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THE GROTHENDIECK GROUP OF UNIPOTENT
REPRESENTATIONS: A NEW BASIS

G. LUSZTIG

ABSTRACT. Let G(Fy) be the group of rational points of a simple algebraic
group defined and split over a finite field Fy. In this paper we define a new
basis for the Grothendieck group of unipotent representations of G(Fy).

INTRODUCTION

0.1. Let G be an adjoint simple algebraic group defined and split over a finite field
F,, and let G(F,) be the finite group of F,-rational points of G. Let W be the
Weyl group of G. We fix a family ¢ (in the sense of [L1]) in the set of irreducible
representations of W. (This is the same as fixing a two-sided cell of W.) To ¢
we associate a finite group G. and an imbedding ¢ C M(G.) (with image My(G.))
as in [L1], [L3]. Here for any finite group I', M (I") consists of pairs (z, p), where
x € T' and p is an irreducible representation of the centralizer of z; these pairs are
taken up to I'-conjugacy. Let C[M(T')] be the C-vector space with basis M(T),
and let Ap : C[M(T")] — C[M(T)] be the “non-abelian Fourier transform” (as in
[L1]). An element f € C[M(I')] is said to be > 0 if f is a linear combinations of
basis elements (z,p) € M(T') with all coefficients in R>o. As in [L5] we say that
f e C[M ()] is bipositive if f > 0 and Ap(f) > 0.

Taking I' = G.., we denote by C[M(G.)] the subspace of C[M(G.)] spanned by
My(G.). In this paper we construct a new basis B, of C[M(G.)]. Here are some of
the properties of B.:

(I) All elements of B, are bipositive.

(II) There is a unique bijection M(G.) = B., (x,p) — @, such that any

(x, p) appears with non-zero coeflicient in (z, p) ; this coefficient is actually 1.
(IIT) Let < be a transitive relation on M (G.) generated by the relation for which

(z,p), (2, p') are related if (z, p) appears with non-zero coefficient in (ﬁ) Then
< is a partial order on M(G.) in which (1,1) is the unique minimal element. In
particular, the basis B, is related to the basis M(G.) of C[M(G.)] by an upper
triangular matrix with 1 on the diagonal and with integer entries.

(IV) (1,1) appears with coefficient 1 in any element of B.,.

(V) The intersection B, N C[My(G.)] is the basis B, of C[My(G.)] defined in
[L5].

Note that (IIT) and (V) imply 0.5(i) of [L5] which was stated there without proof.
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0.2. Let H C H' be subgroups of G, with H normal in H’. In 3.1 we define a
linear map sy g+ : C[M(H'/H)] — C[M(I")] which commutes with the non-abelian
Fourier transform and takes bipositive elements to bipositive elements.

In the case where G is of exceptional type, our basis B, is obtained by apply-
ing sy g/ to a very restricted set of bipositive elements (said to be primitive) of
C[M(H'/H)], where H, H' are in the set of subgroups of G. which are either {1} or
are associated in [L4] to the various left cells of W corresponding to ¢. This gener-
alizes the definition of B, given in [L5] where the linear map sy g+ was applied only
to (1,1). In this case, our results can be interpreted as giving a new parametrization
of M(G,.) by triples (H, H',=), where H, H' are as above and = runs through the
primitive bipositive elements of C[M (H'/H)]. (In each case H'/H is a symmetric
group of small order.)

In the case where G is of classical type our basis B, will be defined using a
somewhat different approach. We will show elsewhere (based on results in [L5] §2])
that the approach described above for exceptional types works also for classical
types, leading to the same B..

0.3. Let Irr, be the set of isomorphism classes of irreducible complex representations
of G(F,) which are unipotent and are associated to c as in [L3]. Let U. be the
(abelian) category of finite-dimensional complex representations of G(F,) which
are direct sums of representations in Irr., and let K, be the Grothendieck group
of U.. In [L3], a bijection M(G.) — Irr. is established. Via this bijection we can
identify C® K, = C[M (G.)] so that the basis Irr, of K. becomes the basis M[G,] of
C[M(G.)]. Then the new basis B.. of C[M(G.)] becomes a new basis of C ® K, (it
is also a Z-basis of K.). The elements in this new Z-basis of K, represent objects
of U, which are called the new (unipotent) representations of G(F,). They are in
bijection with Irr.. Note that by taking the disjoint union over the various families
of W we obtain a new basis for the Grothendieck group of unipotent representations
of G(Fy).

In type A, we have |¢| = 1 and we can take B, to consist of (1,1); then the
desired properties of B, are trivial. The properties above of B, are verified in type
B,,,Cy, D, in §1. Another approach in type D, is sketched in §2. The exceptional
types are considered in §3.

0.4. Notation. For a,b in Z we set [a,b] = {z € Z;a < z < b}. For a,b in Z we
write a =2 b instead of a = b mod 2 and a #2 b instead of a # b mod 2. For a
finite set Y let |Y| be the cardinal of Y.

1. THE SET Sp

1.1. Let D € N. A subset I of [1, D] is said to be an interval if I = [a,b] for some
a < bin [1,D]. Let Zp be the set of intervals of [1, D]. For I = [a,b],I' = [a/,¥] in
Ip we write I < I’ whenever @/ < a < b < V. We say that I,I’ are non-touching
(and we write I#I') if a’ —b > 2 or a — b > 2. Let Rp be the set whose elements
are the subsets of Zp. Let ) € Rp be the empty subset of Zp. For B € Rp and
h € {0,1} we set B" = {I € B;|I| = h}.

For B € Rp and [a,b] € Ip we define Xpla,b] = Urepr, 1o -

Let I € Ip. A subset E of [ is said to be discrete if i # j in E implies i —j # £1.
Such F is said to be maximal if |E| = |I|/2 (with |I| even) or |E| = (|I| +1)/2
(with |I] odd). A maximal discrete subset of I exists; it is unique if || is odd.
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When D > 2 and i € [1, D] we define an (injective) map &; : Zp_o — Zp by
&(la V]) =[a +2,6/ +2]ifi<d, &([d,V])=][d,b]ifi>b +2,
(a)  &([a,V])=[d,b +2]ifd <i<b +2.

We define t; : Rp_o2 — Rp by B’ — {&(I');I' € B’} U {i}. We have |t;(B’)| =
|B| + 1.

1.2. We now assume that D is even. We say that B € Rp is primitive if it is of the
form

(a) B={[1,D],[2,D—1},...,[k,D+1—kl]} for some k € N, k < D/2.

For example, B = () € Rp is primitive (with k = 0). We define a subset Sp of
Rp by induction on D as follows.

If D =0, Sp consists of a single element, namely § € Rp. If D > 2 we say that
B € Rp is in Sp if either B is primitive, or

(b) there exist i € [1, D] and B' € Sp_o such that B = t;(B’).

(This generalizes the definition of the set Sp in [L3], 1.2] which can be viewed as
a subset of Sp.)

Let 7p : [1, D] — [1, D] be the involution ¢ — D + 1 —i. It induces an involution
I— 7p(I) of Zp. One can verify that I — 7p(I) defines an involution Sp — Sp;
we denote it again by 7p.

1.3. For D >0, let S%"™ = {B € Sp; B primitive}.

Let B € Rp. We consider the following properties (Fp), (P1), (P2) that B may
or may not have.

(Py) If I € B, I € B, then either [ =1, or I&I, or I <1, orI <1.

(Py) If [a,b] € B! and b —a > 2, then Xgla + 1,b — 1] contains the unique
mazimal discrete subset of [a+ 1,b— 1], that is, {a+ 1,a+3,a+5,...,b—1}.

(P2) Let k = |B°| € N. There exists a (necessarily unique) sequence of integers
0=nho<hy <hy<-<hg <hagry1 =D+ 1 such that B° consists of [h1, ha],
[ho, hok—1], ---, [Pk, hk+1]. We have h; =5 j for j € [0,2k + 1]. Assume now
that k > 1 and that j € [0,2k] — {k} satisfies hj41 > h;j +3. If j € [0,k — 1], then
Xplhj+1, hjy1—2] contains the unique maximal discrete subset of [h;+1, hji1—2];
if j € [k+1,2k], then Xglhj + 2,h;11 — 1] contains the unique mazimal discrete
subset of [hj +2,hj1 —1].

Assume now that D > 2,4 € [1,D], B € Rp_o, B = t;(B’) € Rp. From the
definitions we see that the following holds.

(a) B’ satisfies (Py), (P1), (P2) if and only if B satisfies (Py), (P1), (P2).

Let S’, be the set of all B € Rp which satisfy (Pp), (P1), (P2). (This generalizes
the definition of the set S}, in [L5, 1.3]. Properties like (Pp), (P1) appeared in
L5, 1.3].)

In the setup of (a) we have the following consequence of (a).

(b) We have B’ € S,_,, if and only if B € S.

We show (extending [L5] 1.3(c)]):

(c) We have Sp = S',. In particular any B € Sp satisfies (By), (P1), (P2).

We argue by induction on D. If D = 0, S’; consists of the empty set hence (c)
holds in this case. Assume now that D > 2. Let B € Sp. We show that B € S’D.
If B € S%"™ then B clearly is in ). If B ¢ SP"" then B = t;(B’) for some
i,B’ € Sp_s as in 1.2(b). By the induction hypothesis we have B’ € S},_,. By (b)
we have B € S/,. We see that B € Sp = B € 8/,. Conversely, let B € S7,.
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We show that B € Sp. If B € S’gim this is obvious. Thus we can assume that
B ¢ SY™. From (Py) we see that B' # 0. Let [a,b] € B' be such that b — a
is minimum. If @ < z < b, z =3 a + 1, then by (P;) we have z € [d/,]'] with
[a',b'] € BY, V —a’ < b— a, contradicting the minimality of b—a. We see that no z
as above exists. Thus, [a,b] = {i} for some i € [1, D]. Using (Pp) and {i} € B, we
see that B does not contain any interval of the form [a, ] with a < 4, or [i,b] with
i < b, or [a,i — 1] with a < ¢, or [i + 1,b] with ¢ < b; hence any interval of B other
than {i} is of the form &;[a’, V'], where [a’,b'] € Zp_5. Thus we have B = t;(B’)
for some B’ € Rp_s. From (a) we deduce that B’ € S,_,. Using the induction
hypothesis we deduce that B’ € Sp_5. By the definition of Sp, we have B € Sp.
This completes the proof of (c).

We show:

(d) Let B€Sp. IfI € B',J € B, then J ¢ 1.

We argue by induction on |I|. Let I = [a,b], J = [a/,b']. Assume that J C I.
By (Pp) we have J < I. Since b’ — o’ is odd, then either x = a’ or x = b’ satisfies
r =9 a+1. By (P1) we can find I’ € B* such that I’ < I, z € I'. We have |I'| < |I].
By the induction hypothesis we have J ¢ I’. We have I’ J # () and I’ # J hence
I' < J so that = ¢ I', a contradiction. This proves (d).

Let B € Sp, and let hg < hy < -+ < hagy1 be attached to B as in (Py). We
show:

(e) If [a,b] € B, then for some j € [0,2k] we have hj < a <b < hji;.

We can find j € [0, 2k] such that h; < a < hj;1. Assume first that j € [0,k —1].
Then [h;j, hagt+1—;] N [a,b] # O and [hj, hakt1—;] # [a,b] (one is in BY, the other in
B1). Using (), we deduce [h;, hog11—;] < [a,b] (which contradicts (d)) or [a,b] <
[hj, hogq1—j] so that h; < a. If b > hop—j, then [hji1, hop—;] C [a, b] contradicting
(d). Thus we have b < hog_;. If b > hjiq, then [hji1, hog—;]N[a,b] # O (it contains
b) and [hjt1, hok—j] # [a,b]. Hence, by (P), we have either [hji1, hor—;] < [a,]]
(which again contradicts (d)) or [a,b] < [hj+1, hor—;] hence a > hji1, contradicting
our assumption. We see that b < hj ;.

Assume next that j € [k + 1,2k]. Then [hog—j, hji1] N [a,b] # 0 (it contains
a) and [hog—j, hj1] # [a,b] (one is in B, the other in B'). Using (P), we
deduce [hog—j, hjt1] < [a,b] (which contradicts (d)) or [a,b] < [hak—j, hjt1], so
that b < h]‘+1. If a = hj, then [h2k+1—j;hj} n [a,b] # 0 (lt contains a) and
[hok+1—j, hj] # [a,b] # 0. Using (Py) we deduce [hoky1—5,h;] < [a,b] (which
contradicts (d)) or [a,b] < [hok+1—j, h;] hence a < hj, a contradiction. We see that
a > h]‘.

Finally, we assume that j = k. Then [hg, hi+1] N [a,b] # 0 and [hy, hi11] # [a, b]
(one is in BY, the other in B'). Using (P), we deduce [hg, hxt1] < [a,b] (which
contradicts (d)) or [a,b] < [hg, hrt1], so that by < a and b < hgyq1. This proves
(e).

The following result has already been proved as a part of the proof of (c).

(f) Assume that D > 2,4 € [1,D]. Let B € Sp be such that {i} € B. Then there
exists B’ € Sp_o such that B = t;(B').

Let B € Sp, and let I = [a,b] € B'. Let X(I) = {I' € BY;I' C I}. We show:

(&) 1X(D)| = (b—a+2)/2.

We argue by induction on |I|. If |I| = 1, then X(I) = {I} and the result is clear.
Assume now that |I| > 3. By (P),(P;) wecan find a = 20 < 21 < - < 2. = b
(r > 0) such that zg, #1,. .., 2, are all congruent to a mod 2 and [z9+1,2; — 1] €
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Bl [z1+1,20—1] € B, ... [2,_1+1, 2. —1] € B'; moreover, any I’ € B! such that
I’ < I is contained in exactly one of 2941, 21 —1], [z21+1, 20 —1], ..., [zr—1+1, 2. —1].
It follows that |X(I)] =1+ 3, ci0,—1) [X¥([25 + 1, 2541 — 1])|. Using the induction
hypothesis we can rewrite the last equality as

XD =1+ > (-1 =(z+1)+2)/2=1+(b—a)/2.
j€[0,r—1]

This proves (g).

1.4. For B € Sp, h € {0,1}, j € [1,D] we set B} = {I € B";j € I}. From the
definitions we deduce:

(a) Assume that D > 2,4 € [1,D] and that B' € Sp_s. Let B = t;(B’) € Sp.
Then |B°| = |B'°|. Moreover, for h € {0,1} and r € [1, D — 2] we have:

[BLM = [BY] if v <i—2, |B" = |Bly,| if r >,

|Bl' 1| = Bl = |Bi_ L [BP = B M+ hif 1<i<D,

|Bl,|=04ifi=D,|Bl,|=0if i=1.

This extends [L5, 1.4(a)].

1.5. Let B € Sp — ngn. As we noted in the proof of 1.3(c), in this case we must
have B! # () and we have {j} € B! for some j € [1, D]; we assume that j is as small
as possible (then it is uniquely determined). As in that proof we have B =t;(B’),
where B’ € Sp_». Let ¢ be the smallest number in UIeBl I. We have ¢ < j. We
show:

(a) For any h € [i, 5], we have [h,h] € B for a unique h € [h, D]; moreover we
have j < h.

We argue by induction on D. When D < 1 the result is obvious. We now assume
that D > 2. Assume first that i = j. By (P), {j} € B implies that we cannot
have [j,b] € B! with j < b; thus (a) holds in this case. We can assume that i < j.
We have [i,b] € B for some b > 4, hence |B'| > 2 so that |B’!| > 1 and B’ ¢ S&7".
Then i, j" are defined in terms of B’ in the same way as 4, j are defined in terms
of B. From (P;) we see that there exists j; such that i < j; < b and such that
{j1} € B. By the minimality of j we must have j < j;. Thus we have i < j < b.
We have [i,b] = &;[i,b—2]], hence [i,b—2] € B’'. This implies that ¢’ < i. We have
[i',c] € B! for some ¢ € [i’, D — 2], ¢ = i’; hence [i’,c'] € B! for some ¢ > i’ so
that ¢ > i. Thus we have i’ = i. By the induction hypothesis, the following holds:

(b) For any r € [i,5'], we have [r,r1] € B'* for a unique r1; moreover j' < ry.

If / <j—2, then {j'} = &({j’'}) € B. Hence j' > j by the minimality of j; this
is a contradiction. Thus we have 7' > j — 1.

Let r € [i,j — 1]. Then we have also r € [i, ], hence r is defined as in (b). We
have [r,r1] € B', hence [r,71+2] € B! (weuse that r < j < j'+1 < ri+1 < r1+2);
we have j < r; + 2. Assume now that [r,re] € B! with r < ry. Then r < 75 (by
the minimality of 7). If j = ro or j = ro + 1, then applying (Py) to {j}, [r, 2] gives
a contradiction. Thus we must have either r < j <19 or j >ro+ 1. If j > 1o + 1,
then [r, 73] € B'!; hence by (b), 72 = 71, hence j > r1 + 1 contradicting j < r; + 2.
Thus we have r < j < ra, so that [r,79 — 2] € B’; hence by (b), ro — 2 = r;. Thus
we have r < j < rg so that [r,r2 — 2] € B’}; hence by (b), 1o —2 = ry.

Next we assume that r = j. In this case we have {r} € Bl. Moreover, if
[r,7'] € B! with r < 7’ < D, then we cannot have r < 7/ (if 7 < r/, then applying
(Py) to {r},[r,r'] gives a contradiction). This proves (a).
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We show:

(c) Assume that j < D and that i < h < j. Then h in (a) satisfies h > j.

Assume that h = j, so that [h,§] € BY. Since h < j, applying (P) to {4}, [h, j]
gives a contradiction. This proves (c).

We show:

(d) Assume that j < D and that r € [j +1,D]. We have [j + 1,7] ¢ B'.

Assume that [j+1,r] € BL. Applying (P) to {j},[j+1,7] gives a contradiction.
This proves (d).

We show:

(e) For h € [i,j] we have |Bj| =h —i+1. If j < D we have |Bj, | = j — i.

Let h € [i,5]. Then for any h' € [i, h], B}, contains [h’, ] (since h < h'); see (a).
Conversely, assume that [a,b] € B}. We have a < h. By the definition of i we have
i < a. By the uniqueness statement in (a) we have b = a so that [a,b] is one of the
h —i+ 1 intervals [/, B'] above. This proves the first assertion of (). Assume now
that j < D. If ' € [i,j], K’ < j, then [0/, }/] € B}H, by (c). Conversely, assume
that [a,0] € B} ;. We have a < j+1 and by (d) we have a # j+1 so that a < j. If
a = j, then by the uniqueness in (a) we have b = j which contradicts j + 1 € [a, b].
Thus we have a < j — 1. We see that [a,b] is one of the j — i intervals [/, h'] with
h' € i, ], K < j. This proves (e).

We show:

(f) Let e = |BY|. For h € [i,j] we have |B| =e. If j < D we have |BY, | = e.

Let I € BY. Since I and [i,4] are not disjoint and not equal, we must have
[i,2] < I or I < [i,i] (this last case cannot occur since i € [i,4]). Thus we have
[i,4] < I. We have [i, 5] C [i,]; hence [i,5] < I so that I € BY for any h € [i, j]. If
in addition j < D, then from [i,j] < I we deduce [i,j + 1] C I so that I € BY, ;.
Conversely, assume that h € [i,j] and I’ € BY. Since I’ and [h, h] are not disjoint
and not equal, we must have [, h] < I’ or I’ < [h, h] (this last case cannot occur
since h € I'). Thus we have [h,h] < I'. If i < h, it follows that h — 1 € I’ so
that [h — 1, m] < I'. Repeating this argument we see that [h”, h"] < I’ for any
h" € [i, h], so that in particular we have i € I’ and I’ € BY. If in addition j < D
and I' € B]Q 1, then I, [, 3] are not non-touching and are not equal hence we must
have [j, j] < I’ or I’ <[4, 7] (this last case cannot occur since it contradicts 1.3(d)).
Thus we have [f, j] < I’ which by the earlier part of the proof implies I’ € B?. This
proves (f).
1.6. For any n € N we define n € {0,1} by n =2 n. For B € Sp, j € [1, D], we set
k = |B°| and

1,(B) = |B}| ~ 1B~ r € 2,
¢j(B) = f;(B)(f;(B) + 1)/2 € Fs.

This extends a definition in [L5, 1.6]. We have

€;(B)=1if f;j(B) € (4Z+ 1)U (4Z +2), ¢;(B) = 0if f;(B) € (4Z+ 3) U (4Z).

Assume now that B ¢ S»". Let i < j in [1, D] be as in 1.5. Let e = |B?| + &.

From 1.5(e),(f) we deduce:
(a) We have

(fi(B)afi+1(B)7'"afj(B)):(1_672_ea3_65"'5.]._7;_6?.7'_7;_'_1_e)'
If j < D, we have fj11(B) =j —i—e.
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From (a) we deduce:

(b)
(€i(B),€it1(B),---,€(B)) = (1 —e)(2—¢)/2,(2-¢)(3 - ¢)/2,
B-—ed—e)/2,....,(j—i—e)(j—i—e+1)/2,(j—i—e+1)(j—i—e+2));
(c)ifj <D, then ¢j1(B)=(Gj—i—e)(j—i—e+1)/2).

This extends [L5, 1.6(b),(c)].

For future reference we note:

(d) If c € Z, then c(c+1)/2 #4 (¢ +2)(c+ 3)/2.
(e) If c € 2Z, then c(c+1)/2 #2 (¢ + 1)(c + 2)/2.

1.7. Let B € Sp, B € Sp be such that B, B are not primitive and ¢, (B) = ¢,(B)
for any h € [1, D] and |B°| = |B°|. We show (extending [L5, 1.7(a)]):

(a) We can find z € [1 D] such that {2} € B, {2} € B.

Let hg < by < hy < --- < hog < hogy1 be the sequence attached to B in (Pg)
let ho < hy < hy < +++ < h2k < h2k+1 be the analogous sequence attached to B.
Here k = k = |B%| = |BO|. We shall need the following preparatory result.

(b) Assume that s € [0,k — 1] is such that

(ho,h1,...,h5):(ilo,ill,...,ﬁs):(0,1,...,8).

Then either hsy1 = iLHl = s+ 1, or the conclusion of (a) holds.

Let i < j be attached to B asin 1.5. Let ¢ < j be similarly attached to B. Assume
first that hey1 > s+1, hey1 = s+1. We have |BY 1| =s, \Bs+1| =s+1,|BL | =0
(we use 1.3(e)) and by (P») we have |Bl,;| > 1. We see that i = s + 1 and from
1.5(e) we have |B}, | = 1. Thus, fo41(B) =1—s—r, fer1(B) = —1—s—r (where
Kk =k),sothat e, 1(B) = (1—s—k)(2—5—r)/2, €s41(B) = (=1 —s—k)(—s—£)/2.
It follows that (1 — s —k)(2—s—k)/2 =2 (=1 — s — k)(—s — k) /2, contradicting
1.6(d). Thus, if hyyy = s+ 1, then hyyy = s+ 1. Similarly, if ho 1 = s+ 1, then
hs+1 = s+ 1. Assume now that hs41 > s+ 1 and hs+1 > s+ 1. By (P2) we have
i=1i=s+1. 1If j < j, then j < D and from 1.6(b),(c), we see that

€j11(B) = (j—i—s—k)(j—i—s—r+1)/2,€j41(B) = (j—i—s—r+2)(j—i—s—K+3)/2
so that

(J—i—s—k)(j—i—-s—Kk+1)2=2((—i—s—k+2)(j—i—s—Kk+3)/2
contradicting 1.6(d). Thus we have j > j. Similarly, we have j > j. Hence j = 7, so
that ~(a) holds with z = j = j. The only remaining case is that where hs11 =s+1
and hgy1 = s+ 1. This proves (b).

We shall need a second preparatory result.
(c) Assume that s € [0,k — 1] is such that

(th—S+1a ER) h’2ka h2k+1) == (iLQk—S-‘rlv R B2k7 iLQk—i—l) - (D — s+ 1a ey D7 D + 1)

Then either hog_s = hor_s = D — s or the conclusion of (a) holds.

We note that the assumptions of (b) are satisfied when B,B are replaced by
7p(B), 7p(B) (see 1.2). Hence from (b) we deduce that either hoj_s = hop_s =
D — s or there exists u € [1, D] such that {u} € 7p(B), {u} € 7p(B) (which implies
that {7p(u)} € B, {rp(u)} € B. This proves (c).
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Next we note that the assumption of (b) (and that of (c)) is satisfied when s = 0.
Hence from (b),(c) we obtain by induction on s the following result.
(d) We have either

(hoy Bty ooy s sty - ooy haksr) = (hoy By ooy By Basns -y hakg1)
=(0,1,....,.k,D—k+1,...,D,D+1)

or the conclusion of (a) holds.

Thus, to prove (a) we can assume that B, B are as in the first alternative of (d).
Wehave k <i<j<D—-k+1,k<i<j<D-—k+1 (weuse 1.3(e) and (P1)).
Assume first that j < j (so that j < D) and i < 1.

From 1.6 for B we have ¢;(B) = (1 — k — k)(2 — k — k)/2. From i < i we have
€(B) = (—k—E)(1—k—E)/2. Thus (1—k—Fk)(2—k—k)/2 =2 (—k—k)(1—k—k)/2.
This contradicts 1.6(e) since k + k is even. Thus we must have i > 4. Next
we asssume that j < j (so that 5 < D) and i < i. From 1.6 for B we have
&(B) = (1—k—k)(2—k—k)/2. From i < i we have ¢;(B) = (—k—k)(—k—k+1)/2.
(1—k—k)(2—Fk—k)/2=2 (—k—k)(1 =k —k)/2. This contradicts 1.6(e) since
k + k is even. Thus, when j < j we must have i = 7. From 1.6(c ) for B we have
ej41(B) = (j—i—k—k)(j—i—k—k+1)/2 and from 1.6(b) for B we have
eji1(B)=(j—i—k—k+2)(j—i—k—Ek+3)/2. Tt follows that

(J—i—k-k)(G—i-k—k+1)/2=(G—i-k—-k+2)j—i—k—-k+3)/2,

contradicting 1.6(d). We see that j < J leads to a contradiction. Similarly, j < J
leads to a contradiction. Thus we must have j = j, so that (a) holds with z = j = j.
This completes the proof of (a).

1.8. Let B€ Sp, B € Sp.

(a) Assume that B € S that e,(B) = en(B) for any h € (1, D], and that
|B°| = |B°|. Then B = B.

The proof is similar to that of 1.7(a). Assume that B ¢ S%"™. Let i < j
be attached to B as in 1.5. Let ho < h1 < h2 < ++- < hgr < hogy1 be the
sequence attached to B in (Py); let hg < hy < hy < --- < iLQk < }~L2f€+1 (that is,
0<l<---<k<D+1-k<---< DK D—i—l) be the analogous sequence
attached to B. We have k = k = |B°| =|B|.

We show the following variant of 1.7(b).

(b) Assume that s € [0,k — 1] is such that (ho,h1,...,hs) = (0,1,...,5). Then
hs-i—l =S + 1

Assume first that hsq > s+ 1. We have |BY, ;| =s, |[BY ;| =s+1, |BL | =0
(we use 1.3(e)) and by (P,) we have |B! ;| > 1. We sce that i = s + 1 and from
1.5(e) we have |BL, || = 1. Thus, fs41(B) =1 —s—k, fo41(B) = =1 — s — k, so
that

csr1(B)= (1= s = k)2 =5 —k)/2,cs11(B) = (=1 — s — k) (=s — k) /2.

It follows that (1 —s—k)(2—s—k)/2 =2 (=1 — s — k)(—s — k)/2, contradicting
1.6(d). Thus, we must have hyy1 = s+ 1. This proves (b).
Next we show the following variant of 1.7(c).
(c) Assume that s € [0,k — 1] is such that (hog—st1,- .., hok, hogt1) = (D — s+
D, D+1). Then hop—s = D — s.
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We note that the assumptions of (b) are satisfied when B, B are replaced by
7p(B), 7p(B). Hence from (b) we deduce that hop_s = D — s. This proves (c).

Now we note that the assumption of (b) (and that of (c)) is satisfied when s = 0.
Hence from (b),(c) we obtain by induction on s the following result.

(d) We have

(hos hts oo higy higens -« hogsr) = (hoy by oo By Bt o)

= (0,1,....k,D—k+1,...,D,D +1).
Using (d) and 1.6 we see that e;(B) = (1 —k —k)(2—k —k)/2. On the other hand
we have e;(B) = (—k —k)(=k —k+1)/2. We get (1 —k —k)(2—k —k)/2 =
(—=k — k)(—k — k +1)/2, contradicting 1.6(c) since k + k is even. Thus B ¢ SP7*™
leads to a contradiction. Thus both B, B are primitive. Since B, B are primitive
and |B°| = |BY|, we see that B = B. This proves (a).

1.9. We no longer assume that D is even. Let V be the Fa-vector space with basis
{ei;i € [1,D]}. For any subset I of [1,D] let ey = > . ;e; € V. We define a
symplectic form (,) : V. xV — Fg by (e;,ej) = 1if i — j = £1, (e5,e;) = 0 if
1 — j # £1. This symplectic form is non-degenerate if D is even while if D is odd
it has a one-dimensional radical spanned by e; +e3+e5+---+ep.

For any subset Z of V we set Z+ = {z € V;(z,2) =0 Vz € Z}.

When D > 2 we denote by V' the Fa-vector space with basis {e};i € [1, D — 2]}.
For any I' C [1,D — 2] let e}, = > .., e, € V. We define a symplectic form
() V' x V"= Fa by (e,¢)) =1if i —j=+£1, (ef,¢}) =0if i —j # £1.

When D > 2, for any i € [1, D] there is a unique linear map 7; : V! — V such
that the sequence T;(e}), T;(€b), ..., Ti(ep_5) is:

€1,€2,...,€i_2,€i_1+ € + €i11,€i12,€i43,...,ep (if 1 <i< D),
es,eq,...,ep (ifi=1),
e1,€2,...,ep_s (if i = D).

Note that T; is injective and (z,y)" = (Ti(z), Ti(y)) for any z,y in V’. For any
I' € Ip_» we have Tj(e},) = e, (11). Let V; be the image of T; : V! — V. From the
definitions we deduce:

(a) e = V; @ Fae;.

In the remainder of this section we assume that D is even.

If D>2 forje[l,D—2]let f]' :Sp_o— Z, e; : Sp_o — F3 be the analogues
of f; :Sp = 7Z, ¢, : Sp — F5 when D is replaced by D — 2.

For B € Sp, we define e(B) € V by e(B) = >_,c(y p€i(B)ei. 1If D > 2, for
B’ € Sp_z we define €'(B") € V' by €(B') = > ic1 p_o €;(B')e;. We show
(extending [L5, 1.9(b)]):

(b) Assume that D > 2, i € [1,D]. Let B’ € Sp_2,B = t;(B’) € Sp. Then
e(B) = T;(€(B’)) + ce; for some ¢ € Fy.

An equivalent statement is: for any j € [1, D] — {i} we have ¢;(B) = €}, (B’) if
j € [1,D — 2] is such that j € &({j'}); and €;(B) = 0 if no such j" exists. It is
enough to show:

(B =fu(B)if1<h<i-2,

fl (B = fu(B)ifi+2<h<D,

£ 1(B) = frr(B) = £, (B) if 1< i <D,

fifl(B) S {0, —1} (hence Eifl(B) = 0) ifi1 = D,

fi+1(B) € {0, -1} (hence €;41(B) =0) if i = 1.
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This follows from 1.4(a).

For B € Sp let (B) be the subspace of V generated by {e;;I € B}. For
B’ € Sp_3 let (B’) be the subspace of V' generated by {e},;I’ € B'}. We show
(extending [L5} 1.9(c)]):

(c) Let B € Sp. We have ¢(B) € (B). If D > 2,i € [1,D], B’ € Sp_2,B =
t;(B’) € Sp, then (B) = T;({(B’)) ® Fae;.

To prove the first assertion of (c) we argue by induction on D. For d = 0 there
is nothing to prove. Assume that d > 1. Let 4, B’ be as in (b). By the induction
hypothesis we have € (B’) € (B’) C V’. Using (b) we see that it is enough to
show that T;((B’)) C (B). (Since {i} € B, we have ¢; € (B).) Using the equality
Ti(e}) = eg, (1) for any I' € B’ it remains to note that &;(I') € B for I' € B’. This
proves the first assertion of (c). The same proof shows the second assertion of (c).

For s € [0,D/2] we set t = s/2 if s is even and t = (s + 1)/2 if s is odd; we
denote by V(s) the set of vectors 2 € V' such that & = €[4, 5,] +€[as,bs] T "+ €lay,b]
with [a,,b.] € Zp with any two of them non-touching and with a; =2 as =2
s =9 ap =9 8, by =9 by =9 -+ =9 by =9 s+ 1. For such z we set n(z) =
a1 +bi+ax+by+---+ar+b €N

Assume for example that

B=1{[1,D],[2,D—1],...,[D/2,(D/2) + 1]}.

We have |BY| =i fori € [1,D/2], |B)| =D —i+1foriec[(D/2)+1,D], |B}|=0
for all i. It follows that

(d) €B)= €2,3] t+ €[6,7] T €[10,11] + -+ €p-2,0-1] € V(D/2) if D/2 is even,

(e) E(B) = €[1,2] + €[5,6] + €19,10] +--- 4+ €[D—-1,D] S V(D/2) if D/2 is odd.
More generally, assume that
() B={[1,D],[2,D—-1],...,[s,D+1—s]}, where s € [0,D/2].

We have |BY| =i fori € [1,s], |[BY|=D —i+1forie [D—s+1,D], |B}| =0 for
all 7. It follows that:

if s =0, then ¢(B) =

if s =1, then ¢(B) = 6[1 D)

if s = 2, then €(B) = ez, p_13;
if s = 3, then €(B) = ep1,9) + e¢[p—1,p];
if s =4, then €(B) = ep2,3) + ¢[p—2,.p—1];
if s =5, then ¢(B) = €,2] +€5,0-4)] + €p-1,D];
if s = 6, then G(B) 6[2 3] + 6[6 D-5] + e[D 2,D—1)5 etc.

Thus,

(&) «(B) € V(s).

Let B € Sp. Using (Py) we deduce:

(h) (B) is an isotropic subspace of V.

We show (extending [L5] 2.1(b)]):

(i) {er; I € B} is an Fa-basis of (B).

We can assume that D > 2. Assume that ZleB cre; = 0 with ¢; € Fy not
all zero. We can find I} = [a,b] € B with ¢;; # 0 and |[;| maximal. If a € I
with I’ € B, I' # I, ¢;s # 0, then by (Py) we have I} < I’ (contradicting the
maximality of [I1]) or I’ < I; (contradicting a € I’). Thus no I’ as above exists.
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Thus when ) ;5 crer is written in the basis {e;;j € [1,2d]}, the coefficient of e,
is ¢, and hence ¢y, = 0, contradicting ¢y, # 0. Thus (i) holds for B.

1.10. Let B € Sp, B € Sp. We show:

(a) If e(B) = e(B) and |B°| = |B°|, then B = B.

We argue by induction on D. If D = 0, there is nothing to prove. Assume
that D > 2. If B € S2™ then (a) follows from 1.8(a). Similarly, (a) holds if
B € S”"™. Thus, we can assume that B and B are not primitive. By 1.7(a) we
can find i € [1, D] such that {i } E B!, {i} € B'. By 1.3(f) we then have B = t;(B’),
B =t (B’) with B’ € Sp_s, B’ € Sp_5. Using our assumption and 1.9(b) we see
that T;(¢'(B')) = Ti(¢'(B’ )) + ce; for some ¢ € Fy. Using 1.9(a) we see that ¢ =0
so that T;(¢'(B')) = T;(¢'(B')). Since T is injective, we deduce ¢'(B’) = ¢ (B'). We
have also |B'°| = |B'°|. By the induction hypothesis we have B’ = B’ and hence

B = B. This proves (a).
1.11. Any = € V can be written uniquely in the form
T = Cay,bi] T Clazby] T T Cla, b, ]

where [a,,b,] € Ip are such that any two of them are non-touching and r > 0,
1<a; <b<ap <by<---<a, <b. <D. Following [L2| 3.3] and [L5] 1.11(a)]
we set

(a)  wu(v)=[{se(l,r];as =2 0,bs =2 1}| — [{s € [1,7];as =2 1,bs =2 0}| € Z.

This defines a function u : V- — Z. When D > 2 we denote by v’ : V' — Z the
analogous function with D replaced by D — 2. The following result appears also in
LA 1.11(b)].

(b) Assume that D > 2,i € [1,D]. Letv' € V', and let v = T;(v') + ce; € V,
where ¢ € Fy. We have u(v) = u'(v').

We write v/ = ef b —l—e{a,z,b,z] +-+ e{a;)b”, where r > 0, [al, V] € Zp_» for all
s and any two of [as, b’,] are non-touching. For each s, we have T;(e [a'sab’s}) = Cla,.bs)>
where [as, bs] = &;[al, )] so that as =2 al,, bs =2 b, and the various [as, bs] which
appear are still non-touching with each other. Hence u(T;(v')) = u/(v"). We have
v="T)orv="Tw)+e. Ifv=T(), wehave u(v) = v (v'), as desired.
Assume now that v = T;(v') + ¢;. From the definition of & we see that either

(i) [¢,4] is non-touching with any [as, bs], or

(ii) [¢,4] is not non-touching with some [a,b] = [as, bs] which is uniquely deter-
mined and we have a < i < b.

If (i) holds, then e; does not contribute to u(v) and u(v) = u(T;(v')) = ' (v').
We now assume that (ii) holds. Then €[a,p] T €i = €[q,i—1] T €[i+1,5]- We consider
six cases.

(1) a is even b is odd, i is even; then |[i + 1, b]| is odd so that the contribution of
€[a,i—1] T €[i+1,4) to u(v) is 1+ 0; this equals the contribution of ey, 3 to u(T;(v'))
which is 1

(2) a is even, b is odd, 4 is odd; then |[a,i — 1]| is odd so that the contribution of
€[a,i—1] F €i+1,4) to u(v) is 0 4 1; this equals the contribution of ef, 3 to u(Ti(v'))
which is 1

(3) a is odd, b is even, i is even; then |[i 4+ 1,b]| is odd so that the contribution
of €[4,i—1] + €[it1,5) t0 u(v) is 0 —1; this equals the contribution of e[q ) to u(T;(v"))
which is —1.
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(4) a is odd, b is even, i is odd; then |[a,i — 1]| is odd so that the contribution of
€[a,i—1] + €[i+1,5) t0 u(v) is —1 4 0; this equals the contribution of e, p) to u(Ti(v"))
which is —1.

(5) a =3 b =2 i+1; then |[a,i—1]| is odd, |[i+1, b]| is odd so that the contribution
of e[q,i—1] + €[it1,5) t0 u(v) is 0+ 0; this equals the contribution of e[, 4 to u(T;(v"))
which is 0.

(6) a =2 b =2 7; then the contribution of ef, ;_1] + ejiy1,4) to u(v) is 1 — 1 or
—1 + 1; this equals the contribution of e[, ) to u(T;(v")) which is 0.

This proves (b).

Let s € [0,D/2], and let € V(s); see 1.9. From the definition, the following
holds:

(c) If s is even, then u(x) = s/2; if s is odd, then u(x) = —(s +1)/2.

We now define 4 : V- — N by a(z) = 2u(z) if u(z) > 0, a(x) = —2u(x) — 1 if
u(z) < 0. From (c) we deduce:

(d) If s € [0,D/2] and z € V(s), then u(x) = s.

1.12. Asin [L5l 1.12], we view V as the set of vertices of a graph in which z, 2’ in V
are joined whenever there exists ¢ € [1, D] such that x+2’ = ¢;, (z,€;) = (2/,¢;) = 0.
(We then write z o z’.) We show:

(a) Let s € [0,D/2], and let z,z" be in V(s); see 1.9. Then x,x’ are in the same
connected component of the graph V.

Asin 1.9 wesett = s/2if siseven and t = (s+1)/2if s is odd. There is a unique
element z; € V(s) such that n(z;) < n(y) for any y € V(s) (see 1.9 for the definition
of n(y)). This element is of the form x5 = e[40 y0] + €[agp9] + **+ + €[q0 40], Where
ad, 10, a9,b9,ad, b9, ... is 2,3,6,7,10,11,... if s is even and is 1,2,5,6,9,10,... if
s is odd. Let I' be the connected component of the graph V' that contains x,. Let
T = €[ay by] T Clag,bs] T+ €layb,] € V(s) be as in the definition of V(s); see 1.9.
We show that = € " by induction on n(z). If n(z) = n(x;), then z = x5 and there
is nothing to prove. Assume now that n(z) > n(zs). Then one of (i), (ii) below
holds:

(i) for some z > 1 we have a; = aj, b; = b) for j € [1,z = 1], a. > a;

(ii) for some z > 1 we have a; = a9, b; = b9 for j € [1,2 — 1], a. = a2, b, > bJ.

In case (i) we have a, — 2 € [1,2d], (eq,—2,2) = 0 hence x + e,,_2 o x. We
have (eq,—1,% + €q.—2) = 0 hence 2/ :=x + e, 2+ €4.-10% + €4, 2. We have
n(z’") = n(z) — 2. By the induction hypothesis we have 2’ € T hence x € T

In case (ii) we have (ep, 1, 2) = 0 hence z+ep, _10x. We have (ep,, x+ep,—1) =0
hence 2/ :=x+ep, 1 +ep. ox+ep 1. We have n(a’) = n(z) — 2. By the induction
hypothesis we have «’ € T hence x € I'. This proves (a).

1.13. For z € V we show:

(a) There ezist s € [0,D/2] and & € V (s) (see 1.9) such that x,Z are in the same
component of the graph V.

We argue by induction on D. If D = 0 there is nothing to prove. Assume now
that D > 1. Assume first that = is the element described in 1.9(d) or (e). Then
x € V(D/2) so that there is nothing to prove. Next we assume that x is not the
element described in 1.9(d) or (e). Then (x,e;) = 0 for some i € [1, D]. By 1.9(a)
we have © = T;(2') + ce; for some 2’ € V' and some ¢ € Fy. We first show the
following result which appears also in [L3] 1.12(a)].
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(b) If y,y’ in V' are joined in the graph V' (analogue of the graph V'), then
T;(y), Ti(y') are in the same connected component of the graph V.

We can find j € [1,D — 2| such that (y,e}) = (y/,e}) =0, y +y' = €. Hence
G.T() = (7 Tie)) = 0, 5+ = Te]), where § = Ti(y), 7' = Ta(y). 1t
Ti(ej) = ep for some h € [1, D], then 7,7 are joined in V, as required. If this
condition is not satisfied, then 1 <i < D, j =14 —1 and Tj(€}) = ¢; + ;41 + €j12.
We have (§,e; + €41 +e€j12) =0, 5+ 7 =e; + €41+ €jio. Since § € V; we have
(7,€e;) = 0 hence (7,ej41) = 0 so that (3,e;) = (7, €ej42). We are in one of the two
cases below.

(1) We have (7, ¢;) = (7, j42) = 0.

(2) We have (7 ¢;) = (7, 512) = L.

In case (1) we consider the four-term sequence §,5 +€;,7+¢e; +€j42,7+€; +
ej+1+ejo = J'; any two consecutive terms of this sequence are joined in the graph
V. In case (2) we consider the four-term sequence ¢,y + €j41,9 + € + €j41,7 +
ej +ej+1 + €ejr2 = ¥'; any two consecutive terms of this sequence are joined in the
graph V. We see that in both cases ¢, ¢’ are in the same connected component of
V and (b) is proved.

We now continue the proof of (a). By the induction hypothesis there exists
s € [0,(D/2) — 1] and 2" € V'(s) such that z’,2” are in the same connected
component of V'. Here V'(s) is defined like V'(s) (replacing V by V’). By (b),
T;(2"), T;(z") are in the same connected component of V. From the definitions we
see that T;(V'(s)) C V(s). Thus T;(z"”) € V(s). Clearly x, T;(z’) are joined in the
graph V. Hence z,T;(z") are joined in the graph V. We see that (a) holds.

1.14. The following result follows by repeated application of 1.11(b).

(a) If z,2’ in V are in the same connected component of the graph V, then
u(z) = u(a’).

We can assume that z, 2" are joined in the graph V. Then for some i € [1, D] we
have © = T;(y) + ce;, ' = T;(y) + 'e;, where y € V', ¢ € Fy, ¢ € Fo. By 1.11(b)
we have u(z) = u/(y), u(z') = v/(y), hence u(x) = u(z’). This proves (a).

We now show the converse.

(b) If z,2" in V satisfy u(z) = wu(z'), then x,a’ are in the same connected
component of the graph V.

By 1.13(a) we can find s,s" in [0, D/2] and 1 € V (s), 2} € V(s') such that x, 21
are in the same connected component of the graph V and z’,z are in the same
connected component of the graph V. Thus, it is enough to prove that z1, 2} are in
the same connected component of the graph V. By (a), we have u(x1) = u(a}) hence
(xq1) = a(x}). From 1.11(d) we have a(z1) = s, a(x}) = s'. Using a(x1) = a(z})
we deduce that s = s'. Since z1 € V(s),z} € V(s), they are in the same connected
component of the graph V, by 1.12(a). This proves (b).

We show:

(c) Let B € Sp. Let k= |B°|, K = a(e(B)) € Z. Then k' = k.

We argue by induction on D. If D = 0 there is nothing to prove. Assume now
that D > 2. If B € S, then ¢(B) € V (k) (see 1.9(g)), and the result follows from
1.11(d). We now assume that B ¢ S™. We can find i € [1,D] and B’ € Sp_»
such that B = t;(B’). By 1.9(b) we have e(B) = T;(¢/(B’)) + ce;, where ¢ € Fs.
Using 1.11(b) we deduce u(e(B)) = v/ (¢'(B’)). Hence @(e(B)) = @' (¢'(BB')), where
' : V' — Z is defined in terms of v’ in the same way as @ is defined in terms of w.
By the induction hypothesis we have @'(¢/(B’)) = k. This proves (c).
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(d) The map € : Sp — V (see 1.19) is injective.

Assume that B, B in Sp are such that e(B) = ¢(B). Let k = |B°|, k = |B°|.
Let k' = a(e(B)) = @(e(B)). By (c) we have k' = k, k' = k. It follows that k = k.
Using now 1.10(a), we see that B = B. This proves (d).

1.15. Let s € [0,D/2], and let B € Sp be as in 1.9(f), so that ¢(B) € V(s). We
show:

(a) For any x € (B) we have u(x) < s; moreover, we have 4(x) = s for a unique
z € (B).

We argue by induction on D. If D = 0 the result is obvious. We now assume
that D > 2. Assume first that s = D/2. If z1 = €(B), then 21 € (B) (see 1.9(c)),
and u(xy) = D/2 (see 1.14(c)). Conversely, assume that ' € V, a(z’) = D/2.
Using 1.14(b), we see that z’, z1 are in the same connected component of V. From
1.9(d),(e), we see that (z1,e;) = 1 for any ¢ € [1,D]. Thus, x; is a connected
component of V by itself, so that 2’ = x1. Hence in this case (a) holds. Next we
assume that s < D/2. Then B’ ={[1,D —2],[2,D —3],...,[s,D—1—3s]} € Sp_»
satisfies €/ (B’) = s (by 1.9(f)). We have B = {¢;(I');I' € B'}. Let i = s+ 1. Let
B = t;(B’) = BU {i}. Using the induction hypothesis for B’ and 1.11(b) we see
that for any

T € T;((BI» @® Foe; = <B> ® Faoe; = <B>

(see 1.9(c)) we have 4(x) < s; moreover, we have 4(z) = s for exactly two values

of x € (B) (whose sum is e;). One of these values is in (B) and the other is not in
(B). This proves (a).

1.16. Let F' be the C-vector space consisting of functions V. — C. For =z € V
let v, € F be the characteristic function of z. For B € Sp let ¥ € F be
the characteristic function of (B). Let F' be the C-subspace of F generated by
{¥p;B € Sp}. When D > 2 we define ¢/, for 2’ € V' and U’y for B’ € Sp_,,
F’,F’, in terms of Sp_5 in the same way as wz,\I/B,F,I:" were defined in terms
of Sp. For any i € [1, D] we define a linear map 6; : F/ — F by f' — f, where
f(Ti(2") + ce;) = f'(2') for 2’ € V', c € Fy, f(x) =0 for x € V — ei-. We have

0i (1) = i) + VT, (2 te, for any z' € V7,

0;(V'g) = Uy, (g for any B’ € Sp_».

We show:

(a) For any x € V', we have v, € F.

We argue by induction on D. If D = 0 the result is obvious. We now assume
that D > 2. We first show:

(b) If z,& in V are joined in the graph V and if (a) holds for x, then (a) holds
for x.

We can find j € [1, D] such that x+2Z = ¢;, (z,¢e;) = 0. We have z = Tj(2')+ce;,
T =T;(z") + e;, where 2’ € V' and ¢ € Fa, ¢ € Fy, ¢+ ¢ = 1. By the induction
hypothesis we have ¢}, = > 5. g apV¥p, where ap. € C. Applying 0; we
obtain

Yo + Yz = Z ap' Wy, (B

B'€Sp_»

We see that 1, + 1z € F. Since ¥, € F, by assumption, we see that ¢z € F. This
proves (b).
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For any s € [0, D/2] we show:

(c) If z € V is such that (z) = s, then ¢, € F.

We argue by induction on s. Let & = ¢(B), where B is as in 1.9(f) so that
z € V(s) (see 1.9(g)) and u(Z) = s (see 1.11(d)). Using 1.14(b) we see that z, &
are in the same connected component of the graph V' and using (b) we see that it
is enough to show that ¢ € F. Let xo be the unique element of (B) such that
(xg) = s (see 1.15(a)). By the uniqueness of xy we must have zy = Z. From 1.15
we see that for z; € (B) — {Z} we have @(z;) < s; for such x; we have 1, € F
by the induction hypothesis. We have ¥ g = 1z + Emé(B)—{i} Vg, = ¥z mod F.
Since ¥ € F, we see that ¢z € F. This proves (c) hence also (a).

Since I C F, we see that (a) implies:

(d) F=F.

This extends [L5] 1.15(c)]. We have the following result which extends [L5] 1.16].

Theorem 1.17. (a){Up; B € Sp} is a C-basis of F.
(b)e : Sp — V is a bijection.

From the definition of F' we have dim F < |[Sp|. By 1.14(d) we have [Sp| < |[V| =
dim F. Since F = F (see 1.16(d)), it follows that dim F' = [Sp| = |V| = dim F.
Using again the definition of F and the equality F = F we see that (a) holds. Since
the map in (b) is injective (see 1.14(d)) and |Sp| = |V| we see that it is a bijection
so that (b) holds.

Let F(V) be the set of (isotropic) subspaces of V' of the form (B) for some
B € Sp. By definition, the map Sp — F(V), B — (B) is surjective. In fact,

(c) this map is a bijection.

Indeed, if B, B in Sp satisty (B) = (B), then the functions ¥, ¥ 5 in F coincide
and (d) follows from (a).

Note that F(V') admits an inductive definition similar to that of Sp. If D =0,
F(V) consists of the subspace {0}. If D > 2, a subspace E of V is in F(V) if and
ony if it is either of the form (B) for some B € S¥"" or if there exists i € [1, D]
and E' € F(V') such that E = T;(E’) @ Fae,.

1.18. Assume that D > 2. Let B € Sp, and let ¢ € [1, D] be such that {i} € B.
Let Z; be the set of all [a,b] € B! such that a <i <b. If [ € Z;,I' = [d/,V'] € Z;,
then I NI' # 0 and hence we have either I C I’ or I’ C I. It follows that if
Z; # 0, then Z; contains a unique interval [a, b] such that b — a is minimum; we set
Zmin = {[a,b]}. We show:

(a) If Z; # 0 and Z™™ = {[a,b]}, then a =3 b =9 i + 1.

If this is not so, then a =9 b =5 i. By (Py) there exists [a1,b;] € B! such that
a<a <i—1<b <b If by =i—1, then applying (Pp) to [a1,b1],{i} gives a
contradiction. Thus b, > ¢ and ¢ € [a1,b1]. By the minimality of b — a, we have
[a1,b1] = {i}. This contradicts i — 1 € [a1,b1] and proves (a).

Let hg < hy < --+ < hag41 be the sequence attached to B in (P). We show:

(b) Assume that hs < i < hs11. If s € [0,k — 1] and i =5 s, then Z; # 0. If
s€k+1,2k] and i =9 s+ 1, then Z; # 0.

We prove the first assertion of (b). We have hy < i—1 < hy4q (since hy #g i—1).
By (P,) we can find [a,b] € B! such that hy <a <i—1<b< hgyq. Ifb=1i—1,
then applying (FPy) to [a,b], {i} gives a contradiction. Thus, b > i and ¢ € [a,b].
Since a < i we have {i} < [a,b] so that [a,b] € Z;. This proves the first assertion of
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(b). The second assertion of (b) can be deduced from the first assertion using the
involution 7p : Sp — Sp in 1.2.

We show:

(¢) If hs <i < hsy1, s € [0,k —1], i =2 s+ 1, then either Z; =0 or Z; # 0 and
Zi — Zmin £ ).

Assume that Z; # 0. Let [a,b] € Z™", so that a < i < b. Using 1.3(e) we see
that hs < a < b < hgt1. By (a) we have a =2 h,. Since hy < a, we must have
hy <a—1< hgr1. By (P) we can find [@/,b'] € B! such that hy <a’ <a—1<
b < hsy1. If b = a — 1, then applying (Pp) to [a,b], [a’, '] gives a contradiction.
Thus, b > a, so that [a/,b'] N [a,b] # 0. This implies that either [a’,b'] C [a,b] or
[a,b] < [a,b]. The first alternative does not hold since a —1 € [a/,¥'],a—1 ¢ [a, b].
Thus we have [a,b] < [a/,V] so that [a’,b] € Z; — Z™™. This proves (c).

We define a collection C' of subsets of Zp as follows:

(i) If hy < i < hg41 and Z; = 0, then C = B — {i}.

(i) If hy, < i < hgy1 and Z; # 0, then C = (B—{[a, b], {1} })U{]a,i—1], [i+1,8]},
where Z" = {[a, b]}.

(ili) If hy < @ < hgy1, s € [0,k — 1], 4 =2 s, so that Z; # 0 (see (b)), then
C = (B —{la,bl, i}}) U {la,i — 11,[i + 1, 8]}, where 2" = {[a, b]}.

(iv) If hy < i < hgg1, s € [0,k —1], i =2 s+ 1 and Z; # 0, then C = (B —
{la, ], {i}}) U {[a,i — 1], [i + 1,b]}, where Z"™ = {[a, b]}.

(V) If hg < i < hgy1, s € [k+1,2k], i =2 s+ 1 so that Z; # 0 (see (b)), then
C = (B —{[a,b],{i}}) U {la,i — 1], [i + 1,b]}, where Z""™ = {[a, b]}.

(vi) If hy < @ < hgy1, s € [k +1,2k], i =2 s and Z; # 0, then C = (B —
{[a, ], {i}}) U {[a,i — 1], [i + 1,b]}, where Z"" = {[a, b]}.

(vii) If hy < i < hgy1, s € [0,k —1], 4 =2 s+ 1 and Z; = 0, then C =
(B = {[hes1, hon—ol (11D U {lis hopshy i+ 1 o1 — 1

(vii) If hy < & < hos1, s € [k + 1,2k], i =» s and Z; = 0, then C = (B —
{[h2k75+17 hs]a {Z}}) U {[thfs,i]v [hs + ]-7i - 1}}

For h € {0,1} let C" be the set of all [a’,d'] € C such that b —a =5 h+ 1. We
show:

(d) C satisfies properties (Po), (P1), (P2).

We refer to properties (Fp), (P1), (P2) for C as (F), (P]), (P5). The verification
of (Fy) is immediate. We check (Py). The sequence hy < by < --- < hy, in (Pj)
is:

ho < h1 < -+ < hogg1 (of (P2) for B) in cases (i)—(vi) (in these cases we use
that a =9 i+ 1,b =9 i + 1; see (a));

ho <hy < - <hsg<i<hgio<--+<hopy in case (vii);

ho<hi < - <hs1<i< h3+1 <o < h2k+1 in case (Vlll)

We check (Pf). In case (i), (P]) is immediate. In cases (ii)—(vi) let ¢ be such
that e < c<i—1lori+1<c<b ¢c=2a+1 By (P)for B we can find
[a1,b1] € B! such that a < a3 <c¢<by <b. Ifc<i—1,b; >i, then [a1,b1] € Z;,
contradicting Z; = 0; if i + 1 < ¢, a; < 4, then [a1,b;] € Z;, contradicting Z; = 0.
Thus, we have a < a1 <c< by <i—lori+1<a; <c<b <b Ifby=i-1
or a; = i+ 1, then applying (FPy) for B to [a1,b1],{i} gives a contradiction; thus
we have a < a1 < c< b <i—1lori+1<a; <c<b <b Moreover, since
[a1,b1] € B we have [a1,b1] € C' so that (P{) holds. In case (vii) let ¢ be such
that i +1 < ¢ < hgy1 — 1, ¢ =2 i. By (P») for B we can find [a,b] € B! such
that hy < a < ¢ < b < hgy;. We have b < hgyq — 1. If a < i, then [a,b] € Z;,
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contradicting Z; = . Thus, a > 4, sothat i + 1 < a < ¢ < b < hgyy — 1. If
b= hs11 — 1, then applying (FPy) for B to [a,b], [hst1, hor—s] gives a contradiction.
Thus, b < hey1 — 1. If a = i + 1, then applying (FPp) for B to [a,b],{i} gives a
contradiction. Thusi+1 < a. Moreover, since [a,b] € B! we have [a,b] € C! so that
(P{) holds. In case (viii), (Pj) is proved by an argument similar (and symmetric
under 7p) to that in case (vii).

We check (Pj) with j € [0,k — 1]. In case (i), (P3) is immediate. Let ¢ be
such that h’ < ¢ < Rl y, ¢ =2 j+ 1. In cases (ii)~(vi), by (P») for B we can
find [a’,0'] € B! such that h; < a’ < ¢ <V < hjy1. If we are in case (ii),(v) or
(vi), or (iii),(iv) with s # j, we have [a’,d'] € C' and (Pj) holds. Assume that
we are in case (iii) or (iv) with s = j. Let [a,b] € B! be the unique interval in
Zmin 1f [a’, V] # [a, b], then [a/,b'] € C* and (P4) holds. Thus we can assume that
[a’',0'] = [a,b] so that a < ¢ < b. If i ¢ [a/,V], then [a/,0'] € C! and (P}) holds.
Thus we can assume that i € [a,b] = [¢/,V]. In case (iii) (with s = j) we have ¢ # ¢
(since ¢ =3 j + 1,4 =9 s, =2 j) hence ¢ < i or ¢ > i. Thus we have ¢ € [a,i — 1]
or ¢ € [i +1,b] and [a,i — 1] € CY, [i + 1,b] € C! and (P}) holds. In case (iv)
with s = j, by (c) we can find [¢”,b"] € Z; such that [a,b] < [a”,b"]. We have
[a”,b"] € Ct and hj < a” < ¢ <b" < hjy1. Thus, (P) holds. Assume now that we
are in case (vii). If j # s + 1, then by (P) for B we can find [a,b] € B! such that
hj <a <c<b< hjpi. If in addition we have j # s, then h;. <a§c§b<h;+1,
[a,b] € C' and (Pj) holds. If j = s, we have ¢ < i hence a < i. We show that
hs < a < ¢ <b<i(in particular, [a,b] € C'). Now h, < a holds since hy = h.
To prove that b < i, we assume that ¢ < b so that ¢ € [a,b]. Since Z; = 0 we
deduce that @ = b = 7 hence ¢ = i. This contradicts ¢ < h/,; = i and proves
(P}) in this case. If j = s + 1, then taking [a,b] = [i + 1, hsp1 — 1] € Ct, we have
hiyy <i4+1<c<hgyr —1<h,,so0that (P;) holds.

Assume now that we are in case (viii). By (P%) for B we can find [a,b] € B!
such that h; < a < ¢ <b < hjy1 hence h; <a<c<b< h;_H. We have [a,b] € C*
so that (Pj) holds.

The proof of (Pj) with j € [k+1,2k] is similar (and symmetric under 7p) to the
proof of (Pj) with j € [0,k — 1]. This completes the proof of (d).

From (d) and 1.3(c) we deduce:

(e) We have C € Sp.

From the definitions we deduce:

(f) For j € [1,D] — {i} we have f;(C) = f;(B). In case (i) we have f;(C) =
fi(B) — 1. In cases (ii)—(viii) we have f;(C) = f;(B) — 2.

From (f) we deduce:

(g) For j € [1,D] — {i} we have ¢;(C) = ¢;(B). We have €;,(C) = ¢;(B) + 1.

(For the second assertion of (g) in cases (ii)—(viii) we use 1.6(d); in case (i) we
have f;(C) = —k — k, fi(B) = -k —k+ 1 and k + k € 2Z, so that the second
assertion of (g) holds by 1.6(e).)

We show:

(h) We have €(C) = €(B) + ¢;, (B) € e;. In other words, €(C), e(B) are joined
in the graph V.

The first assertion of (h) is a restatement of (g). For the second assertion we note
that by 1.3(f) we have B = t;(B’) for some B’ € Sp_o, so that (B) C V; @ Fae;
and it remains to use 1.9(a) and 1.9(c).



THE GROTHENDIECK GROUP OF UNIPOTENT REPRESENTATIONS 195

(i) We shall also use the notation C = Bl[i| when C is obtained from B,i as
above.

1.19. We view Sp as the set of vertices of a graph in which By, By in Sp are joined
whenever €(B1) ¢ €(Bs); see 1.12. (We then write By ¢ By.) Thus the bijection
€:Sp — V is a graph isomorphism. We show:

(a) Let By, By in Sp be such that ByoBy. Definei € [1, D] by e; = €(B1)+¢€(Ba).
Then {i} belongs to exactly one of By, B2, say By, and we have By = Bili]; see
1.18(i). Moreover, we have By = t;(B’) for a well-defined B € Sp_o and ¢(By) =
E(E/(B,)) mod F261‘, E(BQ) = TZ(E/(B/)) mod FQGZ'.

We have €(B1) = T;(2') + c1e;, €(B2) = T;(2') + caeq for a well-defined 2/ € V',
c1 € Fy, co € Fg such that ¢; +¢3 = 1. Define B’ € Sp_» by € (B’) = 2’. By 1.9(b)
we have €(t;(B’)) = T;(2') + ce; with ¢ € Fy. Since ¢; + ¢co = 1 we have ¢ = ¢4
or ¢ = ca. Assume for example that ¢ = ¢;. Then €(¢;(B’)) = €(By). Since € is a
bijection we deduce that By = ¢;(B’), so that {i} € B;. Let Cy = Bi[i] € Sp; see
1.18(i). By 1.18(h) we have €(C1) = €(B1) + e; so that €(C1) = T;(2') + c1e; +e; =
T;(a") + coea = €(Bs). Since € is a bijection we deduce that C; = Bs. Note that
{i} ¢ Cy so that {i} ¢ By. This proves (a).

1.20. For B, B in Sp we say that B < B if either

(i) [B°] < |B°| or

(i) |B°| = |B°| and for any i € [1, D] we have f;(B) < fi(B)|.

We show:

(a) This is a partial order on Sp.

It is enough to prove that for B, Bin Sp such that B < B and B < B we have
B = B’. We have |B°| < |B°| <|B°| hence |B°| = |B°| and fi(B) = f;(B) for all
i hence ¢;(B) = ¢;(B) and €(B) = ¢(B). Since ¢ is a bijection (1.17(b)), we deduce
that B = B’. This proves (a).

For x,% in V we say that x < 7 if e7!(z) < e 1(2), where e : V — Sp is the
bijection inverse to € : Sp — V. This is a partial order on V. We shall write x < &
whenever ¢ < & and x # Z. Using the definitions and 1.4(a) we deduce:

(b) Assume that D > 2, i € [1,D], B' € Sp_s, B' € Sp_y. If B' < B', then
t;(B) < t;(B). Hence if &' € V', & € V', &/ < &', then ti(¢ " (2)) < t;(¢ ().

Clearly, for any x € V we have 0 < z. We denote by v(z) the largest number
r > 0 such that there exists a sequence 0 = zg < 71 < --- <z, = x in V. We have
v(0) =0 and v(z) > 0if z # 0.

We show: _

(c) Assume that B € S5 . Recall that z := e¢(B) € (B) (see 1.9(c)). If y € (B)
and y # z, then y < z.

We set k = |B°| € [0, D/2]. By 1.9(g) we have z € V (k) and by 1.15(a) we have
t(xg) = k for a unique xg € (B), u(x) < k for any = € (B) such that x # x.
By 1.14(c) we have @(z) = |B°| = k so that 2y = z. Thus for y as in (c) we have
y # xo so that @(y) < k, that is, a(e(B’)) < k, where B’ = e~ !(y). By 1.14(c) this
implies |B'%| < k, that is, |B’Y| < |BY| so that B’ < B and y < z. This proves (c).

Let » € V. By 1.16(d) we have ¥, = > ..y cz3Vc-1(5), where ¢,z € C.
Moreover, by 1.17, the coefficients ¢, 5z are uniquely determined. We state:

Theorem 1.21. Ifx € V,Z €V, ¢z 5 #0, then T < x. Moreover, ¢z 5 = 1.
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We argue by induction on Dj for fixed D we argue by (a second) induction on
v(z). If D = 0 the result is obvious. Now assume that D > 2. Assume first
that e '(z) € S5, Since z € (¢"'(x)), we have U -1,y = ¥, + > oziez Yo
where Z = (e7!(z)) — {z}. By 1.20(c), for any x; € Z we have z; < x so that
v(z1) < v(x). By the (second) induction hypothesis, for any z1 € Z, )5, is a linear
combination of elements Uiy, with z2 €V, ma < 14 (hence z2 < ). It follows
that the statement of the theorem holds for our z.

Next we assume that B = ¢ '(z) ¢ S1*™. We can find i € [1, D] such that
{i} € e 1(z). We have e~ !(z) = t;(B’), where B’ € Sp_». Let 2/ = €/(B’) € V.
We have t;(¢’~!(2')) = B. From the first induction hypothesis we have

(a) '1/1;/ = Z le’,i/qllel_l(i')’

#ev'z <z’
where ¢}, ;» € C and ¢, ., = 1. Let C' = Bli]; see 1.18(i). We have |C°| = |BY
and from 1.18(f) we see that C' < B hence y < x, where y = ¢(C) € V. Applying
to (a) 0; (as in the proof of 1.16(b)) we obtain

Yo + 0y = Z ot 5 (e -1(3))
eV <a’
(we have used 1.19(a)). By 1.20(b) the inequality ' < z’ implies t;(¢'~1(7')) <
ti(€~1(2")) = B; moreover if ¥’ # 2/, then t;(¢~1(%')) # ti(¢ 1 (2')) = B. We see
that ¢, + 1, is a linear combination of terms W -1,y with z € V, 2 <z, and the
coefficient of W -1, is 1.

Since y < x we have v(y) < v(z). By the (second) induction hypothesis 1, is a
linear combination of terms W.-1(;) with 2 € V, 2 < y hence z < x. We see that
by is a linear combination of terms W -1,y with z € V, 2 < z and the coefficient
of U .-1(,) is 1. This proves the theorem.

1.22. For x € V we have W 1(,) = D oy do 3z, where dy; = 1if 2 € (e71(z))
and d, ; = 0if # ¢ (e~ !(z)). Recall that d, , = 1. We show:

(a) If dypz # 0, then & < z.

From the definitions for x,z" in V' we have ) -\ ¢z 3dz o = 0z 0 (Kronecker
0). Using 1.21 we deduce dy 4 +Ziesp;i<z €255 20 = 0y 5. From this the desired
result follows by induction on v(x).

We show:

(b) There is a unique bijection e : V.= F(V) (see 1.17) such that z € e(x) for
anyx €V.

The map e : z — (¢~ 1(z)), V — F(V) is a well-defined bijection; see 1.17(b),(c).
For x € V we have z € e(x) by 1.9(c). This proves the existence of e. We prove
uniqueness. Let ¢’ : V' — F(V) be a bijection such that z € ¢'(x) for any x € V.
We define a bijection o : V=5 V by 0 = ¢’ ~te. Then for any X € F(V) we have
ole (X)) = ¢7HX). Setting z = e7!(X) we have o(z) = ¢/71(X) € X = e(z).
Thus o(x) € e(x) for any x € V. From (a) we have 2’ < z for any 2’ € e(x). Hence
o(x) <z for any z € V. In a finite partially ordered set Z any bijection a : Z — Z
such that a(z) < z for all z must be the identity map. It follows that o = 1 so that
e = ¢’. This proves (b).

1.23. In 1.24-1.26 we describe the bijection in 1.17(c) assuming that D is 2, 4 or
6. In each case we give a table in which there is one row for each B € Sp; the row
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corresponding to B is of the form < B >: (...), where B is represented by the list
of intervals of B (we write an interval such as [4, 6] as 456) and (...) is a list of the
vectors in (B) (we write 1235 instead of e; + ea +e3 + €5, ete). In each list (...) we
single out the vector e(B) in 1.17(b) by putting it in a box. Any non-boxed entry
in (...) appears as a boxed entry in some previous row. These tables extend the
tables in [L5l 1.17].

1.24. The table for D = 2.
0:(0)
<1>:(0,[1])
<2>:(0,[2])
<12 >:(0,[12)).

1.25. The table for D = 4.

0: (o)

<1>:(0,[1])
<2>:(0,[2])
<3>:(0,[3])
<4>:(0,]4))

<1,4>:(0,1,4,[14])
<2,4>:(0,2,4,[24)
< 2,123 >:(0,2,13,123))
< 3,234 >: (0,3,24,]234))
<1234 >: (0, 1234))
< 3,1234 >: (0,3,1234,[ 124 )
< 2,1234 >: (0,2,1234,[134)
< 4,12 >:(0,4,124,[12])
< 1,34 >:(0,1,134,[ 34))
< 1234,23 >: (0,1234,14,[23]).

1.26. The table for D = 6.

0:(0)
<1>:(0,[1])
<2>:(0,[2)
<3>:(0,[3)
<4>:(0,[4])
<5>:(0,[5])
< 6>:(0,[6])
<1,4>:(0,1,4,[14)
< 1,6 >:(0,1,6,[16])
<2,4>:(0,2,4,[24)
<2,5>:(0,2,5,[25])
<2,6>:(0,2,6,[26])
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< 3,6 >:(0,3,6,[36)
< 4,6 >:(0,4,6,[46))
<1,3>:(0,1,3,[13)
(
(

<1,5>:(0,1,5,[15])
<3,5>:(0,3,5,[35))

< 2,123 >:(0,2,13,[123

< 3,234 >: (0, 3,24, 234

< 5,456 >: (0,5,46,] 456

(
(
< 4,345 >: (0,4,35,[345
(
(
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)
)
)
)

<1,3,5>:(0,1,3,5,13,15,35,[ 135
<1,3,6 >: (0,1,3,6,13,16, 36,/ 136

< 1,4,345 >: (0,1,4,345,14, 35,135

<1,4,6 >: (0,1,4,6,14, 16,46, 146
<2,4,6 >: (0,2,4,6,24, 26, 46,] 246
< 1,5,456 >: (0,1,5,456, 15, 46, 146,
< 2,5,456 >: (0,2,5, 456,25, 46, 246,
<2,5,123 >: (0,2,5,123,25,13, 135,
<2,6,123 >: (0,2,6,123,26, 13, 136,
< 2,4,12345 >: (0,2,4, 24,1345, 1235, 135,[ 12345 |)

< 3,234,12345 >: (0,3, 234,12345, 24, 15,135, 1245 |)
< 3,6,234 >: (0,3,6,234,24, 36,246, | 2346 )
< 3,5,23456 >: (0,3, 5, 2456, 35, 2346, 246, | 23456 )

< 4,345,23456 >: (0,4, 345, 23456, 35, 26, 246,| 2356 |).

< 123456 >: (0,| 123456 |)

< 5,123456 >: (0, 5,123456,| 12346

< 4,123456 >:

(
(
< 3,123456 >: (
(

0,4, 123456,] 12356

0,3, 123456,] 12456

< 2,123456 >: (0,2, 123456, 13456

< 6,1234 >: (0,6, 12346,
< 1,3456 >: (0,1, 13456,

S N N —

1234])

3456 )

1456

2456

1235

1236

S —

)

< 2,5,123456 >: (0,2, 5,25, 123456, 13456, 12346,
< 3,5,123456 >: (0,3,5, 35, 123456, 12456, 12346,
< 2,4,123456 >: (0,2, 4,24, 123456, 13456, 12356,
< 3,6,1234 >: (0,3,6,36, 1234, 12346, 1246,
< 1,4,3456 >: (0,1, 4, 14, 3456, 13456, 1356,
< 2,6,1234 >: (0,2, 6, 26,1234, 12346, 1346,
< 1,5,3456 >: (0,1, 5, 14, 3456, 13456, 1346,
< 3,234,123456 >: (0,3,234, 24, 123456, 12456, 1356, [ 156
< 4,345,123456 >: (0,4, 345, 35, 123456, 12356, 1246,| 126

< 4,6,12 >: (0,4,6,46,124,126,1246,| 12])
<1,3,56 >: (0,1,3,13,156, 356, 1356, 56 |)

1346 ))

1246 |)

1356 |)

124

)
356 |)
134))

346 )
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<1,6,34 >:(0,1,6,16, 134, 346, 1346, 34])

< 5,12,456 >: (0,5,12,456,12456, 46, 1246,] 125 |)
< 2,56,123 >: (0,2,56,123,12356, 13, 1356,] 256 |)
< 123456,2345 >: (0, 123456, 16,| 2345 )

< 123456, 3, 2345 >: (0,123456, 3, 2345, 12456, 16, 136, | 245 |)
< 123456, 4, 2345 >: (0, 123456, 4, 2345, 12356, 16, 146, | 235 |)
< 123456,2,45 >: (0,2, 123456, 13456, 1236, 245, 136,| 45 )
< 123456, 5,23 >: (0,5, 123456, 12346, 1456, 235, 146,| 23 |)

< 3456,1,45 >: (0,1,45, 3456, 13456, 36,136, 145 |)
< 1234,6,23 >: (0,6,23,1234, 12346, 14, 146, 236 |)
< 123456, 2345, 34 >: (0,123456, 2345, 34, 16, 25, 1346, 1256 ).

1.27. For m € N such that m < D/2 let S% = {B € Sp;|B°| = m}. One can
show:

(@) 1SB] = (7% )-

Indeed S5 can be identified with a fiber of the map @ : V — N in 1.11 and
that fiber is in bijection with a set of symbols with fixed defect as in [L2]. These
symbols can be counted and we find (a).

If B € Sp, then B! € SY%. This is seen by induction on D. Alternatively, B*
satisfies (Pp), (P1), (P2) hence is in Sp, by 1.3(c). Thus B — B! is a well-defined
(surjective) map Sp — S%. One can show:

(b) This map induces a bijection {B € Sp;|B| = D/2} = SY,.

1.28. We now assume that G in 0.1 is of type B, or C,, n > 2, or D,, n > 4.
We define the set B, in 0.1. If |¢] = 1, B, consists of (1,1). Assume now that
le| > 2. We associate to ¢ a number D € 2N, and an Fa-vector space V with basis
{ei;i € [1,D]} as in 1.9 so that Irr. is identified with M(G.) =V as in [L3]. Then
C[M(G.)] becomes the vector space of functions V — C. The elements of B.. are
the characteristic functions of the subsets (B) of V for various B € Sp. This has
the properties (I)—(V) in 0.1. (The bipositivity property (I) in 0.1 follows from the
fact that (B) is an isotropic subspace of V for any B € Sp.)

2. THE CASE WHERE D IS ODD

2.1. In this section we will sketch without proof a variant of the definitions and
results in §1 in which D € N is taken to be odd.

We say that B € Rp is primitive if either B = () or B is of the form

(a) B={[1,D—1],[2,D — 2],[k,D — k]} for some odd k € N such that k <
(D-1)/2.

We define a subset Sp of Rp by induction on D as follows. If D = 1, Sp consists
of a single element, namely ) € Rp. If D > 3 we say that B € Rp is in Sp if either
B is primitive, or

(b) |B°| # 0 and there exist i € [1, D] and B’ € Sp_5 such that B = t;(B’), or

(¢) |B°| = 0 and there exist i € [1, D — 1] and B’ € Sp_5 such that B = t,(B’).

Here ¢; is as in 1.1.
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2.2. We shall use the notation of 1.9 (with D odd). Let V. = V/Fy(, where ¢ =
ert+est+es+---+ep. Now (,): VxV — Fy induces a non-degenerate symplectic
form VxV — Fy. Let # : V — V be the obvious map. Now V with its basis
{m(e;);i € [0, D—1]} is like V in 1.9 (of even dimension). Hence F(V) is defined and
we have canonical bijections a : Sp_; — F(V) (as in 1.17(c)) and ¢ : V. = F(V)
(as in 1.22(b)).

For B € Sp let (B) be the subspace of V' generated by {e;;I € B}; this is in
fact a basis of (B) and {m(es); I € B} is a basis of 7((B)). Let F(V) be the set of
(isotropic) subspaces of V of the form 7 ((B)) for some B € Sp. Now F(V) does
not in general coincide with F(V).

One can show that the map a : Sp — F(V), B — 7n((B)) is a bijection and
that there is a unique bijection e : ¥V = F(V) such that for any z € V. we have
x € e(z). Consider the matrix indexed by V x V whose entry at (z,2') € V xV is 1
if 2’ € e(z) and is 0 if 2’ ¢ e(z). One can show that this matrix is upper triangular
with 1 on the diagonal for a suitable partial order on V.

2.3. For m € N such that m < (D —1)/2 let S = {B € Sp;|B’| = m}. For
m > 0, even, we have S7; = (. One can show that the bijection a"tee o :
Sp_1 = Sp (see 2.2) restricts to the identity map S% — S% _; and to a bijection

S7 L USBETT =5 S for m odd.

2.4. In 2.5-2.7 we describe the bijection Sp — F(V), B — 7({B)) in 2.2 assuming
that D is 3,5 or 7. In each case we give a table in which there is one row for
each B € Sp; the row corresponding to B is of the form < B >: (...), where B
is represented by the list of intervals of B. We use conventions similar to those
in 1.23, except that now (...) is a list of vectors in V. (we write 1235 instead of
m(er) +m(e2) +m(eg) +m(es), ete.). In each list (...) we single out (by putting it in
a box) the vector z € V such that e(x) = w({B)) with e as in 2.2. Any non-boxed
entry in (...) appears as a boxed entry in some previous row.

2.5. The table for D = 3.
0: (o)
<1>:(0,[1])
< 2> (O,).
<12 >: (0, 12)).

2.6. The table for D = 5.
0:(0)

<1>:(0,[1)
<2>:(0,[2])
<3>:(0,[3])
<4>:(0,[4])
<1,3>: ,1 J[13])

(0
<1,4>:(0,1,4,[14])
<2,4> (0,2,4 24))
< 2,123 >: (0,2,13,[123))
< 3,234 >: (0,3, 24,[234))
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<1234 >: (0, 1234))

< 3,1234 >: (0,3,1234,[ 124 )
< 2,1234 >: (0,2,1234,[134)
< 4,12 >:(0,4,124,[12])

< 1,34 >: (0,1,134,34))

< 5,12 >: (0,12,13,[23)).

2.7. The table for D =17.

0: (o)

< 1>:(0,[1))
<2>:(0,[2)
<3>:(0,[3])
<4>:(0,[4])
<5>:(0,[5])

<6 >:(0,[6])

< 1,4 >: (0,1,4,@)
<1,6>:(0,1,6,[16)
<2,4>:(0,2,4,[24)
<2,5>: (0255)

< 2,6 >:(0,2,6,[26))
<3,6>:(0,3,6,[36))
<4,6>:(0,4,6,[46])
<1,3>:(0,1,3,[13)
<1,5>:(0,1,5,[15])
<3,5>:(0,3,5,[35)

< 2,123 >: (0,2,13,[123])
< 3,234 >: (0,3,24,[234))
< 4,345 >: (0,4,35,] 345 )
< 5,456 >: (0,5,46,] 456 ])
<1,3,5>:(0,1,3,5,13, 15, 35,

<1,3,6>:(0,1,3,6,13,16, 36,
< 1,4,345 >: (0,1,4, 345, 14, 35, 135,
<1,4,6 >: (0,1,4,6,14, 16,46,
<2,4,6 >: (0,2,4,6,24, 26,46,
(0,1,5,456, 15, 46, 146,
< 2,5,456 >: (0,2,5, 456,25, 46, 246,
(0,2,5,123,25,13, 135,
<2,6,123 >: (0,2,6,123,26, 13, 136,
< 2,4,12345 >: (0,2,4, 24,1345, 1235, 135,[ 12345 |)
< 3,234,12345 >: (0, 3,234, 12345, 24, 15,135, 1245 |)

< 1,5,456 >:

<2,5,123 >:

135

136

146

246

1456

2456

1235

1236

)
)
)
)

< 3,6,234 >: (0,3,6,234,24, 36, 246,] 2346 )

< 3,5,23456 >: (0,3, 5, 2456, 35, 2346, 246, [ 23456 )

201
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3.1. Let I" be a finite group. Let x € T, and let p be a not necessarily irreducible
representation over C of the centralizer Zr(x) of x in I'. We define (x, p) € M(T)
to be Y (o : p)(x,0), where o runs over the irreducible representations of Zr(x)
up to isomorphism and : denotes multiplicity. Let H be a subgroup of I'. Following
[L3, p. 312] we define a linear map iy : C[M(H)] — C[M(I')] by

(a) (@))-

As
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< 4,345,23456 >: (0,4, 345, 23456, 35, 26, 246, [ 2356 |)

< 123456 >: (0,[ 123456 )
< 5,123456 >: (0, 5, 123456,[ 12346

< 4,123456 >: (0,4, 123456, [ 12356
< 3,123456 >: (0, 3, 123456, [ 12456
< 2,123456 >: (0,2, 123456,[ 13456
< 6,1234 >: (0,6, 12346, 1234))
< 1,3456 >: (0,1, 13456, [ 3456 )

~ o~~~
= = — —

< 2,5,123456 >: (0,2, 5,25, 123456, 13456, 12346,
< 3,5,123456 >: (0,3,5, 35, 123456, 12456, 12346,
< 2,4,123456 >: (0,2, 4,24, 123456, 13456, 12356,

1346 ))

1246 )

1356 |)

< 3,6,1234 >: (0,3,6, 36,1234, 12346, 1246,

124

< 1,4,3456 >: (0,1,4, 14, 3456, 13456, 1356,

< 2,6,1234 >: (0,2,6,26,1234, 12346, 1346,

)
356 |)
134))

< 1,5,3456 >: (0,1, 5, 14, 3456, 13456, 1346,

346 )

< 3,234,123456 >: (0,3, 234,24, 123456, 12456, 1356, 156
< 4,345,123456 >: (0,4, 345, 35, 123456, 12356, 1246, 126

< 4,6,12 >:(0,4,6,46,124,126,1246,| 12])
<1,3,56 >: (0,1,3,13,156, 356, 1356, 56 |)
<1,6,34 >: (0,1,6,16,134,346,1346,] 34 )

< 5,12,456 >: (0,5, 12,456, 12456, 46, 1246,

125))

< 2,56,123 >: (0,2, 56,123, 12356, 13, 1356,

256 ))

< 7,1234 >: (0,135,1234,| 245 )

< 3,7,1234 >: (0,3,15,1234,135, 124, 245, | 2345 |)
< 4,7,12 >:(0,4,135,12,124, 1345, 2345, 235 )

< 2,7,1234 >: (0,2, 135,1234, 1235, 134, 245,

<5,7,12 >: (0,5,13,12, 135,125, 235,[ 23 )
<1,7,34 >: (0,1,34,135,134, 35,45,[ 145 )

45))

< 6,12,567 >: (0,6, 12,136, 13,126, 23,|236 |)

< 123456,2345, 34 >: (0, 123456, 2345, 34, 16, 25, 1346,] 1256 |).

3. EXCEPTIONAL GROUPS

(z,0) — (z,Ind

stated in loc. cit. we have

Zr(=x)
Zu(x)

(b) izr(Au(f)) = Ar(iar(f)) for any f € C[M(H)].
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If f e CIM(H)]is > 0, then clearly iy r(f) is > 0. Using this and (b) we see
that

(c) If f € C[M(H)] is bipositive, then igr(f) € CIM(T')] is bipositive.

Assume now that H is a normal subgroup of I' and let 7 : I' — I'/H be the
canonical map. Following loc.cit. we define a linear map 7wy : C[M(T'/H)] —
CIM(T)] by

(@) (o) Y Yo 1Ze W Zr u (@) T/ H(T 2 0)(y, 7))

yer—!(z) Telr(Zr(y))

where 7 runs over the irreducible representations of Zr(y) up to isomorphism and
7 : 0 denotes the multiplicity of 7 in o viewed as a representation of Zr(y) via the
obvious homomorphism Zr(y) — Zr g (z). As stated in loc.cit. we have

() mu,r(Ar/u(f)) = Ar(ma,r(f)) for any f € C[M(T'/H)].

If fe CIM(I'/H)] is > 0, then clearly 7z r(f) is > 0. Using this and (e) we see
that

(f) If f € C[M(T'/H)] is bipositive, then mg r(f) € C[M(T)] is bipositive.

Now let H C H' be two subgroups of I" such that H is normal in H’. We define a
linear map Sy H’ : C[M(H//H)] — C[M(F)] by f — iH/,F(WH,H’(f))- From (C),(f)
we deduce:

(g) If f € C[M(H'/H)] is bipositive, then sy g (f) € C[M(T)] is bipositive.

Note that sy g/(1,1) is the same as Sy g defined in [L5]; in this special case
(g) can be also deduced from [L5} 0.7].

3.2. For N > 1 let Sy be the group of all permutations of [1, N]. We shall use
the notation of [L3| 4.3] for the elements of M(Sy) with N = 2,3,4 or 5 (but we
replace @; by C). We now give some examples of bipositive elements. Note that
(1,1) € M(T") is bipositive for any finite group I'. Indeed, we have

Ar(, )= Y dimo|Zp(z)[ (2, 0).

(z,0)eM(T)
Let
A,1 = (92,6) + (1, 1) S M(SQ),
Ap; = (95,67) + (92,1) + (1,1) € M(S3)(j = 1,2),
Agi = (93,67) + (g92,€) + (1,1) € M(S3)(j = 1,2),
A = (94,3%) + (94, —1) + (g3, 1) + (L,A?) + (1, 1) € M(Sy)(k = 1, 1),
Aci = (g5, ) + (1L, AY) +2(1, X)) + (1, v) + (1,0) + (1,1) € M(S5)(j = 1,2,3,4).

/Clycle = (957 Cl) + (957 <2l) + (9/27 1) + (gév 6/)
+ (g5, €") + (g5 €) + (L,A?) + (Lv) + (1,1) € M(S5), [=1,2,3,4.

Here 6 = exp(2mi/3), ¢ = exp(2mi/5).

One can verify by computation that each of the elements above (except for A¢;)
is fixed by the non-abelian Fourier transform hence is bipositive. In 3.3 we will
show that A¢; is also bipositive. We say that

(1,1) is the primitive element of M (Sy);

A_1,(1,1) are the primitive elements of M (Ss);

Ay;, (1,1) are the primitive elements of M(S3) (when G is not simply laced);
Agi, (1,1) are the primitive elements of M(S3) (when G is simply laced);
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A, (1,1) are the primitive elements of M (Sy);

Ac, A’C’CQ, A'CQ’G, A/CS’C’ (1,1) are the primitive elements of M (Ss).

It follows that the following elements are bipositive:

A_17_1 =A_{XKA_ € M(SQ) (9 M(SQ) = M(SQ X S9);

A_171 =A1 KX (1, 1) S M(SQ) ® M(SQ) = M(Sg X Sy

A17_1 = (1, 1) XA_; € M(Sg) X M(SQ) = M(Sg X S2);

Agj)_l = Agy‘ KA, € M(Sg) ® M(Sg) = M(Sg X 52)(] = 1,2),

Agj)l =Ny X (1, 1) € M(Ss) ® M(S2) = M(Sg X SQ)(] = 1,2).

Note that both A_; _1,Ag; _q are fixed by the non-abelian Fourier transform.
We say that

A_1_1,A_11,(1,1) are the primitive elements of M (Sy x S3);

Agi —1,Mpi1,A1,—1,(1,1) are the primitive elements of M (S3 x S3).

);
)

3.3. Let H be a dihedral group of order 10. We denote by g5 an element of order
5 of H and by g2 an element of order 2 such that gogsg, 1= g5 !, Now H has
four conjugacy classes; they have representatives 1, g2, g5, g2 with centralizers of
order 10,2,5,5. The irreducible representations of H are 1,7,7’ ¢, where r,7’ are
2-dimensional and e is the sign. We can assume that tr(gs,r) = tr(gs,r’) = (+(71,

tr(g2,r) = tr(g2, ") = (® + (2, tr(ga,r) = tr(ge,7’) = 0, tr(gs,€) = tr(g2,¢) = 1,
tr(ge,e) = —1. The elements of M(H) are (1,1),(1,7),(1,7"),(1,€), (g2, 1), (g2, €),
(gF,¢Y) with k = 1,2, 1 = 0,1,...,4. Here ¢’ is the character of the cyclic group
generated by gs which takes the value ¢! at gs. For C € Z we set [C] = ¢¢ 4 ¢~¢.
Note that [C] depends only on the residue class of C modulo 5. We write A instead
of Ag. We have

A(1,1) = (1/10)(1,1) + (1/5)(1,7) + (1/5)(1,7") + (1/10)(1,€) + (1/2)(g2, 1)
+(1/2) (g 0+ Y. (1/5)(6".¢),

k’e{1,2},l'€{0,4}
A(1,€) = (1/10)(1,1) + (1/5)(1,7) + (1/5)(1,7’) + (1/10)(1,€) — (1/2)(g2, 1)
—(1/2)(g )+ > (15",

k'e{1,2},'€{0,4}

A(g2,1) = (1/2)(1,1) = (1/2)(1, €) + (1/2)(92, 1) = (1/2)(92 ©),

A(gE, ¢ = (1/5)(1,1) + (1/5)[k](1,7) + (1/5)[2K](1,7) + (1/5)(1, €)
D D OV | A ) [N

k'e{1,2},I'€{0,4}

Assume that k=1 and [ € [1,4]. Using [1] + [2] = —1, [2] + [4] = —1, we have
Algs, ¢) + A(g3,¢*) = (2/5)(1,1) = (1/5)(L,7) — (1/5)(1,7") + (2/5)(L, )
+ > (1/5)([I' = K'I) + [2" — 2K'1)) (g*", ¢V).

k'e{1,2},I'e{0,4}
Let Ny =1U' —k'l, Ny = 2N;. If Ny =0 mod 5 we have [N1] + [Na] = [0] + [0] = 4.
Assume now that Ny #£ 0 mod 5. If Ny + No = 0 mod 5, then 3N; =0 mod 5
so that N; =0 mod 5, contradicting our assumption. Thus Ny, Ny are # 0 in Z/5
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and their sum is # 0 in Z/5. This implies that [N1] + [N2] = [1] + [2] = —1. We
see that
Algs, ') + Alg3, ¢*) = (2/5)(1,1) = (1/5)(1,7) = (1/5)(1,7") + (2/5)(1, ¢)
T (4/5) (g5, ¢1) + (4/5) (62, ¢ + 3 (—1/5)(g" ,¢").
4}l

k'e{1,2},1'e{0,4};l'—k’I£0 mod 5
Hence
A(gs,¢") + A(g3, ¢ + Alga, 1) + A(1,1)
=(2/5)(1,1) = (1/5)(1,7) — (1/5)(1,7") +(2/5)(1, €)
+(4/5)(gs,¢") + (4/5) (g3, ¢*) + (=1/5)(g"",¢")

k' €{1,2},'e{0,4};1' —k’1#£0 mod 5

l
,€) +(1/2)(92,1) — (1/2)(g2, €)

(1/2)(1,1) = (1/2)(1

(1/10)(1,1) + (1/5)(1,7) + (1/5)(1,7")

(1/10)(1,€) + (1/2)(g2, 1) + (1/2)(g2, €)

+ (1/5)(g",¢") = (g5, ¢") + (3. ¢*) + (92, 1) + (1, 1),

(g5, ¢ + (2, ¢ + (g2,1) + (1,1) is fixed by A.

Next we show that the coefficient of any basis element (z,0) in

A(gh, ¢+ AL e) + A(1,1) = (1/5)(1,1) + (1/5)[K] (L, 7) + (1/5)[2k](1, ")
+(1/B) L+ > (/B - K,

k'e{1,2},'e{0,4}
+(1/10 171) (1/5)(1 r) (1/5)(1,7“’)
+ (1/10)(1,¢€) + (1/2)(gz, 1)+ (1/2)(g2;¢)
+ > (1/5)(",¢") + (1/10)(1, 1) + (1/5)(1,7) + (1/5)(1,7")

k'e{1,2},1'€{0,4}
+ (1/10)(1,€) = (1/2)(g2, 1) — (1/2)(g2s €) + > (1/5)(g",¢")

k'e{1,2},l'e{0,4}

is > 0. It is enough to show that if k' € {1,2},1’ € {0,4}, then [kl’—k'l]+2 > 0 and
that [k] +2 > 0, [2k] + 2 > 0. More generally, for any C' € Z we have [C] +2 > 0.

We can regard H as a subgroup of S5 so that g5 € H becomes a 5-cycle g5 € Ss.
Then sy i : M(H) — M (Ss) is defined and for [ € [1,4] we have

(a) s1.0((95,¢") + (95, ¢°) + (92,1) + (1,1)) = Al ezt € M(S5),

(b) s1.1((g5,¢H) + (Le) + (1,1)) = Ao € M(Ss).

It follows that the elements (a),(b) are bipositive. (The element (a) is fixed by
AS5')
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3.4. In the remainder of this section we assume that G in 0.1 is of exceptional type.
We are in one of the following cases:
(i) le| =1, G. = S;.
(ii) |¢| = 2 (with W of type E; or Eg), G. = Sa.
(iii) || = 3, G. = Sa.
(iv) le| = 4 (with W of type G2), G, = S3.
(v) || =5 (with W of type Eg, E7, or Es), G, = S3.
(vi) |e| = 11 (with W of type Fy), G. = Sy.
(vii) |e| = 17 (with W of type Es), G. = Ss.

3.5. In the case 3.4(i) we define B, as the set consisting of (1,1) € M(S1).
In the cases 3.4(ii),3.4(iii) we define B, as the subset of C[M(S2)] consisting of

(/1,\1) =s1.5,(1,1) = (1,1),

(gza 1) =ss5,,5(1,1) = (g2,1) + (1, 1),
(1,6) =s11(1,1) = (1,e) + (1, 1),

( €) =81,5,(A1) =A_1 = (g2,€) + (1, 1).

3.6. In cases 3.4(iv),(v) we define B, as the subset of C[M(S3)] consisting of

(17 1) =s1,5,(1,1) = (1, 1),

(17 r) =s1,m,(1,1) = (1,7) +(1,1),

(9 1) = 8w, 1, (1,1) = (g2, 1) + (1,7) + (1, 1),
( 1) =855,5,(1,1) = (g3, 1) + (92, 1) + (1, 1),
) (Le) =s11(1,1) = (L) +2(1,7) + (1, 1),
(92, ) = sts Ay = (g2,6) + (L,7) + (1,1),

and of

(93; 9]) = Sl,SSAlej = (93; 9]) + (92; 1) + (L 1) (.7 =1, 2) (in case 3'4(iv))’
(93,07) = s1.5,Mg5 = (93,607) + (g2, €) + (1,1) (j = 1,2) (in case 3.4(v)).
Here the index H, H' in sy, g is a pair of subgroups of Ss as in [L5| 3.10].

3.7. In the case 3.4(vi) we define B, as the subset of C[M(Sy)] consisting of

1Q
w
)_x
\_/
I
2]
oy
w
Iy
T
w
=
—~
—_
—_
~—

aeu) = SH227H22(1 1)
56/) - SH’H(la 1)7
,6/) sl,HQQA-*l.,l - (92a E/) + (13 U) + (1, >\1) + (1, ]-)a

(
(g2, ¢
(
(94,1) = 554,54(1 1),
(g5, ¢”
(
(
(g5.7) = S g1y Haa N1 = (92, €) + (g5, 7) + (g2, 1) + (L, AY) + (1,0) + (1, 1),

<
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L —

(94:—1) = sy, gA-1 = (92,—1) + (95,7) + (95, 1) + (92,1) + (L,0) + (1, 1)
(1, 03) = s11(1,1) = (1,A%) + 3(1,A%) + 3(1, A1) + 2(1,0) + (1, 1),

(92,6) = St A1 = (92,€) + (92,€) + 201, A1) + (1,0%) + (1,0) + (1,1),

(95,€) = S1.12 A1,—1 = (9, )+ (92, 1)+ (92, )+ (g2, ") +(L,AN) +(1,0) + (L, 1),

(93,07) = 81,15, Ap; = (93,67) + (92, 1) + (g2, ¢') + (1,A") + (1, 1)(j = 1,2),

(94; Zk) = Sl,S4Aik = (94,1) + (947 _1) + (937 1) + (17 )‘2) + (17 1); (k = ]-, _1)

Here the index H, H' in sy g is a pair of subgroups of Sy as in [L3], 3.10] except
that s; 1 does not appear there. In each case H/H' is a product of symmetric
groups.

Consider the matrix (from [L5]):
100 00 O0O0O0O0OO0ODO
110 0000 0 O0O0OO
11100 0 00 O0O0 O
1 21100000O0O00O0
11 1010000O0TO0O0
101011000O0TO00O0
12111010000
11001 01 100O0
10001101100
11102100010
101 01200101

with rows indexed from left to right and columns indexed from top to bottom by
the elements of My(Sy) in the order

(17 1)’ (17 /\1)7 (1, U)’ (17 /\2)7 (92, 1), (9127 1)) (g2a 6/,)7 (g3, )

(94
For (x,0) € My(Sy), the coefficient of (2',0") € My(S4) in (
entry of the matrix above in row (z,0) and column (z’,0’
(2',0") € M(S4) — Mp(Sy) is 0.

) (927 ) (9556/)'

x,0) € C[M(Sy4)] is the
); the coefficient of any

3.8. In the case 3.4(vii) we define B, as the subset of C[M(S5)] consisting of
1,1) =81 5,(1,1),

1, >‘3) = S1,H2111 (1’ 1)a

(Sﬁ\’l) = SH2111,H32(L 1),
(92/& = SHgln,H221(1= 1),
(%/’\1) = SH311,H32(L 1),
(D) = 551, (1,1
(95, €") = SHyz1,Has (1, 1),

(Jj’\l) = SH327H32(17 1))
(927 6) = SH2111,H2111(17 1)7
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( ) SH311,H311(171)7

( )* SH417H41(171)a

(95,1) = 8g,.5,(1,1),

(gé,é’) =sga(1,1),

(gg, —1) =s1mA1-1 = (92,—1) + (1L, AY) + (1,v) + (1,1),
" (g) ,=1) = 81y A1 = (92, —7)+ (92, 1)+ (1, %)+ (1, v') +2(1, ) +2(1, A1) +

(g5,7) = S fyrr Hao N1 = (95, 7) 4 (g2, =7) + (g2, =1) + (92, 1) + (g2, 7) + (1, A*) +
(1, u)+2(1 v)+2(1, )\1) +(1,1),

(g2, 1) = S iy N1 = (92, —1) + (g5, 7) + (92, 1) + (g2,7) + (g2, 1) + (1, A1) +

(1,v) +(1,v) + (1,1),

—

(96’_1) = SI:I3117H32A71
= (96, —1) + (g5,7) + (92, =1) + (g3, 1) + (92, 1) + (g2, 7) + (LAY + (1,v) + (1,1),

L —

(9379]) = SI,H32A1,0j - (937 9]) + (92,7") + (927 6) + (1> >\1) + (17 I/) + (17 1)(] = 17 2)7

—

(96:07) = Sz, 11y o0 = (96,69)
T (98,0) + (ghs7) + (92,7) + (92, ) + (g2, 1) + (1, A1) + (1,v) + (1, 1)(j = 1,2),

(1M = s11(1,1) = 4(1, A +6(1, A2) +4(1, M)+ (1, A) +5(1, ) +5(1, /) + (1, 1),

(92, =€) = St m A1 = (g2, —€) + 2(g2, —7) + (92, —1) + 3(1, A1) + 3(1,\?) +
(1,A3) +3(1,v) + 2(1,v') + (1,1),

(93; 69‘]) = Sl,HgnAé’j = (935 69]) + (g?n 9) + (g27 1) +2(927T) + (g27 6) + 2(17 A1) +
(L) + (L) +(L1)([ =1,2),

(géa 6) = S17111221A*1,*1 = (gév 6)+(g/23 1)+2(QQa _1)+2(92a _T)+(1’ >‘2)+(1a V/)+
2(1,v) +2(1,\Y) + (1, 1),

(965 _ej) = Sl7H32A0j,—l = (967 _9'])—1_(9379)—1_(9,2) 7“)-1-(92, 1)+(927T)+(927 _1)+
(1v )‘1) + (1v V) + (L 1)(.7 = 1; 2)7

(g4uik) = Sl,[ﬂuAilC = (947ik) + (947 _1) + (937 1) + (9376) + (17)\2) + (1>>\3) +
(LAY + (L,v) + (L, 1) (k=1,-1),

(g5a 4'4) = A<27<4~

Here the index H, H' in sy g is a pair of subgroups of S5 as in [L3] 3.10] except
that s1,; does not appear there. In each case H/H’ is a product of symmetric
groups.
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Consider the matrix (from [L5]):
1 000O0OO0OOOOOOOOGOOTO 0O
1100 0O0O0OO0OO0OOOOOOO0OOO
1 1100O0O0OO0OO0OO0OOOOGOO0OGO0OO0
1 211000O0O0O0O0O0O0O0O0TGO0O
1 221100000O0O0O0O0O0O0TO0O0
1333210000O0O0O0O0O0O0TO0O0
1 1100O01O0O0O0OO0OO0OO0OO0OO0OGO0OO
1221 101100O0O0O0O0O0TO0O0
11100011 10O0O0O0O0O0TO0O0
1110101101000O0O0TO0O0
1221102201 1000O00O0O0O0
1 1100021111100 0O00O0
1333 211200001000 O0
1211001210001 1000O0
1100001 1110001100
10000O0O1O0110100T1T10
11101011020 O0O0O0T1O01

with rows indexed from left to right and columns indexed from top to bottom by
the elements of My(S5) in the order

(13 1), (13 )‘1); (]—7 I/)v (L >‘2)a (1, Vl)v (L >‘3), (92, ]-)a (927T), (93a 1)7 (9/27 1); (géa Gll)v
(96, 1)7 (927 6)’ (93’ 6)7 (94, 1)7 (957 1)a (g;’ 6,)'/_\
For (z,0) € My(Ss), the coefficient of (z',0") € My(Ss) in (z,0) € C[M(S5)] is

the entry of the matrix above in the row (z,0) and column (z’,¢’); the coefficient
of any (2/,0") € M(S5) — My(Ss) is 0.

3.9. The basis B, defined above satisfies properties (I)~(V) in 0.1. (For (I) we use
3.1(g) and the results in 3.2.) It also satisfies the property stated in 0.2 (with the
notion of primitive elements as in 3.2).
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