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SUBFIELD SYMMETRIC SPACES FOR
FINITE SPECIAL LINEAR GROUPS

TOSHIAKI SHOJI AND KARINE SORLIN

ABSTRACT. Let G be a connected algebraic group defined over a finite field F.
For each irreducible character p of G(F4r ), we denote by m,(p) the multiplicity
of 1g(r,) in the restriction of p to G(Fg). In the case where G is reductive with
connected center and is simple modulo center, Kawanaka determined ma(p)
for almost all cases, and then Lusztig gave a general formula for ma(p). In
the case where the center of G is not connected, such a result is not known.
In this paper we determine ma(p), up to some minor ambiguity, in the case
where G is the special linear group.

We also discuss, for any r > 2, the relationship between m.(p) with the
theory of Shintani descent in the case where G is a connected algebraic group.

0. INTRODUCTION

Let G be a connected reductive group defined over a finite field F, with Frobenius
map F. We consider the finite group G¥ * and its subgroup G¥. The quotient
space GF' ’ /GF is regarded as an analogue of the symmetric space, and is called the
subfield symmetric space over a finite field. The determination of spherical functions
of GF* /G is almost equivalent to the determination of irreducible characters of
the Hecke algebra H(GF2 ,GT). For a class function f on GFQ, we denote by ma(f)

2

the inner product of f with the induced character Indgi 1. The classification of
irreducible characters of H(GY ' GF ) and the determination of their degrees are
equivalent to the determination of ma(p) for all irreducible characters p of G g

In [K2|, Kawanaka computed ms(p) in the case where G is a classical group
with connected center, or in the case where p is unipotent and the characteristic
is good. Extending Kawanaka’s result, Lusztig gave in [L3] a closed formula for
ma(p) valid for any G which has the connected center and is simple modulo its
center. He expects that his formula is still valid for G with disconnected center. In
turn, Henderson studied in [H] the spherical functions of G¥ ’ /G¥ by making use
of the theory of perverse sheaves, and described them in the case where G = GL,,,
in which case H(GFQ,GF) is abelian.

In this paper, we consider G = SL,, with the standard F,-structure, which is
the first example of the disconnected center case. Based on the parametrization of
irreducible characters and the description of almost characters in [S3] (which is valid
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under some restriction on p, for example, p > 2n), we determine ms(p) (Theorem
5.3) for any irreducible characters, up to some minor ambiguity. In particular, we
have ma(p) € {0,1,2}. We discuss the relationship between our result and Lusztig’s
conjectural formula.

Kawanaka’s main idea for the computation of ma(p), beside the use of the results
of Lusztig on mo (R (6)), is to connect it with the twisted Frobenius-Schur indicator
through the twisting operator. In Section 1, we generalize Kawanaka’s result, and
discuss a connection of mq(p) with Shintani descent. This leads to a formula for
ma(R,) where R, is an almost character of G¥ 2, which is regarded as a counterpart
of Lusztig’s formula for ms(x4) in [L3], 7], where x 4 is the characteristic function of
character sheaves. In Section 1, we also discuss a more general situation. We define
m.(p) as the multiplicity of an irreducible character p of G¥" with the induced

character Indgi 1 for any integer r > 2. We give some formula (Theorem 1.14)
for m,.(R,), although it is not so effective as the mq case.

The subsequent sections are devoted to the computation of mso(p) for the case
where G = SL,,. We obtain the results by applying the results in Section 1, together
with the computation of mso(p|,r2) for irreducible characters p of GL,(F ).

Acknowledgment. The authors are grateful to the referee for the careful reading,
and the suggestion to improve the ambiguity of the sign contained in the first draft
of this paper.

Some notation. All the representations considered in this paper are over Q;. For
a finite group I', we denote by Irr I" the set of irreducible characters of I'. If § is an
automorphism of I', we denote by (Irr I")% the set of F-stable irreducible characters
of I'.

Assume that I' is an abelian group. In this case, we also use the notation I'"
to denote the set of irreducible characters of I', which coincides with the group
Hom(I', Q}). If § is an automorphism of I, we denote by I'{* the subgroup of I'"
consisting of §-fixed irreducible characters of I'. Also in this case, we denote by Iy
the largest quotient of I" on which ¢ acts trivially, i.e., I's is the quotient of I" by
the subgroup generated by g=18(g) for g € I'. Don’t confuse I'{* with (I'");s for a
finite group I'*. The group (I'")s does not occur in this paper.

CONTENTS

. G(F,)-invariants in G(F4-)-modules and Shintani descent.
. Parametrization of irreducible characters of SL, (F ).

. Almost characters of SL, (F ).

. Determination of ma(ps,g|or2)-

. Determination of ma(p) for p € Irr SL,,(F2).

Tt W N~

1. G(Fy)-INVARIANTS IN G(F4)-MODULES AND SHINTANI DESCENT

1.1.  For any finite group I" and an automorphism F': I' — I', we denote by I'/~p
the set of F-twisted conjugacy classes in I', where x,y € I" are F-twisted conjugate
if there exists z € I" such that y = 2~ ' F(z). In the case where F acts trivially on
I, the set I'/~F coincides with the set of conjugacy classes in I', which we denote
by I'/~.
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For a connected algebraic group X defined over F,, and two Frobenius maps
F1, F5 on X such that Fy Fy = FyFy, we define a norm map

NFl/FQ . XFI/NF2—) XFZ/NFfl

as follows: for # € X1, we choose a € X such that * = a~!Fy(a), and put
7' = Fi(a)a~!. Then 2’ € X2 and the correspondence z — ' induces a bijective
map Np, /,, which we call the norm map from X*1/~p, to XF2/~F1_1.

For a finite set Y, we denote by C(Y') the Q;-space of all Q;-valued functions on
Y. Then the norm map Np, ,p, induces a linear isomorphism

Shp,yp, = N, fy : C(X T rop,) — C(X T2 o),

which is called the Shintani descent from X1 to X 2.

1.2. Let G be a connected algebraic group defined over a finite field F, with
Frobenius map F. We fix a positive integer r, and consider the group H = GX---XG
(r-factors). H is endowed with the natural Frobenius map given by (g1,...,9r) —
(F(g1),...,F(gr)), which we also denote by F. Let F/ = Fw : H — H be a twisted
Frobenius map on H, where w : H — H,(¢1,...,9») — (9r,91,...,9r—1) is the
cyclic permutation of factors. Since w” =1 and Fw = wF, we have (F')™™ = F™™
for any m > 1.

Lemma 1.3. The map G'" — HF'™ & — (2,1,...,1) induces a bijection
(1.3.1) fGF " e — HY " Jropr

Proof. Take x = (x1,...,2.),y = (y1,...,yr) € HF ™. If 2 and y are in the same
class, there exists z = (21, ..., 2,) such that y; = zi_lxiF(zi,l) for i € Z/rZ. Now
assume that = (z1,1,...,1). Then 2 '2F'(2) = (y1,1,...,1) for z € G if and
only if z = (21, F(21),...,F""*(21)). Moreover, in this case, y1 = 2y 'z1F"(21).
This shows that the map f is well defined, and is injective. It is easy to see that
each F’-conjugacy class in HF" " contains a representative of the form (z1,1,...,1).
Hence f is surjective. O

1.4. For each z € GF'" k > 1, we put Ni(x) = zF(x)--- F*¥~1(x). Then the
map GF'" — GF'" [z +— Ni(z) induces a map G¥""/~p — GF'" /~pi, which we
also denote by Nj. Let A(H) ~ G be the diagonal subgroup of H. The inclusion
AH)F™ — HF™ induces a map d : A(H)""/~p — HF"/~p:. Then we have
a commutative diagram

GF'y.m/NFT L} HF-rm/NF/

(1.4.1) NT Td
GFrm,/NF L} (H)Frm//NFv

where fj is the bijection induced from the isomorphism G =, A(H). This follows
from the following relation for z € G,

(Ny(2),1,...,1) = y Yz, x, ... , o) F'(y)
with y = (1, Ny(z), Na(x), ..., Np_1(2)).



490 TOSHIAKI SHOJI AND KARINE SORLIN

1.5.  Concerning the norm maps, we have the following commutative diagram:

Nprm pr .
GF™ fropr L G
(1.5.1) N,I Tj
rm Nprm
GF /’\‘F Frm/FE GF/N,

where j is the map induced from the inclusion G¥ < GF". We show (1.5.1). Let
& =GP and take o € G such that £ = o~ F(a). Then Nprm (%) is represented
by z = F"™(a)a~!. On the other hand, since &’ = N,.(2) = a1 F"(«), we see that
Nprmpr(#') is represented by F"™(a)a~! which coincides with j(z). This shows
the commutativity.

1.6. Let ¢/ = F'|grrm, and HF™ be the semidirect product of HF™™ with the
cyclic group (o’) of order rm generated by ¢’. For a character x of GF'™, we define
the character F(x) by F(x)(F(g)) = x(g), and similarly for H. An irreducible
character ¢ of H¥"™ is F’-stable if and only if 9 is of the form that

(16.1) P=xOF(x)® - @F (x)

for some FT-stable irreducible character y on G¥'". Let V; (1 <i<r)bean
irreducible G -module for the irreducible character F*~!(y). Then there exists
a linear isomorphism T; : V; — V;11 such that T; 0 g = F(g) o T; for any g € GF™
with V;1 = V4 and that (T, T.—1---T1)™ = 1. Let ¢ be as in (1.6.1). Then 1 is
afforded by the H ™ _module Vi @ Va @ -+ - ® V... Let us define an action of ¢’ on
Vl R ® W by

o =wo(1Th® - QT,),

where w is the cyclic permutation of factors given by
WET1R®22Q Q) =T, QT Q@ Tp_1.

Then we have 0’ oh = F'(h)oc’ for h € H™" and so Vi ®---®V,. can be extended
to an H" " -module. We denote by {/; the corresponding extension of ¥ to HF™,
Let 0 = F|grrm, and we consider G¥ " (o) the semidirect product of GF™™ with
the cyclic group (o) of order rm generated by o. We define an action of ¢” on
Vi by 0" = T,T,_1---Ti. Then 0" o g = F"(g) o 0" for any g € GF'™, and the
GF™" -module V; can be extended to a GF" (¢")-module V;. We denote by ¥ the
corresponding extension of x to GF"" (¢7). We show the following lemma.

Lemma 1.7. Let h = (g,1,...,1) € H"" with g € GF'". Let x be an F"-stable
irreducible character of G¥'". Then for = x@F(x)®---@ F"'(x) € Irr HF"",
we have

w(ha') = X(go™).
Proof. Let v§1), e ,’US) be a basis of V1. We define a basis ’UYJFI), . ,’USJFI) of Vii1
inductively by v](»Hl) = Ti(vy)) for:=1,2,...r — 1. Then we have
TT(U§T)) =T, - -Tl(vj(-l)) = arv](»l).
It follows that
ho' - %(11) v ® - ® Ug) = (garv(l)) vP @ @v"

12 i i1 ir—1"
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and we have

(ho') = Tr (ho', Vi @ --- @ V;) = Tr (go", V1) = X(g0").
This proves the lemma. O
1.8. Let x be an F"-stable irreducible character of GF™, and Y be its extension to
GF (o) as in the previous lemma. Let G 67/~ be a set of conjugacy classes in
GF".m (0" contained in the coset G ¢”. Under the natural bijection GF‘,V””/NFrﬁ
GF'" 0"/~ via ¥ < 20", we have an isomorphism C(GF””/NFT) ~ C(GF""o7/~).
Thus X|grrm .+ defines an element in the space C(GF " /~pr). Put

R%m) == Sh/FTm/F'V' (2|GFT7" or ) .
Hence R%m) is a class function on G¥". We have the following formula.

Proposition 1.9. Under the notation as abouve,

(19.1) G YT RNH@)eT) = 16T YD RY ().

GeGF™ geGF
Proof. Take g € GF™™". Write § as § = o~ 'F(a) and put g = F"™(a)a~'. Then
g € G, and we see that X(N,(§)o") = R%m)(g) by (1.5.1). Moreover, it is known
that

Hoe e G"" |o7gF(2) =g} = #{y € G" |y gy = g}
The formula (1.9.1) is immediate from these two facts. O

1.10. Let ¢{™ (X) be the left-hand side of (1.9.1), i.e.,

(1.10.1) M) =GN D X(INHG)a").
GgegF™

Then ™ (X) is a generalization of the twisted Frobenius-Schur indicator discussed

in Kawanaka and Matsuyama [KM]. In the case where m = 1, we simply write

cgl)(f{) as ¢(x). Note that in this case, the extension does not enter the formula,

and we have )
() =1G" 170 D (N (9)).
geEGFET

If r = 2, ca(x) coincides with the Frobenius-Schur indicator defined in [KM].
Let us define, for a class function f of GF",

(1.10.2) mo(f) = (£, mdGr 1) =167 Y f(o).
zeGF
Then the identity (1.9.1) can be rewritten as
(m) () = (m)
(1.10.3) o (X) = me(RS).

We note that (1.10.3) is a generalization of the formula due to Kawanaka [K2]
(1.1)]. In fact, in the case where m = 1, the Shintani descent Shpr,p- coincides
with the inverse of the twisting operator t; on C(GF"/~) given in [K2], and so we
have RS) = t*~!x. Then (1.10.3) implies the following.

Corollary 1.11. Let the notation be as above. Then we have ¢,(x) = m, (i~ "x).
In the case where r = 2, this formula is nothing but the formula (1.1) in [K2].
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1.12. By Lemma 1.7, X(N,(3)0") = 9(he’) with h = (N.(§),1,...,1) € H™".
As in 1.4, h is F’-conjugate to (§,...,9) € A(H)F™, and so

b(ho') = (@, 9)0").
On the other hand, under the isomorphism A(H )R- E L VN = IR = VA
an GF""-module, and its character xyF(x)---F""'(x) is F-stable. Moreover, we
have 0’ o g = F(g)oc’ on 1 ® -+ ® V, for any g € GF"™. This implies that the
action of ¢’ defines a structure of G (¢)-module on V; & - -- ® V;., where ¢ acts

by ¢’ on it. We denote the character of this module by Jo, which is an extension
of xF(x) - F""1(x). Thus, we have

(G, ---.9)0") = to(go).

Now (1.9.1) can be rewritten as

(1.12.1) m(RV) = |67

ST dolgo).

GeGF™

1.13. Let k be a positive integer. We define an inner product on C(GFICO'/N) by
. -
(fiB)gre, =G [T Y f(zo)h(zo)

zeGF*
for f,h € C(GF : o/ ~). Then the following orthogonality relations are known.
For any F-stable irreducible characters y,x’ of G¥ " and their extensions X, X to

GF (o),

o~ S
(1.13.1) XX )k, = 0(0) %f X/f 0 ® X' with 6 € Irr (o),
0 if X' # x.

Here in the left-hand side, Y, ¥ are regarded as functions on G¥ " ¢ by restriction.
For any f € C(GFkO'/N), we put

Mi(f) = (1) gor, = 1GTTTE S flao),
zEGQFF

where 1 means the restriction of the unit character of GF"* (o) to GF . We also
put, for a class function h of G¥ k,

Mi(h) =(h,1) gee = G713 h(2).
zeGFF

The following statement is immediate from (1.13.1).

(1.13.2) Let p be an F-stable character of GF", and p its extension to GF". Then
we have |Mk(ﬁ)| < My (p). Moreover, if My(p) = 1, then Mk(ﬁ) is a k-th root of
unity.

We have the following theorem.

Theorem 1.14. Let x be an F"-stable irreducible character of GF™, and X an ex-
tension of x to GF"" (a7). Let 1y be the extension of xF(x)---F" " (x) to G " (o)
as 'Ln 1.12, Put ShF"f'm/F'r' (?|GFT7" O'T) == Rizm).
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(i) We have cm) (X) = mr(R%m)) = My (o). In particular,
[ (R < Mo (X (x) -+ F7 ().

Furthermore, if My (XF(x) - F'1(x)) = 1, we have |mr(R§zm))| =1.
(ii) Assume that r = 2. Then there exists a 2m-th root of unity ¢ such that

0 otherwise,
where X is the complex conjugate of the character x.

Proof. The equality mr(R%m)) = Mrm({l;o) in (i) follows from (1.12.1). The in-
equality in (i) follows from (1.13.2). Assume that = 2. Then we have

1 if F(x) =X,

Mam (XF(x)) =(XF(X), 1) grem =(F(X),X)grem = { 0 otherise.

So the assertion (ii) follows from (1.13.2). This proves the theorem. O
1.15. In the case where r = 2, we determine the quantity ( = C(Qm) (X) more
explicitly. Let x be an F2-stable irreducible character of G’ " and X its extension
to GF*" (0?) as in the theorem. Let us assume that F(x) = Y. We follow the setting
in 1.6. In particular, V; (resp. V2)isa GF*" -module affording ¥ (resp. F'(x)). Since
F(x) =X, the subspace W = (1 ® ‘/Q)GFZM of GF*" -invariant vectors in V; ® V3 is
of dimension 1. The map o/ : V1 @ Vo — V1 @ Vo, v1 ®vg — Ta(v2) ®T1(v1) preserves
the space W, and the eigenvalue of ¢’ on W coincides with ¢ = cém) (X). The map
02 =TT, : Vi — Vi extends the GF"-module V; to the GF*™" {(0?)-module Vi
affording the character Y.

The GF*" -module V5 can be identified with V7 by replacing the action of g €
G by F(g). Under this identification, we may take Ty = Idy, and Ty = 02 on
V1. Hence we have o’ (v1 ®v2) = 02(v2) ®v1. Now the averaging operator V3 ® Vo —
W,v — |G‘F2m|’1 > geqrem g+ v determines a bilinear form B : Vi x Vi — Q (up
to scalar) having the following properties:

(1.15.1) B(g-v1,F(g) v2) = B(vi,v2) for ge GF" vy, 00 € A,
B(O’Q(’l)g),’l}l) = (B(vi,vq) for v1,ve € V1.

Conversely, if there exists such a bilinear form on Vi, this form coincides with B
up to scalar. Hence ¢ determines the value cém) (X)-

The extension ) of x is determined by the choice of Ty, T such that (T571)™ =
Idy,. If we replace T1 by a scalar multiple {73 for an m-th root of unity &, it gives
a different extension of ¥’ of x. By changing ¥ by X', the eigenvalue ¢ of ¢’ on
W is replaced by &(. Summing up the above arguments, we have the following

refinement of Theorem 1.14, which is a generalization of Theorem 2.1.3 in [K2].

Corollary 1.16. Let x be an F2-stable irreducible character of G and X an
2m
extension of x to G (?).
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(i) We have
(%) = {C if F(x) =X,

0 otherwise,

where C is an 2m-th root of unity.

(i) Assume that F(x) = X. Let (o be a primitive 2m-th root of unity in Q;.
Then there exists a unique extension X of x such that C(Qm) (X) =1 or (.
Let Vy be the GF™" (0?)-module affording X. Then cém) (X) =1 (resp (o)
if and only if there exists a non-zero bilinear form B(-,-) on Vi satisfying
(1.15.1) with ¢ =1 (resp. ¢ = o).

1.17. In the case where G is a connected reductive group with connected center,
Lusztig defined in [L1] almost characters of GI'. In the case where G is a special lin-
ear group SL,, with F of split type, almost characters are also formulated in [S3]. In
either case, the set of almost characters coincides with the set of Shpm /p(X|crm ),
up to an m-th root of unity multiple, for sufficiently divisible m, where x runs
over all the F-stable irreducible characters of G¥". We denote by R, the almost
character of GF' corresponding to x. As a corollary to Theorem 1.14, we have the
following result.

Corollary 1.18. Assume that G is either a connected reductive group with con-
2

nected center, or SL, with F of split type. Let R, be the almost character of G

associated to an F?-stable irreducible character x of GF*™ . Then we have

¢ FFN)=%X
0 otherwise,

(1.18.1) ma(Ry) = {

where  is a certain 2m-th root of unity.

Remark 1.19. In [L3, Prop. 7.2], Lusztig proved a formula concerning the charac-
teristic functions of character sheaves as follows. Let A be an F2-stable character
sheaf of a connected reductive group G. We denote by x4,4, € C(GF’/~) the char-
acteristic function of A with respect to an isomorphism ¢4 : (F?)*A = A. Then
under the assumption that ¢ is sufficiently large (and that x4 4, can be written as
a linear combination of irreducible characters with cyclotomic integer coefficients),
there exists a choice of ¢4 such that

(_1)dimsupp A if F*(A) ~ DA,

1.19.1 =
( ) ma2(Xa,6a) {0 otherwise,

where DA is the Verdier dual of A. Since the proof depends on the asymptotic
behavior of ¢ — oo, the condition on ¢ is considerably large. In the case where G
has a connected center, using the description of mso(x) for any irreducible character
x of GF* in IL3], (1.18.1) can be verified directly. In [S2], it was shown that almost
characters coincide with the characteristic functions of character sheaves whenever
G has a connected center. A similar result was also shown in [S4] for SL,, with
F of split type. Hence the formula (1.18.1) is a counter part of (1.19.1) to almost
characters, which works without any assumption on g. Also, Theorem 1.14 (ii) is
regarded as an extension of (1.19.1) to arbitrary connected algebraic groups.
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1.20. As a special case of the situation discussed in Theorem 1.14 (i), we consider
the case where G = GL,, with the standard or non-standard Frobenius map F' over
F,. Irreducible characters of G are described as follows. Let G* ~ GL, be the
dual group of G. For each F"-stable semisimple class {s}, choose a representative
s € G*I". Let T* be a maximally split maximal torus in Zg-(s). Let W =
Ng~(T*)/T* be the Weyl group of G*, and put Wy = {w € W | w(s) = s}. Then
W is the Weyl group of Zg«(s), and F" acts naturally on W, which we denote by
0. Let (Trr VVS)‘S be the set of F"-stable irreducible representations of W. For each
E € (Irr W,)?, we fix an extension E of E to the semidirect group W (8), where
(0) is the infinite cyclic group with generator §. Put

R g =W > Tr(wd E)Rr;(s),
weEWs
where Rr: (s) denotes the Deligne-Lusztig character Rz, (6) under the natural cor-
respondence (s,T.5) < (0,T,).
It is known, under a suitable choice of the extension, iRS, 5 gives rise to an
irreducible character of G¥", which we denote by ps.z- Then the set Irr GF " of
irreducible characters of GF" is given as

Ir G = H{pS,E | E e (Irr W,)%},
{s}
where {s} runs over F"-stable semisimple conjugacy classes in G*.

Let (s,T7%) be as above. We choose an F"-stable maximal torus T' of G which
is dual to T*, and let B be a Borel subgroup of G containing 7. We choose an
integer m > 0 such that F™" leaves B invariant. One can find a linear character ¢
of TF™™ corresponding to s € T*"™. Then we have

Endgerm (IndSrrm 8) ~ Qu[W],

where 6 is the lift of 6 to the linear character of B ™. Let us denote by xo,E the

FTM

irreducible constituent of Indgprm 0 corresponding to £ € Irr W,. Then x4.g is
F"-stable if and only if E € (Irr W)%, and in which case, Shprm pr(Xo,E|GF™™ or)
coincides with ps g up to a scalar multiple. Thus under this setting, Theorem 1.14
(1) can be rewritten as follows.

Corollary 1.21. Let G = GL,, with the standard or non-standard Frobenius map
F. Then for each ps g € Irr G, we have

me(ps,p) < Mem(xo,2F(x0.5) - F" " (x0.8))-
Moreover, if Mym(xo,6F(xo,5) - F" " (xo.5)) = 1, we have m,(psg) = 1.

2. PARAMETRIZATION OF IRREDUCIBLE CHARACTERS OF SL,(F)

2.1. In the remainder of this paper, we assume that G = GL, and G = SL,, with
Frobenius maps F' with respect to the standard F,-structures. We assume that p
is large enough so that the results in [S3] can be applied. (Although there is no
assumption for p in [S3], it should be changed. Actually, Kawanaka’s construction
of generalized Gelfand-Graev characters of GL,, or SL, requires no assumptions
for p. However, our construction (cf. [S3] 2.3]) depends on the Dynkin-Kostant
theory, which requires that p is not too small.) For example, p > 2n is enough in
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our case. Let G* (resp. G*) be the dual group of G (resp. G). Then G* ~ GL,,
and G* ~ G*/Z*, where Z* is the center of G*. The inclusion map G — G induces
a natural surjection 7 : G* — G*. Asin the case of G, the set Irr GF” is partitioned
as

e GF° = [[&(GF" {s}),
{s}
where {s} runs over F2-stable semisimple classes in G*. Take s such that F?(s) = s.
Let T* be an F%-stable maximal torus of Zg-«(s) such that T* is contained in an
F2-stable Borel subgroup of Zg-(s). Let T* be an F2-stable maximal torus of
G* such that 7(T*) = T*. Then W = Né(f*)/f* is naturally identified with
Ng-(T*)/T*. Put
W, = NZc* (s) (T*)/T*a Wg = NZ%*(S)(T*)/T*'

Then W2 is the Weyl group of Z2.(s). Now W, can be decomposed as W, ~
WO % Q,, where Q, = Zg-(s)/Z%.(s) is a cyclic group. If we choose $ € T* such
that 7($) = s, then W2 is naturally identified with W; = {w € W | w($) = 5}.

F? acts naturally on W,. We denote by 4 this action and consider the semidirect
product W (8), where Jwd—! = F2(w). § stabilizes W? and Q.

2.2. For each E € Irr W2, let Q4(E) be the stabilizer of E in Q5. Assume that
the Qg-orbit of E is d-stable. Put

Qu(E) ={ueQ, |“E = E}.

Then one can write Q,(E) = Q,(E)a for some a € . Since Q is abelian, Q4 (E)
is d-stable, and Q,(E) acts on Q,(E) by (z,u) — 2z 'ud(z) for z € Q4 (E) and
u € Q,(E). We denote by Q,(E)s the set of equivalent classes under this action.
It is easy to see that €2,(E)s can be identified with the set Q,(E)sa, where Q4(E)s
is the largest quotient of Q4(E) on which § acts trivially. Let Irr W0 be the set of
Qs-orbits in the set Irr W2. We denote by (Irr W?2)? the set of d-stable orbits in
Irr W?. By abuse of notation, (Trr W2)% means also a set of representatives for the
S-stable Qg-orbits in Trr W.
For each pair (s, F) with E € (Trr W?)?, put

Mg = QUE) x Qu(E)s,
where Q= {u € Q,6(u) = u} and QJ(E) is the stabilizer of E in Q%, and Q3 (E)"

is the set of irreducible characters of Q(F). Tt is known by [S3] that there exists a
natural bijection

(2.2.1) g {sh= ]I M.e

Ee(Trrw9)s

We denote by p,, . the irreducible character of GF* corresponding to (1, z) € M .

The above parametrization satisfies the following properties. The set of G*F °
conjugacy classes in the set {s}F2 is in bijection with (4)s. For each z € ()s,
take a representative & € (), and let & € Zg«(s) be a representative of & € Q, =
Zg+(8)/Z%.(s). Choose g, € G* such that g, 'F?(g,) = &, and put s, = g.s9; '
Then F?(s;) = ss, and g,T*g; ' = T is a maximally split torus in Zg«(s;). We
define Wsox in a similar way as W?. Under the isomorphism W0 — Wsox induced
by ad g,, the action of #§ on W is transferred to the action of F? on W . Hence
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each id-stable irreducible character E of W? determines the F?-stable irreducible
character E" of me. Take an F2-stable element $, such that m(s,) = s,. We

consider the irreducible character ps g+ of GF? as in 1.20, which we denote by
ps,. B, by abuse of the notation.
It is known from [S3| (4.4.2)] that there exists a natural bijection

(2.2.2) o0 I 2@s~ [ @ewd)®/al,

Ee(Irr W2)?4 2€(Q)s

where in the right-hand side, (Irr W2)#° /Q% means the set of Q%-orbits of #d-stable
irreducible characters of W?. The bijection is described as follows. Take F in a
§-stable Qg-orbit in Irr W2. For each g € (NZS(E), there exists © € Qg and z €
such that ¢ = 27 12:6(2), where # is one of the representatives of (£25)s chosen above.
Then E, = *E € (Irr W2)#. The correspondence (E,y) — (z, E,) gives rise to
the required bijection f.

Under the above setting, we have

(2.2.3) Pss,Bolqrz = Z Prn.y-
neQ(E)N

Let 75, g, be the set of irreducible characters occurring in the restriction of

Ps, E, tO GF’. We also denote by 75,}3 the set of p,, for (n,y) € HS,E. Then
(2.2.2) implies that

Tsp= H Too By
(z,Ez)

where (z, E,) runs over all the pairs corresponding to (y, F) with y € fNZS(E)(; under
the map f.

Remark 2.3. In [S3] 4.5], the parameter set M g is defined as Q%(E)" x Q (E)s.
Since fNZS (E)s = Qs(E)sa, this set is in bijection with M g in this paper. However,
the bijection depends on the choice of a € €, and the definition of M, g in this
paper is more convenient for later applications.

2.4. We describe the decomposition of pg, g,|sr2 in (2.2.3) more precisely. It is
known by [L.2] that 7, g, is in bijective correspondence with Q3(E)". This bijec-
tion is given as follows. The abelian group G¥ ’ /GF * acts transitively on 7, g

by the conjugation action. Also its dual group ((~¥F2/GF2)A acts on Irr GF” by
(0,p) — 0 ® p for a linear character 6 € (67“[72/6?172)A and § € Irr GF*. Then
the stabilizer of py in (~¥F2/GF2 and the stabilizer of p;, g,
in ((~¥F ’ /GF 2)A are orthogonal to each other under the natural duality pairing
GF* |G x (GF*)GF* )N — Q; (cf. [[2, 9]). Let I(ps, E,) be the stabilizer of
Pin E, iDL (éFz/GFZ)/\. Then, under the choice of pg, the set 7,
bijection with I(ps, 5,)".

We show that I(ps, g,) is isomorphic to Q3(E). First note that there exists a
natural isomorphism

for po € Ts,.E

z)

E, is in natural

(2.4.1) 77 ~ Hom(GF" /GF*,Q)) = (GF /G
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If 2 is an element in Z*F~ corresponding to 6 € (éFz/GFz)/\ under the above
isomorphism, then § maps E(GFQ, {$5}) onto E(GFQ, {#55}). Put

~ 2 ~ 2 ~
Z;"f ={ze€ Z*" | 25, is conjugate to &, under G*},

which does not depend on the choice of §, for s;. Then, under the identification
in (2.4.1), I(ps, B,) is regarded as a subgroup of Z;‘fz. Here we have a natural
isomorphism

(2.4.2) we, 1 8 = Q0 ~ Zgu ()57 120, (57 — 22

defined as follows. For z € Q% take a representative z € ZG*(S);EFZ of z, and
choose # € G**F” such that 7(2) = z. Then 9=(57125:71) € 2;52, and the map
Z — 97(572$27") induces a well-defined isomorphism ws, since 7(Zg.($2)) =
Z2.(s5). Now under the identification in (2.4.1), (2.4.2), we may see that I(p;, £, )
is a subgroup of Q2 and in fact, I(ps, g,) coincides with the stabilizer of E, in 2.

T

Thus we have I(ps, g,) = Q(E,) = Q(E).

2.5.  The bijection between T;, &, and Q3(E)" given in 2.4 depends on the choice
of po € 75, ,. We have to choose a specific pg for each 75, g,. This problem is
reduced to a certain special case, and is solved by the aid of generalized Gelfand-
Graev characters.

Let g be the Lie algebra of G with Frobenius map F. We have a bijection
log : Guni — @nit by v — v — 1, where Gyup; (resp. gnil) is the unipotent variety
of G (resp. nilpotent variety of g). Let N be a nilpotent element in g”. By
Dynkin-Kostant theory, there exists a natural grading g = €, gi associated to
N. Let u; = @m g;. Then one can find an F-stable parabolic subgroup P = LU;
associated to NV, where L is an F-stable Levi subgroup of P with Lie L = gg, and
U, is the unipotent radical of P with Lie Uy = u;. Moreover, we have N € go. Let
k be an algebraic closure of Fy. It is known by Kawanaka (see [K1]), that there
exists an F-stable subspace u (1115 in the notation of [S3]) of u; containing u, and
an F-equivariant linear map A : u — k satisfying the following. There exists an
F-stable connected unipotent subgroup U of Uy such that log(U) = u and that the
map Aolog: U — k turns out to be an F-stable homomorphism of U. We define
a linear character Ay of U by Ay = 13 o Aolog, where 13 : Fo — Q; is the
additive character defined by ¥9 = ¢ oTr F2/F, for a non-trivial additive character

¢ : Fy — Q. The generalized Gelfand-Graev character I'y of GF”* associated to
N is defined as

2
Iy = ndS . Ay.
The character I'y depends only on the GF 2—conjugacy class of N.

We now consider the following special setting for the set My  determined by
the pair (s, E).

(2.5.1) WY is isomorphic to Sp x - -+ x Sp (t-times) with b = n/t, and Qs =~ (wp),
where wy is an element of order ¢ in W, permuting the factors of W2 transitively.
Moreover, E € Trr W2 is of the form

EFE=FXEKX---KE; with E;€lrrS,.
Then E is Qs-stable, and we have Qs = Q,(F).
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Now it is known from Lusztig ([L1l 13.4], see [S3, 2.9] for a brief description)
that there exists a map p — O, from Irr GF to the set of nilpotent orbits in Lie G.
We take N € g¥', a nilpotent element (in Jordan normal form) contained in O,, for
p = ps e. (To be more explicit, O, is a nilpotent orbit corresponding to the partition
of n dual to pU--- U p (t-times), where p is a partition of n/t corresponding to
Eq). Then it is known that there exists a unique irreducible character py such that
po occurs both in I'y and in Ps'w,Ex|GF2~ By using this pg, one obtains a bijection
T., 5, «— Q3(E)" as in 2.4. This is the parametrization given in (2.2.3), where if
(z, E,) corresponds to (E,y) by (2.2.2), then p, , corresponds to n € Q3(E)".

By the arguments in [S3, 4.5], the parametrization of 75, g, in the general case is
reduced to the case given in (2.5.1). Accordingly, po is determined for each 7, g, .
However, note that this parametrization still depends on the choice of a nilpotent
element N in g. In what follows, we assume that

(2.5.2) Each nilpotent element N € g’ is taken to be a Jordan normal form.

2.6. In order to apply the results in Section 1, we need to know the condition
when F(p) = 7 for an irreducible character p of GF *. We return to the setting in
2.2, and further assume that F(s) = s~!. Then F acts on W, preserving W2 and
Q. We denote this action by =, so that v2 = 6. Note that if p’ belongs to M, g,
then 7’ belongs to M -1 g since E € Irr W0 is self dual. Also, F(p') belongs to
MF(S%F(E). Hence if p as above belongs to M g, the Q -orbit of E turns out

to be y-stable. It follows that v leaves (NZS(E) invariant, and induces an action on
Qs (E)s. We denote by Q4(FE)] the set of y-fixed points in Q4(E)s. v acts also on
the set Q°(E)". We denote by Q(E)"., the set of n € Q)(E)" such that v(n) = 7.
We put, for E € (Irr W2)7,

Mip = QU(E)"

We have the following proposition.

¥ X QS(E)g

Proposition 2.7. Let p,, be the irreducible character of el corresponding to
(n,y) € Mg g. Assume that F(s) = s71.

(i) If the Qs-orbit of E is not «y-stable, then F'(pyy) # Dy -

(ii) Assume that the Qs-orbit of E is y-stable. Then F(py,) =P, , if and only

if (n,y) € Mo g

The proposition will be proved in 2.11 after some preliminaries. First we note
that

Lemma 2.8. For each N, we have F(I'v) = I'n, and I'y = I'.

Proof. The fact that F(I'y) = 'y can be checked directly for any N € g since
UF” is F-stable and Ap is also F-stable. On the other hand, it follows from the
definition that we have I'y = I'_n. So, in order to show the lemma, it is enough
to see that N is conjugate to —N under GF®. Since N is given by a Jordan
normal form, this is reduced to the case where N is regular nilpotent. Assume that
N is a regular nilpotent element given in the Jordan normal form. There exists
g = diag(a, —a, ..., (—1)""'a) € G such that gNg~! = —N. Then g € GF* if and
only if a € Fp2 and (—1)*a" = 1 with k = [n/2]. We can set a = 1 if k is even, and
set ¢ = —1 if k is odd and n is odd. So, assume that n is even and k is odd, i.e.,
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n = 2k. In this case, we may take a € F 2 such that > = —1. Thus we can always
find g € GF 2, and the lemma follows. O

As a corollary, we have

Corollary 2.9. Let p;, g, € Irr GF and po € Irr GF’ be as in 2.5. Assume that
Flps,..)|gr> = P Brlgre - Then we have F(po) = 75.

Proof. The parametrization of Irr G ® in terms of the set M g is reduced to the
special case where M g is given by (2.5.1) through the steps (b) and (c) in [S3] 4.5].
Since the steps (b) and (c¢) are compatible with the F action and with taking duals,
the assertion is reduced to the case of (2.5.1). In this case, we have F(I'y) = I'y by
Lemma 2.8. Note that the F-action and taking duals preserve the inner product.
Since pg is the unique irreducible character such that

<FN700>GF2 :<p3:c7E:c’pO>GF2 =1,

the corollary follows. O

Lemma 2.10. Assume that the set My i satisfies the assumption of Proposition
2.7 (ii). Take y € Qs(E)s; and assume that (E,y) < (z,E;) under the map in
(2.2.2). Then F(ps, £,)|gr2 = Ps,,B, |gr2 if and only ify e Qu(E )y

Proof. We may choose y € QS(E) as a representative of z € (Q)s, so we may
assume that E, = E. Then 7, g, = 7, corresponds to the set QJ(E)" x
{y} under the correspondence 7, g < M (cf. (2.2.3)). It is easy to see, for
any pair (s1, E1), that F(ps, g,) = ppes,),r(e), Where F'(Eqp) is the character
of Wg(s,) corresponding to E; under the isomorphism Wy, ~ Wg(,,). On the
other hand, we have p3, g, = Pit By since W, = Wsl—l and E; is self dual. It
follows that F(ps, £) = Pr(s;1),F(E)- By our assumption, F(s7!) = 5. Hence we
have F(s;') € T5,, and F(E) € (Irr Wo)yW)3  This implies that F(7;, g) =
Tsw(wa(E) Tsv(y)’uE for some u € €, since the Q,-orbit of F is F-stable. Since

7

syt B = Ts, g if and only if v(y) =y in ?ZS(E),;, the lemma is proved. O

2.11.  We shall prove Proposition 2.7. The assertion (i) follows from 2.6. We show
(ii). Take (n,y) € Ms.g. If v(y) # y, then F(p,,) # pny by Lemma 2.10. So,
assume that y € Q,(E E)]. Let ps, g, be the character of GF* containing Pn.y- Again
by Lemma 2.10, we have F(p;s, g,) = Ps,.5,- Let po € G be as in 2.5. Then by
Corollary 2.9, we have F(pg) = py. If we write p,, = 9po with g € éFz, we have
F(p,,) = ¥@py. Now the action of F induces an action on (GF* JGF*)N which
is compatible with the natural pairing GF~ /GF’ x (C:”FQ/GI‘&)A — Q. Then F
stabilizes the subgroup I(p;, g, )-

The argument in 2.4 show that the condition F(p,,) = b, , is described by
investigating the action of F' on I(p;, g, ). We follow the notation in 2.4. I(p;, g,)
isregarded as a subgroup of Z*F? If we denote by @,, the map Q% — Z*F? obtained
as the composite of w,, and the inclusion Z;‘fz < Z*F then &, (9 (E,)) coincides
with I(ps, g,). We note the following.
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(2.11.1) Assume that z € (€25)s is y-stable. Then the following diagram commutes:

Qg Wy Z*Fz

—vl lF:v

> ~ 2
Qg £ Z*F ,

where —y : Q2 — Q9 is the map defined by z — (z)~ 1.
We show (2.11.1). Take z € Q°. Since F(s) = s~ !, we have
V(@s, () = F(9(57128271)) = T (3F(2)57 1 F(2) 7).
On the other hand, since x is y-stable, w,, coincides with &}Sw(w)’ and we have
s, (—(2)) = T (TR (2) 18R (2)) = TU) (sF(2)8 R (2) 7).

since §71F(2)"L5F (%) is in the center Z* of G*. Hence (2.11.1) holds.

Now (2.11.1) shows that the F-action on I(ps, g,) is transferred to the —vy
action on QJ(E). Hence under the parametrization 7, g, « QJ(E) x {y} given
by pny < (n,y), we see that F(py,y) = Prny if and only if n is —v stable, i.e.,
nen (E)ﬁv. This proves the proposition.

3. ALMOST CHARACTERS OF SL,(F,)

3.1. We shall parametrize F2-stable irreducible characters of G*' " for a suffi-
ciently divisible integer m. Let s be an F2-stable semisimple element in G*. We
assume that m is large enough so that F?™ acts trivially on W2 and ;. We denote

by MEWE) the set which parametrizes irreducible characters of G o corresponding

to My g in the previous section. Hence, Mi",;) = Q,(E)" x Q4(F). Since s is
F2-stable, one can define a map 6 = F? : W, — W, as before. If the Q,-orbit of F

is F2-stable, then § stabilizes Q4(E). For a pair (s, E) such that E € (Irr W2)%, we

define a subset M, g of Min};) by

M g = Q(E)§ x QS(E)‘57
where Qg(E)4 is the set of §-stable irreducible characters in Q4(E)". We denote
by E(GF™™  {s})F” the subset of F2-stable irreducible characters in £(GF™" {s}).

Then by [S3) (4.6.1)] it is known that under the parametrization in (2.2.1) for G,
we have

G s = I Mee

Ee(Trr W)

We denote by ps,f'l) the F2-stable irreducible character of GF~" corresponding to
(77) Z) € MS,E-

In the case where F(s) = s~ !, one can define a map v = F : W, — W, preserving
Q, and W9, and such that § = 42 as before. We denote by Q(E)” the y-fixed point
subgroup of Q,(E), and by Q.(E)", the set of n € Q. (E)" such that y(n) = 7.
Then we define a subset MS’E of My g by

M = Qu(B)", x Qu(E)".

The following proposition can be proved in a similar way as in Proposition 2.7.

1
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Proposition 3.2. Let p;’”) be an F2-stable irreducible character of GF*™ corre-
sponding to x € My g. Assume that F(s) = s~ 1.
(i) If the Q4-orbit of E is not F-stable, then F(pé’”)) # p;””.
(ii) Assume that the Qgs-orbit of E is F-stable. Then F(pgcm)) = p&"” if and
only if x € MY .

3.3. Following [S3| 4.6], we define almost characters of GF’. For a given ﬁS(E)(;,
we choose a = ap € (0;(E) and write it as Q,(E)s = Qs(E)sap. For x = (n,2) €
M gandy = (1,2'ag) € M; g, we define a pairing {z,y} € Qf by

{9} = (B (") (2).

Then we define a class function R, of G¥ ’ by

(3.3.1) Ro= Y {z.y}py

yeﬂs,E

R, are called almost characters of G¥' ’. Note that the definition of the pairing
{, } depends on the choice of ag € Q(E)s. If ap is replaced by ' = b~ lap
with b € Q4(F)s, then R, is replaced by n(b)R,. Hence the almost character R, is
determined uniquely up to a root of unity multiple.

It is easy to see that (3.3.1) can be converted to the form

(3.3.2) py=10%(E°2 Y {z,y} 'Ra.
TEMs E
The following result describes the Shintani descent of irreducible characters of
2m 2m
GF™". Here we write the restriction of F2 on G as ¢ instead of o2, in connection
with the previous section.

Theorem 3.4 ([S3| Theorem 4.7]). Let p&”” be an F?2-stable irreducible character
of GF*" corresponding to x € My g, and choose an extension f)écm) to GF*" (0).
Then

Shpzm ez (8™ | gram 5) = pio Ra,

where [ 15 a root of unity depending on the extension f)écm)

ag.

and on the choice of

Combining Theorem 3.4 with Proposition 3.2, we have the following refinement
of Corollary 1.18.

Corollary 3.5. Let Mg g be such that F(s) = s=! and that the Qs-orbit of E is
F-stable. Then
C:C fo (S Mg,E’

0 otherwise,

mg(Rx) = {

where (, s a certain root of unity.

The following result describes the action of twisting operators on almost char-
acters. In the special case where F? acts trivially on the center, this was proved
by Bonnafé [Bl Théoréme 5.5.4]. We note that this result can also be derived from
the property of character sheaves, by making use of Lusztig’s conjecture for SL,,
which will be discussed in [S4].
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Theorem 3.6. For any x = (n,2) € M, g, we have
t1(Re) = 1(2) "' Ra.

The theorem will be proved in 3.15 after some preliminaries. First we recall some
general properties of twisting operators.

Lemma 3.7. Let I' be a connected algebraic group defined over F, with Frobenius
map F, and H a connected F-stable subgroup of I'. Then the twisting operator t}

commutes with the induction Indg;.

Proof. 1t is clear that t] commutes with the restriction functor Resg;. Moreover,
t; is an isometry with respect to the inner product on C(H¥/~) and C(I'f/~).
The lemma follows from these two facts. O

3.8. Let I' be as in the lemma. For each integer m > 0, we consider the group
I'F™ | and its semidirect product " =" (o), where o is the restriction of F
on '™ and (o) is the cyclic group of order m with generator o. Then the twisting
operator tj : O(I'/~) — C(I'F/~) can be lifted to the operator

ot o~y — (N of~)

in the following way. We define a map 7, : I'" "o/~ — ' g/~ by 7 (2z0) =
(ro)'=™, and define 75 by its transpose. It is shown in [ST| Lemma 4.2] that, under
the condition that m is sufficiently divisible, 77 is an isomorphism and satisfies the
following commutative diagram:

O of~) —T O g
(3.8.1) Sth/Fl J{Shpm/p

O(IFj~) = C(IF/~).
We have the following result.

Theorem 3.9 ([S1, Theorem 4.7]). Let p be an extension of an F-stable irreducible

character of I'F™ to I'F™. Then for an appropriate choice of (sufficiently divisible)
m, there exists a root of unity A such that

1 (plrrme) = APlrem o).

The following related result seems to be worth mentioning, although it is not
used later. In [ST], under some condition on p, the notion of almost characters was
established for any connected algebraic group I'. Then in view of (3.8.1) together
with Theorem 3.9, we have

Corollary 3.10. For each almost character R, of I'"', there exists a root of unity
Az such that
t7(Rz) = Ao Ry

The following result was proved by Digne and Michel, which holds for any con-
nected reductive groups.

Proposition 3.11 ([DM]). Let H be an F-stable Levi subgroup of a parabolic sub-
group of a connected reductive group I'. Then the Lusztig induction RL :C(HF/~)
— C(I'Y/~) commutes with the twisting operator t;.
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3.12. 'We now return to our original setting, and consider G = SL,,. The modi-
fied generalized Gelfand-Graev characters were introduced by Kawanaka (see [K1]),
which is a refinement of generalized Gelfand-Graev characters. The modified gen-
eralized Gelfand-Graev characters are used in [S3] to parametrize irreducible char-
acters of SL,. Here we discuss the action of twisting operators on the modified
generalized Gelfand-Graev characters. We follow the notation in 2.5 (but replacing
F? by F).

By [S3] 2.6], we may choose u so that u is L-stable. Let Ay = Z5(\)/Z()).
Then by [S3| 2.7], we have

Ay~ Ag(N) = Z6(N)/Z8(N).

In particular, Ay is an abelian group. F' acts naturally on Ay, and we consider the
quotient group (Ax)r of Ay. Put

M: (A)\)F X (Ai‘)A

For each pair (c,£) € M one can define a modified generalized Gelfand-Graev
character I'. ¢ as follows. For ¢ € Ay, we choose a representative ¢ € Zr(A\). Then
we find a. € L such that a;'F(a.) = ¢. We define a linear map . : u — k by
Ae = Ao Ada;!, and define a linear character A, = 1 o A, o log on UF. Since
Zr(A)F = Z1(A)F, the linear character A. can be extended to a linear character
on Zp(A)FUF trivial on Z9(A\.)F, which we denote also by A.. On the other
hand, since A, is abelian, we can define a linear character 2 of Z, (Ae)F trivial on
Z3(Ae)" by

€ 200" = (ZL(A)/ZR ()T = AT = Af - Q.

where the last step is given by & : Af — Q;‘ We denote by the same symbol £ the
lift of &% to Zr(A.)FUF under the homomorphism Zr,(A\.)"UF — Z(A\.)F. Under
these settings we define I ¢ by

F
chf = IndgL()\u)FUF (gh ® AC)

3.13.  We choose m large enough so that F™ acts trivially on Ay. Replacing F' by
F™_ we have a modified generalized Gelfand-Graev character I’ ((:?) on GF". Now
the parameter set M is replaced by Ay x (Ax)". We denote by M the subset of

Ay x (A))" defined by

M = AL x (AP,
where (A))7 is the set of F-stable irreducible characters of Ay. Following [S3|, 1.8],
we construct, for each (¢, &) € M, an F-stable modified generalized Gelfand-Graev
character F{fz), and its extension to G (¢), where o = F|grm. For ¢ € AL, we

choose ¢ € L. We construct the linear character Aﬁm) of UF™ asin 3.12, i.e., we
choose 3. € L such that 8;1F™(3,.) = ¢, and define A. by A, = Ao Ad B!, and

put A = Ym © A o log, where ¥, = o Tr g, /p,. Put ¢ = BF(B7Y) e LF™.
Then Agm) turns out to be ¢F-stable.

On the other hand, it can be checked that ¢F acts on Zp(A.) commuting with
F™  and that under the isomorphism

ad B, ZL ()T /ZE)TT = ZL ()T ZE ()T = Ay,
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the action of ¢F on Zp(\.)F"" is transferred to the action of F' on Ay. Hence if we
take & € (Ay)f, it produces a éF-stable linear character &% on Z1,(\.)f"". Tt follows

that ¢ ® A™ is ¢F-stable for (¢,€) € M, and we conclude that FC(?) is F-stable.
Put ¢y = (¢o0)™ € L. We note that ¢y € Zp(A\)F" = Zp(AT™)F™ . In fact,
since A is éF-stable, it is stable by (éo)™ = &y. We also note that

B eBe=¢t (mod ZZ(N)P)
since (¢0)™ = B.F™(B; 1) and ¢ = B, F™(3.). In particular, we have

(3.13.1) & (e0) = &(c ).

Put M. = Zr(A\)"" and M? = Z9(A\.)"". We consider a subgroup M. U"" (¢o)
of GF" (o) generated by M, UF and éo. Since &% € M/ is éF-stable, and (é0)™ =
¢ € M., €% may be extended to a linear character §~ % of M.(é¢o) in m distinct ways.
The extension Eﬂ is determined by the value gh(éa) = Uc,¢, Where pic ¢ is any m-th
root of £8(¢ég).

We fix an extension & of &7 to M,(éo). Since M ,U¥™ (¢o) is the semidirect
product of M.(éo) with UF", Eﬂ may be regarded as a character of M. U"" (¢o).
On the other hand, since /Tﬁm) is ¢o-stable, it can be extended to a linear character
on M U™ (¢o) by A (éo) = 1. Thus we have a character S AM™ of M UF" (éo)
which is an extension of §” ® Agm) on M. UF™". We put

I =ma§ ol (@ @A),

Then fc(?) gives rise to an extension of FC(?) to GF" (o). Note that u;éfé?) lgrm o
depends only on the choice of (c, &).
Now we have the following result.

Proposition 3.14. Let the notation be as above. We have
(L g o) = €T |grmo)
for an appropriate choice of (sufficiently divisible) m

Proof. The following proof is an analogy of the argument in |[S1| Corollary 5.10].
Put H = LU. Then H is an F-stable connected subgroup of G. For each (¢, §) € M,

we denote by € the linear character ¢ ® Ay (m) of M.UF™ and by 6 its extension

&A™ to MUF" (@o). We put HF™ = HF"(¢), V = MJUF", and V =
M. U" (¢o). We consider the induced characters
Pm HF™ ~

Peg = Indg 0, pee= Ind~ 0.

Then p. ¢ is an F-stable character of HF™" | and p, ¢ is an extension of p. ¢ to HE™.
Moreover, pc¢ is irreducible by [S3, Lemma 1.7]. Note that

~ aFT
[0 |grm o = WdGem? (Peelrm ).
In order to prove the proposition, we have only to show the following formula since

7 commutes with the induction Indflin‘; by Lemma 3.7 and (3.8.1).

(3.14.1) 1 (Peelarmo) = E(€)(Peelurmo).
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We show (3.14.1). We choose m so that m is a multiple of some fixed integer A,
where A is divisible by |Ay|p, and that m — 1 is prime to the order of H¥™. The
existence of such m is shown in [ST, Lemma 4.8]. Then the map f : HF" —
ﬁFm,g — g'~™ is a bijection, and 7, is obtained by restricting f to H¥ " ¢. Since
f stabilizes the conjugacy classes, it induces an isomorphism f* : C’(f[ F/) —
C(HF"/~). The map f* stabilizes the space C(V/~), and we denote by f% the

restriction of f* on V. We note that

(3.14.2) [ (6) is a linear character of V such that [ (§)|V =4.

In fact, since f induces a homomorphism on HF™ modulo the commutator sub-
group, f‘f/ maps linear characters to linear characters. We show that the restriction

of f‘f/(g) on V coincides with 6. Since Aolog : U — k is a homomorphism of
algebraic groups and m is divisble by p, A(¢") = 0 for g € U. This implies that
ASJ”)(gl*m) = A&m)(g) for ¢ € UF™. On the other hand, since m is divisible
by |Ax], €8(g'™™) = £8(g) for g € M. It follows that 6(g'~™) = 6(g) for any
geV =MUF" and the claim follows.

Now it is easy to see that f* commutes with the induction

2" C(V/~) = C(HF" /).

Thus f*(pe,¢) is also an extension of p.¢ to HF™. Now the extension of 0 to 6

is characterized by the value 8(éo), and it determines the extension p.¢. Since
f(éo) = (éo)' =™ = ¢éo - é5t, we see that

f(& @A) (eo) = €45 ") - €8 @ AT (éo)
=£(c) - & ® Al (¢o)
by (3.13.1). This proves (3.14.1), and so the proposition follows. O

3.15. We are in a position to prove Theorem 3.6. We apply the previous results to
our situation by replacing F by F2. By [S3] 4.5], the parametrization of irreducible
characters, p, . < (1/,2') € My g are divided into three steps. Accordingly, the
parametrization of almost characters R, . < (n,2) € M, g are divided similarly.
The cases (b) and (c) in [loc. cit.] are reduced to the case (a) via Harish-Chandra in-
duction and Lusztig induction. Since the twisting operator commutes with Lusztig
induction by Proposition 3.11, the proof of Theorem 3.6 is reduced to the case (a),
i.e., the case where (s, E) satisfies the condition (2.5.1).

So, assume that (s, F) is as above. In this case, irreducible characters belonging
to HS, g and almost characters belonging to M, g are characterized by modified
generalized Gelfand-Graev characters as follows. Let p; g be an irreducible char-
acter of GF” for some § € G* such that 7m($) = s, and let N be a nilpotent element
such that the nilpotent orbit Oy containing N coincides with the orbit O associ-
ated to ps. g (see e.g., [S3| 2.9]). Let Ay be the finite group given in 3.12. For a
certain quotient group Ay of Ay with F2-action, we put

- _
M&N = A)\ X (Ak)g\a

where § is the action of F? on Ay and on (A,)" as before. Let (7;(,?)172 be the set

of F2-stable irreducible characters of GF~™" belonging to M, g. Then there exists
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) satisfying the following

a parametrization M, v < ('Z;(fg))F2 via (¢, &) < ping
properties. Put ./,\/IV&N = A3 x (Ay)}. Since ./,\/lvs,N is a subset of A x (A4,)}, one
can define an F%-stable character Fc(fg) of GF*™ for each pair (c, £) € My N (see
3.13). Let ¢ : My n — M, n be the natural projection. Then for (¢,§) € My n
and (¢, ¢’) € M n, we have the following (cf. [S3, Corollary 2.21]).

L ife(e,§) = (d,¢)
3.15.1 iy o)y = ’ =
( ) Tegspeel 0 otherwise.
Assume that ¢(c, &) = (¢/,¢'), ie, £ = & and ¢ is the image of ¢ under the
map Ay — Ay. Let F(?) and f){cfng/ be extensions of F( ™) and pc, ™, to GF2m< d),
respectively. Now by Proposition 3.14, rm v | qrmg is an e1genfunct10n for 7 with

eigenvalue £(c). Since p(, 5), occurs in the decomposition of I (f 5) with multiplicity

1 by (3.15.1), by applying Theorem 3.9 we see that
(3.15.2) (B groms) = €/( )P grom )-

(Note that £(c) = £'(¢')). The set (’];(g)) F* is also parametrized by the set M E

via p% Yo (n,z) € Mg, g. Here we need the following fact.

Lemma 3.16. The bijection My n — Mg g, (', &) < (n,z) parametrizing the set
(TS(”];))F2 satisfies the property that £'(c’) = n(z).
Assuming Lemma 3.16, we continue the proof of the theorem. By the lemma,
we have
™ (ﬁ{ng”c;ﬂ’"g) = U(Z)(p,, z)|GF2’”5)
Now the theorem follows from Theorem 3.4, in view of the commutativity of ¢7~*

and 77 given in (3.8.1). This completes the proof of Theorem 3.6 modulo Lemma
3.16.

3.17. We shall prove Lemma 3.16. Here we use the results from [S3]. See 2.20,

Corollary 2.21 and 4.11 in [S3] for details. M, g is a subset of M(jg = Q0 x Q,

and M n is a subset of Mﬁ"}@ = A, XZ;\, where ./\/IS7N is a set parametrizing TG(E
Hence it is enough to show a similar fact for HS, g and MS, ~ with respect to GF,
assuming that F acts trivially on s and on A,. Thus we have M, g = Q2 x (s,
My = Ay X Z?, and there exists a bijection My p ~ M, y through bijections
QL ~ Ay, Q ~ Z;\. Now for 2 € Q;, we have an irreducible character p;, g of (~¥F,
and it is decomposed in terms of the parameter set M n,

(3.17.1) pi,Elar = Y peg,-
ceEAy

(Compare this with (2.2.3). Here E, = E by our assumption that Q,(E) = Q).
& € Z;\ is uniquely determined by = € Q . The map h : Q; — Z;\,x — &g, IS
described as follows (cf. [S3] 2.13]). There exists an F-stable Levi subgroup M of
a parabolic subgroup of G (depending on the pair (s, E)) such that Z; 7(A) C M,
and that s, is contained in the center Z (M *) of the dual group M*. We choose
m large enough so that $, € Z (M *)F™ and let @, be the corresponding linear
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character of MF™. Then the restriction 6, of #, to Zz(N)F" is F-stable, and we
put 0, = Sth/F(éx), which is a linear character of Z3 (AM)F. Then the restriction
of 0, to Z9(N\)F is trivial, and the restriction of 6, to Zr(\)¥ induces a character
of A = A, (see Lemma 2.18 and Theorem 2.16 in [S3]). This character factors
through Ay, which gives &, € Zﬁ. The map h gives a bijection g ~ Z?. Now
by our assumption, s is F-stable, and F' acts trivially on Q,. This implies, by [S3|
Lemma 2.18] that & (the case where z = 1) is the trivial character of Ay. Let us
write $, = $z, with z, € Z*. Since $, is xF-stable, we have

(3.17.2) 57 Visd ™t = 2, F(2,) 7Y,

where & € Ng«(T*) is a representative of © € Qs C W,. We may assume that
Zy € Z*F™ . Let @; be the linear character of G*F™ corresponding to z,. Then
it follows from the above discussion that the restriction ¢, of ¥/, to Z;(NF" s
F-stable, and we obtain a linear character ¢, = Shpm/p(qﬁx) of Zz(A\)¥. Since
& =1, we see that &, is obtained from the restriction of v, to Zp(\)¥.

Next, we shall describe the bijection between Ay and Q2. There exists a sur-
jective homomorphism f; : GF/GF — Ay defined as follows (cf. [S3} 2.19]). For
g € GF, we can write g = g1z, with g1 € G,z € Z. Then g7 F(g1) € Z, and it
determines an element in Ay = Z()\)/Z%()\), and so an element in Ay, which is
unique up to F-conjugacy. Since F' acts trivially on Ay, this gives a well-defined
map f1 : éF/GF — Ay. On the other hand, we construct fs : éF/GF — QF as fol-
lows. From (3.17.2), we have §~'@si 1 € Z*F (we may choose & € Ng-(T*)F), and
this defines a well-defined injective homomorphism f35 : Q5 — Z*F, x— § sl
Since Z*F ~ (éF/GF)A, we have a surjective map f2 as the transpose of f. Then
Ker f; = Ker fo, and these maps induce the bijection Ay ~ Q.

Now the parametrization is given as follows. There exists a unique pg € Irr G
such that pg occursin p;, g|gr and in I'y. In our parametrization, po = p1,e, = 1,z
((1,¢,) € Ms.n, (1,2) € My ). Then any p contained in pg, p|gr is obtained as
9p with g € GF/GF. We then have p = Pet. = Pn.e With ¢ = f1(g) and n = fa(g).
Thus, in order to prove the lemma, it is enough to show

(3.17.3) floh=f5,

where f{ : Z? — Z*F is the transpose of fi.

Take x € Qg, and let 6 be the linear character of GF corresponding to f5(x) €
Z*F. For g =gz € (~¥F, put y = g7 'F(g1) € Z C ZF . Take 7 € ZF™ such that
Npm p(9) =y. Then (3.17.3) is deduced from the formula

(3.17.4) 0(g) = (1)

for g € GF/GF. We show (3.17.4). Since GF/GF ~ T /TT | we may assume that
g€ TF and g, € T. Take a € F; such that detg = a™. Then z = Diag(a, ..., )

and g1 = 2z~ !g. Since f5(g) € Z*F, by considering the restriction of 6 on fF, we
see that there exists a homomorphism w : Fy — Qj such that

(3.17.5) 0(g) = w(degg) = w(a™).

Let 0 be a character of GF™ such that § = ShF‘m/F(é). It is checked that for any
g€ TF", one can write (§) = @(det §), where & is a character of F}. such that
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Shpm/p(@) = w. Then by (3.17.2), we have
(3.17.6) 0 =L Pl
On the other hand, y € Z¥ is expressed as

y =gy 'F(g1) = 2F(z7') = Diag(a'9,..., a7 9).
Take 8 € F}; such that o=39" "1, and put =371, Then j=Diag(a'~9,...,a'"9).
By making use of (3.17.6), we have
0, (9) = 0(Diag(d, ..., &) = &(6") = w(a™).

Comparing this with (3.17.5), we see that (3.17.4) holds. Thus Lemma 3.16 is
proved.

4. DETERMINATION OF ma(ps E|gr2)

4.1. Assume that s is F?-stable, and the pair (s,T*) is given as in Section 2. Let
ps,E be an irreducible character of GF” asin 1.20. In this section, we shall compute
the value ma(ps,plgr2). Now ps g is given as

(4.1.1) psp = €g-Eag o WslTh Y Tr(wd, E)Ry. (3),
weWs
where e = (—1)F2 —rank(H) for any reductive group H, and E is a certain extension

of E € (Irr W;)° to W;(8). Therefore we compute the value ms(Rz. ($)) for each
w e WS b

We consider the isomorphism Z*F* ~ (éFQ/GIﬂ)A as in (2.4.1), and a similar
one by replacing F?2 by F. By the property of the dual torus, we have the following
commutative diagram:

~

gxF? ™~ (éFz/GFz)/\
(4.1.2) NFQ/Fl lRes

Z*F _~ ((N;F/GF)A7
where Res is the restriction of the character of (~¥F2/GF2 on éF/GF, and Np2/p is
the norm map z — zF'(z). The norm map is also described as in 1.1. By using this,

it is easy to see that Ker Np2/p coincides with the subset {z7'F(z) | z € Z

and so Z*F can be identified with (Z*F”) via the map 2F(z) < zfor z € (Z*Fz)p.
First we note the following general fact.

Lemma 4.2. Let x be a class function of GF*. Then

ma(Xlgr) = Y. ma(x®6),
6c(GF/GF)A

where 0 is a character of éFz/GFQ, regarded as a linear character of éFz, which
is an extension of 0 via the inclusion G¥' JGF — GFQ/GF2.
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Proof. By the Frobenius reciprocity, we have

2 ~ 2
(X|gr2, ndSe 1) =(x,IndSr 1)

(X, Indgi2 (Indgi 1))

NFQ
0 Z IndgF 0) .
6c(GF/GFIN

But for any linear character 0 of GF* such that 5| gr = 0, we have

(X, Indgi 0y =(x ® gfl,lndgi 1) =ma(x®6°Y).

Thus the lemma is proved. (]

By applying the above formula to the class function Rz, (3) of GF 2,

w

Lemma 4.3. We have
(4.3.1) ma(Rg. (3)|gr2) = > ma(Rz. (82)),

2€(Z*F%)p
. .  SeF?
where % is a representative of z in Z*F".

Proof. By 4.1, (Z*F*)p is isomorphic to (GF /GF)". We denote by 6 the character
of GFJGF corresponding to z € (2*F2)F. Then by (4.1.2), the representative
i € Z*F" corresponds to a linear character 6 of C:“['ﬂz/GFz7 which is an extension
of §. Now it is known that Rz, (5)®0 = R, ($2). Hence the lemma follows from
Lemma 4.2. (]

We have the following proposition.

Proposition 4.4. Let s be an element in T)) such that F?(s) = s.
(i) Assume that the G*F* orbit of s does not contain s' such that F(s)=s
Then mo(R5z. (8)|gr2) = 0 for any $ € T}, such that ©(8) = s.

(ii) Assume that F(s) = s~ 1. Then there exists § € i”; such that w(s) = s and
that F($) = $71, and we have

(4.4.1) mg(Rf$($)|Gp2): Z mQ(Rf:;(éZx))a

zeQS”

1—1

where Q77 = {x € Q| y(x) = x7 '} is the subgroup of Q°, and z, € Z+F?
is a representative of an element in (Z*FZ)F such that z, F(z;) = ws(x)
under the map ws : 0 — Z;"F2 C Z*F" (see 2.4).

Proof. First we show (i). It is known that Rz, ($)|,r> coincides with the Deligne-

Lusztig character Ry (s) of GF’. Then by L3} 2.7 (a)], we have ma(Rr:(s)) = 0.
(Note that in [loc. cit.], it is assumed that the center of G is connected. However,
the above fact holds without this assumption, by 2.3 and 2.6 (b) in [loc. cit.]).
Thus (i) holds.

Next we show (ii). Assume that F(s) = s, Take $; € T* such that 7(3;) = s.
Then there exists some z € Z* such that F(3;) = $7'z for some z € Z*. Take
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21 € Z* ~ Gy, such that z = 2, F(z) = 29", and put § = $121. Then 7(3) = s
and F(§) = §71 as asserted.

Take $ as above, and consider the formula (4.3.1). Again by [L3, Lemma 2.8],
we may only consider, in the sum of the right-hand side of (4.3.1), z € (Z*FZ)F
such that F(32) is conjugate to ($2)~! in G*. Here we note that

(4.4.2) F($%) is conjugate to ($2)~! if and only if there exists # € Q77 such that
2F (%) = ws(x).

We show (4.4.2). Assume that z € Q77, and let & be an element in G* such that
7(#) is a representative of x. Then by (2.11.1), ws(z) = §7 120! € Z*F is 4-
stable, i.e., ws(z) € Z*F. Hence by (4.1.2) there exists % € Z*F” such that ws(z) =
2F(%). Tt follows that 2 = 25271 F()~!, and we have F($2) = 27 !(2)"14. This
shows that F(s2) is conjugate to ($2)~1 in G*. Conversely, assume that F($2) is
conjugate to ($2)~! in G*. Then there exists & € G* such that F(33) = 21 (52) i
Clearly 7(&) € Zg+(s), and its image in €5 determines an element z € Q,. Since
$(3F(%)) = @621, we have 2F(2) € ZF". Moreover, 2F(3) is v-stable. Hence by
(2.4.2) and (2.11.1), we see that « € ;7. This proves (4.4.2).

Since ws(z) € Z*F, 3 € Z*F" such that 2F(2) = w,(x) has a unique image on
(2*F2)F ~ Z*F by (4.1.2). We choose z, from such # for each z. Then the formula
(4.4.1) is immediate from (4.4.2). O

By using Lusztig’s formula in [L3], we shall compute the right-hand side of (4.4.1)
explicitly. We show

Lemma 4.5. Under the notation in Proposition 4.4 (i), we have

mo(Rz. (822)) = t{u € W | w =u(®"u)}.

T
Proof. Take & € Ng. (f*) whose image in W is a representative of x € Q7. We
note that one can choose & such that F(i) = #~1. In fact, take any 2/ € N, (T*)
in the inverse image of z. Since v(z) = z71, we have 2/F(2') = t € T*. We can
find t; € T* such that t7 F2(t) = t. Then & = t,2'F(t;) " satisfies the required
condition.

Take g € G* such that g~ 'F(g) = & Put s’ = 9(3z,), T’ = 97* and W' =
Ng (T")/T'. Then F(s') = &'~ ', F(I") = T', and ' € T’. Moreover, we have
g 'F?(g) = iF (%) =1, and so g € G*F’. We have an isomorphism f : W = W’
via ad g, and we see that the pair (s, f}(w)) is G*F*-conjugate to the pair (824, ﬁj),
where ZN“JQ
w'.

It follows that

(w) 18 an F2-stable maximal torus obtained from 7" by twisting by f(w) €

(4.5.1) Riﬁ ($zz) = RT}(‘IU) s').

If we put W/, = {w' € W' | w/(s') = s'}, f induces an isomorphism W; — W/,.
Now it is known by [L3] Lemma 2.8, (b)] that

(4.5.2) ma(Ry, (s') =t{y € Wi | f(w) =yF(y)}.

T
T (w)
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Hence, by (4.5.1) and (4.5.2), we have
ma(Ryg, (822)) = t{u € Wy | f(w) = f(u)F(f(w))}
=t{u e W; | w=u(*"u)},
since F'o f = foaF. This proves the lemma. ]
We are in a position to determine ma(ps E|gr2)-

Theorem 4.6. Let ps g be an irreducible character of GF* as before, and put
s=mn($).

(i) If s is not G*F* -conjugate to s' such that F(s') = s’ then ma(ps,e|gr2)

(i) Zs(()s'ume that F(s) = s~t. Then we have
Q7 (E)| if there exists x € Q77 such that “"E =FE |

0 otherwise,

ma(ps,plgrz2) = {

where Q;V(E) is the stabilizer of E in Q7.
Proof. p; g is given as in (4.1.1). Thus (i) is immediate from Proposition 4.4 (i).
We show (ii). So, assume that F(s) = s~'. Since Rz, (s')|GF2 does not depend on

the choice of a representative $ of s, we may assume that $ satisfies the property
that F(3) = $~!. Then €G.E25.(s) = 1 by |L3} 1.5 (b)]. Hence by (4.4.1) together
with Lemma 4.5, we have

ma(ps,plgre) = [Wal ™ " Tr(wd, Byma (R, (3)|gre)

weWy
=Wl > T (ws E) Y ma(Ry, (32))
weWs zeQ; "

=Wil™t YT DT Tr(wd E)i{u € Wi | w=u(*"u)}.

2€Q; Y WEW;
Now by Lemma 2.11 in [L3] (see also the formula in the proof of Proposition
2.13 there), one can write

> Tr(ws B) = t{ue Ws|w=u("u)},
Ere(Ws)p,

where (W), is the set of zy-stable characters of Wy, and the extension E of B
is chosen to be realized over Q. (Note that (z7)? = § since z € Q;7). It follows

that

ma(ps.Elgre) = Z Z |Wi| ! Z Tr (wd, E) Tr (wé, E').

zeQ; Y B'e(Ws)y, wEW,
But since
= ~ 1 if E=F'
W™ 3" T (wd, E) Tr (wé, E') = : )
weWj 0 if B 7é E ,

(here the extension E is chosen to be over Q, see [L1} 3.2]), we have

ma(ps.slgr) = He € 077 | E=E ).
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If there exists x1 such that **7E = E, then {x € Q7 | *7E = E} = Q;7(E)x:.
Thus the theorem is proved. ([

We shall apply the formula in the theorem to the case p;, g, . First we note the
following.

Lemma 4.7. Assume that F(s) = s~'. Let s, be an element corresponding to
x € ()s. Then the G*F* class of s, contains an element s' such that F(s') = s’
if and only if there exists u € Q4 such that uy(u) gives a representative of x in §s.

Proof. Let & € Zg-(s) be an element such that its image to Q, gives a representative
of z. Let s be an element contained in the G*F -class of Sz. Then s’ can be
obtained as s’ = 95 for some g € G* such that g7 F?(g) = i. It is easy to see that
F(s') = s'~" if and only if g~ F(g) € Zg-(s). Assume that g~ *F(g) € Zg-(s).
Then we have uy(u) € Q, gives a representative of x if we put u as the image
of g71F(g) in Q. Conversely, assume that there exists u € 0 as in the lemma,
and let @ be its representative in Zg«(s). Then s’ = 9s for ¢ € G* such that
g 'F(g) = u satisfies the property F(s') = s~ O

4.8. We prepare a notation. Let s be a semisimple element such that F(s) = s~ 1,

and E € Irr W2 such that the Qg-orbit of E is y-stable. We define a subset QS(E)}'
(resp. Qs(E)T) of Qs(E)s (vesp. of Q4(E)s) by

fVZS(E)(;r = the image of {uy(u) | u € Q,, "V E = E} into Q4(E)s,
Qs(E)f = the image of {vy(v) | v € Q(E)} into Qs(E)s.
Then we can see that there exists ag € s such that
(4.8.1) Qu(B)f = Qu(E)]ap.
In fact, since the Q,-orbit of E is y-stable, there exists b € Q) such that "E=E.
Then ag = by(b) is contained in Q4(E), and we have Q4(E) = Qs(E)ag. (4.8.1)

follows from this.
As a corollary to Theorem 4.6, we have the following.

Corollary 4.9. Assume that s is semisimple in G* such that F(s) = s~1, and that
E ¢ (e W2)°. Take y € Qy(E)s and let (E,y) « (x,E,) be as in (2.2.2). Then
we have

(i) If the Qg-orbit of E is not y-stable, then ma(ps, g, |qr2) = 0.

(ii) Assume that the Qg-orbit of E is vy-stable. Then

_Jeo@)l iy e QB

ma(p, el re) = {0 otherwise.

Proof. Assume that ma(ps, B,|gr2) # 0. Then s; is G*F*-conjugate to some s’
such that F(s') = §'~" by Theorem 4.6. Since z and y are in the same class in
(Qs)s, there exists u € £, such that the image of uF'(u) to (Qs)s coincides with v,
by Lemma 4.7. Let @ € Zg«(s) be a representative of u. Then there exists g € G*
such that g1 F(g) = 1. We see that g~ *F?(g) = @F (i) gives a representative of y
as its image on 2, which we denote by y € Q,. Then as discussed in (2.2.2), there
exists z € Q such that § = 27'46(z), and we have E, = *E € (Irr W2)#°. Put
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g1 = g2~ ', where 2 € Zg+(s) is a representative of z € Q,. Then g; ' F?(g1) gives
T as its image to {24, and so we may assume that s, = 9's.

Now ad g; gives an isomorphism W0 — W? , and by this isomorphism, FE, €

(Irr W2)#3 is sent to E” € (Irr WSOE)FZ. ps..E, is defined as p;, gr (cf. 2.2). Here
ad gy : W2 — W is factored as

x

s—1

o adz 0
e W,

S

adg

0
W .

In the first isomorphism, E, € (Irr W2)# is sent to E € (Irr W?)¥. Moreover,
in the second isomorphism, the actions F, F? on me is transfered to the actions
uF,yF? on W?. Then by Theorem 4.6, applied to p; g € Irr G’ with (uF)(s) =
s, ma(ps, B, | gr2) # 0 is equivalent to the condition that there exists h € Q"7 =
Q77 such that "YE = E. In particular, the Q -orbit of E is ~-stable. Since
huy(hu) = uy(u) = y, this implies that y € ﬁg(E)j{ Moreover, in that case
ma(ps,.E,|qr2) is given by the formula as claimed in the corollary. Conversely,
assume that y € fvlg(E)(;r Then there exists & € Zg«(s) such that the image of
uF (1) to Qg gives a representative of y. Take g € G* such that g~ 'F(g) = . Then
a similar argument as above implies, by Theorem 4.6, that ma(ps, B, |gr2) # 0.
This proves the corollary. O

5. DETERMINATION OF mg(p) FOR p € Irr SL,(F2)

5.1. In this section, we shall determine ma(p) for all irreducible characters of G¥ .
Our strategy is to compute my for almost characters of G’ ’ first, and then derive
the formula for ma(p) from it.

First we prepare some notation. Let s be an F2-stable semisimple element in
G*, and E an d-stable irreducible character of WS0 . We recall two sets Ms, E =

QE) x Qu(E)s and M, g = Q. (E)} x Q(E)°. Assuming that F(s) = s and
that the 2 -orbit of E is F-stable, we define subsets Q(E)" C Q3(E)", C Q3(E)"
by
DB, = {0 € QUE)" [1(0) =07},
DUB)L = {6719(0) | § € QUE)}.
We also consider subsets QS(E);r C QS(E);’ C Q,(E)s, where

Q(E)} = {u € U(B)s | 7(u) = u},

and ﬁg(E);' is defined as in 4.8. We define subsets Qs (E) C Q4(E)] C Q4(F)s in
a similar way as above.
Put
(B =t [Q(E)|=d, [|Q(E)|=d.

Then we see easily that

QB = 1Q:(E)s| = t,
R(E)]| = 19:(B);| = d,
QB2 | = Q(E); | = d"

<(E)® is written as a product of Q,(FE)Y and
s(E)® contains a unique element of order 2. In

Since Q4(E)° is a cyclic group,
Qy(E)™". If t = |Q(E)°| is even,
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that case Qs(F)Y and Q4(E)~" have a non-trivial intersection, and so t = dd'/2. If
t is odd, then Q4(E)° = Q. (E)Y x Q(E)™", and so t = dd'.

There is a surjective homomorphism Q3 (E)" — Q%(E)" given by 8 — 0~ 1~(8),
whose kernel is given by Q3(E)%. It follows that Q3(E)" is a subgroup of QJ(E)"
of order t/d. Hence we have

-

1 ift=add,

(5.1.1) B, B = {2 if t = dd' /2.

Similarly, we have a surjective homomorphism Q4(E)s — Q4(E)} given by z —
z7y(z) with kernel Q4(E);”. It follows that Q,(E)} is a subgroup of Q(E)] of
degree t/d'. Hence we have

1 ift=dd,

(5.1.2) [Q:(E)] : Qu(B)S] = {2 if t = dd'/2.

The following result describes the values of mo for almost characters of GF?.

Theorem 5.2. Assume that s is a semisimple element in G*F2, and E is an
irreducible character of W0 such that Qs-orbit of E is 0-stable. Let R, . be an
almost character associated to (n,z) € Ms g. Then
(i) Assume that s is not G*-conjugate to an element s' such that F(s') = s'~".
Then ma(R,..) = 0.
(i) Assume that F(s) = s~'. If the Qgs-orbit of E is not ~y-stable, then
mo (Rn,z) =0.
(iii) Assume that F(s) = s~', and that the Qg-orbit of E is vy-stable.
(a) Assume that |Qs(E)°| is odd. Then we have

1 ifn € Q ()., and z € Q,(E)7,
0 otherwise.

ma(Ry,.) = {

(b) Assume that |Q,(E)°| is even. Then we have

1 ifn € Q(E)), and z € Q(E)7,
ma(Ry.)=1q¢ ifn € Qs(E)), and z € Q,(E)” — Q4 (E)T,

0 otherwise,
where € = ca(p1,.y) = £1 for any 2 € QS(E);’ - QS(E)(J{

Proof. We show (i). By Theorem 4.6 (i), ma(ps,. 5, |gr2) = 0 for any = € (Q2,)s. It
follows that ma(py /) = 0 for any (1/,2') € M, g. Hence mo(R, ) = 0 for any
(7% Z) € M&E'

A similar proof works for the assertion (ii) since ma(p;s, . g,) = 0 for any x € (Qs)s
by Corollary 4.9 (i).

We show (iii) by computing mo (R, ) for (n,z) € My g. By Theorem 3.6, we
have ma(R, ) = n(z) 'ma(t; 'R, .). By the definition of R, ., together with
Corollary 1.11, applied to the case where r = 2, we have

(5.2.1) ma(Ry)=n(z)"" > A{m.2), (0, 2)}ealpy zra)-

(W’vz/a)eﬂ&E
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with @ = ag. Moreover, by Corollary 1.16 (applied to the case where m = 1, see
also [K2| Theorem 2.1.3]), together with Proposition 2.7, we have

+1 if (n',2') € Q(E)",, x Qu(E)],

0 otherwise.

(622)  calpya) = {

We note the following.
(5.2.3) Assume that 2’ € Q4(E)f. Then ca(py .ra) =1 for any 1’ € Q‘g(E)ﬁv.

We show (5.2.3). Let (x, E,) correspond to (E,z’) via f in (2.2.2). Then we
have ma(ps, g, |qr2) = |Qs(E) 77| by Corollary 4.9. Since the twisting operator t]
acts trivially on pg, g,, we have c2(ps, ., |gr2) = [Qs(E) 77| by Corollary 1.11. On
the other hand, p;, g,|;r> can be decomposed as in (2.2.3). Hence by (5.2.2), we
have

c2(ps,.B.lgr2) = Z c2(py 2a)
n €QI(E)L,
Since |Q,(E) 7| = |Qg(E)i\7| = d', we can conclude that c2(p,y »7a) = 1, and (5.2.3)
follows.

We now compute ma (R, »). In view of (5.2.2), the formula (5.2.1) can be written

as

(5.2.4) ma(Ry.) =n(z)"'Q(E)[ > n(2" )1’ (2)ez(pr 2ra)-
(n',2")EQS(E)N, x Qs (B)3

First consider the case where t is odd, i.e., the case where t = dd’. Then by (5.1.2),

we have Q4(E)] = Q,(E)f. It follows by (5.2.3) that

ma(Ry.2) = n(z) M Q(E)| ™ > n(z")n' ().
(') €08 (B)A L x Qu (B)]

This implies that ma (R, ») = 0 unless 7 is trivial on Q4(F)] and z € QJ(E) is such
that 7/'(z) = 1 for any ' € QJ(E)".,. But since Q3(E)" = Q3(E)", the condition
for z is equivalent to the condition that z € Q4(E)7. Similarly, since Q4(E)] =
Qs(E)f, the condition for 7 is equivalent to the condition that n € €, (E),. Now
assume that n € QJ(E)", and z € Q,(E)". Since |[Q(E)| = [Q(E)", | x [Qs(E)]],
and 7(z) = 1, (5.2.4) implies that ma(R,, ) = 1. This proves (a) of (iii).

Next we consider the case where ¢ is even, i.e., the case where t = dd’/2. In this
case, QJ(E)” is an index two subgroup of Qg(E)ﬁw and Q4(E)f is an index two
subgroup of Q(E)]. We fix n, € Qg(E)/j7 — Q(E)) and 2} € Qs(E)] — Qs(E){.
Then by using (5.2.3), (5.2.4) can be written as

(5.25)  ma(Ry,:) = (=) |QUE)| > n(2" ) (2) Ay 2,
(n',2")€QL(E)2 x Qs (B)f
where
Ay =14 77(1)(2) + n(zé)CQ(pn’,z’z()a) + 77(26)77(1)(Z)CQ(pn’né,z’z()a)-
It is known by Corollary 3.5 that
1 if (n,2) € QS(E)/—\y x Qs(E)7,

0 otherwise.

(5.2.6) |ma(Ry,2)| = {
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We now assume that ma(Ry,.) # 0. Hence n € Q4(E)", and z € Q,(E)7. We
note that 1 € Q,(E)" is contained in Q,(E)"., if and only if 7 is trivial on Q (E); .
Similarly, ' € QJ(E)" is contained in Q%(E)" if and only if 5/ is trivial on Q,(E)".
In particular, we have 1(z') = 7/(2) = 1 for any (17, 2') € Q3(E)" x Q4(E){ in the
sum in (5.2.5). Since n(z),ny(2),n(2y) take values £1, we see that ma(R,,.) € Q.
This implies that mo(R,,.) = £1 by (5.2.6).
We shall consider the two cases, whether z € Q4(F)7 is contained in € Q4(E)"
or not. First assume that z € Q4 (E)*. Then n(z) =1, n4(z) = 1 and n(z)) = +1.

Since |Q(E)N | x [Qs(E)f| = t/2, it follows from (5.2.5) that

mQ(R?%Z)t =t+ Z n(zé)(CQ(pn’,z’z()a) + CQ(pn’e(),z’zéa))'
(n',2")
Let C be the sum part of this formula. Then we have —t < C' < t. Since ma(R,, ;) =
+1, this forces that C'= 0, and we have ma(R,;,.) = 1.
Next assume that z € Q,(E)Y — Q(E)*. Since 271z € Q4 (E)f, we have

n(z71z{) = 1. Moreover, n{(z) = —1. Hence by (5.2.5), we can write

ma2 (Rn,Z)t = Z (02(/’77/,2:’2611) - 02(/’77/776,2:’2611))'

(n',2")
But since
Z |62(pn’,z’z()a) - 62(/)77’176,2’26(1” St= |m2(Rn7Z)t|7
(n',2")
we see that ca(py 2rz1a) = —C2(pyny,2rz0a) has a common value for any (n',2'),
which coincides with ca(p1,2pa) = —c2(ppy,zpa). This implies that mo(R,.) =
c2(p1,24a) = €. By putting 2 = za, we obtain the theorem. O

We can now easily translate Theorem 5.2 to the form on may(p) for irreducible
characters p.

Theorem 5.3. Assume that s is a semisimple element in G*FQ, and that E €
Irr W0 is such that the Qgs-orbit of E is §-stable. Let p,y v be an irreducible char-
acter of GF’ associated to (1, 2") € M, g. Then
(i) Assume that s is not G*-conjugate to an element s’ such that F(s') = s
Then mg(pn/’zw) =0.
(i) Assume that F(s) = s~'. If the Qgs-orbit of E is not ~y-stable, then
ma(py z) = 0.
(iii) Assume that F(s) = s~ and that the Qs-orbit of E is y-stable.
(a) Assume that |Qs(E)°| is odd. Then we have

ma(py z1) = {

(b) Assume that |Q(E)°| is even. Then we have
1+e ifn € QUE), and 2" € Q,(E),
mao(py ) =41 —¢ ifn' € QUE)N, — QUE)" and 2" € Q,(E){,

0 otherwise,

/—1

1 iff € QUE)N, and 2" € Q(E)],

0 otherwise.

where € = ca(p1,.y) = £1 for any 2y € (NZS(E)g - QO (B)f.
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Proof. The assertion (i) and (ii) are already shown in the proof of Theorem 5.2.
We show (iii). First assume that |Q4(E)°| is odd. Then (3.3.2) implies, in view of
Theorem 5.2, that

ma(py zra) = |Qs(B)°| 7 > (")~ (2) 7"
(1,2)€Q (B)", x (B)?

It follows that ma(py 1) = 0 unless 7’ is trivial on Q(E)?, and n(z’) = 1 for any
n € Q ()", and in which case ma(p, .ra) = 1. But this condition is equivalent
to the condition that 7’ € Q‘g(E)ﬁ7 and 2’ € Q,(E){. By replacing z'a by 2, we
obtain (a).

Next assume that [Q(F)°| is even. Let us fix zg € Q4(F)Y — Q (E)*. Again by
Theorem 5.2, we have

ma(py 2ra) = | (E)°| 7! > (")~ (2) 7T+ (20) Te).

(m,2)€Qs (E)), xQs (E)F

It follows that ma(pyy .ra) = 0 unless 7/’ is trivial on Q3(E)* and n(z') = 1 for any
n € Q(E)"., and in which case ma(py 2ra) = 1+ 1'(20)"'e. The condition for
2’ is the same as before, and 7’ is trivial on Q(E)* if and only if ' € QJ(E)"

-
Moreover,
, 1 if ' € Q3(E)",
n'(z0) = 1 i n' € QS(E)A QS ()
- irn € s( )77_ s( )7'
Hence (b) holds, and the theorem is proved. O

Remark 5.4. In [L3], Lusztig gave a uniform description of ms(p) for any irre-
ducible character p of G ® in the case where G is a connected reductive group with
connected center. He expects that his formulation will be extended also to the
disconnected center case. We shall compare our results with Lusztig’s conjectural
description. Take (7, 2) € M . For z € ﬁS(E)(;, take a representative z € Q4 (FE)
of z, and put

Vz = the image of {y € Q, | V'E = E, (yy)* = 46} into Q,(E)s.

Then Q4(E)° acts on \/z by the F-twisted conjugation. We denote by /z the
corresponding permutation representation also. Let [n : y/z] the multiplicity of n
in this permutation representation. Now assume that F(s) = s~! and that the
Q¢-orbit of E is F-stable. Then we have the following.

(5.4.1) Assume that (n,z) € Q3(E)" x QS(E)}' Then we have
1 if |Q4(E)%] is odd,
(R { e

2 if |Q4(F)?] is even.
If (n, 2) ¢ Q3(E)" x QS(E)(}", then we have [ : /z] = 0.

In fact, in our setting, fNZS(E);r is the set of z € Q,(E)s such that /z # 0.
Hence if z ¢ Q (E)], then \/z = 0, and so [ : /2] = 0. If z € Qy(E){, then
Vz=Q4(E); "y for some y € \/z. Let x be the character of the representation /z.
Then x(u) = |Qs(E); | if u € Q4(E)” and x(u) = 0 otherwise. It follows that

l v 3 i 5 A
n: V3] = {|OQS<E>5 I9.EYVI0E)| 0 € QB
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(5.4.1) follows from this.

In the connected center case, [n : /z] gives the value ma(p). In our situation, by
comparing with Theorem 5.3, we see that [n : /2] coincides with ms(py,,.) if and
only if £ = 1. As an example of SLy shows (see 5.7), Lusztig’s formula does not
hold in general, as far as we use the parametrization of Irr G¥ * based on the choice
of N € gf" as in (2.5.2), i.e.,, N is given by Jordan normal form. However, as the
referee pointed out, this discrepancy can be removed (at least for (s, E) treated in
Lemma 5.6), by choosing N € g&~ such that F(N) = —N instead of (2.5.2) (see
the discussion in Lemma 5.6).

5.5.  We shall determine the value ¢ explicitly in certain special cases. We assume
that (s, E) satisfies the property in (2.5.1). In that case, we have a bijection M  ~
Mg, n for a nilpotent element N € g (cf. [S3| 4.5]). We have Q4(E) = s, and
M = ()" x (Qs)5. Moreover, My x = (Ay)s X (Zi)A, and the above bijection
is given through bijections (Q29)" ~ (4y)s and (Qy)s ~ (Zi)/\. (Compare with
Lemma 3.7). These bijections can be explicitly described in a similar way as in
Lemma 3.7. Now there exists g € G such that 9N = —N. Take a € G such that
a'F(a) = g, and put N’ = ®N. Then we have F(N') = —N’. Since N’ € g*",
one can write N’ = N,, for a ¢; € (Ay)s. By the isomorphism (Ay)s ~ ()", ¢
determines a unique element 7; € (22)". The following result was inspired by the
comment of the referee. We are very grateful to the referee for this.

Lemma 5.6. Assume that (s, E) is as in (2.5.1), and that we are in a setting in
(i4i), (b) in Theorem 5.3. Let m € (Q2)" be as in 5.5. Then we have m; € (Q‘g)iv,
and

e = 1 anl € (Qg)/—\v
U ifme (@2, - (@D

2

Proof. We consider the generalized Gelfand-Graev character Iy, = Indgiz (Aey).
Since F(N') = —N', we see that A, is a linear character of UF* such that F(A,,) =
A, . Then there exists a basis of the representation I'ys such that the corresponding
matrix R(g) satisfies the property (*) that R(F(g)) coincides with the complex
conjugate of R(g) for all g € GF”. Let p be an irreducible character of GF* such
that F'(p) = p. Then the representation obtained as the p-isotypic part of I'y: also
satisfies this property. It follows that if p has multiplicity one in I'ys, then p is
afforded by a matrix representation satisfying the property (*) as above. Now it
is known by [KM], for any p € Irr GFQ, that ca(p) = 1 if and only if p is afforded
by a representation satisfying (*). Summing up the above argument, we see that
ex(p) = it (T, p) = 1. B

Now by our parametrization, pc, ¢, ((c1,&:) € M, n) is the unique character
of GF” appearing in Iy and in p;, g with multiplicity one. By M,y ~ M, g,

(c1,&) < (m,x), this implies that cz(py, o) = 1 for any = € (Qs)s. We use the
notation in the proof of Theorem 5.2. By (5.2.2), we know that ca(py .a) = 0
unless 7' € ()", for (,z'a) € M, p. It follows that 7 € (Q22)",. In the last
part of the proof of Theorem 5.2, we know that ca(pyy 2r21a) = —c2(pyry 2r2pa) has

a common value for any (1,z') € (22)" x (92,)F, which coincides with e. So if
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m € ()" (resp. m1 ¢ (Q2)1), then 11 =1’ (vesp. m = 1'n}y) for some 7', and we
have e = 1 (resp. € = —1), respectively. This proves the lemma. O

5.7.  We give an example in the case where G = SLs and G = GL,. Assume that
p is odd, and let $ = Diag(1l,—1) be a regular semisimple element in G* and put
s = m($). Then we have W, = Q, ~ Z/27Z, on which F acts trivially. We consider
the pair (s, E), where E is the trivial character of W? = {1}. Then (s, E) satisfies
the property (2.5.1), and we have M, g = Q) x Q. Since F(s) = s = s71, and
|| = 2, we see that the pair (s, F) falls in the class (iii), (b) in Theorem 5.2. We
have ()", = QF, and (Q,)" = {1}.

On the other hand, for p = ps g € Irr éFz, O, = Oy, where N = (8 é) is
a regular nilpotent element in g”. We have A, ~ Z/2Z on which F acts trivially.
Put t = Diag(a,a™!) € G, then ‘N = a?N. We choose a € F, such that a? =
—1. Take g € G such that ¢g7'F(g) = t. Then N’ = 9N satisfies the relation
F(N') = —N'. We can choose g = Diag(3,371) such that 89! = a. Then
g~ 'F?(g) = Diag(y,7"), where

1 ifg=3 (mod 4),

B N
v=h -1 ifg=1 (mod 4).
It follows that N’ = N., with ¢; € Ay ~ {1}, where ¢; = 1 (resp. ¢; = —1) if
g = 3 (mod 4) (resp. ¢ =1 (mod 4)), respectively. Thus under the isomorphism
Ay ~ QF, ¢1 corresponds to g € Q) = {£1}. In view of Lemma 5.6, we conclude
that

1 if g=3 (mod 4),

5.7.1 =
( ) N -1 ifg=1 (mod 4).
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