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CHARACTER SHEAVES FOR CLASSICAL SYMMETRIC PAIRS

KARI VILONEN AND TING XUE, WITH APPENDIX B BY DENNIS STANTON

ABSTRACT. We establish a Springer theory for classical symmetric pairs. We
give an explicit description of character sheaves in this setting. In particular
we determine the cuspidal character sheaves.
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1. INTRODUCTION

In this paper we work out a theory analogous to the generalized Springer corre-
spondence of |LI] in the context of symmetric pairs. We concentrate on classical
symmetric pairs, but our methods are general and extend to other isogeny classes
and exceptional types with some modifications.

Let G be a connected complex reductive algebraic group and 6 : G — G an
involution. Let K = GY be the subgroup of fixed points of . The pair (G, K) is
called a symmetric pair. It is called a split symmetric pair if there exists a maximal
torus T of G that is #-split, i.e., O(t) = t~! for all t € T. Let g = LieG and let
g = go @ g1 be the decomposition into f-eigenspaces so that df|,, = (—1)*. Let N
denote the nilpotent cone of g and let N7 = N Mgy be the nilpotent cone in g;. We
write Charg (g1) for the set of irreducible C*-conic K-equivariant perverse sheaves
F on g1 whose singular support is nilpotent, i.e., for F such that SS(F) C g1 x M
where g; and g7 are identified via a K-invariant non-degenerate bilinear form on g;.
We call the sheaves in Charg(g;) character sheaves for the symmetric pair (G, K).
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The classical character sheaves of [L1] on a Lie algebra g can be viewed as a special
case of character sheaves for symmetric pairs, where one considers the symmetric
pair (G x G,G) with 6 switching the factors in G x G.

In this paper we concentrate on the classical symmetric pairs, that is, when G
is GL,,, Spa, or SO,. We give a complete description of the set Charg(gi) for
all classical symmetric pairs (G, K). Special cases have been considered before.
The case (GLayp, Sp2n) was considered by Grinberg in [G3], Henderson in [H], and
Lusztig in [L2]. The case (GL,,GL, x GL,) was considered by Lusztig in [L2]
where he treated GL,, in the case of arbitrary finite order semi-simple inner auto-
morphisms. In these instances the Springer theory closely resembles the classical
situation. In [CVX] we considered the case (SL,,SO,) where phenomena quite
different from the classical case already occur. We treat the inner involutions of
SL, in a companion paper [VXT] as it requires an expansion of the techniques used
here. The symmetric pairs associated to spin groups are treated in [X].

We write Chari( (g1) for character sheaves whose support is all of g1; we call these
full support character sheaves. We show that all full support character sheaves arise
from the nearby cycle construction in [GVXI], which, in turn, is based on ideas
in [GIL[G2]. Sheaves in Char(g;) are IC-sheaves of certain K-equivariant local
systems on g}®, the regular semisimple locus of g;. The equivariant fundamental
group 75 (g7®) is an extended braid group, see [Z3). In Section B2 we construct
certain Hecke algebras, following [GVX1], and show how their simple modules give
us full support character sheaves, see Proposition and Corollary

At the other extreme from full support character sheaves there are nilpotent
support character sheaves, i.e., those supported on closures of nilpotent K-orbits in
Ni. We write Char(g1) for these character sheaves. We show such sheaves occur
only when the involution 6 is inner. It turns out that the supports of these charac-
ter sheaves are exactly the Richardson orbits attached to #-stable Borel subgroups.
From a geometric point of view these are the nilpotent K-orbits whose closures are
images of conormal bundles of closed K-orbits on the flag manifold G/B under the
moment map. They can be viewed as singular supports of discrete series represen-
tations. In this context these nilpotent orbits were studied and classified by Trapa
in [T1]. We make use of his classification in our determination of Char’(g1) in
Section @l A crucial ingredient in determining Char(g;) is Proposition In
that proposition we associate a specific #-stable Borel subgroup to each Richardson
orbit. We show that all nilpotent support character sheaves arise via parabolic
induction from these specific Borels. The choice of these Borels also allows us to
study parabolic induction in sufficient detail to prove our main result.

Following standard terminology, we call a character sheaf cuspidal if it does
not appear as a direct summand (up to shift) in parabolic induction of character
sheaves in Charye(ly) from #-stable Levi subgroups L contained in proper #-stable
parabolic subgroups of G. We write Char}/*"(g1) for the set of cuspidal character
sheaves. In [L1] Lusztig worked out the cuspidal character sheaves in the classical
case, which have nilpotent supports.

As a corollary of our explicit description of character sheaves, we classify cuspidal
character sheaves for classical symmetric pairs as follows.

Theorem 1.1. (Corollary [67]) The cuspidal character sheaves consist of
(1) The constant sheaf Cy, for the pair (GLa, GL1 x GL1),
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(2) Full support character sheaves for split symmetric pairs. When (G, K) is a
split symmetric pair, we have

Char " (g1) = Chary(g1) = {IC(1*, £,) | p € Oc.x) } -
For an explicit description of this set, see Corollary .0l

We note that the skyscraper sheaf at the origin for the pair (GL;,GLq) is also
cuspidal. The full support cuspidal sheaves in (2) are obtained via the nearby cycle
construction from simple modules of Hecke algebras of [GVX1] as explained in §3.2
These Hecke algebras are not in general associated to Weyl groups of subgroups
of G. However, as we will explain in §3.3] they are associated to Weyl groups

of subgroups of the dual group G and so one can think of them as arising from
endoscopic groups.

Remark 1.2. For other isogeny classes such as special linear groups and spin groups,
there are further cuspidal character sheaves of full support, or cuspidal character
sheaves which are not of full support at various central characters. In particular, we
have cuspidal character sheaves for special linear groups on quasi-split symmetric
pairs, see [VX1]. For spin groups there are cuspidals for symmetric pairs which are
not quasi-split, see [X].

We determine all character sheaves in Theorems [6.2] [6.3] For each nilpotent
K-orbit O on N; we construct in §3.1]the corresponding dual stratum Oc g1- The
character sheaves are locally constant along the strata O. For the zero orbit the
dual stratum is g7°. In §6.0] we determine explicitly the nilpotent orbits O such
that O supports a character sheaf and we explicitly describe, analogously to the g}*
case, the equivariant fundamental groups 75 ((5) of these O in terms of extended
braid groups, see [B4]). We write down explicitly the local systems on the O in
terms of certain Hecke algebras whose IC-sheaves are character sheaves. To prove
the theorems we make a detailed study of parabolic induction of character sheaves
from 6-stable Levi subgroups contained in proper #-stable parabolic subgroups. To
show that the nearby cycle construction and parabolic induction give a complete
set of the character sheaves we rely on a counting argument, as in the classical case
treated in [L1].

We work with varieties over complex numbers and with sheaves with complex
coefficients. However, we can use any field of characteristic zero as coefficients,
although sometimes we require the field to contain roots of unity. In [GVXI] we
work over the integers. Thus, it seems reasonable that one can develop a modular
theory along the lines of this paper. Furthermore, our results should hold for ¢-adic
sheaves in the finite characteristic setting, but at the moment [GVXT] is written in
the classical topology only.

In [LY], the authors have studied the decomposition of the derived category
Dk (N7) into blocks using spiral induction where they treat the general case of
finite order semi-simple automorphisms. Their work can be viewed as another
generalization of the Springer theory. We expect that the theory presented in this
paper can be extended to the case of finite order automorphism 6, see partial results
in [GVX2/[VX?2], although we do not expect to obtain as detailed results as those
presented in this paper. Graded Lie algebras are intimately connected to p-adic
groups via the Moy-Prasad filtration (see, for example, [RY]). Our theory is also
directly related to the affine Springer fibers studied by Oblomkov and Yun [OY].



1100 KARI VILONEN AND TING XUE

Thus, we expect our theory presented here, and its generalization to the higher
order cases, to have applications in p-adic groups as well as geometry of affine
Springer fibers. We will connect our results to the work of Lusztig and Yun, and
address these applications in future work.

The paper is organized as follows. In Section [2] we recall the preliminaries on
symmetric pairs, nilpotent orbits, restricted roots, little Weyl groups, and set up the
notation. In particular, we give an explicit description of the classical symmetric
pairs we work with and explicitly describe the associated Lie theoretic data. In
Section Bl we describe the general strategy to determine the set Charg(gi). In
Section [ we describe the nilpotent support character sheaves. In Section B we apply
the nearby cycle construction in |[GVXI1] and describe the full support character
sheaves. In Section[f we state the main theorems, Theorems[6.2] [6.3] and[6.4] where
the character sheaves are determined. In Section [[l we prove the main theorems by
combining the results in the previous sections, parabolic induction and counting
arguments. In Appendix [A] we discuss the dual strata in the classical situations.
Appendix [Bl by Dennis Stanton contains proofs of combinatorial formulas which
are crucial for the proofs in this paper.

2. PRELIMINARIES

Throughout the paper we work with algebraic groups over C and with sheaves
with complex coefficients. For perverse sheaves we use the conventions of [BBDJ.
If F is a perverse sheaf up to a shift we often write F[—| for the corresponding
perverse sheaf.

2.1. Character sheaves. Let G be a connected reductive algebraic group over C
and 6 : G — G an involution. Let K = GY. A torus A C G is called #-split, if
O(t) =t~ for all t € A. The symmetric pair (G, K) is called split if there exists a
maximal torus A of G which is 6-split. Note that the involution @ is inner if and
only if rank K = rank G.

Let g be the Lie algebra of G. The involution 6 gives rise to a decomposition
g = go @ g1 such that df|;, = (—1)". Let N denote the nilpotent cone of g and
let N1 = NN gy. The group K acts on A with finitely many orbits [KR]. We
identify g; and g} via a K-invariant non-degenerate bilinear form on g;, which can
be obtained from a G-invariant and f-invariant non-degenerate bilinear form on g.

Let Ak (g1) denote the set of irreducible K-equivariant perverse sheaves on M.
That is,

Ak (g1) = {IC(O,&)| O C N is an K-orbit and £ is an irreducible K-equivariant

local system on O (up to isomorphism)}.

Recall the set Charg(g1) of character sheaves, that is, the set of irreducible C*-
conic K-equivariant perverse sheaves on g; whose singular support is nilpotent.
Consider the Fourier transform § : Pk (g1) — Pk (g1). By definition the functor §
gives us a bijection

(2.1) §: Ak(g1) — Charg(g1).

This implies, in particular, that the set Charg (g1) is finite. Note that Lusztig calls
the sheaves in Ak (g;1) orbital complexes and the sheaves in Char g (g1) anti-orbital
complexes.
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There are two important extreme cases of character sheaves. The character
sheaves supported on all of g; are called full support character sheaves, and we
write Chari( (g1) for them. The character sheaves supported on nilpotent K-orbits,
are called nilpotent support character sheaves and we write Char (g1) for them.

2.2. Restricted roots and the little Weyl group. Let (G, K) be a symmetric
pair. We fix a Cartan subspace a of g7, i.e., a maximal abelian subspace consisting
of semisimple elements. We write A for the maximal #-split torus of G with Lie
algebra a. Let T C Zg(a) be a maximal torus. Then T' D A and T is #-stable. Let
C =T% and ¢ = LieC C gg. We have LieT =t=a®c.

Let ® ¢ X*(T) = Hom(T, G,;,) be the root system of (g,T"). For each o € ?,
let & € X,.(T) = Hom(G,,,T) denote the corresponding coroot. We recall the
following notions

a€d isreal if al =0 < fa = —qa,
a € O is imaginary if |, =0 < fa = q,

a € & is complex otherwise.

Let ®® C @ (resp. ®™ C @, ®“® C ®) be the set of real (resp. imaginary,
complex) roots. Then ®% and ®' are subroot systems of ®. Furthermore, let
PR =32 nears @ P =53 cpim+ @ (With respect to some positive systems of

®R and ®'™ respectively) and let
€ = {a € 8| (a, %) = (a, p"™) = 0}.

Then ®C is also a subroot system of ®.
Let W, := Nk(a)/Zk(a) be the little Weyl group of the pair (G, K). We have
(see [V, Proposition 4.16])

Wo = WER x (W)

where W€ (resp. W) is the Weyl group of the root system ®° (resp. ®%) and
(WC)? ¢ W€ is the subgroup that consists of the elements in W€ commuting
with 6. It is well-known that W, is also the Weyl group of the restricted root
system, denoted by X, i.e., the (not necessarily reduced) root system formed by the
restrictions of o € ® to a. We have

9= 2Zy(a)® @Q&a

aex

where gs denotes the root space corresponding to the restricted root &. Note that

if & is the restriction of a complex root «, then the root space g5 is at least two

dimensional, since o and —6f« restrict to the same restricted root @ = (a — 6a) /2.
Let s € W4 be a reflection, i.e., s = s5 for some & € X. We define

(2.2) 5(s) = % > dimgs.
aex

Sa=Ss

If 6(s) = 1, we write a, for the unique positive real root in ®® such that s, = s.
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2.3. The equivariant fundamental group. We say that an element x € g; is
regular in g; if dim Zx(z) < dim Zk(y) for all y € g;. Let g7® denote the set of
regular semisimple elements of g; and set a™ = a N gi*. We write 7 (g7*, a) for
the equivariant fundamental group with base point a € a”*.

Consider the adjoint quotient map

fro1 2o //K=a/W,.

As in [GVX1] §2.3] it gives rise to the following commutative diagram with exact
TOWS

1 I By, = Wf((ggs,a) L By, —— 1
(2.3) H |7 E
1 I Wo i= Nk (0)/Zg (0)) —2— W, — 1,

where
I = Zk(a)/Zx(a)°
is a 2-group and By, = m1(a"®/Wy,a) is the braid group associated to Wy, a =
f(a).
In [GVX1) §2.3], we have constructed an explicit splitting of the top exact se-
quence and thus we write

(2.4) Bw, ~ I x By,

and we note that the braid group By, acts on I through the quotient p : By, —
Wa. Such a splitting is not unique. The example in §3.7]illustrates how the splitting
affects the labelling of character sheaves.

2.4. The classical symmetric pairs. In this section we summarize the detailed
structure of classical symmetric pairs we will use to classify character sheaves. The
classical symmetric pairs are (see for example [He])

(AI) (GLn, On)) (AH) (GLQn, Spgn) (AIH) (GLn, GLp X GLq) p+g=n
(BDI) (SON,S(0p x Og)) p+q=N (DII) (SON,GLyy2)
(CI) (Sp2na GLn) (CII) (Sp2na Sp2p X Sp2q) p+qg=n.

The results for type (AI) can be derived from those in [CVX] where we considered
the case (G, K) = (SL,, SO,,). We will include these results as remarks throughout
the paper. Type (AIIl) was studied in [G3], [H], and [L2]. Thus we will focus on the
remaining cases. We will make use of the following concrete descriptions of (G, K).

In type A, let V = V@V~ be a C-vector space of dimension n and let G = G Ly .
In type BD (resp. C),let V. =V*+ @&V~ be a C-vector space of dimension N (resp.
2n) equipped with a non-degenerate symmetric bilinear (resp. symplectic) form
(,)and let G = SOy, ) (resp. G = Spy,(,)).

(AIIT) dimV* =p, dimV~ =¢q, K = GLy+ X GLy-.

(BDI) (resp. (CII)) (V*,V7)=0,dimV* =p (resp. 2p), dimV~ = ¢ (resp.
2q), K = S(Oy+ x Oy-) (resp. K = Spy+ x Spy-).

(DII) (CT) (,)|y+=(, )ly- =0,dmV*T =dimV~ =n, K =GN (GLy+ x
GLy-) = GL,.

We write r = dima. Then r = min(p, q) in type AIIl, BDI, CII, » = n in type
CI, and r = [n/2] in type DIIIL. Note that the split pairs are types Al, CI, and BDI
with r = [N/2].
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We describe the various root systems and the little Weyl groups, for the conve-
nience of the reader. As usual, we write ® = {£(¢; —¢;) |1 < i < j < n} in type
Ap1, @ ={*(e; £¢€), 1 <i<j<n; +e (resp. £2¢;), 1 < i < n} in type B,

resp. C,), an = € T €5 <1< j<n}intype D,. Let
( Cn), and © = {*(e; + ¢;) |1 <7 <j <n}in type Dy,. L
W,, denote the Weyl group of type B,, (or C,,)
and W/ denote the Weyl group of type D,,.
We use the convention that Wy = W§ = {1}. In what follows we indicate the
dimension of the restricted root spaces gz by the number within the parentheses
after each restricted root & in 3.
(ATIT) O = {£(egim1 —€2:), 1 <i <7},
®C = {+(egi_1 — €9j_1), tlea —€95), 1 <i < j <7},
Y={t(e:xe)(2),1<i<j<r £2¢ (1), £ (2n—4r), 1 <i<r}
BI) R ={d(e+e),1<i<j<r +e, 1<i<r}, =0,
E={f(aEe)(1),1<i<j<r xe(p—gl), 1<i<r}
(DI) R ={t(e+¢), 1<i<j<r},
®C = {x(e, £ €,)} (r<n), ®° =0 (r=n),
Y={t(a*e)(1),1<i<j<r e(p—ql),1<i<r}
(CI) R =2 ={4(e+¢), 1<i<j<r +2¢,1<i<r},
(CII) (I)R = {i(62i71 -+ 622'), 1 é 7 S 7’},
®C = {£(e2i1 — €2j-1), (€2 —€5), 1 <i<j<r},
Y={t(e;ite)(4), 1 <i<j<r, £2¢(3), ¢ (dn —8r), 1 <i <r}.
(DIII) O = {£(egm1 —€2:), 1 <i <1},
D = {E (€211 — €2j-1), ez —€25), 1 <i < j <},
Y={t(eixe)4), 1 <i<j<r £2¢ (1), ¢ (4) (nodd), 1 <i <r}.
We have W, 2 W, except in type DI when r = n. In the latter case W, = W).

2.5. Nilpotent orbits and component groups of the centralizers. In this
section we recall the classification of nilpotent K-orbits on N7 and the description
of the components groups A (v) = Zx(x)/Zk(x)°, x € N7. Using the Sekiguchi-
Kostant correspondence, this is reduced to the same question for real nilpotent
orbits, see, for example, [CM] and [SS]. For completeness and to fix notations, we
recall the results here.

A signed Young diagram is a Young diagram with each box labeled + or — so that
signs alternate across rows. Two signed Young diagrams are regarded equivalent
if and only if one can be obtained from the other by interchanging rows of equal
length. A signed Young diagram is said to have signature (p, q) if there are p boxes
labeled + and ¢ boxes labeled —.

From now on, we write a signed Young diagram as

(2.5a) A= (A)F A ) (M) E - (A (AT,

where A = (Ap)PrT2(\g)P2Haz ... (A )P=T4 ig the corresponding partition, \; >
Ao > > X >0, fori=1,...,s, p; +¢q; > 0 is the multiplicity of A; in A, and
p; > 0 (resp. ¢; > 0) is the number of rows of length A; that begins with sign +
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(resp. —). For later use, it is more convenient to use numbers rather than signs.
Thus we will sometimes replace the subscript + by 0 and — by 1 and write the
signed Young diagram in (Z5al) as

(2.5b) A= (A)g (AT (A2)g* (A2)1 -+ (As)g" (As)T

Given a signed Young diagram A, we write O, for the corresponding nilpotent orbit
in Nl.

(AIII) The orbits are parametrized by signed Young diagrams with signature
(p,q). We have Ak (z) =1 for all x € Nj.

(BDI) The orbits are parametrized by signed Young diagrams of signature (p, q)
such that, in terms of (25a)), p; = ¢; when )\; is even, except that each signed
Young diagram with all A; even corresponds to two orbits. The latter case can only
happen when (G, K) = (SOu4m, S(Oap X O2,,)); we write OF and O for those two
orbits. We have

A (z) = (2/22)™,
(2.6) 7 =|{t € [1,s]| A\; odd and p; > 0}| + {7 € [1, s] | A\; odd and ¢; > 0} — 1,
if at least one part of A is odd; 7 = 0 otherwise.

(DIII) The orbits are parametrized by signed Young diagrams of signature (n,n)
such that, in terms of (Z5al), p; = ¢; if A; is odd, and both p; and ¢; are even if \;
is even. We have that Ag(x) =1, for all z € V.

(CI) The orbits are parametrized by signed Young diagrams of signature (n,n)
such that, in terms of (235al), p; = ¢; if \; is odd. We have

Ak () = (2/22)",

2.7
27 ra=|{i € [1,s]| A\ even and p; > 0}| + |{¢ € [1,s] | A; even and ¢; > 0}|.

(CII) The orbits are parametrized by signed Young diagrams of signature (2p, 2q)
such that, in terms of (Z5al), p; = ¢; if A; is even, and both p; and ¢; are even if \;
is odd. We have that Ag(x) =1, for all z € N;.

2.6. Weyl groups and Hecke algebras. In our setting Hecke algebras with (un-
equal) parameters 1 arise. In this section we recall some results about their simple
modules and the generating functions of the numbers of simple modules.

Let Hw,, cq.c, denote the Hecke algebra generated by T, , 4 € [1, n], with relations

T,.T. =T, T.,T,

Sit1+8; Sit1

s 1 E[1,n —2],
Tsn,lfsnTsn,lTsn = TsnTs TsnTs TsiTsj = Tsj,Ts,” ‘Z - ]‘ > 1;

(Tsi - CO)(TSi + 1) = Ov i€ [1,7’L - 1]7 (Tsn - Cl)(TSn + 1) =0.

n—1 n—17

When ¢y = 1 and ¢; = —1, the group algebra C[S,] is naturally a subalgebra of
Hw, 1,—1- By [DJ} §5.4], there is a natural bijection between the set of simple
modules of C[S,,] and the set of simple modules of Hyy, 1,—1 as follows: each simple
module of C[S,,] naturally extends to a simple module of Hyy, 1,1 by letting T,
act by —1. Thus, the simple modules of Hyy, 1,1 are parametrized by P(n), the
set of partitions of n. We write

(2.8) II"I“’HWmLfl = {Lﬁ |ﬁ S P(n)}

When ¢y = ¢; = 1, the set of simple Hy, 1,1 = C[IW,]-modules is parametrized by
P2(n), the set of bi-partitions of n, i.e., pairs of partitions (u, ) with |u| + |v| = n.
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We write

II“I‘HWle = {Lp | JAS Pz(n)}
Thus, the numbers of simple modules of Hyy, 1,—1 and Hw, 1,1 are given by the
following generating functions

n 1 n 1
2 rtw, et = 1L = 2 It = 1 =
n>0 s>1 n>0 s>1

For Hw,,—1,—1 and Hw, —1,1 the combinatorial description of the simple modules
is more involved. However, by [AM)], we have the following generating functions

Z |Trr Hyy, 11|z = H(l + %) (1 + %),
k s>1

(2.9)
S by, —aala® = [+ 227 +2%).
k

s>1
Let Hw 1 denote the Hecke algebra of W) with parameter —1. According to
[Gel,

1
(2.10) |II"1“HWT/L’71| = §‘III"’HWH,71’1|, n>1.

3. GENERAL STRATEGY

In this section we describe our general strategy to determine character sheaves
for symmetric pairs. We will carry out this strategy for the classical symmetric
pairs in the subsequent sections. We refer the readers to this section for notational
conventions.

3.1. Dual strata for symmetric spaces and supports of character sheaves.
In this section we extend the discussion in Appendix [Al to symmetric pairs.
For each nilpotent K-orbit O in N7 we consider its conormal bundle

Ao =Tog ={(z,y) €g1 xg1|2€0 [z,y] =0}.
Consider the projection O of Ao to the second coordinate:
O = {y € g1 | there exist an z € O with [z,y] = 0}.

We construct an open (dense) subset @ of O such that the projection Ap — O
has constant maximum rank above O. Since the Fourier transform preserves the
singular support, the O are subvarieties of g; with the following property:

For any F € Pg(N;) the Fourier transform §(F) is smooth along all the 0.
Moreover, for each IC(O, ) € Pk (N7),

(3.1) Supp F(IC(O,E)) = 5, for some O’ C O.

As in Appendix [Al we consider the adjoint quotient map g; ER 01//K = a/W,.
We have:

10) % fO) —=— a® /W

l | l

g1 L) gl//K % G/Wa
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where the vertical arrows are inclusions and the upper righthand corner is con-
structed as follows. Consider an element e € O and a normal sls-triple ¢ = (e, f, h)
such that f € g; and h € gg. Recall that we have

g =g’ o,
where g® = g° Ng", u=®;>19(4), see (AI). Thus
of = 0] © (u Ngr).

Let a? C g‘f be a Cartan subspace such that every semisimple element in g‘f is
K*?-conjugate to some element in a?, where K¢ = G* N K = Zk(e) N Zx(f) N
Zy(h). We choose a? such that it lies in a. Let W, be the little Weyl group
Ngs(a®)/Zgo(a®). The same argument as in Appendix [A] shows that f(Q) =
a?/Wae and we write

f:0=a®/ W,
Note also that, analogously to (A2]) we have
(3.2) Nk (a?)/Zk (a®) = Ngo(a®)/Zco (a%) = Weo .

For an element x € g1, we write © = x5 + z,, for the Jordan decomposition of x
into semisimple part z; and nilpotent part x,. Then z, 2, € g1 and [z, z,] = 0.
Let (a®)™ denote the regular semisimple locus of a® defined with respect to the
symmetric pair (G?, K?). Proceeding again as in Appendix[A]lwe have the following:

Lemma 3.1. Ifz =z, + 2, € g§ and x, € (a®)"®, then z,, € O.
We now define
(3.3) O={yeO|y=ys+yn [(y) € (@) /W, yp€O}.
This establishes a correspondence:
0+ 0.
Repeating the arguments in Appendizg [Al we obtain the following description of
the equivariant fundamental groups of O:

(34) 1——— Zo(a?)/Zgo(a?) ——— 7l ((a7)"*) —— Bw_, —— 1

1—— Zg(a® +e)/Zx(a® +¢)° %wf(@)%me—)l,

where By, = 71 ((a?)"$/We) is the braid group associated to We. Recall that,
as in Appendix [Al we use the terminology “braid group” even when Wy is not a
Coxeter group.

In view of (3], each character sheaf is supported on some O. TFor each sym-
metric pair considered here, we will describe explicitly the set of nilpotent orbits O
for which the corresponding O supports a character sheaf. We also write down the
representations of 75 (0) = 75°((g?)"*) whose IC-sheaves are character sheaves.

When O supports a character sheaf, W s turns out to be a Coxeter group and the
rows in ([B4) can be split as in (23] following [GVXI1) Section 4.4]. We will later
construct such explicit splittings.
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3.2. Full support character sheaves. In this section we recall the main con-
struction from [GVXI] and explain how it will be used to construct full support
character sheaves. All such character sheaves are of the form IC(g}®, £), where £
is an irreducible K-equivariant local system on g7°.

Recall the notation from §23l Let X; = f~1(a), the fiber of the adjoint quotient
map f : gy — a/W, at @ € a"5/W,. Let I denote the set of irreducible charac-
ters of the 2-group I. Consider a character x € I and note that the equivariant
fundamental group of X; is given by

8 (Xa,0) 2T = Zk(a)/Zk(a)°,

where f(a) = a. Therefore, the character x gives rise to a rank one K-equivariant
local system £, on X5. We base change f to the family

fa:Za={(z,c) €1 xC|f(z) =ca} = C

where the C-action on a/Wj is induced by the action on a so that f(ca) = cf(a).
By construction this family is K-equivariant. We define the nearby cycle sheaf
associated to x € I as

(3.5) PX = 7,/}faﬁx[—] S PervK(Nl).

As the group K is not necessarily connected, a character of the component group
K/K° = I/I° enters the description of the Fourier transform §P,, where we have
written

I° = Zo(a)/ Zio(a)’,
see [GVXIL §3.4]. It was denoted by 7 there but we denote it by ¢ in this paper,
ie.,
1T = TI)1° = K/K° — {+1}

is the character determined by the action of Mg /(MrNKR) =2 K /K on A*P (kg /mg),
where Ky is the compact form of K, Mg = Zg,(a), tg = Lie Kg and mg = Lie M.
In particular, if K = K° then ¢ is the trivial character. Recall that the W, action
on I leaves ¢ fixed. Let C, denote the rank one K-equivariant local system on gi*

given by the representation of 75 (g7*) = I x By, where I acts via the character ¢
and By, acts trivially. We have ([GVX1], Theorem 3.6])

(3.6) FP, =IC(g7°, M, ®C,)

where M, is the K-equivariant local system on gi* given by the following EW,. =
7 (g7®) representation

(3.7) M, = C[EWJ ®c[§§¢g] Cx® HW&’,X) :

To explain the notations in the above formula, recall the map p : By, — W,
in 23). Let

Wavx = Stabwu (X) C Wa, B‘>/<Vu — _1(Wa,x) c BW‘,~
Recall the Coxeter group W9 C Wo, defined by (see [GVXT] §3.3] )

WS’X = the subgroup of W, generated by reflections s € W, such that,
either 6(s) > 1, or §(s) =1 and x(as(—1)) =1,
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where 0(s) is defined in (22) and &s(—1) is viewed as an element in I via the
natural projection Zx(a) — I. We show in §3.4 that the quotient Wu,x/Wc?,X is a

2-group, see (B.I8). We set
BYY = p '(WQ,) C Bw, and By =1x By’ C By, (sce @)

Let HWSX be the Hecke algebra associated to the Coxeter group WY , defined as

follows. We choose a set of simple reflections sg,,. .., s5, that generate WOX We
write T; for the generators of 'HWo associated to 5a;- Then the Hecke algebra
Hwo . is generated by the T; subJect to the braid relations plus the relations

(Ti—)(Ti+q) =0, ¢= (—1)5(3&1) .

Now C, @ Hyp is the (C[BX’ ]-module where I acts via the character x and BX’

acts via the composition of maps (C[B;‘VS} — (C[BWQX] — Hwo . Here By is
the braid group associated to the Coxeter group WC?’X. The first map is induced
by the map B%,%}S = m(a"/W0,) — By = mi(al® /W), which in turn is
induced by the inclusion al® C a"*, where a}* is the root hyperplane arrangement

corresponding to Wc?ﬁx. The second map is given by the natural projection map
ClBwy ] = Hwe .
Let us write
©(a,x) = {irreducible representations of 7{ (g7*) that appear

(3.8) A
as composition factors of M, ® C,, x € I}.

For each p € O k), let £, denote the corresponding K-equivariant local system
on gi®. Tt follows from (B3 and (B6) that

(3.9) IC(g3", £) € Char(81), p € Oc.rc)-
We will show that for the symmetric pairs considered in this paper,

(3.10) {I1C(g7%, £,) | p € O ¢k} = Charl(g1) .

To determine the set © g ), it suffices to determine the composition factors of
M,. Let us note that

My = C[Ewu] ®<c[§;<vn] ®(Cy ® (C[B%/(Va] ®C[B@S] HW?,X)) :

Making use of the semidirect product decomposition ([2:4]) we conclude that the
irreducible representations of By, appearing as composition factors of M, are
of the form C[Bw,] B¢y, y ®(Cy ® p), where p is an irreducible representation

of B%fv which appears as a composition factor in C[By, } ®<C[BX 0 ’HWo . Since
B%,‘Vq/Bffl}q is a 2-group, it suffices to study the decomposition (C[ ] BBy o) T
using Clifford theory, where 7 € Irr HWS In particular, we see that all irreducible
representations of EWU which appear as composition factors of M, ® C, can be
obtained as quotients of M, ® C,.

For 7 € Trr Hyo o we write

(3.11) Viy = ((C[EWE] Dy ®(Cy ® r)) ® C,.

)
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When WSX = Wa,y, Vr is an irreducible representation of EWQ. When WC(:X #*
Wa x, We write

(3.12) VT‘{ , for the non-isomorphic irreducible summands of V7
as representations of éwq-

3.3. The nearby cycle construction in the split case and endoscopy. The
groups Wy, and WC(:X are not in general Weyl groups of subgroups of G. We show
in this section that they are Weyl groups of the dual group G in the case of split
symmetric pairs. We explain at the end of the section how the case of non-trivial
characters x can be viewed as endoscopy.

In this section let (G, K) be a split symmetric pair. Then A =T, W, =W =
Ng(T)/Za(T), and I = Zg(a). In particular, ®® = & and §(s) = 1 for all
reflections s. Thus by definition

Wc?,x = <$@,O[ € (I)a X(d(_l)) = 1>

We first discuss the interpretation of W2 C W, , = Staby, (x) as a Weyl group
on the dual side.

Recall that we have a surjection A[2] — I of order two elements of A to I
([GVXT], §2.3 eq(2.13)]). Thus, we can regard the character y € I as a character of
Al2].

Let G be the dual group and A C G the dual torus. It is standard, and not
difficult to see, that we can identify Hom(A[2],G,,) = A[2], the order 2 elements in
A. Thus, x regarded as an element in A[2], gives rise to an involution on G' which

we denote by éx, ie. éx = Int x. Let

K(y) =G, K()°=(G")".
We show that
(3.13a) Way = W(K(x),A)

(3.13b) wo. = W(KX)A).

The oot system of (G, A) can be identified with ® = {G |« € ®}. With respect
to the 0, -stable torus A, all roots in ® are imaginary since 6, | ; = 1. They split into
compact imaginary and non-compact imaginary according to the value of x(c&(—1)).
So, we set

Ba={a]acd x(a(-1) =1} du={a|acd x(a(-1)=1}.
By construction we have
War = {w€W|w:<i>C1—><i>C1, w:@nci%émi} = {wEW\w:fﬁci%(i)d}.
Equation ([BI3al) can be seen as follows. First,
W(K(x), A) = Ni()(A)/Z () (A) = Ng () (A) /A C Ne(A)/A=W.

Let n, € Ng(A) denote a representative of w € W. Now, n, € K(x) if and
only if xn,x~! = ny if and only if nglxn, = ny, ie., if and only if wy = x.
Equation (3I3H) follows from the fact that the roots of (K (x)°, A) are the &’s such
that x(a(-1)) = 1.

Note that the Weyl group W(K (x),/l) is not necessarily a Coxeter group as
K (x) might not be connected. It is connected if G is simply connected and then G
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is adjoint. The quotient W (K (x), A)/W(K(x)°, A) = K(x)/K(x)? is a 2-group,
called the R-group.
The above results imply that

(3.14) Wu,x/WS,X = K(x)/K(x)" is a 2-group.
Moreover,
(3.15) if G is adjoint, then W, , = VV0

Cheng-Chiang Tsai pointed out to us that the previous discussion can be viewed
from the endoscopic point of view as follows. Note that in the split case for the
trivial character x = 1, in (B.1)) the Hecke algebra Hyyo L= Hw-1, de, the Hecke
algebra of W with parameter —1. 7

For any x € I we obtained the symmetric pair (G, K(x)). By construction, the
maximal torus A of G is also a maximal torus of K(x). Let G(x) be the dual group
of K(x)° and consider the split symmetric pair of G(x). By construction the split
maximal torus A( ) of G(x) is canonically isomorphic to A and W(G(x),A) =
W(K(x),A) = . We have

(3.16) HWE.’, =Hwo 1.
The Hecke algebra on the right hand side is the one corresponding the trivial

character for the split pair of G(x). We can thus interpret the the character sheaves
associated to non-trivial characters x as arising from the endoscopic groups G(x).

3.4. The groups W, , and Wc?,x for a general symmetric pair. In this sec-

tion we discuss the groups W, , and WC?’X for a general symmetric pair. Recall
from [GVX1l Corollary 5.2] that

Way = WEx (WO)?, WE=WRnW,,.
To determine W}:‘, let us consider
Gs = ZG(C)/CO'

Here C = TY and a = LieC, where T C Z¢(a) is a maximal torus. The involution
# induces an involution 65 on G and we write Ky = GZS. Clearly A = T/C° is a
maximal torus of G and it is fs-split. Thus the symmetric pair (G, Ks) is a split
pair with W (G, A) = W! and the root system of (Gs, A) can be identified with
®R . Furthermore, we have

I = Zg(a)/Zk(a)" = C/C° = Zk,(a)/Zk.(a)’.

Let Wao, ) = = W?R be the little Weyl group of the split symmetric pair (G, Ky).
We write Wo ., ., for StabW“(GS,KS)( x) and WS(G «cyx for the corresponding

subgroup of Wy . x- Define W}}’O to be the subgroup of WT® generated by

those reflecitions s,, a € ®%, such that y(c&(—1)) = 1. Then we have
(3.17) Wi =W, W0 =wp

(G5, Ks)rX) A(Gg,Ks) X"

Note that (W)? x (W) c W2, < (W) x W} = W,,. Applying B.14)
and (B.I0) to the split pair (Gg, Ks) we see that

(3.18) Wa,x/Wc?,X C W;{/(W;{)O is a 2-group.
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Moreover,

(3.19) if Gy is adjoint, then Wy, = W0, = (W)? x (W)

3.5. Nilpotent support character sheaves. In this section we classify nilpotent
support character sheaves. They exist in the cases we consider only when 6 is inner
and one expects that it also holds for exceptional groups.

Note that if the Fourier transform of IC(O, ) has nilpotent support then the
support of the Fourier transform is also O. Moreover O = O and so O is self
dual. This can be seen as follows. Assume that FIC(O, &) =1C(0’,&’). By (B,
0 = E’)/”, where 0" ¢ O. Now if 0" is nilpotent, then O" = O". We conclude
that O’ = 0" C O. Similarly, we have O C O'. Thus O’ = O. In particular,
we see that if the Fourier transform of IC(O, &) has nilpotent support, then O is
distinguished. That is, O consists of distinguished nilpotent elements, i.e., e € N
such that gf := Z;, (e) consists of nilpotent elements.

Here is a general construction of nilpotent support character sheaves. Let X
denote the flag variety of G. Consider a closed K-orbit @ on X and its conormal
bundle T5X. Let B C G be a point on @, ie., a f-stable Borel subgroup. Let
b = Lie B and let n be the nilpotent radical of b. We write b, =bNg;, n; =nnNg,,
i=0,1and By = BN K = B?. We have a moment map

p:THX = K xPXny — N

Since 6 is inner, we have that (see, for example, [L2, §3.2])

(320) bl =nj.

Using the functoriality of Fourier transform and (320), we see that
F(usCryx[=]) = pCrp x[-]-

It follows that all direct summands of M*CT5 x[—] are nilpotent support character

sheaves (up to shift).

To describe the character sheaves that arise in this way, we first note that the
image of u(T¢X) is the closure of the unique K-orbit O in N such that O Nb; =
O Nny is dense in b; = ny; we denote this orbit by Op. We say that the orbit Op
is the Richardson orbit attached to (the K-orbit of) the #-stable Borel subgroup
B. Let us now write

WBZKXBKH1—>@B and %BZKXBKI‘G%OB, ﬂ;zﬂlﬁOB

for the moment map  and its restriction to 4~ (Op). Let N7 = N;/K denote the
set of K-orbits on N;. We write

(3.21) J\ﬁ = {Richardson orbits attached to §-stable Borel subgroups} C N;.

Let A (0) := Ag(z), € O. We write A (O) for the set of irreducible characters
of Ax(O).

For an orbit O € NP, let 115 C A (O) denote the set of irreducible characters
of A (O) which appear in the permutation representations of Az (O) on the set of
irreducible components of wél(x), where € O and B is a #-stable Borel subgroup
with Op = O. Given ¢ € EK(O), we write £ for the irreducible K-equivariant
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local system on O corresponding to ¢. The IC(O, &) are nilpotent support char-
acter sheaves. We see this as follows. Let d be the fiber dimension of the fibration
#t5. Decomposing R%¢ (7). (C) into direct summands

R*(#p).(C) = P &.

B
penf

We will show that all nilpotent support character sheaves can be obtained in this
way:

(3.22) Char'k (g1) = {10(0,54,) 0N, ¢e Ho}

where [Ip = Up.o Bong and the union runs through all #-stable Borel subgroups
(up to K-conjugacy) with O = O.

It turns out that the nilpotent support character sheaves can be determined
as follows. Let O € N?. Note that two f-stable Borel subgroups that are not
conjugate under K can give rise to the same Richardson orbit. In this case, the sets
of irreducible components of 7T§11(£L') and ng(x), x € O can be different. However,
we will show that we can find a #-stable Borel subgroup B such that Op = O and
such that Ilo = I15. Thus, to determine Char (g;), for any O € NP we only need
to consider that specific f-stable Borel in (3.22)). o

Remark 3.2. Following Lusztig [L3], we say that an orbit O C Nj is §-thin, if
F(IC(0O,C)) has nilpotent support. It follows that (in the cases considered here)
an orbit @ C N is §-thin, if and only if, O is a Richardson orbit attached to some
f-stable Borel subgroup. This is consistent with the speculation in [L3] that F-thin
orbits exist only if # is inner.

3.6. Induced character sheaves. In order to produce all character sheaves, we
consider parabolic induction from 6-stable Levi subgroups. We recall the notion of
induction functors in our setting (see [HLL2]). Let L be a f-stable Levi subgroup
contained in a f-stable parabolic subgroup P C G. We write

[=LieL,p=LieP, Lx = LNK, Px = PNK, [, =[Ngi, p1 =pg.

The parabolic induction functor Ind?llCpl :Dp,.(h) = Dk (g1) is defined as follows.
Consider the diagram

(3.23) [P K xp —2s K xPxpy —T gy,

where p; and po are natural projection maps and = : (k,z) — Ad(k)(x). The
maps in B23) are K X Pg-equivariant, where K acts trivially on [; and p;, by
left multiplication on the K-factor on K x p; and on K xP% p;, and by adjoint
action on g1, and Pk acts on [y by a.l = pr(Ada(l)), by adjoint action on p;, by
a.(k,p) = (ka=t,Ada(p)) on K x py, trivially on K xP% p; and g;.

Let 7 be a complex in Dy, (l;). Then (prop;)*7T = piT’ for a well-defined
complex 7" in Dy (K xP% py). Set Ind{c, T =mT7'[dim P — dim L]. Note that as
the map m is proper the induction functor takes semisimple objects to semisimple
objects. Moreover, the Fourier transform commutes with induction:

(3.24) F(Ind¥_, 7) = Md¥, (F(T)).

In our setting we will define a family of #-stable parabolic subgroups P and study
the character sheaves obtained by inducing full support character sheaves from the
corresponding f-stable Levi subgroups L.
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3.7. An example. In this section we consider the special case (SLs, SO5), or
equivalently (Spa, GL1), to illustrate how the description of the character sheaves
depends on the choice of the splitting of the top row of (Z3]). The choice of a
splitting comes up also in (GI). It affects the labelling of the local systems in the
way we illustrate here.

We have g; = C? and K = C*. The C* acts on C? by c- (,y) = (cx,c 'y). The
nilpotent cone is given by M7 = {(z,y) | zy = 0}. There are three nilpotent orbits,
the zero orbit Oy, the two regular nilpotent orbits O} and O}, corresponding to
the coordinate axes. The orbits O} and O are self dual and Oy = ¢1°. In this
case diagram (Z3]) becomes:

1 7)2Z Zo2)22 —1» 7 —s 1
| | l
1 727 z/a7  —1— 7./22 — 1.

There are two character sheaves with full support where the I = Z/2Z acts non-
trivially: the Fourier transforms of the IC-sheaves associated to non-trivial local
systems on the orbits Of and O'. Once we choose a splitting of § one of those
local system corresponds to the trivial representation of B; = Z and the other to
the non-trivial one.

4. NILPOTENT SUPPORT CHARACTER SHEAVES

In this section we determine all nilpotent support character sheaves. They only
arise for the symmetric pairs (G, K) in §2.4] for which 6 is an inner involution. We
use the notation of that section. We assume that 6 is inner in this section. Recall
our strategy from §3.5l At the beginning of this section we will concentrate on
specifying for each O € N? (see [B.ZI)) a special f-stable Borel B such that we
only need to consider

%B:KXBan—)OB:O
to obtain all character sheaves supported on O.

The set N7 of Richardson orbits has been determined in each case by Trapa in

[T1]. We recall his result:

Proposition 4.1 ([T1]). Suppose that 0 is inner. Let Oy be a K-orbit in Ny
corresponding to a signed Young diagram \ of the form (Z3L). Then Oy € ./\Llo if
and only if
(AIII) for each i, either p; =0 or ¢; = 0.
(CT) for \; odd, p; = q¢; =0, and for \; even, either p; =0 or q; = 0.
(C1I) for \; even, p; = q; <1, and for \; odd, either p; =0 or q; = 0.
(DIII) for A\; odd, p; = q; <1, and for \; even, either p; =0 or ¢; = 0.
(BDI) the following two conditions hold
(1) for A; even, p; = ¢; =0, and for A\; odd, either p; =0 or ¢; = 0. Namely the
signed Young diagram X is of the form (2u1+1)e, Cp2+1)e, -+ 2pre+1)e,, s
where 1 > pig > - > i >0, ¢, € {0,1} and €; = € if p; = ;.
(2) (a) if N is odd, €1 = g mod 2 and eg; + po; = €241 + poir1mod 2, i > 1;
(b) if N is even, €g;_1 + f2i—1 = €2; + pro; mod 2, ¢ > 1.
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Let us write
SYD{g x)

for the set of signed Young diagrams corresponding to the orbits in /\ﬁ .

Theorem 4.2. Assume that (G,K) is (Span,Sp2p X Sb2q), (Span,GLy), or
(802, GL,,). The set of nilpotent support character sheaves is

Char (g1) = {IC(0,C) | O € N7}

Remark 4.3. The theorem holds also for the symmetric pair (GL,,GL, x GL,).
This is a special case of [L2].

Suppose that (G, K) = (SOn, S(Op x Oy)), where either p or g is even. Let

N

(OFS /\Llo . We define a set of characters IIp C Ax(O) and we show that it is exactly
the set of characters Ilp C EK(O) defined in 3.5 Proposition 1] implies that
O = 0, where
(4.1) p=(2p1 + )7 2p2 + )57 -+ (2ps + )77,
> pe > > s >0,m; >0ande € {0,1}, 1 <i < s. From §2.5 we conclude
(4.2) AR (0) =2 S(Om, X % 01.)/S(Opmy X -+ x Oy, )0 = (Z)27)5 L.
For1 <i<s—1,let

d; correspond to the non-trivial element in

4.
(43) S(Om: X Oy )/(SOm, X SOm..) = T)2L.

Then Ak (O) is generated by §;, 1 <i <s—1.
We define Qo = Q,, C{1,...,s} to be the set of j € [1, s] such that
(1) >oo—; My is even,
(2) if j > 2, then either p;_1 > p; +2 or €,_1 = ¢;.
We set 1, = lo = |Qo|. Suppose that Qo = {j1,...,51}, | = lo, and we write
Ji+1 = s + 1. Note that j; = 1 if and only if N is even. Thus lp > 1 when N is
even. The subset IIp C Ag(O) is defined as follows

(4.4) o = {x € Ax(0) | x(6,) =1ifr+1¢ Qo}.

In other words x(d,) is allowed to take the value —1 precisely when r+1 € Qp. In
particular, [[Ip| = 2'¢ if N is odd and [lIp| = 2'o~! if N is even as in the latter
case j; = 1.

Theorem 4.4. Assume that (G,K) = (SOn,S(O, x Oy)), where either p or q is
even. The set of nilpotent support character sheaves is

Char(g1) = {IC(0,&4) |0 € AT, ¢ € lp},
where Iy is defined in (E4).

The fact that the sheaves in Theorems and 4] belong to Chark (g1) follows
from the discussion in §3.5] Propositions and below. The fact that these
are all of Charl (g1) will follow once we show that we have constructed sufficiently
many character sheaves.
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4.1. Conjugacy classes of f-stable Borel subgroups. The K-conjugacy classes
of B-stable Borel subgroups of G are precisely the closed K-orbits on the flag variety
X = G/B. Let T be a maximal torus of K which is also a maximal torus in G as
6 is inner. The closed K-orbits are given by K-orbits of the fixed point set X7.
The Weyl group W (G, T) acts transitively on X7 and in this manner we get an
identification

{closed K-orbits on X = G/B} +— W(G,T)/W (K, T).

Recall our concrete description of (G, K) and the subspaces V', V= of V (see §2.4)).
We denote by V; (resp. Vi, V,7) a subspace of V' (resp. V™,V ™) of dimension i.

Let n = [N/2] if G = SOp. Let K = O, x Oy in type DI and K = K otherwise.
It is easy to see that the K-conjugacy classes of f-stable Borel subgroups in G are

parametrized by ordered sequences ay, ..., an, a; € {0,1}, 1 <1i < n, such that
n n
q
a; = q (AIIT) (CII), a; = [=] (BDI).
D= (A (€D, 3ai = (3] (BDD

Let B(,,) denote a f-stable Borel subgroup of G corresponding to such a sequence
(a;). Concretely B(,,) can be taken as the subgroup of G' which stabilizes a flag of
the following form

ocvicVecC.--CV,=V (AIII),
ocvicVc---cV,cVic---cvitcv others,

-t - C
where V; = Vi—Zﬁ:laj @VZ;=111J, 1=1,...,n.

Let Ow,) = Op,,,- In the case of type DI, each K-orbit of #-stable Borel
subgroups in G decomposes into two K-orbits; we denote them by B&i), w=11IL

Note that (’)B(z = OBgIF).

4.2. Springer fibers. Let B be a f-stable Borel subgroup of G. Recall the map
g+ K xBxny — Op. Let © € Op. Recall that K xPx ny = T5X and then
7T§1(OB) is an open subset of T X. Let z € Op. Applying generic smoothness to
the map 75" (Op) — Op we see that the fiber 75" (x) is a smooth subvariety of
the Springer fiber B,. In general 71';1(:1:) is not connected. However, as the map
75 (0Op) — Op is K-equivariant and 75" (Op) is K-connected we conclude that
the components of 7' () form a single orbit under A (z). For details, see, for
example, [BZ, Proposition 2] or [CNT] Proposition 2.12].

Proposition 8 is proved in [BZl, Corollary 33] for type CI, and in [T2] for types
AIII, CII, and DIIL.

Proposition 4.5 ([BZ], [T2]). Assume that (G, K) is not of type BDI. Then the
fivers 5t (x) are irreducible for v € Op.

As was pointed out earlier, it follows from this proposition and the discussion
in §3.5] that the IC sheaves in Theorem [£.2] are nilpotent support character sheaves.
In the remainder of this section we study the pairs (G, K) = (SOn, S(Op x Oy)).
Let O = O, € NP, where y is as in [@1]). Recall the set Qo = Q, = {j1,..., 4}
| = lp, defined at the beginning of the section. Let
Jrey1—1
o = Z mg for 1 < k <|I.

a=jk
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The oy, are even. Let € O. Let {x,y, h} be a normal sly-triple. Then h € go. In
particular, A2Vt C V* and hV~ C V™. Let

V=@V )®p B0 V(1)E%

be the decomposition of V into irreducible slp-modules under {z,y, h}, where V (i)+
(resp. V(i)_) denotes an irreducible sly-module of highest weight ¢ such that the
lowest weight vector lies in V' (resp. V7). Let V(i) = V(i)4 or V(i)—. We set

Jr+1—1
P V)™, 1<k <,
a=jk
where V' (244)0 is the 0-weight space of V(2u,). We have dim Wy, = oy, and (,)|w,

is non-degenerate.
For a subspace W of V let

IGr(k, W) = {Vp, C W | dim V}, = k, V}, is isotropic in V'}.

Proposition 4.6. There exists a 0-stable Borel subgroup B C G such that O = Op
and such that for x € O we have

l
H'P (75" (2)) = ®Ht°p(IGr(ak /2, W),
k=1

where 7 : K xB% ny — Op. This isomorphism is compatible with the action of

AK(JJ)

The group Ak (z) from [@Z) acts in the natural way on H'P(IGr(oy /2, Wy)) =
C @ C. More precisely, ; € Ax(z) (see [E3)) acts trivially if i + 1 ¢ Qp, and
8ir—1, jr € Qo, k= 1,...,1, permutes the two copies of C in H*?(IGr(c,/2, W;))
for j = k—1,k, while actmg trivially on H*?(IGr (0, /2, W;)) for j ¢ {k—1,k}. In
particular, the action of Ak (x) on the set of irreducible (or equlvalently, connected)
components of ﬁgl(x) is transitive when N is odd but has two orbits when N is
even (recall j; = 1). In the N even case we only consider one of the orbits. Taking
into account the discussion from §3.5 and the explicit description of the action of
Ag(x) on H*P(IGr(0% /2, Wi)) we conclude that the IC sheaves in Theorem 4] are
nilpotent support character sheaves.

Proof of Proposition BBl Recall n = [N/2] and the K-orbits of f-stable Borel sub-

groups are parametrized by ordered sequences ay,...,a,, where a; € {0,1} and
Y 1<i<n @ = [q/2]. We define the special f-stable Borel by induction as follows.
Assume that 1 < k < s is such that e = ... = ¢ = € and €, # €41 (if k < 3).

Note that if p = 0, then k = s. Let

(4.5) Zma resp. Zma —]) if pr # 0 (resp. pi =0).

We define
ay =...=apy, = ¢

We write m = m,, and without loss of generality we assume that ¢ = 0. Let

Vip = kerz N Im 2 if g, > 1, and V,, € I1Gr(m, ker ) if pug = 0.
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We note that V,, C V¢ (here VO = VF and V! = V7). Let V! = (V;,)1/Vin.
Then (,) induces a non-degenerate bilinear form (,)’ on V’. Moreover, 6 in-
duces an involution ¢ on SOy (y and we obtain a symmetric pair (G', K') =
(SON,Qm,S(Op,Qm X Oq))

Consider the map z’ : V- /V,,, — V1 /V,,, induced by « € O,. Then 2/ € 0’ =
O, where

(4.6) 4 = (2p1 = )24 (2p2 = 1T - e = DI Quar + DI if e 21
(21 — 1) (2p2 — 172 - (2ui—y — 1)1 10k 2 0me/2 if jux = 0.

Note that in passing from u to p’ only the first Zle m; terms in the partition
change. Let m/, be defined for y" as in ([@3]). We define

A+l = - = Omygm,, = €+ 1.
Continuing in this manner we produce a sequence aq, ..., ay.

Let B’ be a f-stable Borel subgroup defined by the sequence ap,,41,...,ay for
the symmetric pair (G, K’) = (SOn_2m,S(Op—2m x Oy)). Let us write 7p :
K xBxn; — Op and 7y, : K’ xBx' n — Op,. By the induction hypothesis,
we can assume that Op = O/, where p is as in @G). Then Op = O, by
[T1l Proposition 7.1]. We write B for the #-stable Borel subgroup defined by the

sequence ag, . . ., Gy.
We now determine the components of 75" (x) by induction. We first show that

(4.7) Qo = Qo U{k} (resp. Qo) if ur = 0 and my, is even (resp. otherwise).
Thus
(4.8) lor =1lp — 1 (resp. lor) if pur = 0 and my, is even (resp. otherwise).

Since €x_1 = €, whether k£ € Qp» depends only on the fact whether Ezzk Mg 18
even. Consider first the case pr = 0. Then k = s and, if my, is even (resp. odd)
then k € Qo (resp. k ¢ Qo) and k ¢ Qo . Thus we are reduced to the case p > 1
and it suffices to check that k + 1 € Qo if and only if k + 1 € Q. We have the
following cases
(1) Y o_ji1Ma is odd, then k41 ¢ Qo and k+1 ¢ Qor;
(2) ZZ:kH Mg is even and py > pgr1 +2. Thus k+1€ Qo and k+ 1 € Qo
because at step k 4 1 there is no sign change.
(3) Yoo_ji1Ma is even and pp = pry1 + 1. Then, as € # €41 we see that
kE+1¢Qp. Also, k+ 1 ¢ Qo as in this case Qo C {1,...,s} —{k+1}.
This proves [@7) and thus ([3]).
Let us write | = lp, I’ = lo/ and let

Jo41—1
W= @@ VEeu)Fm, 1<b<
a=jp
where, we recall, u/, = p, — 1 for 1 < a < k. It is now easy to verify that

9 0 if pr > 1,
(4.9) dim7~r§1(z) = dim (%33,)71(x/) + m—m + W if up, = 0 and my, even,

2
2 mp—1
8

Note that if 7 = (U;) € ﬁ'gl(x)7 then U,, C kerz as U,, C V*t. Consider the map
p: 75 (x) = IGr(m, kerz), F = (U;) > U,

if pur = 0 and my odd.
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Suppose that g, > 1. By construction p=1(Vy,) = F(Vpn) x (7)) " (2/), where
F (Vi) is the complete flag variety of V,,, = ker x N Im 2. By (@), we then con-
clude that p~*(V;,) = 75 (2) and hence 75 () =2 F(V;n) X (7},) ' (2/). Therefore

H'P (75 (2)) 2 H'P((7) 7' (2')).-
Let us now consider the case when py = 0. We first note that

1Gr(m, ker x) = I1Gr([my /2], V(0)§™*),
where dim V(0)§™* = my and (, )lv(o)éBmk is non-degenerate. For each U,, €
0
IGr(m, ker z), the fiber p~1(U,,) = F(U,,) x (7))~ ' (a’). Therefore we conclude
that
HP (75 (x)) = HP (IGx ([ /2], my)) @ HP (7)™ (2) -
We have
H'P(1Gr([my /2], m1)) = C (resp. C @ C) if my, is odd (resp. even).
We note that IGr(oy/2, Ws) = IGr(oy /2,W})), 1 < b < I’ and we can assume
by induction that the theorem holds for H**P((73,)~!(2')). The discussion above
implies that H'? (7 5*(x)) = H'P((7%,)~*(2')) except when puy = 0 and my, is even.
In that case o7 = my, and W; = V(O)Sem’“, and thus

H'P (75" (x)) = H'P(1Gr(01/2, Wh)) @ H'P((75) ! (2)) -
This concludes the induction step. O

5. NEARBY CYCLE SHEAVES

In this section, we determine the Fourier transform §(P,) of the nearby cycle
sheaves P, (see §3.2]) explicitly for the symmetric pairs (G, K) in §2.41 Recall that
r =dima.

5.1. The group I and the Weyl group action. In this section we study the
groups I = Zg(a)/Zk(a)® and the action of W, on the set I of its irreducible
characters. We will make use of the discussion in §2.4] and §3.4l Note that I =
Zyo(a)/Zgo(a)? is generated by &(—1), a € ®R, see, for example [K, Theorem
7.55).

Lemma 5.1. We have that
(1) I =1, if (G,K) is of type AIIL, CII or DIII.
(2) I = (z)2z)", 1I° = (2/22)" ", if (G,K) is of type BDIL, and I = I° =
(Z)22)", if (G, K) is of type C1. Moreover, the action of Wy on I has r+1
orbits.

Proof. The claim (1) can be checked easily. Note that I/1° = K/K°. Thus if G is
simply connected, then K = K® and I = I°. The claim (2) is readily checked using
the following description of I and I°.

Suppose that (G, K) is of type BDL. Then K/K® = Z/2Z. Let a; = €; — €11,
1<i<r-—1,a =¢ (N odd), ar = €,_1 + € (N even), be a set of simple real
roots. Then I = (y; = &;(—1),1 <i<r—1)and I = (y; = &(-1),1 <i <
r—1,7% = e(-1)).

Suppose that (G, K) is of type CI. Let a; = ¢; — €41, 1 <@ <r —1,a, = 2¢,,
be a set of simple real roots. Then I = (y; = &;(—1), 1 <i <r). O
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In the remainder of this section we assume that (G, K) is of type BDI or CI. We
fix a set of representatives for the W-orbits in I as follows,

(5.1) Xo =1, xm(v) =1ifi#m and xpm(ym)=-1,1<m<r,
where ~; € I are defined in the proof of Lemma [B.Il We describe the subgroups
Wa,x.. and Wc?,xm'

Suppose that (G, K) is of type BL. Then Gy is semisimple and adjoint. One
checks that

{a € % |xm(a(-1)) =1}
={t(e*¢),1<i<j<mm<i<j<r; +e,1<i<r}

Thus (see (319))
Warm = Wc?’xm = (81, s Sm—1,Tm) X (Smt1s---s8r) = Wp X Wi_p,

where s; = S¢,—¢; ,, 1 <i<m—1, 8 =5,and Tp, = Sm ... 5r—15rSr—1...5m =
Se,, -

Suppose that (G, K) is of type DI. Let 8; = S¢,—¢,_4, 1 < i <7—=1, 8 =S¢, _,+e,,
and Ty, = (SmSm41 - - Sr—25rSr—1 - - - Sm+1Sm) = Se,, Sc,,- Assume that » = n. Then

Wa7X7n = <Sm+1v"'asn> A <31,-"a3m71a7—m>
W X Wy, 1<m<n—1

0
(5.2) Wi = (8155 8m—1, TmSm—1Tm) X (Smt1,-- -, Sn)
W, o xW,_.1<m<n-1,
Waxm = Wc?,xm =W/, m=0orn.

Assume that r < n. We have G5 = SO3,. Using BI7) and (5:2)), we see that
me’ = (81, .y Sm—1,Tm, Smtls---Sr).

Write (W) = {1,t} = Z/2Z, where t = 5., s.,. Then W, = (s1,...,8,_1,t) =
W,.. Thus

R C\O
Wava = me A (W ) = <$17 s Sm—1,Tms Sm4+15- -+ S’I"at>
= (5155 Sm—1,5mSm+1 """ Sr—285r—18r_1 " S 15m) X (Smg1s. -5 Sp—1,1)
~ Wy X Wy

On the other hand, one checks that {a € ®R |y, (&(—1)) = 1} = {&(e; £ ¢;),1 <
i<j<m,m+1<i<j<r} Thus

0 _ s _
Wy = (81500 Smo1,8ma1y s Sp—1, 8e,yt = 1,000,1m) = Wa s = Wy X Wiy,

Suppose that (G, K) is of type CI. Let s; = s5¢, —¢,,,, 1 <i<r—1, s, = s, ,and
Tm = SmSm+1---Sr—18pSr—1...5m = S¢,, . We have
Warem = (51,3 8m—1,Tm) X (Smt1s---,8r) = Wiy X Wiy,

(53) Wc(l),xm = <817 <y Sm—1,TmSm—1Tm = Sﬁm—l"rﬁm> X <5m+1; ey 37‘>
=W X Wy,
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5.2. Nearby cycle sheaves and full support character sheaves. Using the
discussions in §2.41 §3.2] and §5.01 we explicitly describe the Fourier transforms of
the nearby cycle sheaves.

Let xo denote the trivial character of I. In types BDI and CI, let x,, € I,
0 < m < r, be the characters defined in (5I]). Let

(5.4) Bw, = (Z/22)F x Bw,, Bw, = (Z/2Z)" x By,.

Let Hw, co,c, (resp. Hw: 1) be the Hecke algebra defined in §2.60 We write
Hw, co,c, also for the representation of By, (resp. By:) arising from the reg-
ular representation of Hy, ¢ .c, (resp. Hw:,—1) via the natural surjective map
(C[BW,} — ,HW,,700701 (resp. (C[BW,’L] — HW‘VIL’_]‘). We set ,HWo,Co,q = ,HW[;,—I =C.

Proposition 5.2.
(i) Suppose that (G, K) is of type AIIL, CII or DIII. We have

§(Pyo) =1C(97°, Hw, 1,-1)-
(ii) Suppose that (G, K) is of type BCDI. We have

1?{(P)(m) (gl 7MX,,L 0y C )
where M., is given by the following representation M, of m(g}®)

M,,, = C[Bw,] BBy (Cx. @ Hw, 1,1 @ Hw,_,1,-1)  (BI),
11 ®@Hw, ,.-1,-1) (CI),
My, = C[Bw,] @0 (Cy, @ Hwy o1 @ Hwy_ 1) (DD p=1q,

ms

MX,,,L = C[BW,L] ®C[§‘>/<Vm] (CXm ® HW

MXm g C[EWT] ®C[§me] ((CXm ® HWW“—I 1 ® HWT‘ n17_171) (DI) p # q’

and v = 1 unless G = SOq, 11 in which case v is the nontrivial character of K/K° =
Z)27.

In the case of type CI, the isomorphism in the above proposition is proved
in the same way as in [GVXI, §7.6], noting that Wy ,,, is a Coxeter group. In
particular, the parameter for the simple reflection 7,,, of Wy, in (53] is 1 since
x(&(=1)) = —1 for a = .

In the case of split type DI, recall from (5.2)) that when 1 <m <n-—-1, W, =
Wc?,xm X (Tp) and Wg Xom = (81, 8m—1, TmSm—1Tm) X (Smi1,- -, 5n), Where 72, =
1, and 7, acts on the generators of W‘?’Xm as follows: 7, fixes s; for i < m — 1
and m+1 <i<n—1, 7, interchanges 7,8, —17m (resp. S$p—1) with s,,_1 (resp
$n). Thus when 1 < m < n — 1, for each irreducible representation p of BX"‘

the C[Byy] @¢(pxm0) p decomposes into the direct sum of two non- 1somorph1c
" Wi

irreducible representations of By, .

Remark 5.3. For the symmetric pair (GL,,O,), we have I = (Z/2Z)", W, = Sy,

and we can choose a set {xm, m = 0,...,n} of representatives of Wy-orbits on I

such that Wy ., = Sy, X Sp—m. Let Hg,, 1 denote the Hecke algebra of S,, with
parameter —1. We have

§(Py,.) =1C(g7°, My, ®C,), 0 <m <mn,

mo
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where M, is given by the following representation M, of =¥ (g7*)

My.. = C[ésn] ®<C[§>S<m] (Cy,. ®Hs,,,—1 @ Hs 1

m n—m>— ) :

Remark 5.4. For the symmetric pair (GLay, Spay,), the restricted root system is of
type A,_1 with each restricted root space of dimension 4. We have W, = S,, and
I =1. Let xo denote the trivial character of I = 1. We have

§(Py,) = 1C(g1°, C[Sn])-

Recall the set ©(q, k) defined in (B.8). Applying Proposition 5.2 the discussions
in §32] and the above discussion, we conclude that the sheaves in the following
corollary are full support character sheaves. As before, the fact that these are all
of them will follow once we construct all character sheaves.

Corollary 5.5. Let (G, K) be a classical symmetric pair. All full support character
sheaves arise from the nearby cycle constructions, i.e.,

{1C(g1", £5) [ p € O, } = Charlc(g1).
Moreover, we have
Ocr) = {Vi | 7 € TrrHw, 11} (ATIT) (CII) (DIIT),
O(GLon,Span) = 1Vr | TE IS,
O(@L,,00) = Vi Bpsxw | P1 €Tt Hs, —1,p2 € v Hs, 1,k € [0,n]},
©(502141,5(0,x04) = AVorRpoxx | P1 € I Hyy 1,21,
p2 €lrrHw,_, —1,-1,k €[0,7]},
O (8psn,GLn) = {VoiBpaxe | P1 € Ir Hyy, 11,
p2 € irHw, , 1,1,k € [0,n]},
©(502,,.5(0,%x0,)) = WV Bpsxi | P1 € T Huy 11,
p2 € IrHy,_, 11,k € [0,7]} (p # q),
©(505,.5(0,x0,)) = Vo1 Bpaxi |+ P1 € It Hyyy 1,
p2 € irHyr 1,k =0,n}
UV Rpyn | 6 = LIL pr € I Hyyy 1, p2 € e Hyyr 1,k € [Ln— 1]},
where V, , and Vp{x are defined as in B11) and BI2).
Let us write
(5.5) 05 = O(GL,.0.) 5
(5.6) OF = 0505120 1,5(0n120-1x00)): OF = O(S05m121,5(Ons2:x0m)
Of, = O(Spsn.GL)»
(5.7) 070 = ©(504,,5(0 x0n))>
where ¢ > 0. It follows that

(5.8) 08 = S d(k)d(n — k), [0S =S d(k)e(n - k),
k=0
n 1 n

(5.9) 071 = elk)e(n—k), 10| = 3 > elk)e(n — k),

k=0 k=0
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where we have used [ZI0) and d(k) = |IirHw,,—1,-1], e(k) = |IrrHw, —1.1],
see §2.0

6. CHARACTER SHEAVES

In this section we give a description of the set Charg(g1) of character sheaves
for the symmetric pairs (G, K) in §241 We use the notation from that section.

6.1. Supports of the character sheaves. To describe the supports of charac-
ter sheaves, we define a set N{® of nilpotent orbits such that for O € N the

corresponding o supports a character sheaf. Conversely, all supports of character
sheaves are of this form. The N{® consists of the following orbits:

(AIII) O = Ot 1k Ly 0<k<r pe SYD?GLH,“GLHXGLH),
BDI) Onmku = Ormymok ok m =171 mod 2 if N iseven, 0 < m + 2k <r,
N 1mamak 2k Ly

0
HE SYD(SON72m74k;S(Op7m72kqu7m72k))’
(CD) Ompy = Orpymokoryy, 0<m+2k<n, pe SYD?

Span—2m—ak,GLn—m—2k)
0
(CH) Okﬁ“ = Oliklakuﬂ O<k<r pe SYD(SPansz,S;szfzkXspzquk)
(DIII) Ok = Opzryzeyy, 0<k<[n/2], n€SYD(s0,. 1r.CLu )

Here AU p denotes the signed Young diagram obtained by joining A and u together,
i.e., the rows of A U u are the rows of A and p rearranged according to the lengths
of the rows. Note that NP C Nf. When G = K, the set SYD(()G,K) consists of the
signed Young diagram which corresponds to the zero orbit. Also note that when
(G,K) = (S04, S(O2 x Og;)), we have written Oy j, ¢ for both Oé%’@ and (’)(I)I’k’@.

Remark 6.1. For the symmetric pair (SLy,SOx) considered in [CVX], the O’s
that support character sheaves are given by the nilpotent orbits Ogiqn-2x, where
as usual, there are two orbits O;N/z and O;N/z when N is even.

Using (34), one readily checks that the equivariant fundamental groups 75 (0)
are as follows

(6.1a) (AIIL) (CIT) (DIIT)  75(Oy,.) = Bw, ;

~ Bw: x By, if u =
(6.1b) (BDI) T (Opgey) = 2 x Bw, if p=10 .
Y Bw,, X By, % (Z/QZ)T/‘ if w0
(6.1c) (C1) T (Omos) = Bw,, x Bw, x (L/2Z)"™;

where r,, are defined in (2.6]) and ([21). Here we use the convention that By, =
Bw; = Bw, = Bw; = {1}.

To illustrate the idea, let us explain the calculation in the case of type BDL
Also, for later use, the argument below fixes the splitting of 7 (O, k) into a
product. We assume that p = (u1)™ -+ (us)™=1™°, where each p; is odd and
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p1 > - > g > 1. We then have

G¢ = {(gla cee 7gsng,h) € HOm, X O2m+m0 X Sp2k | det(gl o 'gng) = 1}

i=1

K?={(g1,--,gs: h1,h2,ho) € [] Om, X O X Oy x GLi |
=1

det(91 R 'gshth) = 1} .

Assume that p#0, i.e., that s and mg are not both zero. Then Zg(a?)/Z s (a?)? =
I x Iy x Iy, [y = (Z)22)™, Iy = (Z/2Z), I3 = (Z/27)* %m0 = (Z/2Z)" =
S(IT=1 Om; X Omy) /S(IT;=1 Om; X Om,)® and Bw_, = Bw,, x Bw,. Moreover the
action of Byy, X Bw, on I; X Iy x I3 factors through the action of By, on I; and
the action of Byy, on Is.

6.2. Explicit description of character sheaves. In this section we state our
main theorems which give an explicit description of character sheaves. We begin
by writing down representations of the fundamental groups in (6.1]). We use the no-
tation from §2.61 Let 7 € P(k). We continue to write L, for the By, -representation
obtained by pulling back the simple module L, of Hy, 1,—1 (see (28)) via the sur-
jective map C[Bw, ] — Hw, 1,-1-

Recall the sets 02D (resp. ©P:0) of irreducible representations of EWH (resp.
EW;)/) defined in (B.6) (resp. (B.1)).

(AIII, CII, DIII) For each 7 € P(k), let T, denote the irreducible K-equivariant
local system on (5;6’“ corresponding to the 7 ((5k’u)—representation where By, acts
via L,, i.e. T, = L,. Here T, = C is the trivial local system if k = 0.

(CI) For p € ©F, and 7 € P(k), let T, - denote the irreducible K-equivariant local
system on (5m7k7# corresponding to the representation of ﬂ’f(émk#), where EWM
acts via p, By, acts via the By, -representation L, and (Z/2Z)" acts trivially,
ie,T,, = L,ML, K1

(BI (resp. DI)) Suppose that p # (). For each p € ©F (resp. ©F), 7 € P(k), and
¢ € Ilp, (see (&4), let T, -4 denote the irreducible K-equivariant local system on
(5m7k_ﬁ given by the representation of ﬂf((ém,k#), where EWM acts via p, Ewk acts
via the By, -representation L., and (Z/2Z)"™ acts via ¢, i.e., T, s = L,KL, K.

Suppose that p = (. For each p € ©00 and 7 € P(k), let T, . denote the
irreducible K-equivariant local system on 6m7k7@ corresponding to the representa-

~

tion L, X L, of 7{(O,, 1.,0), where By, acts via p and By, acts via the Byy,-
representation L., i.e., T, = L, X L.
Note that 7, = C is the trivial local system and 7, ¢ = &4 if m =k = 0.

Theorem 6.2. Suppose that (G, K) is of type AIIL, CII, or DIII. We have
Charg (1) = {IC(Oy,, T2) | 7 € P(k) }
Theorem 6.3. Suppose that (G, K) is of type CI. We have

Char (91) = {ICOm s Tp.r) | p € ©F, 7€ P(R)}.
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Theorem 6.4.
(i) Suppose that (G, K) is of type BL. We have

Charg(91) = {ICOm ks Trrs) | p € OF, 7 € P(R), 6 € Tlo, }.
(ii) Suppose that (G, K) is of type DL. Then
Charg(g1) = {IC(ém,k,u,mT,@ w0, peOl w=LILrePk), ¢c H@“}
U {1C(B 0 Tor) Im =1, pe O, 7 € PR} (ifp =)
L {IC(égjn/w,m lw=LIL r e P(n/?)} (if p = q even).

Remark 6.5. For the symmetric pair (G Lay,, Spay), the nilpotent K-orbits in N
are labelled by partitions of n. Moreover, Ax(xz) = 1 for z € Nj. We have (see
Remark [5.4))

Charg (g1) = {IC(g7", L-) | T € P(n)},
where £, is the irreducible K-equivariant local system on g}® given by the irre-
ducible representation of 7 (g7*) = Bg,_, where Bg, acts through S,, via the irre-

ducible representation corresponding to 7 € P(n). This recovers the corresponding
result in [G2/[HLL2].

Remark 6.6. For the symmetric pair (GL,,O,), analysing as in [CVX], we have
CharK(gl) = {10(627“1”*2"’)7;7/)) |T € ,P(k),p € Gﬁ—Qk}a

where ©7 is the set of irreducible representations of f?sm defined in (5.0) and 77,
is the irreducible K-equivariant local system on 62k1n—2k given by the irreducible
representation L, K p of 75 (Ogrqn-2i) via the surjective map X (Ogryn-2r) —
Bg, x Es where Bg, acts through S on the irreducible representation L,
corresponding to 7 € P(k) and Bg

k n—2k’

. _o, acts on p.

As mentioned earlier, Theorems and 4] and Corollary follow from the
above theorems whose proofs are given in the next two sections. We also obtain
the following corollary.

Corollary 6.7. Theorem [L1l from the introduction holds.

Proof. We first note that all full support character sheaves for split symmetric pairs
are cuspidal. Since Fourier transform commutes with parabolic induction, this fol-
lows from the fact that Supp Indf’llCpl A C K.p; C g1 for any f-stable Levi subgroup
L contained in a proper 6-stable parabolic subgroup P when the symmetric pair is
split.

We claim that all full support character sheaves for the pair (GLa,,GL, X GL,)
can be obtained via parabolic induction from the constant sheaf C;, for the 6-
stable Levi L = GLY and LY = (GL; x GL;)". This can be seen as follows.
Recall that G = GLy and K = GLy+ x GLy—, where VT = span{ey,...,e,}
and V~ = span{fi,..., fn}. Consider the 6-stable parabolic subgroup P that
stabilizes the following flag 0 € Vo, C Vy C -+ C Voo C Vo, =V, Vo, =
span{ey,...,en}t @span{fi,..., fm}. Let L be the natural #-stable Levi subgroup.
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Then (L, L%) = (GLY, (GLy x GLy)"). Consider the map 7 : K xP% p; — g;. One
checks readily that

mnCl-l= @ ¢ L)@
TEP(n)

Since m.C[~] = Ind{!, Ci,, the claim follows.

One then checks that for the symmetric pairs (Span,Spen X Spe,) and
(804p,, GL4y,), the full support character sheaves can be obtained via parabolic
induction from the full support character sheaves for the 6-stable Levi subgroup
L = GLs, with LY = GL,, x GL,.

We can deduce from [H, §6] and [CVX] Corollary 4.8], respectively, that all
character sheaves for the symmetric pair (GLa,, Sp2,), and all character sheaves
which are not of full support for the symmetric pair (GL,,,O,,), are not cuspidal.

To complete the proof we appeal to Theorems 6.2 6.3 and a

7. PROOF OF THEOREMS [6.2H6.4]

In this section we prove Theorems 6.2} [6.3] and by producing new character
sheaves via parabolic induction. Combining these character sheaves with nilpotent
support ones and full support ones already constructed we have then shown that
the sheaves listed in Theorems 6.2 [6.3] and [6.4] are indeed character sheaves. To
prove that we have all of them we show that the number of the sheaves we have
constructed coincides with the number of irreducible K-equivariant local systems

on N (see (2))).
Let Opm ko € /\ﬁ7 where we write Oy, = O, in type AIIL, CII, DIII. We

begin by associating to each pair (G, K) a family of #-stable parabolic subgroups
Py, k.. together with their 0-stable Levi subgroups Ly, k,,, such that

~

K (pmku)1t = Om s
where (P k)1 = Pk, N 015 Pk, = Lie Py u. We then study the parabolic
induction of full support character sheaves in CharfLe . (I kw)1) (see §3.0)).

7.1. A family of #-stable parabolic subgroups of G. Let O, 1, € Nf®. Con-
sider an ordered sequence aq, ..., Gp_m—ak, with a; € {0,1}, such that

(ALLL CI) Y a;=q—k, (BDI) Zaz—q_ — 2k

The ordered sequence (a;) defines a K’-conjugacy class of f-stable Borel subgroup(s)
BEai) for the symmetric pair (G', K')

(AIII) (GLn,Qk,GLp,k X GLq,k) (BDI) (SON,QQ,S(OP,,I X Oq,a))
(CI) (Span—2m—ak; GLy—m—2k) (CII) (Sp2n—ak, Sp2p—2k X SP2g—2k)
(DITL) (SOsn—aps GLn—o8).

We can and will choose a sequence (a;) such that the corresponding Richardson orbit
OBI o is O,. Moreover, in type BDI, we choose (a;) such that the corresponding

0- stable Borel subgroup B( .y isasin Proposition .8l for O,,. We write B), = BEai)'
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We fix such a sequence (a;) and define the parabolic subgroup P x.u = Pk (a;)
to be the subgroup of G that stabilizes a flag of the following form

(AIII) ocwvicVeaC---CVppmea CV
(BDI) (CI) 0cWVicC - CVomok CVoem
CV,f_vaan o C CVECV
(CII) (DIII)  0CViCVaC  CViomok C Vit g Coo- CVECV,
WhereVi:Vifci@VC:,lgign— — 2k, Ve = V.1 @
Viten o os G = Zj’=1 a;. The parabolic subgroup P, 1, is f-stable. Let L, 1, =
Ly, k. (a;) be the natural 6-stable Levi subgroup of Py, j . We have

(AII)  Lg, = GLop x GLY ™%, Lf |, 2= GLy, x GLy x GLT™?;
(BDI)  Lun gy = SO2mymy X GLog x GLY ™" 72F,
Lm ko > S(Omtme X Om) X GLi, x GLy, x GL’lL_m_Qk;
(CT)  Luygpu = Spam x GLog x GLY ™72k,
LY jon = GLy x GLy x GLy x GLY™™ 7%,
(CII) Ly = Spax x GLY ™, LY | 2 Spop x Spag x GLT %,
(DIIT) Ly = SOue x GLY ™%, LY 2 GLoy, x GLY 2,
where mg = 1 (resp. 0) in type BI (resp. DI). One readily checks that K.(py, k. .)1 =

m—k—cn_m—2k

Om k-

NoltLe that in type DI, when m = 0, the K-conjugacy class of Py, in G/P
decomposes into two K-conjugacy classes; as before, we write Pg’k’ ., and Pé’ jp fOr
the two #-stable parabolic subgroups that are conjugate under K but not conjugate
under K. Moreover, when p # 0, K~(Pé,k,u)1 = K.(pg’kﬂ)l, and when p = 0, let

K'(p‘&n/lm)l = Ow07n/27@, w = I,II

For later use, let us describe the locus (5,,L7k7  in more detail.

(AIII) Let x € Oy, - Then z has eigenvalues +ay, ..., +ax, each of multiplicity
1, and eigenvalue 0 of multiplicity n — 2k. Moreover, there exist v eVt v €
V=, i=1,...,k such that V. = Wy &F_ | (W; & W_;), where W; = spam{vz +
v}, Wo, = span{vi+ —v b 2W = a;, xlw_, = —a;, t = 1,...,k, and Wy is
the generalized eigenspace of x with eigenvalue 0. We obtain a symmetric pair
(GLWO,GLp_k X GLq_k) and fE‘WO S Olt'

(BDI) Let x € (5m,k,u- Then = has eigenvalues +aq,...,*a,,, each of mul-
tiplicity 1, eigenvalues =+b1,...,+bs, each of multiplicity 2, and eigenvalue 0 of
multiplicity N — 2m — 4k. Moreover, we have an orthogonal decomposition V' =
Wo@ @2 W; @@§:1U i, where Wy is the generalized eigenspace of « with eigenvalue
0, W; = Wai@W,ai, .’L‘|Wai = a,, le*ai = —a,;, and Uj = Ub]. @U,b]. with U:I:bj the
generalized eigenspace of x with eigenvalue :I:bj. Furthermore, there exist v;r evT,
v; € V=,i=1,...,m, such that W; = span{v; +v; }, W_; = span{v —v; }, and

(’L’ z)#o(za z)?éo Slmllaﬂy,Ub —Span{w]fw +w u;r_’_u;}’
Uy, = span{w —w] ,u;r u; }, where zw; = bjw;, Tu; = b; u]+w], (w;‘r7w;-) _

(w; ,w;) =0, (wi w;,uj ul) #0 and (w;, uj u; ) # 0. (The properties about the pairing
of the basis elements can be deduced using (zv, w) + (v, zw) = 0 and the fact that
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x takes V' to V™~ and vice versa.) Since (,) is nondegenerate on Wy, we get a
symmetric pair (SOn_—2m—ak, S(Op—m—2t X Og—m—2r)) and z|w, € O,.
(CI) The description of x € 67"7;@” is entirely similar to the case of type BDI
except that we have (v;",v;") # 0, (wj',w]_> =0, (w),u;) #0and (w]_,uj> # 0.
(CII) (DIII) Let z € ék#. Then 2 has eigenvalues =+aq,...,=*ay, each of
multiplicity 2, and eigenvalue 0 of multiplicity 2n — 4k. We have an orthogonal
decomposition V = Wy @ ©F_ W;, W, = W,, & W_,,, 95|Wa,i = a;, J;|W7% = —a;,

dim W,, =dimW_,, =2, and z|w, € O,.

7.2. Equivariant fundamental groups. In this section, we assume that either
m # 0 or k # 0. In what follows, to simplify the notation, we omit the subscripts
and write L = Ly, g.uy P = P k,p, and 0= K.p; etc. We describe the relations
among the equivariant fundamental groups 71 % (pt), m (0) and Wng(['l“S), where
Py =PNK, pi=p1N 5, and [7* is the set of regular semisimple elements in [y
with respect to the symmetric pair (L, L?).

Consider the natural projection map pr : p; — [;. From the description of
(5m7k_# at the end of the previous section, we see that pr(p}) = [[°. Arguing as
in [CVX], §3.2], we see that

(7.1) the canonical map @ : 71 % (p}) — 7T1L9([71"S) is surjective.
We have
PE (7)o {liwk ) (ATIT) (CIT) (DITI)
P By, x Byw, (resp. By x By,) (BI) (CI) (resp. DI).

To determine 71 % (p7) we consider the fibration
7oK xPxpl 50

which is the smooth part of the map © : K xFx p; — O. We first note that
7l (p7) = 7 (K x P ph). Now, 7K(0) acts on the set Irr(7~(x)) of irreducible
components of 77 1(x), z € O, with 7 (K xPx p7) as stabilizer. Thus we are
reduced to study the action of 75 (0) on the set Irr(r~(z)). To understand this
action we describe the fiber 7= 1(z), z € O.

Forz € O = 6m,k,w let ' = z|w,, where Wy is the generalized eigenspace
of z with eigenvalue 0. Let (G’, K') be the symmetric pair defined by Wy. Then
z' € O, C p,. As before let K' = O, x Oy when (G',K’) is of type DI and

K’ = K’ otherwise. Consider

gy, K’ x (B (n,)1 = O,
Lemma 7.1. We have

() = ﬁgi (x').
Proof. We prove the lemma in the case of type BDI. The other cases are entirely
similar. We show that the map
a7 (z) — frgi (z") ViC CVpmok CVoem) = (Vi C - C Viem_ok)

is an isomorphism.

Suppose that (V3 C -+ C Viom_ok C Viom) € m 1(x). We first show that
Voo = 0, 16, Voo, C W, the generalized eigenspace of x with eigenvalue

xT
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0. Since V; is z-stable and by definition either Vi C V™ or Vi C V™, x|y, = 0.
Continuing by induction with z applying to V;/V;_1, which is one dimensional, we
conclude that x|y, . _,, =0. Since dim Wy = N — 2m — 4k and n = [N/2], we see
that V,,_m—ok is a maximal isotropic subspace in Wy. Since z|w, = 2/, it follows
that (V1 C -+ C Vipmm—ak) € 7~1'J§,1 (2'). Tt remains to show that V,,_,, is uniquely
determined by V;, i =1,...,n — m— 2k,

We make use of the description of 0 given in the end of §7.11 Recall the or-
thogonal decomposition V = Wy @ @™, W, ® ®F ;—1Uj and the basis vectors defined
there. We claim that V,,_,,, = V_in_ok & @]: span{wj w; }. This can be seen
as follows. Consider the map induced by = on V,,_,,, /Vi—m—or and the eigenvalues
of . Note that by definition, if a vector v = v+ + v~ € V,,_,,, vt € VE, then
vt € Vo and v~ € V,_,,. Thus we conclude that the eigenvalue can not be
+a; as (Uz ,0; ) # 0 and V,,_,, is isotropic. Now there exists some j such that
w+ w; € Ve Thus V,,_,, C {w;',w]_}L Continuing by induction, we see that
the clalm holds. |

Using the above lemma and Proposition [1.5] we conclude that
(7.2a) 771 “pl) =m ((9) (DI) when p = (), or (AIII), (CI), (CII), (DIII).

It remains to consider the types BI and DI when p # (. We first observe that
K xPx pT is connected and hence the action of 7 ((5) on the set of connected com-
ponents of m~1(x) is transitive. Also, by the previous lemma and Proposition
the cardinality of the set of connected components of the fiber 7—!(z), and hence
that of the quotient W{((é)/ﬂ'f[( (pT), is 24 In particular, the action of 75 (0) fac-
tors through Az, (2"). Using the specific splitting of 7K(0) as a product in (G10),
we can write

(7.2b) T (p}) = Bw,, x Bw, x (Z/2Z)" ' (BD)

m

(7.2¢)  w1%(p}) = BY, x Bw, x (Z/22)7 ! (DI) when p # 0,

where BO = (Z/2Z)™ x B, C (Z/2Z)™ x Bw,, and By, is the subgroup
of Bw,, deﬁned as the kernel of the map Bw, — Z/2Z Where a word in the
braid generators o1,...,0., (0., is the special one) is mapping to 0 (resp. 1) if

the braid generator o, appears even (resp. odd) number of times. Moreover in
type BI (resp. DI), the factor (Z/2Z)"»"' (resp. (Z/2Z)"»~'»*1) is given by
{a € Ag:(O,) | ¢(a) =1 for all ¢ € llp, }.

Note that in type DI when p # ), the map ® in (Z.I)) gives rise to a surjective
map

(7.3) C: BW —»BW/

m m

Remark 7.2. It was previously known that such a surjective map B%,m — Bw:,
exists, see, for example, a discussion in [BT].

7.3. Induced nilpotent orbital complexes. Let us consider the parabolic in-
duction of full support character sheaves on [. For each irreducible representation
¥ of 7r1L9( [7%), we write ¢ also for the 1rredu01ble representatlon of 7% (p7) obtained
via pull-back from the surjective map ® : 7% (p) — 7t ([”) in (TI)). Then we
have:

Ind®

[1Cp1 C( gs’ﬁw) = m IC(K XPK pgaﬁd))[_]'
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Furthermore, by the decomposition theorem, we have:
mIC(K xPx p7 £,) 2 1C(0, R*# (L)) [—] @ {other terms}
where d is the relative dimension of 7. By construction we have
2d 2 ~ K (A
R W!(ﬁw) - (C[ﬂ-l (O)] ®(C[ﬂ.fK ()] Y.
Consider the following decomposition

(C[ﬂ-{(((\/j)] ®(C[7er ()] w = '(/)1 DD wk

into irreducible representations of mf< ((’5) By the discussion above we have

k
@IC(@, L,) appears as a direct summand of
i=1

(7.4)

Ind?llcm IC(11°, Ly) up to shift.

Let us write A[—] @B to indicate that A appears as a direct summand of B up to
shift.

For each 7 € P(k), we continue to write L, for the By, -representation obtained
by pulling back L, € Irr Hyy, 1,—1 via the surjective map C[Bw,| — Hw,.1,-1-
The following claims follow from the description of & (0) in EIa)-(@Id), the

description of 71 (p?) in (72a)(7.2d) and (74).
(AIII) (CI) (DIII) For each 7 € P(k), let £, be the irreducible LY-equivairant
local system on [}® given by L.. Then

IC(0,T;)[-] € Indf!, IC(G* L,).

(CI) Let £,R L., p € OF and 7 € P(k), be the irreducible L’-equivairant local

system on [{* given by the irreducible representation p™ L, of 7T1L9 (7%), where By,
acts via p and By, acts via L,. Then

IC(0,T,.-)[-] @ Indfl., IC(G°, L, K L,).

(BI) Let £, L., p € ©F 'and 7 € P(k), be the irreducible LY-equivairant local

system on [{® given by the irreducible representation pX L, of 7T1L9 (17%), where EWm
acts via p and By, acts via L,. Then

P 1C0.T,r )] € Indf', IC(", L, K L,).
¢€llo,

(DI) Let £,, X L, po € O and 7 € P(k), be the irreducible Lf-equivairant
local system on [1* given by the irreducible representation pgX L, of 771L6 (17%), where
By, acts via pg and Byy, acts via L. Let po also denote the representation of B%,m
obtained via the surjective map By, — Bw; (see (Z3)). Then, as representations
of Bw,., C[Bw,,] ®ciz | p0 = Py @© pit, where pl and pf! are non-isomorphic

irreducible representations of f?wm. In view of Proposition (.21 we conclude that
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Po, Po € Oy Moreover, O, = {pg, pg | po € O} Thus

P P 1CO. Thyro)l-] € Indl', IC(G*, L,, K L;) when pu # 0;
p€Ello,, w=LII

~

IC(Om k0, Tpr)[=] € Indfl, IC(17*, £, X L), when p = 0 and m > 0.

IC(Of 2,0 Tr)[=] € Ind o IC((1Y)™, £7), w = LI, when p =0 and m = 0.
Since Fourier transform commutes with parabolic induction (see (8:224))), in view

of (B9), we conclude that the IC sheaves in Theorems[6:2H6. 4l are character sheaves.

Since they are pairwise non-isomorphic, to prove Theorems [B.2H6.4] it remains to

check that the number of the IC sheaves equals the number of character sheaves in
each case.

7.4. Proof of Theorem In each case, we prove the theorem by establishing
an explicit bijection of the two sides.

7.4.1. Suppose that (G, K) = (GL,,GL, x GLg). Given a signed Young diagram
A=A AT - (A)E (As)% of signature (p, ), we associate it with the follow-
ing data

(1) the partition a = (A1)l --- (As)ls € P(k), i = min{pi, ¢:}, k = > Nl
(2) the signed Young diagram of signature (p — k,q — k)

p= BT AT )T O
The map
IC(04,C) — 10(61;i 1k oo Taet) for all \;

where of denotes the transpose partition of «, establishes the required bijection.

7.4.2. Suppose that (G, K) = (Span, Sp2p X Spag), ¢ < n. Let
A= (200) % (200) ™+ (206) % (20) ™ (201 +1) 3P (21 +1) 2% -+ (204 +1) 7P (2p1+1) 2%

be a signed Young diagram of signature (2p,2q). Let l; = min{p;,¢;} and k =
> 2[% A + > 1i(2ps 4 1). We associate to A the following data

(1) the partition v = (2A1)[ 27+« 2ADF (20 + DB - (20 + D € P(k),
(2) the signed Young diagram of signature (2p — 2k, 2q — 2k)

a172[a71] L

p=(2M)y (2a0) "2 F) L (aa,) 22 (g, )2 2]
(2u1 + 1)11’17211(2#1 + 1)2_f1172l1 (2 + 1)ipt—2l,, (2 + l)g_qt,glt.
The map
IC(O,,C) — Ic(él’fﬁkuw Tat)

establishes the required bijection.
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7.4.3. Suppose that (G, K) = (SOay,GL,,). Let
A= (A1) (A1) (A 1)2 (A1) (201)27 (201) 2% - (2410) 2 (2pue) 2%

be a signed Young diagram of signature (n,n). Let l; = min{p;,¢;} and k =
D19 (2N + 1) + > 2p4l;. We associate to the above Young diagram the following
data
(1) the partition a = (2A; + DT+ (2A, + D)IF1@2u1)b -+ (2l € P(k),
(2) the signed Young diagram of signature (n — 2k, n — 2k)

=@y + 0 a1 2E o, 1) T 2, Y
(20)37 720 (20 ) 20720 () T (240 4 1) 2R

The map
IC(Ox, €) = IC(Oyzt 26, Tat)

establishes the required bijection.
Let us record that

1+ 2°
(1 — 225)2

lAcr, (($02,)1 |7Zp kdo(n—2l) Coefficient of 2" in H

s>1

where p(k) denotes the number of partitions of k, p(l, k) denotes the number of
partitions of [ into (not necessarily distinct) parts of exactly k different sizes and
do(l) denotes the number of partitions of [ into distinct odd parts. Here we have
used

1+2°

11—z

(7.5) Z p(n, k) 2% = Coefficient of ™ in H

k s>1

7.5. Proof of Theorem Let (G, K) = (Span, GLy,).

Lemma 7.3. We have
8)3
(7.6) |AcL, ((8pay,)1)] = Coefficient of ™ in H

s>1 )

Proof. Let us write P(C,,) for the set of partitions of 2n such that each odd part
occurs with an even multiplicity. Given a partition

A= (2A1)™ - (2X6) ™ (2As 41 + 1)PH - (20 + 1) € P(Cy),

using ([27)) we see that the number of orbital complexes IC(O, &) supported on the
nilpotent orbits whose underlying Young diagrams have shape A is (Hf=1 m; )4 ==
M. Thus we have that

|'AGL ( 5p2n Z M/\

AEP(Cr)

For a partition 1 = (p1)™ -+ - (us)™=, we define N, = (I];_; m;)4°. Then we have

> My= ZZN -od(n — k),

AEP(Ch) k peP(k
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where od(l) denotes the number of the partitions of [ into odd parts. Since the
number of partition of n into distinct parts equals the number of partitions of n
into odd parts, we have > od(l)z! = [Ii>1(1 +2°). The lemma follows from

(1+2°)2

Z N,, = Coefficient of z" in H m

HEP(n) s>1
This can be seen using (TH) and the following observation. We can rewrite a

partition ()™ - - (ug)mb into the union of two partitions (11)™ - - - (us)™* and
(f1)™ ™1 - (pg)™= =™ where 0 < m/ < m;. Thus we get

1—|—Z H (mil_l)"'(mij_l) 4S—<Hmi>4

G=1 1<) <ip<---<i;<s

]

Let us write bo(n) = | SYD(()sz,“G L) |- Using Proposition ] one readily checks
that
14+ 2°

11—z

= Zp(n, k)2% = coefficient of z™ in H
k

s>1
Using (E8) and (23], we see that the number of IC sheaves in Theorem [6.3] is

Z |e¢| Z k) bc(n — m — 2k) = Coefficient of 2"
1+2° (n8e)
i T+ 0 T] o [T = | Chnver, ((5pa0)).
s>1 s>1 s>1

7.6. Proof of Theorem Let (G, K) = (SOn, S(Op x Oy)). We write SYD,, ,
for the set of signed Young diagrams that parametrizes K-orbits in N7. Let us also
write

(7.7) Apq = |-AS(O,,><Oq)((5°p+q)1)|-
Since Ag(Oy) = (Z/2Z)™ by (2.4), we have

r q
Apq = Z 27 +p(§)5p7qv

AESYD,, 4

where p(k) is the number of partitions of k£ and we set p(%) = 0 if ¢ is odd. We
note that the second term in the above equation arises only when p = ¢ is even. In
the latter case there are two nilpotent orbits corresponding to each partition with
only even parts.

The formula in the following proposition is derived and proved by Dennis Stan-
ton.

Proposition 7.4.

oo

+um+1 m)(]_ +um,Um+1)
2q,2q _
Z 24p quPv? — 3ZP uv™ = H 1— quUQk H (1 — wmtlym)(1 — ymym+l)
p,q=0 k=1 m=0




CHARACTER SHEAVES FOR CLASSICAL SYMMETRIC PAIRS 1133

Proof. The proposition follows from Proposition in Appendix [B] since by (Z.1)
and (B)) we have

wt(p, q) = 24, 4 if p+ ¢ is odd,

7.8
(7.8) wt(p,q) = 24,4 — 3p(%) Op.q if p+ g is even.

Suppose that either p or ¢ is even. Let us now write

bp,q = Z o, |

0
)‘ESYD(sop+q,s<opxoq>)

where IIp is defined in ([@4). Namely, b, , is the number of IC(O, £y)’s such that
Oe J\Llo and ¢ € Ilp. Note that we have b, 4 = bg .

Let us write P°44(N) for the set of partitions of N into odd parts. We write a
partition A € P°¥(N) as

A=Q2ui+ 1)+ Qua+1)+---+(2us+1)
- > s > 0. Note that s = N mod 2. We set

where p1 > pg > -+
wty, = #{I<T<(5=1)/2 | paj—1=pa;+1} g#{1<G<(s=1)/2| 2 -1 21242} when N is odd;

wty, = 3#ISISs/2- 1 p2j=paj1+ 1y #{1<j<s/2-1  h2j 21254142} when N is even.

‘We then have

2n+1 n
Z bponi1—p =2 Z wity, Z bop,on—2p = 2 Z wty.
p=0 A€Podd (2n+1) p=0 AePodd (2n)
Proposition 7.5. We have
2n+1
(7.9a) Z bpont1—p = Coefficient of x>+ in 2z H (1 + 2%%)2(1 + 22k)?
p=0 E>1

= 1
(7.9b) Z bopon_2p = Coefficient of x*" in 3 H(l + 2722 (1 4 2%)2,
p=0 k>1

Proof. See §B.2lin Appendix [Bl O
. It follows from (2.9)), (58)

Let us further write fo,41,m=|02| and f, ,, =|05°

and (59) that

(7.10a) > fmprma™ = [ +2%)2(1 4 2)?
m>0 k>1
m o __ 1 2k—1\2 k\2
(7.10b) > foma™ = 5 [T+ + k)
m>0 k>1

Note that in the above we have used the notation that by o = 1/2 and fy o =1/2.
Let Aj, , denote the number of IC sheaves in Theorem Recall 7 = min{p, q}.
We have

[=~]

(7.11a) A, = Z Jfm+1,m Z p(k) bp—m—2k.g—m—2t, fp+¢g=1 mod 2,
m=0 k=0




1134 KARI VILONEN AND TING XUE

7‘—1 r—2m—1
r=2m-1
(7.11b) A, =2 Z fomitomir >, P(E) bpom—ok—1,4-2m—2%1,
m=0 k=0
ifp=¢=1 mod 2,
q—2m
T2 3 q
(7.110) p,q =2 Z f2m 2m Z (k;) bp—2m—2k,q—2m—2k + §p(§)5p,q7
k=0

ifp=¢g=0 mod 2.

To prove Theorem [6.4] it suffices to show that
2n+1 2n+1

(7.12) Z Aponti-p = Z A/,2n+1—p, ZAP 2n—p — ZAP 2n—p
p—=0 p=0

since by construction Ap omtlop < Aponyi—p and A < Apon—p. It then

follows that

P,2n—p

(7.13) Py
In what follows we prove (ZI2). Setting u = v = x in Proposition [ we see that
2n+1
Z Ap ant1—p = Coefficient of 22+l
(7.14a) p=0
1 + x?m 1)2
H zik H — g2
2isi! i >1
2n

Z Ap.on—p = Coeflicient of 2% in

(7.14b) p=0 _—
(1+z=m— 3 1
_Hl_IALkH — g2m-1)2 +§H1_$4k‘
E>1 k>1
The equations (Z.9al), (Z.I0al), and (C.I1al) imply that
2n+1
(7.15a) Z Al ni1-p = Coefficient of z°"*" in H(l + 24*)2(1  %F)?
p=0 k>1

1 m m
Hw 2xH(1+x4 )2(1+$2 )2

k>1 m>1

The equations (Z.9b)), (ZI0D), (I1D) and (ZILd) imply that

1
(7.15b) ZAP on—p = Coeflicient of 2™ in 2 5 H(l + 2 2)2(1 4 222
k>1

1 1 4m—2\2 2m\2 3 1
Hl—x‘lk ’ 5H(1+$ )(1—1—.’[ ) +§H1_x4k'
k>1 m>1 k>1
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1 2m—1)2
Let us now write F(z) = H % Then (7I2) follows from (7.14a),
m>1

(CI4h), (TI5al), (ZI5h) and the following identities

(7.16a) F(z)— F(—2) =8z [[(1+a*)*(1+ 2>)*
k>1
(7.16b) F(z)+ F(—2) =2 [JQ+2*"72)* 1 + 22",
k>1

The proof of equations (7.I6a) and (T.I6D) is given in §B.3in Appendix [Bl This
completes the proof of Theorem [G.4]

Corollary 7.6. Let (G,K) = (SOn, S(O, x Oy)).
(1) The number of character sheaves

1 1
| Chark (g1)| = coefficient of x? in — H ( +$ pq H

1+ aP qul 1-—

(2) Suppose that either p or q is even. The number of nilpotent support char-
acter sheaves,

|Char(g1)] =  coefficient of z9 in

1 (1 _ngs—l)z ' '
1+ gp—d H (1—a2)2 if N is odd,
s>1

1 1:[ (14 22%)?

- — ;25)2
1+ ap qul(l x29)

if p=¢q=0 mod 2.

Proof. We can assume that p > g. The case when ¢ < p follows readily. Part (1)
follows from (7.8) and Corollary [B.3]in Appendix Bl as | Charg (g1)| = A, -
We prove part (2) in the case of p and ¢ both even. The other case is entirely

similar and simpler. Fix 2l =p — ¢ > 0. It follows from (T.11D)), (ZIId) and (TI3)

that
> Agiargrt =2 <Z fm,m$m> (Z P(/f)fl?%) (Z b2q+2z,2q$2q>
q m k q
+§5l,0 ZP(Q)x
q

By part (1), we have that

1
Z Agiang o7 = T 1+ le H o (Sl 0 H a:2s

Thus using (lm[)7 we obtain

1 (L +a°)(1 —a™)
b =
zq: 2q+21,2¢qT 1 —|—I2l ﬂ (1 _ 1‘5)3(1 + 1‘2571)2(1 + IS)Q

1—|—x2$
1+x21H (1 —22%)2




1136 KARI VILONEN AND TING XUE

APPENDIX A. DUAL STRATA

We will describe the dual strata of nilpotent orbits. Let G be a reductive alge-
braic group which for the purposes of this section can be assumed to be semisimple.
We write g for its Lie algebra and N for the nilpotent cone. We identify g* with g
via the Killing form. For each nilpotent G-orbit O in N we consider its conormal
bundle

Ao =Topg={(z,y) caxglzeO [r,y]=0}.
Consider the projection O of Ao to the second coordinate:
O = {y € g | there exist an z € O with [z,y] = 0}.

We construct an open (dense) subset O of O such that the projection Ap — O has

constant maximum rank above O. Thus the O are subvarieties of g and they have
the following property:

For any F € Pg(N) the Fourier transform §(F) is smooth along all the O .

This property follows from the fact that the Fourier transform preserves the singular
support.

Before giving the general construction we make a few general comments. If
O = {0} is the zero orbit then O = g and 0= g"°, the set of regular semisimple
elements in g. The general description of O will be similar.

Let t be a Cartan subspace of g and W the Weyl group of G. Cconsider the

adjoint quotient g ER 9//G = t/WW. We have:
O —L 5 f(O) — /W

l l l

g —— g)G —— yw
where the vertical arrows are inclusions. We first analyze f (6) and explain the
upper righthand corner. Let g®° denote the set of semisimple elements in g and

0% = {y € g* | there exist an z € O with [z,y] = 0}

denote the semisimple locus of @. Then we have f(O) = f(O%) because we can
regard g//G = t/W as consisting of the set of semisimple G-orbits in g. Consider
an element e € O and consider a corresponding sly-triple ¢ = (e, f,h). Then we
have

g° =g’ ou’,
where
(A1) g’ =g°Ng", u=a;>19(0), 9(i) = {z € g|[h, 2] = iz}.

Recall that g? is reductive and u is nilpotent. In particular, the algebra g? is the
centralizer of the sly given by ¢ = (e, f, h) and we write G® for the corresponding
centralizer group. N

We observe that any element in 0% is G-conjugate to an element in (g¢)
Thus, we see that:

SSs

1(0) = 1(0) = 0%/G = () /G*
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Furthermore, any element in (g¢)** is G°-conjugate to an element in (g®)%*. As
G°® = G% x U® is a semidirect product of a reductive group and a unipotent group
it is easy to see that if two elements in (g®)** are G°-conjugate they are also G-
conjugate. Thus we conclude that (g¢)**/G® = (g?)**/G®. Finally, putting this all
together, we get:

F(O) = (g9 /G = (g9)*/G® = g/ G°.
Let t? C g® be a maximal abelian subspace such that every semisimple element in
g% is G?-conjugate to some element in t?. We choose t such that it lies in t and
adjust t so that h € t. Thus we have t¢ = t¢. Writing ® for the roots of g with
respect to t and writing e = } .4 GaTa; Ta € ga, We have a concrete expression
for t¢:
t = ﬂ{tet|a(t)=0} O, ={a€®|a, #0} Withe:Zaaxa,
acd, acd

i.e., t? is given by the intersection of the root hyperplanes for those roots that occur
in the expression of e. Write

W = Ngo (t)/ Zgo (1)
Thus, we conclude that

F(0) = g*/jG? = /W?.
Let us call the composition map f : Ot J/W?. Note that the equality Oss /G =
(%)% /G?, which follows from the arguments above, shows that

(A.2) W? = Ngo(t°)/Zgs (t*) = Na(t?)/ Z6(t*) = Na(L)/ L,

where L = Z5(t%). Note that W is not necessarily a Coxeter group.
In what follows we write © = x4 + x,, for the decomposition of an element in its
semisimple and nilpotent parts and then [z, z,,] = 0. We now define

O={yeO|y=ys+yn, f(y) € (t¢)rs/W¢v Yn € O} ;
here the (t?)"* stands for elements in t® that are regular semisimple in the ambient

algebra g?. By construction, the group G acts on O. To show that O has the
desired property we first claim:

Lemma A.1. If v = 2, + x, € g° and x5, € (t*)"*, then x,, € O.

Proof. First, recall that e is distinguished if all elements in g¢ are nilpotent. By
[P, Theorem 1], if e is distinguished and z € g°, then x € O.

Let now e be arbitrary. We have z = z, + z, € g° and z, € (t*)™. Then
also 7, € g°. But, now G% = Zg(t?) because z, is semisimple. As [z,,z,] = 0,
T, € Zg(t?). Consider the group H = Zg(t?)/T?. Let us write € for e regarded as
a nilpotent element in h = Lie(H). The element € is a distinguished nilpotent in
h. To see this it suffices to show that if y € Z, (t?) N g° is semisimple then y € t2.
Since t? is a maximal toral subalgebra of g¢, y € t*. But, now G%/T? = H and
Z, can be viewed as an element in hé. As the H-orbit O of € is distinguished we
see that x,, lies in O and hence z,, € O. O

We now observe that f~1((¢%)*) is open dense in O and it remains to show that
O is dense in f~1((t?)"*). Let us decompose an element y € f~1((t*)"*) into its
semisimple and nilpotent parts y = ys + y, and as y € O there exists an element
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z € O such that [z,y] = 0. Now, G acts on f~1((t?)"*) and we can arrange the
element x to be e. Thus, up to G-action y = ys + y, € g°. Thus, by the above
lemma y,, € O. But, O consists of such elements with Yn € O. Thus, O is open
(and dense) in O. It is now easy to check that the projection Ap — O has constant

rank above O and hence O is a subvariety.
This establishes a correspondence:

00

Let us now analyze the equivariant fundamental group 7&(0). For an element
a€ (t?)" let @’ = a+ e and X, = Ga', the G-orbit of a’. We have the following
exact sequence:

1 - 79(Xy) = 79(0) = Bys — 1

where Byye = m1((t?)"*/W?) denotes the braid group. We note that we use this
terminology even when W is not a Coxeter group. We have that

T (Xar) = Za(d)/Za(d) .
Now,
Za(d) = Zale + ) =G NG = (G? - U)NGY = Zgo(t?) - (U NUY).
Thus:
™ (Xa) = Zas(t9))Zas (¢9)° .
We conclude that we have the following exact sequences:
1= Zgo(t)/Zgo (1)° — 7F(O) — Bys — 1
L= Zgo ()/Zgo(¢)° — w" ((0°)7*) = Bus — 1.
The natural map t? — t® + e induces an embedding
(g9)* cO gt g(t+e) for te () geG?.

This embedding identifies 7&(O) and ﬂfd)((gd’)”) and the two exact sequences
above:

1 —— Zao(?)/Zgs () —— 70 ((8%)™) —L— Byo —— 1

~

1 —— Zgo(19)/Zgs (1) ——  726(0)  —L % Byw — 1.

APPENDIX B. THE COMBINATORIAL FORMULAS

Let us write

(0w = [0 40). (400 = % = [T0 - 40)

(A7 B; Q)n = (A7 Q)n(B§ Q)na etc.
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B.1. Weighted type (p,q) allowable signed Young diagrams. Recall from
gr.6lthat SYD, , denotes the set of signed Young diagrams that label the nilpotent
K-orbits for the symmetric pair (SOx,S(O, x Oy)). For each A € SYD, ,, we
associate the weight 27> 1 if \ has at least one odd part and weight 1 otherwise,
where 7y is defined in (Z6]).

Definition B.1. Let wt(p, q) denote the weighted sum of the type (p, q) allowable
signed Young diagrams, i.e.,

q
(B.1) wt(p.g) = > 2" —p(3)0,
AESYD, ,

where p(k) is the number of partitions of k and we set p(q/2) = 0 if ¢ is odd.

Proposition B.2. The generating function for wt(p,q) is

50 o) 1 [e’s} (1 4 um+1vm)(1 + umvm-i-l)
_ Pyl
F(u,v) = Z wt(p, q)uPv? = kl:[l 1 — u2ky2h 771;[0 (1 — um+lym)(1 — ymym+1)’

p,q=0

Proof. An odd part of 2m + 1 can occur, with multiplicity 0,1, 2,...,7,..., which
contributes

1_|_2( m+1 m _|_um m+1) (2u2(m+1),u2m +4u2m+1v2m+1 +2u2mv2(m+1)) NI

+(2ur(m+1)v7‘m + 4urm+r—1,vrm+1 N 4urm+1,urm+r—l + 2u7‘mvr(m+1)) 4o

oo r+1 _ ,r+1 r—1 _ ,r—1
—142Y (@ <u LR v )
r=1

u—v u—"v

_(1 +um+1vm)(1 +um,Um+1)
- (1 _ um—i—lvm)(l _ umvm+1) .

An even part 2k, since it has even multiplicity, clearly gives

1
1 — u2ky2k”

Recall the ¢-Gauss theorem is

o (30)m (b5 Q)m (e \™ _ (¢/a;@)oo(c/b; )00
(B~2) Z . . (_b) = . b:
= (@ Dm(cOm \a (¢;9)oo(c/ab; q) o
Corollary B.3. Let k > 0. The generating function of the k'* diagonal is

2 I, (142m)
1+ $2k H (1 _ t2m)3'

deiag Z TUt +k p)t2p
p=0

Proof. We use the g-binomial theorem with ¢=wuv for F(u,v)= Z;oq:o wt(p, q)uPvl:

Flu,v) = 1 (—u;u0)00  (—0;U0) 00
T (w2025 u20?) o (u; uv) 0o (v'uv)
1l O CLDm
(4% 9% Z (¢ Dm Z (¢ Dm

m=0
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So the k-th diagonal term is

1 i (—1;q)m+k(—1;q)mqm
(0% 0%)o0 2= (@ Dmrk(¢5 Dm

This sums by the g-Gauss theorem to

o0

1 (L (=" D=L )m
() (T 9k 2 (@ Do (6 D
k+17q)

m=0
1 (=L (=¢:0)(=4 o _ 2 (=469
(0% 600 (@GDr (@5 0)00(q3 @)oo L+d* (g% 7

which is the given answer with g = 2. (|

B.2. Proof of Proposition Recall that P°%(N) denotes the set of partitions
of N into odd parts. We write a partition A € P°%(N) as

A= (2 +1)+ Qua + 1)+ -+ (2us + 1)
where uy > po > -+ > us > 0. Note that s = N mod 2. We set
wty, = 3#FISIS(=1) /2 maja=p2;+1} g#{I<T<(5=1)/2[ 1251212542} when N is odd,;

wty = 3#{1§j§5/2_1|H2g:M2j+1+1}4#{1Sj§5/2—1\M2JZM23‘+1+2} when N is even.

b, = Z wty, Cp = Z wty.

AePodd(2n+1) AePodd(2n)

B.2.1. Equation ([Z9al). The equation (9al) is equivalent to

Let us write

oo
D bt = (=" 6" (% )2
n=0

This can be seen as follows. Suppose A with odd parts has an odd number of parts,
say 2k + 1. Consider the columns of A\, which have possible sizes 1,2,---,2k + 1.
The part 2k + 1 occurs an odd number of times, the generating function is

2k+1
qu

The part 2k occurs an even number of times, the generating function is
1
1— q4k '
The part 2k — 1 occurs an even number of times, the weighted generating function

is
4Bk
4k—2

1+ 3¢q +1—q4k—2'

This continues down to part size 1, to obtain the generating function

[eS)
Z bnq2n+1 —
n=0

2k—1
0 q2k+1 1

0 4q4i
1+ 3¢”" + ) )
1— q4k+2 (1 _ q4)(1 _ q8) . (1 _ q4k) izgdd ( 1— qu

k=0
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Because ) )
dx 1+zx
143z + = (1+2)
1—=x 1—=2x
this may be written as
i b2t = — (A (=
" =
Pt 1_ q4k+2 (% (@ )

22 —¢%;q )quk'

= QQ)

T 1-g

Applying ¢-Gauss theorem (B.2) with ¢ — q4 and a = b = —¢?%, c = ¢°, we obtain

Zb AR (=% oo (—0% 0N 2(—gh g2 (— % )2
n - ) b
I—¢% (¢%¢%) (0 q¢*)so > >

Here we have used the number of partitions of n into odd parts equals the number
of partitions of n into distinct parts, i.e.,

(=€ @)oo = 1/(4:¢*) 0
B.2.2. Equation (Z.9L). The equation (]mb is equivalent to
chq —¢%q")% (0% ")
Assume ) is a partition into odd parts with 2k parts. We argue as in §B8.2.1] this

time the even parts have weights. Thus

oo

ZC &= q 1
n - _ Ak 2 —a8) .. (1 — f2(2k—1
a1 —?) (1= ¢ (1 - g?CF D)
2k—2 ;
) 4q4z
21
i—ll_e[ven (1 i 3q i 1- q2i>

_ i g** q ¢ r-1(=a"¢" k-1 :}i(—l;q‘*)k(—l;q‘*)k ok
1 1

q
(@2 ¢*)k(q* q*)x

= l—g% (g% a")r-1(a% ")k P
! : 1 2. 4\2 2 9
B Z( (32,24; Eq qqg Deo = 10005 (=50 ) o

B.3. Proof of equations (.16a) and (T.16h).
Definition B.4. Let
Flg) = CELC
(1:6*)%
The equations (7.I6a) and (Z.I6D) ar
Proposition B.5.
F(q) = F(=q) = 84(~¢"1¢")5 (=¢*: ¢*)%
and F(q) + F(=q) = 2(=¢*:4") % (~¢% ¢*)%

Recall Ramanujan’s 171 formula
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Proposition B.6.

.y . (a’;q)” n __ (a’I’Q/a’xaQ7b/a;q)oo
1@[}1(0,,b,q,$) — Z (b, q)nx - (.’I],b/ax,b, q/a7q)oo .

for |b/a| < |z| < 1.

Letting ¢ — ¢%, a = —1,b = —¢?,z = ¢ in Ramanujan’s 11, gives

oo k 2 2 2
q 1 2 o 1(=¢,-4,¢%,4% 0" ) o
k:E_oqu% 5 191( 77475 9) 0

=0 =% 4%)
g
2 (—a%;:¢%)2,
We take the odd terms in the sum
oo k 2 2\2
q 1 (0% ¢%)2,
——r =~ (F(q) = F(=9) 7555
k:;wdd 1+g¢% 4 (=% )%
and the even terms in the sum
oo k 2. .,2\2
q 1 (¢*;¢%)
Z = 7 (F)+F(=9) 7555
2k ( — 2. 42)\2
k=—o00,even 1+ q 4 ( a9 )oo
However
e k
q 1 2 6. 4. 2
Yo —— = a5 (- %N )
2k 2
k=—00,0dd 1+ q 1+ q
_ q 1 (_q4,_1aq4aq4; 4)00
1+¢2 (6% % =45 =4 ¢Y)
PG S Y BT LWL
(% —% =% ¢*) s
i ¢ 1 (=1, —g gt ?) = 1(=¢* —¢*¢" ¢" ¢ oo
k=—o00,even 1+ q2k 2 7 7 ’ 2 (qza q2’ _q4, _q4; q4)00
So
1 (=¢* —q* ¢*. ¢*; ¢ (=% ¢%)?
L@ - Feg) = 2500000 (ST )
4 q°,49°,—q _q,q)OO (q7Q)oo
_ o, (=ahaE (=gt a)E
T T (P
4. 4\4
—q*q
= (IW =2q(—q* q")% (=% )%
) o0

(=¢* —¢*, 4% ¢ ¢ oo (—0%5 %)
(@, ¢% —¢*, —* 4%~ (% 4%)%

(=% q") o (0% )5 -

(F(q) + F(-q)) =

e
NN N
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