only when ¢ is a power of 2.

We now study the part of HI(&) where A’ acts as 1. This is the same as
HI(A'\&). The map (zg,ao,a1) — (xo,a0,a1),a0 = ap + a¢ is an isomorphism
of A’\G& with the set of all (zg,d0,a1) € &9 x F x F such that ag + afe; = 0.
(Here ¢; is determined by xp as above.) Hence the map (zg,ag,a1) — (xg,a1) is
an isomorphism A'\& = &g x F. Thus, H(A'\&) = HI~2(&). Thus, GI acts
on HJ(A’\&) through its quotient G and that action is explicitly known from the
representation theory of G¥'.
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We see that HA(X) is the 1-dimensional representation; H3(X) is the direct sum
of all irreducible representations of degree ¢ — 1 (each one with multiplicity 2) and
those of degree (¢ —1)/2, ¢ (each one with multiplicity 1); H2(X) is the direct sum
of all irreducible representations of degree ¢> — ¢ (each one with multiplicity 2) and
of degree (¢> — q)/2 (each one with multiplicity 1); HJ(X) = 0 for j ¢ {2,3,4};
note that the representations of degree (¢ — 1)/2 occur only for ¢ odd, while those
of degree (q? — q)/2 occur only for ¢ a power of 2.

More precisely, if w € I' and q is odd, then:

H2(X),, is irreducible of degree 1 if w = 1 and is 0 otherwise;

H3(X),, is irreducible of degree ¢ — 1 if wlramy =1, w? # 1; it is the direct
sum of two irreducible representations of degree (¢ —1)/2 if w|prm = 1,
w? = 1,w # 1; it is irreducible of degree ¢ if w = 1; it is 0 if wlramy # 1
H2(X),, is irreducible of degree ¢* — ¢ if wlrny # 1 and is 0 otherwise.

Similarly, if w € I and ¢ is a power of 2, then:
HA(X),, is irreducible of degree 1 if w = 1 and is 0 otherwise;
H3(X),, is irreducible of degree ¢ — 1 if wlpary = 1, w # 15 it is irreducible
of degree ¢ if w = 1; it is 0 if w|prpy # 1
H2(X),, is irreducible of degree ¢2 — ¢ if wlrnmy # 1, w? # 1; it is the direct
sum of two irreducible representations of degree (¢> — q)/2 if w? = 1,w # 1;
it is 0 otherwise.

3.5. Let v € G be such that v~ 'F(y) = v. Weset T =~T~y~ !, U =~U~v~!. Then
T is an F-stable maximal torus of G and U is the unipotent radical of a Borel
subgroup of G containing 7. Hence St is defined (with r = 2). Now g — gy~ !
defines an isomorphism

X 5 Sru
and an isomorphism

r=f.
Also GE x T acts on X by (g1,t) : g — g1gt— . This action is compatible with the
GL x T -action on St ; via the isomorphisms above. We see that the virtual rep-
resentations Zjez(—l)ng (X)., of G5 are the same as the virtual representations

9
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