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DOUBLE AFFINE HECKE ALGEBRAS AND
CALOGERO-MOSER SPACES

ALEXEI OBLOMKOV

ABSTRACT. In this paper we prove that the spherical subalgebra eHi re of
the double affine Hecke algebra Hi - is an integral Cohen-Macaulay algebra
isomorphic to the center Z of Hy ,, and Hi re is a Cohen-Macaulay eH1 re-
module with the property Hy , = EndeHlyre(HL.,-e) when 7 is not a root of
unity. In the case of the root system A,_j the variety Spec(Z) is smooth and
coincides with the completion of the configuration space of the Ruijenaars-
Schneider system. It implies that the module eH1 - is projective and all irre-
ducible finite dimensional representations of Hi r are isomorphic to the regular
representation of the finite Hecke algebra.

INTRODUCTION

In his pioneering paper [1] Cherednik introduced double affine Hecke algebras.
They played a crucial role in the proof of Macdonald conjectures [2l [3], and are
currently a subject of active research. A double affine Hecke algebra attached to a
root system R contains copies of the coweight and weight lattice of R, and thus can
be informally viewed (for terminological convenience) as an “elliptic” object. We
use the word “elliptic” because the double affine Hecke algebras studied here are
closely related to the notion of the elliptic root system introduced by Saito [4, [5].
More precisely, as established in [6], the Hecke algebra associated to the elliptic root
system is Hy ;. A double affine algebra has the trigonometric, respectively rational,
degeneration, in which one, respectively both, lattices degenerate to a vector space.

The rational degeneration H . (called the rational Cherednik algebra) was re-
cently studied in [7]. One of the main results of [7] is that for ¢ = 0 the structure of
the algebra H; . has interesting connections with algebraic geometry. More specif-
ically, the results of [7] for ¢ = 0 can be summarized as follows.

1. The algebra H = H, . is finite over its center Z, which is finitely generated.
If x is a generic central character, then the quotient H, of H by x is simple. The
unique irreducible representation of H with central character x, as a representation
of C[W], is isomorphic to the regular representation. Thus any irreducible H-
module has dimension < |W|.

2. Let e be the symmetrizing idempotent in the group algebra of W. Then the
natural homomorpism Z — eHe given by z — ze is an isomorphism. In particular,
eHe is a commutative algebra. In addition, Z = eHe carries a Poisson structure
coming from the noncommutative deformation eH; .e of eHy ce.
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3. Z is an integral Cohen-Macaulay domain. He is a Cohen-Macaulay module
over Z = eHe, generically of rank |W|, and H = End.g.(He).

4. Suppose R is the root system of the Lie algebra gl,,. Then the Poisson alge-
braic variety SpecZ is smooth and symplectic. This variety is naturally isomorphic
(as a symplectic variety) to the Calogero-Moser space CM introduced in [8]—the
space of conjugacy classes of pairs (X,Y) of n-by-n matrices such that the matrix
[X,Y] + 1 has rank 1, with the symplectic structure coming from the reduction
procedure of [8] (this result depends on Wilson’s theorem that the Calogero-Moser
space is connected). In particular, 1 holds for any (not only generic) character x;
the module He over Z considered in 3 is projective, and thus corresponds to a
vector bundle E over CM of dimension n!, and H is the endomorphism algebra of
this vector bundle. Thus H in this case is an Azumaya algebra.

The Calogero-Moser space appearing in 4 was introduced in [8] as a completed
configuration space of the Calogero-Moser classical integrable system. It recently
found itself in the center of attention due to its interpretation as a deformation of
the Hilbert scheme Hilb,, (C?) [9] and as a noncommutative Hilbert scheme [10), TT].
In fact, the commutative analog of the vector bundle E (which is a vector bundle
over Hilb,,(C?)) is closely related to the n! conjecture proved recently by Haiman.

The goal of this paper is to generalize the results 1-4 to the triginometric and
elliptic cases. More specifically, we propose a modification of the approach of [7], in
which all three cases (rational, trigonometric, and elliptic) can be treated uniformly.
In fact, we treat mostly the elliptic case; the other two are analogous, and are
discussed at the end in Section 7.

The structure of the paper is as follows.

In Section 1 we define the main characters of the paper—the double affine Hecke
algebra H, , for the root system of gl,,, and the corresponding Calogero-Moser
space C'M,, which is a completed configuration space of the Ruijsenaars-Shneider
(RS) integrable system. Similarly to the rational case, this space should have an
interpretation as a deformation and noncommutative version of the Hilbert scheme
Hilb,, (C* x C*) (in the trigonometric case C* x C* should be replaced with C x C*).

In Section 2, we prove that C'M, is smooth and carries a symplectic structure
(after [12l [13]); this symplectic structure can also be obtained by Quasi-Poisson
reduction [I4]. We also generalize Wilson’s theorem by proving that C'M, is con-
nected.

In Section 3, we study the representation theory of H, , for ¢ = 1.

In Section 4, to every representation of H; ; which is regular as a representation
of the finite Hecke algebra sitting in H; ,, we attach a point on the space C M.

In Section 5, we study the properties of the double affine Hecke algebra H for
any root system R; in particular, we prove that the results 1-3 from [7] cited above
hold in the elliptic case, with the group algebra C[W] replaced by the finite Hecke
algebra C.[W].

In Section 6, we use the results of Sections 2, 3 and 4 to prove the elliptic analogs
of the results from [7] under item 4 above. Namely, we establish a symplectic
isomorphism of the spectrum of the center Z of H = H, ; for gl with the space
CM.,, which is the main result of the paper. In particular, Spec(Z) is smooth,
and He is a vector bundle on it, such that the fibers are the regular representation
of the finite Hecke algebra. Thus, H is the endomorphism algebra of this vector
bundle, i.e. an Azumaya algebra.
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In Section 7, we treat the rational and trigonometric case.

In a later publication, we plan to generalize the results of this paper to the case
of the non-reduced root system CVC,,. In this case, instead of a single parameter
7 one has five independent parameters.
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job, his remarks and suggestions allowed me to significantly improve and simplify
the exposition.

1. DEFINITIONS

1.1. Definition of the double affine Hecke algebra corresponding to
GL(n,C). We denote this algebra by the symbol H, .. It is generated by the
elements T3, 1 <i<n-—1,m, Xiil, 1 <4 < n with relations

1) XiX; =X;X,, (1<4,5<n),

2 T, X.T, = Xiy1, (1<i<n),

3 T:X; =X,;T;, it j—i#0,1

4 [T, T;]=0, if i —j] > 1

5 T:Ti1 T, =T TiTig, (1 <i < n),

6 X =Xiar (1<i<n-1), 7X,=q'Xi7,

7 7l =Tiym,(1<i<n-=2), 7"T;=Tx", (1<i<n-1),

8) (T; —7)(T; + 7 1) =0, (1<i<n).

Remark 1.1. To identify this definition with the standard definition from the papers

of Cherednik one should replace 7 by t2 and q by q%. Also, some definitions use

the element Ty = 71,17~ .

(
(2)
(3)
(4)
()
(6)
(7)
(

Remark 1.2. The double affine Hecke algebra corresponding to SL(n,C) is a quo-
tient of the subalgebra of H, , generated by X,/ X1, T;, m, 1 <i <n—1, by one
extra relation:

" =1.
1.2. Definition of the Calogero-Moser space. Let E be an n-dimensional vec-
tor space (over C). We denote by the symbol C M. the subset of GL(E) x GL(E) x
E x E* consisting of the elements (X,Y,U, V) satisfying the equation

(9) X WlXyrt-r=UcVW
Obviously it is an affine variety.
The group GL(n,C) = GL(E) acts on it by conjugation:
(X,Y,U,V) — (9Xg ', gYg ', gU,Vg™"), geGL(E).
Later we will show that this action is free if 72! # 1 for s = 1,...,n. So the naive

quotient by the action (i.e. the spectrum of the ring of GL(E) invariant functions)
yields an affine variety, and the quotient is nonsingular if C M is.
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Definition. The quotient of CM. by the action GL(E) is called the Calogero-
Moser space. We use the notation C' M, for this space.

Below we always suppose that 72 £ 1 fori =1,...,n.

2. PROPERTIES OF THE CALOGERO-MOSER SPACE

The goal of this section is to prove that C'M, is a smooth irreducible algebraic
variety of dimension 2n. We also introduce coordinates on its dense subset. The
methods of this section are analogous to the ones from the paper [I0]. In principle,
smoothness of C'M; follows from the results of the paper [13], the authors of [I3]
use the moduli space of the vector bundles on the punctured torus. For convenience
of the reader we give a direct elementary proof.

2.1. Smoothness of the Calogero-Moser space. First we prove a simple lemma
on which all the following statements are based.

Lemma 2.1. If (X,Y,U,V) € CM. and [A, X] = [A,Y] =0, A € gl(E), then
A = Md for some X\ € C.

Proof. Let W C E be a nonzero subspace which is invariant under the action of
X, Y and A. We denote by X and Y the restriction of the operators X, Y to this
subspace. It follows from equation (@) that there are two possibilities.

In the first case W C V+, where V* is the notation for the annihilator. In this
case (@) implies

Xy Xy = 721d.

But the determinant of LHS is equal to 1, hence we get a contradiction.

In the second case W ¢ VL, U € W. In this case (@) implies

X YWIXY —7UV = 721d,

where 0 # V is the restriction of V to the subspace W. Since det(XY X 1Y ~1) =1,
the last equation implies that there is a basis in W in which X ~'Y 1 XY is diagonal
with the spectrum 72, 72,...,72,7272% where k& = dimW. But we know from
equation (@) that the spectrum of X 'Y ~1XVY is equal to 72,72,..., 727", Thus
we get W = FE.

The fact that the only common nonzero invariant subspace of XY and A is
the whole E immediately implies the statement of the lemma. Indeed, let A be
an eigenvalue of A, then the corresponding eigenspace Wy is invariant under the

action of X and Y, hence it coincides with E. (I

Corollary 2.1. The action of GL(E) on CM is free.

Lemma 2.2. CM/ is smooth.

Proof. Let us introduce the map ¥: GL(E) x GL(E) x E x E* — gl(E):
U(X,Y,U,V)=X"'Y XY —rU V.

It is enough to show that d¥ is epimorphic at a point (X,Y,U,V) € CM.. Let
z,y € gl(E), u € E,v € E* and X(t) = Xe®, Y(t) = Ye¥!, U(t) = U + tu,
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V(t) =V + tv. Then

AV (x,y,u,v) (T, ¥, u,v) = %(W(X(t)vy(t)v U(t), V(t))l=o
= X WY IXY + X WY IXaY — X LyY o lXY
+ X WXYy—-1U@v—-—Tu®V.
If dV is not an epimorphism, then there exists 0 # A € gl(E) such that
tr(d¥ x,y,u,v)(x,y,u,v)A) =0

for all z,y € gl(E), u € E,v € E*. Using the cyclic invariance of the trace, we can
rewrite the last condition in the form

tr(z(YAX 'Y I1X — X'y ~1XY A))
+tr(y(AX 'Y TIXY — Y I XYAX ) — 70(AU) — 7V A(u) = 0.

As the bilinear form tr(zy) is nondegenerate, the last equation implies

(10) YAXT'YIX - X'V 1XYA =0,
(11) AX WYXy -y lXvAX T =0,
(12) AU =0, VA=0.

These equations together with equation (@) imply [A4, X] = [4,Y] = 0. Indeed, let
us derive the first equation.
Multiplying on the right formula (@) by A we get

(13) XYY IXYA=12A
Hence
PXAX ' =Y ' XYAX ' = AXT'YTIXY = A(tU @ V + 7°1d) = 7% A,

here the first equation uses ([I3), second (1), third (@) and fourth ([I2]).
By the previous lemma A = A\Id and finally from (I2) we get A = 0. O

Corollary 2.2. CM. is smooth algebraic variety, and all its irreducible components
have dimension 2n.

2.2. Local coordinates on CM.,. It is easy to see that matrices X,Y € gl(n, C),

(14) X = diag(M, .. A,

(15) Y;‘i:qi, izl,...,n,

(16) Y,._m 1<i#j<n
7’3_(7—71>\i_7—>\],)’ - J=m

satisfy the equation
(17) k(7' XY — 7Y X) =1,

for all A € (C*)", g € (C*)™ such that 7); # 771\, for i # j.
There is a well-known formula: if M = (M;;), where M;; = (A, — pj)~1, 1 <

1,7 < n, then
ITic; (N = X5) (15 — pa)
[T (N = py)
To prove this formula one can proceed by the induction on n using the Gaussian
method of calculation of the determinant for the step of the induction.

det(M) =
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Applying the last formula to the matrix Y we see that det(Y") is nonzero if and
only if A\; # A, © # J.

Let us denote by wjy: CM. — GL(E) x GL(FE) the projection on the first
two coordinates. The previous reasoning shows that (X,Y) € wi,(CMY.), for X €
(C*)™\ D, q € (C*)"™ where

Dy = N5, () = [T = A/A) (" = 7A/A) = 0},
i#]
Now we can state

Proposition 2.1. Let (X,Y,U,V) € CM!. and X be diagonalizable with the distinct
eigenvalues A, i = 1,...,n such that TA\; # 77'\;. Then the GL(n,C) orbit of
(X,Y,U,V) contains a representative satisfying equations V = \' and (I4)—(I0)) for
some g € (C*)™. Such a representative is unique up to (simultaneous) permutation
of the parameters (A, q;)-

Proof. Equation (7)) is equivalent to the system

-1
u iil _MT])Y” =pisj, 1<ij<n,
if X = diag(A1,...,A,). If there exists ¢ such that s;, =0, then Y;; =0,j=1,...,n
and det(Y) = 0. Thus we have s; # 0. Analogously we get p; # 0.

Let us fix a solution of (I8) lying in the GL(n,C) orbit of (X,Y,U, V). Putting
gi = pisi/\i we get the desired representative with X given by formula (Id), Y by
formulas [I5) and (@), and U = (77! — 1) X 1Y 1q. O

Let us denote by U’ C C'M the subset consisting of the quadruples (X,Y,U, V)
satisfying the conditions of the previous proposition and by U C C M, the image of
U’ under the factorization by the action of GL(n, C). The proposition together with
Corollary Z2limplies that (A, ¢) are local coordinates on the open subset U C C'M...
In the next section we show that this subset is dense.

(18)

2.3. Irreducibility of CM,. In this subsection we prove
Proposition 2.2. The variety C M, is irreducible.

Let us consider the projection on the first component 77: CM. — GL(E).
After taking the quotient by the action of GL(FE), this map becomes a map m:
CM, — JNF, where JNF is a stack, but we can think about it as the set of
Jordan normal forms of matrices (we do not need the stack structure).

Inside JNF there is an open part U corresponding to diagonal matrices with
eigenvalues {\1,..., A\, } such that \; # X\;, 77'\; # 7A; for i # j. The subset
77 }(U) was described in the previous section. It is obviously connected. If we
show that dim YWINF\ U ) < 2n, then Corollary [2:2] implies the irreducibility.

Let us denote by Ji(A) the Jordan block of size k with the eigenvalue A and
by the symbol Jz(A) the matrix diag(Jyi(A),. .., Jie (X)), ke Ntand ki > kitl,
i=1,...,t — 1. Let us formulate without a proof an elementary statement from
linear algebra.

Lemma 2.3. The dimension of
Stab(J;() = {X € GL(n, O)|[X. Je(\)] = 0}

is equal t0 331 <; iy min{k?, k7}.
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Let us denote by Jx(A) the matrix
diag(J; (A), J (A7), T (A 27)),
ki € N''. We use the notation |k;| = 324 k7, [k| = > |k

Let A1,...,As € C be such that \;/\; # 7%¢, ¢ € Z, |¢| < n and
(19) J = diag(Jx, (A1), -+ -, Jk, (As))-

We denote by n%,: CM. — C™ x C™ the slightly modified projection on the
last two components: 74,(X,Y,U,V) = (YXU,V). The fiber of the map =%, over

the point (U, V) of the subset J = w4, ((x})~1(J)) consists of the points (J,Y +
F,J XY + F)7'U, V) where F is an element of the kernel of the linear map:

S;(F)y=1"'JF—-71FJ, F €gl(P),

Y + F is invertible, and (J,Y, J~'Y U, V) € CM.. Obviously (7},)~1(U,V) is a
Zariski open nonempty subset inside ker(S;) hence they have the same dimension.

First let us study the map S; in the simple case when in the equation (I9) we
have s =1 and k; = k = (El,...,l;,«), k_; € N% 1 <4 < r. In this situation we
denote by F3f € Mat(kL, kl), 1 < s,t < r the matrix with the entries E oy = Foas
=0 kS K 4, ¢ =) k| + Y72) KL 4 g In these notations the
following lemma holds

Lemma 2.4. Let J be the matriz given by (@) with s = 1 and k; = k =
(k1,...,k). Then F € ker S if and only if

(20) Fl=0, ift—s#1,
ki-1 i
(21) F = (30 e db (0) D™ ikl < kL,
=0
S ki+1—1
’ k& kL e g j
(22) Fioth = Dty Z cgj;lJ}cj+ (0)) if k& > k24,
l:O s+1

where ¢j;, € C, JL(0) (and J]ij (0)) is the l-th power of the Jordan block matriz,
s s+1

and DF+Fe € Mat (k, k.j+1) is given by the formula

S

',kj

ki ) .
siVs4+1 ) 2p—2 . ) J
Dripg”" = prkl gtk if kg < Foprs

ki kI o j
Dripg™™ = 8pq™P 72 if ki > k.
Proof. The system of linear equations S;(F') = 0 is equivalent to the collection of
linear systems:

T AP TEVE = r T R (M PTH) =0, L<s i<,

because J has a block structure. The equations for the entries of F} are of the
simple form:

(23)  F3

ij;pq

)\(71725 . 7_37215) _ 771(5@]9\ng o T(8q1 — 1)Fst

o ijsp+1l,q ijip,q—1-
First consider the case t — s # 1. Then 7172¢ — 7372 £ ( and equations (Z3)
express the entries of I-th diagonal through the entries of (I — 1)-th diagonal. Tt
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easy to see that in this case (23]) implies F ;]t B = 0, that is, the first diagonal is

zero. Moving from the left to the right we get that all the diagonals of Fisjt are zero.
If s+ 1 = t, then equation (23] is a linear relation between the neighboring

entries on the diagonal. It is easy to derive equations (21)), (22)) from this fact.

Indeed, let us consider the case k! < k’ +1- Then equation @3) for p = &,

1< g <k} says Flfgj’;';}qfl = 0. Moving along the diagonal from the bottom to the
top and using equation (23)) we get that the first k¥ —1 diagonals of the matrix FZ’SH
are zero. For the rest of the diagonals equation (23] implies Ffji:_ll iy = F‘ijlJrql TP,
Putting cf;,, = F;,’;Sljrl:_kzﬂ_kiﬂ we get equation (2. O

Obviously Z € Im S if and only if tr(ZF) = 0 for all F € ker Sy, S;(F) =
7JF — 771FJ. The space ker S; has a description similar to the one of ker S; (to
get ker Sy from ker Sy it is enough to change the order of the Jordan blocks in J)
and one can easily derive

Corollary 2.3. Z € Im S if and only if following equations hold

u—1
5,541 20 _ : i 7.0
E Zie ™ =0, u=1,... ,min{kg, kl,},
=0
where s =1,...,r — 1.

The lowest nonzero diagonal of a rank one matrix contains only one nonzero
entry. As J C Im.S; N {matrices of rank 1} the following statement holds

Corollary 2.4. (U,V) € J = w4, ((w})"*(J)) if and only if Z = U @ V satisfies
the equation

Zf]?;;;lzoifp—quin{O,ki—kgH}, s=1,...,r—1.

Lemma [Z.4] gives us the formula for the dimension of the kernel

r—1

dimker Sy = Z Z min{ki, ki+1}-

s=1 14,5
We know that GL(E) acts on CM, freely. Hence if we want to estimate the

dimension of the fiber of 34 over J , we should estimate dim Stab(J) — dimker S;;.
This difference is positive:

Lemma 2.5. Let ks € N% s =1,....r, ki > ki*1, then the following inequality

holds:
T r—1
Z Z min{k?, kI} — Z Z min{k?, ngrl} > 0,
s=1 i,j s=1 i,j
if there exists s such that ks # 0.

Proof. Because of the inequality k! > ki*! we can rewrite LHS of the inequality in
the form

r r—1
v\2 v, v
§ § (xs) - E xsstrl ’
v=1 \s=1 s=1

x¥ = #{i € N|k. > v}.
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But the first expression is a sum of positive definite quadratic forms. Thus we get
the lemma. 0

The following statement is crucial for estimating dim(r; *(JNF \ U)):

—

Proposition 2.3. If J is given by (@9) with s =1 and k; =k = (El, ..., k), then
dim7; 1 (J) < 2n — 1 when either r > 1 or ki > 1.

Proof. In the case r > 1, Corollary [24] implies that dim 7, ((w])~1(J)) < 2n — 1.
The theorem on the dimension of the fibers and previous reasoning imply:
—1

dim7; 1 (J) < dim 7, (7] (J)) + dimker Sy — dim Stab(.J).

Together with the inequality from Lemma it proves the statement.
Another case (i.e. k = k;) is even easier because in this case we have

dim 771 (J) < 2n — dim Stab(J) < 2n — 1.
U

The case in formula ([9) s > 1, can be easily reduced to the previous case. For
that let us introduce the embedding i;: gl(|k;|,C) — gl(n,C) and the projection
priz gl(n, C) — gl([ki|, C): i1(Y)pr g0 = Yog, pri(Y)pg = Vg, P =P+ Zln;il |k,
g =q+ Elr;:ll |Em|, 0<p,q< |l¥l|7 and 7;(Y);; = 0 for the rest of the entries of
().

Using arguments analogous to the ones from Lemma 2.4 one gets

Lemma 2.6. Let J be given by formula (I9). Then

(1) ker Sy = @;:1 i1 (ker Sjkl (M),
(2) forl=1,...,s, prn(ImS;) CImS,, .

This lemma immediately implies

Proposition 2.4. Let J be given by formula (I9), then there exists I, 1 <1 < s
such that |k;| > 1. Then dim 7 *(J) < 2n — s.

Thus we eventually achieve the goal of the subsection:

Proof of Proposition [2.3. Tndeed Proposition [2.4] implies dim 7 ' (JNF \ U) < 2n.
Hence by Corollary 2] 7, {(JNF \ U) lies inside the Zariski closure of 7, ' (U).
But 7, 1(U) is irreducible. O

2.4. The Poisson structure on the CM space. In the paper [13] the Poisson
structure on the space C'M, was constructed. This Poisson structure on CM.
yields the RS integrable system which is the relativistic analog of the trigonometric
Calogero-Moser system.

On the open part U of CM, described in subsection the Poisson bracket
{*,-}rr takes the form (see Appendix of [T3] for the proof):

i N rr =0, {Nj,di}rr = Nigidij,
(T = T2aig (A + AN
T_l/\i — T)\j)(T_l/\j — T/\z)()\z — )\])

Remark 2.1. The formulas in [I3] contain a misprint, the authors lost the factor
(772 — 1)? in the expression for {g;,¢; }rr-

{in%'}FR = (
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Using the Hamiltonian reduction on the combinatorial model of the space of
flat connections on the torus without a point, the authors of [I3] prove that the
Poisson structure {-,-} 7 has a holomorphic extension from U to the whole C'M.,
and this Poisson structure is nondegenerate (i.e. CM, is a symplectic variety).
Another way to see this Poisson structure is to use Quasi-Poisson reduction [14].
In this picture the Poisson structure is the result of the reduction of the natural
Quasi-Poisson structure on the product GL(n,C) x GL(n,C) and it is immediate
that this Poisson structure is symplectic.

3. FINITE DIMENSIONAL REPRESENTATIONS OF H; .

In this subsection we construct a family of finite dimensional representations of
H; . Later we will show that this family forms an open dense set inside the space
of all finite dimensional representations. The main tool of this section is the faithful
representation of H; , which is the quasiclassical limit of the standard realization
of H, ; as a subring of the ring of reflection difference operators [2].

3.1. Limit of the Lusztig-Demazure operators. Let us introduce the ring
R=C[PE,... PF XF , XE'5(x)#Sn, where the subscript 6(X) means lo-
calization by the ideal generated by 6(X) = [[,<;;<, (1 —X;/X;) and # is a nota-
tion for the smash product. Let us explain what the smash product is. For brevity
we will use the notation C[P*!, X*1] for the ring C[P{E!, ..., PFY XE . X ).

An element of the ring R has the form Ewesn F, (P, X)w. The group S,, acts
on the ring R = C[P*!, X*!5x) by the formulas

P = Py, X" = Xug)s

and
F(P,X)wF'(P,X)w' = F(P,X)(F')"“(P, X)ww'.

Proposition 3.1. [3] The following formulas give an injective homomorphism of
Hlﬂ— — R:
XM XM
n T—71
Xi/X'H-l -1

~1
m— P ¢,

Ti’—>7'8i (Si—].), izl,...,n—l,

where s; = (i, + 1) € Sy, is a transposition and ¢ € Sy, is a cyclic transformation:
c(iy=i4+1,i=1,...,n—1, ¢(n) = 1.

The homomorphism from the proposition is a quasiclassical limit of the Lusztig-
Demazure representation from Theorem 2.3, [3]. For brevity we call this homomor-
phism the Lusztig-Demazure representation.

Remark 3.1. Actually the paper [3] contains the proof for the case ¢ # 1 but leading
term considerations used in the paper could be adapted for the case ¢ = 1. For
example, one can take Lecture 5 from exposition [16] and get the proof in the case
g = 1 by mechanical replacement of operators 7(\), A € Z" by their quasiclassical
limits P*. The operator 7()\) from [16] acts on the ring of Laurent polynomials, it
acts on the monomial X# by the formula 7(\)(X*) = ¢ X# where (-,-) is the
standard scalar product.
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Proposition [3.1] immediately implies
Corollary 3.1. H;_(x)~ C[P¥!, X*;_ x)#S,, where
0-(X) = [0 = Xi/ X)) (77" = X3/ X).
i#]
3.2. PBW theorem. Let us introduce pairwise commutative elements of Y; €
Hg -

(24) Y, =T;.. T an 'T7 T, i=1,...,n—1.
These elements satisfy the relations

(25) Yo Ti =Y;, (1 <i<n),

(26) TY; = YiT;, if j—i #0,1.

Using Y; we can formulate the following PBW type result for Hy ;:

Proposition 3.2 ([3]). Each element h € Hy, can be uniquely presented in the
form

h= Z fw(X)ngw(Y)v

wWESy
h = Z g:u(Y)wa{u(X)v
wWESy
where fu, fi, Gw, 9., are polynomials and Ty = Ty, ... T;, withw = s;, ... s;, being

a reduced expression for w € Sy,.

3.3. The representation V,,,. Let (u,v) € (C*)*", §;(v) # 0 and x,,., ~ C be a
one-dimensional R-module (character): x, . (R(P, X)) = R(u,v). We can induce a
finite dimensional module V,, , from this module:

Viw = R @R Xp,v-
This module has a C basis w ® 1, w € Sy, hence dimV,, , = nl.

Proposition 3.3. If 6,(v) # 0, then the H1 --module V,,, is irreducible.

Proof. The module V,,, has a natural Hs_x) ~ C[P*!, X*]; x)#S,-module
structure. The group S, acts freely on the variety Spec(C[P*!, Xil](;T(X)) hence

the algebra Hj_ (x) is Morita equivalent to the algebra (C[Pil,Xil]f"(X). In
particular, the module V), , corresponds to the one-dimensional representation:
P+ P(u,v). Thus V,, is an irreducible H;_(x)-module and hence an irreducible

H-module. O

3.4. The action of the finite Hecke algebra. The elements T;, i =1,...,n—1
generate an algebra of dimension n! which is called the finite Hecke algebra. We
will denote it by the symbol C,[S,,].

Suppose that v satisfies the inequality d,(v) # 0. If e is the unit in S, then
Corollary [3.1] and Proposition [3.2] imply that by the action of elements T; we can
get from the vector e ® 1 the whole space V, ,,. Hence the map j: C.[S,] — V..,
J(T, ... Ty) =Tiy ... Ty, e ® 1 is an isomorphism of (left) C[S,]-modules.
Definition. We denote the subset of all finite dimensional irreducible H; -modules
which are regular C[S,]-modules by the symbol Irrep™.



254 ALEXEI OBLOMKOV

Let us denote the subset of Trrep™ consisting of V,,,, u,v € (C*)", 6,(v) # 0
by U. Later (see Corollary B.2) we will show that all finite dimensional irreducible
modules are from Irrep"!.

3.5. The projective GL(2,7Z) action on double affine Hecke algebras. One
of the most important properties of the double affine Hecke algebra H, . is the
existence of a homomorphism from GL(2,Z) to the group of outer automorphisms
of Hyr: Out(Hy,,) := Aut(H, ,)/Int(Hg-). This homomorphism was discovered
by Cherednik [2] and he calls it projective action of GL(2,Z). Below we use pairwise
commutative elements Y; € H, ; defined by the formulas (24).

The group GL(2,7Z) is generated by the elements

6_(0 —1> 0_(1 1>.
-1 0 )’ 0 1
These generators correspond to the maps
e: XYY X3, T T;,
o: X~ XY - X;Yiq Ty T,

where € : Hy; — Hy—1 .1, 0 : Hy; — Hy . The transformation ¢ is called the
duality involution.

Using these transformations we can construct some finite dimensional represen-
tations. Indeed, if v € GL(2,Z) is such that v(H1,) = H1, and ¢' : Hy -+ —
GL(V,,) is the corresponding representation of Hy , (here 7/ is either 7 or 771),
then the map ¢’ oy is a representation of H; .. We denote the set of such repre-
sentations by y(U).

4. THE MAP FROM Irrep™ TO CM,

In this section we construct a map ®: Irrep”! — C'M.,. Later we will show that it
is an isomorphism. Constructions of this section generalize constructions of section
11 of [1].

4.1. Construction of the map. Let us denote by C,[S,—1] C C;[S,] the sub-
algebra generated by the elements Ts,...,T,,_1. It is the finite Hecke algebra of
rank n — 2. The element v of an C,[S,]-module is said to be C.[S,_1] invariant if
Tw=mvforalli=2,...,n—1.

The H; ,-module V' € Irrep”! by definition is a regular C,[S,]-module. Hence
the space VCr[Sn—1l of C,[S,—1]-invariants has dimension n. The relations inside
H; ; and (26) imply that X; and ¥; commute with the action of C,[S,—1]. Thus
if we fix a basis in V' we get X1 ,c (s, 11, Y1lyerts,-1 € GL(n,C). The following
statement is a key statement of the section.

Proposition 4.1. Let V € Irrep”!, Then the operators X = X1lyersnal, Y, =
Yilyerts,_11 satisfy the equation

rk(X Vi XY - 72 1d) = 1.

Obviously the space C' M. is isomorphic to the quotient of the space of solutions
of (I7) by the action of GL(n,C). Thus the last proposition proves that the map
®: Trrep™ — CM,, ®(V) = (X1, Y1) is well defined.

In the rest of the section we prove Proposition[Z.I] It is done in two steps. First
we prove
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Lemma 4.1. The elements X1,Y1 € Hiy , satisfy the relation
(27) xvx;tvyyt=rotry T AT T
Proof. Indeed using formulas (24) and defining relations for DAHA we get
XX Yt =X T (o X )T Tt
=Xy (T X, 0T T = X0 T T (X T )T T
=T Ty T AT, T
O

The last step is the analysis of the LHS of (27) using the quasiclassical limit
7 — 1. It is done in the last subsection.

4.2. The spectrum of © = 77 ... T, T, % T, ,... T;'. For a representation
V from Trrep™ there is an isomorphism V ~ C,[S,] of left C[S,]-modules. Hence
the right multiplication on C;[S,] induces a structure of a right C.[S,]-module on
V and as a consequence on VCr[Sn—1l,

The right C,[S,]-module VC[9»-1] is a sum of the n — 1-dimensional vector
representation and one-dimensional representation because it is true for 7 = 1
and for 7 it is not a root of unity. Obviously, the operator © (acting by left
multiplication) commutes with the right action of C;[S,]. Hence by the Schur
lemma, © acts as a constant on C,[S,]-irreducible components of the right C,[Sy,]-
module VC-[S»—1] That is, there exists a basis in the module in which © is diagonal
and of the form diag(A\1 (1), A2(7), ..., A2(7)). Thus we only need to calculate Ay (1),
)\2 (T)

The module VC-[5»-1] exists for all 7 # 0. As the operator © is invertible for all
nonzero values of 7, we have A\1(7) # 0, Aa(7) # 0 and det(0) = A1 (7)(A\2(7))" "t =
K\ for some integer [ and K € C*.

Let us consider
e = Z Tl(w)Tw/( Z 7_2l(w))7
wESy, weWw

where T, =15, ... T, if w=sy, is a reduced expression for w. Then it

1 (w) PN Sil(m
is easy to see that Tje = €Ty = e for i = 1,...,n — 1 hence e € VC-[5»—1l Age
spans the only copy of the trivial C,[S,]-representation inside V', it spans the copy
of the trivial C,[S,]-representation inside VC[S»-1]. Hence \; (1) = 727" because
©e = 7272"¢. Combining the last observation with the conclusion from the last
paragraph we get A\2(7) = C7*, for some integer k.

When 7 = 1, the algebra C;[S,] becomes the group algebra of S, and © = 1.
Thus we have C' = 1. The calculation of k uses the quasiclassical limit reasoning.

If 7 = ¢", then we can write the expansion of 7} in terms of A,

T; = s; + h3; + O(h?), i=1,...,n—1,
where s; = (i,4 + 1) is a usual transposition. Relation (R) inside H; , implies
8;S; +8;8; =2s8;, 1=1,...,n—1.

Let us calculate the first nontrivial term © of the expansion of @ = 1+hO+0(h?):

n—1 n—1
0 =- E S1 ... 82;1(51‘82‘ + §i5i)5i71 .81 =—2 E t14,
i=1 i=1
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where t1; = s71 .. - $i—18iSi—1... 81 is a permutation of 1 and i.

The operator ©/2 acts on C[S,]°»~* (by left multiplication) and in the basis
ei = (Puwes, , W)t it has the matrix J — Id, Ji; = 1, 1 < 4,j < n. Hence
Spec(©/2) = (1 —n,1,...,1). On the other hand, Spec(©) = (2 — 2n,k, ..., k).
Thus k = 2 and we proved Proposition 11

4.3. The map ® on the subset & C Irrep™. It is possible to calculate ®(V,.,)
explicitly. Indeed let us fix a basis in V,E,C[S"’l]: ei = (Qwes, Wi, i=1,...,n.

Proposition 4.2. For the matrices of the operators X1 and Y, written in the basis
e; the following equations hold:

Xl = diag(ylv .. '71/71);

-1
Ym‘zuinw, i=1,...,n.
i (i)

Proof. The first equation is obvious. The second formula is a result of direct cal-
culation using formulas ([24]) for Y7 and explicit formulas for T;.

Indeed, we make this calculation for i = 1. The expansion of the product
expression for Y; consists of the terms of the form s;, j, ... s, j, ¢ ' F(X)P;, where
i< g, dm < imy, L=1,....0r, m=1,....r—1land F € (C[Xil](;(x). We
know that Yie; is a linear combination of e;, ¢+ = 1,...,n. The terms of the
expansion of Yi1e; which contribute to the coefficient before e, satisfy the equation
Sivj1 - -~ Sipj.c (1) = 1. This is possible only in the case r = 1, iy = 1,j; = n.
Thus rewriting 7; in the form

(TXi _T_1Xi+1) X7;+1(T_1 —T)

T — )
' Xi—Xin1 S Xi—Xip1

we see that

n—1
(TX,L' — T71X1‘+1) 1
Yies = si|lc er+m,
o (H ) e

i=1
where r is a linear combination of e; with j > 1. This formula immediately implies
the last formula from the proposition for 7 = 1. O

It is actually not easy to compute all coefficients Y; using explicit formulas for
Y1 and T} but we do not need them. Because by Proposition 2] if the pair (X,Y))
satisfies equation ({7) and X is diagonal with eigenvalues satisfying the conditions
of Proposition 2], then the corresponding G L(E)-orbit is uniquely determined by
the diagonal elements of X and Y (because the stabilizer of X consists of diagonal
matrices which do not change diagonal elements of Y and we can extract g from
these elements). This reasoning implies

Corollary 4.1. The map ® is an isomorphism on the subset U, and local coor-
dinates \,q on C M, are expressed through coordinates p,v on U C Irrep”! by the
formulas

-1, _ .
Ni =Viy Qi = | | vy ) Tyz)-
L (v — )
J#i J
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5. RESULTS ON THE GENERAL DOUBLE AFFINE HECKE ALGEBRA

Let R = {a} be a root system (possibly nonreduced) of type A, BC,..., F, G,
W the Weyl group generated by the reflections s,, @ € R. The extended affine
Weyl group W is a semidirect product W x P, where P is a weight lattice (i.e.
be Pif2(b,a)/(c, ) € Z for all a € R).

The affine Hecke algebra H, is a deformation of the group algebra (C[W] with
deformation parameters 7o, Ty(a) = Ta, @ € R, w € W (for the exact definition
of the affine Hecke algebra see [15]). The double affine Hecke algebra H, ; is a
nontrivial extension of the affine Hecke algebra H. by the group algebra C[P"] of
the coweight lattice PV (b € PV if (b,a) € Z for all & € R). This extension has one
parameter ¢ which is the shift parameter in the Lusztig-Demazure representation
of this algebra. We consider algebras with ¢ = 1 and we denote them by H. For
the exact definition of the double affine Hecke algebra and formulas for the Lusztig-
Demazure representation see the original paper [1] or survey [16].

We use the notation §(X) for the Weyl denominator for the root system R. By
C[X*'] we denote the group algebra of the weight lattice P lying inside the affine
Hecke algebra H, and by C[Y*'] we denote the group algebra C[PY] C H which
extends ﬁT.

There is an injective homomorphism g: H — C[P*!, Xil],;(x)#W via the qua-
siclassical Lusztig-Demazure operators. The formulas for the embedding are very
similar to the formulas from the previous section. These formulas are quasiclassical
limits of the Lusztig-Demazure operators from the papers [3] (in the case of reduced
root systems) and [I7] (in the case of nonreduced root systems).

Let C.[W] be the corresponding finite Hecke algebra, and e the symmetrizer in

C,[W]:
e = Z 7_l(w)Tw/( Z 7_21(111)),

weWw weWw
where T, =T}, .. 'Tiz(m fw=s; ... S 18 & reduced expression for w.

In this section we will need the following PBW type result

Proposition 5.1 ([3]). Each element h € H can be uniquely presented in the forms

h = Z fw(X)ngw(Y)a

weW

h="Y" gu(V)Tufl,(X).
weW
5.1. Formulation of the theorem. The goal of this section is to study the center
Z of H and corresponding scheme Spec(Z). It turns out that Z is isomorphic to
the subalgebra e He and we can reduce the study of Z to the study of eHe.
We recall the definition of a Cohen-Macaulay variety.

Definition ([I8]). A finitely generated commutative C-algebra A is called Cohen-
Macaulay if it contains a subalgebra of the form O(V') such that A is a free O(V)-
module of finite rank, and V' is a smooth affine algebraic variety.

For the definition of a Cohen-Macaulay module see [I9], (Chapter 4, p. 18). In
this section we prove the following

Theorem 5.1. For any double affine Hecke algebra H the following is true:
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) eHe is commutative.

) M = Spec(eHe) is an irreducible Cohen-Macaulay and normal variety.

) The right eHe-module He is Cohen-Macaulay.

) The left action of H on He induces an isomorphism of algebras H ~
End.pe(He).

(5) The map n: z — ze is an isomorphism Z — eHe. Thus, M = Spec Z.

(1
(2
(3
(4

We call the isomorphism 7 the Satake isomorphism (by analogy with [7]).

5.2. Proof of Theorem [5.1. Below we use the 7-deformed Weyl denominator

5(X) =[] =X (" = 7aX?).
aER
Lemma 5.1. (1) Hs_(x) ~ C[XE!, PEs o) #W.
(2) The map h: Z(Hs_(x)) — C[Pﬂ,Xﬂ]g‘:(X)e, induced by multiplication by
e is an isomorphism.
(3) The left Hs_(xy-action on Hs_(xy induces the isomorphism

HéT(X) ~ EndeH,sT(Xw(H&.,(X))-

Proof. The first and second items of the lemma follow from the representation of
H by the quasiclassical Lusztig-Demazure operators. The third item is equivalent
to the isomorphism

(C[Pilei]éT(X)#W ~ End(c[Pil,Xil]g‘:—(X) ((C[Pil, Xil]éT(X))-

We will proceed analogously to the proof of Theorem 1.5 in [7].

If a: C[P*, X*s (x) — C[PE, X5 () is C[Pil,Xil]gf(X)—linear, then it
defines a C(P, X)W -linear map C(P, X) — C(P, X). The isomorphism C(P, X )#W
~ Endg(p xyw (C(P, X)) implies a = )y aww, ay € C(P,X). It is clear that
the functions a,, are regular on (C*)" x (C*)™ \ A where A is the subset of the
points of C" x C™ with a nontrivial stabilizer in W. But A has codimension 2,
hence by Hartogs theorem a,, € C[PE!, X+1]; (x. O

Lemma 5.2. Z contains C[X*'|W and C[Y*+1W.

Proof. C[XT1W clearly lies in the center of C[P*!, Xil]é(x)#W, and therefore in
the center of H. The fact that C[Y*1]" is contained in Z follows from the existence
of duality involution described in Theorem 2.3 in [20]. In the case of the root system
Ay —1 this morphism is the duality morphism described in subsection [3.5. This
morphism maps the subalgebra C[Y*!|"W C H into subalgebra C[X*|W c H’
where H' is DAHA corresponding to the dual root system. O

Lemma 5.3. eHe is commutative, without zero divisors.

Proof. Let us prove that the subalgebraeHs_(x)e of Hs (x)= (C[Pil, Xil],;T(X)#W
is commutative and without zero divisors. Obviously it implies the statement.

An element z € H;_(x) has a unique representation in the form z=3%_ v, QuTw;
that is, H;_(x) is isomorphic to C[P*!, Xil]gT(x)(@(cT [W] as a right C,[W]-module.
If z € eHe, then zT, = 7,2 for all @ € R because €T, = 7,e. Hence z is an
C,[W]-invariant element of the right C.[W]-module Hs_(x) ~ C[P*!, X*!]5 () ®
C,[W]. As C(P,X) ® C,[W] is a regular C.[W]-module (over the field C(P, X)),
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C(P,X) ® e is a unique copy of the trivial representation. It implies that z = Qe,
Qe (C[Pil,Xil](;T(X).

Finally, for z = Qe € eHe we have (T, — 7,)Qe = 0. The simple calculation
using the explicit expression for T}, yields

(Ta - Ta)Qe = Pa(soz - 1)@6 = Pa(Sa(Q) - Q)e’
where P, E(C[Xil]dT(X) and « is a simple root. This implies Q € C[P*!, Xﬂ]gfme
and eH,;T(X)eZC[PﬂaXﬂ]?:(X)' -

The algebra H has a natural C[X 1] @ C[Y*1]" -module structure: the element
p® q acts on x € H by the formula (p ® q)z = pxq.

Lemma 5.4. H is a projective finitely generated C[X*|W @ C[Y W -module.

Proof. Let us first show that C[X*1!] is a projective finitely generated C[X*"W-
module. Finite generation is clear, since W is a finite group. Also, it is well
known that C[X*!']" is a polynomial ring (it is generated by the characters of the
fundamental representations of the corresponding simply connected group). Since
C[X*!] is a regular ring, by Serre’s theorem ([19], Chapter 4, p. 37, Proposition
22) C[X*1] must be locally free over C[X*1]" (in fact, by the Steinberg-Pittie
theorem [21] it is free, but we will not use it). For the same reasons C[Y*!] is
locally free over C[Y+1]W.

Now the claim follows from the PBW factorization from Proposition BEI1 H =
CIX*]®C,[W]eClY*t]. O

Lemma 5.5. He and eHe are projective finitely generated modules over C[ X"V @
Cly+ W,

Proof. The finite generation follows from the Hilbert-Noether lemma and Lemmal5.4]
The projectivity is true because He and eHe are direct summands in H. O

Proof of Theorem [2Jl The first item follows form Lemma R3]

Proof of ([Z): M = Spec(eHe) is an irreducible affine variety by Lemma (3]
As follows from Lemma the elements f(X)g(Y)e, where f € C[XT1]" and
g € C[YTW  form the commutative subalgebra . Obviously this subalgebra is
polynomial. Hence to prove that M is Cohen-Macaulay it is sufficient to show that
eHe is a locally free module of finite rank over its subalgebra P ~ C[XT|V @
C[Y*']". But the module is projective and finitely generated by Lemma 5.5

It is easy to see by localizing with respect to ed,(X) or ed,(Y) that M is smooth
away from a codimension 2 subset. Indeed, by the first item of Lemma [5]] after
localizing with respect to ed,(X) the image of eHe under the injection g becomes
eC[X, Pl5, (x)e ~ C[X, P] ?:(X)e, which is the ring of regular functions on a smooth
affine variety. The statement for the localization with respect to ed,(Y") follows
from the existence of the duality involution discussed in the proof of Lemma
But an irreducible Cohen-Macaulay variety that is smooth outside of a codimension
2 subset is normal ([I8], 2.2).

Proof of (B): eHe is finitely generated over C[X*!|W © C[Y*!]". Hence by
Theorem 2.1 of [22] eH is Cohen-Macaulay over eHe if and only if it is Cohen-
Macaulay over C[X*!|W ® C[Y+1|W.

We know that He ~ C[X*T! Y*!] as a C[XTH" ® C[Y*!]"W-module and He
is projective over C[X TV @ C[Y*1]W. As C[X*]W @ C[Y*']W is a polynomial
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ring, the module C[X*!, Y*1] is Cohen-Macaulay if and only if it is projective. So
Lemma [5.5] implies the statement.

Proof of (): We have an obvious homomorphism f : H — End.gy. He. It is
clearly injective because it is injective after localization by the ideal (4, (X)).

Let us denote End.ge(He) by H. Regard H D H as C[X* W @ C[y*+!]W-
modules. H is torsion free because He is a torsion free C[ X *'|W @ C[Y #']" -module
(by the PBW theorem). As He is finitely generated over eHe, H is a finitely
generated C[XTW @ C[Y*!]W-module. Also, H is finitely generated projective,
and H /H is supported in codimension 2. Indeed, the last part of Lemma implies
that Hs_(x) is isomorphic to I:L;T(X) as a eHs_(xye-module. Similarly, the module
Hs_(y) is isomorphic to ]~{57(y) as a el5_(yye-module because we can use (the same
way as in the proof of Lemma [B3)) the duality involution.

The module H represents some class in Ext'(H/H, H), which must be zero
since H /H is finitely generated and lives in codimension 2 and H is projective.
Thus, H = H & H/H and the summand H/H is torsion. But H is a torsion free
eHe-module, hence H/H = 0 and H = H.

Proof of (B): It is clear that 7 is injective, by looking at the Lusztig-Demazure
representation. Indeed the equation ze = 0 implies zp = 0 for any p € C[X]",
hence by the PBW theorem z = 0.

It remains to show that 7 is surjective. Since eHe is commutative, every element
a € eHe defines an endomorphism of He over eHe (by right multiplication). So by
statement (@l) a defines an element z, € H. This element commutes with H. Indeed
the right multiplication by a is an endomorphism of the right eHe-module which
commutes with left multiplication by elements of H hence by the forth part of the
theorem [z,,h] = 0 for all h € H. For any « € H, z,xe = xa, so xz,e = za, i.e.
x(zqe — a) = 0. Since eHe has no zero divisors, we find 1(z,) = a, as desired. O

6. THE RESULTS IN THE CASE OF THE ROOT SYSTEM A,_;

In this section H = H; ; is the double Hecke algebra corresponding to GL(n, C).

A point (p,v) € (C*)"x ((C*)"\D,) defines a C[P*1, Xil]i"(x)—character X(pw):

X(u)(Q(P, X)) = Q(u,v). The embedding Z — Z; (x) =~ C[P¥!, XF|7" ()
allows us to restrict this character to Z. We use the same notation for this character.

Lemma 6.1. For any point (u,v) € (C*)™ x ((C*)™\ D,) we have
He ®Qcpie X(u,v) = Vi

Proof. The H-module V), , has a natural structure of an H; (x)-module. Let us
study finite dimensional irreducible Hs_(x)-modules.

By Lemma BTl the ring eH; (x)e is a regular ring. As the action of S, on
(C*)™ x ((C*)™\ D) is free, the ring C[P*!, X*!; () ~ H;s_(x)e is a projective
eHs_(xye-module and defines the vector bundle F' over (C*)" x (C*)" \ D;) =
Spec(eH;, (x)ye). Hence by Lemma BIl Hs_(x) = End(F) is an Azumaya algebra
and by the basic property of Azumaya algebras any irreducible Hs_(x)-module is of
the form H; (x)e ®em;_(xye X(u vy for some point (u',v") € (C*)" x ((C*)"\ D,).

Obviously any irreducible H;_(x)-module is irreducible as an H-module. Also we
have an obvious isomorphism of H-modules Hs_(x)€ @cHy_ xye X(u ') = He Qcpe
X(u' ). Thus the previous paragraph implies V,, , ~ He ®cpe X(u,,7)- Comparing
the action of the center on both sides yields the statement. O
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The previous lemma implies that there is a map Y from the open subset
Spec(Zs, (xy) of Spec(Z) to the CM space CM;: Y(u,v) = ®(V,,,), where @ is
the map constructed in Section E. As Spec(Zs, (x)) is an open dense subset in
Spec(Z), we can define a rational map Y: Spec(Z) --+ CM..

Theorem 6.1. The map Y: Spec(Z) --+ CM, is a regular isomorphism of the
algebraic varieties. In particular, Spec(Z) is smooth.

Proof. The previous lemma and Corollary EETlimply that T is a regular isomorphism
on Spec(Zs_ (x)). The duality involution from subsection B.5] allows us to state the
same for the open subset Spec(Zs_(y).

Indeed, the duality involution & maps the double affine Hecke algebra H; ,
to Hy ;-1 and it induces the map ecy: CM; — CM,-1, eocnu(X,Y,U,V) =
(Y, X,-Y1X~1Y XU, V). By the construction we have ecp; oY = Yoe. Thus the
restriction of the morphism 55}\4 oY oe to Spec(Zs, (v) is a regular isomorphism.

Now, we know from the Theorem[5.1] that Spec(Z) is normal. As the complement
of Spec(Zs, (x)) U Spec(Zs, (v)) has codimension 2 (because Spec(Z) is irreducible
by Theorem B.1]), we can extend T to a regular map on the whole Spec(Z). The ex-
tended map is dominant because by Proposition 2.2 the variety C' M, is irreducible.

Thus Y is a regular birational map which is an isomorphism outside of the subset
of codimension 2. But we know that C M. is smooth and Spec(Z) is normal, hence
(by Theorem 5, Section 5, Chapter 2 of [23]) the map Y~! is regular and as a
consequence is an isomorphism. ([

Corollary 6.1. He is a projective eHe-module.

Proof. We proved for any R that He is a Cohen-Macaulay module over eHe. Since
M = Spec(eHe) is smooth, the result follows from corollary 2 from chapter 4 of
[19). O

Thus He defines the vector bundle E on Spec(eHe), with fibers of the dimension
nl.

Corollary 6.2. For the double affine Hecke algebra H = H ; the following is true:

(1) H = End E where E is a vector bundle over Spec(Z) i.e. H is an Azumaya
algebra.

(2) Every irreducible representation of H is of the form V, = He Qecpe Xz,
z € M = Spec(Z).

(3) V. has dimension n! and is a regular representation of C[S,].

Proof. The first item follows from Theorem BTl The second item is a general
property of Azumaya algebras. The third item follows from the fact that it is true
for the generic point z € Spec(Z). O

Remark 6.1. This corollary was proved in 2000 by Cherednik using the technique
of the intertwiners [24].

The ring Z ~ eH; ;e has a natural noncommutative deformation eH, -e. Hence
this ring has a natural Poisson structure {-, -}. The variety C' M, also has a Poisson
structure described in subsection 24l It turns out that the isomorphism ® respects
these Poisson structures.
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Theorem 6.2. The isomorphism ® is an isomorphism of Poisson varieties, that
is the following formula holds:

{.7 '}FR = {., }

Proof. 1t is enough to prove that it is an isomorphism of Poisson varieties on the
open set U. For ¢ = e # 1 we have an embedding g,; H, » — D,#S, via Lusztig-
Demazure reflection difference operators. Here D, is a localization of the Weyl
algebra with generators Xiﬂ, Piﬂ, i=1,...,n and relations:

(X, X;] =0, [P,P]=0, X;P—q""PX;=0,

by the ideal (§;(X)). When ¢ = 1, the noncommutative ring D, becomes the
commutative ring C[P*!, X j[1],57( x) and the corresponding Poisson structure on
this ring is given by the formulas

The Hy ,-module V), , has a natural C[P*!, X*1s y)#5S, structure. It is easy
to see that in the basis 1 ® w, w € W operators P;, X; are diagonal. In particular,
P(1®e) = pi(l®e) and X;(1®e) = v;(1®e), hence we have the following Poisson
bracket on U:

(28) isvib =0, Api,p} =0 {vi, i} = 0ijvipy.

The comparison of the formulas for the Poisson bracket on U C C'M, from subsec-
tion 4] and explicit formulas for the map ®|y; from subsection[43 give the formula.
Indeed, we can express the functions \;, g through the functions us, v+ and using
([28) to calculate Poisson brackets {\;, Ak}, {Xi, qk}, {ai, qx}. We give formulas for
the last bracket:

g dln(g;)  Oln(qgk)
{9, ax} = @ian <Vk o Vi,

T 1 T 1
=qiqr \ Vk | ——3 + —Vi| === +
T Vi — TV Vi — Vg T "V —TV; Vi — V;

(77" = 1) qiqr(vi + vi)vivy
(l/i — l/k)(Tfll/k — TVi)(Tfll/i — Tl/k).

7. THE RATIONAL AND TRIGONOMETRIC CASES

In this section we explain how one can get an easier proof of the results of [7] on
the rational double affine Hecke algebra. We also give the version of the results of
the paper for the trigonometric Hecke algebra and explain how to modify the proof
from the paper for this case.

We give the modifications of the results from the main body of the text only for
the root system A, _; but the rational (and trigonometric) version of Theorem B
holds for any root system R (and the proof is analogous). Moreover, in the rational
case we can replace the Weyl group W by a finite Coxeter group (see [7]). Proofs of
these results repeat proofs for (nondegenerate) double affine Hecke algebras from
the paper.
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7.1. Definition of the rational and trigonometric double affine Hecke al-
gebras. Below we give a definition of the rational and trigonometric double affine
Hecke algebra.

Definition ([7]). The rational double affine Hecke algebra H%' is generated by
elements s;;, 1 <1 # j <n, z;,y;, 1 <17,5 <n. The elements s;;, 1 <14,7 < n gen-
erate the subalgebra inside Ht‘"f*ct isomorphic to the group algebra of the symmetric
group Sy, and s;; corresponds to the transposition (ij). In addition, generators of
H}%! satisfy the relations

TiSij = SijTj, YiSij = SijYj, 1<14,7<mn,
[Tk, 5551 =0, [ykss] =0, k¢ {i,j}, 1<ijk<n,
[Yi,zj] = csij, 1 <i#j<n,
[zi,2j] = 0= [y;,y;], 1<4,j<mn,

lyk, zK] = t—chik, 1<k<n.
itk
Definition. The trigonometric double affine Hecke algebra Httrclg is generated by
elements s;;, 1 < ¢ # j < n, Xftl,yj7 1 < 4,5 < n. The elements s;;, 1 <
1,7 < n generate the subalgebra inside Httrclg isomorphic to the group algebra of the
symmetric group S, and s;; corresponds to the transposition (¢j). In addition, the

generators of Htt’r;g satisfy the relations

Xisij = Sinj, 1 S i,j S n,

SijYi — YjSij = ¢C lfj > i, SijYi — YjSij = —C lfj < i,
[Xkasij]:()a [yk;slj]:()lfk¢{l7j}a 1§Z,],k’§n,
XXy —yi=csiy it j >, X 'wiX;—yi = XiX; lesiy if § <,
X ueXe —yp =t —cO_ s+ Y XX 'si), 1<k<n.
i<k i>k

Remark 7.1. Let H be the Clc, t][[h]]-algebra topologically generated (in the h-adic
topology) by Xi, yi, Siit1 with T; = s; 1€t i =1,... . n—1,Y; = i,
X, @ = 1,...,n satisfying the relations for the double affine Hecke algebra H, .,
g = e’ 7 = e". It coincides with an appropriate completion of the double affine
Hecke algebra H, ., in the h-adic topology. Moreover, one can show that H is
flat over C[[h]] and H/hH = H{":®. Analogously, if H™% is the C[c, t][[h]]-algebra
topologically generated by by sij,vi, 7, 1 < i < n with s;5,y;, X; = "%, i, j =
1,...,n, satisfying the relations for the trigonometric double affine Hecke algebra
H,}% ., then the algebra I is flat over C[[h]] and HJ% = H'i&/hH'"E. Let us
also mention that there is a direct limiting process from the double affine Hecke
algebra to the rational double affine Hecke algebra [25].

7.2. Representation by Dunkl operators. Let D}* be the localization of the
n-dimensional Weyl algebra A2 by the ideal generated by §(z). The Weyl algebra
A2t is generated by elements z;, p;, 1 < i < n modulo relations

(@i, 2] =0 = [pi,pj], [xi,pj] =105, 1<4,5<n.
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Let us denote by D:rig the trigonometric version of algebra Diat. This algebra is
a localization by (5(X)) of the algebra A}"® with generators p;, X', i =1,...,n
modulo relations

(29) [(Xi, X5] =0=[pi,p;], [Xi,pj] =16:5Xs, 1<i,j<n.

It is easy to see that the ring Azrig is isomorphic to the ring of differential operators
on the torus (C*)™.

Prqposition 7.1. The homorphisms g"**: H}% — DS, g™&: H™& —
Di"84S,, defined by the formulas

ra 1
9" (yi) = pi + CZ P (sij — 1),
J#
gmt(xi) = Ty, grat(w) = w,
ri X X;
9" (yi) = ps +CZ ﬁ(szj -1+ CZ ﬁ(sij -1),
J<t Jj>t

gtrig(Xi) — Xi; gtrig(,w) =w,
(i=1,...,n) is injective.
This proposition allows us to prove the PBW type result for these algebras.

7.3. Calogero-Moser spaces. Next we give a definition of the Calogero-Moser
space in the rational and trigonometric cases. These spaces were defined by Kazh-
dan, Kostant and Sternberg in [§].
Let C M., be the subset of gl(n,C) x gl(n,C) consisting of the elements (z,y)
satisfying the equation

rk([z,y] + Id) = 1.

By CM/,;, C GL(n,C) x gl(n,C) we denote the subset of pairs (X, y) satisfying

rig
rh(X 'yX —y+1d) = 1.
The group GL(n,C) acts on the spaces CM/,, and C M|
action is free.

rig DY conjugation. This

Definition. The quotient of C'M,,; (CM{,;,) by the action of GL(n,C) is called
the rational (trigonometric) Calogero-Moser space. We use the notation CM,at
(respectively CMyyig) for this space.

Proposition 7.2. The rational (trigonometric) Calogero-Moser space C Myar (C Mirig)
is an irreducible smooth variety of dimension 2n.

For the rational Calogero-Moser space this statement is proved in section 1 of
[10]. The proof in the trigonometric case almost identically repeats the proof in the
rational case.

The Calogero-Moser spaces CM;a; and C' My, are the configuration spaces for
the rational and trigonometric integrable Calogero-Moser systems. The Poisson
structures corresponding to these systems are the results of the Hamiltonian re-
duction of the natural Poisson structures on the spaces gl(n,C) @ gl*(n,C) and
T*GL(n,C) (see [26]).
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7.4. The main result for the rational and trigonometric double-affine
Hecke algebras. As we mentioned in the first subsection, the algebras Hg Hg't®
are in some sense quasiclassical limits of the double-affine Hecke algebra H; . Nat-
urally, the theorems from the previous section have their rational and trigonometric

analogs:

Theorem 7.1. Let H be one of three described algebras: Hi ., Héfig, HE, CM
is the corresponding Calogero-Moser space, and e is the symmetrizer (in the fi-
nite Hecke algebra if H = Hy 4 and in the symmetric group otherwise). Then the
following is true:

(1) The map h: z — ze is an isomorphism between Z(H) and eHe.

(2) Spec(Z(H)) is an irreducible smooth variety naturally isomorphic to CM.

(3) The Poisson structure on CM which comes from the noncommutative de-
formation eH, e (eH;" e, eH*e respectively) of eHe coincides (up to
a constant) with the (quasi) Poisson structure on CM coming from the
(quasi) Hamiltonian reduction.

(4) The left eHe-module He is projective and H = Endcpe(He).

In particular, the algebras H§% and H"® are Azumaya algebras and for these

algebras the statement of Corollary [6.2] holds with C, [Sn] replaced by S,.

The proof of the theorem in the case H = H% is completely parallel to the case
H=H,.

In the trigonometric case the only difficulty is that the group GL(2,Z) does not

act on Héfig and we do not have any analog of the duality involution. But instead

of the duality transform one can use the faithful representation g'"'¢ of Héfig. The
representation g8 is the “bispectral dual” to g*™'8; that is, the role of X;,1 <i < n
is played by y;, 1 <i < n.

Let us describe the representation g
C[P*1, Yls(y)#Sn is defined by the formulas

) —— tri
trig. The homomorphism g"¢ : H,'® —

— C .
Siipr — T = Sii01 + ————(Sii41— 1), 1<i<n—1,
Yi — Yi+1
Yi — Yi, 1 S T S n,

Xi HTi...nglwplel...Tifl, 1§z§n
where w € S, w(l) =n, w(i)=i—1,i=2,...,n.

Remark 7.2. It may appear that one can obtain some of our results from the rational
case by a naive deformation argument. However, it is not clear how to do it, since
the variety Spec(Z) is not compact, and when it is deformed, there is a priori a
possibility of singularities arriving from infinity.

REFERENCES

[1] I. Cherednik, Double affine Hecke algebras, Knizhnik-Zamolodchikov equations and Macdon-
ald operators, IMRN (1992), no. 9, 171-180. MR 1185831 (94b:17040)

[2] I. Cherednik, Macdonald’s evaluation conjectures and difference Fourier transform, Invent.
Math. vol. 122 (1995), no. 1, 191-216; Erratum, Invent. Math 125 (1996), no. 2, 391. MR
1354956 (98i:33027a); MR (1395724 (98i:33027b)

[3] I. Cherednik, Double affine Hecke algebras and Macdonald’s Conjectures, Ann. of Math (2),
vol. 141 (1995), no. 1, 191-216. MR 1314036 (96m:33010)


http://www.ams.org/mathscinet-getitem?mr=1185831
http://www.ams.org/mathscinet-getitem?mr=1354956
http://www.ams.org/mathscinet-getitem?mr=1395724
http://www.ams.org/mathscinet-getitem?mr=1314036

266 ALEXEI OBLOMKOV

[4] K. Saito, Extended affine root system I. Coxeter transformations, Publ. Res. Inst. Math. Sci.,
vol. 21 (1985), no. 1, 75-179. MR[0780892 (86m:17023)

[5] K. Saito, T. Takebayashi, Extended affine root system III. Elliptic Weyl groups, Publ. Res.
Inst. Math. Sci., 33 (2), (1997), 301-329. MR [1442503 (98d:20047)

[6] B. Ion, S. Sahi, Triple affine Artin group and Cherednik algebras, math QA /0304186.

[7] P. Etingof, V. Ginzburg, Symplectic reflection algebras, Calogero-Moser space, and de-
formed Harish-Chandra homomorphism. Invent. Math., vol. 147 (2002), no. 2, 243-348. MR
1881922 (2003b:16021)

[8] D. Kazhdan, B. Kostant, S. Sternberg, Hamiltonian group actions and dynamical systems of
Callogero type, Comm. Pure Appl. Math, vol. 31 (1978), 484-507. MR 0478225 (57:17711)

[9] H. Nakajima, Lectures on Hilbert schemes of points on surfaces, University Lecture Series,
18, Amer. Math. Soc., Providence, RI, 1999. MR 1711344 (2001b:14007)

[10] G. Wilson, Collision of Calogero-Moser particles and adelic Grassmanian, Invent. Math. vol.
133 (1998), no. 1, 1-41. MR |1626461 (99f:58107)

[11] Yu. Berest, G. Wilson, Ideal Classes of the Weyl Algebra and Noncommutative Projective
Geometry (with an Appendix by M. Van den Bergh), Int. Math. Res. Not. 2002, 1347-1396.
MR 1904791 (2003h:16040)

[12] S.N.M. Ruijsenaars and H. Shneider, A new class of integrable systems and its relation to
solitons, Ann. Phys., vol. 170 (1986), no. 2, 370-405. MR (0851627 (88a:58097)

[13] V.V. Fock, A.A. Rosly, Poisson structure on moduli of flat connections on Riemann surfaces
and the r-matrix, Moscow Seminar in Mathematical Physics, 67-86, Amer. Math. Soc. Transl.
Ser. 2, 191, Amer. Math. Soc., Providence, RI, 1999. MR (1730456 (2001k:53167)

[14] A. Alekseev, Y. Kosmann-Schwarzbach and E. Mienrenken, Quasi-Poisson Manifolds, Can.
Journal of Math., vol. 54 (2002), no.1, 3—29. MR 1880957 (2002k:53157)

[15] G. Lusztig, Affine Hecke agebras and their graded version, JAMS, vol. 2, no. 3, (1989),
599-635. MR 0991016 (90e:16049)

[16] A. Kirillov Jr., Lectures on affine Hecke algebras and Macdonald’s conjectures, Bull. of AMS,
vol. 34 (1997), no. 3, 251-292. MR 1441642 (99¢:17015)

[17] S. Sahi, Nonsymmetric Koornwinder polynomials and duality, Ann. of Math (2), 150 (1999),
no. 1, 267-282. MR 1715325 (2002b:33018)

[18] N. Chriss, V.Ginzburg, Representation theory and complex geometry, Birkhauser Boston,
1997. MR 1433132 (98i:22021)

[19] J.P. Serre, Algebre locale. Multiplicités, Lecture Notes in Math., vol. 11, 1965, Springer-
Verlag. MR 0201468 (34:1352)

[20] B. Ion, Involution of double affine Hecke algebras, Compositio Math., 139, (2003), 67-84. MR
2024965

[21] R. Steinberg, On a theorem of Pittie, Topology, vol. 14 (1975), 173-177. MR
0372897 (51:9101)

[22] J. Bernstein, A. Braverman, D. Gaitsgory, The Cohen-Macaulay property of the category of
(g, K)-modules. Selecta Math. (N.S.), vol. 3 (1997), no. 3, 303-314. MR 1481131 (98k:20073)

[23] I.R. Shafarevich, Basic algebraic geometry, Springer-Verlag, 1994. MR 1328833 (95m:14001)

[24] 1. Cherednik, private communication, 2000.

[25] I. Cherednik, Diagonal coinvariants and double affine Hecke algebras, IMRN, no. 16, (2004),
769-791. MR 12036955

[26] M.A. Olshanetsky, A.M. Perelomov, Integrable systems and Lie algebras. Mathematical
physics reviews, Vol. 3, 151-220, Soviet Sci. Rev. Sect. C: Math. Phys. Rev., 3, Harwood
Academic, Chur, 1982. MR 0704030 (84k:58112)

DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 77 MASSACHUSETTS
AVE., CAMBRIDGE, MASSACHUSETTS 02139
E-mail address: oblomkov@math.mit.edu


http://www.ams.org/mathscinet-getitem?mr=0780892
http://www.ams.org/mathscinet-getitem?mr=1442503
http://www.ams.org/mathscinet-getitem?mr=1881922
http://www.ams.org/mathscinet-getitem?mr=0478225
http://www.ams.org/mathscinet-getitem?mr=1711344
http://www.ams.org/mathscinet-getitem?mr=1626461
http://www.ams.org/mathscinet-getitem?mr=1904791
http://www.ams.org/mathscinet-getitem?mr=0851627
http://www.ams.org/mathscinet-getitem?mr=1730456
http://www.ams.org/mathscinet-getitem?mr=1880957
http://www.ams.org/mathscinet-getitem?mr=0991016
http://www.ams.org/mathscinet-getitem?mr=1441642
http://www.ams.org/mathscinet-getitem?mr=1715325
http://www.ams.org/mathscinet-getitem?mr=1433132
http://www.ams.org/mathscinet-getitem?mr=0201468
http://www.ams.org/mathscinet-getitem?mr=2024965
http://www.ams.org/mathscinet-getitem?mr=0372897
http://www.ams.org/mathscinet-getitem?mr=1481131
http://www.ams.org/mathscinet-getitem?mr=1328833
http://www.ams.org/mathscinet-getitem?mr=2036955
http://www.ams.org/mathscinet-getitem?mr=0704030

	Introduction
	Acknowledgments

	1. Definitions
	1.1. 
	1.2. Definition of the Calogero-Moser space

	2. Properties of the Calogero-Moser space
	2.1. Smoothness of the Calogero-Moser space
	2.2. Local coordinates on CM 
	2.3. Irreducibility of CM
	2.4. The Poisson structure on the CM space

	3. Finite dimensional representations of H1,
	3.1. Limit of the Lusztig-Demazure operators
	3.2. PBW theorem
	3.3. The representation V,
	3.4. The action of the finite Hecke algebra
	3.5. The projective GL(2,Z) action on double affine Hecke algebras

	4. The map from Irrepn! to CM
	4.1. Construction of the map
	4.2. The spectrum of =T1-1…Tn-2-1 Tn-1-2 Tn-2-1…T1-1
	4.3. The map  on the subset UIrrep n!

	5.  Results on the general double affine Hecke algebra
	5.1. Formulation of the theorem
	5.2. Proof of Theorem ??

	6. The results in the case of the root system An-1
	7. The rational and trigonometric cases
	7.1. Definition of the rational and trigonometric double affine Hecke algebras
	7.2. Representation by Dunkl operators
	7.3. Calogero-Moser spaces
	7.4. The main result for the rational and trigonometric double-affine Hecke algebras

	References

