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ON TYPICAL REPRESENTATIONS FOR DEPTH-ZERO
COMPONENTS OF SPLIT CLASSICAL GROUPS

SANTOSH NADIMPALLI AND AMIYA KUMAR MONDAL

ABSTRACT. Let G be a split classical group over a non-Archimedean local field
F with the cardinality of the residue field gr > 5. Let M be the group of F-
points of a Levi factor of a proper F-parabolic subgroup of G. Let [M, onr]ar
be an inertial class such that ops contains a depth-zero Moy—Prasad type of
the form (K, 7ar), where Ky is a hyperspecial maximal compact subgroup
of M. Let K be a hyperspecial maximal compact subgroup of G(F') such that
K contains Kjs. In this article, we classify s-typical representations of K. In
particular, we show that the s-typical representations of K are precisely the
irreducible subrepresentations of indf]{ A, where (J,\) is a level-zero G-cover
of (KﬂM,T}yj).

1. INTRODUCTION

Let F' be a non-Archimedean local field with ring of integers or. Let pr be the
maximal ideal of or. Let kg be the residue field of or, and we assume that kg has
cardinality g > 5. Let G be any reductive algebraic group over F, and let G be
the group of F-rational points of G. Let K be any maximal compact subgroup of
G. All representations in this article are defined over complex vector spaces.

Let (M, o) be a pair consisting of a Levi factor M of an F-parabolic subgroup
of G, and a cuspidal representation oj; of M. Recall that two such pairs (M7, o, )
and (M, opy,) are called inertially equivalent if there exists an element g € G such
that

M, = gMyg~" and oy, ~ 0";\]/[2 ® X,
where x is an unramified character of M;. Equivalence classes for this relation are
called inertial classes. The inertial class containing the pair (M, o) is denoted by
[M,ona (or by [M, o] if G is clear from the context). The set of inertial classes
of G is denoted by B(G). An inertial class of the form [G, o]¢ is called a cuspidal
inertial class of G.

Let R(G) be the category of smooth representations of G. Let s = [M,oum]c
be an inertial class of G, and let R4(G) be the full subcategory of R(G) consisting
of smooth G-representations whose irreducible subquotients occur as subquotients
of i%(oar ® X), where P is an F-parabolic subgroup such that M is a Levi factor
of P and x is an unramified character of M. Here, the functor i% denotes the
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normalised parabolic induction. Bernstein in the article [Ber84] showed that the
category R(G) can be decomposed as

R(G) = [] R:(G).

seB(G)

The category R¢(G) is indecomposable. In particular, every smooth representation
of G can be written as a direct sum of subrepresentations which belong to R4(G).
The category Rs(G) is called the Bernstein component associated to s.

Based on extensive examples for GL,,, SL,,, it turns out that for a given indecom-
posable block Rs(G), there is a natural set of irreducible smooth representations of
K called s-typical representations: if an s-typical representation of K occurs in an
irreducible smooth representation 7 of G, then 7 belongs to Rs(G). In this article,
when K is hyperspecial, we classify s-typical representations of K for depth-zero
inertial classes s of split classical groups. We refer to the articles [BM02], [Pas05],
[Nad19], [Nad17], [Latl7], and [Latl8] for some earlier works. We will now try to
make this notation precise and describe our main theorem.

The theory of types, developed by Bushnell-Kutzko, describes the category
Rs(G) in terms of modules over Hecke algebras. We refer to [BK98] for a sys-
tematic treatment. In particular, the formalism aims to construct a pair (Js, As)
consisting of a compact open subgroup Js; of G and an irreducible smooth repre-
sentation A of J; such that, for any irreducible smooth representation 7 of G,

(1) Hom , (As, m) # 0 if and only if 7 € R4(G).
Such a pair (Js, As) is called a type for s or an s-type.
A type (Js, As), for an inertial class s = [M,op]q, is generally constructed

in two steps. First, a type (Ji, A() is constructed for the cuspidal inertial class
t = [M, op]p. For the inertial class [M,op]a, a type (Js, As) is then constructed
as a G-cover of (Ji, A¢), in the sense of [BK98, Section 8]. In particular, for any
F-parabolic subgroup P of G such that M is a Levi factor of P, a G-cover (Js, Aq)
has Iwahori decomposition with respect to the pair (P, M), i.e., J; N M is equal to
Jb
resj,nM As = Ag,

and the groups J, NU and J, N U are both contained in the kernel of \,. Here U is
the unipotent radical of P, and U is the unipotent radical of the opposite parabolic
subgroup of P with respect to M.

Types (Js, As) are now constructed for many classes of reductive groups G.
There are several constructions leading to different pairs (Js, As) as types for s.
These types contain important arithmetic information. For GL,, (F), Bushnell and
Kutzko [BK93a] constructed a set of types, which they called mazimal types, for
any cuspidal component. Later in the article [BK99], they constructed explicit
G-covers for these maximal types. For SL,(F), similar constructions are due to
Bushnell-Kutzko and Goldberg-Roche (see [BK93b], [BK94], [GR02] and [GRO5]),
for inner forms of GL,, by Sécherre and Stevens (see [SS08] and [SS12]), for Sp,(F')
by Blasco and Blondel in [BB99] and [BB02]. Types for inertial classes of the form
[T, x], where T is a maximal split torus, are constructed by Roche [Roc98]. For
an arbitrary connected reductive group and depth-zero components, types are con-
structed by Morris, and Moy and Prasad in [Mor99] and [MP96]; respectively. For
classical groups (with p odd), these construction are due to Stevens [Ste08], and by
Miyauchi and Stevens [MS14].
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Let K be a maximal compact subgroup of GG, and let s be an inertial class of G.
An irreducible smooth representation 7 of K is called s-typical if every irreducible
smooth representation 7 of G such that Homg (7,7) # 0 is in R4(G). This notion
weakens that of an s-type introduced by Bushnell and Kutzko: 7 is an s-type if
it is s-typical and Homg (7, 7) # 0, for all irreducible smooth representations 7 in
Rs(G). An irreducible smooth representation 7 of K is called atypical if 7 is not
an s-typical representation for any s € B(G). Let (Js, As) be an s-type such that
Js € K. Then Frobenius reciprocity shows that any irreducible subrepresentation
of

(2) indJKS Ts

is s-typical. In general, the representation (2)) is not irreducible, and hence, the
isomorphism classes of s-typical representations of K are not necessarily unique. In
the interest of arithmetic applications, it is important to understand the existence
and classification of s-typical representations of K.

The representation theory of maximal compact subgroups of p-adic groups is
quite involved. For example, a parametrisation of all irreducible smooth represen-
tations for K = GL,(oF) is not yet known. In this regard, it is interesting to
understand irreducible smooth representations of K in terms of the Bernstein de-
composition of G. Precisely, for any finite set of inertial classes S of GG, one wants
to understand those irreducible smooth representations 7 of K such that, for an
irreducible smooth representation 7 of G,

Hompg (7,7) #0 = 7 € Rs(G), for some s € S.

This paper belongs to this theme.

We now state the main results of this paper. Let (W, q) be a pair consisting
of an F-vector space W, and a nondegenerate alternating or symmetric F-bilinear
form g on W. Let G be the group of F-points of G—the connected component
of the isometry group associated to the pair (W,q). We assume that G is an
F-split group. For any parahoric subgroup K of G we denote by KV the+pro—p—

unipotent radical of K. Let t be an inertial class [M, o] such that O'AK/[M £ 0,

for some maximal parahoric subgroup Kj; of M. The representation oy is called

a depth-zero cuspidal representation of M and the inertial class t is called a depth-
+

zero inertial class. Any irreducible K ;-subrepresentation of UJ\IZM is the inflation

of a cuspidal representation of the finite reductive group Kjs/ KJ\JZ. Let 737 be an

irreducible K j;-subrepresentation of U]\IZL . The pair (K, 7ar) is called an unrefined
minimal K-type by Moy and Prasad (see [MP94, Definition 5.1]). When Ky, is a
hyperspecial maximal compact subgroup, the pair (Kps, 7ar) is also a [M, o] -
type in the sense of Bushnell and Kutzko; in this case, we simply call the pair
(K, mar) a depth-zero type.

Assume that K, is a hyperspecial maximal compact subgroup of M. Let K be
a hyperspecial maximal compact subgroup of G such that Ky; C K. Let P be a
parabolic subgroup of G such that M is a Levi factor of P. Let P(1) be the group
(PN K)K*. Note that the group P(1) is a parahoric subgroup of G, and we have
P(1) N M = Kjs. The representation 75y of Kj; extends as a representation of
P(1) such that P(1)NU and P(1)NU are contained in the kernel of this extension.
Here, U is the unipotent radical of P and U is the unipotent radical of the opposite
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parabolic subgroup of P with respect to M. With this notation, our main result
can be stated as follows.

Theorem 1.1. Lets = [M,o|a be an inertial class such that M # G. Let K be
+
a hyperspecial mazimal compact subgroup of M. Assume that aﬁM # 0, and let Tpy

+
be an irreducible Ky;-subrepresentation of U]\IZM. Let K be a hyperspecial mazximal
compact subgroup of G such that Ky; C K. Then s-typical representations of K
are exactly the subrepresentations of indg(l) T™-

Let G be the group of F-points of a reductive algebraic group defined over F.
For the depth-zero inertial classes of the form s = [G,0]g, and K is any maximal
compact subgroup, Latham [Lat17] showed that an s-typical representation of K, if
it exists, is unique. We will apply this result for split classical groups. However, for
the present purposes of this article, we only need to consider hyperspecial maximal
compact subgroups (see Lemma 7).

Let T be a maximal split torus of G defined over F. Using a Witt basis, we
identify T(F') with the following subtorus of the diagonal torus of GL(W):

{diag(t1,...,t7") :t; € F*, 1 <i<n}.
Let x be a character of T(F), and let

X(dia‘g(tla s ’tl_l)) = Xl(tl) e 'Xn(tn)a
where x; is a character of F*, for 1 < ¢ <mn. The inertial class [T(F), x]¢ is called
a toral inertial class. For any character n of F*, let I(n) be the least positive integer
k such that 1 + p% is contained in the kernel of 7). In this article, we assume that

(3) I(xi) # Uxy), for L<i#j<n.

Let K be a hyperspecial maximal compact subgroup of G such that T(F) N
K is the maximal compact subgroup of T(F). The proof of Theorem [l can
also be extended to obtain a classification of s-typical representations of K. In
Section[7] we describe Roche’s construction of a G-cover (Jy, x) for the pair (T(F)N
K, rest(m)nk X) (see [RocI8, Section 2,3]). This construction depends on the choice
of a pinning. It is possible to choose a pinning such that J,, C K. We prove the
following theorem for the toral inertial class [T(F'), x].

Theorem 1.2. Let K be any hyperspecial mazimal compact subgroup of G. Let
T be any mazimal split torus of G defined over F. Assume that K N'T(F) is the
mazimal compact subgroup of T(F). Let x be a character of T(F) which satisfies
the condition [B)). Then [T(F),x|c-typical representations of K are exactly the
subrepresentations of indi X-

2. NOTATION

Let F' be a non-Archimedean local field with ring of integers or. Let pr be the
maximal ideal of o with residue field kr = op/pr. Let g be the cardinality of
k. In this article, we assume that qp > 5. Let wp be a uniformiser of F'. For any
F-algebraic group H, we denote by H the group H(F'). The group H is considered
as a topological group whose topology is induced from F'.

Let G be any reductive algebraic group over F'. For any closed subgroup H of G
and a smooth representation o of H, we denote by indg o the compactly induced
representation from H to G. For any parabolic subgroup P of G and ¢ any smooth
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representation of a Levi factor M of P, we denote by iGo the normalised paraboli-
cally induced representation of G. For any representations p; and ps of the groups
G1 and Gs respectively, we denote by p; K po the tensor product representation of
the group G; x Gs.

Let (V,q) be any pair consisting of a vector space V over a field k, and a k-
bilinear form ¢ on V. We denote by G(V,q) (or by G(V') when ¢ is clear from the
context) the group of k-points of the connected component of the isometry group
of the pair (V, q).

3. PRELIMINARIES

Let € € {1}, and let W be an F-vector space with a nondegenerate F-bilinear

form ¢ such that
q(wy,ws) = eq(we,wn), for wy,wy € W.
Let W™ be any maximal totally isotropic subspace of W. Let
(w1>w2> .. wwn)
be a basis of WT. There exists a maximal totally isotropic subspace W~ with basis
(’Ll),l, W-2; .- 7w7'n)

such that
(4)  q(w;,w;j) =0, for —n <i#—j<n, and ¢g(w;,w—_;) =1, for 1 <i<n.

The space WT @ W™ is a hyperbolic subspace of W. Let (W™ & W ™) L Wy be a
Witt decomposition of W. Note that W} is an anisotropic subspace of W. In this
article, we assume that dimp Wy < 1. Let wg be any nonzero vector in Wy, if
Wy # {0}. The tuple of vectors

(5) B .- (Wi W1y« + oy W1, W1, Wy ooy Wepy) if dim(W) = 2n,

o (Wi W1y« + o W1, W0, W—1, W, ..., W_p) if dim(W) =2n+1
is a basis of the space W. Any tuple of vectors as in B is called a standard basis of
W. Let N be the cardinality of the basis B. Let G/F be the connected component
of the isometry group associated to the pair (W,q). The group G is an F-split
semisimple group. Any standard basis B gives the following isomorphism:

SOy, /F if e=1, and N = 2n,
(6) G~ (SO0y,1/F ife=1land N=2n+1,
szn/F if6=—1.

Given any maximal split torus T (defined over F') of G, there exists a stan-
dard basis B = (w; : —n < i < n) of W such that T is the G-stabilizer of the
decomposition

W=Fw,®Fw,_1® - ®Fw_,+1 ® Fw_,.

Conversely, any standard basis B gives rise to a maximal split torus T in G such
that T is the G-stabilizer of the decomposition as above. We say that the torus T
is associated to the standard basis B.
A lattice chain A is a function from Z to the set of lattices in W which satisfies
the following conditions:
(1) A(§) € A(9), for i < j, and
(2) there exists an integer e(A) such that A(i + e(A)) = prA(3), for all i € Z.
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Given any lattice £, let £# be the lattice
L#:={weW|qwL)Cpr}
Let A# be the lattice chain defined by setting
A# (i) = A(=3)#, for all i € Z.

A lattice chain A is called self-dual if there exists d € Z such that A# (i) = A(i+d),
for all ¢ € Z. For any integer ¢, let a;(A) be the set defined by

a;(A) = {T € Endp(W) | TA(j) C A(j+1) V j € Z}.

Let Up(A) be the set of units in ag(A). Let U;(A) be the group idy +a;(A), for any
1 > 0. Given any self-dual lattice chain £, there exists a standard basis B, called a
splitting of A, such that for any ¢ € Z:

A(—nt1)+e

(1) A = P%'"Hwn ® p?y("*l)“wn,l D DPy %w)—i-iw

W_pt+1 DP

Given any hyperspecial maximal compact subgroup K of G, there exists a self-
dual lattice chain A such that K is equal to G N Uy(A). Note that e(A) = 1. Let
K(m) be the group Uy, (A) NG, for m > 1. The group K(m) is the principal
congruence subgroup of level m. The group K (m) is a normal subgroup of K, for
m > 1. Let B be a standard basis such that B is a splitting of A. Let T be the
maximal split torus of G associated to the standard basis B. The group K NT is
the maximal compact subgroup of T'. Let £ be the lattice

(8) L:=A0) = pprw, ® piﬂ"’lwn_l DD p(}’”“w_nﬂ &) p}l;”w_n.

The lattice £ is determined by the set of integers {a; : —n < i < n}. Let Ly be the
ideal generated by the set {g(wi,ws) : wi,ws € L} in op. Let g be the following
bilinear form:

Lo L L
"prl ppL  ppLo’

q q(w1,w2) = q(wy, w2) V wi, wy € W,

where g(w, ws) is the image of g(wy,ws) in Lo/prLg. Since K is hyperspecial, the
form ¢ is nondegenerate (see [Tit79, 3.8.1]). We refer to the article [Lem09) Section
1.6] for these results.

Let T be any maximal split torus of G, defined over F, such that K N T is the
maximal compact subgroup of T. Let B be the standard basis of W associated to
the torus T. There exists a self-dual lattice chain A such that B is a splitting of A
and K is equal to Up(A) N G.

Until the end of Section Bl we fix a hyperspecial maximal compact subgroup K
of G. We fix a self-dual lattice chain A defining K. We fix a standard basis

(9) B=(w;:—n<i<n)

such that B is a splitting of A. We fix the set of integers {a; : —n < i < n} asin
[®). We have a canonical homomorphism

(10) m: K= K/KQ1)~GLQEkFr,q).
Let I be a sequence of positive integers
(11) n>ng >ng > >n. > 1L
Consider the sets
S;t = A{Wdn, Wi (n—1)s -+ Wik (ny) |
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for 1 <i <r. Let V[/'ii be the subspace of W spanned by the set Sii. We denote
by Vii the space spanned by the set Sil\Sii, for i < r. Let V.41 be the space
(W F @ W)+, Let Fr be the flag

(12) Wi cwihc--cwr.

Let Pr be the G-stabiliser of the flag F;. Let M; be the G-stabiliser of the decom-
position
Vite--aVieVianeV e eV .

The group P is the group of F-points of an F-parabolic subgroup of G. Let Uj be
the unipotent radical of P;. We have P = M;x U;. We denote by U the unipotent
radical of the opposite parabolic subgroup of P; with respect to the group Mj.

Assume that G is a symplectic or special orthogonal group of odd dimension. In
this case, the group of F-points of any F-parabolic subgroup of G is G-conjugate to
Py, for some sequence I as in ([I]). The subgroups P; are called standard parabolic
subgroups. The group M will be called a standard Levi subgroup of Pj.

Assume that G is a special orthogonal group of even dimension. In this case,
there are two orbits of maximal totally isotropic subspaces of W. The representa-
tives for these orbits are given by the spaces

(13) Wt = Fw, ® Fw, 1®---® Fw,
(14) (WY = Fuw,®Fw, 1® - ® Fwy® Fuw_;.

Let F; be a flag defined as in (I2)), except replacing w; with w_;. Let P; and
M7 be parabolic subgroups, and Levi subgroups, respectively, defined similarly as
above for the flag ;. The group of F-points of an F-parabolic subgroup of G is G
conjugate to at least one of the groups Py or P; for some sequence (n1,nsg,...,n,)
as in (). The parabolic subgroups P; and P; are called the standard parabolic
subgroups. The Levi factors M and My, for Pr and Py, respectively, are called the
standard Levi subgroups.

Remark 3.1. There exist sequences I such that P; and Pj are G-conjugate. Hence,
for even special orthogonal groups these groups Pr and Pj are not a parametrisation.
Nevertheless, any parabolic subgroup of G is conjugate to at least one such group.

Let P be a standard parabolic subgroup, and let M be a standard Levi factor
of P. Let U be the unipotent radical of P, and let U be the unipotent radical of
the opposite parabolic subgroup, P, of P with respect to M. Let P(m) be the
following compact open group of G:

P(m) = K(m)(P N K).

Note that the group P(1) is a parahoric subgroup of G. The group P(m) has an
Iwahori decomposition with respect to the pair (P, M). The group K/K(1) can
be identified with kg-points of the connected component of the isometry subgroup
associated to the pair (£ ®,, kr,q); let 1 be the homomorphism as in (I0). Let
P(kr) be the image of P(1) under 7;. P(kp) is a parabolic subgroup of K/K(1).
The group M (kp) = m1 (K N M) is a Levi factor of P(kp).

We identify M with the group

G1><G2><'--XGT><GT+1,

where G; = GL(V;), for 1 < i < r, and G,41 is the group of F-points of the
connected component of the isometry group associated to a nonsingular subspace
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(Vis1,q) of (W, q). Any cuspidal representation ojs of M is isomorphic to
X Ko, XMooy,

where o; is a cuspidal representation of G;, for 1 <4 <r + 1. Any inertial class s
of G is equal to [M, o).

Let K s be the group M N K. Note that K, is a hyperspecial maximal compact
subgroup of M. Let vy be a cuspidal representation of M(kp). Let 7 be a
representation of K, obtained as the inflation of v, via the map

m:Ky=MNK — M(kp).

Note that 75; extends as a representation of P(1) via inflation from the map
710 P(1) ™% P(kp) — M(kp).

Let oy be a cuspidal representation of M containing the pair (Kps, 7ar).

Lemma 3.2. Let s be the inertial class [M,on)G. The pair (P(1),7a) is an s-type
in the sense of Bushnell and Kutzko.

Proof. This is essentially proved in [Mor99, Theorem 4.9]. However, we have to
show that the group P(1) coincides with the full normaliser of the facet corre-
sponding to the parahoric subgroup P(1), which is denoted by P in [Mor99]. First,
we have P(1) C P. From the Iwahori decomposition of P with respect to (P, M),
we get that
P=(PnU)PNM)(PND).

Since the groups PNU and PNU are pro-p groups, they are contained in P(1).
Since Ky = P(1) N M is a hyperspecial maximal compact subgroup, the group
P(1) N M is equal to PN M. This shows that P = P(1). O

In this article, we classify the [M,oar]g-typical representation of K. In par-
ticular, we show that the [M,op]g-typical representations of K are exactly the
subrepresentations of indfg(l) M-

4. THE FIRST REDUCTION

We begin with a few preliminary results. We will make a mild modification to the
uniqueness result of typical representations proved for depth-zero inertial classes of
GL,(F). The following lemmas are essentially proved by Pasktnas in [Pas05] but
are not stated in the form we need.

Lemma 4.1. Let G be the group of kr-points of a connected reductive group over
kp. Let H be a subgroup of G. Assume that there exists a proper parabolic sub-
group P of G, with unipotent radical U such that H N U = {id}. Let 7 be an
irreducible representation of G. For any irreducible subrepresentation & of resy T,
there exists an irreducible noncuspidal G-representation 7’ such that & occurs as a
subrepresentation of resy T'.

Proof. Using Mackey decomposition, we observe that the space
Homy (ind$ ¢, id)

is nontrivial. Therefore, there exists an irreducible noncuspidal G-subrepresentation
7' of indg &. Frobenius reciprocity implies that & occurs in the irreducible noncus-
pidal representation 7’ of G. O
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For simplicity until the end of Lemmas .2 and 3], we denote the group GL,,(F')
by G, and the group GL,(oFr) by K.

Lemma 4.2. Letn > 1, and let s =[Gy, 0]q, be a depth-zero inertial class. The
representation resg, o admits a decomposition:

resg, 0 =T DT

such that T is an s-typical representation of K,,, and any irreducible K, -subrepresen-
tation & of 7' occurs in resk,, me for some irreducible noncuspidal representation me
of G.

Proof. The representation o is an unramified twist of the representation indg"; K, T
where 7 is a representation of F'* K, such that: resg, 7 is obtained by inflation of
a cuspidal representation of GL,(kr), and wp acts trivially on 7. Using Car-
tan decomposition for the group G, the representatives for the double cosets
F*K,\Gp/K, are given by the elements of the form diag(w,..., =), where

i1 >+ >4, > 0. Now

resg, o = @ indgment,1 T.
te K, \GLn (F)/ Ky,

Assume ¢ # id. Let H be the image of the group K, NtK,t~ ! under the reduction
map 71 : K, = GL,(kr). The group H is contained in a proper parabolic subgroup
Q of GL,, (k).

Let U be the unipotent radical of an opposite parabolic subgroup of (). Note
that H N U is the trivial group. Let £ be an irreducible H-subrepresentation of
7. Using Lemma (4.1l we get that £ occurs as a subrepresentation of resy v, where
v is a noncuspidal irreducible representation of GL,, (kr). This implies that any
irreducible subrepresentation of resg, ~:;x, ¢-1 7 occurs as a subrepresentation of
resg, nii,t—1 7 where 7/ is the inflation of . This shows that any K,-irreducible

subrepresentation of indﬁ: Ati, (-1 T occurs in indgz ALK, -1 7' for some 7’ as above.
K,

KoLK, t~
Q(1) be a subgroup of K,, obtained as the inverse image of @ via the map
7 : K, = GL,(kr). Let N be a Levi factor of Q. The representation ~ is a subrep-

The representation ind . 7' is a subrepresentation of resg,, indf(n 7'. Let

resentation of zg vn, where vy is a cuspidal representation of N. Let 75 be
the representation of Q(1) obtained by inflation of vy via the map 7 : Q(1) = Q.
The representation indgn 7' is a subrepresentation of indg(l) Tn. Any irreducible
G-subquotient of indg(l) TN is a noncuspidal representation (see [BK93al chapter

8]). This shows that irreducible subrepresentations of indﬁ:ﬁ ¢k, ¢ T occur in the

restriction to K, of a noncuspidal representation of G. O

Lemma 4.3. Let s = [M, 0], be a depth-zero noncuspidal inertial class. Let P
be a parabolic subgroup of G such that M is a Levi factor of P. The representation
resk, ig"a admits a decomposition

resg, i9"0 =TT
such that any irreducible K, -subrepresentation of T is s-typical, and any irreducible
K,,-subrepresentation of T’ is atypical. Moreover, any irreducible K, -subrepresenta-
tion of T occurs as a subrepresentation of resk ig”m such that P and R are not
associate parabolic subgroups.
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Proof. The first part of the lemma is proved in [Nadl7, Theorem 3.2]. The last
assertion follows from the proof of the result [Nad17, Theorem 3.2]. Note that there
are no assumptions on gg in the proof of this lemma. ([l

Let K be any hyperspecial maximal compact subgroup of G. We need the
uniqueness of s-typical representations of K for the inertial class [G, o], where
o contains a depth-zero type of the form (K,\). We only give a sketch of the
following standard lemma for the completeness of the exposition. This result is
generalised by Latham for arbitrary maximal compact subgroups and depth-zero
cuspidal Bernstein components of a wide class of reductive groups G (see [Latl7]).

Lemma 4.4. The K-representation A is the unique |G, olg-typical representation
contained in o.

Proof. The representation o is isomorphic to ind% A. Now

resgindi A~ P indiganx A
geK\G/K
Assume that ¢ ¢ K. Observe that the Cartan decomposition for K\G/K gives
a representative t € KgK such that Kt 'NnK C P(1) for some proper standard
parabolic subgroup P of G. Using Lemma [£1] we get that any irreducible subrep-
resentation £ of

L A

occurs as a subrepresentation of res ;-1 . indlﬁf(l) 7', where 7/ is the inflation of a
cuspidal representation v of L(kp), the standard Levi factor of R(kp), via the map

Hence, any irreducible representation of indg_qﬁ i A9 occurs as a subrepresentation
of

resi indg(l) 7

The pair (R(1),7’) is a type for the Bernstein component [L, o], where oy, is any
cuspidal representation of L containing the type (KNL,7’). Now any irreducible G-
subquotients of indg(l) 7/ are noncuspidal. Hence the irreducible subrepresentations

of indf, i A9 are atypical. O

Consider a standard parabolic subgroup P with the standard Levi factor M
isomorphic to

G1><G2><'-'><GT+1,

where G; is the group of F-points of a general linear group over F, for i < r,
and G,y is the group of F-points of the connected component of the isometry
subgroup of a nonsingular subspace (W', q) of (W, q). The factor G,;1 is assumed
to be trivial if M is contained in a maximal parabolic subgroup fixing a maximal
totally isotropic flag. Let t; = [M;, 0;]¢, be an inertial class of G;, for i < r, and
let t.+1 = [Gr41,0-41] be a cuspidal inertial class of G,.

We assume that t; is a depth-zero inertial class of GG; for 1 < i < r. We assume
that 0,41 contains a depth-zero type (K N G,41,A). Let P; be an F-parabolic
subgroup of G; with M; as a Levi factor, and let

-G; /
(15) resknG, ip 0i = Ti © T
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such that: any K N G;-irreducible subrepresentation of 7/ is atypical, 7; # 0, and
any K N G;-subrepresentation of 7; is t;-typical. Such a decomposition is possible
by Lemmas and for i <r, and for G,41 from Lemma L4

Let s be the inertial class [L, o], where L C M is a standard Levi factor of a
standard parabolic subgroup such that

L~M x- - x M. xGpry1,

and oy is isomorphic to o1 X --- Ko, K o,41. We denote by 737 the K N M-
representation

T R M7,

Let R be a standard parabolic subgroup such that L is the standard Levi factor of
R. Let 7}, be the representation ind%fm v oL/Ta. With this notation, we have the
following preliminary classification of s-typical representations of K.

Lemma 4.5. Let s be the inertial class [L,or)q. Any s-typical representation T of
K occurs as a subrepresentation of indgmp TM-

Proof. The representation indﬁ 7 is finitely generated and hence has an irreducible
quotient . From Frobenius reciprocity, the representation 7 occurs as a subquo-
tient of ig(aL ® x), where R is a standard parabolic subgroup G with Levi factor
L, and y is some unramified character of L.

Let &5 be the representation i%fm mor- Then 7 occurs as a subrepresentation of
resg igaL, and we have the restriction

.G . K ~ . K . K /
resi ipor = indpr g (resgnn oar) = indprg T ® indpr g Ty

The Levi subgroup M is isomorphic to G; X G X -+ - X Gy X Gy1. We identify G

with the representation 61y X oo X --- X o, X 7,41, where ; is the representation

igf (0; ® xi)- Here P; is the parabolic subgroup R N G; of G; containing M; as a

Levi factor, and y; = res a; X is an unramified character of M; for all 1 <i <r+1.
Let

- Mg
resgna, 6i = @ &,
j

where ﬁ? = 7; as defined in the decomposition of resxng, &; in ([I3), and for j > 0
the representation ff is an irreducible subrepresentation of 7/ in (I&). Now the
representation 7y is isomorphic to &) X - .- K 9 X ¢0 1. Similarly define the repre-
sentation 7, as the representation

@ aNgR.-Rgy
(31,82 - eesirt1)70

We denote by &; the summand corresponding to the tuple I = (i1,42,...,%541).
Let I be the nonzero tuple (i1,%2,...,%41), and fix 1 < j <7+ 1 such that i; # 0.

Now ¢/’ is atypical and hence occurs in
Gy
TeSKNG,; YR’ Vj>»
J

where R; is a parabolic subgroup of G, with a Levi factor M J’», and +y; is a cuspidal
representation of M} such that [M}, ;] is not equal to [M;, 0;].
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Let L' be the Levi subgroup My x My X -+ X M;_q x M]’ X +++ X Gpy1, and let
o7, be the cuspidal representation o1 X---Xo;_1 Kv;K---Ko,1;. Let R’ be any
parabolic subgroup such that L’ is a Levi factor of R’. Note that

. 1K .
lndeP f[ C resg Zg/U/L/.

Now the cuspidal support of i%,0%, is given by [L',o%,]. If j < r + 1, then using
Lemmas and @3] we know that M; and M} are not conjugate in G;. This
shows that L and L’ are not conjugate in G. Hence the inertial class [L, o7,] is
not equal to [L,or]. Assume that j = r + 1. In this case, Lemma 4] shows that
L’ is a proper Levi subgroup of L. Hence the pairs (L,oy) and (L', 0%,) represent
two distinct inertial classes. This shows that any irreducible subrepresentation of
indﬁm p, &1 is atypical. ]

5. DECOMPOSITION OF AN AUXILIARY REPRESENTATION

Let P be any standard parabolic subgroup of G. Let U be the unipotent radical
of P. Let M be the standard Levi subgroup of P. Let P be the opposite parabolic
subgroup of P with respect to M. Let U be the unipotent radical of P. Let
s = [M, o] be a depth-zero Bernstein component such that op; contains a type
(K, mm), where 7) is the inflation of a cuspidal representation vy, of M (kp).

Let m > 1 be any positive integer. Recall that P(m) is defined as the group
(PN K)K(m). The group P(m) has Iwahori decomposition with respect to the
pair (P, M). Moreover,

Pm)NM=KnNM and Pim)NU =UNK.
The representation 1), extends as a representation of P(m) via inflation from the
map 7 : P(1) = P(kp) defined in ([I0). The groups U N P(m) and U N P(m) are
contained in the kernel of this inflation. Note that
(] P(m)=PNK.
m>1
We obtain

. K Y ¢
indgnp Tm = U indp ) T
m>1

We will show that the irreducible subrepresentations of the quotient
. K . K
indp (1) TM/(lndP(m) ™)

are atypical.

Given any irreducible representation 7 of M (kr), we consider 7 first as a repre-
sentation of P(kp) via inflation. Then 7 is considered as a representation of P(1)
via inflation from the map m; : P(1) — P(kp) in ([I0). There exists a standard
parabolic subgroup R C P in G, containing L as its standard Levi factor, such
that: L C M, and 7 is a subrepresentation of

. M(kp)
1ndR(kFF)ﬁM(k:p) T,

where 7’ is a cuspidal representation of L(kp). If
HOD’lp(l)(’T, 7T) # Oa

for some irreducible smooth representation 7w of GG, then the representation 7 of
R(1) occurs in 7. The cuspidal support of the representation 7 is [L, o], where
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oy is a cuspidal representation of L containing the pair (Kj,7’). We call the
component [L,or]c the inertial class associated to the pair (P(1),7).

For the purpose of inductive arguments it is useful to introduce more classes of
compact open subgroups and prove some basic properties of these groups. Let I be
a sequence of integers

n>ng>--->n, > 1

Let I; be the sequence of integers as above consisting of a single integer n,.. Let
Fr be the flag W™ C -+~ € Wt of totally isotropic subspaces of W, as defined in
([I2), corresponding to I (or possibly the flag defined for ([Idl), if G is isomorphic to
special orthogonal subgroup SOao, (F')). Let P be the standard parabolic subgroup
fixing the flag F;. Let F;, be the flag W,© (or possibly the space (W,F)" if G is
isomorphic to SOz, (F)). The standard parabolic subgroup P; fixing the flag Fj, is
the maximal proper parabolic subgroup containing the parabolic subgroup P. Let
M; be the standard Levi factor of P;. Let U; be the unipotent radical Qf P. Let
P, be the opposite parabolic subgroup of P; with respect to M;. Let U; be the
unipotent radical of P;. B

Let 1 <7 < r be any positive integer. Let Vii be the subspace £ ® kp spanned
by set of vectors {wiw; @1 | w; € S}, Let V41 be the space (W @ W,7)*. Let
W; be the totally isotropic space

Vrev, e eV
The parabolic subgroup P(kr) is the G(L ® kg, q)-stabilizer of the flag
Wihcws c-..cwt.

The group M (kr) is the G(L ® kp, §)-stabilizer of the decomposition

VeV, e--oVieoV eV eV _ ooV .
Moreover, the group P;(kr) is the G(L ® kr, q)-stabilizer of the space W, and
M (kp) is the G(L£ ® kp, q)-stabilizer of the decomposition

WreV.e W, .
Let m be a positive integer. We introduce a compact open subgroup P(1,m) C
P(1), which helps in inductive arguments. We set
P(1,m)=K(m)(P(1) N Py).

Using Iwahori decomposition of the group K(m), we get that the group P(1,m)
admits an Iwahori decomposition with respect to the pair (P, My). Let Uy be
the unipotent radical of P;, and let U; be the unipotent radical of the opposite

parabolic subgroup of P; with respect to M;. Using the Iwahori decomposition of
P(1) with respect to the pair (P, M;), we get that

P(1) = (P(1)NT1)(P(1)N P1).
Now, the group P(1) N U is contained in K(1). Hence, we have P(1,1) = P(1).
One of the main ingredients in the classification of typical representations is the

description of the induced representation

. Pi(1m) .
1ndPi(1,m+1) id.

Since the unipotent radical of P; is not necessarily abelian, it is useful to introduce
another family of compact subgroups R(m) such that

P(1,m+1) C R(m) C P(1,m).
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With respect to the basis

(16) (@E W, wap‘n_lwn—lv ) w;l:*_nﬂw—n-&-la w;‘_nw—n)v

we identify the group K as a subgroup of GLy (05) and P as a subgroup of invertible
upper block matrices. With this identification, let R(m) be the compact open
subgroup of P(1,m) consisting of matrices of the form

N ¥ % % %
EIE R '
EE
* ¥ ¥ ¥ ¥
* ¥ ¥ ¥ ¥

where entries of the matrix Z belong to M, xn, (p}’,f_“). Since m > 1, the group
R(m) is well defined. Let ny be the Lie algebra of Uy (kr). Now, with respect to
the basis

(17) (@ w, @1, wy wp—1 @1, ..y "M @ 1L, o "wo, ®1)

of L ® kp, let i} and 71} be the space of matrices in ny of the form

0 0 o0 0 O 0 00 0O
X 0 0 0 O 0 00 0O
a 0 0 O Ofand|{O O O O O},
Yy 0 0 0 O 0 0 0 0O
0 Y o X' 0 Z 0 0 0 0

respectively, where X, Y, (X')", (Y")" € M(,,_pn,)xn, (kr), and a, (a')" € M1y, (kF).
The space n; is equal to ni @ n?. Note that for symplectic groups and even orthog-
onal groups, the n + 1th rows and columns are assumed to be absent.

Now we want to decompose the representations

indp( " id and indg") ) id.

We first consider two normal subgroups K; and Kj of P(1,m) and R(m), respec-
tively, with the properties that

Kin R(m) < K; and K> N P(l,m) < Ks.
The groups K7 and K> are kernels of the quotient maps
P(1,m) — M;(kp) and R(m) — M;(kp),

respectively. Since K; and Kj differ from P(1,m) and R(m) only by their inter-
sections with Levi group M7, we get that

K1R(m) = P(1,m) and K3P(1,m + 1) = R(m).

Lemma 5.1. The subgroup K1 N R(m) is a normal subgroup of K1, and Ko N
P(1,m+ 1) is a normal subgroup of K.

Proof. The groups K; and K satisfy Iwahori decomposition with respect to the
pair (Py, My). Observe that

Ky ﬁPlz(KlﬂR(m))ﬂpl and Ko N P, :(KgﬁP(l,m—i-l))ﬂPl.
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We need to check that K; N U; normalizes K; N R(m), and Ko N U, normalizes
KyN Pr(1,m+ 1). We have My N P(1,m)-equivariant isomorphisms
KiNnU;

__ ~ql
(K1 N R(m))N U, !

and
KynU,y e
(Ko Pi(Lm+10))n0; -
Since K1 N M (respectively, Ko N M;) acts trivially on #i (respectively, on n?),
we get that v~ j(u~) ! belongs to K1 N R(m) (respectively, K N P(1,m)) for all
uw” € K;NU; and j € K; N M, for i € {1,2}.

With this, we are left with showing that u~u™(u~)~! belongs to K; N R(m)
(respectively, Ko N P(1,m)) for all u~ in K; N U (respectively, Ko N U;) and u*
in K1 NU; (respectively, Ko N U;1). We break the verification into two cases
when W, is a maximal or nonmaximal totally isotropic subspace. Because
of dimension reasons, we consider the symplectic and even orthogonal cases first
and then consider the odd orthogonal case.

For any block matrix A in M,,«n(0F), let val(A) be the least positive integer k
such that A € M, x,(p%). Let t be the dimension of W,. First, suppose W, is a
maximal totally isotropic space, i.e., t = n. Consider the case where G is either a
symplectic or an even orthogonal group. In this case, we have R(m) = P(1,m+1).

Let
I, O — I, A
<X In> € K;NU; and (0 In) € KinUy,

where X € M,,(pi*") and A € M,,(0F). We have

I, 0\ (L. A\ (I, 0o\ ' (I,—AX A

x ,J\o 1,)\x 1,)] T\ -xAx 1,+xA4)"
The lemma in this situation follows from the observation that X AX € M, (pn*!).
For odd orthogonal groups,

I, 0 0 I, b 'Y
v =[a 1 0] andut=|0 1 ¥ ],
X a’ In 0 0 In

where @’ and b’ are uniquely determined by a and b, respectively. Now, the matrix
u’u*(u’f1 in its block matrix form as above is equal to

* * *
a1 * ’
!
X1 a; ok

where

a; = —aba — (ay +b')(X + d'a),

X=X —(Xb+d)a— (XY +d'V +1)(X + ad),

a; = Xb— (XY +d't)d'
Clearly, val(ay), val(a}), and val(X;) are greater than or equal to m+1. This shows
that u~ut(u™) "' € Ky N R(m) for similar reasons.
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Now assume that W,. is a nonmaximal totally isotropic subspace of W, i.e., t < n.
We first consider the symplectic or even orthogonal case. Let

I 0 0 0 I, X Y Z
A L 0 0 = L |0 Ih_ 0 Y’
u =g 0 I, 0 € K;NU; andu™ = 0 0 I, X

¢ B AL 0 0 0 I

for i = 1,2. Hence valgp{A, B,C} > m. Here again, A’, B', X', and Y’ are uniquely
determined by A, B, X, and Y, respectively. The matrix u~u"(u~)~! looks like

c KiﬂUl,

wut(um) =

ok % %
* % % ¥

*
*
*

Q/

IO *

where
P=—-AXA—-AYB—-AZC-Y'C,
(18 Q=-BXA-BYB- BZC - X'C,
R=-CXA-BA-CYB-AB-CzZC-BY'C-AX'C.
Since valp(R) > m + 1, it follows that Ky N R(m) is normal in K. The remaining
case, i.e., KoNP(m+1) is normal in K5, is similar. Indeed, in this case valp{A, B} >
m and valp(C) > m + 1. Hence normality follows from the fact that valp{P, @} >

m+ 1.
Now finally we consider the odd orthogonal case. We have

I, 0 0 0 0 I, X a Y Z

A I+ O 0 0 0 I, 0 0 Y
u =\ 0 1 0 0] andut = |0 0 1 0 a |,

B 0 0 I,+ O 0 0 0 I,—+ X'

C B’ J?l Al It 0 0 0 0 It

where x € MLt(p;?H). Let A; denote the matrix (4) € Mn,t+17t(p?+1). Similarly,
we define the matrix X; to be X1 = (X a) € My n—41(0F). After redefining B’
and Y’ appropriately, we get

I 0 0 I X1 Y A
0

0
- A Iy 0O + |0 In—ita Y’
“" =B o I, ol ™ =19 o 1., x
C B’ AL 0 0 0 I
Now the normality follows from calculations similar to (I8]). O

Using Mackey decomposition and the fact that the quotients
Ki/(KiNR(m)) and Ky/(K2N P(1,m+ 1))
are abelian, we have
resg, indggi;;”) id = @ 1 and resg, indﬁETZnH) id= @ 7,
Aq As

where A; and Ay are characters on the quotients K7 /(K7 N R(m)) and Ky /(K3 N
P(1,m + 1)), respectively. The groups P(1,m) and R(m) act on A; and Ag, re-
spectively. We denote by A} and A) for a set of representatives for the action of
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P(1,m) and R(m), respectively. Now using Clifford theory, we obtain
(19) indp " id ~ @ imnd, "™ 0,

R(m) Zp@a,my(n) ~ 1
neA]
and
. 1R(m) S 1 - 1Rm
(20) indp ;% id = @ indz™ ) Uy,
neEA,

where U, and U, are some irreducible representations of Zp(1 (1) and Zg(n)(n),
respectively. The precise description of U, is not used in any argument.

It is crucial to understand the images of the groups Zp(1,,)(n) and Zg(m)(n)
in the quotient K/K(1). This is achieved in Lemma [5.4] and we begin with some
preparations. We first note that the Iwahori decomposition gives us

Zp1,m)(M) = Zp,mynm, (1) K1

and
Zrm)(M) = Zrm)nm, (1) Ka.
We have the following isomorphisms:
K1 /(Kin R(m)) = iy

and

Ko/ (Ka 0 P(1,m 4+ 1)) = 2,
respectively. The kp-dual of the space nj is isomorphic to nj for i € {1,2} in a
M; (kr)-equivariant way. This is because the representation of M;(kr) on 1t is a
self-dual for ¢ € {1,2}. Note that P(1,m)N M; = R(m) N M;. Observe that the

action of the groups P(1,m) N M; and R(m) N M; on the characters in A; and A,
factors through the quotient map

(21) VIS KnN Ml — Ml(kF)
We identify the group M (kr) with
(22) GL(W,") x G(V,l, @ V,0y),

where G(V,!, ©V,7,) is the group of kp-points of the connected component of the
isometry group of the pair (V:H &) V;H, q). The image of P(1,m) N My under the
map (ZI)) is contained in a group of the form

(23) Q X G(Vr—:l S5 Vrjrl)v

where ( is the parabolic subgroup of GL(W,F) fixing the flag W™ C --- c W, .

With the above observation, it is useful to recall the stabilisers in the case of
general linear groups (see [Nadl7, Lemma 3.8]). Let r > 1 be an integer, and let
I = (n1,na,...,n,) be a partition of n. We denote by P; the parabolic subgroup
of upper block diagonal matrices of size n; x n;. The partition (n1,n2, ... JMp—q) 18
denoted by J. Let O4 be an orbit for the action of P;(kr) x GL,, (kr) on the set
of matrices M(,_p,)xn, (kr) given by

(91,92)X = 1 Xg5 " V g1 € Py(kp), g2 € GLy, (kr), X € M—p,)xn, (kF).

Let p; be the composition of the quotient map P;(kr) x GL,,, (kr) = M;(kr) and
the projection onto the jth factor of M (kp) = []._; GLy, (kr), i.e.,

pj: PJ(kF) X GLnT(k'F) — GLnJ (kp)



266 SANTOSH NADIMPALLI AND AMIYA KUMAR MONDAL

Lemma 5.2. Let O, be an orbit consisting of nonzero matrices in M,y yxn, (kr).
We can choose a representative A such that the Pj(kp) x GL, (kp)-stabiliser
Zpy(kr)xGLy, (kp)(A) of A satisfies one of the following conditions:

(1) There exists a positive integer j with j < r such that the image of
Pj # ZP;(kp)xGLy, (k) (A) = GLa; (kF)

is contained in a proper parabolic subgroup of GLy, (kr).
(2) There exists a positive integer i with 1 <14 <r —1 such that p;(g) = pr(9),
for all g in
Zpy(kp)xGLy, (kp) (A)-

Now let us note a small observation which will be useful in the proof of Lemma

oy

Lemma 5.3. Let G be a split reductive group with an automorphism 0. There exists
a parabolic subgroup of G x G with unipotent radical U such that {(g,6(g))|g € G}
has trivial intersection with U.

Proof. Let P be any proper parabolic subgroup of G, and let P be any opposite
parabolic subgroup of P. The unipotent radical of P x P has trivial intersection
with the diagonal subgroup of G x G. The group {(g,0(g))|g € G} is the image by
the automorphism id x6 of the diagonal subgroup of G x G, and hence the lemma
follows. O

The following is the technical heart of this article. Here we use the condition
that gz > 5. Let H be the image of P(1,7m)N M; under the map 7; in 2I). This
is contained in the group Q@ x G(V,%; ®V,7,) as in (23). Hence the lemma is based
on the Q x G(V,X | ® V,7;)-stabilisers (which contain H-stabilisers) of nontrivial
elements in fi} and 2. There are several cases to consider, primarily depending on
whether or not the subspace W+ of the flag W;" C --- C W, is maximal. Let @ be
the quotient map

0:Qx GV, &V, )= Mkp).

Lemma 5.4. Let u be any nontrivial element of nt or 02, and let H be the image of
Z 7 (u) under the map 0. Let T be a cuspidal representation of M (kr), and let £ be an
irreducible subrepresentation of resy 7. There exists an irreducible representation
7' of M(kp) such that & occurs in the restriction resy 7/, and the inertial classes
associated to the pairs (P(1),7) and (P(1),7') are distinct.

Proof. We will show that there exists a parabolic subgroup S of M (kr) such that
Rad(S) N H is trivial. Using Lemma [£.T] we get a noncuspidal irreducible M (kg )-
representation 7’ such that £ occurs in resy 7. The inertial classes associated to the
pairs (P;(1),7) and (Pr(1),7’) are clearly distinct.

We begin with the case where the space W, is a maximal isotropic sub-
space of (W,q). In this case, P is contained in the maximal parabolic subgroup
P, fixing the maximal isotropic subspace W of W. Recall that the standard Levi
factor of Py is denoted by M;. The adjoint action of M;(kr) ~ GL(W,}) on 11, the
Lie algebra of the unipotent radical of P (kr), is the representation of GL(W,) on
the space of —e forms on W,F.

Let B be a —e¢ bilinear form on W' corresponding to u. In this case H is
contained in Q. Let g = (gr;) and B = (Bysr) be the block matrix representation
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of the elements g in @ and the —e bilinear form B on W,f with respect to the
decomposition V;" @ -+ @ VT of Wr. Let p be the largest positive integer such
that By, is nonzero for some 1 < ¢ < r. Let ¢ be the largest positive integer such
that By,q # 0. For any g € Zg(B) we have

T

9ppBpa9qq = B
where By, is a bilinear form on Ver X V;. Without loss of generality assume that

dim V; > dim Y_/q"’.
Let S be the stabiliser of the kernel of the map V7 — (V)" induced by Byg. Then
gpp belongs to a proper parabolic subgroup S of GL(V;‘). Hence H is contained in
a proper parabolic subgroup S of M (kr). The required parabolic subgroup S can
be taken to be any opposite parabolic subgroup of S. -

Consider the case where dim V;r is equal to dim Vq+ > 1. If the map
Vb = (V)" induced by By, has a nontrivial kernel, then g,, belongs to the
proper parabolic subgroup of GL(V;‘) fixing this kernel. Hence H is contained in a
proper parabolic subgroup S of M(kr). Let S be an opposite parabolic subgroup
of S. We get that Rad(S) N H is a trivial group. We assume that the map Vp+ —
(1_/q+)v, induced by By, is an isomorphism. Now using Lemmal[5.3] we get a proper
parabolic subgroup S of M(kr), with unipotent radical U, such that H N U is
trivial. - -

We consider the case where dim V! is equal to dim V" = 1. In this case,
the group H consists of elements of the form

diag(g1, .-+ Gpy-- > 9gqs-- > Gr),

where g; € GL(V;") for i € {p,q} and g,g, = 1. We identify the representation 7
with 7 X 75 X - - - X 7., where 7; is a cuspidal representation of GL(VZ-JF). Let n be
a nontrivial character of k5, and let 7/ be the representation

nXo Ry Ry 'K K7,

Now the Bernstein components associated to the pairs (Pr(1),7) and (Pr(1),7")
are the same if and only if the set {r,n, 7, 'n~'} is either equal to {7,,7, '} or
to {ryn~', 7, 'n}. Hence, the character n belongs to the set {r,2 7,74, 77, '}.
Since qr > 5, we can find a character n such that n does not belong to the set
{7, %, 7p7q,7p7y '} For such a choice of 7 the Bernstein components associated to
the pairs (P(1),7) and (P(1),7') are distinct, and from construction resy 7 is equal
to resg 7.

We come to the case when W, is not a maximal isotropic subspace. In this
case, the space Vr+1 is nonzero. The standard Levi factor M; of P; is isomorphic
to

GL(W,") x G(V;11).
Recall the notation V.1 for the space (W;F @ W,~)+. The adjoint action of M; on
n? factors through the map

GL(W,) x G(V;41) — GL(W,.).
In this case, the action of GL(W,.) on n? is its representation on the space of —e

forms. This case is similar to the case where W,F is maximal, and the proof of the
lemma, in this case, follows from the analysis in the previous case.
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The action of M;(kr) on ni ~ Hom(W,+,V,. 1) is given by
(91,92)X = 1 X g5 ' ¥V g1 € GL(W,F), go € G(Vy1),

We have to consider the stabilisers of @ ><_G(Vr+1) on the space Hom(W,F, V,.,1).
Let X be a nonzero element of Hom(W,", V,,1). We have the decomposition

Hom(W,5, V1 1) ~ @Hom(f/ﬁr, Vig1)-
i=1
Now decompose X as the sum >, X; such that X; belongs to Hom(V,", V,41).
Let g = (gmn) be the block matrix form of any element in ¢ with respect to the
decomposition
Wr=vire .. eV
Let t be the least positive integer such that X} is nonzero. We then have
9uXeg ™" =X V gu € GL(V;Y), 5 € G(Viyr).

Now let R be the group GL(V;") x G(V,.11).

Consider the case when dim(V,") > dim(V,.41). In this case Zg(X;) is con-
tained in a subgroup of the form P x G(V,.,1), where P is a proper parabolic sub-
group of GL(V,") (see Lemmal[5.2)). Hence the unipotent radical of P x G(V;.41), for
any opposite parabolic subgroup P of P, has trivial intersection with Zz(X;). This
shows that there exists a unipotent radical of M (k) which has trivial intersection
with H, and hence we get the lemma.

Now assume that dim(V,") is equal to dim(V,;;). In this case if the rank
of X, is not equal to dim(V;"), then Zg(X;) is contained in Px G(V," ), where P
is a proper parabolic subgroup of GL(V,"). From similar arguments of the previous
case we prove the lemma. If the rank of X; is equal to dim(V}), then Zg(X;)
is contained in a group of the form

{(XegX; " 9)i9 € GVE )}
Consider any Borel subgroup B of GL(V, ) such that BN G(V,% ) is the Borel
subgroup of G(f/rtl) Let B be any opposite Borel subgroup of B. The group
B x B can be identified with a Borel subgroup of GL(V;") x G(V,41). Now the
unipotent radical of the Borel subgroup X;BX, 1'% B has trivial intersection with
Zr(X4), which proves the lemma in this case.

Let (g1,92) be an element of the group Zr(X;) such that g; € GL(V,") and
g2 € G(V,11). We are left with the case when dim(V,") < dim(V,4;). Let
X; € Homy, (V;",V,41) be an operator such that ker(X;) is a nonzero subspace
(since X; is nonzero operator, ker(X;) is not equal to V7). The group Zp(X;) is
contained in a group of the form P x G(V,1;), where P is a parabolic subgroup
of GL(V;") fixing ker(X;). This shows that H is contained in a proper parabolic
subgroup of M(kr). Now assume that X; is surjective. If Rad(X,V,") is a proper
nonzero subspace of (X;V,",q), then for any (gi,g2) in Zr(X;) the element go
stabilises the space X;V,;". This implies that g, stabilises the space Rad(X;V,").
This shows that go stabilises a proper isotropic subspace and hence is contained in
a proper parabolic subgroup of G(V;.41).

Finally, consider the case where the space X;V," is either totally isotropic
or nonsingular. If the space X;V," is totally isotropic, then the element g, belongs
to a proper parabolic subspace of G(V,11). If X;V, is a nonsingular space, then
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the form A’, obtained by pulling h restricted to X;V;" to V,", is preserved by g;.
Hence g; belongs to G((V;",1)). In both the cases we can find a proper parabolic
subgroup P of GL,.(W,") x G(V,1) such that Zr(X,) has trivial intersection with
Rad(P) and hence prove the lemma. ]

6. CLASSIFICATION OF K-TYPICAL REPRESENTATIONS

We need the following well-known lemma (see [Nadl7, Lemma 2.6]). For the
sake of the next lemma consider any parabolic subgroup P of a reductive group G
with a Levi factor M. Let U be the unipotent radical of P. Let U be the unipotent
radical of the opposite parabolic subgroup of P with respect to M. Let J; and J,
be two compact open subgroups of G such that J; contains J. Suppose J; and Jy
both satisfy an Iwahori decomposition with respect to the pair (P, M). Assume

JlﬂU:JgﬂUandJlﬂU:JgﬂU.

Let A\ be an irreducible smooth representation of Jy which admits an Iwahori de-
composition, i.e., Jo NU and Jy N U are contained in the kernel of .

Lemma 6.1. The representation indﬁ()\) is the extension of the representation
indirq% (A\) such that JyNU and JyNU are contained in the kernel of the extension.

Let us resume with the present case where G is a split classical group. Let
s = [M,on]e be an inertial class such that M # G. Let Kj; be a hyperspecial
maximal compact subgroup of M. Let oj; be a cuspidal representation of M such
that o), contains a depth-zero type of the form (K s, 7y). Let the hyperspecial
vertex in the Bruhat—Tits building of M, corresponding to Kj;, be contained in the
apartment corresponding to a maximal split torus 7' (defined over F') of M. Such
a torus T is characterised by the property that Kj; N7 is the maximal compact
subgroup of T (see [MP94] 2.6]).

Let K be a hyperspecial maximal compact subgroup of G such that K contains
Kpr. Let T be a torus defined as in the above paragraph. Now K NT is the
maximal compact subgroup of 7. This shows that K is the parahoric subgroup of
G associated to a hyperspecial vertex in the apartment corresponding to T'. Let B
be the standard basis of W associated to T'. There exists a self-dual lattice chain
A such that B is a splitting of A and K = Up(A) NG.

Now the group M is K-conjugate to a standard Levi subgroup defined with
respect to the basis B and a flag F; as defined in ([I2)), for some sequence of
integers I as defined in (IIl). Hence, we may (and do) assume that M is a standard
Levi subgroup corresponding to F;. Let P be the standard parabolic subgroup
fixing the flag F;. The group M is a Levi factor of P. Let P(1) be the group
K(1)(PNK). The representation 75s extends as a representation of P(1) such that
P(1)NU and P(1)NU are contained in the kernel of this extension. With this we
have the following theorem.

Theorem 6.2. Let s = [M,on|a be an inertial class such that M # G. Assume
that opr contains a depth-zero type of the form (Kar, Tar), where Ky is a hyper-
special mazimal compact subgroup of M. Let K be a hyperspecial mazximal compact
subgroup of G containing K. If T is an s-typical representation of K, then 7 is a
subrepresentation of indg(l) M-
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Proof. Let P be the G stabilizer of the flag
Fr=W/cwic...cw}.
Let P; be the G-stabiliser of the space W, . Let F; be the flag
Wihcwihc---cwi,.
Let P; be the parabolic subgroup of G(W,!) fixing the flag F;. Let M, be the
subgroup of GL(W,) fixing the decomposition
ViteV,he- eVt
The group M is a Levi factor of the parabolic subgroup P;. We recall that
M>~G; xGy X+ X Gp X Gy,

where G; = GL(V;"), for 1 < i < r, and G,y is the F-point of the connected
component of the isotropy subgroup of (V;11,q).

We then identify oy with o1 X --- X 0,41, where o; is a cuspidal representation
of the group Gy, for all 1 < i < r 4+ 1. Let 7; be the unique K N G;-typical
representation occurring in the cuspidal representation o;, for 1 <4 < r + 1. The
K representation 77 is isomorphic to the representation

XK M7,
From Lemma we know that any irreducible K-subrepresentation of
iGon/ indS ke v

is atypical. Now the representation indgm % Tum is the union of the representations
indg(m) T for m > 1.

Let K’ be the compact open subgroup GL(W,") N K of GL(W,}). Let K'(m) be
the principal congruence subgroup of level m contained in K. The compact group
K’'(m) N (P;N K') is denoted by Py(m). Let 75 be the K’ N M j-representation

T R X K7,

The representation 7; extends as a representation of P;(m) via inflation from the
map

Py(m) = Py(kp) = M, (kr).
From transitivity of induction and using Lemma [6.1] we see that

11’ldlp((m) ™ = 1Dd£(m){(ll’ld§;(m) T]) X Tr+1}.

The irreducible K’-subrepresentations of indg(m) Ts/ indg"(l) 77 are atypical from
the result [Nadl7, Theorem 1.1]. Hence s-typical representations of K can only
occur as subrepresentations of

lndﬁ(m){(lndg;(l) TJ) X T’} ~ indfg(lm) T™ -

Now from Lemmas 3.2 and 2.5 we get that

k
indp (7 id = ide @@ ind ™ U;
i=1



DEPTH-ZERO COMPONENTS OF SPLIT CLASSICAL GROUPS 271

such that any irreducible subrepresentation x of resy, 71 occurs in resy, 77. More-
over, the Bernstein components associated to the pairs (Py(1),77) and (Pr(1),77)
are distinct. Note that

AR () 1) T 20 {indp T id} @ Ty

1’m)(Ui X TeSp, T ).

o~ indgu,m) ™ D indZE
Using induction on m, any s-typical representation occurs as a subrepresentation
of indg(l) Tar- Recall that the subgroup P(1,1) is equal to P(1). Since (P (1), 7ar)

is a Bushnell-Kutzko type for [M, o], we complete the proof of the theorem. O

7. PRINCIPAL SERIES COMPONENTS

Let G be the split classical group defined as the connected component of the
isometry group of (W, q), as in SectionBl Let K be a hyperspecial maximal compact
subgroup of G. Let T be a maximal split torus of G defined over F' such that KNT
is the maximal compact subgroup of T'. Let

(24) (w; : —n <1< n)

be a standard basis associated to T. Now there exists a self-dual lattice chain A
such that the basis ([24]) is a splitting of A and K = Up(A) N G. Let

A(0) = pErwn ®PE " wn 1 @ O Pp T W1 © Pp W
We fix a basis

a Ap—1 a—n+1 A—n
{wF"wn,wF Wn—1y---,Wpg W_n+1,Wg W_p}

of W. Now, using this basis, we get an embedding
(25) t:G— GLN(F)

of G in GLy(F). The image of the maximal compact subgroup K can be identified
with GLy (o) Ne(G). The torus T is the group of diagonal matrices of +(G). Let B
be the Borel subgroup of G such that B is a subgroup of upper triangular matrices
in GLy(F). We denote by B the opposite Borel subgroup of B with respect to T.
Let U and U be the unipotent radicals of B and B, respectively.

We identify the torus T with (F*)™ by the map

diag(ti,ta, ...y tn, by ooty ) > (tr, .o t), 6 € FX.
We also identify a character x of T" with

X =x1 - Ny,
where x; is a character of F*. The conductor of y;, denoted by I(x;), is the least

positive integer n such that 1+ p’. is contained in the kernel of x. In this section,
we assume that

I(xi) # 1(x;) for all i # j.

Let s be the inertial class [T, x|. Let 7 be an s-typical representation of K. The
representation 7 occurs as a subrepresentation of an irreducible smooth represen-
tation 7 of G. By definition, the inertial support of the representation 7 is equal
to 5. Hence, 7 is an irreducible subrepresentation resy igx. The G-representations
iGx and i%x™ have the same Jordan—Holder factors for all w € Ng(T'). This shows
that, for the purpose of understanding s-typical representations of K, we may (and
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do) arrange the characters x1, x2,-..,xn» (conjugating by an element in the Weyl
group if necessary) such that

(26) (xq) > U(x;) for i < j.

The types for any Bernstein component [T, x] of a split reductive group G are
constructed by Roche in [Roc98|. We recall his constructions from [Roc98| Section
2,3]. Let B be any Borel subgroup of G containing a maximal split torus T. Let U
be the unipotent radical of B, and let U be the unipotent radical of the opposite
Borel subgroup B of B with respect to T. Let ® be the set of roots of G with
respect to T. Let ®T and ®~ be the set of positive and negative roots with respect

to the choice of the Borel subgroup B, respectively. Let f, be the function on ®
defined by

(27) fla) = {[l(wvm if a €0,

[(I(xaY)+1)/2] faecd.

Let 2o : G — U, be the root group isomorphism, and let U, be the group
To(pt). Let Ty be the maximal compact subgroup of 7. Let Uf be the group
generated by U, (), for all a € Ot Let Jy be the group generated by U;’ To,
and Uy . The group J, has Iwahori decomposition with respect to the pair (B,T)
such that
JXﬂUzU;r, JXﬁU:UX_, and J, NT = Ty.

The representation x of Ty extends to a representation of J,, such that U;‘ and Uy
are both contained in the kernel of this extension. We use the same notation x for
this extension. The pair (Jy, x) is a type for the Bernstein component [T, x]. We
apply these results to a split classical group G with the diagonal torus T and the
Borel subgroup B of G whose F-points are upper triangular matrices, to get a type
(Jy, x) for s. Let Z be the group K(1)(BNK). The group 7 is an Iwahori subgroup
of G, contained in K. We may (and do) choose the set of root group isomorphisms
{zo : G4 = Uyl a € @} such that Jigq is equal to Z. Moreover, for such a choice,
we get that J, is a subgroup of 7.

Before going any further, we need some notation. Consider the isotropic space
Wl+ spanned by wi, and W, the space spanned by w_;. Let P; be a parabolic
subgroup of G fixing the space W;". Let M be the standard Levi factor of Py, i.e.,
the G-stabiliser of the decomposition

wrewirew ) rew,.
The group M; isomorphic to F* x G(W’), where W' is equal to (Wf' e W)t
Let U; be the unipotent radical of the opposite parabolic subgroup P; of P; with

respect to M. Let m be any positive integer such that m > I(x1). Define the
compact open subgroups Py (m) and R°(m) by

PP (m) = (Uy N Py(m))(My 0 Jy) (U1 0 Pi(m))

and
R°(m) = (U; N R(m))(My N Jy) (U1 N R(m)),
respectively. Here R(m) is the group as defined in Section
For inductive arguments we will use the decomposition of the following repre-
sentations:
Py (m)

i id and indfl(™ | id

ind PO(m1) 1
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Let K7 and K5 be the kernels of the maps
PY(m) =% Py(kp) — My(kr) and R°(m) = Pi(kr) — My (kp),

respectively. Recall that the map 7 is a reduction mod pr map. Using the argu-
ments similar to Lemma [5.1] we get that

K1 NR(m) < K; and Ky N PY(m +1) < K.
Now let A; and As be the set of representatives for the orbits of the action of the
groups PY(m) and R%(m) on the set of characters of the groups Kj/(K; N R%(m))
and Ky/(K2 N PY(m + 1)). We then have

C PY(m) g . . P%(m)
de}](m) id ~ @ de;i)(m)(n) U,
neA

and

. 1R°(m) . -~ . 1R%(m)
1ndP1(m+1) id ~ ED deRO(m)(ﬁ) U,.
neA2

We note that
Zpo(m) (M) = Zpo(mynng, (M K1 and Zgo () (1) = Zro(m)nar, (1) Kz
The group of characters of Ky /(K1 NR°(m)) and Ko/(K2N PP (m+1)) are isomor-

phic to the groups i} and #?, respectively. The action of the group PP (m) N M; =
R°(m) N M, factors through the quotient map

PY(m) N My — M, (kp).
The image of this quotient map is contained in B(kr) N My (kFp).

Lemma 7.1. Let u be any nontrivial element of 0t for i € {1,2}. Let H be the
group Zng, (kpynB(ke) (). There exists a character X' of T such that

resg X = resg X’

and the inertial classes [T, x] and [T, x'] are distinct.

Proof. The group M (kp) N B(kp) is isomorphic to kj x B’, where B’ is a Borel
subgroup of G(W’, 7). The action of the group k3 x B’ on n? factors through the
projection
ki x B" = kj.
The action is given by the character = — z2. Hence if (z,b) belongs to Zk§ ()
where u € n}\{0}, then 2 = 1. In this case, consider a nontrivial character n of
k7 which is trivial on the group {#1}. We consider the character 1 as a character
of o} via inflation. Set x’ to be the character x17 X x2 X --X y,. From the above
definition we get
resg X = resg X'

If the Bernstein component [T, x1] is equivalent to [T, 2], then ! = x2. This is
not possible as I(x1) # 1. Hence the character x’ is the character satisfying the
lemma.

Now consider the case when u belongs to fif. The unipotent radical U of kj x B’
is a p-group. Hence there exists a flag {V;;V; C Vij1} of i} stabilised by kj x B’
such that U acts trivially on V;/V; ;1. Let ¢ be the least positive integer such that
u € V;. The group H is contained in the kj x B’-stabiliser of @ in V;/V;_1. The

1
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group U acts trivially on V;/V;_;. Hence the image of H under the natural map
kj x B' — T(kp) is contained in a group of the form
{diag(t1,ta, ... tn, Litop,. .. t)| tat; " =1}
Without loss of generality, assume that j > 0. Consider the character x’ given by
X’leng...ngnflg...gxn_

If (T, x) and (T, ') are inertially equivalent, then the multiplicity of {x1,x;'} in
the multisets

xuxa e Do xan ')
and

Oanxa ' ban g k- e xa '

must be the same. This implies that n belongs to {X1_2’X1Xj7X1Xj_1}' Since kj
has cardinality bigger than 5, there exists a character n such that [T, x] and [T, X/
are not inertially equivalent. This completes the proof of the lemma. ([l

We need the following technical observation. Let x and n be two characters of
T. Recall that T is identified with (F*)™ using the diagonal embedding using ¢ in
@3). We identify x with X ;x; and n with X ;7;.

Lemma 7.2. Let n > 1, and let [T, x|nm, and [T,n]a, be two inertial classes such

that resg;i X1 = resg; - If [Ta X]Nh 7£ [T, me then [T’ X}G 7é [Ta 77]G

Proof. Since [T, x]a, # [T, 1), , there exists an integer ¢ with 2 <4 < n such that
the multiplicity of the multiset {res 0% XirT€Sox X 1 has different multiplicities in
the multisets

{{reso; X2, Tes,x xa 't {resoé X T€S % a3
and

{{resoé T2, T€S,x 7 T {resoé Thn, T€S 4 )

Hence, the multiset {res x xi,res x x; 11 will have different multiplicities in
F F

{{resaE X1, €8x i {resaé X2, Te8,x PN {resoé X T€S,x oty
and
{{resoé 71, T€S,x it} {resoé T2, T€8,x 7 T {resoé Thn, T€S 5 n 1
This shows the lemma. O

We are now ready to classify s = [T, x]-typical representations of K.

Theorem 7.3. Let K be the fized hyperspecial maximal compact subgroup G. Let
s = [T,X7"_,xi]la be a toral inertial class such that I(x;) > I(x;) for alli < j. If T
is an s-typical representation of K, then 7 is a subrepresentation of indJKX X-

Proof. Using induction on n we show that the representation indffx X is a subrep-
resentation of resy i%y, and any irreducible subrepresentation of

(resg iGx)/ indffx X

is atypical.
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Assume this hypothesis to be true for all n’ < n. From induction hypothesis, we

get that
resg igfrlel X = indi%ﬂf/}l x ® 7!

such that any irreducible (K N M;j)-subrepresentation of 7/ is atypical. Let £ be a
(K N M )-irreducible subrepresentation of 7/. Since the (K N Mj)-representation &
is atypical, it occurs as a subrepresentation of resxnar, iéyll k, where S is a standard
parabolic subgroup of M7 with Levi factor L and k is a cuspidal representation of
L such that [L, &]ar, # [T, X]a, - Any irreducible K-subrepresentation of ind -, P
occurs as a K-subrepresentation of

(28) i, (15" K)-

If L # T, then the cuspidal support of the representation (28)) is not equal to [T, x]¢-
Assume that L = T. Since we have [T, &|a, # [T, X]ar,, using Lemma [T2 we get
that [T, kg # [T, x]a- Hence, the irreducible subrepresentations of indf: p, & are
atypical.

Let 7 be any s-typical representation of K. From the above discussion, we get
that 7 is a subrepresentation of

K . . JKNM

(29) indpnp v with v = deXr?lel X-
Now let N be the integer I(x1), the largest among the set of integers {I(x;) : 1 <1 <
n}. Now the representation (29)) is the union of the representations indf;{.1 (m) 7Y for
m > N. Hence any s-typical representation of K occurs as a subrepresentation of
indﬁ(m) v for some m > N. Note that the representation indﬁ(m) <y is isomorphic
to the representation indfgf(m) X (see Lemma [6.1]).

We use induction on m > N to show that irreducible subrepresentations of

ind b g +1) X/ 0By (m) X

are atypical for all m > N. Now we have the isomorphism

. K ind%, ind’t i
indpo 11y X mdP{)(m){X ® (lndp}gzz_l) id) }

~ indglo(m) X Pnen, indlZ(P{)(m)(n) (x®U,)
(X ® Uy).

Using Lemma [TI] we obtain a character x’ such that resy x’ is equal to resgy X,
where H is either Zpo (1) or Zgo(m)(n). Moreover, [T, x] and [T, x'] are distinct

Y e
Dneis deRo(m)

inertial classes. Hence, 7 is contained in the representation indglo( Ny X

Let Z be the Iwahori subgroup K(1)(BNK); we have J, C Z. Using the support
of the G-intertwining of the pair (Jy,x) in [Roc98l Theorem 4.15], we note that
the representation indfX x is irreducible. Moreover, we have that

Homz(ind§X X indIID{)(N) x) # 0.

From the definition of .J, , we note that the dimensions of the representations indgx X

and indlzplo( N) X are the same. This shows that these representations are isomorphic.
We conclude that, for any s-typical representation 7 of K, we get that 7 is a subrep-
resentation of ind?x X. Moreover, the representation indJKX X is a subrepresentation

of resx i%x. O
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