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DISTINGUISHED STRATA IN A REDUCTIVE GROUP

G. LUSZTIG

Dedicated to the memory of Roger Carter (1934-2022)

Abstract. The set of strata of a reductive group can be viewed as an enlarge-
ment of the set of unipotent classes. In this paper the notion of distinguished
unipotent class is extended to this larger set. The strata of a Weyl group are
also introduced and studied.

Introduction

0.1. Let G be a connected reductive algebraic group over C, with Weyl group W .
In [Lus15] we have defined a partition of G into finitely many strata. The set of
strata of G is in natural bijection with the image of a map cl(W ) → Irr(W ) where
cl(W ) is the set of conjugacy classes in W and Irr(W ) is a set of representatives for
the isomorphism classes of irreducible representations of W over Q. We define a
partition of cl(W ) into subsets (called the strata of cl(W )): a stratum of cl(W ) is
by definition a non-empty fibre of the map cl(W ) → Irr(W ). We define a partition
of W into subsets (called the strata of W ): a stratum of W is by definition the
inverse image of a stratum of cl(W ) under the surjective map W → cl(W ) which
takes an element of W to its conjugacy class. The set of strata of W is in obvious
bijection with the set of strata of cl(W ) which is in bijection with the set of strata
of G.

In this paper we are interested in two problems:

(i) How to parametrize the strata of cl(W ) (or W )?
(ii) How to describe explicitly each individual stratum of cl(W ).

These problems are solved in [Lus15], but we would like to get a simpler and more
direct approach. We shall reduce these problems to the same problems restricted
to a much smaller set of cases.

The set of strata can be viewed as an enlargement of the set of unipotent classes
of G (a unipotent class of G is contained in exactly one stratum); this enlargement
is built from the sets of unipotent classes in groups like G but in all characteristics.
According to [BC76], the classification of unipotent classes of G can be reduced to
the classification of a smaller set of unipotent classes, the distinguished ones. We
will show that, similarly, the classification of strata of G can be reduced to the
classification of a much smaller set, that of distinguished strata. It turns out that
the distinguished strata of G are indexed by a subset CLdist(W ) of the set of elliptic
conjugacy classes of W which may be called distinguished conjugacy classes. (It
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would be interesting to find a description of distinguished conjugacy classes which
is purely in terms of W and is not case by case.) One of our results is that

(a) the set of strata of G (or W ) has a simple parametrization in terms of the
sets CLdist(W ) where W is replaced by various parabolic subgroups of W (see
Section 0.6(a)) to which “parabolic inclusion” (see 0.6) is applied.

Another result of this paper is that

(b) the strata of cl(W ) are precisely the connected components of an (oriented)
graph with set of vertices cl(W ) (the graph structure on cl(W ) is defined in §2);
the connected components of this graph are remarkably simple: they are products
of Coxeter graphs of type A.

Our definition of the edges of the graph is by first defining (case by case) the
edges for which one end is an elliptic conjugacy class and then applying “parabolic
inclusion” to such elementary edges where W is replaced by various parabolic sub-
groups of W . It would be interesting to find a description of these elementary edges
which is not case by case.

In §3 we show how

(c) CLdist(W ) can be parametrized in terms of certain reflection subgroups of
W .

Note that by combining (a), (b), (c) one can hope to understand the classification
of conjugacy classes in W in different terms than those in the classification of Carter
[Car72]. Namely, the subset CLdist(W ) is classified by (c); next, the set of strata of
cl(W ) is obtained from (a) by parabolic inclusion and finally the objects of cl(W )
should be described by their position in the graph (product of graphs of type A in
(b)) associated to a stratum of cl(W ).

We note that the set CLdist(W ) and (a), (b) above depend only on W as a
Coxeter group (not on G); however, this is not so for (c).

0.2. Let P = {2, 3, 5, . . . } be the set of prime numbers. For any r ∈ P let G(r)

be a connected reductive group over an algebraically closed field of characteristic
r of the same type as G. We set G(0) = G. For r ∈ {0} ∪ P let U (r) be the set of
unipotent classes of G(r). By the Springer correspondence (extended in [Lus84] to
small characteristic) there is a natural imbedding ι(r) : U (r) → Irr(W ) whose image
is denoted by S(r)(W ); it is known that S(0)(W ) ⊂ S(r)(W ). Let

S(W ) = ∪r∈{0}∪PS
(r)(W ) = ∪r∈PS

(r)(W ) ⊂ Irr(W ).

In [Lus15] (where the notation S2(W ) is used instead of S(W )) it is shown that
S(W ) depends only on W as a Coxeter group, not on the underlying root datum
(but it is not clear whether S(W ) makes sense for a finite non-crystallographic
Coxeter group).

In [Lus15] we have defined for any r ∈ {0} ∪ P a surjective map κ(r) : G(r) →
S(W ) whose fibres are called the strata of G(r); each stratum is a union of conjugacy
classes of the same dimension, independent of r and, according to [Car20], is locally
closed in G(r). If g ∈ G(r) is unipotent, then κ(r)(g) is the same as the image of
the conjugacy class of g under ι(r). It follows that for any E ∈ S(W ), there exists
r ∈ {0} ∪ P such that the stratum (κ(r))−1(E) contains some unipotent element.
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0.3. An element of G(r) is said to be distinguished if it is not contained in a Levi

subgroup of a proper parabolic subgroup of G(r) (see [BC76]). Let U (r)
dist be the

set of unipotent classes in G(r) in which some/any element is distinguished. Let

S
(r)
dist(W ) = ι(r)(U (r)

dist).

We say that E ∈ S(W ) is distinguished if E ∈ ∪r∈{0}∪PS
(r)
dist(W ) or equivalently

if there exists r ∈ {0} ∪ P such that the stratum (κ(r))−1(E) contains some dis-
tinguished unipotent element. Let Sdist(W ) be the set of distinguished elements of
S(W ).

In §1 we will show:

(a) E ∈ S(W ) is distinguished if and only if there exists r ∈ {0} ∪ P such that
the stratum (κ(r))−1(E) contains some distinguished (not necessarily unipotent)
element of G(r).

A stratum of G(r) (with r ∈ {0}∪P) is said to be distinguished if it is of the form
(κ(r))−1(E) where E ∈ Sdist(W ) (such a stratum need not contain a distinguished
unipotent element).

0.4. For C ∈ cl(W ) let m(C) be the dimension of the 1-eigenspace of some/any
w ∈ C on the reflection representation of W . We shall write Φ : cl(W ) → S(W ) for
what in [Lus15] is denoted by ′Φ (a surjective map). In [Lus15] it is shown that

(a) for any E ∈ S(W ) there is a unique CE ∈ Φ−1(E) which is as elliptic as
possible, that is m(CE) ≤ m(C) for any C ∈ Φ−1(E);

thus E �→ CE is a cross section of the surjective map Φ. The following variant
of (a) will be verified in §1.

(b) for any E ∈ S(W ) there is a unique C ′
E ∈ Φ−1(E) which is as non-elliptic

as possible, that is m(C ′
E) ≥ m(C) for any C ∈ Φ−1(E).

Let CL(W ) be the image of the map E �→ C ′
E , S(W ) → cl(W ). Note that Φ

restricts to a bijection CL(W )
∼−→ S(W ). Under this bijection, the subset Sdist(W )

of S(W ) corresponds to a subset CLdist(W ) of CL(W ). The conjugacy classes of
W contained in CLdist(W ) are said to be distinguished. The following result will
be proved in §1.

(c) Let C ∈ CL(W ). We have C ∈ CLdist(W ) if and only if C is elliptic (that
is, m(C) = 0).

0.5. For r ∈ {0} ∪ P let ψ(r) : cl(W ) → U (r) be the surjective map defined in
[Lus11a]. (In the case r = 0, an alternative definition of this map is given in
[Yun21].) Let Φ(r) : cl(W ) → Irr(W ) be the composition of ψ(r) with ι(r) : U (r) →
Irr(W ). From the explicit description of ψ(r) in [Lus12] and the explicit description
of CLdist(W ) given in this paper we see that

(a) if C ∈ CLdist(W ) then Φ(r)(C) is independent of r. Hence, by the definition
of Φ in [Lus15, 4.1], we have Φ(C) = Φ(r)(C) for all r.

0.6. Let {si; i ∈ I} be the set of simple reflections of W . For J ⊂ I let WJ be the
subgroup ofW generated by {si; i ∈ J}; this is the Weyl group of a Levi subgroup of
a parabolic subgroup of G. Hence CL(WJ) and its subset CLdist(WJ ) are defined.
For C1 ∈ cl(WJ) we define ρJ(C1) ∈ cl(W ) by the condition C1 ⊂ ρJ (C1). Now
C1 �→ ρJ (C1) is an injective map cl(WJ) → cl(W ). (We call it parabolic inclusion.)
If J ⊂ I, J ′ ⊂ I, we say that J, J ′ are equivalent if WJ ,WJ′ are conjugate under an
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element ofW . Let X be a set of representatives for the equivalence classes of subsets
J ⊂ I for the equivalence relation above. The following result can be deduced from
the explicit description of CL(W ) given in [Lus15] and that of CLdist(W ) given in
this paper.

(a) CL(W ) = 	J∈X ρJ (CLdist(WJ)).

0.7. A bipartition is a sequence λ∗ = (λ1, λ2, λ3, . . . ) in N such that λi = 0 for i
large and λ1 ≥ λ3 ≥ λ5 ≥ . . . , λ2 ≥ λ4 ≥ λ6 ≥ . . . . We write |λ∗| = λ1 + λ2 + λ3 +
. . . . Let BP be the set of bipartitions.

Let T be the set of all λ∗ ∈ BP such that λ1 ≥ λ2 ≥ λ3 ≥ λ4 ≥ . . . . Let
R be the set of all λ∗ ∈ T such that λi is even for any i. Let P be the set of
all λ∗ ∈ T such that λ1 = λ2, λ3 = λ4, λ5 = λ6, . . . . For λ∗ ∈ T and j > 0 we
set μj(λ∗) = �({k ≥ 1;λk = j}). For m ∈ N let BPm = {λ∗ ∈ BP, |λ∗| = m},
Tm = T ∩ BPm. Let Tev (resp. Rev) be the subset of T (resp. R) consisting of
the λ∗ with an even number of > 0 terms. For a, b in Z we write a � b instead
a− b ≥ 2.

1. Proof of 0.3(a), 0.4(b), 0.4(c)

1.1. In this section we prove 0.3(a), 0.4(b), 0.4(c). To do this we can assume that
G is almost simple. It is also enough to consider only one such G in each isogeny
class. The case where G is of classical (resp. exceptional) type is considered in
1.2-1.9 (resp. 1.10-1.15).

1.2. Assume first that G = SLn(C), n ≥ 2. In this case S(r)(W ) = Irr(W ) = S(W )

for any r and the map Φ is a bijection cl(W )
∼−→ S(W ). In this case 0.4(b) is

obvious and we have CL(W ) = cl(W ). Also 0.3(a) is immediate (an element is
distinguished if and only if is regular unipotent times a central element). Note
that CLdist(W ) consists of a single element: the class of the Coxeter element; thus
0.4(c) holds.

1.3. Until the end of 1.5 we assume that G = Sp2n(C), n ≥ 2. Then S(W ) =
S(2)(W ) and Φ becomes a map cl(W ) → S(2)(W ). By [Lus12] we have bijections

(a) U (2) ↔ (set of all pairs (c∗, ε) where c∗ ∈ T 2n is such that μj(c∗) ∈ 2N for
any odd j and ε : {j ∈ 2N+ 2;μj(c∗) ∈ 2N+ 2}} → {0, 1}),

(b) cl(W ) ↔ (R× P )2n := {(r∗, p∗) ∈ R × P ; |r∗|+ |p∗| = 2n}.
Via (a), (b), (ι(2))−1Φ : cl(W ) → U (2) becomes the map

(c) (r∗, p∗) �→ (c∗, ε) where μj(c∗) = μj(r∗) + μj(p∗) for j > 0 and for any
j ∈ 2N + 2 such that μj(c∗) ∈ 2N + 2, we have ε(j) = 1 if j = ri for some i and
ε(j) = 0, otherwise.

Via (b), the map cl(W ) → N, C �→ m(C) becomes the map which to any
(r∗, p∗) ∈ (R × P )2n associates |p∗|/2. To prove 0.4(b) we must show that, if
(c∗, ε) (as in (a)) is given, then there is a unique (r∗, p∗) ∈ (R × P )2n which maps
to it (as in (c)) and has |p∗| maximum possible. Thus,

for j ∈ 2N+2 such that μj(c∗) ∈ 2N+2, we must have that μj(r∗) = 2, μj(p∗) =
μj(c∗)− 2 (if ε(j) = 1) and μj(r∗) = 0, μj(p∗) = μj(c∗) (if ε(j) = 0); for j ∈ 2N+2
such that μj(c∗) ∈ 2N+ 1, we must have that μj(r∗) = 1, μj(p∗) = μj(c∗)− 1; for
j ∈ 2N + 2 such that μj(c∗) = 0, we must have that μj(r∗) = 0, μj(p∗) = 0; for
j ∈ 2N+ 1, we must have that μj(r∗) = 0, μj(p∗) = μj(c∗).

This proves 0.4(b) in our case.
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Note that:
(e) CL(W ) is (via (b)) the set of all (r∗, p∗) ∈ (R × P )2n such that μj(r∗) ≤ 2

for any j > 0.

1.4. As in [Lus15] we have a bijection

(a) Irr(W ) ↔ BPn.

Using [Lus15, §3], we see that

(b) when r 
= 2, the subset ι(r)(U (r)
dist) of Irr(W ) becomes via (a) the subset of

BPn consisting of sequences of the form (a1 > a2 > · · · > as > 0, 0, 0, . . .).

By [Wal63] (see also [LS12, 6.2]), the set U (2)
dist can be identified via 1.3(a) with

the subset of U (2) consisting of

(c) all (c∗, ε) (as in 1.3(a)) such that μj(c∗) = 0 for odd j, μj(c∗) ≤ 2 for even
j and ε(j) = 1 whenever j is even and μj(c∗) = 2.

Using [Lus15, §3] we see that the subset ι(2)(U (2)
dist) of Irr(W ) becomes via (a)

the subset of BPn formed by the sequences (c1/2, c2/2, c3/2, . . .) for various (c∗, ε)
as in (c). This is the same as the set of all (a1 ≥ a2 ≥ a3 ≥ . . .) ∈ BPn such that
there are no consecutive equalities between the non-zero ai. This set contains the
set (b). It follows that

(d) S
(r)
dist(W ) ⊂ S

(2)
dist(W ) for any r.

Under our bijection CLdist(W ) ↔ Sdist(W ), the set of (c∗, ε) as in (c) corre-
sponds to the set of (r∗, p∗) ∈ (R × P )2n such that μj(r∗) ≤ 2 for j > 0 and
p∗ = (0, 0, 0, . . . ); this is the same as the set of all (r∗, p∗) ∈ (R×P )2n which under
1.3(b) corresponds to elliptic conjugacy classes in W which are in CL(W ). This
implies (by (d)) that 0.4(c) holds in our case.

1.5. Let g ∈ G(r) be a distinguished element. To prove 0.3(a) it is enough to show
that κ(r)(g) ∈ Sdist(W ). If r = 2 then g is unipotent and the result is clear. Thus
we can assume that r 
= 2. Using [Lus15, §3] we see that under the bijection 1.4(a),
κ(r)(g) corresponds to a bipartition of the form

(a) ((a1 + b1)/2, (a2 + b2)/2, (a3 + b3)/2, . . . )

where

a1 = ν1/2, a2 = ν2/2, a3 = ν3/2, . . . , as = νs/2, as+1 = 0, as+2 = 0, . . . ,

b1 = ν′1/2, b2 = ν′2/2, b3 = ν′3/2, . . . , bt = ν′t/2, bt+1 = 0, bt+2 = 0, . . . ,

and ν1 > ν2 > ν3 > · · · > νs, ν
′
1 > ν′2 > ν′3 > · · · > ν′t are even integers ≥ 2 with∑

k νk +
∑

k ν
′
k = 2n.

Clearly, (a1 + b1)/2 ≥ (a2 + b2)/2 ≥ (a3 + b3)/2 ≥ . . . . If (ai + bi)/2 = (ai+2 +
bi+2)/2 then ai = ai+2, bi = bi+2 hence ai+2 = 0, bi+2 = 0 and (ai+2 + bi+2)/2 = 0.

Thus (a) corresponds to an element of S
(2)
dist(W ). This proves 0.3(a) in our case.

1.6. We now assume that G = SO2n+1(C), n ≥ 3. Then the arguments in 1.3, 1.4
can be used word by word in the present case except that 1.4(b) must be replaced
by the following statement:
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(a) When r 
= 2, the subset ι(r)(U (r)
dist) of Irr(W ) becomes via 1.4(a) the subset

of BPn consisting of sequences (c1, c2, c3, . . . ) where

c1 = (ν1 − 1)/2, c2 = (ν2 + 1)/2, c3 = (ν3 − 1)/2,

c4 = (ν4 + 1)/2, . . . , c2s+1 = (ν2s+1 − 1)/2, c2s+2 = 0, c2s+3 = 0, . . .

and ν1 > ν2 > ν3 > · · · > ν2s+1 are odd integers ≥ 1 with sum 2n+ 1.
(Note that c1, c2, . . . ) ∈ P , with no two successive equalities between its non-zero

terms hence it corresponds to an element in S
(2)
dist(W ).)

The argument in 1.5 also continues to hold except that 1.5(a) must be replaced
by

(b) ((a1 + b1)/2, (a2 + b2)/2, (a3 + b3)/2, . . . )

where

a1 = (ν1 − 1)/2, a2 = (ν2 + 1)/2, a3 = (ν3 − 1)/2,

a4 = (ν4 + 1)/2, . . . , a2s+1 = (ν2s+1 − 1)/2, a2s+2 = 0, a2s+3 = 0, . . . ,

b1 = (ν′1 + 1)/2, b2 = (ν′2 − 1)/2, b3 = (ν′3 + 1)/2,

b4 = (ν′4 − 1)/2, . . . , b2t = (ν′2t − 1)/2, b2t+1 = 0, b2t+2 = 0, . . . ,

and ν1 > ν2 > ν3 > · · · > ν2s+1, ν
′
1 > ν′2 > ν′3 > · · · > ν′2t are odd integers ≥ 1

with
∑

k νk +
∑

k ν
′
k = 2n+ 1.

We have a1 ≥ a2 ≥ a3 ≥ . . . and b1 ≥ b2 ≥ b3 ≥ . . . hence

(a1 + b1)/2 ≥ (a2 + b2)/2 ≥ (a3 + b3)/2 ≥ . . . .

If (ai + bi)/2 = (ai+2 + bi+2)/2 then ai = ai+2, bi = bi+2 hence ai = bi = 0.

Thus (a) corresponds to an element of S
(2)
dist(W ). This proves 0.3(a) in our case.

1.7. Until the end of 1.9 we assume that G = SO2n(C), n ≥ 4. We have S(W ) =
S(2)(W ) and Φ becomes a map cl(W ) → S(2)(W ). Now each of

cl(W ), Irr(W ),S(2)(W ),U (2)

has a natural involution induced by conjugation by an element in the non-identity
component of the full orthogonal group. We then have partitions

cl(W ) = cl(W )′ 	 cl(W )′′, Irr(W ) = Irr(W )′ 	 Irr(W )′′,

S(2)(W ) = S(2)(W )′ 	 S(2)(W )′′,U (2) = U (2)′ 	 U (2)′′,

where ()′ denotes the set of fixed points of the involution and ()′′ denotes its com-
plement.

By [Lus12] we have bijections

(a) (set of orbits of the involution on U (2)′′) ↔ (set of all pairs (c∗, ε) as in 1.3(a)
such that ε = 0 and μj(c∗) = 0 for j odd, μj(c∗) even for j even),

(b) (set of orbits of the involution on cl(W )′′) ↔ (set of all pairs (r∗, p∗) ∈
(R× P )2n such that r∗ = (0, 0, . . . ) and μj(p∗) = 0 for j odd),

(c) U (2)′ ↔ (set of all pairs (c∗, ε) as in 1.3(a) which are not as in (a) and are
such that c∗ ∈ Tev),

(d) cl(W )′ ↔ (set of all pairs (r∗, p∗) ∈ (R × P )2n which are not as in (b) and
are such that r∗ ∈ Rev).
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Now (ι(2))−1Φ induces the (surjective) map cl(W )′ → U (2)′ which by (c), (d)
becomes the map (r∗, p∗) �→ (c∗, ε) given by the same rule as in 1.3(c). The same
proof as in 1.3 shows that if (c∗, ε) (as in (c)) is given, then there is a unique (r∗, p∗)
(as in (d)) which maps to it and has |p∗|maximum possible. This implies that 0.4(b)
holds for any E ∈ S(W ) = S(2)(W ) that is contained in S(2)(W )′. If E ∈ S(2)(W )′′

then Φ−1(E) consists of a single element so that 0.4(b) holds automatically for such
E. This proves 0.4(b) in our case.

In our case

(e) the set CL(W ) becomes the set of pairs (r∗, p∗) as in 1.3(e) such that r∗ ∈ Rev

and with each pair as in (b) repeated twice.

1.8. As in 1.4(a) we have a bijection

(a) Irr(W )′ ↔ set of all (a1, a2, a3, . . . ) ∈ BPn such that a1−a2, a3−a4, . . . are
not all zero.

Using [Lus15, §3] we see that

(b) when r 
= 2, the subset ι(r)(U (r)
dist) of Irr(W )′ becomes via (a) the subset of

BPn consisting of sequences of the form

((ν1 + 1)/2, (ν2 − 1)/2, (ν3 + 1)/2, . . . , (ν2s − 1)/2, 0, 0, 0, . . . ),

where ν1 > ν2 > · · · > ν2s are odd ≥ 1.

By [Wal63] (see also [LS12, 6.2]), the set U (2)
dist can be identified via 1.7(a) with

the set consisting of

(c) all (c∗, ε) (as in 1.3(a)) where c∗ ∈ Tev and such that μj(c∗) = 0 for odd j,
μj(c∗) ≤ 2 for even j and ε(j) = 1 whenever j is even and μj(c∗) = 2.

Using [Lus15, §3] we see that the subset ι(2)(U (2)
dist) of Irr(W )′ becomes via (a)

the subset of BPn formed by the sequences

((c1 + 2)/2, (c2 − 2)/2, (c3 + 2)/2, (c4 − 2)/2, . . . , (c2s − 2)/2, 0, 0, 0, . . . )

for various (c∗, ε) as in (c) with c∗ = (c1 ≥ c2 ≥ · · · ≥ c2s > 0, 0, 0, . . . ).
If ν1 > ν2 > · · · > ν2s are odd ≥ 1 then

((ν1 + 1)/2, (ν2 − 1)/2, (ν3 + 1)/2, . . . , (ν2s − 1)/2, 0, 0, 0, . . . )

= ((c1 + 2)/2, (c2 − 2)/2, (c3 + 2)/2, (c4 − 2)/2, . . . , (c2s − 2)/2, 0, 0, 0, . . . ),

where c1 = ν1−1, c2 = ν2+1, c3 = ν3−1, . . . , c2s = ν2s+1 are even and c1 ≥ c2 �
c3 ≥ c4 � · · · ≥ c2s � 0. From this we see that ι(r)(U (r)

dist) ⊂ ι(2)(U (2)
dist) for any r,

that is

(d) S
(r)
dist(W ) ⊂ S

(2)
dist(W ) for any r.

Under our bijection CLdist(W ) ↔ Sdist(W ), the set of (c∗, ε) as in (c) cor-
responds to the set of (r∗, p∗) as in 1.7(d) such that μj(r∗) ≤ 2 for j > 0 and
p∗ = (0, 0, 0, . . . ); this is the same as the set of all (r∗, p∗) in 1.7(e) which corre-
spond to elliptic conjugacy classes in W . This implies (by (d)) that 0.4(c) holds in
our case.
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1.9. Let g ∈ G(r) be a distinguished element. To prove 0.3(a) it is enough to show
that κ(r)(g) ∈ Sdist(W ). If r = 2 then g is unipotent and the result is clear. Thus
we can assume that r 
= 2. Using [Lus15, §3] we see that under the bijection 1.8(a),
κ(r)(g) corresponds to a bipartition of the form

(a) ((a1 + b1)/2, (a2 + b2)/2, (a3 + b3)/2, . . . )

where

a1 = (ν1 + 1)/2, a2 = (ν2 − 1)/2, a3 = (ν3 + 1)/2, a4 = (ν4 − 1)/2, . . . ,

a2s = (ν2s − 1)/2, a2s+1 = 0, a2t+2 = 0, . . . ,

b1 = (ν′1 + 1)/2, b2 = (ν′2 − 1)/2, b3 = (ν′3 + 1)/2,

b4 = (ν′4 − 1)/2, . . . , b2t = (ν′2t − 1)/2, b2t+1 = 0, b2t+2 = 0, . . . ,

and
ν1 > ν2 > ν3 > · · · > ν2s, ν′1 > ν′2 > ν′3 > · · · > ν′2t

are odd integers ≥ 1 with
∑

k νk +
∑

k ν
′
k = 2n. We can assume that t ≤ s. We

have

((a1 + b1)/2, (a2 + b2)/2, (a3 + b3)/2, . . . )

= ((c1 + 2)/2, (c2 − 2)/2, (c3 + 2)/2, (c4 − 2)/2, . . . , (c2s − 2)/2, 0, 0, 0, . . . ),

where

c1 = ν1 + ν′1, c2 = ν2 + ν′2, . . . , c2t = ν2t + ν′2t,

c2t+1 = ν2t+1 − 1, c2t+2 = ν2t+2 + 1, . . . , c2s = ν2s + 1.

(The terms c2t+1, . . . , c2s are missing if t = s.) Note that c1, c2, . . . , c2s are even,
non-zero and c1 ≥ c2 ≥ c3 ≥ c4 ≥ · · · ≥ c2s with no consecutive equalities. Thus

(a) corresponds to an element of S
(2)
dist(W ). This proves 0.3(a) in our case.

1.10. In the remainder of this section we assume that G is simple of exceptional
type. In this case 0.4(b) can be deduced from tables in [Lus15]. In 1.11-1.15 we
describe in each case, using notation of Carter [Car72] and that of [Lus15], the
bijection between CL(W ) and S(W ) in the form C ↔ E. Here we also use the
description of distinguished unipotent elements in [Miz80], [LS12]. Now 0.3(a),
0.4(c) can be verified in each case using the definitions.

1.11. Type G2. [G2] ↔ 10; [A2] ↔ 21; [A1 + Ã1] ↔ 22;

[Ã1] ↔ 13;
[A1] ↔ 13;
[A0] ↔ 16.

Here the first three items are in CLdist(W ). Note that 22 ∈ S
(r)
dist(W ) for a single

r namely r = 3.

1.12. Type F4. [F4] ↔ 10; [B4] ↔ 41; [F4(a1)] ↔ 92; [D4(a1)] ↔ 124; [A3+ Ã1] ↔
165; [Ã2 + Ã2] ↔ 66;

[B3] ↔ 83;
[C3] ↔ 83;
[A3] ↔ 96;
[B2 +A1] ↔ 96;

[A2 + Ã1] ↔ 47;

[Ã2 +A1] ↔ 47;
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[B2] ↔ 48;

[Ã2] ↔ 89;
[A2] ↔ 89;

[A1 + Ã1] ↔ 910;
[2A1] ↔ 413;
[A1] ↔ 216;

[Ã1] ↔ 216;
[A0] ↔ 124.
Here the first six items are in CLdist(W ).

Note that 165, 66 are in S
(r)
dist(W ) for a single r namely r = 2.

1.13. Type E6. [E6] ↔ 10; [E6(a1)] ↔ 61; [E6(a2)] ↔ 303,
[D5] ↔ 202; [D5(a1)] ↔ 644,
[A5] ↔ 154,
[A4 +A1] ↔ 605,
[2A2 +A1] ↔ 109,
[D4] ↔ 246; [D4(a1)] ↔ 807,
[A4] ↔ 816,
[A3 +A1] ↔ 608,
[A2 + 2A1] ↔ 6011,
[2A2] ↔ 2412,
[A3] ↔ 8110,
[A2 +A1] ↔ 6413,
[3A1] ↔ 1516,
[A2] ↔ 3015,
[2A1] ↔ 2020,
[A1] ↔ 625,
[A0] ↔ 136.
Here the first three items are in CLdist(W ).

1.14. Type E7. [E7] ↔ 10; [E7(a1)] ↔ 71; [E7(a2)] ↔ 272; [E7(a3)] ↔ 563;
[A7] ↔ 1895; [E7(a4)] ↔ 3157;

[E6] ↔ 213; [E6(a1)] ↔ 1204; [E6(a2)] ↔ 4058;
[D6] ↔ 354; [D6(a1)] ↔ 2106; [D6(a2)] ↔ 2808; [2A3] ↔ 37814;
[A6] ↔ 1056;
[D5 +A1] ↔ 1686; [D5(a1) +A1] ↔ 3789;
[(A5 +A1)

′] ↔ 709;
[A4 +A2] ↔ 21010;
[A3 +A2 +A1] ↔ 21013;
[D5] ↔ 1897; [D5(a1)] ↔ 42010;
[A′′

5 ] ↔ 2169;
[A4 +A1] ↔ 51211;
[A′

5] ↔ 10512;
[D4 +A1] ↔ 8412; [D4(a1) +A1] ↔ 40515;
[A3 +A2] ↔ 8415;
[(A3 + 2A1)

′] ↔ 21616;
[2A2 +A1] ↔ 7018;
[A2 + 3A1] ↔ 10521;
[A4] ↔ 42013;
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[D4] ↔ 10515; [D4(a1)] ↔ 31516;
[(A3 +A1)

′′] ↔ 28017;
[(A3 +A1)

′] ↔ 18920;
[2A2] ↔ 16821;
[A2 + 2A1] ↔ 18922;
[(4A1)

′] ↔ 1528;
[A3] ↔ 21021;
[A2 +A1] ↔ 12025;
[(3A1)

′′] ↔ 3531;
[(3A1)

′] ↔ 2136;
[A2] ↔ 5630;
[2A1] ↔ 2737;
[A1] ↔ 746;
[A0] ↔ 163.
Here the first six items are in CLdist(W ).
There are two conjugacy classes 4A1; one of them, (4A1)

′′, comes from WJ of
type D4. There are two conjugacy classes A5+A1; one of them, (A5+A1)

′′, comes
from WJ of type E6.

1.15. Type E8. [E8] ↔ 10; [E8(a1)] ↔ 81; [E8(a2)] ↔ 352; [E8(a4)] ↔ 1123;
[E8(a5)] ↔ 2104; [D8] ↔ 5605; [E8(a3)] ↔ 7006; [E8(a7)] ↔ 14007;
[E8(a6)] ↔ 14008; [D8(a2)] ↔ 32409; [A8] ↔ 224010;
[D8(a3)] ↔ 140011; [A7 +A1] ↔ 453613; [E8(a8)] ↔ 448016;
[E7] ↔ 844; [E7(a1)] ↔ 5676; [E7(a2)] ↔ 13448; [E7(a3)] ↔ 226810;
[E7(a4)] ↔ 716817; [A

′
7] ↔ 607514;

[A′′
7 ] ↔ 17512;

[A6 +A1] ↔ 283514;
[D5 +A2] ↔ 84014; [D5(a1) +A2] ↔ 134419;
[D7] ↔ 4007; [D7(a1)] ↔ 105010; [D7(a2)] ↔ 420012; [D4 +A3] ↔ 420021;
[E6 +A1] ↔ 4489; [E6(a1) +A1] ↔ 409611; [E6(a2) +A1] ↔ 315018;
[A4 +A3] ↔ 42020;
[A4 +A2 +A1] ↔ 283522;
[E6] ↔ 52512; [E6(a1)] ↔ 280013; [E6(a2)] ↔ 560021;
[A6] ↔ 420015;
[D6] ↔ 97212; [D6(a1)] ↔ 560015; [D6(a2)] ↔ 420018; [(2A3)

′] ↔ 324031;
[D5 +A1] ↔ 320016; [D5(a1) +A1] ↔ 607522;
[(A5 +A1)

′′] ↔ 201619;
[A4 +A2] ↔ 453623;
[A4 + 2A1] ↔ 420024;
[D4 +A2] ↔ 16824; [D4(a1) +A2] ↔ 224028;
[(2A3)

′′] ↔ 84026;
[A3 +A2 +A1] ↔ 140029;
[2A2 + 2A1] ↔ 17536;
[A5] ↔ 320022;
[D5] ↔ 210020; [D5(a1)] ↔ 280025;
[A4 +A1] ↔ 409626;
[D4 +A1] ↔ 70028; [D4(a1) +A1] ↔ 140032;
[A3 +A2] ↔ 97232;
[(A3 + 2A1)

′′] ↔ 105034;
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[2A2 +A1] ↔ 44839;
[A2 + 3A1] ↔ 40043;
[D4] ↔ 52536; [D4(a1)] ↔ 140037;
[A4] ↔ 226830;
[A3 +A1] ↔ 134438;
[2A2] ↔ 70042;
[A2 + 2A1] ↔ 56047;
[(4A1)

′′] ↔ 5056;
[A3] ↔ 56746;
[A2 +A1] ↔ 21052;
[3A1] ↔ 8464;
[A2] ↔ 11263;
[2A1] ↔ 3574;
[A1] ↔ 891;
[A0] ↔ 1120.
Here the first fourteen items are in CLdist(W ). There are two conjugacy classes

A7; one of them, A′
7, comes from WJ of type E7. There are two conjugacy classes

2A3; one of them, 2A′
3, comes from WJ of type D6. There are two conjugacy

classes A5 + A1; one of them, (A5 + A1)
′, comes from WJ of type E6. There are

two conjugacy classes A3 + 2A1; one of them, (A3 + 2A1)
′, comes from WJ of type

D5. There are two conjugacy classes 4A1; one of them, (4A1)
′, comes from WJ of

type D4.

Note that 32409, 453611 are in S
(r)
dist(W ) for a single r namely r = 2; 140011 is in

S
(r)
dist(W ) for a single r namely r = 3.

2. A graph structure on cl(W )

2.1. Let clell(W ) = {C ∈ cl(W );m(C) = 0} (elliptic conjugacy classes). Let
cls−ell(W ) = {C ∈ cl(W );m(C) = 1} (subelliptic conjugacy classes). We shall
now define a subset Eell(W ) of clell(W )× cls−ell(W ). If W is a product W1 ×W2

of two Weyl groups and if Eell(W1), Eell(W2) are already defined, then Eell(W ) con-
sists of (C1 × C2, C

′
1 × C ′

2) where either (C1, C
′
1) ∈ Eell(W1), C2 = C ′

2 ∈ clell(W2)
or (C2, C

′
2) ∈ Eell(W2), C1 = C ′

1 ∈ clell(W1). In this way we see that it is enough
to define Eell(W ) when W is irreducible.

When W is of type A, we set Eell(W ) = ∅.
Assume that W is of type Bn, n ≥ 2. With the identification 1.3(b), we define

Eell(W ) to be the set of all ((r∗, p∗), (r
′
∗, p

′
∗)) ∈ (R × P )2n × (R × P )2n such that

for some 2t ∈ 2N+ 2 the following hold:

(a) r′∗ is obtained from r∗ by removing two consecutive terms equal to 2t and 2t
appears at least once in r′∗;

(b) p∗ = (0, 0, . . . ), p′∗ = (2t, 2t, 0, 0, . . . ).

Assume that W is of type Dn, n ≥ 4. With the identification 1.7(d), we define
Eell(W ) to be the set of all ((r∗, p∗), (r

′
∗, p

′
∗)) ∈ (Rev×P )2n× (Rev×P )2n such that

for some 2t ∈ 2N+ 2, (a) and (b) hold.
For conjugacy classes in W of exceptional type we use the notation of Carter

[Car72] except that we sometimes writeD4+A3 for what Carter denotes byD6(a2)+
A1.

2.2. If W is of type G2 we set Eell(W ) = ∅.
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2.3. If W is of type F4, Eell(W ) consists of:
([D4], [B3]); ([C3 +A1], [C3]); ([4A1], [3A1]).

2.4. If W is of type E6, Eell(W ) consists of:
([A5 +A1], [A5]); ([3A2], [2A2 + A1]).

2.5. If W is of type E7, Eell(W ) consists of:
([D6 +A1], [D6]); ([D6(a2) +A1], [D6(a2)]); ([D4 + 3A1], [D4 + 2A1]);
([A5 +A2], [(A5 +A1)

′]); ([2A3 +A1], [A3 +A2 +A1]); ([7A1], [6A1]).

2.6. If W is of type E8, Eell(W ) consists of:
([E7 + A1], [E7]); ([E7(a2) +A1], [E7(a2)]); ([E7(a4) +A1], [E7(a4)]);
([E6 + A2], [E6 +A1]); ([E6(a2) +A2], [E6(a2) +A1]);
([D8(a1)], [D7]); ([D6 + 2A1], [D6 +A1]);
([D5(a1) +A3], [D5(a1) +A2]); ([2D4], [D4 +A3]);
([2D4(a1)], [D4(a1) +A3]); ([D4 + 4A1], [D4 + 3A1]);
([A5 +A2 +A1], [A5 +A2]); ([A5 +A2 +A1], [A5 + 2A1]);
([2A4], [A4 +A3]);
([2A3 + 2A2], [A3 +A2 + 2A1]);
([2A3 + 2A2], [2A3 +A1]);
([4A2], [3A2 +A1]);
([8A1], [7A1]).

2.7. We define a subset E(W ) of cl(W )× cl(W ) as follows. We say that (C,C ′) ∈
cl(W )× cl(W ) is in E(W ) if there exists J ⊂ I and (C1, C

′
1) ∈ Eell(WJ) such that

C = ρJ(C1), C
′ = ρJ (C

′
1), (ρJ as in 0.6). Note that Eell(W ) ⊂ E(W ) and that if

(C,C ′) ∈ E(W ) then m(C ′) = m(C) + 1. We can regard E(W ) as the set of edges
of a graph with vertices cl(W ). This graph is oriented: the edge (C,C ′) is oriented
from C to C ′. From the results of [Lus15] one can verify that:

(a) the strata of cl(W ) (or W ) are exactly the connected components of this
graph.

Now each stratum of cl(W ) (or W ) can be viewed as the set of vertices of an
oriented graph (restriction of the graph above to the stratum). From the results of
[Lus15] one can verify the following strengthening of 0.4(a) and 0.4(b):

(b) this oriented graph is a product of finitely many Coxeter graphs of type A
(with the usual orientation).

Recall that an oriented Coxeter graph of type A is of the form

• → • → · · · → •.

For example, if W is of type E8, then the graph attached to a stratum of cl(W ) (or
W ) is of one of the types A5, A4, A3, A2×A2, A2, A1. (Type A5 appears for a unique
stratum; type A2 ×A2 appears for two strata.) If W is of type E7, then the graph
attached to a stratum of cl(W ) (or W ) is of one of the types A4, A3, A2, A1. (Type
A4 appears for a unique stratum.) If W is of type E6, then the graph attached to
a stratum of cl(W ) (or W ) is of one of the types A2, A1. If W is of type F4, then
the graph attached to a stratum of cl(W ) (or W ) is of one of the types A4, A2, A1.
(Type A4 appears for a unique stratum.) If W is of type G2. then the graph
attached to a stratum of cl(W ) (or W ) is of type A1.
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3. Complements

3.1. Let r ∈ {0} ∪ P. We state two properties similar to 0.4(a), (b).

(a) For any E ∈ S(r)(W ) there is a unique C
(r)
E ∈ (Φ(r))−1(E) which is as elliptic

as possible, that is m(C
(r)
E ) ≤ m(C) for any C ∈ (Φ(r))−1(E);

(b) For any E ∈ S(r)(W ) there is a unique C ′(r)
E ∈ (Φ(r))−1(E) which is as

non-elliptic as possible, that is m(C ′(r)
E ) ≤ m(C) for any C ∈ (Φ(r))−1(E).

Now (a) is proved in [Lus12]; the proof of (b) is similar. Let CL(r)(W ) be the
image of the map E �→ C ′

E , S
(r)(W ) → cl(W ). Note that Φ(r) restricts to a bijection

CL(r)(W )
∼−→ S(r)(W ). Let CL

(r)
dist(W ) be the subset of CL(r)(W ) corresponding

to S
(r)
disc ⊂ S(r)(W ) under this bijection. We have the following analogue of 0.4(c).

(c) Let C ∈ CL(r)(W ). We have C ∈ CL
(r)
dist(W ) if and only if C is elliptic.

Note that CLdist(W ) = ∪rCL
(r)
dist(W ).

3.2. For any semisimple element s ∈ G = G(0) let Es = jWWs
(sign) (j-induction)

where Ws is the Weyl group of the connected centralizer of s viewed as a subgroup
of W . We have Es ∈ S(W ); the subset of S(W ) formed by the Es for various s as
above is denoted by Irrss(W ).

Now let E ∈ Sdist(W ) and let C ∈ CLdist(W ) be the corresponding conjugacy
class. According to 0.5(a) we have E = Φ(0)(C) hence E = ι(0)(γ) where γ =
ψ(0)(C) ∈ U (0). (The elements of γ need not be distinguished.) From [Lus11b]
there exists a semisimple element s ∈ G(0) such that E = Es; thus, we have
Sdist(W ) ⊂ Irrss(W ). (We can assume that G is almost simple; then the statement
in the previous sentence holds for E = Φ(0)(C) for any elliptic C ∈ cl(W ) with a
single exception in type E8; but that exception is not distinguished, see 1.15.) Note
that s belongs to the stratum of G(0) that contains γ.

Thus, to E ∈ Sdist(W ) (or C ∈ CLdist(W )) one can associate a collection of
reflection subgroups Ws (for various s as above).

Now, [Lus11a, 4.4(b)] implies that the minimum length of an element in C ∈
CLdist(W ) is equal to the dimension of the centralizer of s (as above) in G modulo
the centre of G.

3.3. In 3.4-3.10 we describe explicitly a correspondence

(a) C �→ Ws

which to any C ∈ CLdist(W ) associates a reflection subgroup Ws of W (up to
conjugacy) as in 3.2 (assuming that W is irreducible of type 
= A); if W is of type
A, then C is the Coxeter class and the corresponding Ws is {1}.

3.4. We now assume that G = Sp2n(C), n ≥ 2 or that G = SO2n+1(C), n ≥ 2.
According to 1.4, 1.6, CLdist(W ) can be identified with the set of pairs (r∗, p∗) ∈
(R × P )2n such that p∗ = (0, 0, . . . ) and r∗ is a sequence r1 ≥ r2 ≥ r3 ≥ · · · ≥ rσ
of even integers > 0 without two consecutive equalities. For such (r∗, p∗) we define
k = r1/2. We define r̄1 ≥ r̄2 ≥ · · · ≥ r̄k > 0 by r̄i = �(t ∈ [1, σ]; rt/2 ≥ i) for
i ∈ [1, k]; note that r̄1 = σ and r̄1 + r̄2 + · · ·+ r̄k = n. Using 0.5(a) and [Lus11b],
we see that the reflection subgroup Ws corresponding to (r∗, p∗) is a product of
symmetric groups

Sr̄k × Sr̄k−1
× · · · × Sr̄1
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(a subgroup of Sn which is itself naturally a subgroup of W of the form WJ for
some J).

We see that CLdist(W ) is in natural bijection with the set of sequences r̄1 ≥
r̄2 ≥ r̄3 ≥ . . . of integers ≥ 0 such that r̄1 + r̄2 + · · · = n and r̄i − r̄i+1 ≤ 2 for all
i ≥ 1.

3.5. We now assume thatG = SO2n(C), n ≥ 4. According to 1.8, CLdist(W ) can be
identified with the set of pairs (r∗, p∗) ∈ (R×P )2n such that p∗ = (0, 0, . . . ) and r∗
is a sequence r1 ≥ r2 ≥ r3 ≥ · · · ≥ rσ of even integers > 0 without two consecutive
equalities with σ even. For such (r∗, p∗) we define r̄1 ≥ r̄2 ≥ · · · ≥ r̄k > 0 as in 3.4.
Note that r̄1 is even and ≥ 2. Using 0.5(a) and [Lus11b], we see that the reflection
subgroup Ws corresponding to (r∗, p∗) is of the form

Sr̄k × Sr̄k−1
× · · · × Sr̄2 ×WDr̄1/2

×WDr̄1/2
.

Here WDm
denotes a Weyl group of type Dm (for m = 1 this is taken to be {1};

for m = 2 this taken to be S2 × S2). We view

Sr̄k × Sr̄k−1
× · · · × Sr̄2 ×WDr̄1

as a subgroup of W of the form WJ for some J and WDm
× WDm

as a reflection
subgroup of WD2m

in the standard way.
We see that CLdist(W ) is in natural bijection with the set of sequences r̄1 ≥ r̄2 ≥

r̄3 ≥ . . . of integers ≥ 0 such that r̄1 + r̄2 + · · · = n, r̄1 is even and r̄i − r̄i+1 ≤ 2 for
all i ≥ 1.

3.6. Until the end of 3.10, W is of exceptional type. In each case the reflection
subgroup Ws attached by 3.3(a) to C ∈ CLdist(W ) is specified by its type. (We
use 0.5(a) and [Lus11b].)

If W is of type G2, the correspondence 3.3(a) is:

[G2] �→ A0; [A2] �→ A1; [A1 + Ã1] �→ 2A1.
Note that the group Ws is of the form WJ for some J ⊂ I except for the last

case.

3.7. If W is of type F4, the correspondence 3.3(a) is:
[F4] �→ A0; [B4] �→ A1; [F4(a1)] �→ 2A1; [D4(a1)] �→ A2 +A1;

[A3 + Ã1] �→ B2 +A1; [Ã2 + Ã2] �→ A2 +A2.
Note that the group Ws is of the form WJ for some J ⊂ I except for the last

two cases.

3.8. If W is of type E6, the correspondence 3.3(a) is:
[E6] �→ A0; [E6(a1)] �→ A1; [E6(a2)] �→ 3A1.
Note that the group Ws is of the form WJ for some J ⊂ I.

3.9. If W is of type E7, the correspondence 3.3(a) is:
[E7] �→ A0; [E7(a1)] �→ A1; [E7(a2)] �→ 2A1; [E7(a3)] �→ 3A1;
[A7] �→ A2 + 2A1; [E7(a4)] �→ 2A2 +A1.
Note that the group Ws is of the form WJ for some J ⊂ I.
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3.10. If W is of type E8, the correspondence 3.3(a) is:
[E8] �→ A0; [E8(a1)] �→ A1; [E8(a2)] �→ 2A1; [E8(a4)] �→ 3A1;
[E8(a5)] �→ 4A1; [D8] �→ A2 + 2A1; [E8(a3)] �→ A2 + 3A1;
[E8(a7)] �→ 2A2 +A1; [E8(a6)] �→ 2A2 + 2A1;
[A8] �→ A3 +A2 +A1; [E8(a8)] �→ A4 +A3;
[D8(a2)] �→ A3 + 3A1; [D8(a3)] �→ A3 +A2 + 2A1; [A7 +A1] �→ 2A3 +A1.
Note that the group Ws is of the form WJ for some J ⊂ I except for the last

three cases.

3.11. Let K be a maximal compact subgroup of G(0). The following result was
stated in [Lus21, 5.2]:

(a) Let X be a stratum of G(0) and let E be the corresponding element of S(W ).
We have X ∩K 
= ∅ if and only if E ∈ Irrss(W ).

By the results in 3.2, we have E ∈ Irrss(W ) if and only ifX contains a semisimple
element of G(0). This last condition is clearly satisfied when X∩K 
= ∅. Conversely,
assume that X contains a semisimple element s of G(0). It is well known that we
can find s′ ∈ K such that the connected centralizers of s and s′ are conjugate. It
follows that Es = Es′ hence s, s′ belongs to the same stratum. Since s ∈ X we
have s′ ∈ X so that X ∩K 
= ∅. This proves (a).

We show:
(b) Let X,E be as in (a). If E is distinguished then X ∩K 
= ∅.
By (a) it is enough to show that E ∈ Irrss(W ). This follows from Sdist(W ) ⊂

Irrss(W ), see 3.2.
Errata to [Lus15].
p. 355, line containing 37814: replace [A3 +A2] by [2A3].
p. 356, line containing 320022: replace [(A5 +A1)

′] by [(A5 +A1)
′, A5].
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