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UNIPOTENT REPRESENTATIONS ATTACHED
TO THE PRINCIPAL NILPOTENT ORBIT

LUCAS MASON-BROWN

ABSTRACT. In this paper, we construct and classify the special unipotent rep-
resentations of a real reductive group attached to the principal nilpotent orbit.
We give formulas for the K-types, associated varieties, and Langlands param-
eters of all such representations.

1. INTRODUCTION

Let G be the real points of a connected reductive algebraic group. In [I], Adams,
Barbasch, and Vogan, following ideas of Arthur ([6],[7]), defined a finite set of
irreducible representations of (G, called special unipotent representations. These
representations are conjectured to possess an array of interesting properties (see
[, Chp 1)), including;:

(1) They are conjectured to be unitary.

(2) They are conjectured to appear in spaces of automorphic forms.

(3) They are conjectured to generate (through various types of induction) all
irreducible unitary representations of GG of integral infinitesimal character.

These representations are naturally indexed by special nilpotent orbits for the com-
plexification of G. For example, the trivial representation of G is a unipotent repre-
sentation attached to the nilpotent orbit {0}. If G is quasi-split, then the spherical
principal series representation Indg C is a unipotent representation attached to the
principal nilpotent orbit (there are no other easy examples).

There is no known classification of special unipotent representations. However,
properties (1)—(3) above suggest that obtaining one may be an essential ingredient
in the classification of the irreducible unitary representations of G. In this paper, we
will classify the special unipotent representations attached to the principal nilpotent
orbit. In fact, we will give two different constructions of such representations:

(1) from (certain) characters of (certain) Borel subgroups using the Beilinson-
Bernstein construction.

(2) from (approximately) spherical principal series representations of f-stable
parabolic subalgebras using cohomological induction.

The precise statement is given in Corollary B.6.51 Each construction has its advan-
tages. Construction (1) leads to a simple description of the Langlands parameters
of principal unipotent representations (this is done in Section []). Construction
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(2) leads to simple formulas for the associated varieties and K-multiplicities of the
representations in question (this is done in Section 7).

2. PRELIMINARIES

Choose a maximal compact subgroup K C G and let 6 be the corresponding
Cartan involution of G. Denote the (real) Lie algebras of K and G by £, and go,
respectively. There is a Cartan decomposition

go = £ @ po.

Denote the complexifications of K and G by K and G, respectively. Denote the
complexifications of £y, go, and py by suppressing the subscripts. Let o be the real
form of G corresponding to G. If h C g is a Cartan subalgebra and o is an b-
module, write A(o, h) for the multi-set of h-weights on o. If 0 is finite-dimensional,

let p(o) := 13> A(o,h) € bh*.

2.1. Special unipotent representations. Let GV be the Langlands dual of G.
Let Ny C g and Nyv C g¥ be the (complex) nilpotent cones. The nilpotent orbits
for G and GV are related by Barbasch-Vogan duality (see [8]). This is a map

d : {nilpotent orbits O¥ C Nyv} — {nilpotent orbits O C N,}.

A nilpotent orbit O C Ny is special if it lies in the image of d.

Every nilpotent GY-orbit OY C Nyv gives rise to an infinitesimal character Aov
for U(g) as follows. Let b C g be a Cartan subalgebra and let h¥ C gV. There is
a natural identification h¥ ~ h*. Choose an element ¢ € OV and an sl(2)-triple
(eV, fV,hY). Conjugating by GV if necessary, we can arrange so that h¥ € h¥ ~ h*.
Put

1
)\O\/ = §hv e hv ~ f)*

This element is well-defined modulo the action of the Weyl group and therefore
defines an infinitesimal character for U(g) by means of the Harish-Chandra isomor-
phism.

Definition 2.1.1. Suppose O C Nj is a special nilpotent G-orbit. A wunipotent
infinitesimal character attached to O is one of the form Apv for d(OV) = O. Denote
the set of all such Aov by Unips(G).

If I C U(g) is a two-sided ideal, let AV(I) C g* denote the associated variety
of I. For notational convenience, we will regard AV (I) as a subset of g (using, for
example, any G-invariant identification g ~ g*). If I is primitive, then AV(I) is
the closure of a single nilpotent orbit O C N (see [12, Thm 3.10]).

Definition 2.1.2. Suppose O C N is a special nilpotent G-orbit. A wunipotent
ideal attached to O is a primitive ideal I C U(g) such that

(i) The infinitesimal character of I belongs to Unip3(G).

(ii) AV(I) = 0.
Denote the set of such ideals by Unip{o(G). A unipotent representation attached to
O is an irreducible (g, K)-module X such that Anng ) (X) € Unipg,(G). Denote
the set of (isomorphism classes of) such representations by Unip&(G).
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If O C N, is the principal nilpotent orbit, then d~!(O) consists of a single nilpo-
tent GY-orbit, {0}, and so UnipZ (G) = {0}. Hence, a unipotent ideal attached to
O is a primitive ideal I C U(g) of infinitesimal character 0 and AV(I) = N. A prin-
cipal unipotent representation is an irreducible (g, K)-module which is annihilated
by such an ideal.

2.2. Parabolic induction. Let M (g, K) be the abelian category of finite-length
Harish-Chandra modules and let K(g,K) be its Grothendieck group. If A\ € h*,
write My (g, K) C M(g,K) (resp. Kx(g,K) C K(g,K)) for the subcategory (resp.
subgroup) of infinitesimal character A. Let N9 = Ny Np. If X € M(g,K), let
AV(X) C Ng,p denote the associated variety of X. By [19, Thm 8.4], there is an
equality
AV(Ann(X)) = GAV(X).

Our notation for parabolic induction is as follows. Let q C g be a parabolic subal-
gebra with Levi decomposition q = [@u (always, we will assume that [ is f-stable).
Write Q and L for the connected subgroups corresponding to q and [, respectively.
Parabolic induction is a left-exact functor (see [13, Chp 2])

(2.2.1) 1850 M(LLNK) — M(g, K).

This functor induces a homomorphism on the corresponding Grothendieck groups
(2.2.2)

I(l,g,") : K(LLNK) - K(g,K) I(l,q,[W]) := Z(—l)l[Rllglg”LI%)K)W].
If W e M(I,LN K) has infinitesimal character A € h*, then RiIEﬁ’IIJ(m)K)W has
infinitesimal character A 4+ p(u), for every ¢ > 0. Thus, I(l,q,") restricts to a
homomorphism

I([, q, ) : K)\([, LN K) — K)\er(u)(g, K)

We will give particular attention to two special cases.

Real parabolic induction: Assume q is o-stable. Then @ := Q7 is a real par-
abolic subgroup. If W is the Harish-Chandra module of a representation V of L,
then

I(([g’LI?K)W ~ Harish-Chandra module of Indg (V& lpw)),

where Indg is the usual (analytically-defined) functor of parabolic induction (see

[13, Sec 11.2] for a more detailed statement and proof). In particular, I[(?I;?I){) is

exact and takes nonzero (I, L N K)-modules to nonzero (g, K)-modules.
Cohomological induction: Assume q is §-stable and suppose W is an irreducible

(I, L N K)-module in the weakly good range. This means W has infinitesimal char-

acter A € h* for A satisfying
(2.2.3) Re(A+ p(u),a”)y >0  Va € A(u,h)
Then there is an integer ¢ € Z>( (depending only on q) such that

. irreducible or 0 7 =1
2.2.4 RIEX) gy = LM .
( ) (LLAK) 0 it
See [13, Thm 0.50] for a proof. If RtI((g’LIr:)K)W # 0, then
(2.2.5) AV(RIF W) = Kunp + AV(W)) C Nyp.
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This final fact is well-known to the experts. The proof is a standard argument

involving characteristic varieties of D-modules on the flag variety (see e.g. [I7, Prop
5.4]).

3. CLASSIFICATION OF PRINCIPAL UNIPOTENT REPRESENTATIONS
3.1. Beilinson-Bernstein parameters.

Definition 3.1.1. A Beilinson-Bernstein parameter for G of infinitesimal character
0 is a K-conjugacy class of triples (b, b, x) consisting of

(i) a @-stable Cartan subalgebra h =t®a C g,
(ii) a Borel subalgebra b =h ®n C g, and
(iii) a one-dimensional (h, T)-module x such that dy + p(n) = 0.
Denote the K-conjugacy class of (h,b,x) by [h,b,x] and denote the set of such
classes by BBo(G).
Remark 3.1.2. Tt is well-known that BBo(G) is finite; see e.g. [21, Thms 1,2].

Fix a parameter [h, b, x] € BBo(G). Replacing h by a K-conjugate if necessary,
we can (and will) arrange so that h is o-stable. Thus, H := Zg(h) C G is a
Cartan subgroup and (h, T)-modules are in bijection with continuous characters of
H. Suppose o € A(g, h) is a real root. Let {E, F, D} denote the standard basis of
5l (C) (with D semisimple), and fix a Lie algebra embedding ¢, : sl2(R) — g such
that
(3.1.3) $a(E) € ga  ¢a(F) = —0(¢a(E)) ¢a(D)=a".

Since G is algebraic, this embedding integrates to a Lie group homomorphism
D, : SLy(R) — G.

-1 0
mOé ~<Da<0 _1>6T.

Note that m, is independent of ¢, and m2 = 1. Thus, x(ma) = +1. We say
that « is even or odd accordingly. We will impose various special conditions on
Beilinson-Bernstein parameters.

Definition 3.1.4. Let [h, b, x] € BBo(G). We say that [h, b, x] is
(i) large if every imaginary simple root is noncompact.
(ii) small if every imaginary simple root is compact.
(iii) type Z if for every complex simple root «

0(a) € AT (g, ).
(iv) type L if for every complex simple root «
0(cr) € =A™ (g, h).

(v) totally even if every simple real root « is even for x.

Define the element

Given a parameter [B, b, x] € BBo(G), there are two naturally defined standard
parabolic subalgebras q%,q" C g. The first, q%, is the standard parabolic corre-
sponding to the positive real roots

(3.1.5) “=hpe Po. = P 9. ‘=l

aEAR aEAT\Ag
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The second, g%, corresponds to the positive imaginary roots
(3.1.6) F=be Pga uvi= P 9. di=louw
a€Ar a€AT\Air

The following is elementary. The proof is left to the reader.

Proposition 3.1.7. In the setting described above
(i) qZ is O-stable if and only if At (g,b) is type Z.
(i) g is o-stable (i.e. real) if and only if AT (g,b) is type L.
Definition 3.1.8. A principal unipotent parameter is a Beilinson-Bernstein pa-
rameter [, b, x] € BBo(G) which is
(i) large (cf. Definition [B14(1)),
(ii) type Z (cf. Definition BIA(iii)), and
(iii) totally even (cf. Definition B.I.4{v)).
Denote the set of such parameters by BB;(G).
3.2. Cayley transforms. Fix a parameter [f, b, x] € BB(G) and an odd real root
a € A(g, b). Following [20], we will define two new parametrs c [h, b, x] € BBo(G)
called the Cayley transforms of [h, b, x].

Fix an embedding ¢, : sla(R) < go of the form described in BI3). Consider
the ‘compact’ basis of slz(C)

E_%<—12 3) F_%C —21) DC_(—OZ' é)
Define a 6-stable Cartan subalgebra h§ of go
ty =ty DiRd (D) af :=keraNay by =15 Dag.
Let H® be the corresponding Cartan subgroup of G
T :=Zk(ty) A:=exp(ay) H®:=TA".

Write ¢t : g — g for the Cayley transforms corresponding to a

(03

ot = exp(ad(%d)a(E + F))).

By construction, cth = he.
Define two characters 741 of SO3(R) by

0 1 .
(3.2.1) driq (_1 0) = +i.

Since ¢, is injective ker @, C {£1}. Since « is odd, ®,(—1) = m, # 1 and hence
®,, is injective. Define characters ¢y of the product group ®,(SO2(R)) x T¢ by
the formulas

caX(®a(9),t) = Ta1(g)x(t).
The multiplication map

D,(SOx(R)) x T —» T

is surjective with kernel {(1,1), (mq,mq)} (see [I8, Lem 8.3.13]). Since « is odd,
+

cEx(ma, my) = (—1)% =1,
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and therefore both characters ¢ty descend to characters of T%. We can regard
these characters as one-dimensional (h*, T%)-modules by

deE(t4a) =dcE(t) + x(a) tet*, aca® Ca.
The Cayley transforms of [h, b, x] are the parameters

¢ [0,0,x] == [b*,¢5b, x5 x] € BBo(G).
We will have reason to consider the following function on BBy (G)
(3.2.2) d : BBo(G) = Z>o d[h, b, x] ;= dim(bN ¢).
The following is elementary. Its proof is left to the reader.
Lemma 3.2.3. Let [h,b,x] € BBo(G) and let « be an odd simple real root. Then
d(cx [0, b, x]) = d[b, b, x] + 1.

3.3. Cross actions. Fix a parameter [, b, x] € BBo(G) and a simple root o €
AT (g,h). Following [20], we will define a new parameter s,[h, b, x] called the cross
action of [h,b,x]. Let s, € W be the simple reflection corresponding to «. Let
540 C g be the Borel subalgebra corresponding to the positive system

SozAJr(ga b) = A+(gv h) U {_a} \ {Oé}
The cross action of a on [h, b, x ® ] is the parameter
salh, b, x] == [h,sab,x ® a] € BBo(G).

Analogous to Lemma 3223, we have the following elementary result. Its proof is
left to the reader.

Lemma 3.3.1. Let [h,b,x] € BBo(G) and let o € AT (g,b) be a complex simple
T00t.

(i) If 0(a) € =A™ (g,b), then
d(salh, b, x]) = d[h, b,x] + 1.
(i) If O(«) € AT (g, b), then

d(salb,b,x]) = d[b, b, x] - 1.

3.4. Parabolic induction of Beilinson-Bernstein parameters. If (h,b,x) is
a triple as in Definition B.I1] then I(h, b, x) is a virtual finite-length (g, K)-module
of infinitesimal character 0. The assignment (b, b,x) — I(h,b,x) is constant on
K-conjugacy classes and thus induces a function

I: BB()(G) — Ko(g,K)

This function can be described in a different way using the Beilinson-Bernstein
construction. Below, we will summarize the main ideas and consequences (for more
details and proofs, we refer the reader to [10] or [I1, Chp 11]).

Let B = {b C g} be the flag variety for G. Consider the the sheaf of twisted dif-
ferential operators D_, on B corresponding to the functional —p € h*, and consider
the abelian category M (D_,, K) of K-equivariant quasi-coherent D_ ,-modules on
B. The irreducible objects in this category are parameterized by BBo(G). The
correspondence is as follows. Fix a parameter [h,b,x] € BBo(G). The Borel
subalgebra b determines a K-orbit Z = K -b C B. Denote the locally-closed
embedding by j : Z C B. On the K-orbit Z, there is a sheaf of TDOs Dfp ob-
tained by restricting D_, along Z C B, and the one-dimensional (f, T)-module
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X determines an irreducible object £, € M(DZ »» K). There is a left-exact func-

tor j : M(Dgp, K) - M(D_,,K) called the exceptional pushforward. The object

JiLy € M(D_,,K) contains a unique irreducible subobject. This defines a bijection
BBy (G) = {irreducibles in M(D_,,K)}
[9, b, x] — unique irreducible subobject in ji L.
The G-action on B induces an algebra homomorphism
¢:U(g) = (B, D).

This map is surjective with kernel equal to the two-sided ideal generated by the
kernel of the infinitesimal character corresponding to 0. If M € M(D_,,K), then
I'(B, M) can be regarded (using ¢) as a finite-length (g, K)-module of infinitesimal
character 0. This defines a functor

I M(D—PvK) - MO(gaK)'

Since 0 € b* is integrally dominant, I" is reasonably well-behaved. The following
result is well-known. A proof can be found in [I1l Cor 11.2.6].

Theorem 3.4.1. T' is an exact functor, and there is a bijection
I : {irreducibles M€ M(D_,,K) with T'(M)#0} = {irreducibles M € My(g,K)}.

The classes I[h, b, x] and I'(B,5L,) are known to (essentially) coincide. The
following is a special case of the Duality Theorem of Hecht, Milicic, Schmid, and
Wolf (see [10, Thm 4.3]).

Theorem 3.4.2. Suppose [h,b,x] € BBo(G). Then
[F(B,j'ﬁx)] = iI[ha va] € KO(g,K)

Corollary 3.4.3. Let [hb bh Xl}? [h27 bZ7 XQ] € BBO(G) Suppose I[hh blu Xl] and
I[b2, ba, x2] are nonzero and irreducible, and that

I[h1, b1, x1] = £I[b2, ba, x2].
Then [bla blaxl] = [an anXQ]'

We conclude this section by examining the behavior of the function I : BBo(G) —
Ko(g,K) under Cayley transforms and cross actions. The following result is an
immediate consequence of the Transfer Theorem of Knapp and Vogan (see [I3, Thm
11.87]).

Theorem 3.4.4. Suppose o € AT (g,h) is a complex simple root. Then

I[ba b’X] = _I(Sa[b7 bax])

For Cayley transforms, the situation is more subtle. The image of T" under « is
a compact subgroup of R, and hence a subgroup of {£1}.

Definition 3.4.5 ([18], Def 8.3.4). We say that « is type 1 (resp. type 2) if
a(T) = {1} (resp. a(T) = {£1}).

We will prove the following result.
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Theorem 3.4.6. Let [h,b,x] € BBo(GQ) and let o« € AT (g, H) be an odd simple
real root. Then

(i) If v is type 1,
Ih, b, x] = —I(cZ[b, b, x]) — I(cz [h, b, X))
(ii) If « is type 2,
Ilb,b,x] = —I(cy[b,b,x]) = —I(cy b, b,x])-
To simplify the notation, let
G* = SLo(R)  K*:=SO,(R)  H® = {((t) t01>} TS = {+1d}.

Let 741 be the characters of K*® defined in (B2I]). Let b® C g° be the Borel sub-
algebra of upper triangular matrices, and let b3(+) C g® be the Borel subalgebras
containing °. Arrange the signs so that

dry = —p(ni(+)) dr—1 = —pni(-)).
Consider the Levi subgroup L, := Zg(ker «), and the Borel subalgebras
blei=bNi,Dh  ble(£)=ctbnl, Deab.
Since ®,(G?®) centralizes ker «, there is an isogeny
rq : G° xkera — Ly 14(g,h) = @u(g)h
with kernel {(1,1), (—1,mq)}. Consider the subgroups
Lo = 74(G* x kera) C L, H:=r,(H* xkera) C H
T:=ry(T° xkera) C T H" :=r4(K® xkera) ¢ H®.

If « is type 1, then these inclusions are equalities. If « is type 2, then they are
index 2 subgroups (see [18, Lem 8.3.13]). As an easy consequence, we obtain the
following structural fact.

Lemma 3.4.7. If a is type 1, then bl (%) are non-conjugate under L. If o is
type 2, then for any element t € T with a(t) = —1, Ad(t) acts by inversion on
®,(K*®) and interchanges b'e (+).

Proposition 3.4.8. Let [h,b,x] € BBo(G) and let « € At (g,H) be an odd real
simple root. Then

(i) If v is type 1, there is an equality in K(lo, Lo NK)
I[h, bla ) X] = _I[baa b[c(l (+)a C::X} - I[ha’ b[cu (_)7 C;XL
and the terms on the right are irreducible.
(ii) If « is type 2, there are equalities in K(lo, Lo NK)

I[b7 b[av)d = _I[bav béa (+)7 CIX] = _I[haa béa (_)a C;X]a
and all terms are irreducible.

Proof. First, assume « is type 1. Consider the pullback r%x of x along r, : H® X
ker @« — H. This character has the form

TAX=T® Xlker a
for some character T of H*. Since « is odd, 7(—1) = —1, and since dx = —p(n),
dr(D) = dx(a’) = —p(n)(a”) = -1
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I'Ience7 7 is the character
s t 0
T H —>R>< l((o t1>_t 1.

For G*, there is a well-known decomposition (of the non-spherical principal series
of infinitesimal character 0 into two limit of discrete series)

I[6°,6°%, 7] = —I[¢°,b65(+), 7] — I[E%,65(—), 7—1].

Hence I[h*® x ker o, b @ ker «, 7% x] decomposes into irreducible classes
I[h® x ker o, b° @ ker o, 772 x|
=1[5°,6°,7] ® Xlkera
= — (I[€*, 62(+), ] + I[E°, 67(—), 7-1]) © Xlkera
= —1I[¢° x ker o, b5 (4) @ ker o, 71 @ x] — I[¢° X ker o, b5(—) @ ker v, 71 ® ]
= —I[€° x ker o, b3 (+) @ ker o, 7 ¢ x| — I[€° x ker o, b%(—) @ ker o, 75 e, x].

Since « is type 1, r,, is surjective. Hence, I and r} commute. Moving ¥ past I in
the equation above, we get

T:;I[hv b[a ) X] = —TZI[haa b[ca (+)7 CgX] - rzl[baa b[ca (_)a C;X]’
which implies
I[b7 blau X] = _I[hau bzl:(l (+)7 c;)tX] - I[ba> b[cu (_)7 C;X]>

proving part (i) of the proposition.

Now suppose a is type 2. By the argument above, there is a decomposition in
K(ly, Lo NK)
(3‘4'9) 1[67 bla ) X] = _I[hav bz[:(l (+)7 C;_X} - I[ba> b[cu (_)7 C;X]'
Let € be the (unique) nontrivial one-dimensional (h, T')-module with trivial restric-

tion to (h,T). Then I((:%)X ~x ® (x ®€) and BZLT) becomes

(3410) I[ba b‘aaX] + I[hv b[“’X Y 6] = _I[ha7 bia ("‘)ngX] - I[baa béa(_)a C;X]

By Lemma 347, the two-element quotient group (L, N K)/(Ls N K) exchanges
the terms on the right. Hence by Clifford theory, they are isomorphic. If we apply

the (exact) functor 1 ((I[::é:;f({)) to both sides of ([B.410), we obtain a decomposition
in K(ly, Lo N K)
I[b, 6", x] + I[h, b, x @ e = —I[h*, b (+), cix] — I[h*, b (=), e x]-
Since all terms are irreducible, this implies
I[o,6%, x] = I[b,b", x ® ] = —I[n", bir (+), el x] = —I[h*, bg (=), co ],
which proves part (ii) of the proposition. O

We are now prepared to prove Theorem [3.4.G

Proof of Theorem B.4.6. Recall the parabolic subalgebra q% = [¢ @ u? defined in
(BI5). Note that o is an odd simple root for the positive system A*(IZ,h). Let
Pa = la @ Uy C [ be the corresponding minimal parabolic. By definition

b=b"pu, ®u? cFo=0" (%) Bu, du?.
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Suppose « is type 1. By Proposition B.4.8 and the transitivity of induction

1[b, b, x]
= I[t?, 9%, I[La, pa, I[b, 6", X]]))

= —117,97  I[la, pas I[H*, b2 (0, ¢ x| = I17, 47, o, Pas [0, b (), ¢ X))

= —I[h%, cfb,cix] — I[h", c5b, i X]

= —I(cs[,b,x]) — I(c;[h,b,x]).

If « is type 2, we obtain

Ib,6,x] = 11?07, I[la, pa, 1[5, ', ]]]
= 117,47, Ilo, pa, 1[0, b3 (£), ¢z X]]
= —I[b*,ckb, ctx]
= —I(cz[b, b, x).
O

3.5. Zuckerman parameters. In this section, we define our second set of param-
eters for principal unipotent representations.

Definition 3.5.1. A Zuckerman parameter of infinitesimal character 0 is a K-
conjugacy class of triples ([, q, x”) consisting of

(i) a f-stable Levi subalgebra [ C g, split modulo center,
(ii) a @-stable parabolic subalgebra q C g containing [ as a Levi subalgebra,
and
(iii) a one-dimensional (I, L N K)-module x# satisfying dy* = —p(u).
Denote the K-conjugacy class of (I, q, x*) by [[,q, x] and denote the set of all such

conjugacy classes by Zo(G). A Zuckerman parameter is unipotent if it satisfies the
additional condition:

(iv) uNp+ Ny contains a principal nilpotent element of g.
Write Z§(G) for the set of all such parameters.

One can show that Z}(G) # 0 if and only if G is quasi-split. In fact, we have the
following more precise result, which is proved analogously to [3}, Prop A.7].

Proposition 3.5.2. Let q C g be a 0-stable parabolic subalgebra. Choose a 0-stable
Levi decomposition

g=I[du
The following are equivalent:

(i) go is quasi-split and the K-saturation of uNp+Ny g has the same dimension
as JNg,6-
(i) uNp+ Ny contains a principal nilpotent element of g.
(iii) There is a mazimally compact 0-stable Cartan subalgebra H°™P C [ and a
large, type Z system AT (g, <), compatible with q.
(iv) There is a mazimally split 0-stable Cartan subalgebra h™"* C [ and a large,
type Z system A1 (g,b®), compatible with q.
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Suppose L is a quasi-split real reductive group and B C L is real Borel sub-
group. Let So(L) be the Harish-Chandra module of the spherical principal series
representation of L of infinitesimal character 0

So(L) := Harish-Chandra module of Ind5C.
By [14, Thm 1], So(L) is irreducible and
(3.5.3) So(L) ~x ClAs].

This implies (see e.g. [5, Cor 6.4]) that AV(So(L)) = Nyg. Thus, [So(L)] €
Unipg(L). If (I,q, x#) is a triple as in Definition B5.1] define

I(1,9,x*) == I(t,q,x* ® So(L)) € Ko(g,K).
The assignment (I, g, x#) — I(I,q, x#) is constant on K-conjugacy classes and thus
induces a function B
I: Zo(G) — K()(g,K)
Next, we define a function Z : BBj(G) — Z¢(G) which commutes with I and I.
This requires a lemma.

Lemma 3.5.4 ([2], Lemma 16.1.4). Let H C G be a 0-stable Cartan subgroup. A
character x of H is an extremal weight of an irreducible, finite-dimensional repre-
sentation of G if and only if

(i) (dx,aV) € Z for every root o € A(g,h), and

(ii) x(ma) = (1)) for every real root oo € A(g, h)

Suppose [h, b, x] € BBS(G). Form the parabolic subalgebra ¢ = IZ @ u? C g
as in (3I.5). By Definition BI.8(iii), every simple real root a € A*(g, ) is even
for x. Hence, every real root is even for x (see [I8, Cor 4.3.20]). Define a second
character of H by

X7 =x @ lp(nni7)].
Since |p(nN1%)| takes positive values on H, every real root is even for xZ. Further-
more
(3.5.5) dx? = —pn) + p(nN17) = —p(u?).
Thus, (dx?,a") = 0 for every root a € A(I#,h). Hence by Lemma B.5.4, x?
an extremal weight of an irreducible finite-dimensional representation of LZ. By
BE3), this representation is a character. We will (somewhat abusively) denote
this character (and its Harish-Chandra module) by xZ.

It is easy to see that [[Z,qZ,x?] € Z(G); condition (i) is immediate since all
roots A(IZ,h) are real. Condition (ii) follows from Definition B.L8|ii) and Propo-
sition BI7 Condition (iii) follows from ([B5.05). Condition (iv) is a consequence of
Definition BT.8|(i) and Proposition Now define

Z:BBy(G) = Z5(G)  Z[b,b,x] = [17,47 x7].

Proposition 3.5.6. The function Z : BB{(G) — Z§(G) is surjective and the
following diagram commutes

BB (G) —— Z;(G)

b

Ko(g, K)
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Proof. Suppose [I,q, x*] € Zi(G). By Proposition there is a maximally split
f-stable Cartan subalgebra h C [ and large, type Z system A¥(g,b), compatible
with q. Let b be the corresponding Borel subalgebra of g. Define a character x of
H by
X = x" g @ pmnnt

Then [h, b, x] € BB{(G) (conditions (i) and (ii) are automatic. Condition (iii) fol-
lows from Lemma [35.4]). Furthermore Z[h, b, x| = [I,q, x*]. Hence, Z is surjective
onto Z§(G). .

Now suppose [h,b,x] € BBj(G). Let BY C L% be the real Borel subgroup
corresponding to [# N b. There is an identification

LZ

I([Z’LZQK)X ~ Harish-Chandra module of Ind5.x?.

(12Mb,T)
Since x# extends to a character of L?
IndéZL Y2 ~x?%® Indéi(c =xZ ® So(L?).
Now use the transitivity of induction to deduce
ITh,b,x] = 111, 9%, I[b, b', X]]
= 117,97 x* ® So(L7)]

= I[%, 4%, x%].

3.6. Main results.

Proposition 3.6.1. Let [h,b,x] € BBo(G). Then I[h,b,x] # 0 if and only if
[h, b, x] is large (cf. Definition B1.4).

Proof. We begin by making several simplifications. First, note that every parameter
[5,b,x] € BBo(G) can be made to be type L through a sequence of cross actions
through complex simple roots a satisfying 0(a) € —A™(g,h) (this is proved by an
easy induction on the number of such simple roots). By Theorem B44] I[h, b, x] is
preserved (up to signs) under this chosen sequence of cross actions. Thus, we can
assume that [h, b, x] is type L. Next, form the parabolic subalgebra q* = [F@oul C g
as in (B.L6). By Proposition BTl q is o-stable. By the transitivity of induction
I[h,b,x] = I[t*,q%, I[h,1X' N b, x]]. Note that
(dx +p(n ), 0Y) = (—p(ul),a¥) =0 Ya € A*(IL,).

Thus by ([Z.24)), the inner module I[h, [ Nb, x] is either irreducible or 0. Since g~
is o-stable, I[(*, g, -] takes nonzero values on irreducible classes. Thus, replacing
g with [¥ if necessary, we can assume A(g, h) has only imaginary roots.

Now, assume I[h, b, x] = 0. Choose a positive system for A(¢,t) compatible with
b. If —p(n) + 2p(n N p) is dominant for AT (€, t), then by examination of lowest
K-types (see [I3, Thm 10.44]), I[h,b,x] # 0, a contradiction. Hence, there is a
simple compact root o € A1 (&, t) with

0> (—p(n) +2p(nnp),a”)
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Since {(p(n), ") is an integer, this forces {(p(n),a") < 1, and hence {(p(n),a") =1,
which implies that « is simple for At (g, b).

Conversely, if there is a compact simple root, then I[h, b, x] = 0 by a character
identity of Schmid ([I6], Thm 1). O

Proposition 3.6.2. Let [I,q,x"] € Z5(G). Then there is a nonzero irreducible
(9, K)-module X of infinitesimal character 0 and a sign €[l,q,x] € {£1} such that
ell,a, x]I[l, q, x*] = [X]. Furthermore

(i) AV(X) =K(unp+Ngy).

(ii) AV(Ann(X))) =N.
In particular, €[l q, X]f[[, q,x7] € Unipg(G).

Proof. Note that So(L) is an irreducible ([, LNK)-module in the weakly good range
(cf. 22Z3)). Hence by [2:27)) there is an integer t € Z>( such that

irreducible or 0 ¢ =1t
0 it
Let X := Rtl((ff’LIr?K)SO(L) ® x*. By Proposition 5.6, there is a parameter

[h,b,%] € BBy(G) such that I(I,q,x*) = I(h,b,%). Hence by Proposition B.6.1}
(—1)![X] = I(1,q, x#) # 0.

Condition (i) follows from the well-known formula for the associated variety of a
nonzero cohomologically induced module in the weakly good range, see (2.2.5)). For
any X € M(g,K), AV(Ann(X)) coincides with the G-saturation of AV(X). Now
(ii) follows from (i) and Definition B5I\iv). O

i K
R I((SLO)K)SO(L) ®x* = {

Let Irrepy(G) C K(g,K) be the set of (isomorphism classes of) nonzero irre-
ducible (g, K)-modules of infinitesimal character 0. By Proposition B.6.2] there is
a function

I : 73(G) — Trrepy(G) L[, q,x*] = e[t q, x #1111, a0, x*]
Similarly, define
L+ BB§(G) = Treepg(G) 1[0, 0,x] = elt?, 4% xZ]1 [, b, x] = L[, 0%, x 7).
Proposition 3.6.3. The function I, : BB;(G) — Irrepy(G) is a bijection.

Proof. Injectivity is an immediate consequence of Corollary B43l It remains to
show that I, is surjective. Suppose X € Irrep,(G) and choose a minimal parabolic
Q™in = pmingmin « ¢ By the Casselman subrepresentation theorem, there is an
irreducible finite-dimensional representation V of L™™ such that

(9,K)
X g I([lnin 7Lmin ﬂK) V

Since X has infinitesimal character 0, V' has infinitesimal character —p(u). Since V
is finite-dimensional, this means that —p(u) is nonsingular. Hence, ™" is a Cartan
subalgebra (say b’ := [™in) ™0 is a Borel subalgebra (say b’ := q™), and V is a
character (say x’' :=V).

Consider the set of all parameters S C BBo(G) be which can be obtained from
[h',b’, x'] through the following operations:

(1) Cayley transforms through odd simple real roots, and
(2) cross actions through complex simple roots « satisfying 6(«) € —A* (g, h).
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Consider the set D of all subsets 2 C S such that
(i) every parameter [h, b, x] €  has I[h, b, x] # 0, and
(ii) there is a decomposition I[h’, b’ '] = Z[h,b,x]eﬂ +1[h, b, x] (for some col-
lection of signs).
Note that D is nonempty, since {[h’, b, x']} € D. Define the function

d:D—Zs d(Q):= > dbbx],
[h,6,x]€Q
where d is defined as in (32.2). If Q1,00 € D, write 7 < Qg if every parameter
in Q9 can be obtained from some parameter in €2; through operations (1) and (2).

By Lemmas 323 and B3] d is strictly increasing with respect to <. Hence, <
defines a partial order on D. Since D is finite, there is a maximal element Q* € D.
By definition, there is a decomposition

(3.6.4) I, 6, x1= > +I[h,b,x].
[5,b,x]€0*

If [, b, x] € O, then [h, b, x] is large by Proposition B.6.11 Tt is type Z and totally
even by the maximality of Q*. Thus, [h,b,x] € BB{(G) and hence I.[h,b,x] €
Irrepo(G). Since [X] is an irreducible summand in I[h’,b’,x’], this means that
[X] = LI, b, x] for some [h, b, x] € Q*. O

Our main result is now an immediate consequence of Propositions [3.5.6] [3.6.2,

and 3.6.3

Corollary 3.6.5. The inclusion Unipg(G) C Trrep,(G) is an equality, and there
is a commutative triangle of bijections

BB (G) —Z— Zi(G)

~ Lk

UnlpO(G)

3.7. K-multiplicities of principal unipotent representations. Let [l,q, 7] €
Z$(G@). Choose a maximal torus t C ¢ and a positive system AT (€ t) compatible
with q. Consider the dot-action of Wy on t*:
w - (A) =w(A+ pe) — pe.
If A € t*, there is at most one element w € W, such that w - A is dominant
for AT (e, t). Write wy for this element (if it exists) and £(wy) for its length. If
A is integral (for A(€,t)) and dominant (for AT (&, t)), write V(A) for the unique
irreducible K-representation with highest weight A (if A is not integral or dominant,
put V(A\) =0). Consider the multiset of t-weights
A(L g, x™) = A2p(unp) — p(u) ® CNi] @ S[unpl, 0).

The following result is an easy consequence of the Blattner formula and Kostant’s
formula for the K-structure of So(L) (cf. BE3).

Proposition 3.7.1. Let [[,q,x"] € Z5(G). Then

Ihax*l=x Y (=) IV (wy - )]
AEA(L,q,x#)
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4. LANGLANDS PARAMETERS OF PRINCIPAL UNIPOTENT REPRESENTATIONS

We begin by reviewing the Langlands classification of irreducible representations
of real reductive groups, as formulated in [I]. For details and proofs, we refer the
reader to [I Sec 4-5] or [4, Sec 2-3]. Let G be a complex connected reductive
algebraic group and form the corresponding based root datum

D(G) = (X*, X,, A, AY, v, I1,TI)

(these symbols denote, respectively: the character lattice, the co-character lattice,
the roots, the co-roots, the bijection between them, the simple roots, and the
simple co-roots. This seven-tuple appears to depend on a choice of maximal torus
and Borel. Up to canonical isomorphism, it does not). Let Aut(G) be the group
of (algebraic group) automorphisms of G and let Int(G) C Aut(G) be the normal
subgroup of inner automorphisms. Two automorphisms 6,6’ € Aut(G) are inner
if they are in the same (left) Int(G)-coset. There is a canonical map Aut(G) —
Aut(®(G)), inducing a short exact sequence

(4.0.1) 1 — Int(G) — Aut(G) — Aut((G)) — 1.

Hence, the inner classes in Aut(G) are parameterized by automorphisms of ®(QG).

Now fix a pinning (h, b, {X,}) of G (by this we mean a Cartan b, a Borel b D b,
and a set {X,} C b of simple root vectors). For each § € Aut(®(G)), there is
a unique automorphism 6y € Aut(G) in the inner class of § which preserves the
chosen pinning

dbo(h) =b  dfo(b) =b  dbp{Xa} ={Xa}.

This automorphism is called the distinguished automorphism in the inner class of
0, and the assignment § — 6y defines a splitting of (0.T]).

The dual group G comes equipped with a canonical isomorphism of based
root data ®(GVY) ~ ®(G)Y and hence a canonical isomorphism of groups (called
tranpose)

t: Aut(®(G)) ~ Aut(®(GY)).
For what follows, we will fix both a pinning (h¥, 6, {X,v}) of GV and an involution
0 € Aut(®(G)). Let wy € W(G) be the longest element of the Weyl group. Note

that w3 = 1 and wo(II) = —II. Hence —wyq can be regarded as an involution of
®(GV) (and as such, it commutes with every element of Aut(®(GY))). We will
consider the involution 6V := —wyd* € Aut(®(G")). As explained in the previous

paragraph, there is a unique distinguished involution 63 € Aut(GY) in the inner
class of §V.
The L-group of G (with respect to §) is the semi-direct product
Gl :=GY % {1,6y}.
The Weil group of R is the Lie group defined by
Wg:=(C*,j) jzj t=% j*=-L

Definition 4.0.2 ([I5], see also [9], Sec 8.2). A Langlands parameter for G is a
GV-conjugacy class of continuous homomorphisms ¢ : Wr — G’ such that

(i) ¢(C*) consists of semisimple elements.

(i) ¢(j) € GYOy.
Denote the GVY-conjugacy class of ¢ by [¢], and denote the set of Langlands pa-
rameters for G by II(G).
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Now let G be a real form of G. Assume that the Cartan involution 6 € Aut(G)
is in the inner class of J.

Theorem 4.0.3 (Langlands [15]). There is a natural map
¢ : Irrep(G) — II(G).

The fibers of this map are called L-packets in Irrep(G). If G is quasi-split, then this
map is surjective (i.e. all L-packets are non-empty).

The construction of ¢ is quite technical—we will not repeat it here. A good
overview can be found in [9, Sec 11]. We will use only the following observation,
which is a trivial consequence of the construction.

Proposition 4.0.4. ¢(Irrepy(G)) = {[¢] € II(G) | #(C*) = {1}}.

Denote the set of parameters appearing in Proposition L0 by IIo(G). If X €
Irrepy (G) is constructed from a Beilinson-Bernstein parameter [, b, x] (cf. Section
[B4), then there is an explicit formula in [3, Sec 3] for the Langlands parameter of
X in terms of h,b, and x. By Corollary B.6.5 every X € Irrep,(G) is constructed
from a uniquely defined [h, b, x] € BBj(G). If we apply the Adams-Vogan formula
to the subset BB{(G) C BBy(G), we obtain Proposition

Proposition 4.0.5. An element y € Ngvgy (HY) is called principal unipotent if
(i) y? =1 (hence, Ad(y) defines an involution of GV which preserves HY ).
(i) 6" is small for Ad(y) (see Definition BIAii)).
(iii) bY is type L for Ad(y) (see Definition BIAiii)).
There is a natural bijection

{principal unipotent elements y € Ngvay (HY)}/HY ~11(G).

Under this correpondence, y € Ngvgy (H") maps to the Langlands parameter [¢] €
IIo(G) defined by ¢(j) = y-

Specializing Proposition L0LH to the case when G is split (and hence 6y = id),
we obtain what appears to be a novel set of representatives for conjugacy classes of
order-2 elements in a complex connected reductive algebraic group.

Corollary 4.0.6. There is a natural bijection

{ye N(HY) |y* =1, b" is small and type L for Ad(y)}/H"
~{ye G’ |y*=1}/G".
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