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GEOMETRIC STRUCTURE IN THE PRINCIPAL SERIES
OF THE p-ADIC GROUP G

ANNE-MARIE AUBERT, PAUL BAUM, AND ROGER PLYMEN

ABSTRACT. In the representation theory of reductive p-adic groups G, the
issue of reducibility of induced representations is an issue of great intricacy.
It is our contention, expressed as a conjecture in (2007), that there exists a
simple geometric structure underlying this intricate theory.

We will illustrate here the conjecture with some detailed computations in
the principal series of Ga.

A feature of this article is the role played by cocharacters hc attached to
two-sided cells ¢ in certain extended affine Weyl groups.

The quotient varieties which occur in the Bernstein programme are replaced
by extended quotients. We form the disjoint union 2(G) of all these extended
quotient varieties. We conjecture that, after a simple algebraic deformation,
the space 2(G) is a model of the smooth dual Irr(G). In this respect, our
programme is a conjectural refinement of the Bernstein programme.

The algebraic deformation is controlled by the cocharacters he. The cochar-
acters themselves appear to be closely related to Langlands parameters.

1. INTRODUCTION

In the representation theory of reductive p-adic groups, the issue of reducibility
of induced representations is an issue of great intricacy; see, for example, the classic
article by Bernstein and Zelevinsky [6] on GL(n) and the more recent article by Muié
[21] on Gs. It is our contention, expressed as a conjecture in [3], that there exists a
simple geometric structure underlying this intricate theory. We will illustrate here
the conjecture with some detailed computations in the principal series of Gs.

Let F' be a local nonarchimedean field, let G be the group of F-rational points
in a connected reductive algebraic group defined over F, and let Irr(G) be the set
of equivalence classes of irreducible smooth representations of G.

Our programme is a conjectural refinement of the Bernstein programme, as we
now explain. Denote by 3(G) the centre of the category of smooth G-modules.
According to Bernstein [5], the centre 3(G) is isomorphic to the product of finitely
generated subalgebras, each of which is the coordinate algebra of a certain irre-
ducible algebraic variety, the quotient D/T" of an algebraic variety D by a finite
group I'. Let Q(G) denote the disjoint union of all these quotient varieties. The
infinitesimal character inf.ch. is a finite-to-one map

inf.ch.: Irr(G) — Q(Q).
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Our basic idea is simple: we replace each quotient variety D/T" by the extended
quotient D//T, and form the disjoint union 2A(G) of all these extended quotient
varieties. We conjecture that, after a simple algebraic deformation, the space 2(G)
is a model of the smooth dual Irr(G).

The algebraic deformation is controlled by finitely many cocharacters h, one for
each two-sided cell ¢ in the extended affine Weyl group corresponding to (D,T"). In
fact, the cells ¢ determine a decomposition of each extended quotient D//T". The
cocharacters themselves appear to be closely related to Langlands parameters.

In this article, we verify the conjecture in [3| for the principal series of the p-adic
group Go. We have chosen this example as a challenging test case.

Hence let G = Ga(F') be the group of F-points of a reductive algebraic group of
type Ga. Let T denote a maximal torus in Go, and let TV denote the dual torus in
the Langlands dual Gy :

TV C Gy = Go(C).
Since we are working with the principal series of Gg, the algebraic variety D has
the structure of the complex torus TV.

Let X (TV) denote the group of characters of TV and let X, (T') denote the group
of cocharacters of T. By duality, these two groups are identified: X, (T) = X (T"V).
Let ¥(T') denote the group of unramified characters of T. We have an isomorphism

T\/g\II(T)v tHXt

where

xt(d(wr)) = o(t)
forallt € TV, ¢ € X.(T) = X(T"V), and wp is a uniformizer in F.
We consider pairs (T, A) consisting of a maximal torus T of G and a smooth
quasicharacter A of T. Two such pairs (T}, \;) are inertially equivalent if there
exists g € G and ¢ € ¥(T5) such that

T2 = Tg and )\g = )\2 X 1/)

Here, T{ = ¢~ 'Tig and \{ : z — Xi(gzg™') for x € TY. We write [T, \|g for
the inertial equivalence class of the pair (T, \) and (G) for the set of all inertial
equivalence classes of the form [T, \|g

We will choose a point s € T(G). Let (T, \) € 5. We will write

D ={A@¢:¢e¥ ()}

for the W(T)-orbit of A in Irr(T"). Let W(T) be the Weyl group N¢(T)/T. We set
(1) Woi={weW(T) : w-\e D}

We have the standard projection

7w D /W3 — D*/W*.

Section 1: This leads up to our main result; see Theorem 1.4.

Section 2: We explain the strategy of our proof.

Section 3: This contains background material on Ga.

Sections 4-8: These sections are devoted to our proof, which requires 20 lemmas.
The lemmas are arranged in a logical fashion: Lemma x.y is a proof of part y of
the conjecture for the character A of T" which appears in section z. These lemmas

involve some detailed representation theory, and some calculations of the ideals
Je in the asymptotic algebra J of Lusztig corresponding to the complex Lie group
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SO(4, C). The computation of the ideal Jg, in Section 8 is intricate. Our result here
is especially interesting. We establish a geometric equivalence (see the definition
below)

(2) Jo, = O(TY /W) & C

where e is the lowest two-sided cell and A = x ® x with x is a ramified quadratic
character of F’*. This geometric equivalence has the effect of separating the two
constituents of an L-packet in the principal series of Gs.

In [2 §4] we introduced a geometrical equivalence < between finite type k-
algebras, which is generated by elementary steps of the following three types:
Morita equivalences, morphisms which are spectrum-preserving with respect to
filtrations, and deformations of central characters. The assertion that A < B will
mean that a definite geometrical equivalence has been constructed between A and B.
We would like to emphasize the fact that in ([2]) no deformation of central character
is used.

Let Irr(G)® denote the s-component of Irr(G) in the Bernstein decomposition of
Irr(G). We will give the quotient variety TV /W?* the Zariski topology, and Irr(G)*
the Jacobson topology. We note that irreducibility is an open condition, and so
the set R° of reducible points in TV /W* i.e., those (M, ® ) such that when
parabolically induced to G, 1 ® X\ becomes reducible, is a sub-variety of TV /W*.
The reduced scheme associated to a scheme X*° will be denoted X% as in [I1} p. 25].
In the present context, a cocharacter will mean a homomorphism of algebraic groups
Cx =TV,

Let H*(G) be the Bernstein ideal of the Hecke algebra of G determined by
s € T(G). The point s € T(G) and the two-sided ideal H?(G) are said to be toral.
Then s is toral if and only if D°/W*® has maximal dimension (that is, 2 here) in
Q(G).

Let GV = G2(C) be the complex reductive Lie group dual to G, and let TV C
G2(C). We define

(3) We:=W?*x X(TV).

The group W* is a finite Weyl group and W; is an extended affine Weyl group
(that is, the semidirect product of an affine Weyl group by a finite abelian group),
see Section 2l Let ®°V denote the coroot system of W*, and let Y(TV) denote
the group of cocharacters of TV. Then let H® be the complex Lie group with
root datum (X (TV), ®*, Y (TV), ®*V). We will see that the possible groups H*® are
G2(C), GL(2,C), SL(3,C) and SO(4,C). We will consider these cases in sections
4, 6, 7 and 8, respectively.

For simplicity, we shall assume in the Introduction that H® has a simply con-
nected derived group. This will be the case in Sections 4, 6 and 7 (not in Section 8).

As any extended affine Weyl group, the group W; is partitioned into two-sided
cells. This partition arises (together with Kazhdan-Lusztig polynomials) from com-
parison of the Kazhdan-Lusztig basis for the Iwahori-Hecke algebra of W; with the
standard basis. Let Cell(Wj ) be the set of two-sided cells in W; The definition of
cells yields a natural partial ordering on Cell(ﬁ//j ). We will denote by ¢q the lowest
two-sided cell in Wj

Let J° denote the Lusztig asymptotic algebra of the group ,V[v/j defined in [I7],
§1.3]; this is a C-algebra whose structure constants are integers and which may be



GEOMETRIC STRUCTURE IN THE PRINCIPAL SERIES 129

regarded as an asymptotic version of the Iwahori-Hecke algebras ”H(W;, 7) of W;,
where 7 € C*. Moreover, J° admits a canonical decomposition into finitely many
two-sided ideals J* = @ J&, labelled by the the two-sided cells in W.

Proposition 1.1. There exists a partition of TV //W* indezed by the two-sided
cells in Wj :
™vywe= |J @ we)e
ceCell(We)
The partition can be chosen so that the following property holds:
(4) Y W= C (T /[ Wo)e,-

Remark 1.2. The cell decomposition in Proposition [[.1lis inherited from the canon-
ical decomposition of the asymptotic algebra J* into two-sided ideals Jg; see (B2,

@9), B0), (B4), and Lemmas ET] 6] [T BTl We will also see there that the

inclusion in (@) can be strict.

We choose a partition

™we = J (@)W
ceCell(Wye)
so that (@) holds. We will call (T //W?*). the c-component of TV //W*.
We will denote by k the coordinate algebra O(TV /W?) of the ordinary quotient
TV /W*. Then k is isomorphic to the centre of H(W:, 7), [15, §8.1]. Let

(5) QSTZIH(W:,T)—)JS

be the C-algebra homomorphism that Lusztig defined in [I7, §1.4]. The centre of
J*® contains ¢ (k); see [I7, Prop. 1.6]. This provides J° (and also each Jg) with a
structure of a k-module algebra (this structure depends on the choice of 7). Both
H(WE,7) and J® are finite type k-algebras.

We will assume that p # 2,3, 5 in order to be able to apply the results of Roche in
[24]. By combining [24] Theorem 6.3] and [2, Theorem 1], we obtain that the ideal
H*(G) is a k-algebra Morita equivalent to the k-algebra ’H(W;, q), where q is the
order of the residue field of F. On the other hand, the morphism ¢, : ’H(W;, q) — J°
is spectrum-preserving with respect to filtrations; see [4, Theorem 9].

It follows that the Bernstein ideal #*(G) is geometrically equivalent to J° (which
is equipped with the structure of a k-algebra induced by @, ):

(6) H(G) =< J*.
Remark 1.3. We observe that similar arguments show that the geometrical equiv-
alence in (@) is true for each toral Bernstein ideal H*(G) of any p-adic group G

(with the same restrictions on p as in [24] §4]), which is the group of F-points of an
F-split connected reductive algebraic group G such the centre of G is connected.

Remark 1.4. We note that geometric equivalence respects direct sums. Suppose
that we are given geometric equivalences

[e75] :A1XBl7 [(67) ZAQXBQ.
We then have
a1@1:A1®A2xB1®A2, l@agiBl@AgXBl@Bg,
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so that we have a definite geometrical equivalence
(1 @ag)(al D ].) : A1 @AQ = Bl D BQ.

By a case-by-case analysis for G = Go(F'), we will prove that the k-algebra J°
(equipped here with the structure of a k-algebra induced by ¢;) is itself geomet-
rically equivalent to the coordinate algebra O(TV //W*) of the extended quotient
TV //W*:

(7) J5 = O(TY /W),
The geometric equivalence () comes from geometric equivalences
(8) JS = O((TY )JW?).), for each ¢ € Cel(W?)

that will be constructed in Lemmas BT [6.11 [.1] B.11
Let ¢ be a two-sided cell of W?. Then () induces a bijection

(9) e (TV//W?)e — Irr(Jg).
We will denote by n®: TV //W* — Irr(J*) the bijection defined by
(10) n°(t) =ne(t), fort e (TV//W?)e.

On the other hand, let ¢7 .: ’H(W;, q) — J¢ denote the composition of the map
¢3 and of the projection of J onto Jg. Let E be a simple J¢-module, through the

homomorphism ¢j ., it is endowed with an H(W;, ¢)-module structure. We denote

the ’H(W;,q)—module by (¢5c)*(E). Lusztig showed in [I7] (see also [27, §5.13])
that the set

11 s V() - © a two-sided cell of W} . hi
(11) {( 1) (E) E  asimple J&-module (up to isomorphisms)

is a complete set of simple H (W, ¢)-modules.
Hence, we obtain a bijection

(12) [TV /WP = Trr(H(W?, q))

by setting

(13) f°(t) = (¢5.0)" (na(t))  fort € (TV/)/W?)e.
Let

(14) pE TV )W = Tir(G)?

denote the composition of fi* with the bijection
6°: Ier(H(W?,q)) — Irr(G)*

defined by Roche [24].
We have

(15) e = 0% 0 (¢)" on®.

We should emphasize that the map p® is not canonical: it depends on a choice of
geometrical equivalence inducing n°.
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Main result. Here is our main result, which is a consequence of 20 lemmas: Lemmas

Theorem 1.5. Let G = G2(F) with p # 2,3,5. Let s = [T, N|g with A a smooth
character of T. Then we have

(1) The Bernstein ideal H*(G) is geometrically equivalent to the coordinate
algebra O(TY //W*®) of the affine variety T //W* and this determines a
bijection

we TV JJWE — Irr(G)°.
(2) There is a flat family X5 of subschemes of TV /W=, with 7 € C*, such that
X3 =7 (TY )W =TV /W), e =R
The schemes X3, Xfﬁ are reduced.
(3) There exists a correcting system of cocharacters for the bijection
we TV JJWE — Irr(G)°.
(4) The geometrical equivalence in (1) can be chosen so that
(inf.ch.)op® =2
(5) Let E* denote the mazimal compact subgroup of T . Then we have
Pt (B2 /W) = Irr' (G)*.
Correcting system of cocharacters. Recall (see [2]) that, by definition,
TV //W* is the quotient TV /W*. Here
TV :={(w,t) € W* x TV : wt = t}
and
TV )/W?® =TV /W?*
where W* acts on TV by
a(w,t) = (awa™', at)
with a € W*, (w,t) € TV. Then p° denotes the quotient map TV — TV //W*® and
m° denotes the evident projection
TV )JW?® — TV W?*, (w,t) — t.

The extended quotient TV //W* is a complex affine variety and thus is the union
of its irreducible components 7y, Zs, ..., Z.. A correcting system of cocharacters
for the bijection

we T JJWE = Trr(G)®

is an assignment to each Z; of a cocharacter h; of TV. Each h; is a morphism of
algebraic groups

hj: C* — TV.
If Z; and Z, are labelled by the same two-sided cell ¢ of /V_VE, then h; = hj and
we will write h; = hy = he. We have he, = 1. We require that once the finite se-
quence hy, ho, ..., h, has been fixed, it is possible to choose irreducible components
X1, X, ..., X, of the affine variety TV such that

.pg(Xj):Zj, j:172,...71".
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e For each 7 € C*, the map X; — TV /W which is the composition
X; =TV =>TY/W?,
(w,t) — h;(T)t — p°(h;(T)t)
factors through p°: X; — Z; and so gives a well-defined map
e Z; =TV /W
with commutativity in the diagram
X; —— TV/W*

| [«

Z; —— TV/W?

Note that h;(7)t is the product in the algebraic group T of h;(7) and ¢,
and p°: TV — TV /W* is the standard quotient map.
e Since TV //W* is the union of the Z;, we have a morphism of affine varieties

Tl TV )W = TV JW*
which we require to be a finite morphism with
T TV JJWe =T /W) = (X7)rea
and with
(inf.ch.)ou® = ﬂf/a.

Remark 1.6. Theorem shows, in particular, that Conjecture 3.1 in [3] and
part (1) of Conjecture 1 in [2] are both true for the principal series of Ga(F).
Moreover, we observe that the statement (3) in Theorem is stronger than the
statement (2) in Conjecture 3.1 of [3] in the sense that cocharacters are depen-
dent only on the two-sided cells, and not on the irreducible components of T //W*
(in general, (T //W*). contains more than one irreducible component; see Lem-

mas [£T] and [Z1)). Also, the bijection u® is not a homeomorphism in general
(see the Note after the proof of Lemma [BT).

2. THE STRATEGY OF THE PROOF

Let G = Go(F) and let s € %(G). In this section we will both explain the
strategy of the proof of Theorem 1 and recall some needed results from [I3], [1§]
and [23].

2.1. The extended affine Weyl group ,V[v/: . It will follow from equations (28]),
), @3), @) and (B2), that the possible groups W* are the dihedral group of
order 12, Z /27 (the cyclic group of order 2), the symmetric group Ss, and the direct
product Z/27 x 7Z/27Z. In particular, W* is a finite Weyl group. Let ®° denote its
root system, and let Q° = Z®* be the corresponding root lattice.

The group W7 := W* x @° is an affine Weyl group. Let S° be a set of simple
reflections of W} such that S* N W?* generates W* and is a set of simple reflections
of W#. Then one can find an abelian subgroup C*® of ,V[v/j such that ¢S® = S*°c
for any ¢ € C*® and we have W; = W; x C*. This shows that Wj is an extended
affine Weyl group. Let ¢ denote the length function on W7. We extend ¢ to W; by
U we) = L(w), if we WS andceC.
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2.2. The Iwahori-Hecke algebra ’H(Wj ,7). Let T be an indeterminate and let
A=Clr,77Y]. Let W € {W2, W5}. We denote by H(W, 72) the generic Iwahori-
Hecke algebra of W, that is, the free A-module with basis (T )wew and multipli-
cation defined by the relations

(16) TwTw = Tww, if l(ww) = L(w) + £(w'),
(17) (Ts —T)(Ts + 7 1) =0, ifseS®.

The Iwahori-Hecke algebra H (W, 72) associated to (W, 1) with 7 € C* is obtained
from H(W, 12) by specializing T to 7, that is, it is the algebra generated by T,
w € W, with relations (8] and the analog of (I7) in which 7 has been replaced by
T.

We observe that the works of Reeder [23] and Roche [24] reduce the study of
Irr® (G) to those of the simple modules of ’H(W;, q). A classification of these simple
modules by indezing triples (t, u, p) is provided by [13] and [23]. We will recall some
features of this classification in the next subsection.

2.3. The indexing triples. Let Ir be the inertia subgroup of the Weil group

Wg, let Frobp € Wg be a geometric Frobenius (a generator of Wr/Ip = Z),

and let ® be a Langlands parameter (that is, the equivalence class modulo inner

automorphisms by elements of H® of a homomorphism from Wr x SL(2,C) to H®

which is admissible in the sense of [7, § 8.2]). We assume that ® is unramified, that

is, that @ is trivial on Ir. We will still denote by ® the restriction of ® to SL(2, C).
Let u be the unipotent element of H* defined by

(18) u:cp((l) 1)

We set t = ®(Frobp). Then ¢ is a semisimple element in H*® which commutes with
u. Let Zys(t) denote the centralizer of ¢ in H® and let Z%(¢) be the identity
connected component of Z s (t). We observe that if H® is one of the groups Gz (C),
GL(2,C), SL(3,C), then Zg=(t) is always connected.

For each 7 € C*, we set

t(r) = <I>< g 791 ) € 75 (1).

Lusztig constructed in [I8 Theorem 4.8] a bijection U — c(U) between the set of
unipotent classes in H* and the set of two-sided cells of ,V[v/j Let ¢ be the two-sided
cell of Wj which corresponds by this bijection to the unipotent class to which u
belongs and then let the L-parameter ® be such that ([I8) holds. We will denote by
F, the centralizer in H® of ®(SL(2,C)); then F. is a maximal reductive subgroup
of Zys(u).

For any 7 € C*, we set

he(7) :—<I>< g T(_)l >

Since ® is only determined up to conjugation, we can always assume that he(7)
belongs to TV. Then it defines a cocharacter:

he: CX =TV,
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The element

(19) 0 :=he(\/q) -t
satisfies the equation
(20) ouot = ul.

For o a semisimple element in H* and u a unipotent element in H* such that (20)
holds, let B, be the variety of Borel subgroups of H* containing o and u, and
let A, , be the component group of the simultaneous centralizer of o and w in H®.
Let T (H?®) denote the set of triples (o, u, p) such that o is a semisimple element
in H®, u is a unipotent element in H*® which satisfy (20), and p is an irreducible
representation of A, ,, such that p appears in the natural representation of A, , on
H*(B; ,,,C).

Reeder proved in [23], using the construction of Roche [24], that the set Irr®(G)
is in bijection with the H*-conjugacy classes of triples (o,u,p) € T(H?). The
irreducible G-module corresponding to the H®-conjugacy class of (o, u, p) will be

denoted V3, , and we will refer to the triples (o, u, p) as indexing triples for Irr* (G).

2.4. The L-parameters. Let W} be the topological abelianization of W and let
I% be the image in W§ of the inertia subgroup Ir. We denote by

rp: Wi — F*

the reciprocity isomomorphism of abelian class-field theory, and set wp :=
rr(Frobp) a prime element in F. Then the map z +— z(wp) defines an embed-
ding of X(TV) = Y(T) in the p-adic torus T. This embedding gives a splitting
T=T(op)x X(TV).

We assume given (¢, u) as above, i.e., t = ®(Frobp) and u satisfies (IJ]).

Let op denote the ring of integers of F', let A° be an irreducible character of
T(or), and let A be an extension of A\ to T'. Let

A Ig — TV
be the unique homomorphism satisfying
(21) zoA=Nozorp, forxzeX(TV),

where x is viewed as in X (TV) on the left side of ([2I)) and as an element of Y (T)
(a cocharacter of T') on the right side.
The choice of Frobenius Frobp determines a splitting

Wi = I x (Frobp),

so we can extend \ to a homomorphism A W — GV by setting

)\t(FI'ObF) =1.

Then we define (see [23] § 4.2]):

d: WE x SL(2,C) = GY  (w,m) — A(w) - ®(m).
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2.5. The asymptotic Hecke algebra J°. Let : A — A be the ring involution
which takes 7" to 77" and let h +— h be the unique endomorphism of H (W2, T)
which is A-semilinear with respect to : A — A and satisfies T, = T, ! for any
s € 5% Let w e W;. There is a unique

Cy € EB Z[t T, such that

weW;g

Cyo=Cy, and C, =T, (mod @(@ZT’”)Ty)

yeWsE m<0
(see for instance [19, Theorem 5.2 (a)]). We write
Cw= Y PyuwT,, where Py, €Z[r"'].
yeWws

Fory €e W2, ¢, € C®, we define Py e as Py, if ¢ = ¢’ and as 0 otherwise. Then
for w € W2, we set Cy, = ZyeW; Py Ty. It follows from [19, Theorem 5.2 (b)]

that (Cy), 7y, is an A-basis of H(WE, 7). For z,y,w in W, let heyw € A be
defined by

Co Cy= Y haywCu
weWp
For any w € W;, there exists a nonnegative integer a(w) such that
heyw €  TUZ[TY] forall 2,y € ﬁ//f,
Boyw & T 71Z[r71]  for some z,y € W

Let v, 4.1 be the coefficient of 7o(w) ip Py w-
Let J* denote the free Abelian group with basis (t,,)

an associative ring structure on J° by setting

wels: Lusztig has defined

R Z Ya,yw-1 tw-  (This is a finite sum.)
wEW;
The ring J° is called the based ring of W; It has a unit element. The C-algebra
(22) J? = J° @ C

is called the asymptotic Hecke algebra of Wj

For each two-sided cell ¢ in ,V[v/j, the subspace J: spanned by the t,,, w € c, is
a two-sided ideal of J°. The ideal JZ is an associative ring, with a unit, which is
called the based ring of the two-sided cell ¢ and

(23) r- @ =
cECell(W;)

is a direct sum decomposition of J® as a ring. We set JS := Jg ®z C.

3. BACKGROUND ON THE GROUP G

Let G = Ga be a group of type Ga over a commutative field F, and let Go(TF)
denote its group of F-points.
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TABLE 1. Values of a and b.

ala) = —« a(f) =3a+p
ala+p)=2a+p aa+p)=a+p
aBa+p)=0 a(3a+28) =3a+ 23
ble) =a+p b(B) = =B
bla+ 8) =« b(2a+f) =2a+f
b(Ba+B)=3a+28| bBa+28)=3a+p

3.1. Roots and fundamental reflexions. Denote by T a maximal split torus
in G, and by ® the set of roots of G with respect to T. Let (¢1,e2,¢3) be the
canonical basis of R3, equipped with the scalar product ( | ) for which this basis is
orthonormal. Then « := &1 — g, 8 := —2¢1 + €9 + €3 defines a basis of ® and

Ot ={a,B,a+ B,2a+ B,3a+ 3,3a + 28}

is a subset of positive roots in ® (see [8, Planche IX]).

We have
(24) (alo) =2, (B]B)=6 and (a|f)=—
Hence, « is short root, while S is a long root.
We set
2(v'1)
(25) n(y',7) =) = =
(1)

(see [8, Chap. VI, §1.1 (7)]). We will denote by s, the reflection in W which
corresponds to v, i.e., sy(z) :=z — (z,7")y. We set a := 54, b:= sg and r := ba.

The Cartan matrix for Go(IF) is (_23 El>, and the values of ¢ and b on the

elements of ®T are given in Table 1.

We write B = TU for the corresponding Borel subgroup in Go(F) and B = TU
for the opposite Borel subgroup. Denote by X (T') the group of rational characters
of T. We have

(26) X(T) =ZQ2a+ B) + Z(a + ).
We identify T 2 F* x F* by

(27) Catt— ((2a+B)(t), (a+ B)(1)).
In this realization we have

alty,ta) =tityt, Bt tz) = 7143,
a(ti, te) = (ta, t1), bty t2) = (t1,t1ty").
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The Weyl group W = Ng, ) (T')/T has 12 elements. They are described along
with the action on the character x; ® xo of T = F* x F*:

w w(x1 ® x2),

1. e X1 & X2,
2. a X2 ® X1,
3. b X1X2 ® X3
4. ab Xz ® X1X2,
5. ba X1x2 ® Xy
(28) 6. aba X' ®Xx1X2, -
7. bab  x1®x; X2
8. abab xflxgl R X1,
9. baba  x2 ® Xflxgl,
10.  ababa Xflxz_l & X2,
11.  babab X51®Xf1a
12. bababa Xl_l ® Xz_l-

3.2. Affine Weyl group, two-sided cells and unipotent orbits. Let W, :=
W x X(TV) denote the affine Weyl group of the p-adic group G = Go(F). Denote
by {a,b,d} the set of simple reflections in W,, with W = (a, b) and (ab)® = (da)? =
(db)? = e.

As in the case of an arbitrary Coxeter group, the group W, is partitioned into
two-sided cells. The definition of cells yields a natural partial ordering on the set
Cell(W,) of two-sided cells in W,. The highest cell c. in this ordering contains just
the identity element of W,. Lusztig defined in [I6] an a-invariant for each two-sided
cell. The a-invariant respects (inversely) the partial ordering on Cell(W,).

The group W, has five two-sided cells ce, ¢1, c2, c3 and ¢g (see for instance [27]
§11.1]) and the ordering occurs to be total: ¢y < ¢35 < co < ¢1 < ¢, with

co ={w e W, : a(w) =0} ={e},
ci={weW, : a(w) =1},
co={weW, : aw) =2},
cs={weW, : a(w) =3},
co={weW, : a(w) =6} (the lowest two-sided cell).

For a visual realization of the two-sided cells see [12 p. 529)].

Let U denote the unipotent variety in the Langlands dual G¥ = G2(C) of G. For
C, C' two unipotent classes in G, we will write C’ < C if C’ is contained in the Zariski
closure of C. The relation < defines a partial ordering onNZ/l . In the Bala-Carter
classification, the unipotent classes in GV are 1 < A} < A; < Ga(ay) < Gy (see
for instance [I0, p. 439]). The dimensions of these varieties are 0, 6, 8, 10, 12. The
component groups are trivial except for Go(a1) in which case the component group
is the symmetric group S3. The group S3 admits 3 irreducible representations; two
of these, the trivial and the 2-dimensional representations, namely p;, p2, appear
in our construction. In [22], Ram refers to 1, Ay, Al, Ga(a1) and Gy as the trivial,
mintmal, subminimal, subregular and regular orbit, respectively.

The bijection between Cell(W,) and U that Lusztig has constructed in [I8] is
order-preserving. Under this bijection, c. corresponds to the regular unipotent
class and c( corresponds to the t¢rivial class. If the two-sided cell ¢ corresponds to
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the orbit of some unipotent element v € GV, then a(c) = dim B,,, where B,, denotes
the Springer fibre of u (that is, the set of Borel subgroups in GV containing u).
Lusztig’s bijection is described as follows:

Ce & G2 C1 < Gg(al) Co <> A1 C3 <> A1 cy < 1.

3.3. Representations. Let R(Gy(F')) denote the Grothendieck group of admis-
sible representations of finite length of Go(F). With A € ¥(T), we will write
I(\) := i p()) for the induced representation (normalized induction). We will
denote by £(i$- (X)) for the length of this representation, by |i% 5 (A)| the number
of inequivalent constituents.

It is a result of Keys that the unitary principal series I(x1 ® x2) is reducible if
and only if x; and y» are different characters of order 2 [I4, Theorem Gs|. When
reducible, it is of multiplicity one and length two.

Let v denote the normalized absolute value of F. Using [21] Prop. 3.1] we have
the following result: I(w1x1 ® ¥ax2), with ©;, x; (i = 1,2) smooth characters of
F*, 1, 19 unramified, and 1 x1, ¥2)x2 nonunitary, is reducible if and only if at
least one of the following holds:

vixi=v  Yiexixe =v Yiexixe=v ' rexixe =v?

(29) Yaxz2=v  ixa=v" ¢1¢§X1X§ =v ¢1¢1§X1X%1: vl
Yoxa =vt Prhaxaixa =v iy xaxa =V iy xaxs =v,

that is, if and only if there exists a root v € ® such that
(30) (x1®x2) 00’ =v
From now on we will assume that F = F', a local non-Archimedean field. Let
G = Gg and let s = [T, x1 @ x2]g. Let ¥(F*) denote the group of unramified
quasicharacters of F'*. We have
D® = {1x1 @ axa : Y1, € W(FX)} = {(21,22) : 21,20 € C*} = T,

the Langlands dual of T, a complex torus of dimension 2.
Let U'(F*) denote the group of unramified unitary quasicharacters of F* and
let E = E* be the maximal compact subgroup of D°. We have

E* = {¢1x1 @ axz s 1,92 € UH(FX)}.
Let w € W(T) = W. Then we have
(31) s=[T,x1® xzle = [T w- (x1 @ x2)la-

We are also free to give x an unramified twist; this will not affect the inertial
support.

+1

4. THE IWAHORI POINT IN ¥(G2)

We will assume in this section that s = i = [T,1]g. We have W' = W and
W} = W,. The group W is a finite Coxeter group of order 12:

W = (a,b,a* = b* = (ab)® = e).
Let » = ab. Then representatives of W-conjugacy classes are:

{e,r, 2, a, b}.
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Definition. We define the following partition of TV //W:
(32) ™yw= || (@)W,

c; €Cell(W,)
where
(TY)|W)e, = (TV)')2(r),
(T )| W)e, = (TV)"J2(r®) L (TV)" J2(r?),
(TV)|W)e, = (TV)*/Z(a),
(TV )| W)e, = (TV)?/Z(b),
(T /| W)e, T /W.

Note 1. In the Definition above we had the freedom to permute a and b (that is,
we could as well have attached (b) to cy and then (a) to c3).

Note 2. The Springer correspondence for the group Gy (see [I0, p. 427]) is as
follows:

P10 Ce

21 < (c1,p1)

13 ¢ (c1,p2)

P22 Ca

/1/73 < C3

P16 Co.

Each of the following two bijections:

(r) < ¢10 (r) < 10
(r*) & ¢2n (r*) < ¢hs
(r?) & dis (r?) © ¢21
(a) < @22 (a) < @22
(0) < 3 (b) & o3
(e) < ¢ip () < ¢ie

by composing with the Springer correspondence, sends

(r) to the unipotent class in GV corresponding to c.,
(r?) and (r?) to the unipotent class in GV corresponding to c1,
(a) to the unipotent class in GV corresponding to ca,
(b) to the unipotent class in GV corresponding to c3,
(e) to the unipotent class in GV corresponding to cy.

This is compatible with (32)). Thanks to Jim Humphreys for a helpful comment
at this point.

Note 3. The correspondence between conjugacy classes in W and unipotent classes
in GY in Note 2 can be interpreted as a partition of the set W of conjugacy classes
in W indexed by unipotent classes in GV

(33) W= |su,

where u runs over the set of unipotent classes in GV. Moreover, each s, is a union
of n, conjugacy classes in W, where n,, is the number of isomorphism classes of
irreducible representations of the component group Zgv (u)/Zgv (u)? which appear
in the Springer correspondence for GV. In [20, §§8-9], Lusztig defined similar kinds
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of partitions in a more general setting and more canonical way for adjoint algebraic
reductive groups over an algebraic closure of a finite field. The partition (33)
coincides with those obtained by Lusztig for a group of type Go on the top of
page 7 of [20].

Let J = J' be the asymptotic Iwahori-Hecke algebra of W, let Al denote the
affine complex line, let T denote the unit interval, and let < be the geometrical
equivalence defined in [2] §4].

Lemma 4.1. We have the following isomorphisms of algebraic varieties:
(TY )W) e, = pts (TV JJW)e, = pt1 U pta U pts U pty
(T )/ W)e, ™ AL (TV /W )e,— AL,
E//WSpt, U (pty Upty Upts Upty) UTUTU E/W,
and J =< O(TV //W), where Jo, < O(TV }/W)e,), and
Jce “~morita O((TV//W)CG) ch ~morita O((Tv//W)C2)7
J03 ~~morita (’)((TV//W)C3) JCO ~~morita O((T\///W)CO)‘
Proof. The centralizers in W are:
Ze) =W, Zr)=(r), Z(r*)=(r), Z(r’)=W,
Z(a) = (r*,a), Z(b) = (r°,b).
Case-by-case analysis. We will write X =T"V.
e c=cgy,c=1. X/7(c)=X/W.
ec=c, c=r. X°=(1,1), X°/Z(c) = pt..
ec=cy,c=73 X°={(1,1),(-1,1),(1,-1),(=1,—-1)}. Note that (1,1) is
fixed by W and
(_]—, _1) ~bab (_1a 1) ~a (]—7 _1)
are in a single W-orbit. X¢/Z(c) = pt; U pta. Also, attached to this cell,
c=r% X°={(1,1),(5,), (4% %)}, where j = exp(27i/3). Now
(.7;.7) ~ba (j27j2)
are in the same Z(c)-orbit. X°/Z(c) = pts LU pty4.
ec=cy,c=a X°={(z2):2€C*}.
X¢/2(c) = {{(2,2), (=, 2" 1)} 1 2 € CX} = AL,
ec=cs,c=b X°={(z,1): 2z C*}.
X¢)7(c) = {{(z,1), (7, 1)} : z € C*} = AL.

Let F. denote the maximal reductive subgroup of the centralizer in GV of the
unipotent class corresponding to ¢ and let R, denote the complexified representa-
tion ring of Fr.

e We have F., = G". Since the group Gy is F-split adjoint, we have (see [2]
Theorem 4)):

Jc[) ~ M‘W|(O(TV/W)).
This isomorphism induces a homeomorphism of primitive ideal spectra:

Neg: TV /W — Trr(Je, ).
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e The reductive group Fg, is the centre of GV and J., = C. Let nc, (pt.) be the
simple module of J._.

o Let i € {2,3}. We have F, ~ SL(2,C). In proving the Lusztig conjecture [I8]
Conjecture 10.5] on the structure of the asymptotic Hecke algebra, Xi constructed
in [27, §11.2] an isomorphism

Jci ~ MG(RFCL)

Let C[t,t7!] denote the algebra of Laurent polynomials in one indeterminate t.
Let « denote the generator of Z/27Z. The group Z/27Z acts as automorphisms of
C[t,t™ ], with a(t) = t~. The fixed algebra is isomorphic to the coordinate algebra
of the affine line A':

Clt,t 12?2 ~ O(AY), t4+t et
We then have
Rsp2,c) ~ C[t, A~ O(AY).
The isomorphism
Je, = Mg(O(A1))
induces a homeomorphism of primitive ideal spectra:
Al ~ Trr(Jg,).
This in turn determines a homeomorphism
(34) e, (T [/ W)e, =~ Tre(Je,)

for ¢ = 2,3.
e According to [27, §11.2], we have F., = Ss, the symmetric group on {1, 2, 3}.
We write S5 = {e, (12), (13), (123), (132), (2,3)}. Let
e={e}, (12)={(12),(13),(23)} and (123) = {(123),(132)}
denote the three conjugacy classes in S3. According to [27, §11.3, §12], the based
ring J¢, has four simple modules: (Ey, ), (F2,m2), (E5,m3), (Ey4, 74) with dim Fy =
dim Fy = 3, dim F3 = 2, dim E; = 1, where

(35) By =FEzy, Ey=FEgy, E3=E

ma E4 = E@,p27

using the notation in [27, §5.4].
Consider the map de, : Jo;, — M3(C) @ M3(C) & M2(C) @ C, defined by
Oc, (z) = (m1(2), m2(2), m3(), M4()), for € Je,.

The map 6., is spectrum-preserving. For the primitive ideal space of J., is the
discrete space {F1, Fs, E5, E4} and the primitive ideal space of M3(C) & M3(C) &
My (C) @ C is {pt U pt U pt U pt}.

Then we get J., < C* < O(TV//W).,). Moreover, we can choose the ge-
ometrical equivalence J., < O((TV//W),) in order that the induced bijection
Ney: (TV)/W)e, — Irr(Je, ) satisfies

(36) Ne, (pt;) = B; for 1 <i < 4. O
Lemma 4.2. The flat family is given by
X, (1=7%)(z—7%) =0.
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Proof. Since there is only one quadratic unramified character, the unitary principal
series I (1)1 ® 12) is always irreducible.

Then we write down all the nonunitary quasicharacters of 1" which obey the
reducibility conditions (29)):

V®1/)2a Vﬁl®¢2a ¢1®Va 1/)1®V71; 1/)(8)77[}72V7 77[1®7/}72V717
VY, v ey, ey Ty, pey v veyrh ey

with v an unramified quasicharacter of F’*. These quasicharacters of T fall into
two W-orbits:

1. W- (v @),
2. W-(v@1i).

For the first W-orbit, we obtain the curve
C={W-(vp®y) : ¥ € W(F*)} ={W(2,¢7'2) : z€ C*}.
The second W-orbit creates the curve
=W (v@v) s pep(F)} 2 W (2,q7Y) : 2 € C*).
We obtain

R =CUCs.
Let € be the unique unramified quadratic character of F'*, and let w denote an
unramified cubic character of F*. In the article of Ram [22] there is a list t,, ..., t;

of central characters, their calibration graphs, Langlands parameters and indexing
triples. After computing the calibration graphs, we are now able to identify these
central characters with points in the complex torus TV = W(T):

ta=(g" g ) =v@r? ty= (2,7 '2) = @v, t. = (j.¢"'j) = w R 1w,
ti=(-Lg ) =vee te=1,g ) =v®l, ty=(¢*3 ¢ %) =03 v/,
te=(¢"2,¢ ) =v P02t = (¢, 2) =v e,

ti=(@ hg)=vou, tj = (qfl’ql/Q) — v l/?
with z = ¢(wp). We have
CyNCs = {ta,ta, te}.
The flat family
X (1 =7%)(z—7%) =0
has the property that X 5z = R. O

Lemma 4.3. For each two-sided cell ¢ of W, the cocharacters he are as follows:
he(T) = (1,77%) if ¢ = ¢y, o, C3,
hey = 1, he (1) = (772, 77%).
Now define
mr(2) = w(he(7) - 2)
for all x in the c-component. Then, for all t € TV /W we have

A0 = e p 0.
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Proof. We compare the description of the irreducible components of I(1 ® v) given
by Muié¢ [2I] with those which occur in Ram’s table [25 p. 20]. Then it follows
from [21] p. 476 and Prop. 4.3] that

Ilev)=r(1)+m(1) + Ja(1/2,6(1)) + 2J5(1/2,6(1)) + J5(1,7(1,1))
so that
LI(1®v)) =6, I(1®v)|=5.
When we collate the data in the table of Ram [25] p. 20], we find that

‘igCB(teﬂ =5,
|ich(t)| =4 if t=tq, t, ta,
liGcp(t)| =2 if =ty ts by th tit;.

We will now compute a correcting system of cocharacters (see the paragraph after
Theorem 1.5). The extended quotient TV //W is a disjoint union of 8 irreducible
components Z1, Zs, ..., Zs. Our notation is such that 7y = pt1, Zy = pto, Z3 = pt3,
Zy = pta, Zs = pte, Zg =AY, Zy ~ A, Zg =TV /W.

In the follovyivng table, the first column comprises 8 irreducible components
X1,...,Xg of TV for which p'(X;) = Z;, j = 1,...,8. Let [21, 23] denote the
image of (21, 22) via the standard quotient map p': TV — TV /W, so that [z1, 2] =
W - (#1,22). When the first column itemizes the pairs (w,t) € TV, the second col-

umn itemizes p'(h;(7)t). The third column itemizes the corresponding correcting
cocharacters.

X1 = (r%(4,9)) [7, 7724 hi(r) = (1,772
Xy = (727 (17 1)) [177—_2] hQ(T) = (177—_2)
X3 =(r3,(1,1)) 1,772 hs(t) = (1,772)
Xy = (,rg, (_1’ 1)) [_15772] h4(T) = (177_72)
X5 = (Ta (17 1)) [7—7277—74] h5(7) = (T727T74)
Xe ={(a,(z,2)): 2 € C*} {[z,77%2] : 2 € C*} he(T) = (1,772)
X7; ={(b,(2,1)): z € C*} {[z,77% : 2 € C*} he(1) = (1,772)
ng{(e,(zl,ZQ)):zl,ZQE(CX} {[2’1,22] Zzl,ZQE(CX} hg(T):l

It is now clear that cocharacters can be assigned to two-sided cells as follows:
he(T) = (1,772) if ¢ = ¢, €2, €3, hey, = 1, he, (7) = (772, 77%).

We are now in a position to write down explicitly the fibres ’iT:/é(t) of the points
of reducibility in the quotient variety TV /W. We recall that t, = (1,¢7 %), t, =
(¢Y,q72), ta = (¢, —1) and t. = (4,¢7'j). We have, for example,

wa(te) = {p'(e, (1,71, p'(r%, (1,1)), p'(r*, (1, 1)), p'(a, (1, 1)), ' (D, (1, 1))},

T a(ta) = {p'e (a7 a™)), p'(r (L, 1)), pM(as (a7 g7 1), ' (0, (a7 1)),
"T:/(l](td) = {pi(ev (qila _1))v pi(rsv (_1’ 1))a pi(a’ (_L _1))a pi(ba (_1a 1))}’
ate) = {p'(e (7,3/9)): 0 (r*, (5.5)). p'(a, (3, 9)), P (a, (5%, 5%)}-

The two points (a, (j,4)) and (a, (52,5%)) are especially interesting. The map

T /g sends these two points to the one point t. € TV /W since (32,52 /q) and (4,3/q)
are in the same W-orbit: (4,7/q) ~aba (5%,5%/¢). In the map

T TV /W —TY /W

the image of the affine line (7V)%/Z(a) has a self-intersection point, namely ..
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We have
(k)] =5,
=4 if t=tq, tc ta,
T =2 if t=ty bt th, tis O
Lemma 4.4. Part (4) of Theorem is true for i€ B(Ga).
Proof. We will denote elements in the five unipotent classes of Go(C) by 1, us, ua,
U1, U (trivial, minimal, subminimal, subregular, regular).

We recall that the irreducible G-module in Irr'(G) corresponding to the Kazhdan-
Lusztig triple (o,u, p) is denoted V! According to [22, Table 6.1], we have

: 4 o,tp° ,
dim V; =1, dimV; = dim V; =3, and dimV} , ;| = 2. Hence we

te,u1,p2 esU1,P1 dyu1,l cs UL,y
have
i _ i _ i _ i _
Vte,ul’/?z - E4’q’ Vte,uhpl - El’q’ th,ul,l - E27q7 Vtc,ul,l - E3,q7

where E; ;1= ¢} . (E;), with E; as (33).
The semisimple elements ¢, o below are always related as in equation (I3]), that
is,
o =he(vq) t =T s4(1).
Then the definition ([3) of u' gives (using the maps 7. defined in the proof of

Lemma [£.1)):
Vi, ifteTV/W,

pi(t) = f,)uﬂ , if t € A! (attached to cs),
oi','u,3,1 , if t € A! (attached to c3);

two of the isolated points are sent to the L-indistinguishable elements in the discrete
series which admit nonzero Iwahori fixed vectors:

1 @t) = Vi w0 =V s
and
(' (pta) = V)fid,ul,h
1 (pts) = Vi, 1
pH(pty) = Vtia,ue,r

Now the infinitesimal character of V},u , is o, therefore the map p' satisfies

inf.ch.op' = T /g
The map p' is compatible with the cell-partitions
pH((TY /W)e) € Iir'(G)e. O
Lemma 4.5. Part (5) of Theorem is true for i € B(Gy).

Proof. As for the compact extended quotient, this is accounted for as follows: The
compact quotient E/W is the unitary principal series, one unit interval is one
intermediate unitary series, the other unit interval is the other intermediate uni-
tary series, and the five isolated points are the remaining tempered representations
itemized in [22] 21]. O
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Note. Among the tempered representations of G which admit nonzero Iwahori fixed
vectors, those which have real central character are in bijection with the conjugacy
classes in W. For G of type Ga, they are (see [22 Fig. 6.1, Tab. 6.3]):

i i i i i i
Vt071,1’ Vtgau3717 th7u2,1’ VteauhPl’ Vte,uhpz’ Vtu.)ue71.

These representations correspond (via the inverse map of /f‘) to points in TV /W,
(T J/W)egs (TV [[W)es, pt1 € (T )/W)ey, pta € (T [/W)e,, and pt. € (T /W), ,
respectively.
Hence the correspondence with conjugacy classes in W that we obtained is the
following: .
Viern < ()
\Z < (b)

gsus,1

tij,u2,1 A (a)

Vtievulapl And (TS)
Vtievulap2 And (T2)
Vga JUe,l « (T)

5. SOME PREPARATORY RESULTS
5.1. The group W*. When W* = {e}, our conjecture is easily verified.

Lemma 5.1. We have W* # {e} if and only if s = [T, x @ x]g ors = [T, x ® l]a
with x an irreducible character of F*.

Proof. From (), we have

We={weW : w-(x1®x2) =¢(x1®x2) for some ¢ € U(T)}.
Let 0° := x1|0; ®X2|0;. Then we get
(37) We={weW : w-0° =0}
Let x3 := Xi|a;- From (23), it follows that we have W* = {e} if and only if
38) xi#L x#AL XIG#EL xi1#x ()G #EL x(G)?#L
Hence we have W* # {e} if and only if we are in one of the following cases:

(1) We have x§ = x5. We may and do assume that xy; = x2 = x.
(2) We have x5 = 1. We may and do assume that x; = x and x2 = 1. O

Remark 5.2. We observe that the condition (38]) is equivalent to the condition
((x1 ®x2) o'yv)|a; #1, for all v € .
Note that this condition is closely related to the condition (B0]).

Remark 5.3. The group W* admits the following description (which is compatible
with [24] Lemma 6.2]):

W* = (sy : v € ® such that ((x1 ® x2) O’yv)\a; =1).
In particular, this shows that W* is a finite Weyl group.
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5.2. The list of cases to be studied.
5.2.1. W-orbits. 1. The orbit W - (x ® x) consists of the following characters:

(39) XxOx, x Tox L ¥eoxh xTText xox i x e
It follows that
RY, x®1, 1® if v is quadratic
W (@) = X &% x@1L 18 ifxis quadratic,
X®X, X ®x if x is cubic.
‘We have
1 if x is trivial,
3 if x is quadratic,
(40) W-(x@x)|= e .
2 if x is cubic,
6 otherwise.

2. The orbit W - (x ® 1) consists of the following characters:
(41) x@l 1oy, xex ', x ol lox™!
If x is quadratic, then we have

W-xol)={x®x, x®1, 1®x}.

;X Tex

We have
1 if x is trivial,
(42) [W-(x®1)|=4¢3 if xis quadratic,
6 otherwise.

5.2.2. The cases. From now on we will assume that W* # {e}. Then the above
discussion leads to the following cases:

(1) s =1=[T,1]g. Here W*¢ = W. Already studied in Section [l

(2) s = [T, x ® 1]¢ with x ramified nonquadratic; see Section
(3) s = [T, x® x]¢ with x ramified, neither quadratic nor cubic; see Section [6l
(4) s = [T, x ® x]¢ with x ramified cubic; see Section [1
(5) s = [T, x ® x]¢ with x ramified quadratic; see Section [§

5.3. Lengths of the induced representations. We fix homomorphisms z: F —
G and ¢y: SL(2,F) — G ~y € ® such that (see [9] (6.1.3) (b)]):

o (w) = ¢, ((1) ?), () = ¢y (i ‘f) and () = ¢, (f) tol)-

For v € {a, 8}, let P, be the maximal standard parabolic subgroup of G corre-
sponding to vy, and M, be the centralizer of the image of (7/)" in G, where 7' is

the unique positive root orthogonal to -, that is,
,)3a+28 ify=aq,
200+ if v = 8.

Then M., is a Levi factor for P,.
We extend (,: SL(2, F) = M, to an isomorphism (,: GL(2, F) — M, by

o((5 ) =a ((h 2)) wreer
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Then the restriction to 7' of the inverse map of (, coincides with the isomorphism
& TSF* x F*, where &, has been defined in (27), while

&t ((at B)(1), a(0)).

For v € {«, 8}, and ¢ a smooth irreducible representation of GL(2), let I,(c) denote
the parabolically induced representation of G:

(43) Ind§y cp (00¢ ).

Let 0 be the Steinberg representation of GL(2) and let (x) denote the twist of ¢
by the one-dimensional representation x o det. Then §(x) is the unique irreducible
subrepresentation of IndgL(z) (Vl/ 2y@u1/2 X). It is square integrable if x is unitary.
The representation  has torsion number 1, and so all the twists {d(x) : x € (F*)}
are distinct.

The inertial support of the representation I, (d(x)) is [T, (x ® x) 0 &alc if v =
and [T, (x @ x) o &sla = [T, (x ® 1) 0 &g if v = . We observe the following
consequence (which will be crucial in the sequel of the paper):

Proposition 5.4. The representations I,(6(x)) and 15(5(x)) have same inertial
support when x? = 1 and have distinct inertial supports otherwise.

Proof. Tt follows from the orbit computation done in §5.2.T1 d

Lemma 5.5. Let x, ¢ be two characters of F*, with 1 unramified and x ramified.
Let € be the unique unramified quadratic character of F*, and let w denote an
unramified cubic character of F*. We set

Py = {(Vﬂ/z,x), (Y26, x) © x is quadmtic},
Py = {0200, (75 2,0, (7202, x) ¢ x s cubic
P = PyUPs.

Then we have

(17 Ppx @ v Pey)) = II(Vl/wa®V1/2¢X)I—{4 i) eP,

2 otherwise,

4 Zf (’l/}a X) € PZ;

2 otherwise.

(107 2y o)) = II<v”2wx®v|={

Proof. In R(M,,), we have (see for instance [2I], Proposition 1.1(ii)]):

IdMa (2 @ 0M24) = 8(x) @ (x o det).
Similarly, in R(Mpg) (using now [21, Proposition 1.1(iii)]), we get

Indy e, (V20X @ v) = 8(1x) ® (Px o det).
Then, by transitivity of parabolic induction, we obtain
I Pyx @ v Pux)) = La(8(¥X)) + a(tx o det),
I Pyx@v) = Ig(8(dx)) + Is(x o det).
Applying the involution D¢ defined in [1], it follows from [I, Th. 1.7] that, for

v € {a, B}, the induced representations I, (d(¢x)) and I,(1x o det) have the same
length.
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To describe the length of I, (5(1x)), we write ) = v®, s € C. Now, in a different
notation, we write

To(Re(s), 6(vY ")) = L (6(x))-

Then [21, Theorem 3.1 (i)] implies the following conclusion:
1. If x is neither quadratic nor cubic, then I,(§(wx)) is irreducible. Hence,
(I P © 1 2) =2
2. If x is ramified quadratic, then I, (d(wx)) reduces if and only if pV-Im(s) ¢
{1, €} and Re(s) = £1/2. Hence:
o If o & {vF1/2 y*1/2¢} then ¢ (I(ufl/zz/)x ® Vl/wa)) =2
e Otherwise, Rodier’s result [25, Corollary on p. 419] (see [2I Prop. 4.1])
implies that I(v~'/2¢x ® v'/2x) has length 4 and multiplicity 1

3. If y is cubic ramified, then I (6(1x)) reduces if and only if V=) € {1, w, w?}
and Re(s) = £1/2. Hence:
o If b & (V2 V20 Y/ 202)  then ¢ (I(V‘1/2¢X ® ul/Qz/Jx)) =2
e Otherwise, it follows from loc.cit. that I(v~'/?1y @ v'/?1x) has length 4
and multiplicity 1.

If x is (ramified) not quadratic, then I5(d(1x)) is irreducible. Then

L (I(V_l/QwX ® 1/)) =2.

We assume from now on that x is quadratic ramified. To describe the length of
Is(6(¥x)), we write ¥ = v®yg, where s € R, 1) is unitary. Then Ig(d(¢x)) reduces
if and only if s = #1/2 and ¥ = 1. Therefore, the length of I(v~1/?¢)x ®@v) is two
unless ¢ = /2 pE1/2¢, (Il

5.4. Two lemmas. The next two lemmas will be needed in Section ] in the proof
of Lemma BTl

5.4.1. Crossed product algebras. Let A be a unital C-algebra and let T be a finite
group acting as automorphisms of the unital C-algebra A. Let

l'={acA:vy.a=a, YyeTl}.

Let AxT denote the crossed product algebra for the action of I' on A: The elements

of Ax T are formal sums . a,[v], where:

o the addition is (Zwel“ D)+ O er b)) =22 er(a
e the multiplication is determined by (av[ 1) (ba[cx ]) =a

e the multiplication by A € C is given by A(3_ o aq[y ])

=7 )bl

yel

ay + by) 7],
(7 - ba) [y,
=2 er(Aay)[]-
Let

Then er is an idempotent (i.e., e = er).
Lemma 5.6. The unital C-algebras A¥ and (AxT)er(AxT) are Morita equivalent.
Proof. See [26], Proposition p. 25]. O
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5.4.2. Ring homomorphisms.

Lemma 5.7. Let A be a ring with unit and let B be a ring (which is not required to
have a unit). Let J C B be a two-sided ideal. Then any surjective homomorphism
of rings ¢: J — A extends uniquely to a ring homomorphism ¢: B — A.

Proof. Choose 0y € J such that ¢(6p) = 14 (the unit in A). Then, given b € B,
we define ¢(b) by @(b) := w(0ob).

(1) We will check first that ¢ is well defined, i.e., that the definition does not
depend on the choice of 6y. Indeed, for every § € J such that ¢(0) = 14,
then we have, on one hand,

@(0b00) = ©(6b)¢(60) = (0D);
and on the other hand,
(600) = 9(0)(bo) = ().

Hence, ¢(0b) = ¢(bfy). In particular, we have p(6pd) = ¢ (bfy). Thus
p(60b) = ©(60ob).
(2) Let ¢ be any extension of ¢. We have
@(b) = 1ap(b) = ¢(60)@(b) = G(00b) = ¢(6ob),
since 0pb € J.
(3) Finally, we check that ¢ is a ring homomorphism. Indeed,
@(b1 4 b2) = (6o (b1 + b2)) = ©(bob1 + Ooba) = G(b1) + B(b2),
P(b1b2) = p(Oob1b2) = (0ob1b200) = p(Oob1)p(b260) = G(b1)P(b2). O

6. THE TWO CASES FOR WHICH H* = GL(2,C)

In this section, we will consider the following two cases.

Case 1: We assume here that yo = 1 and x; = x with x a ramified nonquadratic
character. Then from (Il we obtain

5 = [TaX®1}G = [T71®X]G = [T7X®X71]Ga
= [Tx'ele = [T1eox'le = [T,x'®xe
It follows from (28) that
(44) W* ={e, b} =2 Ss.

Case 2: We assume that x; = x2 = x with x a ramified character which is neither
quadratic nor cubic. From ([B9) we obtain

s = [Txexe = [Ix'ex'le = [IxX*ex e
= Tx'ex?le = [Txex’le = [Tx?@xe-
It follows from (28] that
(45) W* ={e,a} =2 9.

In both Case 1 and Case 2, we have W; = Sy x X(TV). Hence, W; is the extended
affine Weyl group of the p-adic group GL(2, F)). There are 2 two-sided cells, say
b. and bg, in W;, they correspond to the regular unipotent class U, and to the
trivial unipotent class of GL(2,C), respectively. Hence, b, and by correspond to
the partitions (2) and (1, 1) of 2, respectively. We have by < b,.
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Definition. We define the following partition of T //W*:
(46) TV jJWe = (T [JW®)p, LT [/ W*)p,,

where (TV //W?)p, := (TV)¢/Z(c), where ¢ is the nontrivial element in ¢, and
(TV /W)y :=TV /W,

We will denote by J° the based ring of the extended affine Weyl group W;
defined in (@) and set

(47) U1):={2z€C:|z| =1}
Lemma 6.1. We have the following diffeomorphisms
(TY )JW*)y,, — C*, E°//W* - UQ)U E*/W?,
and we have
J* =5, + o, ~morita O(TY [JW?),
where J§ ~morita O((TY /[/W*)b,) and J§ ~morita O(TY //W*)b,).
Proof. Let D = D® and E := E®. We give the case-by-case analysis.
e c=1. D¢/7Z(c) = D/W* and E¢/Z(c) = E/W>*.

e c#1.
Case 1: ¢=b:

Db/Z(b) = D = {(t,1): t € C*}. E’={(t,1):t € U(1)}.
Case 2: c=a:
D%/Z(a) = D* = {(t,t) : t € C*}. E°={(t,t):t € U(1)}.
We have J* = Jp_ + Jp, and (see [2, proof of Theorem 3]):
Tb, ~morita O(CX),  Jby ~morita O((C*)?/S2) = O(D*/W?).
It gives
(48) Jo; ~morita O(TY J/W?®)p,, forie {e,0}. O
Lemma 6.2. The flat family is given by
X,:1—7y=0, in Case I;
X, :x—72y =0, in Case 2.

Proof. We will considerate the two cases separately.

Case 1: The curve of reducibility €; = X 5 = 2R is given by

¢ = {¢xu‘1/2®u1/2 VNS \II(FX)} = {(2v/2:1/va) : € C*}.

We write down all the nonunitary quasicharacters (¢1x ® 2),
with 1,12 € U(F*), which obey the reducibility conditions (29):

vy vl Yy ®v, with € U(FX).

We get only one W¥*-orbit of characters.
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Case 2: The curve of reducibility € = X 5 = R is given by
¢, = {wxfm ®pyvl/? 1 € \II(FX)} > {(2/g,2/\/7) : 2 €C*}.

We write down all the nonunitary quasicharacters of T" which obey the
reducibility conditions (23)):
bx @YrTix, Yx @y,  with ¢ € U(FX).
We get only one W¥*-orbit of characters. Indeed,
e the family of characters {¢)x ® Ywx : ¢ € U(F*)}, with the change
of variable ¢ := /2 is {pv=12x @ ¢pv'/2x : ¢ € U(F*)};
e the family of characters {¢)y @ v =1 : ¢ € U(F*)}, with the change
of variable ¢ := ¢Yv =2 is {pv'/?x @ g2y : ¢ € Y(FX)}; by
applying a, we then get {pv~ "2y @ ¢v'/?x : ¢ € W(F*)}. O

Lemma 6.3. The cocharacters are as follows:
b, =1, hp, (1) = (1,771
which leads to

mr(v) = w(hp, (1) - v)
for all v in the b;-component, i € {0, e}.

Proof. We apply Lemma [6.I]l For all v € D®/W* we have
Ja) =il
|7T\/§
If v ¢ €U, we have [if z(v)] =1 = |7r:/%(v)|. On the other hand, for each
v € CU ¢, from Lemma we have
Uifep(v) = liFcp)| =2 = |n 4 (v)], O
due to Lemma [6.21

Lemma 6.4. Part (4) of Theorem is true for the points s = [T, x ® 1]q, with
X ramified nonquadratic and s = [T, x ® x]a, with x ramified neither quadratic nor
cubic.

Proof. The semisimple elements v,o are always related as follows 0 = 7 ﬁ(v).
Let n®: (TV//W?®) — TIrr(J®) be the bijection which is induced by the Morita
equivalences in ([@8)). Then the definition [I3)) of p*: (TV//W*) — Irr(G)* gives:
Vi, ifveTV/we,
pi(w) = Vo vt
Vi, fve(TV/)/Wo)y,.
Now the infinitesimal character of V7 , , is o, therefore the map p° satisfies
inf.ch.op® =m s O
Lemma 6.5. Part (5) of Theorem is true.

Proof. As for the compact extended quotient, this is accounted for as follows: The
compact quotient E/W is sent to the unitary principal series

{I(Wix @ ax) = Y102 € W(FX) /WP

and the other component U(1) to the intermediate unitary series

{Ia(3(vx)) : ¥ € TH(FX)}. U
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7. THE caseE H® = SL(3,C)

We assume in this section that x1 = x2 = x, with x a ramified character of order
3. We have

s=Txe@xle=[Tx"ox e=[Tx®x e=[Tx"exlc
It follows from (28)) that
(49) W* = {e, a, bab, abab, baba, ababa} = Sj.

We have a = s, and bab = s,+3. We observe that the root lattice Za® Z(a+ 3)
equals X (T). It follows that ﬁ//j (as defined in (@) is the extended affine Weyl
group of the p-adic group G; = PGL(3, F).

There are 3 two-sided cells dg, dq, de in ﬁ//j, they are in bijection with the 3
unipotent classes of SL(3, C). The two-sided cell dy corresponds to the trivial unipo-
tent class, d; corresponds to the subregular unipotent class, and d. corresponds to
the regular unipotent one. Hence we have dy < d; < d. and d., d;, dg correspond,
respectively, to the partitions (3), (2,1) and (1,1,1) of 3. We will denote elements
in the three unipotent classes by 1, u1, u. (trivial, subregular, regular). The group
W< admits 3 conjugacy classes: {e}, {a,bab,ababa} and {abab,baba}. We recall
that r = ba.

Definition. We define the following partition of 7V //W*:

(50) TV [jW* = (T J/W*)a, U(T" }/W*)a, U(T" //W*)dy,
where
(TY)/W)a, = (TV)"/2(%),
(TY)JW*)a, = (T")*/Z(a),
TV )/W)a, = TY/W*.
Lemma 7.1. We have
(TY//W#)a, = pt1UptyUpts,
(TY)/W*)a, = C¥,
E*//W* = (pt; Upts Upts) UU(1) L E°/W?*,

and J* ~morita O(TY [/W?), where

Ja.  ~morita O((TY//W#)a,),

Ja, ~morita  O((TY//W*)a,),

O((T [/ W*)ay)-
Proof. We have Zws(a) = {e,a} and Zws(abab) = {e, abab,baba}. Let D := D*
and E := E°. We obtain
D*={(t,t) : teC*} and D ={(t,t7"):teC*}.

Case-by-case analysis.

ed =d., ¢ =abab. X/Zws(c) = {(1,1),(4,5%), (5% 4)} = E°/Zw:(c),
where j is a primitive third root of unity. The points (1,1), (4, 52), (j2,J)
belong to 3 different Zyy s (c)-orbits. Therefore,

DC/ZWs (C) = EC/ZWS (C) = ptl |_|pt2 |_|pt3.

Jdo ~morita
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e d=di,c=a. D¢/Zys(c) = D°=C*.
E€/Zws(c) = E¢={(t,t) : t € U(1)}.

e d=dy, c=1. D/Zyws(c) = D/W?*. E¢/Zw=(c) = E/W*.

We have J® = Jq, + Ja, + Ja, and (see [2, proof of Theorem 4]):
Ja. ~morita C°,  Ja, ~morita O(C*),  Jd, ~morita O(D/W?).
It gives
(51) Ja, ~morita O((T" [/W?)a,), forie {e,1,0}. O
Lemma 7.2. The flat family is given by
X, (@ -ty =0) U (J,7 22 U (G2 7).

Proof. We write down all the quasicharacters of T' which obey the reducibility
conditions ([29)):

Yx @ PPy,
Px @Yy,
PP @9y,
PP I @ Px,
Yx @ Yrty,
6. x ® vy,
We get only one W-orbit of characters. Indeed,
6: the family of characters {¢)x ® Ywx : ¥ € U(F*)}, with the change of
variable ¢ 1= ¢Yv'/? is {pv= 12y @ ¢ /%y 1 p € W(F*)};
5: the family of characters {1y ® Yv~1x : ¢ € W(F*)}, with the change of
variable ¢ := Y~ Y2 is {¢pv'/?x @ ¢~ /2x : ¢ € U(F*)}; by applying a,
we then get {pv =12y @ ¢pv'/ 2y : ¢ € W(F*)};
4: we have baba(y)"2v =1y ® 1) = ¥x ® vy, which belongs to the family of
characters in 6;
3: we have baba (v "2vx ® 1)) = x ® v~ 'y, which belongs to the family of
characters in 5;
2: we have bab(yy ® v 2v=1x) = 1y ® vy, which belongs to the family of
characters in 6;
1: we have bab(1x ® ¥~ 2vy) = ¥x ® ¥v~tx, which belongs to the family of
characters in 5.
The induced representations {I(qbu_l/QX ® ¢U1/2X) NS \II(FX)} are parametri-
zed by {(qu/Q,zq’l/Q) Cz € (CX} = {(z,zq’l) tz € (CX}. O

We set

with ¢ € U(F).

Rl i

va=La7"), yo= 007", vi=0G%a ),
yp = (2,7 '2), where z ¢ {1,7,5°}.
Lemma 7.3. Define, for each two-sided cell d of W, cocharacters hq as follows:
ha, =1, ha,(1) = (1,772) fori=1,e.
Then, for ally € D*/W* we have
) = e )]
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Proof. If y ¢ {ya, Y4, yi» Y}, then we have |[i%-p(y)| =1 = |7T;%(y)| On the other
hand, Lemma gives

Ne —
i) =2 = 75wl

This leads to the following points of length 4:

X®vx, wx®wy, wxew’x, r'x®x, rlwxewy, rlw’xowy,

where w denotes an unramified cubic character of F'*. Since

baba(v'x®x) = x®wx,
baba(v'wx @wy) = wx @ rwy,
baba(v'w?x @ W¥x) = w?x ® vy,

this leads to exactly 3 points in the Bernstein variety Q°(G) which parametrize
representations of length 4, namely

[T, x ®vXla, [T,wx®vwxle, [T,wx®rw’x]e.

The coordinates of these points in the algebraic surface Q°(G) are yo, v, Y.,
respectively.

We will now compute a correcting system of cocharacters. The extended quotient
TV//W* is a disjoint union of 5 irreducible components Z;, Zs, ..., Zs. Our
notation is such that Z; = pty, Zy = pto, Z3 = pt3, Zy ~ A', Z5 =TV /W*.

In the following table, the first column comprises 5 irreducible components X7,
..., X5 of TV for which p°(X;) =2, j=1,...,5. Let [21, 22] denote the image
of (z1,22) via the standard quotient map p°: TV — TV/W?*, so that [z1,22] =
W . (z1,22). When the first column itemizes the pairs (w,t) € TV, the second
column itemizes p®(h;(7)t). The third column itemizes the corresponding correcting
cocharacters.

X1 = ((ab)?,(1,1)) [1,7721] hi(r) = (1,772)
Xa = ((ab)?, (4,5°)) 4, 77257 hao(r) = (1,772)
X3 = ((ab)2> (]27])) [j277_—2j] h3(T) = (177—_2)
Xy ={(a,(2,2)): 2 € C*} {[z,7722] : z € C*} ha(T) = (1,772)
X5 ={(e,(z1,22)) : 21,22 € C*} {[z1,22] : 21,220 € C*} hs(r) =1

It is now clear that cocharacters can assigned to two-sided cells as follows:
he(t) = (1,772) if d = dy,d,, and hq, = 1.

The map 7 5 sends the two distinct points (1/,/g,1/,/q) and (,/g,/q)
in D*/Zws(a), the affine line attached to the cell dy, to the one point y, € D/W?*
since (1,¢71), (g, 1) are in the same W*-orbit: (1,¢7%) Zpapa (g, 1).

We have

T a(Wa) = {p°(e, (L,a™)), p°((ab)?, (1,1)), p(a, (1,1))., p°(a, (g, 9)) } -
It follows that
7 a(a)| = 4 = [iFc p(ya)l.
Similarly we obtain that \W\_/é(y(’lﬂ = \W\_/é(yﬂ =4 = if-gl)| = iS5l
O

Lemma 7.4. Part (4) of Theorem is true for the point
s=[Tx®x]c € B(G2)

when x is a cubic ramified character of F*.
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Proof. The semisimple elements y, o below are always related as follows:

o= aly).

Let n®: (TV//W?®) — TIrr(J®) be the bijection which is induced by the Morita
equivalences in (5I)). Then the definition [I3)) of p*: (TV//W*) — Irr(G)* gives:

Mﬁ(y) _ Vg,l,l , ifye TV/WS;
a1y Hy e (TV/We)ay;
the three isolated points are sent to the elements in the discrete series which have
inertial support s:
ph) = Vi, e #0) = Vi w1 1 0) = Vi, -

Now the infinitesimal character of V2

>.u,p 18 0, therefore the map p° satisfies

inf.ch.op® =m s O
Lemma 7.5. Part (5) of Theorem is true in this case.

Proof. Tt follows from [21I] Prop. 1.1, p. 469] that §(x) (viewed as a representation
of M,) is the unique subrepresentation of I*(v'/?2y ® v=1/2x). So it has inertial
support [T,v'/2x @ v=/2x]ar,. Tt implies that 1,(0,6(x)) has inertial support
[T, 2x @ v™12x]g = [T, x ® X]a = 5.

If we look at Mg, still from [21} Prop. 1.1, p. 469], we see that §(x) (here viewed
as a representation of Mpg) is the unique subrepresentation of I p (u‘l/ 2x®v). Hence
it has inertial support [T,v~'/2y ® v]p,. It follows that I5(0,6(x)) has inertial
support [T, v~ Y2x @ v]g = [T, x ® 1], which is not equal to s, because y ® 1 does
not belong to the W-orbit of x ® x (see also Proposition [5.4]).

Hence the compact extended quotient is accounted for as follows: The compact
quotient E /W is sent to the unitary principal series

{I(1x @ Yax : Y1, 92 € U(FX)}/ W2,
the component U(1) to the intermediate unitary series
{1a(0,8(¢x)) v € TH(FX)},

and the 3 isolated points pti, pto, ptz are sent to the 3 elements in the discrete
series

m(x) CI(vx®x), w(wyx)CI(vwx ®wy), W(wzx) C I(I/wQX ® w2x). O

8. THE cASE H® = SO(4,C)

We assume in this section that x1 = x2 = x with x a ramified quadratic char-
acter. It follows from (B3I that

s=[Tx®xle¢=[Tx®1]¢=[T1®x]c.
From (2]), we get
(52) w* = {e, a,babab,bababa} = {e7a,7“3,ar3}
= (Sa,S3a+28) = Z/2Z x L/27Z.
We recall that Q° C X (T') denotes the root lattice of ®*. We have
(53) Q° = Za ® Z(30 + 2B).
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Hence, Q* is strictly contained in X (7'), see (26). This shows that the group H® is
not simply connected. Setting V' := Q° ®z Q, we define the weight lattice P*, as
in [8, Chap. VI, 1.9], by
P i={zeV  :<z,y>€Z, VyecdV}.
We have 1 1
P = iZa ® §Z(3a +25).

Hence, X (7)) is strictly contained in P°. This shows that the H* is not of adjoint
type. Now, let Xy denote the subgroup of X (7T") orthogonal to ®*V. We see that
Xo = {0}. This means that the group H* is semisimple. Hence, H® is isomorphic
to SO(4,C). The group SO(4,C) is isomorphic to the quotient group (SL(2,C) x
SL(2,C))/(-1, —I), where I is the identity in SL(2,C).

The group H® admits 4 unipotent classes eg, €1, €|, e.. The closure order on
unipotent classes is the following:

We have
JE=JS, DI DI DI
Definition. We define the following partition of TV //W*:
(54)  TY)WE = (T )W )e, U(TY /W 2)e, U(TY /W *)ey U(T J/W*)ey,

where

(TV[/W*)e, = ptiUpts,
(TV)/W®)e, = (TV)*/Z(a) = AL,
(T [IW)er = (TV)*" /Z(ar®) = AL,
(TV//WE)EO = TV/WUpt*,

with ptq := (1,1), pto := (—1,—1) and pt, := (1, —1) ~ws (—1,1).

Note. By contrast to the definitions in the previous cases, the above definition does
not correspond to a partition of the conjugacy classes in W indexed by unipotent
classes in GV. Indeed, we get the following correspondence between conjugacy
classes in W and unipotent classes in G'V:

(a) corresponds to the unipotent class in GV corresponding to eq,

(ar3) corresponds to the unipotent class in GV corresponding to e/,

(e) corresponds to the class in GV corresponding to ey,

(r®) corresponds to both the unipotent class in GV corresponding to e,
and the unipotent class in GV corresponding to eq.

Lemma 8.1. We have
TV//W* = (pt; Upty) WA UAT U (TY/W* Upt,),
E°[/W* = (pt; Upt:) UTUTU (E*/W?® U pt,).
Moreover, we have a ring isomorphism

C[T"/W#] ~ C[X, Y],
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where C[X, Y]y denotes the coordinate ring of the quotient of A® by the action of
Z/2Z which reverses each vector.

We have J* =< O(TV //W*), where

J:E ~morita O((Tv//Ws)ee)v ng “~morita O((Tv//Ws)el)>
Jer ~morita O((TY [/W*)ey), J&, < OTY //W*)ey)-

Proof. 1. Extended quotient: Let D = D* =2 T"V. We give the case-by-case analysis.
e c=e. D/Z(c)=D/W*.
e c=a. D°={(t,t):t € C*}.

D¢/Z(c) = {{(t,t), ", t7H)}:t e C*} = AL

® C = 7"3. D¢ = {(Ll)v(1a_1)7(_171)a(_17_1)}' Therefore, DC/Z(C) =
ptl Uptg I_Ipt*.
e c=ard. D= {(t,t7'):te C*}

D¢/7(c) = {{(t,t7)), (t7 )} : t e C*} = AL

Let M[u] := C[u,u"!] denote the Z/2Z-graded algebra of Laurent polynomials
in one indeterminate u. Let a denote the generator of Z/2Z. The group Z/2Z acts
as automorphism of M[u], with a(u) = u~!. We define

Llu] :== {P € M[u] : a(P) = P}

as the algebra of balanced Laurent polynomials in w.
Let TV be the maximal torus of SL(2,C) x SL(2,C). Then the coordinate ring
C[TV /W?*] is L[u] ® L[v]. The map

(u+1/u,v+1/v) = (X,Y)

sends C[TV/W*] to C[X,Y] (the polynomial algebra in two indeterminates X, Y),
a ring isomorphism.

Recall that TV is the standard maximal torus in H® = (SL(2,C) x
SL(2,C))/(—1I,—1I). Hence it follows that C[T"V/W?*] is the ring of balanced poly-
nomials in u, v which are fixed under (u,v) — (—u,—v). These polynomials cor-
respond to those polynomials in X, Y which are fixed under (X,Y) — (=X, -Y).
Therefore, we have a ring isomorphism C[TV/W*] ~ C[X,Y]y.

2. Compact extended quotient:

E°/WeululUptUptUpt=E®//W*.

The group W; (see @) is the extended affine Weyl group of the p-adic group
(SL(2, F') x SL(2, F))/(—1I,—I), which admits H*® as Langlands dual.

3. Extended affine Weyl group:

We will describe the group W2. Let X be the cocharacter group of a maximal
torus of PGL(2, F) x PGL(2, F), and let W? := W* x X. Then ,V[v/j is a subgroup
of W§.

Let W5 be the extended affine Weyl group corresponding to PGL(2, F'), that
is, Wy = Z/27Z x Xo, where X is the cocharacter group of a maximal torus of
PGL(2, F) and Z/2Z = {e,a}. Let t # a be the other simple reflection in Ws. In
Wy there exists a unique element g of order 2 such that gag = t. It is known that
the length of g is 0. Let W3 be a copy of Wa. The simple reflections in W4 will be
denoted by a’ = ar3, t' correspondingly. Denote by ¢’ the element corresponding
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to g, then (¢)? = e and g'a’g’ = t'. Then W7 = Wy x W3 and W2 is the subgroup
of W£ generated by g¢’, a, t, a’, t'.

4. Asymptotic Hecke algebra: Since ,V[v/j is a subgroup of W2, its based ring of
W; can be described as a subring of the based ring of the latter.

e From the above description, we see that the two-sided cell e, of W; consists
of e and gg’ and that its based ring is isomorphic to the group algebra of Z/27. Tt
follows that Je_ is Morita equivalent to C @ C. Hence we have

(55) Js. ~morita O((TY [/W*)e, )

€e

e Let Uy be the subgroup of ,V[v/j generated by g¢’, a, t, then the map which
sends gg’ to g, a to a, t to ¢ defines an isomorphism from Us to Ws. Thus e; is the
lowest two-sided cell of Us, which equals Us — {e, gg'}. Therefore, the based ring
of e; is isomorphic to My (R), where R denotes the representation ring of SL(2, C).
Hence the based ring of e is clearly Morita equivalent to R, but R is isomorphic
to the polynomial ring Z[u] in one variable. It follows that Je, is Morita equivalent
to Clu], where w is an indeterminate. From the first part of the lemma, we get that

(56) ng “~morita O((T\///Ws)el)'

e Similarly, let Uj be the subgroup of ,V[v/j generated by gg¢’, a’, t, then the map
which sends gg’ to g, a’ to a, t’ to t defines an isomorphism from U to Ws. Thus
e is the lowest two-sided cell of U}, which equals U} — {e, gg’}. So the based ring
of €} is isomorphic to My(R), which is also Morita equivalent to the polynomial
ring Z[v] in one variable. From the first part of the lemma, we obtain that

(57) ngl ~~morita O((TV//WS)GQ)

e Let = denote the fundamental cocharacter of X5 and write the operation in X5
by multiplication. For the fundamental cocharacter x, we still use x if it is regarded
as an element in W5 and denote it by 2’ if it is regarded as an element in W3. Let
a be the nonunit element of Z/2Z. For the element a, we still use a if it is regarded
as an element in W5 and denote it by o’ if it is regarded as an element in W4. In
this way W; is the subgroup of W7 which consists of the elements (a™x%)(az'7)
with m + n even and i,j € {0,1}.

The lowest two-sided cell ey of W; consists of the 16 elements which are listed
in the first column of Table[2 (Removing the restriction on m + n, these elements
form the lowest two-sided cell &y of W?).

Let V(¢) be the irreducible representation of SLy(C) of highest weight ¢ and let
Vi;(£) be the element in Ma(R) whose (7, ) entry is V(¢) and other entries are 0.
Then it follows from [28, Theorem 1.10 and its proof in §4.4] that the based ring
of &g is isomorphic to Ma(R) ® M3(R), and that the element in Ma(R) ® Ma(R),
denoted by V,,, corresponding to t,,, for w € eg, is given by Table

Then the based ring of ey is isomorphic to the subring of Ma2(R) ®z Ma(R)
spanned by the elements (7;;V (m;;)) ® (74,V (ng)), with condition m;; + ng + 1 +
j +k+1is even, where all 7;; and 7}, are integers. Hence, Je, is isomorphic to the
subring of Ms(C[X]) ®c M2(C[Y]) spanned by the elements (7;;2™%) ® (71,2"*),
with condition m;; + ng +4+ j + k + [ is even, where all ;; and T,gl are integers.

The above parity condition is: m;;+bg;+i+j+k+1 even. For example, my1+n11
is even, mas + nq1 is even, mqs + nqy is odd, meoy 4+ nqy is odd, mqs 4+ nio is even,
ma1 + 21 IS even, maos + nogy is even; so we are allowed monomials of even degree
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TABLE 2. The map w — V.

w € €y Ve
(az™)(a’z'™), m,n >0, m + n even Vii(m) ® Vii(n)
(az™)(z'™), m > 0,n > 1, m+n even Vii(m) @ Var(n — 1)
(az™)(d’z™), m >0, n <=2, m+neven |Vi1(m)® Vas(—n —2)
(az™)(z'™), m >0, n < —1, m + n even Vii(m) ® Vig(—n — 1)
(2™)(a’2™), m >1,n >0, m+n even Var(m — 1) ® V11(n)
(™)(x™), m>1,n>1, m+n even Vor(m — 1) @ Var(n — 1)
(™) (a’2™), m>1,n < —2, m+n even Var(m — 1) ® Vag(—n — 2)
(™)(x™), m>1,n< -1, m+n even Vor(m — 1) ® Via(—n — 1)
(az™)(a’z’™), m < =2, n >0, m+neven | Vo(—m—2)® Vi1(n)
(az™)(z™), m < =2, n>1, m+n even Vag(—m — 2) @ Var(n — 1)
(az™)(a’z'™), m < =2, n < =2, m+n even | Vag(—m — 2) ® Vaa(—n — 2)
(az™)(z™), m<-2,n< —-1,m+neven |Va(—m—2)®Via(—n—1)
(™)(a'z"™), m < =1, n >0, m +n even Via(—m — 1) ® Vi1(n)
(z™)(z™), m < -1, n>1, m+n even Via(—m —1) ® Vai(n — 1)
(™) (@'2™), m< —-1,n< =2, m+neven | Vig(—m—1)® Vas(—n — 2)
(z™)(2'™), m < -1, n < —1, m+n even Via(—m — 1) @ Via(—n — 1)

on the diagonals of both matrices, monomials of odd degree on the off-diagonals of
both matrices OR the same thing with reversed parity. Taking the span, we realize
all even polynomials on the diagonal, all odd polynomials on the off-diagonal in
both matrices OR the same thing with reversed parity.

In other words, the ring M2 (C[X]) is Zq-graded:

— (M2(C[X]))o: = even polynomials on the diagonal, odd polynomials on
the off-diagonal,;

— (M2(C[X]))1: = odd polynomials on the diagonal, even polynomials on
the off-diagonal.

Consider the Zj-graded tensor product B[X,Y] := Ma(C[X]) ®c M2(C[Y]). Then
Je, is isomorphic to the even part B[X, Y], of B[X,Y].

Give C[X,Y] a Zy-grading by the convention that a monomial X™Y™ is even
(odd) according to the parity of m + n. Form the algebra My (C[X,Y]). Give this
a Zo-grading by saying that the even (resp. odd) elements are those which have a
2 X 2-block in the upper left corner consisting of even (resp. odd) polynomials, a
2 x 2-block in the lower right corner consisting of even (resp. odd) polynomials, a
2 x 2-block in the lower left corner consisting of odd (resp. even) polynomials, a
2 x 2-block in the upper right corner consisting of odd (resp. even) polynomials.

Then the even part of Ma(C[X]) ® Ma(C[Y]) is isomorphic to the even part of
M4 (C[X,Y)); i.e., as Zy-graded algebras Mz (C[X]) @ M2(C[Y]) and M4(C[X,Y])
are isomorphic.

Let M4 (C[X,Y])o consist of all 4 x 4 matrices with entries in C[X, Y] such that:
the upper left 2 x 2 block and the lower right 2 x 2 block are 2 x 2 matrices with
entries in C[X,Y]o and the lower left 2 x 2 block and the upper right 2 x 2 block
are 2 x 2 matrices with entries in C[X,Y];. Let P(X,Y) = (P ;(X,Y))1<ij<a be
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an element of My (C[X,Y]). We write P(X,Y) as a 2 x 2 block matrix as

) _(P(X,Y)11 P(X, V),
P(X)Y) = <P(X, Y)an P(X,Y)2,2>

where P(X,Y);; € Ma(C[X,Y]), for i,j € {1,2}. Hence the matrix P(X,Y) is in
M4 (C[X,Y])o if and only if we have, for i,j € {1, 2},

p(X, Y)Z,Z S MQ((C[X’ Y]O) and 15()(7 Y)i,j S MQ((C[X, Y]l) if ¢ ;é 7.

If (2, 2’) is a pair of complex numbers, then evaluation at (z, 2’) gives an algebra
homomorphism

€V(z,z2)" 1\/[4£(C[)(7 Y])O _—> M4((C)
P(X,Y)— P(z,2).

The algebra homomorphism ev(. .. is surjective except when (z,b) = (0,0). In the
case (z,2') = (0,0) the image of ev(; . is the subalgebra of My(C) consisting of
all 4 x 4 matrices of complex numbers such that the lower left 2 x 2 block and the
upper right 2 x 2 block are zero; i.e., the image is Ms(C) @ My (C) embedded in
the usual way in My(C). So, except for (z,2’) = (0,0) we have a simple module,
say M. .,y. When (z,2) = (0,0) we have a module which is the direct sum of two
simple modules that we denote by M(o 0) and M(o 0)-
Since we have

L 0 P(z,2) L 0\ _ 13_(272'/)1,1 _P(ZVIZI)I,Q
0 —12 0 —12 —P(Z,Z b)2’1 P(Z,Z )2’2
<E’(—Z,—2/)1,1 P(—z,—z’)1,2>

P(—Z, _Z/)Q,l P(—Z7 —2/)2)2

the matrix (102 7012) conjugates the simple modules M, .,y and M(_, _ ...

On the other hand, let (21, z]) be a pair of complex numbers such that (z1,2]) ¢
{(#,2),(=z,—2")}. Then there exists an even polynomial Q(X,Y) such that
Q1. %) # Q(z 7). Indeed,

o if 21 ¢ {z,—2}, we can take Q(X, ) X2
o if z; = z, we can take Q(X, Y): Y (sin cethenzl;& N,
o if 21 = —z, we can take Q(X,Y) = XY (since then z] # —2').

Consider the matrix

QX,Y) 0 0 0
= 0 0 0 O
0 0 0 0

We have ev(, . (Q(X,Y)) # eV(zlyle)(Q(X, Y)). Tt follows that the simple modules
M. .y and M(;, .ry are not isomorphic.
Let A =M4(C[X,Y]) and let I := {1,e}, where e: A — A is defined by

] _( P(=X,-Y)1 —P(-X,-Y);
e(P(X,Y)) = <_p(_X, —Y);l P(-X, _Y)2;>'

From Lemma [5.6] we know that the unital C-algebras Al and (A x T')er(A4 x T)
are Morita equivalent. Here er = (1 +¢).
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~ We embed A into the crossed product algebra A x I' by sending P(X,Y) to
P(X,Y)[1]. For 1 <i,j <4, let E; ; € A be the matrix with entry (¢, j) equal to 1
and all the other entries equal to 0. We have

E371([1] + [5]) = E371[1] + E371[€] and ([1] + [E])E&l = E371[1] — E371[E}.

We get

Bsa1] = (3 E5.0)([1] + ) + (1) + (D5 Bs0)
it follows that E31[1] belongs to the two-sided ideal ([1] + [¢]).
Since F;1[1] = E; 3(E3.1[1]), we get that E;1[1] € ([1] + [¢]) for each ¢. Since
E; ;[1] = (E; 1[1])E4 5, then we get that E; ;[1] € ([1] + [¢]) for any ¢, j. Hence, we

have proved that
(AxT)er(AxT)=AxT.
It follows that the unital C-algebras A" and A x I' are Morita equivalent.

Thus we have proved that for My(C[X,Y])g = A" the M. . with (2, 2’) # (0,0),
and M(0 0y M(/(/),O) are (up to isomorphism) all the simple modules and that they
are distinct except that M, .y and M(_ ./ are isomorphic.

Let J be the ideal in My(C[X,Y])o which (by definition) is the pre-image with
respect to ev(g gy of Ma(C) @ {0}. Then ev(, ./ surjects J onto My(C) except at
(2,2") = (0,0), and ev(g g surjects J onto Ma(C) © {0}. In C[X,Y]o @ C let Z be
the ideal C[X,Y]o ¢ {0}. Consider the two filtrations

{0} € J C My(C[X,Y])o,
{0} cZcCX,Y]p®C.
Let dp be the algebra homomorphism

(502 C[X,Y}o@(c —)M4((C[X,Y])0,
P(X,Y) 0 0 0
0 0 0 O
(P(Xv Y)?’z) = O 0 z 0 I
0 0 0 O

where the complex number z is viewed as an even polynomial of degree zero.

We view the ideal J as an algebra. We recall that k¥ = C[X,Y]o. Then k is
a unital finitely generated free commutative algebra. Hence, k is the coordinate
algebra of an affine variety, the variety C2/(z, 2’) ~ (—z, —2'), thus k is noetherian.
It follows that B := M4(C[X,Y]o) is a k-algebra of finite type. This implies that
J is a k-algebra of finite type. Therefore, any simple J-module, as a vector space
over C, is finitely dimensional.

Hence any simple J-module gives a surjection

J — Mn((C),

and, by using Lemma [5.7, extends uniquely to a simple B-module.

It follows that dq is spectrum preserving with respect to these filtrations.

This proves that J3 is geometrically equivalent to C[X,Y]o @ C. This is the
coordinate ring of the extended quotient (A?)//(Z/27), see the first part of the
lemma. Hence we have

(58) Joy =< OUTY [/W?)e,)- O
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Note. When the complex reductive group is simply-connected, we show in [2, The-
orem 4] that we have
Jey X O(TY /W)

where cg is the lowest two-sided cell. This geometrical equivalence is a Morita equiv-
alence. This result depends on results of Lusztig and Xi. The above phenomenon,
namely

Js, < orY/we) e C
where e is the lowest two-sided cell, is a consequence of the fact that H® is not
simply-connected. This geometrical equivalence is not a Morita equivalence, nor
is it spectrum-preserving. It is spectrum-preserving with respect to a filtration of
length 2.

The algebraic variety (T //W*)e, has two irreducible components, the primitive
ideal space of J3  does not. Hence the bijection x* is not a homeomorphism. This
implies, in particular, by using [4, Theorem 2], that there cannot exist a spectrum
preserving morphism from (T //W#)e, to Jg, .

Lemma 8.2. The flat family is given by
Xoi (o -7y (1—r2y) =0 U {(1,-D}

Proof. We now write down all the nonunitary quasicharacters of T" which obey
the reducibility conditions (29)):

DI @Yvx, Yx @Y, Yx @YrTix, Yx @yry, with ¢ € U(FX).
Note that
e the last two characters are in one W-orbit, namely
{ox@yvx € W(F)}
which, with the same change of variable is
{ov 1 2x @ gv'Px s € W(F)).
Since
babab(v /2y @ ov!/2x) = 67 v Ay @ gl Ay,
the induced representations
{I(gr™'2x @ gv'/2x) 6 € W(FX)}

are parametrized by an algebraic curve ;. A point on €; has coordinates

the unordered pair {z,/q, 2/,/q}-
e the first two characters are in another W-orbit, namely

(v x @ yvx e U(FX)}
which with the change of variable ¢ := 1v'/? is
{072y @ ¢!/ 2x 1 ¢ € U(FX)}.
Since
a(¢~ v @ ovPx) = v Px @ o7 X

the induced representations

{17V Px @ dv'/?x) : ¢ € U(F¥)}
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are parametrized by the algebraic curve (C*)/Z/2Z. We shall refer to
this curve as €¢{. A point on ¢} has coordinates the unordered pair
{2*1/\/6, z/\/q} with z € C*.
The coordinate ring of €; or €] is the ring of balanced Laurent polynomials in
one indeterminate . The map ¢t 4+ ¢~ — x then secures an isomorphism

Clt, t~1)4/?% ~ C[a]

and so

the affine line.
The algebraic curves €; and @} intersect in two points, namely

Zq = X® vx = (17(]_1), Ze &= €X®V6X = (_1’ _q_l)'

According to the next paragraph, these are the points of length 4 and multiplicity
1.
On the other hand, we note that

I(ex®x) i=Indfy(ex@x) =7t @n
by [14, Go Theorem], since x, ex are distinct characters of order 2. d
We define z, and z4 as
2= v P v Pex = (271 Va, 2/ V),
24 = v V2 @Y% = (24/q, 2/ /7).
Lemma 8.3. Define, for each two-sided cell e of Wj, cocharacters he as follows:
ho(t) = (1,772) ife=e. e, e}, andhe, =1,

and define m(x) = w(he(r) - ) for all x in the e-component. Then, for all t €
TV /W* we have

740 = e p (D)
Proof. We observe that
Iy~ x @ v Pex) = I(aba(v' 2~ x @ v Pex)) = I(v ™ Px @ v).

Then Lemma gives:

iFcpt) =2 ift=2, 2,

\ich(t)\ =4 ift=2z,, 2.
This leads to the following points of length 4:

X vy, €x R rex, I/_IX X X, I/_16X & €ex.

Since

babab(v~'x ® x) = x ® VX,

babab(v™'ex ® ex) = ex ® vey,

this leads to exactly 2 points in the Bernstein variety Q°(G) which parametrize
representations of length 4, namely [T, x®vx|¢ and [T, ex®vex]a. The coordinates
of these points in the algebraic surface Q°(G) are (1,¢7 ') and (=1, —¢~1).

We will now compute a correcting system of cocharacters (see the paragraph after
Theorem 1.5). The extended quotient TV //W* is a disjoint union of 6 irreducible
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components Z1, Zs, ..., Zg. Our notation is such that Z; = pti, Zy = pta, Z3 ~ AL,
Z4 >~ Al, Z5 = pt*7 Zﬁ = TV/WE.

In the following table, the first column comprises 6 irreducible components
X1,...,Xg of TV for which p'(X;) = Z;j, j = 1,...,6. Let [21, 22] denote the im-
age of (21, 22) via the standard quotient map p': TV — TV /W?*, so that [zq, 20] =
W . (21, 22). When the first column itemizes the pairs (w,t) € TV, the second col-
umn itemizes p°(h;(7)t). The third column itemizes the corresponding correcting
cocharacters.

Xy = (r*(1,1)) (1,777 ha(r) = (1,772)
Xo = (7‘3, (_17 _1)) [_17 _T_z] (T) (177— 2)
X5 ={(a,(z,2)): 2 € C*} [z, 7722] hs(t) = (1,772)
Xy={(ar®,(z,271)) : 2 € C*}  [2,7722] ha(T) = (1,772)
X5 = (% (1,-1)) [1,-1] hs(t) =1
X6 { e, (21,22)) 21,%9 € (CX} {[21,22] 21,%9 € (CX} hg(’]’) 1

It is now clear that cocharacters can be assigned to two-sided cells as follows:
he(T) = (1,772) if e = e, €1, €], and he, = 1.
We have, for instance,

o) = {p"(e,(1,a™), p°(r*, (1, 1)), p%(a, (1,1)), p(ar®, (1,1)) },
vi(ze) = {p" (e, (=1,=q71)), p°(r*, (=1, -1)), p°(a, (=1, 1)), p°(ar®, (=1, -1)) } .
We have
\77 (t)| =2 ift=z,zq
|7rﬁ(t)| =4 ift=2z4, 2.
Finally, we define z, := ex ® x = (—1,1). Then we have
(z) = {p°(e, (=1,1)),p°("", (=1, 1)) } .
Hence
|7 g (2] = lifcp(2:)]. O
Lemma 8.4. Part (4) of Theorem 1s true for the point
s=[T,x®x]a € B(G2)
where x s a ramified quadratic character of F*.

Proof. This proof requires a detailed analysis of the associated K L-parameters. We
recall (see the beginning of Section B]) that

H® = SL(2,C) x SL(2,C)/(~1, —1).

We recall also the beginning of Section B that the group H*® admits 4 unipotent
classes eg, e1, e}, eg. We have the corresponding decomposition of the asymptotic
algebra into ideals:

JP=J @5 @I @ J5,
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We will write

SL(2,C) x SL(2,C) — H*®, (z,y)+— [z,v],

|7 0 x
ST'_{O 7_1}, for € C~,

111
wi=1g |
Recall that TV is the standard maximal torus in H®. We will write

[$7,8./] €TY.

The group W* is generated by the element which exchanges 7 and 77!, and the
clement which exchanges 7/ and 7/~ .
We will now consider separately the 4 unipotent classes in H®.

8.0.3. Case 1. We consider
S:=[sygsygel’, U:=luuleH".
These form a semisimple-unipotent pair, i.e.,
SUS~t=u".

We note that the component group of the simultaneous centralizer of S and U

is given by
Z(S,U) = Z([s sq, 5 yq)s u, u]) = {[L 1], [I, -1]} = Z/2Z.
We also have
2[5 yzr5—yal, [, u]) = {11, [ -1} = Z/22.
In each case, the associated variety of Borel subgroups is a point, namely [b, b]

where b is the standard Borel subgroup of SL(2,C). The K L-parameters are given
by

([sﬁ78\/§]7[u7u]71)7 ([s\/(_]78—\/§]7[u7u]71)‘
These two K L-parameters correspond to the ideal J§_in J*, for which we have
Jo, xCoC.

This is not an L-packet in the principal series of H*.

8.0.4. Case 2. For each 7 € C*, we have
Z([s /g 57, [w,1]) = Z/2Z.

The associated variety of Borel subgroups comprises two points, namely [b,b] and
[b, b°] where b° is the opposite Borel subgroup, i.e., the lower-triangular matrices in
SL(2,C). The component group Z/27 acts on the homology of the two points as
the trivial 2-dimensional representation. The K L-parameters in this case are given
by

([sgs 871, [w, 1], 1).
These parameters correspond to the ideal Jg of J*:

J& < O(A").
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8.0.5. Case 8. We also have the K L-parameters

([S‘H S\/(_I]v [Ivu]> 1)

with 7 € C*. These parameters correspond to the ideal J;‘,l of J*:

J5 =< O(AY).

€
8.0.6. Case 4. We need to consider the component group of the semisimple-unipo-
tent pair
([37’7 ST’]a [Iv I])
The component group of this semisimple-unipotent pair is trivial unless 7 = 7/ = i,
where i = /=1 denotes a square root of 1. In that case we have
Z([Si, Si], [I, I]) = Z/QZ.
The associated variety of Borel subgroups of H® comprises 4 points:
[b,b], [b°,0°], [b,0°], [b° ).

The generator of the component group Z/2Z switches b and b°. The 4 points span
a vector space of dimension 4 on which Z/2Z acts by switching basis elements as
follows:

[b,b] — [b°,b°], [b, b°] — [b°,0].
Therefore, Z /27 acts as the direct sum of two copies of the regular representation
1 @ sgn of Z/27.
We recall that the equivalence relation among the K L-parameters for H® is
conjugacy in H®. The K L-parameters in this case are

([STvsT/]ﬂ [LI];]-)
with 7,7/ € C*, and
([Si,Si], [Ia I],Sgl’l).

This corresponds to the ideal Jg, C J* for which we have shown in equation (58]
that

Jg, < o(TY/w*) o C.
There is an L-packet in the principal series of H® with the following K L-
parameters:

([si, s, (LI, 1), ([si, i), [11], sgn).

The representations indexed by these K L-parameters are tempered. The corre-
sponding representations of G itself still belong to an L-packet (see the end of
Subsection [2.3)). These are the representations denoted 7% and 7~ in the proof of
Lemma

Throughout §8 we have been using the ring isomorphism

CIX,Y]o = C[TY /W]
induced by the map ¢: TV — A2 defined by
C((21,22)) == (21 + 27 Y, 20 + 25 1),

Note that this isomorphism sends (i,i) to (0,0) € A%. This is the unique point in
the affine space A? which is fixed under the map (z,y) — (—z, —y).
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Consider the map

Mz,z’ — V[i‘((z)asg(z/)]v[UvULl’ lf (Z7 Zl) 7£ (05 0)7
{M6,07 M(/)/,O} = {Vﬁsi,si],[l,l],l’ Vﬁsi,si],[l,l],sgnh

from the set of simple J¢-modules to the subset of Irr(G)*® such that [U, U] corre-
sponds to the two-sided cell e. This map induces a bijection which corresponds, at
the level of modules of the Hecke algebra, to the bijection induced by the Lusztig
map ¢g4, by the uniqueness property of ¢,. ([

Lemma 8.5. Part (5) of Theorem is true in this case.

Proof. We start with the list of all those tempered representations of Go which
admit inertial support s (see Proposition [54):

I(P1x @ h2x) U 16 (0,0(px)) Um(x) Um(ex) U I(0,0(dx))

where
,(/}1 = Z\lzalp, '@ZJZ = Z;alp7 w = Zvalp7 ng = wvalp

are unramified characters of F*, and

m(x) CIvx @ x), m(ex) C I(vex @ ex)
are the elements in the discrete series described in [2I} Prop. 4.1].
We recall from Lemma 8] that
E°//W?* = (E°/W* Upt,) UIU (pt; Upty) UL
Then the restriction of u® to Irr®(G)" is as follows:
W= (21, 22) = I(1x1 @ Yax2),

unless z; = —1, 2z = 1, in which case
W (=1, ) Upty —» 1" @7,
pt1 Upts = w(x) U m(ex).

We note that (¢x)" = ¢~ 'x, so that I,(0,5(¢x)) = 1,(0,5(y"'x)) by [21], where
v = «, 3. Finally,

2+ 1,(0,0(¥x)) and w— I5(0,0(dx)). O
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