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PARAMETRIZATIONS OF FLAG VARIETIES

B. R. MARSH AND K. RIETSCH

ABSTRACT. For the flag variety G/B of a reductive algebraic group G we define
and describe explicitly a certain (set-theoretical) cross-section ¢ : G/B — G.
The definition of ¢ depends only on a choice of reduced expression for the
longest element wo in the Weyl group W. It assigns to any gB a representa-
tive g € G together with a factorization into simple root subgroups and simple
reflections. The cross-section ¢ is continuous along the components of Deod-
har’s decomposition of G/B. We introduce a generalization of the Chamber
Ansatz and give formulas for the factors of g = ¢(gB). These results are then
applied to parametrize explicitly the components of the totally nonnegative
part of the flag variety (G/B)>o defined by Lusztig, giving a new proof of

Lusztig’s conjectured cell decomposition of (G/B)>o. We also give minimal
sets of inequalities describing these cells.

1. INTRODUCTION

Consider a simply connected reductive algebraic group G over C (or Cheval-
ley group over K) with opposite Borel subgroups B* and B~. So, for example,
G = SL4(C) with the subgroups of upper- and lower-triangular matrices. The flag
variety G/BT may be embedded in the projective space of a sufficiently general
representation of G, say V =V (p), by

G/BT = P(V) : gB" = (g-&)c,

where £ is a highest weight vector. Then to any element gB™ we may associate the
highest and lowest extremal weights, vp and wp, such that ¢ - £ has nonzero com-
ponent in the corresponding weight space. Equivalently, the Weyl group elements
v and w determine the intersection of opposed Bruhat cells

B vBY/BTnBtwB"/B"
in which gB* lies. Now fix a reduced expression wg = s;, - 8;, for the longest
element of the Weyl group. Following V. Deodhar [6], there is a finer datum that can
be associated to gBT. The element gB™' can be successively reduced, compatibly
with this reduced expression, to give a sequence (B+, g(l)B+, . ,g(n,l)B+,gB+)
in the flag variety, or a sequence of intermediate lines

Lo=(&) , Li={g91)- &) -, Lu—1 = (gn—1) - &) , Ln = (g - &)
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in V(p). For example, if we write gB™ as bwB™ for b € BY, then L,,_; is the line
(bws; - €), where s; is the right-most simple reflection in the reduced expression for
wp such that ws; < w (see Section 4.4). Given all the intermediate lines Ly, the
further data associated to gB™ is now the collection (V(ys -+ V(n)) of Weyl group
elements such that v()p is the highest extremal weight for which g4, - € has nonzero
weight space component. The set of gB* in BTwB*/B* with fixed (v(y),...,v())
is called a Deodhar component of the flag variety.

Consider the special case where the element gB™ from above has v = 1. Then
gBT = uB* for some unipotent u € B~. If also v(;) = 1 for all 7, then u may be
factorized into negative simple root subgroups as u = yj;, (t1) - - - y;, (t,) for some
nonzero parameters t; € C (where s;, - - - s;, is a reduced expression for w governing
the construction of the intermediate lines L;). If we write uB™ = zwB™ for some
unipotent z € BT, then A. Berenstein and A. Zelevinsky’s Chamber Ansatz [2]
gives formulas for the ¢; in terms of minors of z.

In this paper we generalize the above result by describing factorizations, and
hence parametrizations, for a general Deodhar component and by giving formulas
for the parameters (Proposition 5.2 and Theorem 7.1). Our formulas for the nonzero
parameters, analogous to the ¢, above, are obtained by a direct generalization of the
Chamber Ansatz. However, a general Deodhar component also has another type of
parameter which runs through K. The formulas for these involve the ggeneralized
Chamber Ansatz along with a correction term.

The Chamber Ansatz used in the formulas for the parameters depends on the
Deodhar component in which an element zwB7 lies. Therefore we also give a
simple algorithm to determine this component (Section 6). The algorithm in a
sense “generates” the chambers in the Chamber Ansatz for zwB™ recursively. We
illustrate how this works with a very explicit type A example in Section 10.

In Section 11 we set K = R and use these results to examine the totally non-
negative part (G/B%)>o of the flag variety. This is the closure in G/B* of the
set {yi, (t1) - yiy (tn)BT |t; € Rug}. We explicitly describe the intersection of
(G/B")>o with each of the sets R,., = B vB"/BT N BtwB*/Bt. Namely
in Ry, there is a unique open dense Deodhar component which is isomorphic to
(R*)“w)=#(®)  And the totally nonnegative part R;, of R, is shown to be the
subset of the above Deodhar component where all of the parameters are positive.

This, in particular, reproves a result of the second author conjectured by Lusztig,
that R>C is a semi-algebraic cell. However, the new proof presented in this paper
gives for the first time explicit parametrizations of these totally nonnegative parts
(depending on a choice of reduced expression of w). It has the advantage of being
independent of the theory of canonical bases, which was required in the previous
proof. Moreover, the parameters of Ri Y can all be computed by the generalized
Chamber Ansatz (without correction term).

Finally in Section 11 we give an efficient description for ’Ri Y in terms of minor
inequalities, generalizing a result of Berenstein and Zelevinsky from the v = 1 case.
For any choice of reduced expression for w we obtain a set of £(w) —£(v) inequalities.
This set of inequalities and £(v) minor equalities, that can also be given explicitly,
describe R;Y as a semi-algebraic subset of the (real) Bruhat cell BfwB™/B*.

VW

Remark 1.1. The case of intersections of opposite Bruhat cells R, in the flag
variety which we treat in this paper is not to be confused with intersections of
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opposite Bruhat double cosets
G"" = BtwBt N B vB~

in the group. These other intersections were studied by Fomin and Zelevinsky
[7], who obtained a different generalization of the Chamber Ansatz in that setting
(using it also to give parametrizations and minimal sets of inequalities for their
corresponding totally positive parts in the group).

Our study of parametrizations in flag varieties compatible with the R, ,, is sub-
stantially different from the problems in the group considered in [7], for example,
already where total positivity is concerned. An immediate and obvious difference
between total positivity questions in the two cases lies in the fact that (G/B%)>
is the closure of the image in G/B™ of the totally nonnegative part G>¢ of the
group, and is actually generally larger than this image. So it is clear that the to-
tally positive cells R79, in (G/B*)>o cannot all come from totally positive cells in
G>o. In fact, the cell decomposition of G, which is studied in detail in [7], was
first obtained by Lusztig in [10] where the analogous problem for flag varieties was
formulated only as a conjecture. One has to depart significantly from the study of
total positivity in the group in order to study total positivity in the flag variety.

The overlap between the two parametrization problems, ours and the one from
[7], is precisely the joint special case covered in [2]. In that case one has G1* =
Ri,w x T, where the maximal torus factor T is irrelevant for the parametrization
problem. Otherwise, unless v = 1 or symmetrically w = wy, the varieties G”"* have
no sensible counterpart in the flag variety. Moreover, both [2] and [7] parametrize
and give formulas only for an open dense subset of the varieties they study. So The-
orem 7.1 already adds to these results in the joint special case, since it determines
parameters for any element in R 4.

It is an interesting open problem to extend our results from R; ,, and hence
GY", also to the remaining varieties GU* in the group. That is, similarly to find
a way to parametrize every element of the group G. This should involve finding
appropriate stratifications of the G¥"% for arbitrary v, w (the open strata being the
ones already understood by [7]), and then extending the Chamber Ansatz from [7]
to all the remaining strata.

2. NOTATION AND BASIC DEFINITIONS

Let K be a field. Let Gk be a split, connected, simply connected, semisimple
algebraic K-group (or Chevalley group over K). See [8] Section IL.1 or any of [5],
[13], [14]. Fix a K-split maximal torus Tx. We write K* for the multiplicative group
G (K) and K for the additive group G,(K). Since we will always be concerned
with the K-valued points, we will write G for G(K) and T for T(K), and so forth.
In later sections we will take K to be R.

Let X(T) = Hom(T,K*) and R C X(T) the set of roots. Choose a system of
positive roots RT. We denote by BT the Borel subgroup corresponding to RV,
and by U™ its unipotent radical. We also have the opposite Borel B~ such that
BTN B~ =T, and its unipotent radical U~.

Denote the set of simple roots by

H={a;|i€I}CcR" CRcCX(T).
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For every «; € II there is an associated homomorphism
©; : SLQ — G,

Consider the 1-parameter subgroups in G (landing in U, U~ and T respectively)
defined by

s =iy 7)e wm=e () at0=n(p %),

wherem € K, t € K*, and ¢ € I. The datum (T, B, B~, z;,y;;4 € I) for G is called
a pinning in [10]. The standard pinning for SL,; consists of the diagonal, upper-
triangular and lower-triangular matrices, along with the simple root subgroups
z;(m) = Iy + mE; ;41 and y;(m) = Iy + mE;+1,;, where Iy is the identity matrix,
and E; ; has a 1 in position (4, j) and zeroes elsewhere.

Next consider the cocharacter lattice Y (T) = Hom(K*,T). It is dually paired
with X (T) in the standard way by (, ) : X(T) x Y(T) — Hom(K*,K*) = Z. The
a; viewed as elements of Y (T) are the simple coroots, and the Cartan matrix
A = (a;;) € Z'1 is given by a;; = (o, ).

That G is simply connected means the o freely generate Y (T') = Z!. The dual
basis in X (T') is the set of fundamental weights {w; | ¢ € I'}. Let X (T')+ be the set
of dominant weights and p = 3", ; w; € X(T');. For a dominant weight A let V'())
denote the Weyl module with highest weight A; see [8], IT, 2.13. In characteristic 0
this is just the irreducible representation with highest weight .

The Weyl group W = N¢(T)/T acts on X (T') permuting the roots R. We denote
the action of w € W on o € X(T') by wa. The simple reflections s; € W are given

explicitly by s; := §;T, where
. 0 -1

and any w € W can be expressed as a product w = s;, ---s;, Wwith a minimal
number of factors m = £(w). We set

W = 84,84y " v+ Si,,

to get a representative of w in Ng(T'). It is well known that this product is in-
dependent of the choice of reduced expression s;, ---s;, for w. Let < denote the
Bruhat order on W. The unique maximal element of W is denoted wy.

We note for future reference the following identity ([8], II, 1.3)

(2.1) of (718 = @i (=t Dy ()wi (),

which can be checked in SLy(K).

Finally, for every root we introduce the corresponding root subgroup. Let U, (j be
the simple root subgroup in G given explicitly by {z;(¢) | t € K}. For an arbitrary
root « there is a w € W and simple root «; such that a = wa;. Then the one-
dimensional subgroup corresponding to o may be defined as wU;r w . Ifae RT
this subgroup lies in Ut and we write U} = wUF w~'. Otherwise the subgroup is
called Uy = wUJ w™! and lies in U~.
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3. SUBEXPRESSIONS OF REDUCED EXPRESSIONS

Consider a reduced expression in W, say s3s2815835283 in type As. Informally, a
subexpression is what is obtained by choosing some of the factors. So, for example,
choosing the underlined factors in

(3.1) S3 S2 51 83 S2 S3

gives a subexpression for sys3 in the word s3s2s1535283.
It will be useful to represent expressions, like s3so51538283 or its subexpression
s382 18382 1, by their sequences of partial products

( 1, 53, 382, 538251, 83525153, 352515352, 535251535253 ),
(1, s3, s382, 8382, 535283, 5253, 5253 )
‘We formalize this below.

Definition 3.1. Let us define an expression for w € W to be a sequence
W = (W(0), W(1), W(2), - W)
in W, such that w) = 1, w,) = w and
_ ) G- or
w(j) = f . .
w(j_1)Si, for some simple reflection s;

for j =1,...,n. The expression w may equivalently be specified by its sequence of
factors,

-1 -1
(way, W)Wy, - - ,w(nfl)w(n)),

which has entries in {s; | i € I} U {1}.
Definition 3.2. For an expression w = (wqy, w(1), .., W(n)) define

J;',_ = {k S {1, RN J’L} | W(k—1) < w(k)},

J:v = {k S {1, . J’L} | W(k—1) = w(k)},

Jo ={ke{1,...,n}| Wig) < w(k,l)}.
An expression w = (wq), W(1), - - ., W(p)) is called non-decreasing if w(;_1) < w; for
all j=1,...,n,s0 J, = 0. It is called reduced if w(;_1y < w; for all j =1,...,n.
Clearly, any non-decreasing expression w for w gives rise to a reduced expression
w of w by discarding all w;y with j € Jg .

The following definition is taken from [6, Definition 2.3].

Definition 3.3 (Distinguished subexpressions). Let w be a reduced expression for
w € W with factors (s;,,...,s:,). Let v <w. Then by a subezpression for v in w,
we mean an expression v = (v(g), v(1), V(2), - - - » U(n)) Such that

V() € {U(j,l), 'U(jfl)sij} forall j=1,...n,

and v(,) = v. In particular, there is always the “empty” subexpression (1,...,1)
for 1.

A subexpression v of w as above is called distinguished if we have
(3.2) vy S vy si; forallj€{l,...,n}.

In other words, if right multiplication by s;, decreases the length of v(;_1), then in
a distinguished subexpression the component v(;) must be given by v(;) = v(;_1)si;-
We write v < w if v is a distinguished subexpression of w.
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Examples. For w = wy in A3 and the reduced expression w with factors (ss, s2, s1,
S3, 2, 83), the only distinguished subexpression for sgs3 is

(3.3) v=1(1,1,1,1,1, s9, 5283).

In particular, the subexpression indicated in (3.1) is not distinguished. If v = so,
then we have four distinguished subexpressions for v in w,

(3.4) v=(1,1,1,1,1, s9, s2), (838251 5352 83),

(3.5) (1, s3, 83,83, 1, 82, $2), (53 5251 53 52 53),

(3.6) v = (1, s2, $2, 5283, $283, S2), (535251 53 52 53),

(3.7) v = (1, s3, $352, S3S2, S35283, $253, S2), (535251 53 5253).
Definition 3.4 (Positive subexpressions). Let w be a reduced expression with
factors (S;,,...,S;,). We call a subexpression v of w positive if

(3.8) U(-1) < V(G-1)Si;

forall j=1,...,n

Note that (3.8) is equivalent to v(;_1) < v(;) < vj—1)si;. So, in other words,
a positive subexpression is one that is distinguished and non-decreasing. In the
examples above only (3.3) and (3.4) are positive.

Lemma 3.5. Given v < w in W and a reduced expression w for w, then there is
a unique positive subexpression v for v in w.

Proof. We construct vy = (v(g),...,v(n)) starting from the right with v,y = v.
The inequality v(; 1) < v(;_1)si; says that v;_;) cannot have a reduced expression
ending in s;;. If v(;) has such a reduced expression, then we must set v(;_1) =
v(jy8i;- If v(;) does not, then v(;_1) = v(;). To summarize, v(;_1) is given by

D LOL I OO
G=1) v(5) otherwise.

This along with v(,) = v clearly defines (uniquely) the desired positive subexpres-
sion of w. O

The positive subexpression v is in a sense the right-most subexpression for v
in w that is non-decreasing.

4. DEODHAR’S DECOMPOSITION

4.1. Bruhat decomposition. Let us identify the flag variety with the variety B
of Borel subgroups, via

gBT «— ¢g-BT:=gBtg!
We have the Bruhat decompositions,
B= || B"w-B"= || B i-B",

wew weWw
of B into BT-orbits called Bruhat cells, and B~ -orbits called opposite Bruhat cells.
Let al,...,a" be the positive roots made negative by w™!. Recall that the Bruhat

cell BT - BT can be identified with the product of root subgroups
(4.1) UrnuU o' =U UL - UL 2K"

an =
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via u — uw - BT. Moreover,

Ut = Ut naU o YU nwU w1,
where the second factor is a product of the remaining positive root subgroups.
Given a reduced expression w = (w(q), w1y, ..., Wx)) with factors (si,,...,ss,),
the positive roots sent to negative roots by w=! can be listed as
(42) oy, =y, Q% =Wy, Oh = W) Qg s oee . y Oy = W1y O, -

Therefore another way to write the parametrization of the Bruhat cell BT - Bt is

~

(43) K* = BT - Bt : (ml, - ,mn) = T, (ml)éil Ty, (mn)szﬂ . BT,

If one moves all the simple reflections to the right (conjugating the intermediate
simple root subgroups), then what remains on the left is a product of root subgroups
corresponding to precisely the roots listed in (4.2).

4.2. Relative position. Consider the product B x B with G acting diagonally.
Let By = g1 - BY and By = go - B™. Then there is a unique w € W such that
g1 'go - BY € Bt - BY. Equivalently, w is the unique Weyl group element such
that

(Bl,BQ) € G-orbit of (BJr,U.) . BJr)

We call w the relative position of (By, Bz) and write
Bi =% Bs.

For example, B HLIN By implies By = By. And Bt s B says that B lies in the
Bruhat cell Bt - Bt. While B~ - B means that B lies in the opposite Bruhat
cell B~ wowwyg - B~. We will also use the notation

(BlvBQ) ~ ( 3735)

to indicate that (B1, Bs) and (B], B}) in B x B are conjugate under G.
The following assertions follow from the definitions and standard properties of
the Bruhat decomposition.

(1) If By % By and g € G, then also g - By — g - Bo.
(2) If By -5 By, 5 Bjs for a simple reflection s, then B; — Bs or B, = Bs.
(3) If By =% By % By and {(vw) = £(v) + £(w), then B; ~% Bj.
(4) It B, - By, then By “ B,.
We will make use of these properties freely.
4.3. Reduction maps. Suppose w = vv’ with ¢(w) = €(v)+£(v"). Then the set of

positive roots sent to negative roots by v=! is a subset of the positive roots made
negative by w1, by (4.2). Under these circumstances one can define a morphism

7% BT - Bt — BTo. Bt
bir- BT — b0 - Bt

where b € BT. The map 7 is well defined since Bt NwB*tw~=t C BtnoBTo~ L
For a given B € B*w - B, the element 7% (B) is characterized by the property

(4.4) BT % 79(B) ¥ B.

Let us call 7Y a reduction map.
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4.4. Deodhar’s theorem.
Definition 4.1. For v,w € W define
Row: =B -B"NB v-Bt={BeB|B" % B&" B~}

The intersection R, ,, is non-empty precisely if v < w. And in that case Kazh-
dan and Lusztig proved that over an algebraically closed field it is irreducible of
dimension £(w) — £(v); see [9] §1. If v = w, then Ry, = {w - B1}.

Suppose now that w is a reduced expression for w € W with factors (s;,,...,s:,),
and B € R, 4. Using the reduction maps we can associate to B uniquely a sequence
of “intermediate” Borel subgroups

+ Siq Sig Sig Sin
B"=By— B, —By,—~---— B, =B,

w(k)(B). By construction B+ e B,,. However, the position of

By, with respect to B™, or the opposite Bruhat cell containing By, defines a new
element vy € W by

where B, = 7%

By € Biv(k) -BT.
For w as above and a sequence v := (v(g), . .., V(,)) we define the Deodhar compo-
nent Ry w in B by

Rew = {B € Ry | 7, (B) € B-vgy - B }

W(k)

={B € Ruw | Ty, (B) € Rugywu }-

W)

Theorem 4.2 ([6] Theorem 1.1). Suppose w € W and B € Btw - B*, and fiz a
reduced expression W = (W gy, W(1), - - -, W(n)) for w.

(4.5)

(1) The Deodhar component Ry w is nonempty if and only if v is a distinguished
subexpression of w.
2) If v < w, then Ryw = (KON x KNI, where JS and J; are as in
( ’ ) ) v v
Definition 3.2.

Another proof of this theorem will be contained in the next section. If the reduced
expression w is fixed, then as a corollary of the theorem one has a decomposition

(46) Rv,w = |_|Rv,wv

where the union is over all distinguished subexpressions for v in w. Note that the
Deodhar component Ry, w corresponding to the unique positive subexpression for
v in w has dimension |J7, | = ¢(w) — £(v). So if K is algebraically closed, then it
is dense in Ry,. This also holds for K = R since Ry +1W(R) is Zariski dense in
Ry, w(C). Finally, for K =R or K = C, it holds that Ry, w is open dense in R,
with respect to the usual Hausdorff topology.

Suppose we fix a reduced expression wg for the longest element wy. Then for
any w € W the positive subexpression for w in wg determines a reduced expression
w for w. Therefore we have a decomposition of the whole flag variety,

(47) B = |_| |_| Rv,€v+ )

weW \v<wy

which we may call the Deodhar decomposition of B corresponding to wy.
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Remark 4.3. The varieties R, ., may be defined over a finite field K = F,. In this
setting the number of points determine the R-polynomials R, . (q) = #(Ryw(Fy))
introduced by Kazhdan and Lusztig [9] to give a recursive formula for the Kazhdan-
Lusztig polynomials. This is the origin of the notation R, ., as well as Deodhar’s
original application of the theorem. The decompositions (4.6) together with the

isomorphisms Ry w(F,) = (IFZ)'J3| X ]Fq‘JJ| give formulas for the R-polynomials.
5. EXPLICIT PARAMETRIZATIONS OF DEODHAR COMPONENTS

Let w be a reduced expression with factors (s;,,...,s;, ), and v < w.

Definition 5.1. Define a subset Gy v in G by

(5.1)
Gv,w =

gL = xlk(mk)s;kl itkeld,,
g =4g192 - Ggn gk:yik(tk) ikaJS, for tkEK*,mk€K.
gk:éik lfk’EJj,

There is an obvious map (]K*)J\(2 x K/v — Gy w defined by the parameters t; and
my, in (5.1). For v =w = (1) we define Gy w = {1}.

The following proposition gives an explicit parametrization for the Deodhar com-
ponent Ry w.

Proposition 5.2. The map (K*)v x K — Gy from Definition 5.1 is an
isomorphism. The set Gy v lies in U9 N BTwB™, and the assignment g — g- B
defines an isomorphism

(5.2) Gyvw — Ryw-

The special case v = 1 and w = wy of this proposition already appears in
[11] Proposition 2.5. The proof below is analogous to the one we gave for that special
case, and of course also similar to Deodhar’s proof of Theorem 4.2(2), although his
is ultimately a different isomorphism.

Proof. Let w = (w(q), ..., W(y)) be a reduced expression with factors (s;,,...,ss,),
and let v = (v(g), .. .,V(n)). The proof is by induction on n. If n = 0, then v =w =
(1) and the isomorphism (5.2) is the trivial one 1 — B*. There is nothing more to
check. For n > 0 let w' := (w, ..., wr—1)) and similarly v/ = (v, ..., Vn-1)),
the truncations of v and w. Also set w’ = w(,—1) and v" = v(,,_1). We may assume
the proposition is true for v/, w’.

It is easy to check that Gy w X K — (7%,)7(Ry/ w/) via the map (¢',m) —
g'w; (m)s;, - BT, using for example (4.4) and properties of relative position. And
we have a commutative diagram

~

Gyw xK = (79) YRy w)
(5.3) pri N
Gviw — — R’ w-
Now let B € (7%) " (Ry/.w'), so B = ¢g'z; (m)3;, - BT for some ¢’ € Gy w and
m € K. We consider two cases.
(i) Suppose m = 0. Then B = ¢'s; - BT. Since ¢’ € U™ %', we have B €
B_@Iéin -BT.
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(ii) Suppose m # 0. Then the identity (2.1) implies z;, (m)$;,-BT = y; (m™1)-
BT. So we may write B in two different ways,
B = g'z;, (m)si - BT = g'y;, (m™") - BT.
o Ifv's;, >/, then ¥'y; (m~1)o'~! € U~. In this case we have
g:=gy, (m ) eU
and B=g-BT € B~ - B*.
o Ifv's;, </, then v'x; (m)v'~! € U~. Therefore we have
g=g'zi,(m)s; ' eU 5}
and B=g-Bt € B~0's; ' - BT.

Note that in both cases, (i) and (i), if v's;, < v, we have B € B~ 0'3; - BT.
This explains Theorem 4.2.(1). We now use the above to analyze the possibilities for
an element B € Ry w C (7)1 (Ry/ w) and complete the proof of the proposition.

(1) Suppose n € J, . Then both (i) and (i7) are possible. Therefore Ry w =
(7))~ (Ry/ w'), and we have

w
Gv,w = GV’VW/ x K — Rvyw,

via g1 ... gn—1%, (17171)53;1 — (g1 9gn-1,myp) and (5.3).

(2) If n € Jg, then v(,) = v(,—1) so only case (ii) is possible. Then (5.3)
restricts to give

Gv,w = Gv/,w’ x K* % Rv,w;

where the identification Gy w = Gy w X K* is via ¢1...gn-1Ys, (tn) —
G- G, 11,

(3) Finally, if n € JJ, then only case (i) is possible and B = ¢'s;, - B™.
Therefore (5.3) induces

Gv,w =~ GV'7W/ X {1} ;> RV,W'

In each case Gy w C U~ 7(,), where we note that in (1) above, v(,) = v's;, < v’
implies 0(,,) = 1'/5;1. The inclusion Gy w C BTwB™ is clear. O

Remark 5.3. Let wg be a fixed reduced expression for wg. Then Deodhar’s de-
composition (4.7) of B together with Proposition 5.2 gives rise to a set theoretic
cross-section
¢:B— G,

defined on each Deodhar component Ry &, C B as the inverse of Gy &, = Ry, -
To describe the map ¢ more explicitly we must first explain how to determine
the Deodhar component of an element of B and, secondly, give formulas for the
individual maps Ry w — Gv w.

6. DEODHAR COMPONENTS IN TERMS OF MINORS

Suppose B lies in a particular Bruhat cell, B = zw - BT for z € UT. In this
section we determine the conditions on z for B to lie in a Deodhar component Ry .
The conditions will be expressed in terms of (generalized) minors of z.

Let V(\) be the Weyl module of G with highest weight A. In the following A\ will
often be a fundamental weight w;. Consider the weight space decomposition V' (\) =
@, V(A)u, and denote by pr,, : V(A) = V(A), the corresponding projections. Let
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us fix a highest weight vector £x. Then the element w - £y € V() for w € W spans
the extremal weight space V(A),x. In this way, the choice of highest weight vector
gives rise to a canonical choice of basis vectors for all the extremal weight spaces.

Lemma 6.1. If wh = w'\, then w- &, = u' - &,.

Proof. 1t is necessary only to check that © - &\ = £\ whenever vA = A. Since the
stabilizer of A is a parabolic subgroup of W we may assume v is a simple reflection
s;. Then $; = z;(—1)y;(1)z;(—1) and the statement is clear. O

Definition 6.2 (Generalized minors). For n € V(X) define (n,w - &,) to be the
coefficient in 7 of the extremal weight vector w - £,. That is, with notation as
above,

pTwA(U) = <77’ w - §A> w - &
For two extremal weights wA and w’A we then have a regular function A¥A on G
defined by

AUA(g) = (gu’ - &x, - €3).
Since any weight lies in the Weyl group orbit of a unique dominant weight, this
notation is unambiguous.

It is not hard to see that A”;g,)}\ coincides with the regular function Ay a
defined in [7, Definition 1.4].

The functions A7, where w; ranges through the set of fundamental weights,
are called minors or generalized minors. If G = SLq with the standard pinning,
then Az)’f“w is precisely the usual ¢ x ¢ minor, where ww; encodes the row set and
w'w; the column set.

Definition 6.3 (Chamber minors). Suppose w is a reduced expression and v < w
a distinguished subexpression.

(1) The minors Agf;)ﬁfk for k = 0,1,...,n are called the standard chamber
minors for v and w.

(2) The minors Agfkji}‘:k for k € J,; UJS are called the special chamber minors
for v and w.

Vk—1)Wi, A V(R Wip s o
Note that Awg w, * = Awgw!, if k€ Jg.

Proposition 6.4. Let B = zw-B* for z €¢ U™, and w be a reduced expression with
factors (siy, Siy, ..., 8i,). Then B lies in the the Deodhar component Ry w where
v = (V(0), V(1)s - - -, V(n)) 15 constructed as follows. Let vigy = 1. Suppose that k > 1
and v, _1y has already been defined.

(@) If vge—1)Sip > Vie—1) and Al d* (2) # 0, then vy = v(_1).-

(b) If v(k—1)5i, > V(k—1) and Agfkji}:”‘ (2) =0, then vy = V(k—1)5i, -

(C) If V(k—1)Si < V(k—1), then V(k) = V(k—1)Siy -

V() Wiy,

Remark 6.5. Note that in the situation of the proposition Ay w! (2) # 0 for all
k =1,...,n, as follows from the definition of the v(;). The chamber minors give
rise to well-defined maps (which we denote in the same way),
V() Wi % . V() Wi
%kw(f,;)sz : Ryw—K*: z-BT Ag,(;)‘f%(z) k=1,...,n,
AJ(,;)J% i Ryw =K zi- BT — Aw((,’;w)ik *(2) keld;.

Proof. By Theorem 4.2.(1) we have that v is a distinguished subexpression of w.
Therefore (c) holds. Now suppose v(,_1)5, > v(—1). We have either
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(].) V(k) = V(k—1) and zu‘;(k) -Bt ¢ B*O(k_l) : B+, or

(2) V(k) = V(k—1)Siy, and Zli)(k) -Bt e Bi’[)(k_l)éik -BT.
We can distinguish between these two cases by looking just at the representation
Vi, - In the first case, the highest weight occurring in 2w, -ﬁwik s vp—1ywiy,,
and hence AZ,(('BL)U:”‘ (z) # 0. In the second case, the highest weight occurring in
2 () * qu‘,k is v(x—1)8i,Ws;,, which is lower than v(_1yw;, since v(_1)si, > Vr_1)-

V(k—1)Wi
Therefore we have Aw((kk)i,)ik *(z) = 0. O

As a reformulation of Proposition 6.4 we have the following description of Ry w
inside the Bruhat cell B+ - B™.

Corollary 6.6. Suppose w is a reduced expression of w and v < w a distinguished
subexpression, with Jf and J as in Definition 3.2. Then Ry w may be described

by

zeUt;

R = {zw . B* Auiown () =0 forall k € JJ, }

Aulluk (2) #£0  for allk € J2

7. THE GENERALIZED CHAMBER ANSATZ
By Proposition 5.2 a Deodhar component Ry y comes with isomorphisms
(7.1) (K™ x KN 3 Gyw S Ryw.

The aim of this section is to describe an inverse to (7.1). The following theorem
generalizes the Chamber Ansatz of Berenstein and Zelevinsky [2].

Theorem 7.1 (Generalized Chamber Ansatz). Let B = zw - BT € Ry, where

zeUT,v,weWandv <w. Letw = (W), We1y, -+ w(n)) be a reduced expression
for w with factors (s;,, Siy,---,8i,). Then B lies in a Deodhar component Ry w,
where v = (v(o),v(1), - --,Vn)) @5 a distinguished subexpression for v in w. By

Proposition 5.2, there is g € Gy w such that B = g- B™. By Definition 5.1 we can
write g = g1g2 -+ gn € U"0 N BwB™T, where

i, (tk) ke Jg,

gk = éik ke J\J,r,

Ty (mk)s;kl ke J;
For each k, let g4y = g192---gr denote the partial product. Then the following
hold:

(1) For k € Jg, we have

v Wi —
Hj#ik Aﬁf;)w]j(z) 4t

ty = —prlo 5,12) .
ATBTE (AW (2)
(2) For k € J;7 we have
V(1) Wi Vi1 Win
mg = Aw((k’“)‘i)’ik i (Z)Auf(kkflf)wfk (2’) _ A= Wiy, (9(k—1))-
Hj#ik A’Z)((kk);:fj (z)*aj‘q‘,k Sip Wi (k—1)

Remark 7.2. Tt is easy to check that the minors appearing in Theorem 7.1(1) are the
standard chamber minors of Definition 6.3(1). The formula for the my, also involves
the special chamber minors, as well as a correction term, Az(igliw% (9(k—1y), which

can be computed recursively. It is an open problem to find a closed formula in terms
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of minors of z for this correction term. See Section 8 for another interpretation of
the formulas in Theorem 7.1.

In order to prove Theorem 7.1, we will rewrite the chamber minors as minors
of gy = 9192 -+~ gx, for k= 0,1,...,n (Lemma 7.4). We will then compute these
minors (Lemma 7.5) and substitute these formulas back into the expressions in
Theorem 7.1(1) and (2), finally showing that they reduce to the coefficients ¢, and
my, as claimed.

Lemma 7.3. Fork € {0,1,...,n} we have gy - BT = 2z - BT.

Proof. Consider the sequence BT, gy - BT, g@) - BT,...,g) - BT. Then clearly

S'iS

Bt i) 9 -B+ 2) g(2) -B+ — i> 9(n) -B+.
It follows from Section 4.3 that g(;)-B* = W}U"(k) (B) = ztp(yy-BT for k=0,1,...,n
as required. 0

We note that Lemma 7.3 gives two expressions for the intermediate Borel sub-
groups By = ﬂ&”(k) (B). Suppose that A is a dominant weight. Let Lj denote

the line in the module V(\) stabilised by Bj. Then, by the above, we have
Ly, = (2 - §x) = (9@k) - §a), where (1)) denotes the line spanned by n € V(A). We
use this fact in the following lemma to compute minors of z in terms of minors of

9(k)-

Lemma 7.4. Let A be a dominant weight. Then:
(1) For k€ {0,1,...,n}, we have

1

AV (o) = ————.
Wy A
A (gwy)

w(k))\

(2) Forke{l,...,n}, we have

Vik—1)A
A”(k—l)/\(z) = A)\(k K (g(k))

W) A P .
(k) AK}(H (g(k))

Proof. Let Ly, = (2t - §x) = (g(x) - §x) be the line in V/(A) defined above. Since
z € UT, we have (2 - Ex, W) - €x) = 1. Therefore

1
7.2 ( . = - &y
(7-2) 2t - & <<g(k) “Ex, W(k) 'fA>> 900~ &

Comparing coefficients of 0,_1) - {x on both sides, (2) immediately follows, and
comparing coefficients of ¥y - £x on both sides, we obtain

V(E)A
sy = A5 )
w 0 (k) A
(k) A;l\(k) (g(k:))

o _. . V() A
However, by Proposition 5.2, g € U~ %), 50 (g(k)-Ex, Dy -6x) = A, (gy) = 1,
and (1) follows. O
We now compute the minors of gy from Lemma 7.4.

Lemma 7.5. Let k € {0,1,...,n} and let X be a dominant weight. Then we have
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(1)
k k
Az}(k)/\(g(k:)) — H tl<sil+lsil+2 SipA alz> H (—1)<3u+1 Sipig Sig A “zz)
I=1, leJe =1, leJy

(2) Ifk € J,, then

My = =Dl (gay) — AL (gemy)-

Sij Wiy

Proof. (1) We prove the result for g = g(,,) = g192- - gn. The result for arbitrary
k follows since g(y) is defined in terms of the distinguished subexpression v () =

(V(0)> V(1) V(2)5 - - - » V(&) fOT V(1) in w(yy in the same way that g is defined in terms of
the reduced subexpression v for vinw. Forl =1,2,...,n4+1,let ¢) = gig111 - gn.
We note that gtV € BTwWB* for I =1,2,...,n+ 1 where wl) = §;,3;,,, -+ 5.
We prove, by reverse induction on [, that
n n
O | SR | ISR
Jj=l, jeJ3 Jj=l, jedy

The start of the induction is clear. Suppose that the result holds for [ + 1, i.e., for
gt = g 1+ gn, and consider g = g;gi11 - gn. Since gt € BT+ Bt
gtV . £y is a linear combination of elements of V/(\) of weight p > w1\,
Case (I). Suppose that I € J2, so that g; = y;, (#;). Then, using that w(*Y ) and
w® )\ are extremal weights, and w) X = s;,w D\ < wHD )\ we have
AY M) = AY M (g ()9 )
= <yiz (t)g" - en, - 5,\>

<y”( DY -y i .§A><g(1+1>.@,w(1+1>.&>_

By equation (2.1),

w® _ 1N 1 . .
Al A(gu)):@l (&7 e (67 Ysi s (7wt - gy, @ .§A> <g(1+1> 6y, D .§A>

7t<sil+1 sm)\all>
-

AL (D),
Case (II). Suppose that [ € J, so that g, = $;,. Then
w® wBr,
AX /\(9(“) = A} /\(Sizg(lﬂ))
= (g 60 6.

It is thus clear that

w® w+D
AY /\(Q(D) = A} /\(Q(ZH))-
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Case (III). Suppose that | € J, so that g; = z;, (ml)égl. Then, using the fact
that that w(!TYA > w®\ = s;, w1\ are extremal weights, we have

Ay D) =AY M@ (m)s; g0 Y)

= <fﬂu (ml)éflg(lﬂ) & w® 'E,\>
<x“ my)s Y gy w® .f/\> <g(l+1) ey, Y '6,\>
<S WD gy D §A> <g(5+1> D .§A>
(—1

Si RETND Wehd w*D
)< 1417 Sin A 11>A )\(g(l+1))~

The last equality follows from the fact that $; ~ = o/ (—1)3;,.
The result for [ now follows (in each case) from the inductive hypothesis and we

are done.
(2) We have

AtV (ggry) = <g(k) i V(1) 'fwik>
<g(k 0T, (Me)3; 1 Euy s D1 - §wlk>

_<g(k—1)éik “Ewi o V(k—1) 'fwik> — my <g(k—1) “Ewi o V(k—1) 'Ewik>v

U(k—1)Wig
=Dy wi, " (Gk-1)) — M,

noting that, since g(x—1) € U™ 9(x—1), we have that (g(—1) “Euws, s V(1) -§wik> =1.
The result follows. '

Remarks 7.6. (1) Let t, = —1 for k € J, and let t;, = 1 for k € J} (so that now #
is defined for k =1,2,...,n). Then the formula in Lemma 7.5(1) can be rewritten
as

w(k)/\ Ht Sll+1slz+2 “Sip A Ole>

(2) The following lemma gives an expression for mj which is simpler than the
Chamber Ansatz version, Theorem 7.1(2). However, the Chamber Ansatz formula
for the my will be more useful in Section 8.

Lemma 7.7. For k € J,, we have

AZ((kki)blk’)w”c (2) v w;
Mk = —— o — Qs (G-1))-
ASRE () e
Proof. This follows immediately from Lemma 7.4 and Lemma 7.5(2). O

Proof of Theorem 7.1. We can now prove Theorem 7.1 by using Lemmas 7.4 and 7.5
and Remark 7.6(1) to substitute for the minors appearing in the expressions on the
right-hand sides of Theorem 7.1(1) and (2). We first claim that, for k =1,2,...,n
we have

v Wi o
Hj;éik Aw((kk))w]] (Z) aj,iy,
AR E (Z)Av(k—l)wi.k @)

W(k) Wi W(k—1)Wiy

(7.3) =
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(See [2, 4.3] for a similar proof of this statement in the special case where J§ = 0.)
We have using Lemma 7.4(1) and Remark 7.6(1):

Vv
j Cas Qi (Siy, g Si, Wy,
[T, AR (2) 5 1,0 I, 67 e o)
Aflj((k"))u‘i’lfk (z)AZU((kk_jl))u")‘;fk () Hk t_<sil+1 S Wi 0 k—1 t_<siz+1 eSig_y Wi Q)
1=1" =1 "

The exponent of ¢, is given by

\ \ _ . . . \
E : Qjip, <wj7aik> + <wik’aik> - < E : g5, W5 + wikvaik>
JF ik J#lk

_ VN

= <aik—wik,aik>fl.

If k < k', the exponent of ¢/ is clearly zero. If k' < k, then the exponent of ¢, is
given by

\Y%
E a’j,ik <Sik’+1 . Sikwj’ Oél-k,>

JFik

\ \
+ <sik'+1 e Sikwik7aik/> + <Sik'+1 T Sik—lwik7aik/>

— ) .. g . . s v

= <5W+1 Sig g aj i wi | +2w;, — oy, ,ozik/>
JFlk

— . el e G P . Vv —

- <Slk/+1 S'Lk (alk alk)a aik/> - 07

and the claim (7.3) is proved; Theorem 7.1(1) is a special case.
We now prove Theorem 7.1(2). Suppose that k € J . Using Lemma 7.4 and (7.3)
(noting that ¢, = —1), we see that

Aulowe *(D)AuiNat () ATV (gay) Aui Nk (2)
V() W; —a. . - W( k) Ws V(k)Wj —a
Hj;éik AJ(ICI;)‘—UJJ (Z) i Awl'(,i) * (g(k)) Hj;éik Aw((kk))dj (z) R
ALY (g At (D) Ak (2)
- v W — s
Hjaﬁik Aw((kk)w]j (Z) A
V(ik—1)Wi
= —ALTT (gay)-
Theorem 7.1(2) now follows from Lemma 7.5(2), and the proof of Theorem 7.1 is
complete. ([l

8. A CHANGE OF COORDINATES

We can gain some more insight into the structure of the formulas from Theo-
rem 7.1 if we consider the standard and special chamber minors as providing an
alternative system of coordinates on Ry .

Proposition 8.1. Let v < w. With notation as above, the map
Ruw — (K x (K)*
. V(Wi ; V(j—1)Wi;
ziv- BY s (A58 (D) jeas (Al (2))jess )

s an tsomorphism.
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For the special case v = (1,...,1) see also Theorem 4.3 and Corollary 4.4 in [2].

Proof. Let w(;,y = (w(o), - - -, w(x)) be the reduced expression for w(; obtained from
w by truncation, and let vy be the corresponding truncation of v. The proof of
the proposition is by induction on k£ and using Theorem 7.1. The start of the
induction is trivial, so let us assume the proposition is true for Ry, ;) w,_,,- We
have three cases for k.

(1) If k € J2, then as in the proof of Proposition 5.2 we have

.~
R x K* — Rvm,wmv

V(k—1)sW(k—1)

(9(e—1) - BT, ty) = -1V (tk) - BT, 9k—-1) € Gyi_1ywieny -
Compose this map with
(8 1) Rv(k)xw(k) — Rv(k—l)aw(k—l) X K*’
' 2y - BT o (Z“’(k—l) - B, Auiut, (Z)>
to get a map i : Ry, 1y ,weoyy XK = Ry 1) wisy X K*. The Chamber
Ansatz says that ¢;, can be recovered from 2y, - BT by
(82) trp = ag (zu’;(k_l) : B+) A%f;)‘f}fk (Z)_l,

where
V(g)Wj as
I Aua, (2) 74
V(ik—1)Wi
A wh, ()
Note that this gives a well-defined map ay, : Ry wiry — K, since ay, is
made up of standard chamber minors for (v(,_1), W(x—1)). Now the formula
(8.2) gives rise to an inverse to ¢ . Hence also (8.1) is an isomorphism,
and the proposition holds for Ry, w,, by the induction hypothesis.
(2) Suppose k € J, . Then we have an isomorphism

zu')(k,l) BT eR

) V(k—1)W(k—1)"

ag(ztk—1) - BT) =

Ryvienywi—ny X K Revay wisy s L
+ ) = +
(Ge—1y - BTymi) = gar—1ymi, (my)$;, - BT, 9k—1) € Gyi_ry w1y
which we can compose with
Rv(k)7w(k) — Rv(kflww(kfl) X K’

(8.3)

V(k—1) Wiy,

Zlb(k) - BT — (Zlb(k_l) : B+, Aw(k)wik (Z))

to get amap ¢r : Ry, wioyy XK= Ry wioy) XK. By Theorem 7.1
one can recover the my coordinate from zuy,) - BT by
(84) mrp = ag (Zw(k—l) ~B+) A:ﬁ&;i}:lk (Z) - bk (zw(k_l) . BJr) 5

where ay, : Ry crywipory = K* and by, : Ry -1y w1y — K are given by

V(ik—1)Wi
AJ(]Ckfll))wfk (Z)

v W — ’

[T 0, Ay, (2) 740
V(k— 4

bk(g(k—l) : B+) = ASE:W;):}J * (g(k—l))a g(k)—l) S GV(k,l),W(k,l) .

Now the identity (8.4) gives an inverse to the map ;. So (8.3) is an
isomorphism and the proposition holds for Ry, w,,-
(3) ke Jf, then Ry, wiy = Rvie_ry.wieyy and we are done.

; +
RW(k—-1) * BT € RV(k—l)aw(kfl)’

ar(z—1) - BY) =
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Remark 8.2. Assuming Proposition 8.1, much of the structure of Theorem 7.1 is
V(Wi
already determined. The proposition says that we may take the (Aw((]j))w,fj (2))jee

in K*, and the (AZJ((’J;L)‘:J (2))jcs- in K together as coordinates for Ry w. Then
Theorem 7.1 can be interpreted roughly as the transition from these coordinates
to the coordinates (t;);jcs; and (m;);. ;- from the factorization. From the outset
these two sets of coordinates have to be quite closely related, since they are both
compatible with reduction. In either setting the map Wiqﬁ(k) tRyw =& R
corresponds to the projection onto the first k£ coordinates.

Let us consider explicitly an element g - BY = 2z - BT with fixed reduction
(k) BT = 2 () - BT. Then this is equivalent to fixing coordinates ¢; and my,

. . V(Wi V(1) Wi, i .
or to fixing the minors AU,((JJ.))wjj (z) and Aufgj);)ij 7(2), where j <k in JQ or J, . If

k+1 € Jg, then the change of coordinate from Agf,:f:ffl:l (2) to tr4+1 amounts
to an invertible map K* — K*, which depends only on the earlier coordinates. So
it has to be of the form z + az*! for some a € K*. The Chamber Ansatz simply
says the map is of the form z + az~! and describes the coefficient a explicitly in
terms of earlier chamber minors of z. _

If k € J,, then the change of the coordinate Al(:zrffﬁfkﬂ (2) to my4+1 amounts to
an invertible map K — K, which depends only on the earlier coordinates. Therefore
this map must be of the form z — az + b for a € K* and b € K. Here again a is

computed by the Chamber Ansatz, and b is the correction term in Theorem 7.1.

Vi(k) W (k)

9. THE GENERALIZED CHAMBER ANSATZ FOR SLg4

Suppose we are given B = zw - BT, with z € U™, with fixed reduced expression
w for w. We can use Proposition 6.4 to determine which Deodhar component R v
contains B, where v is a distinguished subexpression for v in w. We shall give
an explicit example in Section 10 of how to do this. Then B = g - BT, where
9 =9192 " gn, and
Yiy, (tk) ke J\c,),
gk = ‘éik ke J\J/ra
Zi, (mk)éi_kl kelJg.
The generalized Chamber Ansatz (Theorem 7.1) gives formulas for the ¢ and my
in terms of minors of z (and the minor Ag(:;lzw”‘ (9(k—-1)) of gr—1)). We write
Theorem 7.1(2) in the form

_ U(k—1)Wi
my =g — Asirwn " (9r-1)),

where
Av(k—l)wik (Z)Av(k—l)wik (Z)

W(k) Wi, W(k—1) Wiy,
|JEP AZ,(("Q;L’J. (2) "
This is the term ay, (2 —1) - BT) AZ}((I;L’:k (2) in equation (8.4). In this section,
we give a graphical algorithm (generalizing that of [3]) for determining the co-
efficients ¢ and rg, in the case where G = SL,. The coefficients my can then
be computed by computing the minors Agf:;ﬁ;w’“ (9(k—1)) inductively, noting that
9(k—1) depends only on the coefficients ¢; and m; for j <k —1 (an example of this
will be given in section 10.2).

We employ a generalised version of the pseudoline arrangements used in [3], in
which two pseudolines can either intersect, as in [3], or pass over or under each

Tk =
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other (see below for examples). These can also be regarded as diagrams of singular
braids [1, 4].

The main idea is to associate such an arrangement (which we call the ansatz
arrangement) to the pair v,w. For example, if w = (1, s3, $382, S38251, S3525153,
$382818382), and v is the distinguished subexpression (1, ss, s3, 83, 1, s2) for s in
w, then the arrangement is as in Figure 1.

FIGURE 1. Ansatz arrangement (unlabeled) for 5352515382. Note
that g = $3y2(t2)y1 (ts)zs(ma)s; " so.

The pair v, w determines the factors g of g, which in turn determine the ansatz
arrangement in the following way. It consists of d pseudolines, numbered 1,2, ..., d,
from bottom to top on the left-hand side of the arrangement. Each factor z;, (mx),
Yiy, (tk), $iy, OF Si_kl of g gives rise to a constituent of the arrangement, in which
pseudolines at level i from the bottom of the arrangement are either braided or
cross at a singular point. Note that x;, (my) and 3;1 are treated as separate factors.
The rules for how this is done are given in Figure 2.

Factor of g x4, (My) Vi, (1) iy, 57t

TS OC | X 20 oC
arrangement -/ j-—

FiGURE 2. Constituents of the ansatz arrangement.

As usual, we define a chamber of a generalised pseudoline arrangement to be a
component of the complement of the union of the pseudolines in the arrangement
(for this definition we interpret the under- and over-crossings as singular points).
In order to label the chambers, we need two auxilliary pseudoline arrangements
associated to the pair v, w, which we call the upper and lower arrangements (since,
as will be seen, they will determine upper and lower subscripts of chamber minors).
These arrangements are defined in the same way as the ansatz arrangement, except
that different rules for the factors of g are employed. These are described in Figure 3,
and the upper and lower arrangements for the example above are given in Figures 4
and 5. The chambers for these arrangements are labeled with the labels of the
strings passing below them.

We note that, since G = SLg4, the generalized minors of Definition 6.2 coincide
with the usual minors of matrices. We denote by Ag the minor with row set R
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Factor of g Liy, (mk) Yiy (tk) Slk 8

Constituent of _— _—
upper ‘\f: :\/-
arrangement e E— —/ ju—

Constituent of S _—
lower X X _\
arrangement -/ R ——

F1GURE 3. Constituents of the auxilliary arrangements.

4

—V \

123 124 123
5/ L

12 13
y /
1

1

Fi1GURE 4. Upper arrangement for s3spsisssa. Note that g =
$3y2(t2)y (t3)s(ma)ds ' o.

4=/
123\ 124 X 134
3 27
) 12 X 14 )

1 X 4
1

FIGURE 5. Lower arrangement for s3zs;sis3ss. Note that g =
$3ya(t2)y1 (t3)xs(ma)ss ' $2.

(34

and column set S (interpreted as 1 if R = S = ). Suppose that X is a chamber
of the ansatz arrangement. Let R(X) be the label of the chamber containing
the corresponding part of the upper arrangement, and let S(X) be the label of
the chamber containing the corresponding part of the lower arrangement (these
corresponding parts can be obtained by overlaying the ansatz arrangement with the
upper and lower arrangements respectively). We label X with the minor Ag((;)) .
The resulting labeled ansatz arrangement for our example is given in Figure 6.
Next, we note that the singular points in the ansatz arrangement correspond
precisely to the factors of g of the form x;, (my) and y;, (tr). We label these (be-
neath the arrangment) with ¢, and my, respectively, for convenience. The ansatz
arrangement can then be used to compute the coefficients ¢ and my as follows.
Suppose k € J,; UJS. Let Ay, By, C, and Dy, be the minors labelling the chambers
surrounding the singular point in the ansatz arrangement corresponding to k, with
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4
/ \
ABN Al XA/ Al
/1
D Al g
al X Al
1

to t3 my
FIGURE 6. Ansatz arrangement for s3s2515352. Note that g =

$3y2(t2)y1 (ts)ws(ma) 3 So.

Ay, and Dy, above and below it, and By and Cj on the same horizontal level (see
Figure 7). It is easy to check that Theorem 7.1 implies that, for k € J¢,

1, = A(2)Di(2)
By(2)Ck(2)’
and, for k € J,
. Bk(z)Ck(z
F T A=) D)

Ay,
B, % C}
Dy,

FiGURE 7. Chambers surrounding the singular point correspond-
ingto ke J, UJy.

10. DETERMINING DEODHAR COMPONENTS FOR SLg

10.1. Graphical algorithm for Deodhar components. In this section we show
that Proposition 6.4 also gives rise to a graphical algorithm for SLy to determine
the Deodhar component of an element B € B. Suppose that B = 21 - BT, where
w € W and z € U™, and that a reduced expression w for w is chosen. Then the
graphical algorithm for computing the distinguished subexpression v of w such that
B € Ry w is as follows.

First we draw the usual pseudoline diagram for the reduced expression w of w
as in [3] (call this the classical pseudoline arrangement for w). Each factor s;,
of w corresponds to a singular crossing between the ipth and i;41st pseudolines
from the bottom (see below for an example). We define v to be 1. Suppose

that v(),v(1),- .., vx—1) have already been computed, and that if k > 1, we have
drawn the upper arrangement for the pair v(,_1) = (v(1), V2 - - -, V(k=1))» W(k—1) =
(’UJ(O), w(l), ce ,w(k,l)).

We compute v in the following way. Consider the upper arrangement for the
pair v_1),w_1). If & > 1, let Ry be the label of the unbounded chamber at
the right-hand end of this arrangement between the ixth and i, 18t pseudolines
(counting from bottom to top). If k = 1, we take Ry to be {1,2,...,ix}.
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Let Sy be the label of the chamber in the classical arrangement for w immediately
to the right of the kth crossing. It is clear that |Rg| = |Sk| = ix. Now the minor
Als{,f (2) determines the value of v(). We have, by Proposition 6.4:

(a) If vg—1)85, > v(x—1) and Ag’;(z) # 0, then vy = v(k_1)-

(b) If v(—1y845, > v(k—1) and Ag}f(z) =0, then vy = v(k—1)Si,-

(e) If vg—1y85, < V(k—1), then vy = v_1)s4,.
Thus vy is computed, and we draw the upper arrangement for the pair v (), w),
by building on the upper arrangement for v(_1), w1y if & > 1. We are thus
ready for the next step.

In this way, all of the v(;) are determined inductively. We also note that at the
end we have drawn the upper arrangement for the pair v,w. So, after drawing
the lower arrangement for v, w, we are ready to apply the method in Section 9 to
compute the factors of g explicitly.

10.2. An Example. In this section we give an explicit example of the graphical
algorithm described above. We consider the element

11 2 1
01 4 2

z= 00 1 0 € SL4(C),
0 001

and set w = 8382518382, s0 we have the reduced expression w = (1, s3, 8352, $35251,
$3828183, S382818382) for w. The classical arrangement for w is given in Figure 8.
We start with vy = 1.

4
123% 124 X 134
3
12 X 14 X 34
2
X
1

S3 S92 S1 S3 S92

FiGURE 8. Classical arrangement for w = s352515353.

Step 1.: We have v()s3 = s3 > v(gy. Here, Ry = {1,2,3} and S = {1,2,4}.
Since iy = 3 and A}33(2) = 0, we are in case (b) and v(1) = v(0)s3 = S3.
Step 2.: We have v(;)s2 = s352 > v(1). The upper arrangement for the pair
V(1), W(1) is shown in Figure 9. Here, Ry = {1,2} and S = {1,4}. Since

iz = 2 and Atj(z) = 2 # 0, we are in case (a) and v(2) = v() = s3.

Step 3.: We have v(g)s1 = s351 > v(2). The upper arrangement for the pair
V(2), W(2) is shown in Figure 10. Here, R3 = {1} and S3 = {4}. Since
iz =1 and Aj(z) =1, we are in case (a) and v(3) = v(2) = s3.

Step 4.: We have v(3)s3 = s353 = 1 < v(2). The upper arrangement for the
pair v(s), w(s) is shown in Figure 11. We are in case (c) and vy = v(3)s3 =
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Step 5.: We have v(4)s2 = s2 > v(4). The upper arrangement for the pair
V(4), W(4) is shown in Figure 12. Here, R5 = {1,2} and S5 = {3,4}. Since
i5 = 2 and Afj(z) = 0, we are in case (b) and vz = vys2 = s2. The
upper arrangement for the pair v(s), w(s) is shown in Figure 4.

123 /1—2‘4
3
12
2
1
1

4 —
123 124
3 —/
12
2
1
1

FIGURE 10. Upper arrangement for s3so. Note that gy = 53y2(t2).

[
12 124
%

12

N W

1
1

FIGURE 11. Upper arrangement for szsos1. Note that gy = 33y2(t2)y1(3).

4123 / 124 ) 123
527\ N

2

1

FIGURE 12. Upper arrangement for s3zsss1s3. Note that gu) =
$3ya(t2)y (ts)ws(ma)ss .



PARAMETRIZATIONS OF FLAG VARIETIES 235

We conclude that B lies in the Deodhar component Ry v, where v = (1, s3, $3, s3,
1,59) and w = (1, s3, $382, S38251, S35251 53, $352515382).

We remark that we can use the above computation to determine criteria for
2 - BT to lie in Ry w, where z is an arbitrary matrix in U™, in terms of minors of
z (see Corollary 6.6). Suppose that

1 a2 a3 aus

5= 0 1 a23 A24
o 0 0 1 asq
0 O 0 1

We obtain that
Ryw = {zw- Bt : A%Si( ) =ass = O,Aﬁ(z) = agy # 0, A}L(z) =ay4 #0,
AYi(2) = ajzaz4 — aysass = 0}.

We note that no condition is obtained on the entry a;s of z. No such condition
could arise, since zw - Bt doesn’t depend on a2, as w™'ay is positive.

Finally, we note that in our example, B lies in the Deodhar component Ry
considered in Section 9, so we can apply the graphical algorithm given there in
order to compute the coefficients ¢, and my in the factorisation of

9 = $3ya(t2)yr(t3)ws(ma)ss '$2 € Gy w
(where B = g - BT). We obtain

_ M,
2 = RBmARG) - M
2()A0(2)
s = A%(sz(z) -2

and
. ABIABIG)
Aj33i(2)ALR(2)
Finally, we show that the minor Asf:ojiw” (9(k—1)), that would appear as cor-
rection term vanishes on this Deodhar component, so that m; = r,. We have
Ag(:;liw’“ (Ye-1)) = AT @i (9(3)) = A3 (53y2(t2)y1(t3)). We note that g(s)ssws

Sig Wiy S3w3
is a linear combination of elements of weight w3 and s3(ssws — ae) = wg — ae — ag,
and therefore has zero component in the szws-weight space, from which it follows

that Assws (Sgyg(tg)yl(tg)) = O, SO My = T4 — 0= T4. Thus, in this case, my = 2.

S3W3
We finally see that
11 2 1
0 0 X 0| sstatniess BY = san(1/2)(2)s(2)85 1 BT,
0 0 01

V(k—1) Wiy,

Remark 10.1. It is possible that the minor Asikwik '(g(k,l)) is nonzero. This
happens, for example, for G = SLy. Let v = 1 and w = wy, and take v =
(1,1,1,1, s1, s1, 1), a subexpression for v in the reduced expression for w with factors
(51,52, 83,51, 52,81). Then g5y = y1(t1)y2(t2)ys(ts)s1y2(t5), and it is easy to check
that

Asitond (95)) = —t1-

SigWig
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11. TOTAL POSITIVITY

From now on let K = R. We view the group G and the flag variety B as real
manifolds, with the corresponding Hausdorff topology.

Definition 11.1 ([10]). The totally nonnegative part U, of U~ is defined to be
the semigroup in U~ generated by the y;(¢) for ¢ € R>¢. The totally nonnegative
part of B is defined by

BZO = {U-B+ | u < UZ_O}
where the closure is taken inside B in its real topology.

Let us collect below some useful facts; see [10] and also [2] for (1).

1) For any braid relation such as s;s;s; = s;s;8; in W there is a subtraction-
J j5iS)
free rational transformation relating the parameters of the corresponding
parametrizations. For example in type Asg,

i)y ()i c) = y; (i) vilate)y; (f) |

(2) For w € W and a reduced expression w = s;, ...s;, define

USo(w) == {yi, (t1) - i, (tn) | t1, .-t € R}

By (1) this set is independent of the reduced expression chosen. Moreover,
any product of y;(t)’s for positive parameters ¢t can be transformed until it
is seen to lie in some UJ(w). Therefore

Ugoz |_| USo(w).
weW

This is of course precisely the decomposition of UZ, induced by Bruhat
decomposition, that is, UZy(w) = Uz, N BtwB*t.

(3) The totally positive part of U~ may be defined as Uy = UZy(wp). For the
flag variety the totally positive part is taken to be

Bso:={u-Bt |ue U}

Clearly B is open dense in B>.
(4) Let u € UZy- The semigroup property uUs, C U, implies, by continuity,
that
u - BZO C BZO'

Definition 11.2. For v,w € W with v < w, let
Ry = Royw N Bxo.

In the special case where v = 1 we have Ry, = U~ N BTwB™T and R1>?U =
USo(w)-BT (see property (2) above). From this observation Lusztig [10] conjectured
that also Ry Y is a semi-algebraic cell. The first proof of this is in [12]. However,
this proof does not provide an explicit parametrization and uses deep properties of
canonical bases. We will now give a different proof which gives parametrizations

and is completely elementary.
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Let us choose a reduced expression w for w with factors (s;,,...,s;, ). Tov <w
we may associate the positive subexpression v, for v in w as in Lemma 3.5. Note
that v, is non-decreasing, so J, = (). We define

Ik = Vi, (tk) for tp € Ryg, ifke J‘?Jr
gk:éim lkaJ‘tr

Gif,w = {9 =49192° " 9gn

Then G7? , = Ri(z)”)fz(v) is a semi-algebraic cell in G. The aim of this section is

to prove the following theorem.

Theorem 11.3. The isomorphism Gy, w = Ry, w restricts to an isomorphism of
real semi-algebraic varieties
0o~ 0
Gy VW R

Note that if v = 1, then Gﬁfﬁw = UZ,y(w) and, as a subset of G, does not depend
on the reduced expression w. This is no longer true if v # 1 as can be seen already
in type As. We begin the proof of Theorem 11.3 with a simple observation about
minors.

Lemma 11.4. Suppose B = zi - B lies in B>o with z € UT and w € W. For
any dominant weight A and v € W,

A\ (z) > 0.

Proof. Since B € B> we can find a sequence w,, - BT with u,, € U, that converges
to B = 2w - BT. Note that for any u = y;, (t1) ... iy (tn) € U5y and @ € W, the
element u - €y in V() has a positive projection to the )\ weight space, using that
i, --.8iy = Wop has a subexpression for x. Now we have

Unp 'f/\
<un : f)\,'U.) : £>\>

where the denominator (u,, - €5, w - ) is just the required normalization factor. It
follows that

— zw - &y (n — 00),

0< lim (un - &x,0-6N)

‘We need to recall one lemma.

Lemma 11.5 ([12] Lemma 2.3). Suppose w = wiwg with {(w) = l(wy) + £(ws).
Consider the reduction map wy, : BT - Bt — B%w, - BY. If B € Bt - BT lies
in B>g, then so does m;) (B).

This lemma is easy to see if B € R1>721 : In that case using Lusztig’s parametriza-
tion we may write B = y;, (1) ...y, (t,) - BT for some positive ¢;, being careful
to choose a reduced expression s;, ---s;, of w such that wy = s, ---s;, , where
m = L(w;). The element 7 (B) = yi, (t1) ...y, (tm) - BT is then clearly totally
nonnegative again. The property extends from the dense open part R, to the
whole Bruhat cell essentially by continuity (see [12] for a more careful argument).

Now we are ready to show one part of the theorem.

Lemma 11.6. If Ry w N B>o # 0, then v is a positive subexpression of w.
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Proof. Let B € Ry w N B>o and write B = zuw - Bt for z € UT. Suppose v < w
is not a positive subexpression. Then J, # 0. Let k € J,. The equation (7.3)
together with Remark 7.6.(1) gives

V(p\Wi —_— s
[T, Aughw,; (2) "

= T UM Wi, V(k—1)Wi :
Au;f;:)wfk (Z)Aw((kkjf)wzkk (Z)

Therefore at least one of the minors in this formula must be negative. By Lemma
11.4 this implies that one of the two elements zwy,) - Bt and 2W(j—1) Bt does
not lie in B>(. Since these are both reductions of B, we have a contradiction to
Lemma 11.5. ]

Remark 11.7. Suppose zw - Bt € ’Rf?u and w is a reduced expression for w with
positive subexpression v for v. Then by a combination of the above lemmas we
have

Auilak (2) >0, E=0,1,...,0w).
Recall that these minors, as standard chamber minors, are automatically nonzero,
hence the strict positivity. Since v is non-decreasing there are no special chamber
minors. So the observation is that if zw - BT lies in B>, then all of the associated

chamber minors are positive.

The following lemma is a technical tool we will need to finish the proof of the
theorem.

Lemma 11.8. Let v < w in W and suppose o, is a simple root such that u=ta;, >
0 for allv <wu <w. Then for all g- BT € Ry and any m € R,

(11.1) z;(m)g- BT =¢g-BT.

In other words, if u=tay, > 0 for all v < u < w, then R, is contained in the
Springer fiber of x;,(m).

Note that it is easy to see that the condition on «;, is also necessary. Suppose

m # 0. If z;,(m) fixes the elements of R, ., then it also fixes the elements of the
closure. So, in particular, z;,(m)u - BT = 4 - B* for v < v < w. This implies
u’laio > 0.
Proof. Let v be the positive subexpression for v of a reduced expression w for
w. Since the corresponding Deodhar component Ry, w is dense in R, 4, it suffices
to show that x;,(m)g- Bt = g- Bt for g- BT € Ry, w. In other words, we may
assume g € Gy, w-

By the defining property (3.8) for positive subexpressions we have that v;_1ya;;
> 0 for all j. Also Jo, = (. So we may write g € Gy, w as

g=| TI venes, )] 4,
jegg,
where yy; ) a,; (t) := D—1)¥s, (t)ij(_jl_l) € U~. Let us set y = Hj€J3+ Yoy -1yas, (t;)-
Then we have
g-BT =y0-Bt =z2w- BT,
where z € UT. Let us also write the reductions 7% (g- B™") as

W(k)

9k - BT = yuyow) - BT =z - BT,
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where y) = Hjle; <k Yog-na, (t;) and otherwise the notation is as usual.

We will now show that the conditions on «;, imply the following assertions.

(i) If x € W satisfies v(;) <z < w(;) for some j =1,...,n, then 7 ay, > 0.
(1) v(j—1yau, # o, forall j=1,...,n.

For z € W let RT(z) := {a € R* |z7'a < 0}. Suppose we have an z € W with
vy < o < w(;). We want to show that there exists 2" with v < 2’ < w such that
R*(x) € R*(a'). This will imply (7). Set x(;) := x. It suffices if we can construct
T(j+1) with V(i+1) < T(j+1) < W(j+1) and R+(ZE(])) - R+(I(j+1)). For this there
are two cases. If already v(;4+1) < z(;), then we may set z(;41) := z(;). Otherwise
we must be in the situation v(j11) = v(s;,,, and we need to take (at least)
T(j41) = T(5)Si;q, 00 Obtain vy < 41y < w(g). Because viji1) < xj41) and
v(i+1) £ T(5), we find that z(;) < z(;41) and also R* (2(;)) € R (x(j41)). So x(j41)
has been constructed successfully.

Now consider x = V(j—1)Si; - Clearly vy <z < wgy is satisfied, and so by (i) we

have s;jlv(il)aio > 0. Therefore

J
U(sigv(i-1)8i,) = L(vg-1)8i,) + 1 = L(v(-1)) +2
using also that v is non-decreasing. It follows that s; v;_1ysi; > si,v(;—1) and
8iV(j—1)0; > 0. This implies (7).
Finally we can put everything together to show that x;,(m)g- BT lies in Ry, w
and equals g- BT. By Corollary 6.6 and Theorem 7.1 we know exactly which minors
to check. Namely we only have to prove

(1)

A ) <0, ke TG
2 » -
Aw((k))v-:ka (xio (m)z) = Aw((k))o}fk (Z), k=1,...,n.

Suppose | € Z>o and p1 = v _1)wi,, — lag,. Let ¢ = pru(yi)Ok) - §u,;, ) in V(ws,,)-
If ¢ # 0, then the weight p must be of the form

V(p—1)Wi;, — L, = vywi, — Z CjU(—1) i,
j<k,jeJ
with ¢; > 0, since the factors of y are Yonyou, (t;) for j € Jy, with j < k.
Simplifying this equation we get
lagy = v—1yo, + Z CiU(—1) Qi -
j<kjete,

But the right-hand side is a nonzero sum of positive roots « not equal to «;, by
(i) above. Therefore we have a contradiction and so ( = 0. Since zwy,) ‘fwik and
Y(k)O(k) - €w,, are collinear in V(w;,,) this implies that also

p’rv(k,l)wikflam (Zw(k) ! §w1k) = 0
for all [ > 0. Therefore <azi0 (Mm)zWky * Ewi, » V(1) -§wik> =0 and (1) holds.

We can now prove (2) in a completely analogous way. Let | € Z~( and consider
g = pT'U(k)wik_laio (y(k)v(k) ' gwik ) Then C 7é 0 Only lf

lo, = Z CiU(—1) 0,

i<kgers,
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for ¢; > 0. And again this is impossible by (é¢). So ¢ = 0 and with it

PTogywi, —laig, (Zw(k) : gwik) =0

for all [ > 0. This implies (2). |

Lemma 11.9. Ifg € G2° _, then g- BT € Ri?u

Vi,W?

Proof. By Proposition 5.2 we have g- Bt € Ry, w. We need to show that g- BT €
B>op. We have g = g; ... g, with

g = yij(tj) for tj S R>0, lfj S J3+,
I $i), ifjeJy .

Clearly g, - Bt € B>o. We will prove that gj...g, - BT lies in B> for all k
by descending induction. Suppose we know g1 ...gn - BT € B>o. There are two
possibilities for g. The first case, k € Jg_ , is clear. In that case g, = y;, (tx) € U3,
and SO grgki1---gn - BT again lies in B>o.

Let us now consider the other case. So g = $;, and k € J\‘L. From (2.1) we get
the formula

xz(t)sz = O[;/(t)yz(t)xz(—til)

We apply this element for i = iy to gry1...9n - BT to get
i, ()80, Gk41 - gn - BY = o, ()i, (O)2i, (=t ghy1 .. gn - BT

Let v/ = U(_k;’l} and w' = w(_kl)w Since v is the positive subexpression of w, so
the right-most reduced subexpression and k € Jf, it follows that s;, u > u for all
v/ <wu < w'. Applying Lemma 11.8 we get

xik(—tfl)gk_H coiGn BT =gii1...90-BT.

Therefore in total

(11.2) T ()8, Ghs1 -+ gn - BT = aivk (t)yi, () ghs1---gn - BT.

Now one can see that the right-hand side of (11.2) lies in B¢ for all t > 0. However,
as t — 0 the left-hand side converges to $;, gx+1 - - - gn -BT. Therefore Si Gkt1 -+ Gn -
Bt € B> and the lemma follows. O

Proof of Theorem 11.3. By Lemma 11.9 the map
(11.3) G0 W = RS

v,w

is well defined. Lemma 11.6 implies that Ri?u C Ry, w- Now if B = zuw-B" €
Ri?u, then Lemma 11.5 and Lemma 11.4 together with Corollary 6.6 imply that
the chamber minors of z (for the subexpression v ) are all positive. Note also that
J;+ = (. Tt follows that the map Ry, w — Gy w described in Theorem 7.1 (see

Proposition 5.2) restricts to
RO, — G0

viy,Wo

giving the inverse to (11.3). O
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12. TOTAL POSITIVITY CRITERIA

We can use the Chamber Ansatz together with Theorem 11.3 to characterize
R7Y, by inequalities. In the case where v = 1 the criteria below reduce to the total
positivity criteria for U N B~wB™ of Berenstein and Zelevinsky, [2] Theorem 6.9.

Proposition 12.1. Consider w € W with a fized reduced expression w = (w(q), . . .,
wy). Letv <w in W oand vy = (v, ..., Vm)) be the positive subexpression for
v in w. Then

e UT: W) Wiy,

RZY =< z- BT B
0w DAL WE(2) >0, ke,

V(k—1) Wiy, _
A “(2)=0, kelJf, }

- {zw "Bt € Ry

V(Wi
2 U AUDIE () >0, ke T3, }

Proof. Let us call the two sets in question S; and Ss, respectively. We want to
show Ri?u = 51 = S5. The inclusions in one direction, Ri?u C S; C S, are clear
from Remark 11.7 and Corollary 6.6.

Moreover, by Corollary 6.6,

AV @i, (2)=0, forkeJ]

W(k) Wiy, v

is true for all zw - Bt in Ry, w. Since Ry w is dense in R, ., this equality holds

for all zw - Bt € R, 4. Therefore we also have the inclusions Sy C S C Ryviw-
It remains to show the final inclusion, of 57, say, into ’Rf Y. Consider 2w - Bt €

Ry, .w with A%fk);ikk (2) > 0forall k € Jg, . By Theorem 11.3 and Theorem 7.1.(1)

we need only show that the remaining chamber minors, Aﬁ(ijfjjfk (2) for k € JJ W
v Wiy,
are also positive. Suppose indirectly that AJ(IC:D)W:’O (z) < 0 for some ko € J“,:.

We may choose kg to be minimal with this property. From Remark 7.6.(1) and
equation (7.3) one obtains

U(kg) Wi —Qj,iy,
H#iko Auwgyw; (2) 0
U(ko—1) Wik, :
Aw(ko—l)wiko (Z)

Since the right-hand side is made up of chamber minors for smaller k, it must be
positive. So we have a contradiction. (|

(12.1) Atk (1) =

W(kq) Wi,

Remark 12.2. Note that by this proposition, R;Y is given inside R, ,, by dim (R, )

VW
= {(w) — £(v) inequalities. This is the ideal situation. Indeed, it is easy to see that
our set of inequalities,

(12.2) Ayl (2)>0 (ke Jg,),

is minimal. Using Proposition 8.1 we can describe the situation by the following
commutative diagram:

A: Ry w — (RY)HWHW)
T T

Rf?y AN (R>O)f(w)*5(v),

where the horizontal maps are given by the chamber minors,

. +\ v(k)wi
e BY) = (), ,,
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and the vertical maps are inclusions. From this picture it is clear that (12.2), or
Proposition 12.1, has no redundant inequalities.
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