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ON TIGHT MONOMIALS IN QUANTIZED
ENVELOPING ALGEBRAS
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ABSTRACT. In this paper, the author studies when some monomials are in the
canonical basis of the quantized enveloping algebra corresponding to a simply
laced semisimple finite dimensional complex Lie algebra.

0. INTRODUCTION

To any graph I', Lusztig has associated in [L1] and [L2] an algebra U~ over
Z[v,v™1] provided with a canonical basis B. In the case that I' is the Dynkin graph
of a simply laced semisimple finite dimensional complex Lie algebra g, then U~ is
the negative part of the corresponding quantized enveloping algebra U and B, the

canonical basis (or crystal basis).

(a)

The simplest elements in U™ are certain elements F;*, where i is a vertex of T’

and a € N. In this paper, we study when some monomials in the Fi(a)’s are in B.
These monomials are said to be tight in that case.

In Section 1, we first recall the approach of Lusztig to this question as presented
in [L2]. This comes down to studying a quadratic form Qq; where Q is a quiver
whose graph is " and i = (i1, 9, ..., 4m), a sequence of vertices of I'. This is explored
in more detail in Sections 2 and 3. The nicest case is when I' is loop free. This is
studied in Section 3. In Section 4, we give criteria for tightness and semi-tightness.
In Sections 5 and 6, we give many examples of tight and semi-tight monomials.
Some of these were already studied by Lusztig in [L2] and by Marsh in [M]. We
present these examples using our approach. Finally in Section 7, we consider the
case where I' is a Dynkin graph of a simply laced semisimple finite dimensional
complex Lie algebra g of small rank and i is the reduced expression for the longest
element of the Weyl group of g. Some of these were also studied by Lusztig in [L2]
and by Marsh in [M]. In our approach, there is a unit form Q; that we need to
study. We do this using results of the theory of representations of algebras. They
are presented in Section 6.

Our motivation was a question of Lusztig presented in Section 16 of [L2]. We
recall this in the first part of Section 7. We still don’t know the answer to this
question, but our hope is that this article will be useful in the search of a solution.
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1. NOTATIONS AND RESULTS OF LUSZTIG

1.1. We will now recall the notation and results of [L2]. Fix a finite graph I" with
a set of vertices I # () and a set of edges H. We assume given an orientation  for
our graph, i.e., two maps h +— h’ and h — h” from H to I such that the ends of
h are b/, h”. In this way we get a quiver that we will also denote 2. The graph I’
could have loops, that is, elements h € H such that A’ = h”. If there are no loops,
then we say that our graph is loop free. This property does not depend on €2, but
only on I'.

In [L2], Lusztig has associated to this graph an algebra U~ over Z[v,v~!] (v is
an indeterminate) provided with a canonical basis B. Our graph could have loops
and this construction extends the one of |[LI]. The simplest elements in U™ are
certain elements of Fi(a) for various ¢ € I and a € N.

A monomial in U~ is an element of the form

(a) FA(al)FA((Q) FA(G"")
i in e

Tm
where i1, 9, ...,4, € I and a1, as,...,a,; € N. Such a monomial is said to be tight
(resp. semi-tight) if it belongs to B (resp. is a linear combination of elements of B
with constant coefficients, necessarily in N).

1.2. For the rest of this article, we fix a = (a1, as,...,a,) € N™ and a sequence
i= (il,ig,. ,Zm) in 1.

1.3. Fori e I, define Z(i) ={1<k<m|iy=i}. Let X = {(¢,p,q) | i €I, p,q, €
Z(@)and 1 <p<qg<m},Y={(,pq) € X| Ire Z(i) suchthat p <r < ¢}
and Z = X\ Y. When we want to specify i, we write X' (i), Y(i), Z(i) rather than
X, ), Z.

1.4. Let P’ be the real vector space with coordinate functions 2! indexed by the
triples (¢, p, q) such that i € I and p, ¢ € Z(i). Define 2% to be the 0 linear function
whenever i € I and p, ¢ € [1, m] are not both contained in Z(3).

For s € [1,m], define the linear forms on P’:

&(z) = Z z% and  &(2) = szr for z = (21"7) € P'.
T T
Let P be the subspace of P’ defined by

P =) Ker(¢ —&).
s=1

1.5. Let T, be the finite subset of P’ consisting of z = (2I"?) with coordinates in
N such that &(z) =&4(2) = as, Vs € [1,m]. Clearly T, C P.

There is a distinguished vector z, € Ty; it has coordinates 2" = 0 if p # ¢, and
2P =ayif p e Z(i).

1.6. Counsider the quadratic form Qg ; on P’ defined by

Qns(e) = 3 YA - Y

heH r<p iel r<p
q<s g<s

Obviously Qq,i(za) = 0.
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Theorem 1.7 (Lusztig). (a) If the quadratic form Qq,; takes only values > 0 on
Ta \ {za}, then the monomial 1.1 (a) is tight.

(b) If the quadratic form Qq; takes only values > 0 on T,, then the monomial
1.1 (a) is semi-tight.
Proof. See Theorem 6 in [L2]. O

We will use the same machinery as Lusztig in [L2] to study Qq; on Tn. The

idea is to get an expression for the quadratic form Qq ; by eliminating the variables
PP
zh.

1.8. Let V' be the real vector space with coordinate functions w!"? indexed by

triples (4,p,q) such that ¢ € I and p,q € Z(i) satisfy p # ¢q. Define w?? to be the

0 linear function whenever ¢ € I and p # ¢ € [1,m] are not both contained in Z (7).
Let V be the subspace of V' such that

(a) Z w;® = Z w;" for all p € [1,m].
r<p<s r<p<s

Let VT be the set of all w = (w!"?) € V such that w!? € N for all (i, p, q) with
i€l and p#qe Z(i).

Lemma 1.9. V is the subspace of V' such that

(a) wa’s = w? for all p € [1,m].
s s

Proof. Let w = (w!?) € V. If p=1in 1.8 (a), then
Suits Y w s X =Yt
s T,8 7,8 s
s#1 r<i<s r<i<s s#1

This is the first equation of Lemma 1.9 (a), the one corresponding to p = 1.
If p > 1, then

DyS P __ TS TS
s r TS

.S

:
p<s r<p r<p<s r<(p—1)<s
_ s s _ ™ D,s
_Zwi Z wi_E:wi Ewi'
T8 r,s T s
r<p<s r<(p—1)<s p<r s<p
Consequently,
DS _ Tp
Zwi = E :wi :
S T
s#p T#p

This is the pth equation of Lemma 1.9 (a) for p > 1. We have thus shown that V'
is included in the subspace of V’ defined by Lemma 1.9 (a).
If w = (wl?) is an element of V' defined by Lemma 1.9 (a), we want to prove

that w € V. We have

/ / / ’ / ’
p'hs _ 5,p p'ys o' _ o' P8
E w; = g w; = g w; E w," = g w; E w;
S , S , S T S

P T
s#p SEP p'<s r<p’ p'<r s<p’
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for all p’ € [1,m]. Thus because

/
E E ’U} E wﬁﬂ :E E wﬁﬂ E wf’s )
s
s<p'

ppép P <8 p <p <r
we get that
S = Y
r<p<s r<p<s
This is the pth equation of 1.8 (a) defining V. O

1.10. Let p1a : V' — P’ be the affine linear map defined by w = (w!"?) — 2 = (2I"?)
where 27" = w}"? if p # ¢ and 2" = a), — 2 gt w;?.
Lemma 1.11. (a) ua is injective and carries V into P.

(b) Any point z € Ty is the image of a unique point in V' under pa. In
particular, pa(0) = za.

(c) pat(Ta) is the set of w = (w]'?) € V' such that we have -, wi" =
D aprtq Wi < ap for all p € [1,m].

Proof. (a) It is obvious that p, is injective. If w € V, then we want to prove that
z = pa(w) € P. We have

&(z) = ZZ:,S _ Zwiﬁs +|a,— Zw:‘,t
rts ths

and

_ s,r s,T _ s,t
= E z; = E w;” + | as E w;
r T t

r#s t#s

Because w € V and by Lemma 1.9, {,(z) = £.(2) for all s € [1,m]. Thus z € P.
(b) For z = (2I"?) € Ty, let w = (w!?) be defined by w!"? = 2% for p # q. Then
ta(w) = z. In fact, we just have to compute the (4, p, p)-component
(Ma( p,p =a, — pr,q =a,— Zzp,q =a,— p(z) + zf’p _ zf’p
paéq p#q

because £,(2) = a,. Obviously f1a(0) = za.

(¢) If w = (w?) € V' is such that pia(w) € Ta, then w!"? € N for p # g. By
(a), we have >°  w}* =37 w{®. We also have a, -3 _ wi"* >0. So
we have just proved that

o (Ta) € Q w= (wl?) |wl? € N and wa’q = Zw?’p < ayp
pq pq
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The reverse inclusion is easy to get. In fact,

_ q,p _ DP,q _
*E:wi tap E:wz = Gp
q q
q#p PF#q

and

& (pa(w prq—i—a —prq—a.

qip p7ﬁq

1.12. Let Qq; be the quadratic form on V' defined by

NI SED SIRTIITERS SEb SRR

i€l p,qeZ(i) i€l p,qeZ(3)
r,s€Z(1) r,s€Z(1)
r<p<s<q g<s<p<r
- E g wh/ wh// g E wh/ wh//-
heH p,qeZ(h’) heH p,qeZ(h')
r,s€Z(h') r,s€Z(h'")
r<p<s<q q<s<p<r

We will again denote by Qq ; the restriction of Qq; on V.

1.13. For s < ¢’ in [1,m] such that i, =iy =i and p € Z(i) whenever s < p < &,
we set

N(s,s") = (l; — 1)(as + as —|—Z Z €i,j Gp
JE€I peZ(j
Fél s<p<9
where [; is the number of edges joining ¢ with ¢ (loops) and e; ; is the number of
(unoriented) edges joining ¢ with j.

More generally, given s < s’ in [1,m] such that is = iy = i, we set N(s,s) =
N(s0,81)+ N(s1,82) + -+ N(8k—1,5k) where s = 59 < 81 < --- < s = s’ are the
elements of Z(i) N [s, s'] in increasing order.

Let Lj o be the linear form on V' defined by

w):z Z N(s,r)w;*

i€l r.s€Z(4)
s<r
and denote again by L; » the restriction of L; 5 to V.
Proposition 1.14 (Lusztig). (a) For anyw € V, we have Qq ;(pa(w)) = Qq.i(w)+
Li7a(w).

(b) If the non-homogeneous quadratic form Qq; + Lia takes only values > 0
on py 1 (Ta) \ {0}, then the monomial 1.1 (a) is tight.

(¢) If the non-homogeneous quadratic form Qq; + Lia takes only values > 0
on uz ' (Ts), then the monomial 1.1 (a) is semi-tight.

Proof. (a) is Lemma 9 (c) in [L2]. (b) and (c) follow from (a) and Theorem 1.7.
U
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2. STUDY OF Qq; ON V

We will first study V' by decomposing it as a direct sum V; & V_; of two subspaces
V1 and V_;. In the last part of this section, we will show that the quadratic form
ngi can be decomposed with respect to the direct sum V; @ V_; and that ngi is
also independent of €.

o)

2.1. If w = (w?), then we write "w = (w]”) for the transpose of w. If i € I,

then the cardinality [{k € [1,m] | ix = }| will be denoted n;(z).

Proposition 2.2. (a) Ifw €V (resp. V1, T,), then "w € V (resp. V', Ty).

(b) V=Vi®&V_1 where V. ={w € V | "w = ew} foree {-1,1}.

(¢) Vi is the subspace of symmetric matrices in V'. For (i,p,q) € X, let
u(i,p,q) denote the matriz whose only nonzero entries are at the positions
(4,p,q) and (i,q,p) and these nonzero entries are equal to 1/2. Then the set
By of matrices u(i, p, q) with (i,p,q) € X is a basis of V1 and the dimension
of Vi is dim(V1) = >, na(i)(na(i) — 1)/2.

(d) V_y is the subspace of skew symmetric matrices (w*?) in V' such that we
have 37, o, wi® =30, ., wi® = 0 whenever p € [L,m]. For (i,p,q) €
Y, let v(i,p,q) denote the matriz whose entries are given by wi? = 1/2,
wi? = —1/2, WP = —1/2, WP = 1/2 where k = 0,1,...,7r — 1
andp=py <p1 < --- < p, = q are the elements of Z(i) between p and q in
increasing order and all other entries of v(i,p,q) are 0. Then the set B_y
of matrices v(i,p,q) with (i,p,q) € Y is a basis of V_1 and the dimension
of Vo is dim(V_y) = >, ., (ni (@) — 1)(ni(i) — 2)/2.

(€) dim(V) = ¥,e, (mi(i) — 1)

Proof. (a) is obvious for V and V* by Lemma 1.9. For T, it follows from its

definition.
(b) This is simply because w € V can be written as

" — (w + Tw) N (w — *Tw) with (w + € "w)

2 2 2

We also have Vi N V_; = {0}. Thus V=V, ® V_;.
(c) Denote by Sym: the space of symmetric matrices. We want to prove that
Vi =SymNV'. Tt is easy to check that V4 C SymNV'. If w = (w!"?) € Sym N V',

then
szp#] — Zw?’p fOI' aﬂ P S [1) m]
q q

q#p q#p

eV, foree{-1,1}.

Thus w € V by Lemma 1.9. Because "w = w, we get w € Vi. It is easy to
prove that {u(i,p,q) | (i,p,q) € X} is a basis of V;. From this, we get dim(V;) =

2iermii)(ni(i) —1)/2.
(d) Denote by Skew: the space of skew symmetric matrices and by Skewy: the
subspace of Skew consisting of the matrices w = (w!?) such that

Zw?q — Zw?vp =0 forallpell,m].
qgﬁp ‘17‘1&1’
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We must prove that V_; = Skewg N V’. It is obvious that Skewg NV’ C V_;. If
w = (wl?) € V_y, then w is skew symmetric and is an element of V'. We also have

pr,q qu,p wa,q = pr,q qu,p =0
qaép q;ép qip q;ép qaép

because w € V N Skew. Consequently, w € Skewg NV’ and V_; C Skewq N V".

We now want to prove that {v(i,p,q) | (¢,p,q) € Y} is a basis of V_;. It is easy
to check that these vectors belong to V_; and are linearly independent. We must
prove that they span V_;. Let w = (w!?) € V_;. We will prove that

Z 20w v(i, p, q).

(4,p,q) €Y

Note that w = (w!?) = w — D ipa)ey 2w v(i,p, q) is an element of V_; such
that @Y = 0 whenever (i,p,q) € Y. But this implies that @ = 0. In fact, if there
are p # ¢ both belonging to Z(i) such that w!*? # 0, then we can, by considering
wl? # 0 if needed, assume that p < ¢ and (i,p,q) € X. By our definition of w,
we have that (i,p,¢) € Z. Among all such triples (i,p,q) € Z with w!? # 0, take
one for which p is minimal. For this p, we claim that @!" = 0 for all r € Z(i) and
r # q. In fact, if r < p and we assume that @w!”" # 0, then —w;” # 0 and this
contradicts our choice of p. So @w!" = 0 when 7“ < p. If r = p, then @" = 0 by
definition of V. If p < r and r # ¢, then r > ¢, (i,p,r) € Y because (i,p,q) € Z,
and w!"" = 0 from our construction of w. From this we get a contradiction because
0= Zr,r;ﬁp ’(Df’ = wp7q

From this we can conclude that {v(i,p,q) | (4,p,q) € Y} is a basis of V_;. We
get easily that dim(V_y) = >, (ni(i) — 1)(ns(i) —2)/2.

(e) follows from (c) and (d). O

Lemma 2.3. Let w € V. Write w with respect to the basis By UB_1 of V:

(a) w = (w;?) = Z T(ip.q) Wi Psq Z Yiipa) V(0P 4)-

(i,p,q)€X (z,p QEY

Then w € p; ' (Ta) if and only if the following siz conditions are satisfied:

(1) (ip,q €N forall (i,p,q) € &,
(2) Y(ipq) €Z and Y(; p.q) = T(ip,q) (mod 2) for all (i,p,q) €Y,
(3) Ypa)| < T(ipg) for all (i,p,q) €Y,
( ) (i,7,8)€Y Y(i,r,s) = T(i,p,q) (mOd 2) for all (i,p,q) € Z,
r<p<q<s

(5) | X (ims)ey Yiirs)| < Tip,q) for all (i,p,q) € Z,

r<p<g<s

6) 2, (ipg)ex T(ipa) + > (hap)ex Tiap) < 2ap for allp e [1,m)].
For now on, we will denote the set of pairs (x,y) with x = (T(; p.q))(i,p.qex and
Y= Y(ip.)) (i,p.q)ey Satisfying the above six conditions by Ta.

Proof. We note that (z(; p,q) + Yip.q)/2 = W) and (2 p.q) — Yip.g))/2 = wi* for
all (i,p,q) € Y. Consequently, z(; , o) = wi"? + w!? and y(; , o) = w? — wi? for
all (i,p,q) € V.
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If (i,p,q) € Z, then

1 1
Wit = 2pg = Y Yws | andwl? =S TGpg + Y Y
(i,r,8)€Y (i,r,8)€Y
r<p<g<s r<p<g<s

Consequently, (; , ) = wi"? +wi? if (i,p,q) € Z.

If w= (wl?) € uy'(Ta), then w?? € N whenever i € I and p # q € Z(i)
and we also have 37 wi? =37 wi’ < a, for all p € [1,m]. From this,
we get easily the six conditions as follows. Because ;4 = w!? + w!” € N
if (i,p,q) € X, we must have condition 1. Because y(; o = w)'? —wi? € Z
and Y(; p.q) = T(ip,q (mod 2) if (i,p,q) € Y, we must have condition 2. Because
(T(ip,q) + Yipg) = 2w = 0 and (2p.) = Yiip,g) = 207" = 0if (i,p,q) €V,
then |y p.o)l < T(ipq if (4,p,9) €Y and condition 3 is verified. Because we have

Tipa) = D Yiws | = 2007 >0

(i,7,8)€Y
r<p<g<s

and

L(ip,q) + Z Yiirs) | =2wi” >0,

(i,r,8)€Y
r<p<q<s

if (i,p,q) € Z, then both conditions 4 and 5 follow easily.
P4 is the sum of the entries of the pth row of w. Note that the sum of

9,97P w; ’
the entries of the pth row of u(i,p’,¢’) is

1/2, if (4,p',q") = (i,p,q) € X for some g;
1/2, if (i,p',¢') = (i,q,p) € X for some g;
0 otherwise.

Note also that the sum of the entries of the pth row of v(4,p’, ¢) is 0 for all (i,p’,¢’) €
Y, because v(i,p’,q’) € Skewq. From this we get

1
Z wi ! = 3 Z Z(i,p,q) T Z T(i,q,p) < Op

q,97#p q,(,p,9) €EX q,(i,q,p)€EX

|~

if 1 < p < m, and condition 6 is verified.

Conversely, if the six conditions above are satisfied, then we must show that
w € pyt(Ta). If (i,p,q) € Y, then wi? = (23 p.q) + Yiipq)/2 € N and wl”? =
(T(i,p,q) — Y(i,p,q))/2 € N by conditions 1, 2 and 3. If (4,p, q) € Z, then

wf’qzi Z(ip,q) — Z Yrs)| €N

(i,r,5)€Y
r<p<q<s
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and

1
wi? =5 |Tapgt D Yins| EN

(i,7,8)€Y
r<p<q<s

by conditions 1, 2, 4 and 5.
As we saw above

1 1
wa’q =3 Z Z(ipq) + 3 Z T(iq,p) < Op
q q q
q#p (i,p,q)€X (i,9,p)€X

by condition 6. We also have that - wi® =37 _ w!”. From all of this and

Lemma 1.11 (c), we see that w € ug1(Th). O

Theorem 2.4. Let w € V and write w = u+ v withu € V; and v € V_1. Then

Qa.i(w) = Qq,i(u) + Qa.i(v).

Proof. We have w}"? = uf +v}"* for i € I and p # ¢ € Z(i). To prove that
Qa,i(w) = Qa.i(u) + Qa,i(v), we must consider

Yoo @ D@ )+ Y (P o) (Wt )

i p,q,r,s,€Z(3) i p,q,r,s,€Z(i)
r<p<s<g g<s<p<r
E E s s TS T8 E § s s 7,8 r,8
- (uilq + UZ/q)(uh// + vh//) - (ui/q + UZ/q)(uh// + vh//)
h pqez(h’) h p,qeZ(k’)
r,s€Z(h") r,s€Z(h'")
r<p<s<g q<s<p<r

and show that it is equal to

p,q, 17,8 p,q, 7,8 p,q, 17,8
E E uzuz+§, E “1“1_5, E: Uy Upn

i p,q,r,s€Z(i) i p,q,rs€Z(i) h p,qez(h’)
r<p<s<q q<s<p<r r,s€Z(h'")
r<p<s<g
_ p,q, TS D,q,TsS D,q,T:S
E E Uy, Uy + E E v+ E E v,
h p,qez(n’) i p,q,r,s€Z(1) i p,q,r,s€Z(1)
r,s€Z(h'") r<p<s<q q<s<p<r
g<s<p<r
Z 2 : ,q. 7,8 2 : § 3,78
- ’Uz}qvh// - ’UZ/qvh// .
h pqez(h’) h pqez(h’)
r,s€Z(h') r,s€Z(h'")
r<p<s<g g<s<p<r

It is enough to prove that

P.q, 758 p,q, 7,8 p,q, 7,8 D, TS\ _
(a) E E (uf 0" + 070 7) + E E (w0 + v u") =0
i p,q,r,s€Z(i) i p,q,r,s€Z(i)
r<p<s<q g<s<p<r

and
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(b) D0 D7 (bt obtu) 4> > (ubtep + o) = 0.

h p,qez(h’) h p,qez(h’)
r,s€Z(h'") r,s€Z(h'")
r<p<s<g g<s<p<r

We will start with the equation (a) and use the fact that v is symmetric and v
belongs to Skewq. Thus the left-hand side of equation (a) is equal to

p,q,T,S8 p,q, TS p,q, TS p,q,,T,8
E: E:uivi+ E:uivi E:uivi E:“z”z

( P,q€Z(4) P,q€Z(3) P,q€Z (i) P,qEZ (i)
r,s€Z(1) r,s€Z(1) r,s€Z(i) r,s€Z(1)
r<p<s<g p<r<q<s p<r<g<s r<p<s<g
_ P,q T,q T,p D,s D,q T,q 9,8
*E:ui E (07" =) + E:Ui T+ E: vt — E:”z
i < =p <r< r=q
i,p,q r<p s p<r<q nd

= Z u?? [(sum of the entries in line p of v) + (sum of entries in column ¢ of v)]
4,p,q

=0.

We now consider equation (b) and use again the fact that u is symmetric and v
belongs to Skewq. The left-hand side of equation (b) can be split into two sums;
one sum is when h runs over H with A’ # h” and the other sum is when h runs
over H with h' = h”. For the first sum, we get

z: z: ,q..T,8 z: ,q. 7,8 2: ,q. T8 2: ,q, T8
uil/qvhu + ufl/?vh’ - 'U,;Z/q'Uh” - ui/?vh/

W hh,, p.g€Z(h) P,a€Z(h"") p.g€Z(h) p.g€Z(h")
7 r,s€Z(h'") rs€Z(h') r,s€Z(h'") r,s€Z(h')
r<p<s<g p<r<g<s p<r<g<s r<p<s<q
s T8 r,s
= E ub E E v — E (O
i h | rsez(h’) r,s€Z(h')
p7(§l)e<zq(z) h'=i [ r<p<s<q p<r<q<s

+ E ub? E E vy — E vy’

b | rs€Z(R) r,s€Z (')
p7qu<Zq(z) h'=i |p<r<g<s r<p<s<q
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This last sum is zero because we have that i/ # h’” for these h and, if we denote
eI =|{he H|hW =i,h" =4} and e =|{h€ H | K = j,h" =i}|, then

2 : s 2 : z : T,8 2 : T,8
uflq Uh// - Uh”

i h | rsez(n”) r,s€Z(h')
P,q€Z (1) h'=i | p<p<s< <r<q<s
p<q sp ~q p =~q
— p,q i—7 TS s
D WD e > vt XY
i J r,s€Z(j) r,s€EZ(j)
P,q€Z(4) j#i r<p<s<q p<r<q<s
p<q B B -
_ } : p.q 2 : i—j } : 7,8 } : 7,5
u; e v; + v;
i J r,8€Z(j) r,s€EZ(j)
p,qe<Z(z) | j7#i Lr<p<s<q p<s<g<r |
pr<q

_ P.q i | rs || _
= D WD Y. vt =0

i J r,s€Z(j)
p,q€Z (i) ji p<r<q
p<q L p<s<q

because v is skew symmetric, the sum of the entries of any column of v is 0 and
finally the sum of the entries of any principal submatrix of a skew symmetric matrix
is 0. Similarly,

p,q T8 r,8
E ui E E ’Uh/ — E ’Uh/

( h r,s€Z(h’) r,s€Z(h’)
P,a€Z(d) h'=i | p<r<q<s r<p<s<
p<q EANAS pP=s<gq
— p,q ] TS s
PO DI B DILAL D DI
i J r,s€Z(j) r,5€Z(j)
P,q€Z(i) | j#i | pP<r<q<s r<p<s<g ]
p<q
— p,q ] T8 s
PO D I B DIUAR D D
i J r,s€Z(j) r,5€Z(j)
I)7(IE<Z(1) | j#i Lp<r<q<s s<p<r<q ]
p<gq

_ P.q i—j | rs || _
= D WD > vt =0

i J r,s€Z(J)
P,q€Z(4) j#i p<r<gq
p<q L p<s<qg

because v is skew symmetric, the sum of the entries of any row of v is 0 and finally
the sum of the entries of any principal submatrix of a skew symmetric matrix is 0.
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For the second sum in the left-hand side of equation (b), the one where h runs
over H with »’ = h”, denote by I; = [{h € H | K =h"” =i}| for i € I, then we get

4 T8 4TS ,q.TS g T8
E E up oy + E ub oyt — E ub oyt — E ub oy

b p,a€Z(h) p,g€Z(h") p,g€Z(h) p,g€Z(h")
= r,s€Z(h') r,s€Z(h’) r,s€Z(h') r,s€Z(h’)
r<p<s<g p<r<g<s p<r<g<s r<p<s<q
_ ..Dsq r,8 r,s TS r,8
= E L E v, + E v; E v; E v;
i r,s€Z(1) r,s€Z(1) r,s€Z(1) r,s€Z (1)
p,%€<Zq(z) r<p<s<g p<r<q<s p<r<g<s r<p<s<g

= Z Liu?”?[(sum of entries in line p of v) + (sum of entries in line ¢ of v)]
p,quZ(i)
p<q
=0

as in the case of equation (a). B B
Thus we have proved Qq i(w) = Qq,i(u) + Qa.i(v). O

Corollary 2.5. The quadratic form Qq; on V is independent of (2.

Proof. Let Q and Q' be two quivers for the graph I". We have four maps h — h'(Q),
h— h"(Q), h— W(Q) and h — h"() from H — I corresponding to these two
quivers. It is enough to show the result assuming that Q and Q' are such that
R(Q) = h'() and h"(Q) = A"(Y) for all h € H except for exactly one edge ho
for which we have h{,(Q) = hy (), hy(2) = hy(Q') and k() # hi(2). In other
words, all the edges have the same orientation in £ and Q' except for hg which has
opposite orientation in Q and Q' and hq is an edge between distinct vertices. Let
w € V. Consider Qq ;(w) (resp. Qg i(w)) the quadratic form associated to i and
Q (resp. to i and ). Write w = u + v with u € V] and v € V_;. Because u is
symmetric, then we get easily that Qq.;(u) is equal to

Pid, TS p.q, 78 Pa T8
PIED B A IR DI D DI DR N

i p,q€Z(i) i p,qeZ(i) heH p,qeZ(h'())
r,s€Z(i) r,s€Z(1) r,s€Z(h"(Q))
r<p<s<g r<p<s<q r<p<s<g

I D
h!'(Q) TR (2)
heH p,qeZ(h" (2))
r,s€Z(h'(Q))
r<p<s<q

while Qg i (u) is equal to

p,q, 7,8 p,q, 7,8 p,q r,s
DD DR TR D DA DD Y Wy (qry U (o)

i p,q€Z(i) i pg€Z(i) heH p,geZ(h'(Q'))
r,s€ Z (i) r,s€Z (i) rs€Z(h" ()
r<p<s<q r<p<s<q r<p<s<q

i P,q T8
Z Z W@y ()
heH p.qeZ(h"(Q"))

r,s€Z(h' ("))
r<p<s<q
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For the rest of this proof, we will write h{, = h((Q2) = hy () and hf = h{(Q) =

R. BEDARD

hy(€2'). Consequently, QQl,i(U,) — le(u) is equal to

p,q, TS p,q, TS __ p,q, TS p,q, TS

D g Do ey Y upfuy = Y wptug
p,9€Z(hg) p.9€Z(hg) P,9€Z(hg) P,a€Z(hg)
r,s€Z(hy) r,s€Z(h{) r,s€Z(h{) r,s€Z(hy)
r<p<s<q r<p<s<gq r<p<s<q r<p<s<gq

_ p,q, TS p,q, TS __ p,q, TS p,q, TS

= D ey X0 wphuy - D it — o Y e
p,q€Z(h() p,9€Z(hg) p,q€Z(h() p,q€Z(hg)
r,s€Z(hg) r,s€Z(hg) r,s€Z(hg) r,s€Z(hy)
r<p<s<q r<p<s<q r<p<s<q r<p<s<q

=0

because h{, # h{. B B
We can use a similar argument to show that Qq'i(v) — Qa,i(v) = 0 whenever
v € V_1. From Theorem 2.4, we can conclude that Qq; = Qq/; on V. O

3. THE CASE OF LOOP FREE GRAPH I

3.1. For the rest of this article, we will assume that I' is loop free. As we have
seen in the previous section, the quadratic form QQJ on V is independent of the
quiver . We will denote this quadratic form on V by Q;. We have also seen that
Qi(u+v) = Qi(u) + Q;(v) where u € V; and v € V_;. Because V =V, & V_1, we
see that to analyse Q; on V/, it is enough to consider its restriction on V; and V_;.
This is what we will do in this section.

The fact that T is loop free has a consequence that the restriction of Q; on V3
(resp. V_1) will be expressed as an integral unit form (resp. integral quadratic
form) and this will enable us to use results from the theory of representation of
algebras. Because all the graphs I" we will consider in later sections are loop free,
we have decided to study Qj in this context.

More precisely, if we write v’ (¢, p, ¢) for 2u(i, p, ¢) when (i, p, q) € X and v'(4,p, q)
for 2v(i, p, q) when (i,p,q) € ), then we will describe

Qi Z x(i,p,q)u,(iapv Q)

(i,p,q)€X

and Qi Z y(i,p,q)vl (iapv Q)

(4,p,q) €Y

3.2. Q; (z) will denote the quadratic form on V; defined by

Qj_(x) = Qi Z Jj(i,p,q)ul(ivp7q)

(i,p,q)€X

where () is equal to (2(;p.q))(i,p.qex and Qi (y) will denote the quadratic form
on V_; defined by

Z y(i,p,q)v/(iapv Q)

(4,p,9) €Y

where (y) is equal to (Y p.q)) (i,p.0)€y-
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Proposition 3.3. With the hypothesis of 3.1 and the notation of 3.2, Qi (z) is
equal to

2
Z L(ipg) T Z T(i,p,q) L(i,p,s) T Z T (i,p,q) L (i,r,q)

(i,p,q)€X (i,p,q)€X (i,p,q)€X
(4,p,s)€EX (i,r,q)€EX
p<g<s p<r<q
+ Y T Tias F2 Y TippTirs) = D € T(ipa)T(ns)
(i,p,q)€X (i,p,q)€X (i,p,q)€EX
(i,9,8)€X (i,r,s)€EX (j,ry8)€X
p<g<s p<r<g<s ey

i#]
p<r<g<s
where e; ; is the number of (unoriented) edges joining i and j.

Proof. Choose a quiver {2 for the graph I". So we have two maps h — h’ and h — h”
from H to I. If we write u = (uf"?) = > ipa)ex Tiipat (i,0,q), then

T(ipgs i€ 1,p,q€ Z(i)and p<gq,

p,q _ . . .
(a) ;= T(qp), ifi€l,pgeZ(i)andq<p,
0, otherwise.
Thus
+ p,q T8 p,q T8
Qi (0) = Qaslw) =3 > +2. D
i€l p,qeZ(i) i€l p,qeZ(i)
r,s€Z(1) r,s€Z(1)
r<p<s<gq g<s<p<r
Y Y wmpeY Y b
heH p,qeZ(h') heH p,qez(n')
r,s€Z(h') r,s€Z(h')
'r<p<8<q q<s<p<7"

because by our hypothesis , A’ # h"” for h € H. From this and the fact that u is
symmetric, we get that Q-*'(x) is equal to

G =Qait) =Y Y WY Y e

i€l p,qeZ(i) i€l p,qeZ(i)
r,s€Z(1) r,s€Z(1)
p<r<q<s g<s<p<r
E E 3 T8 § § : N s,r
- ui/?uh/ UZ/puh//
heH p,qeZ(h") heH p,qeZ(h’)
r,s€Z(h') r,s€Z(h'")
p<r<g<s q<s<p<r
24, 158 14, 158
_ E : } : uP e 4 } : E : uP
i€l p,qeZ(i) i€l p,qeZ(i)
r,s€Z(i) r,s€Z(i)
p<r<q<s p<r<g<s
§ : 2 : ,q. 1,8 § : § : ,q. 7,8
- ui/?uh/ Ui/quh//.
heH p.qeZ(h") heH p,qeZ(n')
r,s€Z(h') r,s€Z(h'")
p<r<g<s p<r<g<s

We can now consider the different possibilities for the intersection {p,q} N {r, s} in
the two summations above where p, q,r, s € Z(i). We get the following possibilities:
(1) p=r,q = s in the first sum;
(2) p=r < g < s in the first sum;
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(3) p <r < g=s in the first sum;
(4) p <r =g < s in the second sum; and
(5) p<r < gq< sin the first and second sums.

We can also use equation 3.3 (a). Thus

+ _ 2
QF()= > 0t D TipaTips t D TlipaTirg

(i,p,q)€X (i,p,q)€X (4,p,q)€X
(i,p,s)€EX (i,r,q)€X
p<g<s p<r<q

+ Y T Tian +2 Y, T(ipg T

(i,p,q)€X (i,p,q)€X
(i,q,8)€X (,r,8)€EX
p<g<s p<r<g<s
- § : E : T(n p,q) T (N ,r,s) — E : § : L(h,p,q) (R r,s)
h€H p,qeZ(h") heH p,geZ(h’)
r,s€Z(h') r,s€Z(h'")
p<r<g<s p<r<g<s

= E Tiipag) T E, T(i,p,q) L(ip,s) T E: L(i,p,q) L (i,r,q)

(i,p,q)€X (i,p,q)€X (4,p,q)€X
(i,p,8)€X (i,r,q)€X
p<g<s p<r<q

+ Y TpaTian +2 Y, T(ipg Tl

(i,p,q)€X (i,p,q)€X
(i,q,8)EX (i,r,8)€EX
p<qg<s p<r<g<s
AR N/A R )
- E : (Hh € H|[{W,h"} = {273}}‘)x(z,p,q)m(JmS)
(i,p,q)€X
(4,r,s)€X
i#]
p<r<qg<s
= E, Tiipag) T E: T(i,p,q) L(ip,s) T E: L(i,p,q) L (i,r,q)

(i,p,q)€X (i,p,q)€X (i,p,q)€X
(i,p,8)€X (i,r,q)€X
p<g<s p<r<gq

+ Y T Tian +2 Y, T(ipg Tl

(i,p,q)€X (i,p,q)€X
(i,q,8)EX (i,r,8)€X
p<q<s p<r<g<s

- E €ij T(i,p,q) L (j,r,s)

(i,p,q)€X

(4,r,s)€X
i#]

p<r<qg<s

3.4. Let k; : [1,m] — N: be the function defined by i(p) = {1 < k < p|ir =ip}|

Proposition 3.5. With the hypothesis of 3.1 and the notation of 3.2, the quadratic
form Q; (y) is equal to
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Z 2(ki(q) — ki(p) — 1) y(Qi,p,q)

(4,p,q) €Y

+ > 4(kilg) = Ki(D) = 1) Yiipa) Yipes)
(i,p,q)€Y

(i,p,5)€Y
p<g<s

+ Z 4(ki(q) — Ki(r) = 1) Yip.g) Yiima)
(i,p,9) €Y

(i,r,q) €Y
p<r<q

+ Z (4(Hi(Q) - ”i(r)) - 2) y(i,p,q) y(i,r,s)
(i,p, )€Y

(i,r,5)€Y
p<r<qg<s

+ Z 4(/%1(5) - Hi(r) - 1) Y(i,p,q) Y(i,r,s)
(i,p,9)€Y

(i,r,s)€Y
p<r<s<g

- Z €5 X(4,p,q),(d.7,s) Y(i,p,q) Y(d,r.s)
(i,p,9) €Y
(4,r,s)€Y

i#]
p<r<g<s

= > €ii Blipa) ) Yiwaa) Yiirs)
(4,p,9) €Y
(4,r,s)€Y
#

vE)
p<r<s<g

where e; j is the number of (unoriented) edges joining i and j, o (; p.q),(j.rs) 5 equal
to

(@0, q), (' ) €ZxZ|p<p <’ <¢ <5 <sandr<r <q <}
+{(G, 0, q), (5,7, ) eZxZ|r<r <p <5 <qg <q}
@@, p,d)eZ|p<p <r<q <qg}
G, )eZ|r<r <qg<s <s}+1

and B p,q),Gr,s) 1S equal to

H(G,0',q),(G,r",s") e Zx Z|p<p <r' <¢ <5 <sandr <r'}
UG ). G ) € Zx 2| r </ <pf <o <q <qand s <5}
~{G.p.d)eZ2lp<p <r<qd <s}

— G, p,d)eZ|r<p <s<q <q}|
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Proof. Choose a quiver {2 for the graph I". So we have two maps h — h' and h — h”
from H to I. If we write v = (v/"?) = P iparey Yapav (0, q), then

Y(ip.a)» ifi€l,p,q€ Z(i),p<qand (i,p,q) €,
—Y(i,q,p)» ifieI,p,qEZ(i),q<pand (Z'7Q7p)€y7
pa ) T2 ey Yawhg)s i€ L,p,q€ Z(i), p<qand (ip,q) € Z,
(a) v = p'<p<q<q’
Y )y Y gy, iti€l,p,q€ Z(i), ¢ <pand(i,qp) € Z,
p'<q<p<q’
0, otherwise.
Thus
CIURCNCED DD DIE A0 b DR ers
i€l p,qeZ(i) i€l p,qeZ(i)
r,s€Z(1) r,s€Z(1)
r<p<s<q qg<s<p<r
Y OY g Y Y

heH p,qez(n')
r,s€Z(h'")
r<p<s<q

heH p,qez(n')
r,s€Z(h'")
g<s<p<r

because by our hypothesis, b’ # h” for h € H. From this and the fact that v is
skew symmetric, we get that @Q; (y) is equal to

— A o pq s qp s,T
Qi (y) = = E E + E E
i€l p,geZ(i) i€l p,qeZ (i)
r,s€Z(i) r,8€Z (%)
p<r<g<s g<s<p<r
§ E 3 T8 § § : N s,7r
- UZ/?U}LI ’U;]L,p’l)h,,
heH p.qeZ(h'") heH p,qeZ(h')
r,s€Z(h') r,s€Z(h')
p<r<q<s g<s<p<r
2 : z : s z : 2 : ]
_ pq + pq
i€l p,geZ(i) i€l p,qeZ (i)
r,s€Z(i) r,s€Z(1)
p<r<g<s p<r<g<s
} : 2 : ,q. TS 2 : 2 : ,q . TS
- ’UZ/?’U}L/ ’UZ/q’Uh// .

heH p,qeZ(h")
r,s€Z(h')
p<r<q<s

We can now consider the different possibilities for the intersection {p,q} N {r, s} in
the two summations above where p, ¢, 7, s € Z(i). We get the following possibilities:

(1) p=r,q = s in the first sum;

)
)
4)
)

p < r < q<sin the first and

heH p,geZ(h’)
r,s€Z(h'")
p<r<g<s

2) p=r < q < s in the first sum;
p < r < q=s in the first sum;
p < r =q < s in the second sum; and

second sums.
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We get that
— »d\2 ) ,S ) 7"7
NOEED ST D DR AR DR
(i,p,q)€X (i,p,q)€X (i,p,q)€X
(i,p,s)€EX (i,r,q)€X
p<qg<s p<r<q
T I B S e D S ot
(4,p,q)€X (4,p,q)€X heH (h" p,q)eXx
(4,9,8)€X (i,r,s)€X (h',r,s)EX
p<g<s ;D<r<q<s p<r<g<s
7,8
— E E vty

heH (W' ,p.q)eXx
(" r,s)EX
p<r<g<s
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To complete now, we must use equation 3.5 (a). We replace all of these components
by the appropriate expression, Q; (y) is equal to

2
2
Yo Yiwaot D | D Yawar| F DL YemaYire
(i,p,q) €Y (i,p,9)€EZ (i,p",q' )€Y (i,p,9)€Y
p'<p<q<q’ (i,p,5)€Y
p<g<s
- Z Z Yip'.a) | Yips) T Z Y(i,p,0)Y(ir.q)
(i,p,9)€Z | (i,p",q")EY (4,p,9)€Y
(i ,;D,S)E.)i p' <p<q<q’ (i,r,q) €Y
p<g< p<r<q
Z Y(i,p.q) Z Y@ir,q') Z Y(i,p,q)Y(i,q,s)
(i,p,9) €Y (i,r',q")ey (i,p,9) €Y
(i,r,q)€EZ r’' <r<q<q’ (i,9,5)€Y
p<r<g p<g<s

- Z Z Yip'a') | YG.q,5) — Z Y(i,p,q) Z Y(i,q',s")
(i,p,9)EZ (i, p'.q )637 (4,p,9)€Y (i,q',s")EY
(i,9,8)€Y Lp'<p<q<q’ (i,9,5)€EZ ¢ <gq<s<s’
p<g<s p<g<s
+ Z Z YG6.p'q') Z YGgr,s) | T2 Z Y(i,p,q)Y(i,r,s)
(i:p,9)€Z | (i,p",q")EY (i,q",s")ey (i,p,9)€Y
(i,9,5)€2 Lp'<p<q<q’ g <q<s<s’ (i,m,5)€Y
p<qg<s p<r<qg<s
- Z Z Y p.)Y(n' r,s) T Z Z Z Y pa) | Y r,s)

heH (k" ,p,q)€Y
(h',r,5)€Y
p<r<qg<s

heH (h",p,q)eZ

(k' ,r,8)EY
p<r<g<s

(h/",p',q')e}i
p <p<q<gq
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+ Z Z Y pq) Z Y(h 18"

heH (b ,p,q)€Y (B ' \s")EY
(h',r,s)EZ r' <r<s<s’
p<r<g<s

o Z Z Z Y p'q') Z Y r s
heH (h",p,g)eZ | (h",p',q")EY (h' ' ,s)EY

(h',rs)eZ2 L p'<p<q<q’ ' <r<s<s'
p<r<q<s

- Z Z Y p,9)Y(n' ,r,s) + Z Z Z Y p',q") | Yh',r,s)

heH (h',p,q)ey heH (h',p,q)eZ |(h',p',q)€Y
(" r,s)€Y (b ,r,s)€Y Lp'<p<q<q
p<r<g<s p<r<g<s

+ Z Z Y(r' p,q) Z Y(h! 1,87

heH (' ,p,q)€Y (R ', )EY
(b ,r,8)€Z r'<r<s<s’'
p<r<g<s

_Z Z Z Yn'p'a") Z Y e s")

heH (h',p,q)eZ |(h'.p',q¢" )€Y (h ' s eY
(h"',r,s)€Z Lp'<p<q<q’ P <r<s<s'
p<r<g<s

Expanding and regrouping the terms of this summation, we get that Q; (y) is equal

to

Z Apq y(zz}p,q)+ Z Byp.a.p.s Yip.a)Y(ip,s) T Z Cp,a,r,q Y(ip,a) Y(irrrq)

(4,p,q) €Y (4,p,9) €Y (,p,9) €Y
(i,p,5) €Y (i,r,q)€Y
p<g<s p<r<gq
+ Y DoggsYipa¥iasn + 2, Eears Yipa¥irs
(i,p,q)EY (i,p,9) €Y
(1,q,5)€EY (i,r,8)EY
p<g<s p<r<q<s
/
+ Z Fpqr.s Y(i,p,q)Y(ir,s) T Z Ap,q,r,s Y(@i,p,0)Y(5,rs)
(i,p,q)EY (i,p,q)€Y
(i,r,5)€Y (4,r,8)€Y
p<r<s<q i#£]
p<r<qg<s

+ Z B;J,q,r,sy(tp,q)y(ij)

(4,p,9) €Y
(Girss)ey

17]
p<r<s<q
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where
Apg=1+H{Gp,d)eZ|p<p <q <4}
+ |{((iap,7ql)7 (ivqlasl)) EZXZ | p< pl < ql <s' < q}|§

Bpaps =1+, d) € Z|p<p <q <qg}
+{Gp,d)eZ|p<p <d <q}|-{(i,q,8") € Z|qg<s <s}
+H{((,0,d),(i,d,s") € Zx Z | p<p' <q <5 <q}]
+H{((0,0,d),(i,ds") € Z2x Z|p<p' <¢ < <sand ¢ <qg}|;

Cpgrqg=1+H{G,0,d) e Z2|r<p <q <q}|
+{G,p,d)eZ|r<p <d <g}|-H@i,pr)e Z|p<p <r}
+H{((,0",d), (i, 8") € Z2x Z|r <p' <q <5 <q}]
+{((,p',q),(,¢,s") € Zx Z|p<p <q <5 <qandr < ¢ <q};

Dypgas =1-{,0,9) € Z|p<p <a}[ - [{(i,¢,8") € 2] g < s < s}
+{((40',9), (i,q,8") € Zx Z|p<p <q<s <s};

Epgrs =2{(i.p",d) e Z|r<p < <q}|—{(@i,rr) e Z|r<r <q}
~Hp a)e Z|r<p <q}[-H{Gp,r) € Z|p<p <r}
~HG,q,5) € Z|qg<s <s}+2
+ (0,0, d),(i,d,8") € Z2x Z|r <p' < ¢ <5 <q}]

+ {((@,0",d), (i, ,s") € Zx Z|p<p' <¢ <5 <sandr < ¢ < q};

Fogrs =2{(,0,d)eZ|r<p <q <s}|—|{(i,r,r) € Z|r<r <s}
— K@, 7" s) e Z|r <" <st —{@i,p,r)€Z|p<p <1}

—H(@,s,8)e Z]|s<s <q}

q

q

(
F (P ) God ) € EX 2 r<p < <8 <gandr < < s}
+ (0,04, (,d,8") € Z2x Z|p<p' <¢ <s' <sandr <q¢ <s}f;
A s =—I{he H|N =jh" =i}
L heH <P ¢ <m W =jh =i,
+ 3 (h,p',d)
(i,p',¢d)e Z,p<p <r<q <q

(h,r',s")

heH1<7, s<mh—jh”—'}

j7T7S)EZ7TST <q<8 SS

ho',.qd,r' s G, )€ Z, (' s)eZ
p<p <r<q¢d<s<sr<r <q¢g<gq
he H1<p ¢, s <mb =ih"=j
(hp',q' ', s') | (1,7, 8") € Z2,(4,0,q') € 2

{ he H1<p ¢, 7,8 <m,h =4h" =i

r<p <r' <q <s <q
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p,q,m8

{
{
{

(h,r’

S
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H{he H|M =i,h" = j}

+{h,pq

he H1<p' ¢ <m,h =i, h" =3,
(i,pd)eZp<p <r<q <q

heH1<7,s <mh =i,h" =3
(j,r',dYeZr<r <q<s <s

ho',q 7,8 | (,0,d) € Z,(j,r,s') e Z

p<p <r<qd < <s,r<r<q¢ <q

hop' g v 8| (i, sy e 2,(5,0,d) € 2

r<p <r <q<s <q

he H1<p,¢d <mhW =jh =i
(i,p',¢d) e Z,p<p <r<q<s

he H1<r' s <mh =ih"=j
(i,7,8) e Z,r<r' <s<s <gq

p<p <r<qg<s <sr<y

r<p <r'<q¢<s<qqd <s
he H1<p',¢d <m,h =i,h" =j
(i, d)eZp<p <r<qg<s H
he H1<r' s <m,h =jh"=i
(i,7,8) e Z,r<r' <s<s <q H

p<p <r<q¢ <s <sr<v

r<p <r'<q <s<qq <s

he H1<p ¢, s <mh =ih" =

hEH,lSpl,ql,'f'/,s/Sm,h/:j,h”:i

he H1<p' ¢, v, <m,h =jh =i
/vrlvsl) (ivp/aq,) € Z, (j,’l“/,sl) €Z

he H1<p'.¢d.r s <mh =ih"=j
Ll s (68 e 2,(5,0"d) € 2

he H1<p'.¢d.r s <mh =ih"=j
! 7"’75’) (i7p,)q/) E Z7 (j”r,75/) E Z

he H1<p ¢ v, s <mh =jh"=i
Lol s G s) e Z2,(4,0',d) € 2

We can easily compute the cardinality of the sets appearing in each of the expres-
sions for the coefficients in @Q; (y) and get the proposition. We will leave this part
to the reader.

O
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Remark 3.6. Propositions 3.3 and 3.5 show that both Q; (z) and Q; (y) are integral
quadratic forms, i.e., the coefficients in the formula for Q;f (x) (resp. Q; (y)) relative
to the coordinates (2(; p.q))(i,p,q)cx (r€SP- (Y(i,p.q))(i,p,q)cy) are integers. Moreover,
Qi (z) is also a unit form. This means that the coefficients of the m%i}p’q) in the
formula for Q:r (z) are all equal to 1. Unit forms have been extensively studied. See

for example [Ril.
We will denote the restriction of Q; (z) (resp. Q; (y)) on ZI*! (vesp. ZM!) also

by Qf (x) (resp. Q; (y)).

4. CRITERIA FOR TIGHTNESS AND SEMI-TIGHTNESS

In this section, we will give criteria for a monomial to be tight or semi-tight.

4.1. Let Q : Z™ — Z be the integral quadratic form defined by

Q(z) = Z biiz + Z bi,jzi%;
i=1

1<i<j<n
for (2) = (#i)1<i<n and where b;;,b; ; € Z for all ¢,j. To Q, we can associate the
bilinear form Bg : Z™ x Z" — Z defined by Bg(z,2') = Q(z + 2') — Q(2) — Q(2')
for all z,2" € Z™. We get easily that Q(z) = Bg(z,2)/2.
We can also associate to Q the symmetric matrix A(Q) (relative to the coordi-
nates (z;)1<i<n) defined by

A(Q) = (aijh<ij<n  With  a;;=qbi; if1<i<j<n;
b ifl1<j<i<n.

For the rest of this paper, Ai+ (resp. A; ) will denote the symmetric matrix
A(Q]) (resp. A(Q;)) corresponding to the integral quadratic form Q;" : Z\Xl - 7
(resp. Qi : ZP! — Z) defined by = +— Q; (z) (resp. y — Q; (y)) for = =
(Z(p)) ipyexr TesP. Y = (Y p.g))(ip.q)ey) where the formula for Q5 (z) (resp.
Qi (y)) is given in Proposition 3.3 (resp. 3.5). Here the coordinates x(; , q) (resp.
Y(i,p,q)) for (4,p,q) € X (resp. (i,p,q) € V) are ordered lexicographically.

4.2. An integral quadratic form Q : Z" — Z is said to be positive definite (resp.
non-negative definite) if and only if Q(z) > 0 for all z € Z™, z # 0 (resp. Q(z) >0
for all z € Z™).

4.3. An integral quadratic form Q : Z™ — Z is said to be weakly positive (resp.
weakly non-negative) if and only if Q(z) > 0 (resp. Q(z) > 0) for all z € N™, 2 # 0
(resp. for all z € N™).

4.4. Let C(i) be the set of a = (ay, a2, ...,amn) € N such that forall s < s’ € [1,m)]
with is =iy =i and p € Z(i) whenever s < p < s’, we have

N(Svsl) = _(as + as') + Z Z €;,0p > 0.
Jel peZ(j)
J#t s<p<s’

Recall that e; ; is the number of (unoriented) edges joining i to j, i = (41,92, ..., im)
and that we assume that our graph I' is loop free.
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C°(i) will denote the subset of C(i) consisting of the elements a = (a1, az, ..., am)
such that for all s < s’ € [1,m] with iy =iy =i and p € Z(i) whenever s < p < ¢/,

we have
N(s,s") = —(as +as)+ Z Z eijap > 0.

JEL peZ(j)
J#i s<p<s’

In other words, C°(i) is the interior of C(i).
Proposition 4.5. Let Q;r be the unit form defined by

Q;‘r : Z‘Xl —Z, T= (x(i,p,q))(itp,q)eX = Qj_(l‘)

as in Proposition 3.3, Q; the integral quadratic form defined by

Q; - P -2z, y= Wapa)ipaey — Qf ()
as in Proposition 3.5 and Li‘a : ZIXl — Z the linear map defined by

LiJ,ra(x) = Z N, Q) %(ipq for v = (T(ipq)apgex-
(i,p,q)€X
Recall that N(p,q) has been defined in 1.13.

(a) If Qf (z) + Q; (y) + 2Lifa(x) > 0 for all (x,y) € Ta with = # 0, then the
monomial 1.1 (a) is tight. Recall that Ta has been defined in Lemma 2.3.

(b) If Qi (z) + Q; (y) + 2L;’a(m) >0 for all (x,y) € Ta, then the monomial 1.1
(a) is semi-tight.

(¢) Ifa=(a1,az,...,an) € C(i), the unit form Qi is weakly non-negative and
the integral quadratic form Q; is non-negative, then the monomial 1.1 (a)
is semi-tight.

(d) Ifa= (a1,az,...,an) € C(i), the unit form Qi is weakly positive and the
integral quadratic form Q; is non-negative, then the monomial 1.1 (a) is
tight.

(e) If a = (a1,a2,...,a,) € C°(i), the unit form Qi is weakly non-negative
and the integral quadratic form Q; is non-negative, then the monomial 1.1
(a) is tight.

Proof. Choose a quiver €2 for the graph I'. By Proposition 1.14, the monomial 1.1
(a) is tight (resp. semi-tight) if Qo + Lia takes only values > 0 (resp. > 0) on
pat(Ta) \ {0} (vesp. puz'(Ta)). So we have to study Qq; + Lia-

If w = u+ v where

u = Z x(i,p,q)u(iapv Q) en and v = Z y(i,p,q)v(ivpa Q) € Vfla
(i,p,q)€X (i,p,)€Y

then Qq i(w) + Lia(w) = Qq.i(u) + Qqi(v) + Lia(u) + Li a(v) because of Theorem
2.4 and the fact that L; 5 is linear. With the notation of 3.1 and 3.2, we can evaluate
each of these terms:

Qﬂ,i(u) = QQ,i Z x(i7p,q)u(i7p7q) = Qﬂ,i Z x(@p,q) |:%:| u/(iapv q)

(i,p, ) EX (i,p,q)€X

= [i] QQ,i Z x(i,p,q)u’(hp,CI) = [i:| Qf(x)

(i,p,q)€X



TIGHT MONOMIALS 313

where () = (Z(;,p,q)) (i,p.q)c X -

Qﬂ,i(v) = QQ,i Z y(i,p,q)v(ivpa (J) = Qﬂ,i Z Y(i,p,q) |: :| (Z b, q )

(i,p,q)EY (i,,9)€Y
1] = » 1]
=2 Qai Z YipgV (6,0,9) | = 1 Qi (y)

(4,p,q) €Y

where (¥) = (Y(i,p.0)) Gi,p.q) V-

) 1 .
Li,a(u) = Li,a Z x(i,p,q)u(zvpa (J) = Li,a Z x(i,p,q) |:§:| u'(z,p, Q)

(i,p,q)€X (i,p,q)€X

1 : 1
= [5} Lia Z (i)t (5,0:9) | = [5} Z NP, )% (i,p.q)

(i,p,q)€X (i,p,q)€X

This follows from the definition of L; . and the fact that the matrix u = 2u =
(al?) = Z(i,p,q)e?( (i p.q) (i, D, q) is symmetric and

T(ipq)s fi€l,p,q€ Z(i)and p <gq,

Uy =S wiqgp, ifi€l,pqe Z(i)and g <p,

3

0, otherwise.

So L a(u) = L;ra(x)/2 with the above notation.

Li,a(v) = Li,a Z y(i,p,q)v(iapv Q) = Li,a Z Y(i,p,q) |: :| (Z D, q )

(4,p,9) €Y (i,p,9) €Y
— 1 L (.
=|3| Lia Y YV (:0:q)
(4,p,9) €Y

The matrix v = 2v = (/") = > (ipaey Yipav' (3P, q) is skew symmetric and

y(i,p,q)a 1fZEI7paq€Z(Z)7p<qand (Zapaq)€y7
—Y(i,q,p)> ifieI,p,qEZ(i),q<pand (Z'7Q7p)€y7
b ) T 2 ey Yaw g, i€ Lp,q€ Z(i), p<qand (i,p,q) € Z,
Vi = p' <p<g<q’
Z(i,p’,q’)ey Y@i,p',q')s ifi e Iapv qc Z(Z)v q<p and (i7Q7p) € Za
p'<g<p<q’
0, otherwise.
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So

1
Lia)=5 | >, D N(sn)5”
i€l r,seZ(1)
s<r

1
=5 || 2 NeDvre |+ X Neo| D verw
(i,p)EY (i,p,q)EZ (N DISNY
L p'<p<q<q’
1
~ 3 Z Z N@®'.qd)| —N(p,q) Y(ipg) = 0

(i,p,9) €Y (i,p',4)eZ
p<p’<q'<q

because of the definitions of N(s,s’) and Z.

With the above notation, we get that Qqi(w) + Lia(w) > 0 (resp. > 0) if
and only if Q; (z) + Qi (y) + 2L{,(¥) > 0 (resp. > 0). We can now prove the
proposition. 7

(a) and (b) By Lemma 2.3, w € py'(Ta) if and only if (z,y) € T with o =
(T p.a)) Gpyex a0d Y = (Y(ip.q))(i,p,q)cy as above. Moreover, w = 0 if and only
if z = 0 by condition 3 in Lemma 2.3. (a) and (b) follow easily from Proposition
1.14.

(c) Qi (z) = 0 for all (z) = (T(ip.q))(ipa)ex € NI*l because Q;F is weakly
non-negative.

If a € C(i), then N(p,q) > 0 for all (i,p,q) € X by the definition of N(s,s’)
given in 1.13 and the definition of C(i). Consequently, L (z) > 0 for all (z) =
(@(ip0) Gpaex € NIFL

We have that Q; (y) > 0 for all (y) = (Y@ip.q))(ip.0)ey € ZY!, because Q; is
non-negative.

Finally, we get that Q;f (z) + Q; (y) + 2L; () > 0 for all (2,y) € T, and from
(b), we can conclude that the monomial 1.1(a) is semi-tight.

(d) By our proof of (c), we have that Q; (z) > 0, Qi (y) > 0 and L;fa(x) >0
whenever (z,y) € Ta.

If we now assume that Q; (z) + Q; (y) + 2Li‘a(x) = 0, then we must have
Qf () =0, Q; (y) =0 and L;fa(x) = 0 where (z) = (Z(i,p,q)) (i,p.0)ex € NI¥l and
W) = Waip.g))Gpa)ey € ZY! are such that (z,y) € T.. Because Q;” is weakly
positive, then 2 = 0. Because of condition 3 in the definition of Ty, we get that y =
0. Consequently, from our observation above, we can conclude that the monomial
1.1 (a) is tight.

(e) By (c), the monomial 1.1 (a) is semi-tight. By our hypothesis, we have
Qi (z) >0, Q; (y) > 0 and Li‘a(x) > 0 whenever (z,y) € Ta. If we now assume
that Q;f (z) + Q; (v) + 2L;’a(x) = 0, then we must have that Li‘a(x) = 0. Because
a € C°(i), then all the coefficients N(p, q) of L;fa(a:) are > 0. From this, we get that
x = 0 because 2 € NI¥|. By condition 3 in the definition of T,, we get that y = 0.
Consequently, we can conclude from (a) that the monomial 1.1 (a) is tight. O
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5. SOME EXAMPLES

In this section, we will give examples of tight and semi-tight monomials for
different algebras U~. In some of our examples below, the graph I" will be the
Dynkin graph of a simple simply laced finite dimensional complex Lie algebra g
and, in these cases, we will use the same notation for the Dynkin graph as the one
in Bourbaki [B].

The next three examples were considered by Lusztig in [L2]. We will study
in Section 7 the case when IT' is the Dynkin graph of a simple simply laced finite
dimensional complex Lie algebra g of small rank and i is a reduced expression of
the longest element of the Weyl group of g. These three examples are particular
cases of this.

Example 5.1. Let T' be the Dynkin graph of type As and i = (1,2,1). Then
dimV; =1, Voy = 0 and V = V5. We get that A = (2). Because Qi is
positive definite and dim(V_1) = 0, we get from Proposition 4.5 that the monomial
Fl(al)FQ(az)Fl(a?’) is tight when a1, a2,a3 € N and as > a1 + as.

Example 5.2. Let I' be the Dynkin graph of type Az and i = (1,2,1,3,2,1). Then
dim(V1) =4, dim(V_1) =1 and dim(V') = 5. We get that

21 1 -1
1 2 1 0

+
A= 11 2 -1
-1 0 -1 2

and A; = (4). By computing the primary principal minors of A;r, we get that
Qi is positive definite. In fact, the eigenvalues of A are 1, 2, (5 +1/17)/2 and
(5—+/17)/2. Obviously Q; is positive definite. Using Proposition 4.5, we get that
the monomial F{™) (") {®) p{e+) p{es) p(ae) g tight when a; € N for i = 1,...,6
and

az > a1 +asz, az+ag>ax+as and a5 > a3+ as.

Example 5.3. Let I" be the Dynkin graph of type As and i = (2,1,3,2,1,3). Then
dim(V1) = 3, dim(V_1) = 0 and dim(V') = 3. We get that

2 -1 0
Af=[-1 2 -1
0 -1 2

By computing the primary principal minors of Ai+ , we get that Qi"r is positive
definite. In fact, the eigenvalues of A" are 2, (2 + /2) and (2 — v/2). Using
Proposition 4.5, we get that the monomial Fz(al)Fl(az)F?f%)FQ(a“)Fl(as)F?faﬁ) is tight
when a; e Nfor¢=1,...,6 and

as+as>ar+aq, as>ax+as and aq > az+ as.

The previous example and the example of Lusztig in the case of affine A; pre-
sented in section 12 of [L2] can be generalized. This is done next.

Proposition 5.4. Let I' be the Dynkin graph or the extended Dynkin graph of
a simply laced simple finite dimensional complex Lie algebra g of rank n. Fix a
total order {ji,ja,...,jn} on the set I of vertices of T. Let i be the sequence
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i= (i1,42,...,92n) of length m = 2n such that iy, = ig4n = Jr for 1 <k <n and
let a = (a1, as,...,a2,) € N*". Ifa € C(i), then the monomial
(a) FI R o)

is semi-tight. Moreover, if T is the Dynkin graph of g, then the monomial 5.4 (a) is
tight; while if T is the extended Dynkin graph of g and at least one of the inequalities
defining C(i) in 4.4 is strict, then again the monomial 5.4 (a) is tight.

Proof. We can note that dim(V_1) = 0. For each i € I, there exists a unique pair
p(i),q(i) such that 1 < p(i) < n < q(i) < 2n, q(i) = p(i) +n and iy = igu) = .
With this notation, X = {(¢,p(i),¢(i)) | i € I}. By Proposition 3.3, we get easily
that

+ _ 2
QF () =D 2 piyan) — Do €id T(ip(i)a() T Gip()a(i)
i€l {i.j}eH

for @ = (2(i,p(i),q(i))) (i,p(i).q(i))ex- If T is not the graph of A; affine, then e;; = 1
for all 4,5 € I such that {i,5} € H. If T is the graph of A; affine, then |I| = 2
and e; ; = 2 when ¢ # j. It is well known that this quadratic form Q;r is positive
definite when I' is the Dynkin graph of g and it is non-negative definite when I is
the extended Dynkin graph of g. (See for example chapter 1 in [Ri].) Because of
Proposition 4.5 (c), we get that the monomial 5.4 (a) is semi-tight when I" is the
Dynkin graph or the extended Dynkin graph of g.

If T is the Dynkin graph of g, then we get that the monomial 5.4 (a) is tight by
Proposition 4.5 (d).

If T is the extended Dynkin graph of g, then Qf(x) is non-negative definite and
it is well known that there exists a vector £ € N™ whose components are all > 0
such that the radical of Q; is {z € Z" | Q{"(z) = 0} = Zi. (See again chapter 1 in
[Ril.) If Qi (z) = 0 and L; (z) = 0 for some x € N", then z = k& for some k € N
and L (z) = kL] (Z) = 0. If at least one of the inequalities defining C(i) is strict,
then L;"(Z) > 0 because all the components of  are > 0 and all the coefficients of
Li+ are > 0 with at least one > 0. Consequently, & = 0 and = = 0. Using the same
argument as the one used in the proof of Proposition 4.5 (d), we can conclude that
y = 0 and consequently Qi () + Q; (y) + 2L;ra(a:) > 0 for (z,y) € Ta, © # 0. So
the monomial 5.4 (a) is tight when at least one of the inequalities defining C(i) is
strict. (]

The next results will be used in Section 7.

5.5. Let i = (i1,42,...,%m) and j = (i1, j2,...,Jm) be two sequences in I. We say
that i and j are related by a commutation if and only if there exists an integer a
such that 1 <a < (m —1), ia # (1),

Z.a-'rla if k= a,
g = ia,  ifk=a+1,
in,  ifk#a(at1),

and {iq,i(q41)} is not an edge in T".
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In this case ¢J; will denote the function q&i : X(i) — X(j) defined by

(i,a+1,q9), ifp=a<yq,
(i,p,a+1), ifp<qg=a,
(
(

#Ai,pa) = (haq),  ifp=(a+1)<q
i,p,a), ifp<qg=(a+1),
(i,p,q), if {p,q} N{a,a+1} = 0.
Note that [{p,q} N {a,a + 1}| < 1 above, because (i,p,q) € X(i) and iq # iq+1.
It is easy to see that ¢ is a bijection whose inverse is d)} and such that ¢} (Y(i)) =
Y(j) and $(Z2(3)) = Z(j).
Lemma 5.6. Leti and j be two sequences in I of length m related by a commutation
as in 5.5 and denote the bijection ¢] : X(i) — X(j) by ¢.
(a) ]fTij/: ZIXO — ZIXO s the lme/ar map defined by Tij((x(i,p,q))(i'}nqze?f(i))
- (x(i’,p’,q’)).(i'vp'ﬂ’)EX(J') where Ty oy = To-1(r prq) Jor all (i P ) €
X(j), then T} is an isomorphism whose inverse is 7? and such that T} (INI* )
= NI¥O! and er = Q;r o TlJ In particular, er is weakly positive (resp.
weakly mon-negative, positive definite, non-negative definite) if and only if
Q;r is weakly positive (resp. weakly non-negative, positive definite, non-
negative definite). In the case that er is weakly positive, then

{z € N¥OI| Qf (z) = 1}| = |{z € N¥OI | () = 1}]
(b) IfTij  ZIYOI 5 ZIYO s the linear map defined byT?((y(i}p’q))(i}p,q)ey(i))

/

Wi, 0,019 G) WheTe Yig 1 gy = Yor(irprgy Jor all (150,q') €

Y(j), then TIJ is an isomorphism whose inverse is T}i and such that Q;

Qj_ oTij. In particular, Q; is positive definite (resp. non-negative definite)
if and only if Qj_ is positive definite (resp. non-negative definite).
(c) ]fi/)‘ii : Z™ — Z™ s the linear map defined by d)Ji.(zl, ceszZm) = (24,0, 20)
where
Za+1; Zf k= a,
2 = % Za, if k=a+1,
2l ifk7éa7a+]—v
then wf s an isomorphism whose inverse is w} and wg(Nm) = N™ and
U(C(i) = C)-
Proof. Tt is easy to prove both (a) and (b) using the formulae in Propositions 3.3
and 3.5. (c) follows also easily from the definition of C(i). These arguments are left

to the reader. O
5.7. Leti= (i1,42,...,%m) and j = (i1, J2,. - -, jm) be two sequences in I. We write
i ~ j if and only if there exists a sequence i = ig,iy,...,1, = j of sequences in I

such that, for each 0 < k < (n — 1), i, i(x41) are related by a commutation.
Clearly ~ is an equivalence relation and the equivalence classes of ~ are called
commutation classes.

Corollary 5.8. Let i, j be two sequences in I such that i ~ j.
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(a) Q;r is weakly positive (resp. weakly non-negative, positive definite, non-
negative definite) if and only if Q;r is weakly positive (resp. weakly non-
negative, positive definite, non-negative definite). Moreover, in the case
that Q;r 1s weakly positive, then

[{z e YOI Qf (2) = 1} = [{z e N*DI | Qf (2) = 1},

(b) Q; is positive definite (resp. non-negative definite) if and only if Q s
positive definite (resp. non-negative definite).

(c) There exists an isomorphism © : Z™ — Z™ such that Y(IN™) = N™ and
P(C(i)) = C)-

Proof. This is simply an easy application of Lemma 5.6. O

6. USE OF CRITERIA FROM REPRESENTATION THEORY OF ALGEBRAS

We will need for the next examples a way of knowing when an integral unit form
is weakly positive. We will now describe the algorithm of de la Pena presented in
[P] to decide if an integral unit form is weakly positive.

6.1. Let Q : Z™ — Z be an integral unit form. We start with C; = {e; | 1 < i < n},
the standard basis of Z", i.e. e; is the unique element of Z™ whose coordinates are
all 0 except for its ith component which is equal to 1. We define inductively a
procedure for constructing a new set C,41 from C,. The procedure could fail and
in that case Cyy1 is not defined and the procedure stops, indicating that Q is not
weakly positive. Otherwise, it continues.

Assume that C, = {z!,22,..., 2%} C Z" and the procedure has not failed (to be
defined subsequently). We now construct C, 1 as follows. Let 27/ = (27,2, ..., 29).
If either

(a) there is some 1 < i < n such that Bg(z7,¢;) < —2, or
(b) there is some 1 <4 < n such that 2] > 7,

then the procedure is said to fail. If the procedure has not failed (in other words,
(a) and (b) have not occurred for any 2/ € C,), let R, C C, be those 2/ with
the property that there is some 1 < i < n such that Bg(27,¢;) = —1. If R, = 0,
then set Cyy1 = 0 and the procedure is said to be successful. If R, # (J, then set
Cos1 = {27 +ei | 27 € R, and ¢; is such that Bg(27,¢e;) = —1}.

Because of (b) above, this procedure will stop after a finite number of steps.

Proposition (de la Penia). The integral unit form Q : Z™ — Z is weakly positive if
and only if the above procedure is successful. Moreover, if the procedure is successful
with Coq1 = 0, then C; UC2 U---UC, is the set {z € N™ | Q(z) = 1} of positive
roots of Q.

Proof. See [P]. O

The next example is presented in Proposition 15 of [L2] and is a particular case
of Proposition 4.1 in [M]]. In our case, we can lift the conditions of strict inequalities
in the statement of the proposition of Lusztig for the monomial to be tight.

Example 6.2. Let I" be the Dynkin graph of type A4 and let i be the sequence
(1,3,2,4,1,3,2,4,1,3). Then dim(V;) = 8, dim(V_;) = 2 and dim(V) = 10. We
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get that

21 1 -1 00 0 0

12 1 0 00 0 0

11 2 -1 00 0 0

-1 0 -1 2 -1 0 -1 0 (40
+ _
A=loo o -1 21 1 -1 ™ Ai<o 4)'

00 0 0 12 1 0

00 0 -1 11 2 -1

00 0 0 -1 0 -1 2

The integral unit form Qf‘ is weakly positive. We get this by using the algorithm
of de la Pena presented in 6.1. In fact, we get that the procedure is successful and
that

Cl = {617 €2, €3, €4, €5, €6, €7, 68}7

Cy = {(e1+ea), (e3 +e4), (ea +e5), (ea + e7), (€5 + es), (e7 +es)},

c (e1 +es+es),(e1 +es+er), (e3 +es+ e5),
7 (es+ea+er), (ea+ €5+ €5), (€s + €7 + )

Cum { (e1+es+es+eg),(e1+es+er+es) (es+eqs+es —l—eg),}
(e3+es+er+es),(ea+e5+er+es) ’
Cs={(e1 +es+es+er+es)(es+estes+ertes)l
Cs = {(e1+2e4 +e5+e7+es), (e3 +2e4 +e5 +e7 +es)}, and
Cr={(e1+e3+2es+es5+er+eg))
Obviously, Q; is positive definite. Note that Q;r is not positive definite. In fact,

1

the eigenvalues of A" are 1, 1, 2, 2, (2++/5), (2—V5) (3+V/5) and (3 — V/5).
Using Proposition 4.5, we get that the monomial

Fl(al)F3(a2)F2(113)F4(a4)FI(GS)FB(GG‘:)F2(a7)F4(118)F1(119)F?S1110)
is tight when a; € N for i =1,...,10 and

az > a1 +as, az+as>az+as, as+as > az+ag,
ae > a4 + as, a7 > as +ag, ay—+ag > ag+ aio-

There are determinantal criteria to test if an integral quadratic form Q : Z" — Z
is weakly positive (resp. weakly non-negative). We will now present a criteria for
weakly non-negative due to Keller (see [K]) and one for weakly positive due to
Motzkin (see [Mol).

Proposition 6.3. Let Q : Z" — Z be an integral quadratic form and A(Q), its
corresponding symmetric matriz. Q is not weakly non-negative (resp. weakly posi-
tive) if and only if there is a principal submatriz D of A(Q) with det(D) < 0 (resp.
< 0) for which the cofactors of the last column are non-negative (resp. positive).

Proof. Denote the extension of Q@ to R™ by Or : R® — R. We have A(Q) =
A(Qr). If Q is weakly non-negative (resp. weakly positive), then Or () > 0 (resp.
> 0) when © = (z1,29,...,2,) € Q", 2; > 0 forall 1 <i < nand x # 0. By
continuity, if Q is weakly positive or weakly non-negative, we get that Ogr is weakly
non-negative. Obviously, if Qg is weakly non-negative (resp. weakly positive), then
Q is weakly non-negative (resp. weakly positive).
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In the proof of a proposition of Drozd in section 1.1 of [Ri], Ringel showed that
if Q is weakly positive, then Qg is weakly positive. Consequently, Q is weakly non-
negative (resp. weakly positive) if and only if Qg is weakly non-negative (resp.
weakly positive).

Then the proposition follows by theorem 4.7 in [V] and the fact that A(Q) =
A(Qr). In [V], weakly non-negative is called copositive and weakly positive is
called strictly copositive. O

Example 6.4. Let I' be the Dynkin graph of type D4 and let i be the sequence
(2,1,3,4,2,1,3,4,2,1,3,4). Then dim(V7) = 12, dim(V_1) = 4 and dim(V) = 16.
We get that the symmetric matrix Ai+ is then

2 1 1 -1 0 -1 0 0 0 0 0 0
1 2 1 -1 -1 0 0 0 0 0 0 0
11 2 0 -1 -1 0 0 O 0O 0 O
-1 -1 0 2 1 1 -1 -1 0 -1 -1 0
0 -1 -1 1 2 1 0 -1 -1 0 -1 -1
At — -1 0 -1 1 1 2 -1 0 -1 -1 0 -1
! 0 0 0 -1 0 -1 2 1 1 0 0 0
o 0 0 -1 -1 0 1 2 1 0 0 0
o o o o0 -1 -1 1 1 2 0 0 O
o 0o 0-1 0-1 0 o0 0 2 1 1
0 0 0 -1 -1 0 0 0 0 1 2 1
0 0 0 0 -1 -1 0 0 0 1 1 2
The eigenvalues of A" are (44 2v/3), (4—2v3), 4, (1+/3), (1-+/3), 4, (1+/3),

(1-+/3),1,1,1and 1. So Qf‘ is not positive definite nor non-negative definite.
Using the algorithm of de la Penia, we see that z = e; +e4 + eg + e7 € C4 and
BQT (z,e10) = —2. This means that the algorithm fails. By this test, Q; is not
weakly positive.

Using the criteria in Proposition 6.3, it is possible to test if this form Qf‘ is
weakly non-negative. There are 2'2 — 1 = 4095 principal submatrices that had to
be tested. Of these, 1134 had a negative determinant. In each case, the last column
of the inverse matrix had a positive entry. Hence Qi"r is weakly non-negative. These
computations were performed with the help of a computer.

The symmetric matrix A; is

4 -2 0 0
_ -2 4 -2 =2
A = 0 -2 4 0
0 -2 0 4
Its eigenvalues are (4 + 2v/3), (4 — 2v/3), 4 and 4. Thus Q; is positive definite.
Using Proposition 4.5, we get that the monomial
(a) F2(a1)Fl(aQ)FB((ls)F4((l4)F2(a5)F1((16)F3((l7)Féas)Fz(ag)Fl(alo)Féall)Féam)
is semi-tight when a; € N for i =1,2,...,12 and
az +az +aq4 > a1 + as, as > az + ag, as > a3 + ar,
as > aq + as, ae +ar + as > as + ag, ag > ag + a1o;

ag > ar + aii, ag > ag + aiz.
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We can prove more. If at least one of the following inequalities,
as+asz+aqg > a1 +as and ag+ ay +ag > as + ag
is strict and at least one of the following inequalities,

as > az + ag, as > a3 + ar, as > a4 + as,

ag > ag + aio, ayg > ar + a1, ag > ag + aia.

is strict, then the monomial 6.4 (a) is tight.

In fact, we have that Q; (z) > 0, Q; (y) > 0 and Lfra(x) > 0 for all pairs
(2,9) € Ta. Soif Qi () + Q; (y) + 2Li‘a(m) =0 for (2,y) € Ta, then Q;f (z) = 0,
Q; (y) =0 and L;fa(x) = 0. Under the above strict inequalities, there exist s < s’
and ¢ < t' belonging to [1,12] such that is = iy = 2, 4y = ip = i # 2, i, # 2
whenever s < p < s’ and i, # ¢ whenever t < p’ < t' with

Z Z ap > (as +ay) and Z ap > (at + ap).

JEI peZ(j) p'€Z(2)
J#2 s<p<s’ t<p'<t’

This implies that N(u,u’) > 0 if either i, = i,y = 2 with u < s < ¢ < u/ or
Ty = 1y = 1 with u <t <t < u'. Because L;ra(a:) = E(i,p,q)e?( N(p,q) 2 pq =0,
then z(; , oy = 0 whenever i, = i, = 2 with p < s < s’ < qori, =i, = i with
p <t <t <gq. Ifwe restrict Qi"r to the submodule of Z!¥! where T(ipq = 0
whenever i, = i, =2 withp < s < s <qgori, =i, =i withp <t <t <gq,
then we get that this restriction is weakly positive using Proposition 6.1. For this
we must test all the possible cases. We can conclude that = 0. By condition 3 of
Lemma 2.3, we get that y = 0. Finally, we can conclude that the monomial 6.4 (a)
is tight by Proposition 4.5.

Using the same type of argument, we can prove that the monomial 6.4 (a) is tight
if either (a5 > (as+ag) and ag > (ag+a10)), or if (as > (as+ae) and ag > (ar+a11)),
or if (a5 > (a2 +ags) and ag > (ag+a12)), or if (ag > (as+a10) and a5 > (asz+az)),
or if (ag > (ag + a10) and a5 > (a4 + asg)), or if ((a2 + az + a4) > (a1 + a5) and
(a6 + a7 + ag) > (a5 + ag)), or if (a5 > (a3 + a7) and a9 > (a7 + a11)), or if
(a5 > (a3 + a7) and ag > (ag + a12)), or if (ag > (a7 + a11) and a5 > (a4 + ag)), or
if (a5 > (a4 + ag) and ag > (ag + a12)).

We will conclude this section with a last example. This is proved by proceeding
as above.

Example 6.5. Let I" be the Dynkin graph of type As and let i be the sequence
(1,2,1,3,2,1,4,3,2,1,5,4,3,2,1). Then dim(V;) = 20, dim(V_;) = 10 and conse-
quently dim(V') = 30.

Q;r is not positive definite, not non-negative definite nor weakly positive. But
we can use the determinantal criterion of Keller to show that er is weakly non-
negative. (); is not positive definite, but it is non-negative definite. Using Propo-
sition 4.5, we get that the monomial

F1(a1)FQ(aQ)Fl(as)F?J((M)FQ(as)Fl((ls)F4((17)Fg(as)FQ(aQ)Fl(alo)F5((l11)Fiam)Féaw)FQ(am)Fl(am)
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is semi-tight when a; € N for i =1,2,...,15 and

az > a1 + ag, asz + a4 > az + as, as > az + ag,
as +ar > aq + as, ae + ag = as + ag, ag > ag + aio,
ag + a1 > ar + a2, ag + a2 > ag + a3 a1 + a1z = ag + aiy,

ai4 2 aio + ais.
Moreover, if as > (a1 + a3) and at least one of the following inequalities,
as > az + ag, ag > (as + aio), (az + aq) > (a2 + as),
(a10 +aiz) > (ag + aia), (a5 +a7) > (as + as), (ag + a12) > (as + ai3)
is strict; or if a5 > (a3 + ag) and at least one of the following inequalities,
ag > (ag + aio), ais > (a0 + a1s), (a3 + as) > (a2 + as),
(ag + ag) > (as + ag), (ag + ai2) > (ag + a13), (ag +a11) > (a7 + ai2)
is strict; or if ag > (ag + a10) and at least one of the following inequalities,
aiy > (aio + ais), (ag + ag) > (as + ag), (a10 + a13) > (ag + aia),
(a5 +a7) > (a4 + as), (as +ai) > (a7 + a12)
is strict; or if a4 > (@19 + a15) and at least one of the following inequalities,
(a3 +as) > (az + as), (a10 + a13) > (a9 + aia),
(as + ar) > (a4 + ag), (ag + ai2) > (ag + ai2)
is strict; or if (ag + a4) > (a2 + as) and at least one of the inequalities,
(ag +ag) > (as + ag), (a10 + a13) > (ag + a1a),
(a5 +ar) > (as + as), (as +a11) > (a7 + ai2)
is strict; or if (ag + as) > (as + ag) and at least one of the inequalities,
(a10 + ai3) > (ag + a1a), (as + a7) > (a4 + ag) (ag + ai2) > (ag + a13)
is strict; or if (@19 + a13) > (a9 + a14) and at least one of the inequalities,

(ag + ai2) > (ag + a13) (ag + ai1) > (a7 + a12)

is strict; or if (a5 + a7) > (a4 + as) and at least one of the inequalities,

(ag + ai2) > (ag + a13) (ag + ai1) > (a7 + a12)

is strict; or if ((ag + a12) > (ag + a13) and (ag + a11) > (ar + a12)), then the above
monomial is tight.

7. THE CASE OF DYNKIN GRAPH I' OF SMALL RANK

In this section, we will consider the case where I' is a Dynkin graph of a simply
laced semisimple finite dimensional complex Lie algebra g of small rank and the
sequence i is a reduced expression for the longest element wy of the Weyl group
W of g (relative to a choice of a Cartan subalgebra h and a Borel subalgebra b
containing h). RT(T) will denote the set of positive roots of g relative to a choice
of h and b containing b.

Lusztig has asked in section 16 of [L2] under what circumstances is the monomial
1.1 (a) tight or semi-tight when a € C(i) for I" and i as above? He also answered
this question for all reduced expressions i of wy when I is the Dynkin graph of type
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A1, Ay and As. Marsh has also considered the same question in [M] for all reduced
expressions i of wy when IT' is the Dynkin graph of type Aj.

In the case where I' is the Dynkin graph of a simply laced finite dimensional
complex Lie algebra, Reineke has given in [Re] a sufficient and necessary condition
for the monomial 1.1 (a) to be tight. He also gave an example in the case Ag to
illustrate the fact that even if a € C(i), then the monomial 1.1 (a) is not necessarily
tight.

We will now recall this criterion of Reineke. We will also describe the behavior
of Qi and Q; in the case A, (n=1,2,3,4) and D,. From this, we get the results
of Lusztig and Marsh in the case A,.

Proposition 7.1 (Reineke). Let ' be the graph attached to a symmetric Cartan
datum (See 1.1.1, 2.1.3 and 14.1.3 in [L3]). Then the monomial 1.1 (a) is tight if
and only if Qai(z) + Qa.i(*z) > 0 for all z € T, \ {za}. Here "z is the transpose
of z.

Proof. This is a simple consequence of Theorem 3.2 and Lemma 3.3 of [Re]. O
Corollary 7.2. Let T be the Dynkin graph or the extended Dynkin graph of a simply

laced finite dimensional complex Lie algebra g. Then the monomial~1.1 (a) is tight
if and only if Qi (z) + Q; (y) + 2L;ra(x) > 0 for all pairs (x,y) in Ta with x # 0.

Proof. If T" is the Dynkin graph or the extended Dynkin graph of a simply laced
finite dimensional complex Lie algebra g, then I' is the graph attached to a sym-
metric Cartan datum and Proposition 7.1 can be applied. It is easy to see that if
w €V, then " i (w) = pa(*"w). By Lemma 1.11 and Proposition 1.14, z € T\ {za}
is the image under p, of a unique w € puz(Tya) \ {0} and

Qa.i(2) + Qoi("2) = Qa,i(ta(w)) + Qai(* pa(w))
= Qq,i(pta(w)) + Qo i(pta(*w))
= Qa.i(w) + Qai(""w) + Lia(w) + Li a(*"w).

Consequently, Qo i(2) + Qqi("z) > 0 for all z € Ta \ {2a} if and only if Qa.i(w) +
Qa.i("w) + Lia(w) + Lia(w) > 0 for all w € uy'(Ta) \ {0}.
If we write w = u + v with

u= > apguli,p,) €Vi and wv= > yu,qv(i,p,q) € Vo1,
(i,p,q)€X (i,p,q)€Y
then we get that Qq i(w) + Qq.i(*"w) + Li a(w) + Li a("w) is equal to
Qa.i(u+v) + Qai(u —v) + Lia(u+v) + Lia(u —v)
= Qa,i(u) + Qq,i(v) + Qq,i(u) + Qai(—v) + Lia(u) + Lia(v) + Lia(u) — Lia(v)
=2Qq,i(u) + 2Q0;i(v) + 2L; a(u)

2 2 __ 2
= 207 (@) + 205 () + 5 Lia(@)

as in Proposition 4.5. Consequently, Qq ;(w) + Qq.i(**w) + Li a(w) + Li a(Yw) > 0
if and only if Q; () + Qf (y) + 2L{ () > 0.

From Lemma 2.3, we get that w € pg ! (Ta)\{0} if and only if the pair (z,y) € Ta
with x # 0. From these observations, we get easily the corollary. O

We will now recall a result due to Matsumoto and Tits.
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7.3. Let S be the set of all sequences (i1, 2, .. .,iq) in I such that s; s;, ...5;, is a
reduced expression in the Weyl group (W, S) of I'. We can regard S as the vertices
of a graph. Two vertices (i1,12,...,4,) and (i,45,...,4;,) are joined by an edge
if one is obtained from the other by replacing m consecutive entries of the form
i,7,4,7,... by the m entries j,4,7,4,...; here i # j and m = m; ; < oo is the order
of s;s; in W. We write (i1,12,...,1q) ~ (i},15,..., ig) if and only if (i1, iz, ..., 1),

(41,75, - - - ,igs) are in the same connected component of S.

Theorem 7.4 (Matsumoto-Tits). Let (1,42, ...,1q) and (j1,j2,...,jq) in S be such

that si, 84, ... Si, = 85,84, ... 55, =w € W. Then (i1,i2,...,iq) = (1,72, -1 Jq)-

Proof. See, for example, Theorem 1.9 in [L4]. O

Theorem 7.5. Let T' be the Dynkin graph of type A, and i = (i1,i2,...,im) a
sequence in I such that s;, si, ... s:, is a reduced expression of the longest element
wq of the Weyl group of T.

(a) If n =2, then Qi is positive definite and dim(V_1) = 0. Also the number
of positive roots of Q; is 1 = |R*(A1)].

(b) If n =3, then Qi+ is positive definite. If i is mot in the commutation class
of (2,1,3,2,1,3) or (1,3,2,1,3,2), then Q; is positive definite; while if
i is in the commutation class of (2,1,3,2,1,3) or of (1,3,2,1,3,2), then
dim(V_1) = 0. Also the number of positive roots of Qi is 6 = |[RT(A3)|.

(¢) If n =4, then Qi"r is weakly positive and Q; is positive definite. Also the
number of positive roots of Qi is 30 = |R*(Dg)|.

(d) (Lusztig-Marsh) If n < 4 and a = (a1,a2,...,am) € C(i), then the
monomial 1.1 (a) is tight.

Proof. Because of Corollary 5.8, it is enough to verify (a), (b), (c) for a represen-
tative of each commutation class of reduced expressions of wg. We can get a list of
all reduced expressions of wg and also of all the representatives of the commutation
classes of reduced expressions of wy using Theorem 7.4 of Matsumoto-Tits starting
with a reduced expression of wy and using braid relations.

(a) In the case As, there are two reduced expressions: (1,2,1) and (2,1
each is in a different commutation class. Then dim(V3) = 1, 4] = (2), Q
positive definite, dim(V_;) = 0 and the number of positive roots is 1 for each
representative i of the commutation classes of wy.

(b) In the case Ag, there are 16 reduced expressions for wy and these are par-
titioned into 8 different commutation classes. Representatives for these 8 com-
mutation classes are: (1,2,1,3,2,1), (1,2,3,2,1,2), (1,3,2,1,3,2), (3,2,1,2,3,2),
(3,2,3,1,2,3),(2,3,2,1,2,3),(2,1,3,2,1,3) and (2, 1,2, 3,2, 1). Using Propositions
3.3 and 3.5, we can compute A;r, A{ in each case and test for positive definiteness
of Q:r and Q; and non-negative definiteness of ;. We get (b) this way. We can
compute the number of positive roots of Qi"r using for example Proposition 6.1.

(c) In the case Ay, there are 768 reduced expressions for wy and these are par-
titioned into 62 different commutation classes. Using a computer, we can test each
of the representatives of the commutation classes of wg. We get that er is weakly
positive, @; is positive definite and the number of positive roots of Qi+ is 30 by
using Proposition 6.1 for each of these representatives i.

(d) follows by (a), (b), (c) and Proposition 4.5 (d). O

,2) and
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Remark 7.6. The fact that in the case A, (n = 2,3,4), the weakly positive unit
forms er have the same number of positive roots is mysterious to the author. The
vector spaces V; for these different reduced expressions do not all have the same
dimension and it is not clear how the unit forms Qi+ are related. For example in
the case As, if i=(1,3,2,1,3,2), then dim(V;) = 3,

2 -1 0
Af=(-1 2 1
0 -1 2

and the positive roots of Q; are (1,0,0), (0,1,0), (0,0,1), (1,1,0), (0,1,1) and
(1,1,1); while if i = (1,2,1,3,2,1), then dim(V;) = 4,

21 1 -1
1 2 1 0

+
A= 11 2 -1
-1 0 -1 2

and the positive roots of Q; are (1,0,0,0), (0,1,0,0), (0,0, 1,0), (0,0,0,1), (1,0,0,1)
and (0,0,1,1).

Robert Marsh has noticed that the number of positive roots for the different Q;r
is the number of positive roots of the cluster algebra corresponding to the quantized
enveloping algebra of type A, (n = 2,3,4) (See for example [Z] or [FZ]). These
cluster algebras are of finite type and we can associate to them a Dynkin graph.
This correspondence associates to I' = Ay the cluster algebra C[N_\SLs] of type
Az to T = As, the cluster algebra C[N_\SL,4] of type As; and to I' = Ay, the
cluster algebra C[N_\SLs] of type Dg. Here N_ denotes in each case the subgroup
of lower triangular unipotent matrices of SL,, (n = 3,4,5).

Theorem 7.7. Let T' be the Dynkin graph of type Dy and i = (i1,i2,...,1m) be a
sequence in I such that s;, Si, ...5;,, s a reduced expression of the longest element
wo of the Weyl group of I'. Then

(a) Qi is weakly non-negative.

(b) Q; is non-negative definite. Moreover, if the commutation class of i does

not consist of only i, then Q; s positive definite.
(¢) Ifa€C(i), then the monomial 1.1 (a) is semi-tight.
(d) Ifa e C°(i), then the monomial 1.1 (a) is tight.

m

Proof. (a) and (b). Because of Corollary 5.8, it is enough to verify (a) and (b) for
a representative of each commutation class of reduced expressions of wg. We can
get a list of all the reduced expressions of wy and also of representatives of each
commutation class of reduced expressions of wq using the proposition of Matsumoto-
Tits starting with a reduced expression and using braid relations. There are 2316
reduced expressions of wgy and these are partitioned into 182 commutation classes.
For each of the representatives i, we can test that er is weakly non-negative using
Proposition 6.3. Note that we can also see that Qi+ is not weakly positive using the
algorithm of de la Pefa.

We can also test that @; is non-negative definite. If the cardinality of the
commutation class of i is > 1, then @; is positive definite. This is obtained by
computing the determinant of the primary principal submatrices of A;” and showing
that they are > 0. If the cardinality of the commutation class of i is 1, then Q; is
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not positive definite. In fact, A; is singular and computing the determinant of the
principal submatrices of A; and showing that they are > 0 to conclude that Q; is
non-negative definite. This proves (a) and (b).

(c) By (a), (b) and Proposition 4.5 (c), we can conclude that the monomial 1.1
(a) is semi-tight.

(d) By (a), (b) and Proposition 4.5 (e), we can conclude that the monomial 1.1
(a) is tight. O

We will close this article with an example to show that even if a € C(i), then
the monomial 1.1 (a) is not necessarily tight. Reineke has given such an example
in the case that I' = Ag in [Re].

Example 7.8. Let I' be the graph of A; affine. This is the loop free graph with
two vertices: 4, j such that e; ; = 2. Take i = (4,4,4¢,4,7). Then dim(V}) = 4,
dim(V_q) =1, X ={(¢,1,3),(:,1,5), (4,3,5), (4,2,4)} and ¥ = {(¢,1,5)}.

If £ = (2(:,1,3), T(s,1,5), T(1,3,5), Tj,2,4) ), then

QF (@) = afi 1 3y + @i 1 5) T Thin5) + 220 T T3 T(015) T T(0,1,3)T(,3.5)
+ T(i,1,5)(3,3,5) = 2(i,1,3)T(j,2,4) — 2%(3,3,5)(5,2,4)

and

Li‘a(x) = (2a2 — a1 — a3)w(;1,3) + (202 + 2a4 — a1 — 2a3 — a5)7(; 15
+ (204 — a3 — as5)x (3,5 + (2a3 — az — a4)T(j,2,4)-

Ity = (Yu,5), then Qr (y) =247, 5.
We have also

C(i) = {(a1, a2,as3,a4,as) € N° | 2a2 > (a1 +a3),2a3 > (ag +a4),2a4 > (as+as)}.

Let a = (6,8,9,9,8). Clearly a € C(i); in fact, a € C°(i). For z = (8,0, 10, 16)
and y = (0), then (z,y) € Tn, Qi (z) +Q; (v) +2L;ra(x) = —8 and we can conclude
from Corollary 7.2 that the monomial Fi(G)FJgs)Fi(Q)F]»(Q)F.(S) is not tight.

(2
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