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NILPOTENT VARIETIES IN SYMMETRIC SPACES
AND TWISTED AFFINE SCHUBERT VARIETIES

JIUZU HONG AND KORKEAT KORKEATHIKHUN

ABSTRACT. We relate the geometry of Schubert varieties in twisted affine
Grassmannian and the nilpotent varieties in symmetric spaces. This extends
some results of Achar—Henderson in the twisted setting. We also get some ap-
plications to the geometry of the order 2 nilpotent varieties in certain classical
symmetric spaces.

1. INTRODUCTION

Let G be a reductive group over C. Let A denote the nilpotent cone of the Lie
algebra g of G. Let Grg be the affine Grassmannian of G. Each spherical Schubert
cell Gr) is parametrized by a dominant coweight A. When G = GL,,, Lusztig [Lul
defined an embedding from A to Grg, and showed that each nilpotent variety in gl,,
can be openly embedded into certain affine Schubert variety Gry. This embedding
identifies the geometry of nilpotent varieties and certain affine Schubert varieties
in type A. However, there is no direct generalization for general reductive groups.

In [AH|, Achar-Henderson took a different idea for a general algebraic simple
group G. Let Gry be the opposite open Schubert cell in Grg. One can naturally
define a map 7 : Gry — g. Achar-Henderson showed that 7(Gry NGry) is con-
tained in N if and only if A is small in the sense of Broer [Br] and Reeder [Re],
ie. X % 279, where 7 is the highest short coroot of G. They also proved that
T Grgm NGry, — 7(Grem NGry) is a finite map whose fibers admit transitive
Z/2Z-actions, where Grgy, is the union of all Gry such that A is small. More-
over, with respect to 7, Achar—Henderson [AHI[AHR] related the geometric Satake
correspondence and Springer correspondence.

In this paper, we consider a twisted analogue, and we will extend some results
of Achar-Henderson in [AH]. Let o be a diagram automorphism of order 2, and let
o act on the field K = C((¢)) via o(t) = —t and o|c = Idc. Then, we may define a
twisted affine Grassmannian Gr := G(K)?/G(0)?, where O = C[[t]]. Each twisted
Schubert cell Gry, i.e. a G(O)?-orbit, is parametrized by the image A of a dominant
coweight A in the coinvariant lattice X, (T"), with respect to the induced action of
o, where X, (T) is the coweight lattice of G. In fact, X, (T), can be regarded as
the weight lattice of a reductive group H := (G)", where G is the Langlands dual
group of G.

Let Gry be the opposite open Schubert cell in Gr. We may naturally define a
map 7 : Grg — p, where p is the (—1)-eigenspace of ¢ in g. Let M5 denote the
intersection Grx N Gry , which is a nonempty open subset of Gr;. Theorem [ is
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the main result of this paper, and it can follow from Proposition 23] in Section 2.1
and Theorem in Section Ml based on case-by-case analysis.

Theorem 1.1. Assume that G is of type Ay or Dyy1. The image m(M,) is con-
tained in the nilpotent cone N, of p, if and only if X is a small dominant weight
with respect to H.

If we replace the field C by an algebraically closed field k of positive characteristic
p, this theorem still holds for p with minor restrictions, see Theorem

In Theorem we describe precisely m(My5) as a union of nilpotent orbits in
p for each small X\. In Theorem E5, Theorem 6, and Theorem EI4]l we also
determine all small A such that 7(M3) is a nilpotent orbit and 7 : My — w(M3)
is an isomorphism. Furthermore, we describe all fibers of 7 : M — 7(M) in
Proposition I1] and Proposition 15, where M is the union of M5, for all small .
The fibers are closely related to anti-commuting nilpotent varieties for symmetric
spaces. When G is of type Aoy (resp. Dy 1), the reduced fiber 771(0),cq is actually
the minimal (resp. maximal) order 2 nilpotent variety in spy, (resp.$02¢41). This
is a very different phenomenon from the untwisted setting in the work of Achar—
Henderson [AH], and it actually makes the twisted setting more challenging.

For general simple Lie algebra g and general diagram automorphism o, it was
proved in [HLRl Appendix C] by Haines-Lourenco-Richarz that, when \ is quasi-
miniscule and O is the minimal nilpotent variety in p, the map 7 : Gry N Ggrg — @]
is an isomorphism. In fact, we have also obtained this result independently, cf. [Kol.
Also, under the same assumption as in Theorem [[[1] this isomorphism is a special
case of our Theorem [£.5] Theorem 6] and Theorem T4l

The geometric Satake correspondence for Gr was proved by Zhu [Zh], and it
exactly recovers the Tannakian group H. On the other hand, the Springer corre-
spondence for symmetric spaces is more sophisticated than the usual Lie algebra
setting, see a survey on this subject [Sh|. It would be interesting to relate these two
pictures as was done in [AH[AHR]. Y. Li [Li] defined the symmetric space analogue
called o-quiver variety in the setting of Nakajima quiver variety, and he showed
that certain o-quiver variety can be identified with null-cone of symmetric spaces.
It is an interesting question to investigate a connection between o-quiver variety
and twisted affine Grassmannian in the spirit of the work of Mirkovié¢-Vybornov
[MV].

From Theorem [I.Il we can deduce some applications for the order 2 nilpotent
varieties in classical symmetric spaces. Let (,) be a symmetric or symplectic non-
degenerate bilinear form on a vector space V. Let A be the space of self-adjoint
linear maps with respect to (,). We consider Sp,,-action on A when (,) is sym-
plectic and dim V' = 2n, and SO,-action when (,) is symmetric and dimV = n. In
Section Bl we obtain the following results.

Theorem 1.2.

(1) If (,) is symmetric and dimV is odd, then any order 2 nilpotent variety in
A is normal.

(2) If (,) is symplectic, then there is a bijection of order 2 nilpotent varieties
in $09,41 and in A, such that they have the same cohomology of stalks of
I1C-sheaves.

(3) If (,) is symplectic, the smooth locus of any order 2 nilpotent variety in A
is the open nilpotent orbit.
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It is known that when (,) is symplectic, any nilpotent variety in A is normal,
but it is not always true when (,) is symmetric, cf. [OL]. Using our methods, we
can also prove that there is a bijection of order 2 nilpotent varieties in sp,, and
in the space of symmetric (2n 4+ 1) x (2n + 1) matrices, such that they have the
same cohomlogy of stalks of IC-sheaves. This was already proved earlier by Chen-
Vilonen-Xue [CVX] using different methods. Also, Part 3) of Theorem is not
true when (,) is symmetric and dimV is odd, see more detailed discussions in
Section [l

2. NOTATION AND PRELIMINARIES

2.1. Root datum. Let G be a simply-connected simple algebraic group over C,
and let g be its Lie algebra. Let o be a diagram automorphism of G of order r,
preserving a maximal torus 7" and a Borel subgroup B containing 7" in G. Then G
has a root datum (X.(T), X*(T), (-, ), &, o, @ € I) with the action of o, where
X«(T) (resp. X*(T) ) is the coweight (resp. weight) lattice;

I is the set of vertices of the Dynkin diagram of G;

a; (resp. @&;) is the simple root (resp. coroot) for each i € I;
(-,) : Xo(T) x X*(T) — Z is the perfect pairing.

The automorphism o of this root datum satisfies

* o(ai) = (i) and o(&i) = dg(i);
o (d(AN),o(p)) = (A p) for any A € X, (T) and pp € X*(T).

As a diagram automorphism on G, ¢ also preserves a pinning with respect to B
and T, i.e. there exists root subgroups x;,y; associated to ay;, —q; for each i €,
such that

o(zi(a)) = zg(i)(a), o(yi(a)) = yo(i)(a), for any a € C.

Let I, be the set of o-orbits in I. Denote X*(T)? = {\ € X*(T) | oA = A} and
X (T)y = X (T)/(Id — 0) X (T). For each 1 € I,, define v, = &; € X.(T), for any
i €1, and define §, € X*(T) by

D e, i if no pairs in ¢ is adjacent,
Yo =192 e, @i if 1 ={i,0(i)} and ¢ and o(¢) are adjacent,
o if «+ = {i}.

Let G denote the Langlands dual group of G, and we still denote the induced
diagram automorphism on G by o. Denoted by H = (G)? the o-fixed subgroup of
G. Then, H has the root datum (X*(T)7, X.(T)s, 5, Yas2 € 1), cf. [HS, Section
2.2]. For \, i € X.(T),, define the partial order i < X if A — /i is a sum of positive
roots of H. Let X,.(T)F be the set of dominant weight of H. In fact, X,(T)F
is the image of the quotient map X, (7)™ — X,(T),, where X, (T)7 is the set of
dominant weights of G.

2.2. Twisted affine Grassmannian. Let ¢ be a diagram automorphism of G
of order . Let O denote the set of formal power series in ¢ with coefficients in
C and denote K the set of Laurent series in ¢ with coefficients in C. Denote the
automorphism ¢ of order r on I and O given by o acts trivially on C and maps
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t — et where we fix the primitive r-root of unity e. We consider the following
twisted affine Grassmannian attached to G and o,

gra = G(K)?/G(O)7.

This space has been studied intensively in [BH[HRIPRIRi]. The ramified geometric
Satake correspondence [Zh] asserts that there is an equivalence between the category
of spherical perverse sheaves on Grg and the category of representations of the
algebraic group H = (G)?. If there is no confusion, we write Gr for convenience.
Let eg be the based point in Gr. For any A € X.(T), we attach an element

t* € T(K) naturally and define the norm n* € T(K)? of t* by

r—1
(2.1) nt =o' () = LV SEDN

i=0
This construction originally occurred in [Kotl Section 7.3]. Let A be the image of A
in X,(T),. Set e = n*-eg € Gr. Then ey only depends on . Following [BTL[Zh],
Gr admits the following Cartan decomposition

(2.2) Gr = |_| grsx
AeX.(T)E
where Gry = G(0)° - ey is a Schubert cell. Let Gry be the closure of Gry. Then
W; = |_| gTﬁ,
A=A

and dim Gry = (2p, \), where p is the half sum of all positive coroots of H.
By abuse of notation, we still use ¢ to denote the induced automorphism on g
of order r. Then there is a grading on g,
§0=00D91 D - Dgr1

where g; is the e’-eigenspace. Set

p=g1.

Set O~ = C[t~!]. Consider the evaluation map evs, : G(O~) — G. Let G(O7 ),
denote its kernel. The map ev., factors through G(C[t~!]/(t72)) — G. Note that
the kernel of G(C[t!]/(t72)) — G is canonically identified with the vector space
g®t~! with respect to the adjoint action of G and o. It induces a G x (7)-equivariant
map

GO )—gat
Taking o-invariants, we get a K-equivariant map
(2.3) G(O7)5 = b,

where K := G°. Note that K is a connected simply-connected simple algebraic
group, as G is simply-connected.

Set Grg == G(O7)7 - eg ~ G(O7)§. Then Gry is the open opposite Schubert
cell in Gr. From (23], we have the following K-equivariant map

(2.4) w:Gry —p.

Lemma 2.1. Gr5 NGry is nonempty for any A € X.(T)F.
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Proof. First note that Gry is an open subset in Gr, cf. [BH][Proof of Theorem 4.2].
Moreover, Gr,” N Gry contains the base point eg. Thus, the intersection Gry N Gry
is a nonempty open subset of EX' Hence Gr; N Gr, is also nonempty. O

Following [Br,[Rel/AT], an element A of X..(T)7 is called small, if X # 279, where
7o is the highest short root of H. The set of all small dominant weights is a lower
order ideal of X, (T}, i.e., if 7 < X and X is small, then [ is also small. Let Grgy,
be the union of Gry for small dominant weights . Set

M =Gra, NGry .
For each small dominant weight A, set
M5 =GrsNGry.

Let N, denote the nilpotent cone of p. We shall prove in Section @ that w(M) is
contained N, when G is of type A4, and D,, and o is of order 2.

Recall that 7g is the highest short root of H. Lemma is a twisted analogue
of [AH, Lemma 3.3].

Lemma 2.2. If o is a diagram automorphism of order r, then w(Gray, NGrg ) €

Ny, -

Proof. Let X be the Dynkin diagram of G. Following [Kal p.128-129], we choose
the following root of G,

a1+ -+ e, (Xn,7) = (A2e-1,2);
ay + -+ agg, (XN,T)*(AMaQ)»

90: ay + -+ ayg, (XN,T):(D£+132),
oy + ag + as, (Xn,7) = (D4, 3);
a1 + 2ag + 203 + ay + as + ag, (Xn,7) = (Eg,2)

where the label of simple roots «; follows from [Ka, TABLE Fin, p.53]. Recall from
Section 2] that for each ¢ € I,,, we define simple roots of H, v, = &; € X, (T),-.
Let 6y be the coroot of 6y. Then,

_ )0 if (Xn,7) # (A2, 2)
27 if (Xn,7)=(A2,2)"

Yyl
o

Suppose (Xn,7) # (Az,2). Note that 6y € X*(T) and 6 : C* — T. Bach

a € C* can be identified with g a(_)1> € SLy. For each ¢ =0,...,7 — 1, define a

homomorphism ¢, (g,) : SL2 — G given by

((1) (11) = Zoio,) (@), CL ?) = Yori(00) (@), (g agl) — o (o) (a).

Let S be the product of r copies of SLy. Then 6y can be extended to ¢ : S — G
given by

r—1
¢(907 s 797‘—1) = H (rbo'i(eo)(g’i)'
=0

This ¢ can extend scalar to K. Abusing notation, define o : []i_;(SL2(K)); —
H;:1(SL2(K))1‘ by
U(gl (t)7 gQ(t)u B 7g7‘(t)) = (gr(Et)7 g1 (Et)7 s 7grfl(€t))~
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There exists an isomorphism

T

¢ SLa(K) = (JT(SL2(K)))7 = {(9(®), g(et), ... g(e" 1)) | g(t) € SLa(K)}.

i=1

Hence

. r—1
(t 0 €'t 0 incilo do
oo (o A) o (7 @) o e =

cey

Let s be the product of r copies of sly. Define o : s — s by
o(X1yy ey Tpe1, @) = (€Tp, €T, ..., ETp_q).

Since ¢ has order r, we have s = @2;015,» where s; is the eigenspace of eigenvalue
¢'. Then 51 = {(z,€x,...,€" " 1z) | z € sl} = sly. The derivative of ¢ is dgp:5 — g
which induces 51 — g1. Hence we have the map ¥ : sly, — g;.

Consider the matrix g(t) € SLy(O7),

() = 1+¢t t2 (0 1 20 1 0
FO= et 1=t 2) T\ 2—t+1)\o 2)\e24t 1)

0 )(g(t)) € G(O)n2PG(O)°. Since G is not type Ay, fo = o and then
(pop)(g(t)) - eo € Gray, NGrg o We have the commutative diagram

g(t)-Lo—r¢(g(t))-eo Gro (gi<t>>:;$~ew¢<gi<t>>:;o1>-eogr_
S,0 G,0

)

GrSLg,O

sl 5
2 x> (z,ex,...,e" L) 1 g1

where Grgp, o = SL2(O7)o - eo C Grsr,, and Grg, is defined similarly. The
commutativity follows from

7((¢09)(9(1)) - e0) = Ulmsa(g(t) - eo)) = ¥ (} _01) :

where the latter is not nilpotent. It follows that, m(Gray,) € Np.

§ Suppose that (Xn,r) = (A2, 2). In this case, Gy = 2 and 0(90) = 60y. Then
fp can be extended to ¢ : SLy — G defined by

(5 Y mior (1) (%)~

¢ can extend the scalar to K. Define a group homomorphism o : SLy(K) — SLo(K)

by
a(t) b(t) . a(—t) —=b(-t)
c(t) d(t) —c(—t)  d(—t)
where a(t) € K. Then ¢ : SLy(K) — G(K) is o-equivariant. The induced homo-
morphism o : sla — sl is given by
=b
_a :

()

IS
S
N
1
T
Q@



NILPOTENT VARIETIES IN SYMMETRIC SPACES 591

The derivative d¢ : slo — g induces the map ¥ : (sly); — g1. Similar to the above
arguement, we have the commutative diagram

_ _
gTSLg,O ’ ng,o
TSLa ™

(5[2)1 % o1

where (slp); is the eigenspace of eigenvalue —1 under o. Now consider g(t) €
SLQ(Oi)U

=4 )= e (0 ) ()

Then ¢(g(t)) € G(O)nG(O)7 and ¢(g(t)) - ey € Gra, NGry . The result follows

from
0 1
(6(a(0) - c0) = Wirswao(0) o) =0 (] )
where the latter is not nilpotent. It also follows that, m(Gray,) € Np. O
Proposition 2.3. For A € X, (T)F, if 7(Grs N Gry ) C N, then X is small.
Proof. Since Gry is an open subset of Gr, m(Gry N Gry) C N,. By Lemma 22
Gray, € Gry which means A # 2. O
Define the following anti-involution
L:GK) = G(K), g(t)— g(—t)~ "
It can be checked that ¢ commutes with o, and ¢ preserves G(K)?, G(O)? and K.
This induces the map
L:Gryg = Gry,  g(t)-eg > g(—t)" - ep.
The following lemma will be used in Section @

Lemma 2.4. For A € X.(T)f, u(M5) C Mj.

Proof. Tt suffices to prove t(n*) € My for each A € X, (T)".

L(’I’LA) _ L(€o'>\+20'2)\+~--+(r71)cﬂ"’1)\t22;01 cr'i)\)

— ¢ (OAF20° At (r=1)0 "I (_1)Z§;& EARVED DA AP

= (—1)21;01 aikn_)‘.

Since (—1)2;01 o'A is fixed by o, t(nt) € G(O)"n=*G(0)°. Let W be the Weyl
group of G with respect to the maximal torus T and wy the longest element of W.
We can choose a representative wg € G of wg such that o(wg) = wy, cf. [HS, Section
2.3,

When G is of type Doy with £ > 2, wg = —1; otherwise, wg = —o and o is of
order 2, cf. [Hu2, Ex 5, p.71]. If wy = —1, it is easy to see that n=* = won’\wo_l. If
wo = —o and ¢ has order 2,

n—>\ — (_1)—0At—(A+U)\) _ (_1)w0/\tw0(z\+o)\) _ wo(_l))\t/\-i-o)\wal

= wo(=1) M P wy L.

In any case, ((n}) € G(0)°n*G(0)°. O
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3. NILPOTENT ORBITS IN THE SPACE OF SELF-ADJOINT MAPS

In this section, we will review some facts on the nilpotent orbits in certain
symmetric spaces. These results are known, cf. [Se|]. We provide proofs here, as the
proofs in [Se| are omitted.

Let B = (-,-) be a nondegenerate symmetric or skew-symmetric bilinear form on
a vector space V = C™ and A the set of self-adjoint linear maps under the bilinear
form. In this section, we describe the classification of nilpotent orbits in the space
A in Theorem B3] Theorem [B.4] and Theorem

The isometry group of the form B is

I ={g € GL(V) | (gu, gv) = (u,v) for all u,v € V},
whose Lie alegbra is
(3.1) g5 = {X €sl(V) | (Xu,v) + (u, Xv) =0 for all u,v € V}.

When B is symplectic, dim V' is even, Ip = Sp,,, and gp =~ sp,, where m = 2n.
When B is symmetric, Ig = O,, and gp = s0,,.
The group Ip acts on the space of self-adjoint linear maps

(3.2) A={X € End(V) | (Xu,v) = (u, Xv) for all u,v € V'}

by conjugation. The orbit is called nilpotent if it is the orbit of a nilpotent element
of A.
Let g be a complex semisimple Lie algebra. Suppose that g has Z,,-grading

9=€Bm

zEZTﬂ

so that [gk, g¢] C gr+e- We have the following graded version of Jacobson—-Morozov
Theorem and Kostant Theorem.

Lemma 3.1. Let X be a nonzero nilpotent element in g;.

(1) There exists an sly-triple {H, X, Y} such that H € go and Y € g_;.
(2) Let {H', X,Y'} be another sly-triple such that Y' € g_; and H' € gg. Then
there exists g € K~ such that g-H=H', g- X =X andg-Y =Y'.

Proof. The first part follows from the usual Jacobson—Morozov Theorem, and the
proof is similar to [EK|, Lemma 1.1]. We replace uX := g* Nn[g, X] in [CM| Lemma
3.4.5) by uf := g N[g, X]. Then the proof of the second part is similar to [CM,
Theorem 3.4.10]. O

For each A € sl(V), as a linear map, we denote its adjoint by A* under the form
B. We define an involution ¢ on g = sl((V') by

(3.3) o(A) = —A*.

Then g is the direct sum of eigenspaces, g = go ® g1- Thus go = gp and g; = A.
Fix a nonzero nilpotent element X € A. By Lemma [3.] there exists Y € A and
H € gp, such that X, Y, H is an sly-triple. This induces a representation of sly on
V' and hence we have a decomposition

(3.4) V=M

>0
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where M(r) is a finite direct sum of irreducible representation of sly of highest
weight r. For r > 0, let H(r) be the highest weight space in M (r). Define a new
bilinear form (-,-) on H(r) by

(u7 U)?" = <ua YTU>'

Lemma 3.2. For anyr > 0, (+,), is symplectic (resp. symmetric) if B is sym-
plectic (resp. symmetric).

Proof. We assume B is symplectic. The proof is similar when B is symmetric.
It is easy to see that (-,-), is skew-symmetric. It remains to show that (-,-), is
nondegerate. Let V, be an r-weight space in C?”. For any u € V,., v € V, with
s # —r,
(r 4+ s){u,v) = (ru,v) + (u, svy = (Hu,v) + (u, Hv) = 0.
This implies that V;. and V; are (-, -)-orthogonal. Let
W = Span{u € V, | u = Yv for some v € C*"}.
It can be seen that V;, = H(r) ® W. For u € H(r) and v € W, write v = Y/,
(u,0)r = (u, Y"0) = (u, Y"1y = (Y™, 0"y = 0.
Hence H(r) is (-, -)-orthogonal to W.

We claim that (-,-) : (Y" - H(r)) x H(r) — C is nondegenerate. Let v = Y"u' €
Y™ . H(r) be such that (u,v) = 0 for all v € H(r). For each w € C?", write
w = Yy ws where each wy belongs to V. Since u € V_,, (u,ws) = 0 for s # r.
Write w, = w; + we where wy € H(r) and we = Yw) € W. By the assumption
(u,w1) = 0 and hence

(u, wy) = (u,wy) = (Y™, Ywh) = (Y™ /! wh) = 0.

We obtain (u, w) = 0 for any w and hence v = 0. This claim implies that (-,-), is
nondegenerate. ]

A partition of a positive integer is denoted by a tuple [dy,da, ..., dj] of positive
integers. We use the exponent notation

[a%, ... alr]

»
to denote a partition where a;-j means there are ¢; copies of a;. For example,
(32,14 = [3,3,1,1,1,1] is a partition of 10. Put r; = |{j | d; = i}| and s; = |[{j |
d; > i}|. In fact, each partition can be illustrated by Young diagram and then s; is
the i-th part of the dual diagram. The following Theorem gives the parametrization
of nilpotent Ip-orbits in A.

Theorem 3.3. There exist one-to-one correspondences

partitions of 2n such that }

{nilpotent Sp,,-orbits in A} < { every part occurs with even multiplicity

and
{nilpotent O,,-orbits in A} <> {partitions of m}

Proof. The proof is similar to [CM|, Lemma 5.1.17]. For the case that B is sym-
plectic, it suffices to show that any nilpotent element in A gives rise to a partition
of 2n such that every part occurs with even multiplicity. Given nilponent X € A,
the number of Jordan blocks of size r + 1 equals to the multiplicity of M (r) in C3"
which is exactly dim H(r). By Lemma B2 dim H(r) is even for every r.
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If B is symmetric, there are no constraints on dim H(r) which means there are
no conditions on partitions of m. ([l

Theorem 3.4. There exist one-to-one correspondence
{nilpotent SOgap41-0rbits in A} < {partitions of 2n + 1}

Proof. Since Og,y1 = SO2p11 X {£on41}, the orbits under Og,4q1 and SOgy,4q
coincide. The results immediately follow from Theorem [3.3] |

Consider the case that B is symmetric and m = 2n. Given nilpotent elements
X, X' € A whose partitions are the same and have at least one odd part. Say that
they are conjugated by an element g € Oa,. If det g = 1, we conclude that X, X’
are in the same SOq,-orbits. Suppose that det g = —1. We modify this g so that it
has determinant 1. By LemmaBd] X gives rise to the decomposition ([34). An odd
part in the partition corresponds to an odd dimensional irreducible representation
S of sly in C?". We put h = g except that h(v) = —g(v) for v € S. Therefore,
deth =1, and X and X’ are conjugated by h. If there is no odd parts, we need
the following Lemma.

Lemma 3.5. Let X be a nilpotent element in A whose partition contains only even
parts, and k € Og,, such that k- X = kXk ! = X. Then detk = 1.

Proof. Let Oz, be the stabilizer group of Os, at X. Then k € Ox,. By mul-
tiplicative Jordan decomposition, cf. [Bo, Theorem 4.4, p.83], let ks € Oz, be the
semisimple part of k. Then det k; = det k. Hence we may assume that k is semisim-
ple. Let o be an automorphism on g = sl(V') defined by [B3). Then o commutes
with Adk on g, as k € Og,. Then g = go @ g1, and we have the decomposition of
k-stabilizers g* = gk @ g} where g¥ = g; N g*. Since g* is reductive and X € gk, by
Lemma [3.1] there exists an slp-triple H, X, Y such that X, Y € g¥ and H € gf and
hence we have the decomposition ([B4]). It is easy to see that k(M (r)) C M(r), and
also, k stabilizes each weight space of M (r).

Recall that (-,-) is a nondegenerate symmetric form on V = C?" and a form
on H(r) given by (u,v), = (u,Y"v) is also symmetric for any r > 0. For any
u,v € H(r),

(ku, kv), = (ku, Y"kv) = (ku, kY"v) = (u,Y"0) = (u,v),.
Hence k’H(T) € O(H(r)) for any r. In particular det (k‘H(T)) = +1.

Let M(r), be an f-weight space, and L(r) the lowest weight space in M(r).
Observe that X’M(m is an isomorphism from M (r),; to M (r)e42 and the diagram

‘IVI(r)e

L(r) ---------- > M(r)e M(r)pq4e —--------- » H(r)
’L(r) ’M(T)e |M(w+2 ’H(r)
L(r) ---------- y M(r)y ——— M(r)pqo ——-------- s H(r)

‘JVI(r)e
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commutes. Then k| M(r has the same determinant for all £. Since X has only even

)e
parts, the number of weight spaces in M (r) is even for each r. Then

det = [T det (K], ) = Hl;[det (lysr, ) =TT (et (k\H(T)))Z —1
as desired. 0

Now suppose that X, X’ € A have the same partition and contain only even
parts. If det g = 1, they are in the same SOs,-orbits. Suppose that det g = —1 and
they are conjugated by another element h € SOs,,. Say ¢g- X = X' = h- X and let
k=g 'h. Then detk = (det g~1)(det h) = —1 but this contradicts to Lemma
In this case, it means X, X’ are conjugated by an element in O, of determinant
—1 only. We have the following theorem:

Theorem 3.6. Nilpotent SOa,-orbits in A are parametrized by partitions of 2n
except that the partitions with only even parts correspond to two orbits.

For each nilpotent element X having the partition [d,ds, .. ., dk], we denote the
Ip-orbits of X by Ox,04, ds.....a,]> Or simply [d1,da, ..., dy]. We are now ready to
compute the dimension of nilpotent Ig-orbits.

Theorem 3.7. Let X be a nilpotent element in A. Then the dimension of Ig-orbit
of X is

dimOx = % <m2 —Zs?) .

Proof. Suppose that B is symplectic on C™, m = 2n. Recall that we have the
decomposition @4). For each Z € gx, we investigate how Z sends M(d). We
consider Z (M (d)) and project it onto M (e) for each e > 0. Since Z and X commute,
by theory of representations of sly, the projection of Z(M(d)) onto M (e) is uniquely
determined by a linear map L(d) — M(e) where L(d) is the lowest weight space in

M(d).
Suppose that a linear map from L(d) to M(e) is determined for d < e. Since
Z is skew-adjoint, Z* = —Z where Z* is a conjugate transpose of Z. Hence

the projection of Z(M(e)) onto M (d) is uniquely determined. Therefore, we only
consider the case d < e.

Now, consider the case d < e. For v € L(d), X%y = 0 and then X1 Zv =
ZX%1y = 0. Hence the nonzero M (e)-component of Zv must lie in the weight
spaces

M(e)e—24 @ M(€)e—2(4—1) @+ D M(e)e—2 ® M(e)e.

where M (e)y is the k-weight space in M (e). Note that r441 = dim L(d). Therefore
the set of all linear maps from L(d) to M(e) forms a vector space of dimension
(d + 1)Td+lre+1~

Assume that d = e. If Z sends L(d) to H(d), then we define a new bilinear form
(+,-)a on L(d) given by (u,v)q = (u, Zv). It can be checked (-, )4 is symmetric and
completely determines the action of Z on L(d). The set of all such (-,-)4 forms
a vector space of dimension 3rqy1(raq1 + 1). If Z sends L(d) to (d — 2)-weight
space in M (d), we define the new form by (u,v)q—2 = (u, X Zv). Again, this form
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is symmetric and completely determine the action of Z on L(d). Continue this
process up to the case Z sends L(d) to itself. We obtain

dim gy = Z

d>0

d+1
(d+1) <Z Td+17’e+1> + 5 rat1(rap1 + 1)

e>d

1 2
= {7‘1(1"2 +r34+--)+ 57"1(7“1 +1)} + [21"2(7‘34-7‘44-'--)4— 57‘2(7"2 +1)}

3
+ 37"3(7”4+7“5+"')+§7“3(7“3+1) +o

(1 1 2 2
= §r1(r1+2r2+2r3+...)+§r1} + {57‘2(7“2—1—27“34—27“4—}—...)+§r2]

3 3 ]
+ 57’3(7"3—1—27“4—1—27’5—1—...)—}—57’3 + e

2 2

= :%(51 — 89)(s1 + s2) + 11"1] + [2(52 — 53)(s2 + s3) + %rg}

3 3
+ 5(83 — 54)(83+ 84) + 578 +

1 1
:525224-5(7"1-}-27‘24_3734_)4_
e, 1
— 1 2
_n+§zsi
i

and hence
dim Oy = dimgp — dimgy = (2n? +n) — n—l—lz:s2 :m—2—1252
X B B 2 - 7 2 2 - 7"

If B is symmetric, the argument is similar except that the form (u,v)q is sym-
plectic and hence the vector space consisting of such forms (-,-)4 has dimension

%Td_;,_l(’rd_;,_l — 1) |:|

Remark 3.8. The dimension of Ig-orbits can also be obtained from [Se} 3.1.c, 3.2.b],
where the formulae are not uniform and the proofs are also omitted.

The closure relation on the set of nilpotent orbits in A is given by
Oy X Ox if Oy C@X

for nilpotent elements X,Y € A. Given two partitions d = [dl_,...,dN],f =
[fi,---, fn] of N (put some d;, f; = 0 if needed). We say that d dominates f,
denoted by d = f if
di > fi
di +d2 > f1+ f2

di+-+dy > fi+--+ fn.
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Theorem 3.9. Let X,Y be nilpotent elements in A having partition d, f, respec-
tively. Then Og = Of if and only if d dominates f.

Proof. See [Ohl, Theorem 1]. O

For example, all nilpotent Sp;,-orbits in A C sl are
0[52] t 0[42712] i 0[32722] t 0[32,14] t 0[24712] t 0[22716] t 0[110].
The dimensions are 40, 36, 32, 28, 24, 16, 0, respectively.

4. THE CONNECTION BETWEEN SCHUBERT CELLS AND NILPOTENT K-ORBITS

The goal of this section is to show that for any small A\, M5 is sent to the
nilpotent cone N, by the map 7, and show that how each Mj is sent to nilpotent
K-orbits in the N,. Theorem 2] describes the image 7(M3) where the proofs are
provided by case-by-case consideration in this section.

Let X be the type of Dynkin diagram of G and ¢ the diagram automorphism
on G of order r, denoted by the pair (Xx,r). We consider the cases (Xn,r) =
(Az2¢,2), (A20-1,2), and (Dg41,2). Then H = (G)? is either of type By or Cp. We
make the following labelling for simple roots ~;:

(4.1)

V1= V{1L,20=1)> -+ 5 Ve—1 = V{—1,n+1}> Ve = V{£} (Xn,7) = (A20-1,2);

VI = V{1265 Vo1 = V{O—1,042}> Ve = V{L,041} (Xn,7) = (A2, 2);

VL= V{1Ys e Vo1 = V=13 Ve = V{0,04+1} (Xn,7) = (Deg1,2).
This labelling of vertices of type B, and Cy agrees with the labelling in [Ka, TABLE

Fin, p.53]. Then the highest short root 7 of H can be described in the following
table.

(Xn,7) G H Simple roots of H  Highest short root vy of H
(A,2)  SLogpr  PSOgpyy 707 % T G2 RTINS
(A2¢-1,2)  SLag PSpy, % i:jllz'é%[“ Y1+ 272+ + 271 + e

(DZ+1, 2) Spin25+2 PSOQ[+1 Vi st = T Y1 + Y2 + -+ Ye-

From Section 2 we can identify the weight lattice of H with X,(T),, and
the set of dominant weights of H with X, (T)F. Then, from the construction of
root system of classical Lie algebras given in [Hu2l §12], we can make the following

identifications:
7t if H= By;
X (1) = . T o
{(a1,...,a0) €Z" a1 +---+a, €22} HH=C,
and
X.(T)F ={(a1,...,a¢) € Xu(T)y | a1 > - > ay > 0}

for any cases of H. This identification preserves the relation on X, (T)} and the
dominance relation on {(ay,...,as) € Xu(T)s | a1 > -+ > ap > 0}.
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TABLE 1. Simple roots, highest short root, and fundamental
weights of H in term of tuples

H Simple roots Yo Fundamental weights
71:(17_170707"'70)
©2=01-10,....0 wj = (170°77), j=0,...,0—1
By ; (1,0,0,...,0,0) i1 1
. UJ[:(_7_,- 7_)
ve-1=(0,0,0,...,1,~1) 222
7[:(070707' '7071)
1= (17 _1707 07 . 70)
72 =(0,1,-1,0,...,0)
C, ; (1,1,0,...,0,0) | w; = (190°77),j =0,...,¢

Ye—-1 = (0’0707'“71771)
e = (0,0,0,...,0,2).

In Table[] we can further make the following identifications for simple roots and
fundamental weights of H. Those fundamental weights follow from [Hu2l Table 1.,
p.69].

The following lemma is well-known, cf.[AH]. We give a self-contained proof here.

Lemma 4.1. All small dominant weights of H are

(1) w; = (19079, j=0,...,0—1, 2wy = (1,1,...,1), if H has the type By.
(2) w1+ Wa;+1 = (21270421, J = 0,..., 5]
wo; = (120%), j=0,..., ng, if H has the type C,.

Proof. Suppose that H has the type By. The highest short root is vo = (1,0, ...,0).
By definition, a dominant weight (a1,...,a;) € X.(T)} is small if and only if
(at,...,a¢) 7 (2,0,...,0) which is equivalent to a; < 1. This proves the first part.

Now assume that H has the type Cy. The highest short root is y9 = (1,1,...,0).
Let (ai1,...,ar) € X.(T)} be a small dominant weight. Then (a1,...,ar) %
(2,2,...,0) and so a; < 2. Ifa; = 1, then (ay,...,a;) = (120°~%). If a; = 2, then
az < 2 and hence (ay,...,a,) = (2127021, O

Let iz be the maximal element among all small dominant weights of H, then

grsm - H gTX - mﬁu

A=i, A\ small

Since Grgy, is irreducible and M is an open subset of Gr,,, M is irreducible.
The following theorem is the main result of this section.
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Theorem 4.2. If ) is small, then ©(My) is contained in N,. Moreover, the image
m(M5) can be described as the union of nilpotent orbits as the following table:

(Xn,7) | Small dominant weight X of H Orbits in w(M5)
(Ag,2) (17077),5=0,1,...,¢ 271202 +1]
(12j0£72j)7j =0,1,..., L%J [22j12574j]
(20271) 0, [2212574]
(A2¢-1,2) (2120°79) (271771, [2T127 3], [32127°9]
o ou . _ 22j12£74j , 22j+212274j74 ,
(212]0@ 2 1)7] = 27 ceey LZT:&J [3222[3'7212£74j]7[2}7 [32223'7412@,}444,2]
26-214] 24, g
(212155 gf-2L 50 -1 [322¢[*412},[}32[2¢]*614} , if £ is even
20-112], )
[32267[3]7[322]27514} 5 ng is odd
iné—i\ 0,i5=0
Jjiol—i — s
(DZ+172) (1 0 )ﬂ] 0,1,...,6 0, [312471}’ Zf] s even, ] >2
[B12571], if § is odd
where the nilpotent orbit [ail, ...,alr] in the above table means empty set if the

associated partition is invalid for some small £.

This theorem follows from Theorem [£.5] Theorem (.6l Theorem 10, and The-
orem [£.14] which will be proved separately case by case.

The partial orders of small dominant weights of H are shown in the below picture,
where the partial order is compatible with the height.

QUJ( w1 +w2[%J+l
Wyp—1 w1 +w2[4%1j_1
Wyp_9 w1 +w2l171J 3 Wy L)

j w1 4}* w3 %
1 T
wy 2wy W‘4
| NTTT—— |
w1 w2
| _—

0 0

Type By Type C;

We first recall a crucial lemma from [AH|, Lemma 4.3].
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Lemma 4.3. Let g = ;0\ z;t" € SL,,(K), where xy # 0. Let A = (ay,as,...,ay)
be a tuple of integers such that a; > ag-+- > a, and Y. a; = 0, and g(t) €
SL,,(O)#*SL,,(O). Then

(1) N = ay.

(2) The rank of xn equals to the number of j such that a; = ay.

(3) For any s > 1,

IN IN+1 7 IN+s—2 TN+s—1
0 TN " TN4s—3 TN4s—2 n

k| = g max{s — (a; — ay),0}.
0 0 0 TN

We have the following lemma for the twisted version.

Lemma 4.4. Let g(t) = > 2 y @it € G(K)? where x; € Maty,xm, TN # 0. Let
A= (a1,...,a7) € Xo(T)F be such that g(t) € G(O)n*G(O)?. Then
(1)
N = {—a1 if (Xn,7) = (A2, 2), (A20-1,2);
—2a1  if (Xn,7) = (Dps1,2).
(2) The rank of xn is equal to the number of j such that a; = a;.

Proof. We can write
¢
A= (ay,...,a) :Z Zaj i

where ~; are simple roots of H as labelled by (@I). We choose a representative
A € X.(T) of X by
\ iy (23:1 aj) Q; if (Xn,7) = (A2¢,2),(Dry1,2);
= _ . 1 .
Zlel (Z;‘:l aj> a; + 5 (Zle aj) Gy if (XN,T) = (Agg_l, 2)

so that
¢ i < 20 20—i+1 .
im (g as) G+ 20 (20520 " aj) a; if (Xn,7) = (Aa,2);
Mod = Vi (Sioras) a+ S (205 a) & if (Xnr) = (Aee1,2);
Sk (S 20p) de (5o ay) (G o) i (Xnor) = (Dega.2).
The simple coroots of G are identified with tuples of integers through the con-
struction of root system given from [Hu2 §12].
Let p: G — GL(V) be the standard representation of G. We will determine the
double SL(Vo)-coset in SL(Vi) that p(g(t)) belongs to.
If G is of the type A,,, then &;, i = 1,...,m, are identified with the following
(m 4+ 1)-tuples
&1 = (1,-1,0,0,...,0)
ds = (0,1,-1,0,...,0)

Y

dm = (0,0,0,...,1,-1)
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and hence, as the coweight of SL,,, A + o\ corresponds to the following tuples

_J(ar,a9,...,a0,0,—ay, ..., —az, —ay) if (Xn,7) = (A2, 2);
A+oA= .
(a1,a2,...,ap0,—ayg,...,—a2,—a1) if (Xn,7)=(A2-1,2).
Assume that G has the type Dyy1. Then &;, i = 1,...,¢ + 1, are identified with
following (¢ + 1)-tuples

&1 = (1,-1,0,0,...,0)
&y = (0,1,-1,0,...,0)

ap = (0,0,0,...,1,-1)
dpy1 = (0,0,0,...,1,1).

Then A + o\ = (2a1,2as,...,2a,0) as the coweight of G = Spingy, ,. Choose
an appropriate maximal torus and a positive root system in G. Composing with
p : G — SLagyyo, as the coweight of SLogio, A + oA corresponds to the following
tuple
(2a1,2a9,...,2a4,0,0, —2ay, ..., —2as, —2a,).

We write g(t) = A(t)n*B(t), where n* is a norm of t* defined by (2I) and
A(t),B(t) € G(O)°. Hence p(g(t)) € SL,,(O)p(t*°*)SL,,(0). By the above
description of p(t**°?*), this lemma follows from Lemma (3] O

4.1. Case (Xn,r) = (Ag,2). Let (-,-) be a nondegenerate symmetric bilinear form
on V = C**! whose matrix is

-1

1

The diagram automorphism ¢ on g given by [3.3]) becomes o(A) = —JATJ~! and
the diagram automorphism o on G is given by

(4.2) o(A)=JA T

This ¢ gives the decomposition g =€ ® p to 1 and —1 eigenspaces £ and p, respec-
tively. Let K := (SLos11)? = SOg¢41. The classification of nilpotent K-orbits in p
and their dimensions follow from Theorems [3.4] and [3.71

Set

Theorem 4.5. © maps M isomorphically onto Ny . Moreover, m maps Mige-i)
isomorphically to [2912¢=27+1],

Proof. We first show that m maps injectively into Ny 2. Let g(t) - eg € M. Then
g(t) - eo € Myjge—sy for some j. By Lemma 4] g(t) = I + xt~! for some x €
Matogy1,2¢41- By Lemma 24l «(g(t) - e0) € M1ige-5y. Hence o(g(t)) = (I —
xt_l)_l = [+2t~! for some z € Matogy1,2041, and so 22 = 0. We now show the map
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7 M — N, 2 is bijective. Let € N, be such that 22 = 0. Then I+t~ € G(K)’.
By @2), (I +xt71) ey € Gry for some A = (ay,...,a;) € X.(T)}. By LemmalZd]
A = (190*77) for some j.

Consider the map ¢ : N2 — Gry given by @ — (I + at™!) - eg. Clearly ¢
is a closed embedding, as Gry ~ G(O7)§ and I + xt~! € G(O7)§ if and only
if x is nilpotent. By the argument in the previous paragraph, ¢(N, 2) = M and
7o ¢ is the identity map on Ny 2. Thus, ¢ : Ny o — M is an isomorphism, and
m: M — N, is its inverse.

Finally, we show 7 maps My;gc-sy isomorphically to [27126=27+1] for each j.
Since 7 is K-equivariant, it suffices to show that m maps M ;e onto [27126727+1],
Let (I +xt™') - ey € M(1ige-iy. Then z? = 0 and z has the Jordan blocks of size
at most 2. By Lemma[Z4] rk 2 = j and then x has the partition [2712/=2%1] It is
obvious that 7 is injective. To prove surjectivity, let © € N, o having the partition
[27126727F1) Then, (I +at™") - eg € M and hence (I +xt™1) - eg € Myrge-r) for
some k. In fact, k = j since w((I + zt™1) - eg) = & € [2F126-2k+1], O

4.2. Case (Xy,r) = (Azs_1,2). Let (-,-) be a symplectic bilinear form on V = C%
whose matrix is

-1

The diagram automorphism o on g given by ([B.3) becomes o(A) = —JATJ~1 and
the action on G is given by

(4.4) o(A)=JA Tt

This ¢ gives the decomposition g =€ ® p to 1 and —1 eigenspaces £ and p, respec-
tively. Let K := (SLg¢)? = Spg,. The classification of nilpotent K-orbits in p and
their dimensions follow from Theorems B.3] and B.71

Define the following constructible sets

5] L5
M = U Mzige-25), M" = U M a12i90-25-1y.
=0 =0

By Lemma [£4] the element of M’ is of the form (I + 2t~ ') - ey and the element of
M is of the form (I + xt™ + yt=2) - eg. Let N2 be the order 2 nilpotent cone
defined as in (3.

Theorem 4.6. © maps M’ isomorphically onto N, ». Moreover, ™ maps M 125023
isomorphically to [223'12[74]'].

Proof. The proof is the same as the proof of Theorem 5] where in this case we
use Lemma 4] for (Age—1,2). O

Before we describe elements of M” | we need the following lemma.
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Lemma 4.7. Let g(t) -eq = (I +at™ 1 +yt=2)-eg € M". Then
(1) «g(®) # 9(t)
(2) If g(t) - eo € M 212i9¢-25-1), then rk (g z) =274 2.

Proof. Note that ¢(g(t)) = g(¢) if and only if
(T+at 4yt )T —at 4 yt™2) =1

1
which is equivalent to y = 5:102 and z* = 0. Suppose that ¢(g(t)) = g(t). Observe
that tk2® < rtk2? = tky = 1. If rka® = 1, then rka? = rkx® = 1 which is
impossible. Hence 2% = 0. Since rkz? = 1, x € p is nilpotent having the partition
[3271%-23=3] but this contradicts to Theorem [3.3} This proves the first part.
Assume that g(t) - eg € Ma12j0¢-25-1). We write
g(t) = AT DT o g

where A=), Aiti, B=>, o Bitfe G(0)°. In particular, g(t)€ SLa,(O)t*SLay(O)
where \ = (2,1%7,02/=4=2 (~1)% —2). By Lemma &3

20
y x\ Y
rk (0 y) —z;max{—a],O}—Qj—l—Q
j:

as desired. g
Let g(t) = I+at~1+yt~2. By LemmalZ4] we can write ¢(g(t)) = [+2't 1 +y/t 2

for some matrices z’,7’. Hence

(IT—at Pyt )T+ 2t oyt ) =T=T + 2t +y't2)((I — 2t +yt™?)

which implies

45)  a'=z, P=y+y, ay=yz, wy =y, yy=yy=0

By Lemma 4 and Lemma 7] rky = rky’ = 1 and ¢’ # y. Since o(g(t)) = g(¢),

y' = JyTJ~! which means that y and 3’ are adjoint to each other. We set
Mézmo‘ff"‘j*l) = {(I+at™" +yt™?) - eg € Mg2ie-2-1y | L= L'},

M?m?joéfzjfl) ={{I +at™" +yt?) €0 € M(ar2i0¢-2-1y | L # L'},

where L = Imy and L' = Imy/.
The following lemma will be used in the proofs of Lemma [£9 and Theorem .14

Lemma 4.8. Let (-,-) be a nondegenerate symmetric or skew-symmetric bilinear
form on a vector space V over a field C and let T a linear map on V. Denote
the adjoint of T by T*. Assume that ImT = ImT* and vkT = 1. Then T is
self-adjoint or skew-adjoint.

Proof. Tt is easy to see that ker T = (ImT*)% and ker T* = (Im7T)+. Say that
ImT = Cv and ImT* = Cv’ for some v,v" € V. Then Tw = v for some w € V.
Since ImT = Im T, we have T*w = Av for some A € C. Let u € V. Then Tu = kv
for some k € C. Since T(u — kw) = 0, u — kw € kerT = (ImT*)* = (Im7T)+ =
kerT*. Hence T*u = T*(kw) = kA = ATu. Since u is arbitrary, 7% = AT.
Consider T+ T* = (1 + A\)T. Then

1+NMNT=T+T"=(T+T)" =10+NT".
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Therefore 1 + X =0 or T = T* which means that T is skew-adjoint or self-adjoint.
|

Lemma 4.9. If (I +xt™ ' +yt™2) e € ./\/1{212].02,%,1), then y' = —y.

Proof. We know that y # 4’ are adjoint to each other, they have the same images,
and rky = 1. By Lemma 4.8 y is skew-adjoint, i.e., 3’ = —v. O

Theorem 4.10.
(1) If £ is even, then

T(Migg2ige—2s—1y) = 2P 12 7H] U 222120747
forj 20,17”.,6772. If £ is odd, then

92j120—4j] | [927+2120—4j—4 >3 0< i< (=3,
W(Mél?ﬂ'o‘—”—l)) = [ 0—112 ol ] Z-f . /—1 =7 =
(277717 if j =5

(2) When € >3, forj=1,..., 5], we have

[321%¢7°] ifj=1

77(M{£12"0‘*‘2j‘1)): 262j—2120—45—2 262j—4120—45+21 - C 1 0—1

Moreover, for any £ > 1, Mgog_l) is empty.

Proof. Let g(t)-eo= (I +at™ ' +yt=2)-¢p € M{leme,zj,l). By Lemma [£7]

rkz <rk <g 5) =2j+2<2rky+rkx=2+rkx.
Since 22 = y +%' = 0 (by Lemma[&3), z is nilpotent whose partition is [22F12¢=4]
so that rkxz = 2k. Hence k = jor j+ 1. If £ is odd and j = K_Tl, then k = j.

Let E;; € Matggxoe be the matrix which has 1 at the entry 4, j and 0 elsewhere.

For each 7 =0,1,..., V*le, let
Tj = diag((), J27 .oy JQ, Ogg_4j_2, —JQ, ooy —JQ,O)

8 (1) and j blocks of —J,, and Ozp_4;_2 is
the square zero matrix of size 2¢ — 45 — 2. Then x; € p is nilpotent and has
the partition [22712-4]. Tt is easy to check that g(t) = I + ;™! + Byt 2 €
G(K)? and «(g(t)) = I + xjt7' — E12t72. By @2), g(t) - eo € Gry for some
A= (a1,...,a7) € Xo(T)F with a; > az- - >a, >0 and > a; is even. By Lemma
4 since tk Fy1 90 = 1, A = (212%0¢~2*~1) for some k. By Lemma 7]

where there are j blocks of Jy, =

E1 2/ X .
2k +2 =rk ' J =2 2.
e ( 0 EL%) I

Then (I + x5t~ + E12it™?) - €9 € M{gy2;00 21 For j =0,1,..., [ 552], let

e

x; =z + E1gj42 — Eap2j-1,20-

Then z; € p is nilpotent and has the partition [220+2126=47=4] Similarly, one can
show that (I + z;t’l + F100t™2) €9 € M%212J‘02*2]‘71)' Since 7 is K-invariant, this
proves the first part.
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Now, we prove the second part. Let g(t) -eq = (I + at™! + yt=2) - eg €
M%élzjoz,w,l). Set U=L+ L' Sincey #v/,dimU =2 and U = Imz2. Assume
that L = Cv, L’ = Cv'. By ([@3), we have zy = y'z and zy’ = yx. Hence xv = b’
and zv’ = av for some a,b € C,v,v" € C?. Then

0 a 5 ab 0
7y = (b 0)’ v ’U:(o ab)'
Suppose that ab # 0. We will show that (-, ~>‘UxU
vector in C?* such that (z%u,z?v) = 0 for all v € C*. Since z? is self-adjoint,
(z*u,v) = 0 for all v. Therefore, z*u = 0 and so z?u € (kerz?) NU = ker(z?|y).
By the assumption that ab # 0, ker(z2|/) = 0. Thus z?u = 0. This concludes that
is nondegenerate.

is nondegenerate. Let u be a

{ '>’UxU

Since yy' = 0 = y'y, we have L' C kery and L C kery’. Recall that g,y
are adjoint to each other. It follows that kery = (L')* and kery’ = L*. Thus,
L' c (L")t and L C L*. This implies (v,v) = (v/,v’') = 0. By the non-degeneracy
of (-, ~>|UxU, we must have (v,v’) # 0. Since z is self-adjoint with respect to the
symplectic form (, ), we have

ab(v,v') = (v, 2%’ = (zv,20") = (b, av) = —ab{v,v’)

which implies ab = 0, a contradiction. This shows that we must have 22> = 0 on
U = Imz?, which means z* = 0. Since z € p and rka? = 2, by Theorem B3] z is
nilpotent having the partition [3222¢12¢=4+=6]. By Lemma 7]

rkxﬁrk(g i) =2j+2<2rky+rkax=2+rkx.

Since rkx =2k +4, k=j— 1 or j — 2. Here we see that j # 0 and hence M?Qolfl)
is empty. When j = 1, we see that £ = 0. Let

0 1 0
Js=[0 0 1 ,J2_<8 (1))
0 0 0
For each j =1,..., L“le, let
xj_q = diag(Js, Ja, ..., J2, 020—aj—2, —=J2, ..., —J2, —J3)

where there are j—1 blocks of J3, and j—1 blocks of —J,. Then x;_; € p is nilpotent
having the partition [3222/-212¢-47=2]_ Note that g(t) := 1+ x; 1t + E13t 2 €
G(K)? and ¢(g(t)) = 1+ zj_1t' + Eay_a2it 2. By @2), g(t) - eo € Gry for some
A= (a,...,a7) € Xo(T)F with a; > az--- > a; >0 and > a; is even. By Lemma
A4 since tk Ey3 = 1, A = (212%0°~2k~1) for some k. By Lemma 7]

. E13 .’L‘j,1 Y
2k+2rk<0 b ) =2 +2

Then (I +z;t™" + Ei3t™2) - eg € M%lgme,w,l). Forj=2,..., L%J, let
af o = diag(0, Js, Ja, ..., J2, 000—aj, =S, ..., —J2, —J3,0)

where there are j—2 blocks of J,, and j—2 blocks of —.J5. Then x;_Q € p is nilpotent
having the partition [32227~*12¢472]. One can check that h(t) := 1 + 2} ot +
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(E24 + E172[)t72 S G(’C)U and_a(h(t)) =1+ {E;'_zt*l + (Egg,:g’y,l - Elﬁgg)tiz
Similarly, h(t) - eg € Gry where A = (212%0°=2%=1) for some k. By Lemma 1]

_ Eay+ E1 2 g o
2I<:+2rk( 0 Eou+ Evos =25+ 2.
Then (I + :E;-_zt_l + (Bas + E120)t72) - eg € Mglgjoe,zj,l). O

In the following proposition, we describe the reduced fibers of 7 : M — 7w(M).
For any z € m(M), let 7~!(x)rea denote the reduced fiber of 7 over z.

Proposition 4.11. For any x € m(M), we have
1
(4.6) T2 red = {2 € 8poy | 22 + 22 =0,2% = 0,1k(2 + Ea:Q) <1}.

In particular, 7=1(0)req is isomorphic to the closure of nilpotent orbit Ol212¢-2) in
spyp and dim m1(0),eq = 20 + 1.

Proof. Fix a nilpotent element = in 7(M). Note that (1 +zt™! +yt=2)-eg € M if
and only if det(1 + 2t~ +yt=2) =1,tky < 1 and

4.7 2T J—Je =0, —2TJe+yTT+Jy=0, 2TJy—ylJe=0, yTJy=0.
Set z =y — 122, @) is equivalent to
(4.8) zEt=1spy, xzt+zx=0, 2°=0.

When 2z + zz = 0 and 22 = 0, zt~! + (z + $22)t~2 is nilpotent in Matoyxo¢(K).
Thus, det(1 + zt~' + (2 + 32%)t72) = 1. Therefore, the isomorphism (6] holds.
In particular, when x = 0 we have

ﬂ_l(O)er ={z € spyy | 22 =0,tkz < 1},

and the dimension, cf. [CM], Corollary 6.1.4], is given by
1 1
dim 77 (0)yeq = dim Opgy2e-2) = (20% + 1) — 5((25 —1)*+1%) — 5(2@ —2)=20+1.
|

In [AHL Theorem 1.2], they proved that there are finitely many G-orbits in
Gry N Gry for small dominant coweight A. In the case of (Agr,2), it is easy to see
that K acts transitively on M yjge-sy and hence there are finitely many K-orbits in
M. For the case (Ag¢—1,2), it is not obvious to determine if there are finitely many
K—Orbits in M(zljol—j—l). If g(t) = 1 —+ It71 —+ (Z —+ %IQ)t72 S ./\4(21]‘0[—]‘—1)7 then
g(t) satisfies ([@8). If the action of K on the following anti-commuting nilpotent
variety

{(2,2) € Ny x N | 22 + 22 = 0}

by diagonal conjugation has finitely many orbits, then there are finitely many K-
orbits in M g150¢-5-1y-

Example 4.12. Consider the case (Xn,r) = (Ag,2) . In this case, G = SLjo and
g = sljp = €@ p. The diagram as shown in Figure [ describes the image of M5
for each small dominant weight A. For instance, M s;202) consists of two parts,
./\/l{21202) and ./\/1?21202). By Theorem .10} 7r(./\/l%21202)) is precisely the union of
two nilpotent orbits [2*1] and [221°] in p while 7(M[};2(2)) is the single nilpotent
orbit [3214] in p. Since (2120%) = (10), M 21202) = M(14¢y. Similarly, M o122y =
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I
Mz

M(140)

FIGURE 1. Mj for small dominant weight A and their image under
the map 7 in type (Xn,r) = (4o, 2)

M 204y. According to the table in Theorem [42] the image of certain My is a
union of 4 nilpotent orbits. It does not happen in this case since £ = 5 is not large
enough. In the case of (X, r) = (A13,2), (M 21402)) is a union of nilpotent orbits
[2416],[2612], [322214], [3218] in p C sli4.

4.3. Case (Xn,7) = (Dy41,2). In this case, it is more convenient to work with G =
SO9¢42 and o is a diagram automorphism on G. It is known that G ~ SOgp 41 X
{£I}. Let G(O)7° denote the identity component of the group G(O)?. Then, the
action of Spiny,, ,(O)? on the twisted affine Grassmannian Gr of Spin,,, , , factors
through G(O)?°. Let G(O7)g be the kernel of the evaluation map G(O~)7 — G°.
The action of Spiny,, ,(O~ ) on Gr factors through G(O~)g. Hence, the opposite
open Schubert cell Gry is a G(O7)J-orbit. In fact, Gr is naturally the neutral
component of the twisted affine Grassmannian associated to (G, o), whose definition
is a bit more involved.
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We can realize the group G as {g € SLogi2|gJg” = J}, and the Lie algebra of
G as g = s09042(J) = {z € gly,, | Jz + 2TJ = 0} where
1

The diagram automorphism o of order 2 on g can be given by o(z) = wzw where

w = diag (Ig, ((1) é) ,Ig) .

The diagram automorphism ¢ on G is also defined in the same way. We also have
the decomposition g = £ @& p. Let K be the identity component of G°. K has Lie
algebra £ and acts on p by conjugation. It can be checked that J = AT A where

% 0 --- ... 0 %

0 0
U
A= V2 V2
ViV

% 0 -+ v 0 _ﬁ

Another realization of s0¢12 is 509,42(I) = {z € gly, | * + 27 = 0}. There
exists an isomorphism from so02¢12(J) to s02,42(I) given by x — AxA~!. Under
$02¢42(]), the diagram automorphism oq is defined by o¢(z) = wozwy where wy =
(PA)w(PA)~! = diag(—1,1,1,...,1) and P is some matrix of change of basis.
Proposition 4.13.

(1) If = is a nonzero nilpotent element in p, then x has the partition [312/~1].

(2) There are exactly 2 nilpotent K -orbits in p: {0} and N, \ {0}.

Proof. Since wozrwy = —z, x has the form

_O—ut
T=\u o0

where u € C2*1 is a nonzero column vector. Then

22 —utu 0
“L 0 —uut )’

If 22 = 0, then wu! = 0 which implies v = 0, a contradiction. Since rkz = 2 and
22 # 0, = has the partition [312"~1]. This proves the first part.
The element of K has the form

()
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where g € SOg¢41 and k acts on x € p by

koo—hokt— (1 (oW
qu 0 ’

Hence the action of K on p is the same as the action of SOg.41 on C3*1. Note
that for every k > 3, ¥ has the scalar u"u on every nonzero entry. Since z is
nilpotent, u”u = 0. The result immediately follows since the action of SO, 1 on
{z € C?**1| 2T2 = 0} has two orbits. O

Theorem 4.14. For j =0,1,...,¢, we have
N, \ {0} if 7 is odd,

T(Msoe-iy) = { {0} if j=0;
Ny if j is even and j > 2.

Moreover, Mjge-1y = {(1 + at™ + 322t72) - eg | € N, \ {0}}. Consequently, m
maps M ge-1y isomorphically onto Ny \ {0}.

Proof. By Lemma B4, let g(t) - eo = (14 xt™' + yt72) - eg € Mys9e-5). We
work under the realizations s0g42(I) and SOgy2(I). Since g(t) is fixed by oy,
worwy = —x and woywy = y. Similar to the proof of Proposition A.13] x,y are in
the form

() (D)

where u € C**! is a column vector, yg € C, and D € Mat(s_1)x¢—1)- Since
9" g = I, the following equations hold:

(4.10) el +o=0, a'e+y" +y=0, 2Ty+y’z=0, y'y=0.

Then yo = 0 and u”u = 0 which implies 23 = 0. Hence x € N,,.

Suppose that j is odd and z = 0. We have y+y” = 0 and y”y = 0. Then yg = 0
and D is a nilpotent element of 021 with D? = 0. Since rk D = rky = j, D has
the partition [2712¢=2+2]. This contradicts the classification of nilpotent orbits of
type B, [CM| Theorem 5.1.2]. Hence x # 0. Now, consider the matrix zg € N, \ {0}
defined by

o -~ 0 -1 —i

o =

R

7

Let N be a nilpotent element in s09,_1(I) having the partition [2/~112¢=9+1]. Such
a matrix N exists in view of [CM| Theorem 5.1.2]. Then the matrices = and

1
yo = diag(0,...,0,N,0,0) + §x3

satisfy the relations in (@I0). Hence g(t) := 1 + 2ot~ ! +yot =2 € G(0)°. By 2.2),
g(t) - eo € Gry, for some A = (a1, aq,...,a¢) € X.(T)} with a; > -+ > ay. Since
rkyo = j, by Lemma B4, A = (170°77) and hence g(t) - g € M1s9¢-). Since m
is K-equivariant, the first part is done. By K-equivariance, the second part also
follows.
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Suppose that j is even. For each j =0,2.4, ..., 2[%], consider the £ x ¢ matrix

1

-1

where there are % copies of each 1 and -1. Denote z; the square zero matrix of size
2{+ 2 whose £ x { submatrix on the right top is replaced by the above matrix. Now
we work under $09,12(J) and SOgp12(J). Since wz;w = z; and rkz; = j, we have
(14 2t72) - eg € M1,pe—5) and then m((1+ zt72) - eg) = 0. Let xo be the square
zero matrix of size 2¢ + 2 whose 4 x 4 submatrix at the center is replaced by

01 -1 0

0 O 1
00 0 -1
0 0 O 0

Then zg € N, \ {0}, Set yo = 323 + z;. Then rkyo = j. It can be checked that
Zo, Yo satisfy
WToW = —Tq, WYoW = Yo, and

ad J+ Jrg =0, afJro+yaJ+ Jyo =0,

(4.11)
zg Jyo +ya Jrg =0, y& Jyo = 0.

Hence h(t) := 1+ 2ot~ ! + yot 2 € G(O)°. Similarly, one can show that h(t) - eg €
M1j0¢-5). This proves the second part.

To prove the last part, let  be a nonzero nilpotent element in p. Since x has the
partition [31%], rka? = 1. It is easy to check that (142t~ '+322t72)-¢g € M(1ge-1).
Conversely, let g(t)-eo = (1+xt™ ' +yt™2)-eg € M(1ge-1). Let t(g(t)) = 1+at™' +
y't=2. Since g(t) = g(t)™T = ((g(—=t))T, y = (¥)T. Then y and ' are adjoint
each other under the symmetric form whose matrix is I. Note that rtky = rky’ = 1.
If Imy # Imy’, then rkz? = rky + rky’ = 2, a contradiction. Hence Imy = Imy/’.
By Lemma L8 ¢ = y or ¢ = —y. By @35), 22> = y + ¢’ and hence 3y = y. By
@EI0), 27 +2 =0and 2Tz +y?T +y =0. Then y+y' =22 = y+yT,s0y =y = y*.
Therefore, g(t) = 1+ at ™t +yt 2 = 1+ at~! + 2272, O

Proposition 4.15. For z € N,,, write x as in [@9). Then
(4.12) 7 N2 rea = {D € $09011 | Du =0, D? = 0}.

In particular, 771(0),eq is isomorphic to the mazimal order 2 nilpotent variety in
502041, and
2 if 0 is even;

dim 7 1(0)eq =
7 (0)red {e?-1 if 0 is odd.
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Proof. Under the realization s09s42(I) and SOgpy2(I), and the diagram automor-
phism ¢, we have that (1 + xt~! +yt=2) - ey € M if and only if woywy = y and
the conditions (ZI0) hold. Set z =y — 1?2, these conditions are equivalent to

(4.13) z= (0 D) , De&soy,, D?*=0, Du=0,

where u is given in (.9). Hence the isomorphism (ZI2) holds. In particular when
Tr = 0, 7T_1(0)red = {D € 509041 ‘ D2 = 0} which is O[2k12@—2k+1] in 502041 where k
is the maximal even integer. By the dimension formula, cf. [CM| Corollary 6.1.4],
{dim Opeq) = 22 if £ is even;

d. -1 0 re =
im 7™ (0)rea dim Qe = 2 — 1 if £is odd

as desired. O

Similar to the case (Ag¢_1,2), it is not obvious to see if there are finitely many
K-orbits in Mysge-5). If g(t) = 14 a2t~ + (2 + 32%)t72 such that g(t) - e €
Mige-iy, then g(t) satisfies ([EI3). If the action of K on the following anti-
commuting nilpotent variety

{(z,2) € s02042(I) X s09042(I) | 2z + zx = 0,2, z nilpotent}

by diagonal conjugation has finitely many orbits, then there are finitely many K-
orbits in M y;ge-3).

4.4. Theorem for the field of positive characteristic. In this subsection,
we make a remark regarding Theorem when the filed C is replaced by an alge-
braically closed field k of positive characteristic p.

Theorem 4.16. Theorem holds for the field k of characteristic p, when

p>3 if (Xn,r)=(A2,2)
p>5 if (Xn,r)=(A2-1,2)
p23 if(XN,T):(Dg+1,2).

Proof. Suppose that p > 2. Given any element L € M, set x = n(L) € p.
When (Xy,r) = (Aa,2), by the proof of Theorem 5] z? = 0. When (Xy,r) =
(A2_1,2), by the proofs of Theorem and Theorem EI0, 2* = 0. Recall that
x € p if and only if x is self-adjoint with respect to a nondegenerate symmetric
form (resp. symplectic form) when g = Agy (resp. Age—1). Under our assump-
tion on the characteristic p, by the similar proof of [Jal Lemma 1.9] for = € p, we
can find a nilpotent matrix y in p with the same order of x and h € £ such that
{z,y,h} is a sly-triple. By [Cal Theorem 5.4.8], with the assumption on p, as a
sly-representation, V' is completely reducible, i.e. we still have the decomposition
(8). Then by the same argument as in Theorem B3] all possible partitions of z
are exactly those that appear in Theorem When (Xu,7) = (Dg41,2), by the
proof of Theorem [A14, 2% = 0. When p > 2, by [Jal Theorem 1.6], z is either 0 or
has partition [312/~1], i.e. those that appear in Theorem Thus, all results in
Sections LTHA3] remain true under our assumption on p. O

We expect that Theorem is true for any p > 2. Theorem relies on the
classification theorem of nilpotent orbits in p. In fact, we expect Theorem [B.3] and
Theorem [34] hold for any field k when the characteristic p > 2. The reason is
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that the classification of nilpotent orbits in classical Lie algebra remains the same
if p > 2, see a proof in [Jal §1.6-1.12]. A similar proof for the classification of
nilpotent orbits in p should also carry over when p > 2.

5. APPLICATIONS

In this section, we describe some applications to the geometry of order 2 nilpotent
varieties in the certain classical symmetric spaces.

Let (,) be a symmetric or symplectic nondegenerate bilinear form on a vector
space V. Recall that A is the space of all self-adjoint linear maps with respect to (, ).
Set N4 2 denote the space of all nilpotent operators  in A such that 2 = 0. If (,)
is symmetric and dim V' = 2n + 1, then SOq,,1-orbits in NA,Z are classified by the
partitions [2712"+1=2%/] with 0 < j < n; if (,) is symplectic and dim V' = 2n, then
Spy,,-orbits in N4 o are classified by the partitions [22712"~%] with 0 < j < [%].

Theorem 5.1. Assume that (,) is symplectic or symmetric and dimV is odd. Then
any order 2 nilpotent variety in A is normal.

Proof. By Theorem and Theorem 6, for any order 2 nilpotent variety O in A,
O is isomorphic to M;\ = @;\ N Gry for a small dominant weight X of H. Note
that My is an open subset of the twisted Schubert variety Gry and Gry is a normal
variety (cf. [PR, Theorem 0.3]). It follows that O is also normal. O

In fact, when (,) is symplectic, any nilpotent variety in A is normal, see [Oh].
In loc.cit., Ohta also showed that not all nilpotent varieties are NV, is normal, when
(,) is symmetric. When (,) is symmetric and dim V' is odd, this theorem seems to
be new.

Remark 5.2. Theorem Bl is true for any field k of characteristic p > 2, as one
can see that the classification theorem in Section [ still holds for order 2 nilpotent
orbits, and the arguments in Theorem [£.5 Theorem apply as well. See the
discussions in the proof of Theorem The same remark applies to the following
Theorem [£.3] and Theorem [5.4]

For any variety X, let ICx denote the intersection cohomology sheaf on X. The
perverse sheaf ICx captures the singularity of the variety X. For any = € X, we
denote by 2% (ICx) the k-th cohomology of the stalk of ICx at z.

Theorem 5.3.
(1) When (,) is symmetric and dim'V = 2n+1, for any 0 < j < n, let O; denote
the nilpotent orbit in A associated to the partition [2912"+*1=2] and let (9;-
denote the nilpotent orbit in sp,,, associated to the partition [2712"=21], we
have
dim O; = dim O = j(2n + 1 — j).

Moreover, for any x € O[gii2nt1-2:) and = (9{2”2,",%], and for any k € Z,
dim 7 (105 ) = dim ;" (ICq ).

(2) When (,) is symplectic and dim'V = 2n, for any 0 < j < |5 ], let Oy; de-
note the nilpotent orbit in A associated to the partition [22712"~%] and
letl(’)éj denote the nilpotent orbit in sos,41 associated to the partition
[22912nH1=47] e have

dim Oy = dim Oy; = 4j(n — j),
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Moreover, for any integer 0 <i < j, x € O, ' € O, and for any k € Z,
we have
. E . k
dim 2, (ICng) = dim JZ, (IC@%).

Proof. We first prove part 1). By Theorem B.1 and [CM| Corollary 6.1.4], it is
easy to verify dimQ; = dim (93— = j(2n + 1 — j). By Theorem EH, O; can be
embedded into an open subset in the twisted affine Schubert variety grwj associated
to (SLaj41,0). On the other hand, in view of [AH], O’; can be embedded into the
untwisted affine Schubert variety @“S“;% in the affine Grassmannian Grgp,, of Spy,,.
Set
F=1Cg,[- dimO,], and F' = ICo,[- dim O’;].

By purity vanishing property of intersection cohomology sheaf of Schubert varieties
(cf. [KL]), S5 (F) = #%5(F') = 0 when k is odd. Equivalently,

HH(Cg)) = #H(1Cgr) = 0

for any odd integer k, as dim O; = dim O’; is even.

Note that the affine Grassmannian Grgp, and the twisted affine Grassmannian
GrSL,,,, have the same underlying affine Weyl group. Applying the results in
[KTJ, the polynomials Y dim s22*(F)g* and Y S2*(F')q" are both equal to the
same Kazhdan-Lusztig polynomial P, ... (¢) for the affine Weyl group of 502, 41. It
follows that

dim A} (1Cq ) = dim 7 (ICs; )
for all even integer k. Alternatively, one can see these two polynomials are equal,
as they both coincide with the jump polynomial of the Brylinsky-Kostant filtration
on the irreducible representation V,,, of H, see [Bry}/Zh].

For the second part of the theorem, the proof is almost the same, except that by
Theorem [£6] O; can be openly embedded into the twisted affine Schubert variety

Gru,, associated to (SLay,, o), and 5l2j can be openly embedded into the affine
Schubert variety Grg.; O

PNy, 41°

Part 1) of this theorem was due to Chen-Xue-Vilonen [CVX] by different meth-
ods. This theorem shows that there is a natural bijection between order 2 nilpotent
varieties in A and order 2 nilpotent varieties in its dual classical Lie algebras, such
that they share similar geometry and singularities. However, under such bijection
the associated two nilpotent varieties are not necessarily isomorphic. For example,
when (,) is symmetric and dimV = 2n + 1, 5[212”_1] is the minimal nilpotent
variety in A. In fact 5[21%71] is smooth, since the quasi-miniscule twisted affine
Schubert variety Gr,, is smooth, cf. [HR] Section 5.1]. On the other hand, the
minimal nilpotent variety @[21%_2} in sp,,, is not smooth, as the smooth locus of
the quasi-miniscule affine Schubert variety Gr,,, is the open cell Gr,, .

We now describe another application.

Theorem 5.4. If (,) is symplectic, then the smooth locus of any order 2 nilpotent
variety in A is the open nilpotent orbit.

Proof. Let O be any order 2 nilpotent variety in A. By Theorem [£.6] O can
be openly embedded into a twisted Schubert variety Gry with A small, in the

twisted affine Grassmannian Grgr,,, . Then this theorem follows from [BH|, Theorem
1.2]. O
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