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CHARACTER SHEAVES FOR CLASSICAL SYMMETRIC PAIRS

KARI VILONEN AND TING XUE, WITH APPENDIX B BY DENNIS STANTON

Abstract. We establish a Springer theory for classical symmetric pairs. We
give an explicit description of character sheaves in this setting. In particular
we determine the cuspidal character sheaves.
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1. Introduction

In this paper we work out a theory analogous to the generalized Springer corre-
spondence of [L1] in the context of symmetric pairs. We concentrate on classical
symmetric pairs, but our methods are general and extend to other isogeny classes
and exceptional types with some modifications.

Let G be a connected complex reductive algebraic group and θ : G → G an
involution. Let K = Gθ be the subgroup of fixed points of θ. The pair (G,K) is
called a symmetric pair. It is called a split symmetric pair if there exists a maximal
torus T of G that is θ-split, i.e., θ(t) = t−1 for all t ∈ T . Let g = LieG and let
g = g0 ⊕ g1 be the decomposition into θ-eigenspaces so that dθ|gi

= (−1)i. Let N
denote the nilpotent cone of g and let N1 = N ∩g1 be the nilpotent cone in g1. We
write CharK(g1) for the set of irreducible C∗-conic K-equivariant perverse sheaves
F on g1 whose singular support is nilpotent, i.e., for F such that SS(F) ⊂ g1 ×N1

where g1 and g∗1 are identified via a K-invariant non-degenerate bilinear form on g1.
We call the sheaves in CharK(g1) character sheaves for the symmetric pair (G,K).
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The classical character sheaves of [L1] on a Lie algebra g can be viewed as a special
case of character sheaves for symmetric pairs, where one considers the symmetric
pair (G×G,G) with θ switching the factors in G×G.

In this paper we concentrate on the classical symmetric pairs, that is, when G
is GLn, Sp2n or SOn. We give a complete description of the set CharK(g1) for
all classical symmetric pairs (G,K). Special cases have been considered before.
The case (GL2n, Sp2n) was considered by Grinberg in [G3], Henderson in [H], and
Lusztig in [L2]. The case (GLn, GLp × GLq) was considered by Lusztig in [L2]
where he treated GLn in the case of arbitrary finite order semi-simple inner auto-
morphisms. In these instances the Springer theory closely resembles the classical
situation. In [CVX] we considered the case (SLn, SOn) where phenomena quite
different from the classical case already occur. We treat the inner involutions of
SLn in a companion paper [VX1] as it requires an expansion of the techniques used
here. The symmetric pairs associated to spin groups are treated in [X].

We write CharfK(g1) for character sheaves whose support is all of g1; we call these
full support character sheaves. We show that all full support character sheaves arise
from the nearby cycle construction in [GVX1], which, in turn, is based on ideas

in [G1, G2]. Sheaves in CharfK(g1) are IC-sheaves of certain K-equivariant local
systems on grs1 , the regular semisimple locus of g1. The equivariant fundamental
group πK

1 (grs1 ) is an extended braid group, see (2.3). In Section 3.2 we construct
certain Hecke algebras, following [GVX1], and show how their simple modules give
us full support character sheaves, see Proposition 5.2 and Corollary 5.5.

At the other extreme from full support character sheaves there are nilpotent
support character sheaves, i.e., those supported on closures of nilpotent K-orbits in
N1. We write CharnK(g1) for these character sheaves. We show such sheaves occur
only when the involution θ is inner. It turns out that the supports of these charac-
ter sheaves are exactly the Richardson orbits attached to θ-stable Borel subgroups.
From a geometric point of view these are the nilpotent K-orbits whose closures are
images of conormal bundles of closed K-orbits on the flag manifold G/B under the
moment map. They can be viewed as singular supports of discrete series represen-
tations. In this context these nilpotent orbits were studied and classified by Trapa
in [T1]. We make use of his classification in our determination of CharnK(g1) in
Section 4. A crucial ingredient in determining CharnK(g1) is Proposition 4.6. In
that proposition we associate a specific θ-stable Borel subgroup to each Richardson
orbit. We show that all nilpotent support character sheaves arise via parabolic
induction from these specific Borels. The choice of these Borels also allows us to
study parabolic induction in sufficient detail to prove our main result.

Following standard terminology, we call a character sheaf cuspidal if it does
not appear as a direct summand (up to shift) in parabolic induction of character
sheaves in CharLθ(l1) from θ-stable Levi subgroups L contained in proper θ-stable
parabolic subgroups of G. We write CharcuspK (g1) for the set of cuspidal character
sheaves. In [L1] Lusztig worked out the cuspidal character sheaves in the classical
case, which have nilpotent supports.

As a corollary of our explicit description of character sheaves, we classify cuspidal
character sheaves for classical symmetric pairs as follows.

Theorem 1.1. (Corollary 6.7) The cuspidal character sheaves consist of

(1) The constant sheaf Cg1
for the pair (GL2, GL1 ×GL1),
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(2) Full support character sheaves for split symmetric pairs. When (G,K) is a
split symmetric pair, we have

CharcuspK (g1) = CharfK(g1) =
{
IC(grs1 ,Lρ) | ρ ∈ Θ(G,K)

}
.

For an explicit description of this set, see Corollary 5.5.

We note that the skyscraper sheaf at the origin for the pair (GL1, GL1) is also
cuspidal. The full support cuspidal sheaves in (2) are obtained via the nearby cycle
construction from simple modules of Hecke algebras of [GVX1] as explained in §3.2.
These Hecke algebras are not in general associated to Weyl groups of subgroups
of G. However, as we will explain in §3.3, they are associated to Weyl groups
of subgroups of the dual group Ǧ and so one can think of them as arising from
endoscopic groups.

Remark 1.2. For other isogeny classes such as special linear groups and spin groups,
there are further cuspidal character sheaves of full support, or cuspidal character
sheaves which are not of full support at various central characters. In particular, we
have cuspidal character sheaves for special linear groups on quasi-split symmetric
pairs, see [VX1]. For spin groups there are cuspidals for symmetric pairs which are
not quasi-split, see [X].

We determine all character sheaves in Theorems 6.2, 6.3, 6.4. For each nilpotent

K-orbit O on N1 we construct in §3.1 the corresponding dual stratum qO ⊂ g1. The

character sheaves are locally constant along the strata qO. For the zero orbit the
dual stratum is grs1 . In §6.1 we determine explicitly the nilpotent orbits O such

that qO supports a character sheaf and we explicitly describe, analogously to the grs1
case, the equivariant fundamental groups πK

1 ( qO) of these qO in terms of extended

braid groups, see (3.4). We write down explicitly the local systems on the qO in
terms of certain Hecke algebras whose IC-sheaves are character sheaves. To prove
the theorems we make a detailed study of parabolic induction of character sheaves
from θ-stable Levi subgroups contained in proper θ-stable parabolic subgroups. To
show that the nearby cycle construction and parabolic induction give a complete
set of the character sheaves we rely on a counting argument, as in the classical case
treated in [L1].

We work with varieties over complex numbers and with sheaves with complex
coefficients. However, we can use any field of characteristic zero as coefficients,
although sometimes we require the field to contain roots of unity. In [GVX1] we
work over the integers. Thus, it seems reasonable that one can develop a modular
theory along the lines of this paper. Furthermore, our results should hold for �-adic
sheaves in the finite characteristic setting, but at the moment [GVX1] is written in
the classical topology only.

In [LY], the authors have studied the decomposition of the derived category
DK(N1) into blocks using spiral induction where they treat the general case of
finite order semi-simple automorphisms. Their work can be viewed as another
generalization of the Springer theory. We expect that the theory presented in this
paper can be extended to the case of finite order automorphism θ, see partial results
in [GVX2,VX2], although we do not expect to obtain as detailed results as those
presented in this paper. Graded Lie algebras are intimately connected to p-adic
groups via the Moy-Prasad filtration (see, for example, [RY]). Our theory is also
directly related to the affine Springer fibers studied by Oblomkov and Yun [OY].
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Thus, we expect our theory presented here, and its generalization to the higher
order cases, to have applications in p-adic groups as well as geometry of affine
Springer fibers. We will connect our results to the work of Lusztig and Yun, and
address these applications in future work.

The paper is organized as follows. In Section 2 we recall the preliminaries on
symmetric pairs, nilpotent orbits, restricted roots, little Weyl groups, and set up the
notation. In particular, we give an explicit description of the classical symmetric
pairs we work with and explicitly describe the associated Lie theoretic data. In
Section 3 we describe the general strategy to determine the set CharK(g1). In
Section 4 we describe the nilpotent support character sheaves. In Section 5 we apply
the nearby cycle construction in [GVX1] and describe the full support character
sheaves. In Section 6 we state the main theorems, Theorems 6.2, 6.3, and 6.4, where
the character sheaves are determined. In Section 7 we prove the main theorems by
combining the results in the previous sections, parabolic induction and counting
arguments. In Appendix A we discuss the dual strata in the classical situations.
Appendix B by Dennis Stanton contains proofs of combinatorial formulas which
are crucial for the proofs in this paper.

2. Preliminaries

Throughout the paper we work with algebraic groups over C and with sheaves
with complex coefficients. For perverse sheaves we use the conventions of [BBD].
If F is a perverse sheaf up to a shift we often write F [−] for the corresponding
perverse sheaf.

2.1. Character sheaves. Let G be a connected reductive algebraic group over C
and θ : G → G an involution. Let K = Gθ. A torus A ⊂ G is called θ-split, if
θ(t) = t−1 for all t ∈ A. The symmetric pair (G,K) is called split if there exists a
maximal torus A of G which is θ-split. Note that the involution θ is inner if and
only if rankK = rankG.

Let g be the Lie algebra of G. The involution θ gives rise to a decomposition
g = g0 ⊕ g1 such that dθ|gi

= (−1)i. Let N denote the nilpotent cone of g and
let N1 = N ∩ g1. The group K acts on N1 with finitely many orbits [KR]. We
identify g1 and g∗1 via a K-invariant non-degenerate bilinear form on g1, which can
be obtained from a G-invariant and θ-invariant non-degenerate bilinear form on g.

Let AK(g1) denote the set of irreducible K-equivariant perverse sheaves on N1.
That is,

AK(g1) = {IC(O, E) | O ⊂ N1 is an K-orbit and E is an irreducible K-equivariant

local system on O (up to isomorphism)}.

Recall the set CharK(g1) of character sheaves, that is, the set of irreducible C∗-
conic K-equivariant perverse sheaves on g1 whose singular support is nilpotent.
Consider the Fourier transform F : PK(g1) → PK(g1). By definition the functor F
gives us a bijection

(2.1) F : AK(g1)
∼−→ CharK(g1) .

This implies, in particular, that the set CharK(g1) is finite. Note that Lusztig calls
the sheaves in AK(g1) orbital complexes and the sheaves in CharK(g1) anti-orbital
complexes.
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There are two important extreme cases of character sheaves. The character
sheaves supported on all of g1 are called full support character sheaves, and we
write CharfK(g1) for them. The character sheaves supported on nilpotent K-orbits,
are called nilpotent support character sheaves and we write CharnK(g1) for them.

2.2. Restricted roots and the little Weyl group. Let (G,K) be a symmetric
pair. We fix a Cartan subspace a of g1, i.e., a maximal abelian subspace consisting
of semisimple elements. We write A for the maximal θ-split torus of G with Lie
algebra a. Let T ⊂ ZG(a) be a maximal torus. Then T ⊃ A and T is θ-stable. Let
C = T θ and c = LieC ⊂ g0. We have LieT = t = a⊕ c.

Let Φ ⊂ X∗(T ) = Hom(T,Gm) be the root system of (g, T ). For each α ∈ Φ,
let α̌ ∈ X∗(T ) = Hom(Gm, T ) denote the corresponding coroot. We recall the
following notions

α ∈ Φ is real if α|c = 0 ⇐⇒ θα = −α,

α ∈ Φ is imaginary if α|a = 0 ⇐⇒ θα = α,

α ∈ Φ is complex otherwise.

Let ΦR ⊂ Φ (resp. ΦIm ⊂ Φ, ΦCx ⊂ Φ) be the set of real (resp. imaginary,
complex) roots. Then ΦR and ΦIm are subroot systems of Φ. Furthermore, let
ρR = 1

2

∑
α∈ΦR,+ α, ρIm = 1

2

∑
α∈ΦIm,+ α (with respect to some positive systems of

ΦR and ΦIm respectively) and let

ΦC = {α ∈ ΦCx | (α, ρR) = (α, ρIm) = 0}.

Then ΦC is also a subroot system of Φ.
Let Wa := NK(a)/ZK(a) be the little Weyl group of the pair (G,K). We have

(see [V, Proposition 4.16])

Wa
∼= WR � (WC)θ

where WC (resp. WR) is the Weyl group of the root system ΦC (resp. ΦR) and
(WC)θ ⊂ WC is the subgroup that consists of the elements in WC commuting
with θ. It is well-known that Wa is also the Weyl group of the restricted root
system, denoted by Σ, i.e., the (not necessarily reduced) root system formed by the
restrictions of α ∈ Φ to a. We have

g = Zg(a)⊕
⊕
ᾱ∈Σ

gᾱ,

where gᾱ denotes the root space corresponding to the restricted root ᾱ. Note that
if ᾱ is the restriction of a complex root α, then the root space gᾱ is at least two
dimensional, since α and −θα restrict to the same restricted root ᾱ = (α− θα)/2.

Let s ∈ Wa be a reflection, i.e., s = sᾱ for some ᾱ ∈ Σ. We define

(2.2) δ(s) :=
1

2

∑
ᾱ∈Σ
sᾱ=s

dim gᾱ.

If δ(s) = 1, we write αs for the unique positive real root in ΦR such that sᾱs
= s.
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2.3. The equivariant fundamental group. We say that an element x ∈ g1 is
regular in g1 if dimZK(x) ≤ dimZK(y) for all y ∈ g1. Let grs1 denote the set of
regular semisimple elements of g1 and set ars = a ∩ grs1 . We write πK

1 (grs1 , a) for
the equivariant fundamental group with base point a ∈ ars.

Consider the adjoint quotient map

f : g1 → g1//K ∼= a/Wa.

As in [GVX1, §2.3] it gives rise to the following commutative diagram with exact
rows

(2.3)

1 −−−−→ I −−−−→ B̃Wa
:= πK

1 (grs1 , a)
q̃−−−−→ BWa

−−−−→ 1∥∥∥ ⏐⏐
p̃

⏐⏐
p

1 −−−−→ I −−−−→ W̃a := NK(a)/ZK(a)0
q−−−−→ Wa −−−−→ 1 ,

where
I = ZK(a)/ZK(a)0

is a 2-group and BWa
= π1(a

rs/Wa, ā) is the braid group associated to Wa, ā =
f(a).

In [GVX1, §2.3], we have constructed an explicit splitting of the top exact se-
quence and thus we write

(2.4) B̃Wa
� I �BWa

,

and we note that the braid group BWa
acts on I through the quotient p : BWa

→
Wa. Such a splitting is not unique. The example in §3.7 illustrates how the splitting
affects the labelling of character sheaves.

2.4. The classical symmetric pairs. In this section we summarize the detailed
structure of classical symmetric pairs we will use to classify character sheaves. The
classical symmetric pairs are (see for example [He])

(AI) (GLn, On)) (AII) (GL2n, Sp2n) (AIII) (GLn, GLp ×GLq) p+ q = n

(BDI) (SON , S(Op ×Oq)) p+ q = N (DIII) (SON , GLN/2)

(CI) (Sp2n, GLn) (CII) (Sp2n, Sp2p × Sp2q) p+ q = n.

The results for type (AI) can be derived from those in [CVX] where we considered
the case (G,K) = (SLn, SOn). We will include these results as remarks throughout
the paper. Type (AII) was studied in [G3], [H], and [L2]. Thus we will focus on the
remaining cases. We will make use of the following concrete descriptions of (G,K).

In type A, let V = V +⊕V − be a C-vector space of dimension n and letG = GLV .
In type BD (resp. C), let V = V +⊕V − be a C-vector space of dimension N (resp.
2n) equipped with a non-degenerate symmetric bilinear (resp. symplectic) form
( , ) and let G = SOV,( , ) (resp. G = SpV,( , )).

(AIII) dimV + = p, dimV − = q, K = GLV + ×GLV − .
(BDI) (resp. (CII)) (V +, V −) = 0, dimV + = p (resp. 2p), dimV − = q (resp.

2q), K = S(OV + × OV −) (resp. K = SpV + × SpV −).
(DIII) (CI) ( , )|V + = ( , )|V − = 0, dimV + = dimV − = n, K = G ∩ (GLV + ×

GLV −) ∼= GLn.
We write r = dim a. Then r = min(p, q) in type AIII, BDI, CII, r = n in type

CI, and r = [n/2] in type DIII. Note that the split pairs are types AI, CI, and BDI
with r = [N/2].
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We describe the various root systems and the little Weyl groups, for the conve-
nience of the reader. As usual, we write Φ = {±(εi − εj) | 1 ≤ i < j ≤ n} in type
An−1, Φ = {±(εi ± εj), 1 ≤ i < j ≤ n; ±εi (resp. ±2εi), 1 ≤ i ≤ n} in type Bn

(resp. Cn), and Φ = {±(εi ± εj) | 1 ≤ i < j ≤ n} in type Dn. Let

Wn denote the Weyl group of type Bn (or Cn)

and W ′
n denote the Weyl group of type Dn.

We use the convention that W0 = W ′
0 = {1}. In what follows we indicate the

dimension of the restricted root spaces gᾱ by the number within the parentheses
after each restricted root ᾱ in Σ.

(AIII) ΦR = {±(ε2i−1 − ε2i), 1 ≤ i ≤ r},
ΦC = {±(ε2i−1 − ε2j−1), ±(ε2i − ε2j), 1 ≤ i < j ≤ r},
Σ = {±(εi ± εj) (2), 1 ≤ i < j ≤ r, ±2εi (1), ±εi (2n− 4r), 1 ≤ i ≤ r}

(BI) ΦR = {±(εi ± εj), 1 ≤ i < j ≤ r, ±εi, 1 ≤ i ≤ r}, ΦC = ∅,
Σ = {±(εi ± εj) (1), 1 ≤ i < j ≤ r, ±εi (|p− q|), 1 ≤ i ≤ r}

(DI) ΦR = {±(εi ± εj), 1 ≤ i < j ≤ r},
ΦC = {±(εr ± εn)} (r < n), ΦC = ∅ (r = n),

Σ = {±(εi ± εj) (1), 1 ≤ i < j ≤ r, ±εi (|p− q|), 1 ≤ i ≤ r}
(CI) ΦR = Σ = {±(εi ± εj), 1 ≤ i < j ≤ r; ±2εi, 1 ≤ i ≤ r},
(CII) ΦR = {±(ε2i−1 + ε2i), 1 ≤ i ≤ r},

ΦC = {±(ε2i−1 − ε2j−1), ±(ε2i − ε2j), 1 ≤ i < j ≤ r},
Σ = {±(εi ± εj) (4), 1 ≤ i < j ≤ r, ±2εi (3), ±εi (4n− 8r), 1 ≤ i ≤ r}.

(DIII) ΦR = {±(ε2i−1 − ε2i), 1 ≤ i ≤ r},
ΦC = {±(ε2i−1 − ε2j−1), ±(ε2i − ε2j), 1 ≤ i < j ≤ r},
Σ = {±(εi ± εj) (4), 1 ≤ i < j ≤ r, ±2εi (1), ±εi (4) (n odd), 1 ≤ i ≤ r}.

We have Wa
∼= Wr except in type DI when r = n. In the latter case Wa

∼= W ′
r.

2.5. Nilpotent orbits and component groups of the centralizers. In this
section we recall the classification of nilpotent K-orbits on N1 and the description
of the components groups AK(x) = ZK(x)/ZK(x)0, x ∈ N1. Using the Sekiguchi-
Kostant correspondence, this is reduced to the same question for real nilpotent
orbits, see, for example, [CM] and [SS]. For completeness and to fix notations, we
recall the results here.

A signed Young diagram is a Young diagram with each box labeled + or − so that
signs alternate across rows. Two signed Young diagrams are regarded equivalent
if and only if one can be obtained from the other by interchanging rows of equal
length. A signed Young diagram is said to have signature (p, q) if there are p boxes
labeled + and q boxes labeled −.

From now on, we write a signed Young diagram as

(2.5a) λ = (λ1)
p1

+ (λ1)
q1
− (λ2)

p2

+ (λ2)
q2
− · · · (λs)

ps

+ (λs)
qs
− ,

where λ = (λ1)
p1+q1(λ2)

p2+q2 · · · (λs)
ps+qs is the corresponding partition, λ1 >

λ2 > · · · > λs > 0, for i = 1, . . . , s, pi + qi > 0 is the multiplicity of λi in λ, and
pi ≥ 0 (resp. qi ≥ 0) is the number of rows of length λi that begins with sign +
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(resp. −). For later use, it is more convenient to use numbers rather than signs.
Thus we will sometimes replace the subscript + by 0 and − by 1 and write the
signed Young diagram in (2.5a) as

(2.5b) λ = (λ1)
p1

0 (λ1)
q1
1 (λ2)

p2

0 (λ2)
q2
1 · · · (λs)

ps

0 (λs)
qs
1 .

Given a signed Young diagram λ, we write Oλ for the corresponding nilpotent orbit
in N1.

(AIII) The orbits are parametrized by signed Young diagrams with signature
(p, q). We have AK(x) = 1 for all x ∈ N1.

(BDI) The orbits are parametrized by signed Young diagrams of signature (p, q)
such that, in terms of (2.5a), pi = qi when λi is even, except that each signed
Young diagram with all λi even corresponds to two orbits. The latter case can only
happen when (G,K) = (SO4m, S(O2m×O2m)); we write OI

λ and OII
λ for those two

orbits. We have

(2.6)

AK(x) = (Z/2Z)rλ ,

rλ = |{i ∈ [1, s] |λi odd and pi > 0}|+ |{i ∈ [1, s] |λi odd and qi > 0}| − 1,

if at least one part of λ is odd; rλ = 0 otherwise.

(DIII) The orbits are parametrized by signed Young diagrams of signature (n, n)
such that, in terms of (2.5a), pi = qi if λi is odd, and both pi and qi are even if λi

is even. We have that AK(x) = 1, for all x ∈ N1.
(CI) The orbits are parametrized by signed Young diagrams of signature (n, n)

such that, in terms of (2.5a), pi = qi if λi is odd. We have

(2.7)
AK(x) = (Z/2Z)rλ ,

rλ = |{i ∈ [1, s] |λi even and pi > 0}|+ |{i ∈ [1, s] |λi even and qi > 0}|.

(CII) The orbits are parametrized by signed Young diagrams of signature (2p, 2q)
such that, in terms of (2.5a), pi = qi if λi is even, and both pi and qi are even if λi

is odd. We have that AK(x) = 1, for all x ∈ N1.

2.6. Weyl groups and Hecke algebras. In our setting Hecke algebras with (un-
equal) parameters ±1 arise. In this section we recall some results about their simple
modules and the generating functions of the numbers of simple modules.

LetHWn,c0,c1 denote the Hecke algebra generated by Tsi , i ∈ [1, n], with relations

TsiTsi+1
Tsi = Tsi+1

TsiTsi+1
, i ∈ [1, n− 2],

Tsn−1
TsnTsn−1

Tsn = TsnTsn−1
TsnTsn−1

, TsiTsj = TsjTsi , |i− j| > 1;

(Tsi − c0)(Tsi + 1) = 0, i ∈ [1, n− 1], (Tsn − c1)(Tsn + 1) = 0.

When c0 = 1 and c1 = −1, the group algebra C[Sn] is naturally a subalgebra of
HWn,1,−1. By [DJ, §5.4], there is a natural bijection between the set of simple
modules of C[Sn] and the set of simple modules of HWn,1,−1 as follows: each simple
module of C[Sn] naturally extends to a simple module of HWn,1,−1 by letting Tsn

act by −1. Thus, the simple modules of HWn,1,−1 are parametrized by P(n), the
set of partitions of n. We write

(2.8) IrrHWn,1,−1 = {Lβ |β ∈ P(n)}.
When c0 = c1 = 1, the set of simple HWn,1,1 = C[Wn]-modules is parametrized by
P2(n), the set of bi-partitions of n, i.e., pairs of partitions (μ, ν) with |μ|+ |ν| = n.
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We write

IrrHWn,1,1 = {Lρ | ρ ∈ P2(n)}.
Thus, the numbers of simple modules of HWn,1,−1 and HWn,1,1 are given by the
following generating functions∑

n≥0

| IrrHWn,1,−1|xn =
∏
s≥1

1

(1− xs)
,
∑
n≥0

| IrrHWn,1,1|xn =
∏
s≥1

1

(1− xs)2
.

For HWk,−1,−1 and HWk,−1,1 the combinatorial description of the simple modules
is more involved. However, by [AM], we have the following generating functions

(2.9)

∑
k

| IrrHWk,−1,−1|xk =
∏
s≥1

(1 + x2s)(1 + xs),

∑
k

| IrrHWk,−1,1|xk =
∏
s≥1

(1 + x2s−1)(1 + xs).

Let HW ′
n,−1 denote the Hecke algebra of W ′

n with parameter −1. According to
[Ge],

(2.10) | IrrHW ′
n,−1| =

1

2
| IrrHWn,−1,1|, n ≥ 1.

3. General strategy

In this section we describe our general strategy to determine character sheaves
for symmetric pairs. We will carry out this strategy for the classical symmetric
pairs in the subsequent sections. We refer the readers to this section for notational
conventions.

3.1. Dual strata for symmetric spaces and supports of character sheaves.
In this section we extend the discussion in Appendix A to symmetric pairs.

For each nilpotent K-orbit O in N1 we consider its conormal bundle

ΛO = T ∗
Og1 = {(x, y) ∈ g1 × g1 | x ∈ O [x, y] = 0} .

Consider the projection Õ of ΛO to the second coordinate:

Õ = {y ∈ g1 | there exist an x ∈ O with [x, y] = 0} .

We construct an open (dense) subset qO of Õ such that the projection ΛO → Õ
has constant maximum rank above qO. Since the Fourier transform preserves the

singular support, the qO are subvarieties of g1 with the following property:

For any F ∈ PK(N1) the Fourier transform F(F) is smooth along all the qO .

Moreover, for each IC(O, E) ∈ PK(N1),

(3.1) SuppF(IC(O, E)) = |O′, for some O′ ⊂ Ō.

As in Appendix A we consider the adjoint quotient map g1
f−→ g1//K ∼= a/Wa.

We have:

Õ f̃−−−−→ f(Õ)
∼−−−−→ aφ/Waφ⏐⏐
 ⏐⏐
 ⏐⏐


g1
f−−−−→ g1//K

∼−−−−→ a/Wa
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where the vertical arrows are inclusions and the upper righthand corner is con-
structed as follows. Consider an element e ∈ O and a normal sl2-triple φ = (e, f, h)
such that f ∈ g1 and h ∈ g0. Recall that we have

ge = gφ ⊕ ue,

where gφ = ge ∩ gh, u = ⊕i≥1g(i), see (A.1). Thus

g
e
1 = g

φ
1 ⊕ (ue ∩ g1).

Let aφ ⊂ g
φ
1 be a Cartan subspace such that every semisimple element in g

φ
1 is

Kφ-conjugate to some element in aφ, where Kφ = Gφ ∩ K = ZK(e) ∩ ZK(f) ∩
ZK(h). We choose aφ such that it lies in a. Let Waφ be the little Weyl group

NKφ(aφ)/ZKφ(aφ). The same argument as in Appendix A shows that f(Õ) ∼=
aφ/Waφ and we write

f̃ : Õ → aφ/Waφ .

Note also that, analogously to (A.2) we have

(3.2) NK(aφ)/ZK(aφ) = NKφ(aφ)/ZKφ(aφ) = Waφ .

For an element x ∈ g1, we write x = xs + xn for the Jordan decomposition of x
into semisimple part xs and nilpotent part xn. Then xs, xn ∈ g1 and [xs, xn] = 0.
Let (aφ)rs denote the regular semisimple locus of aφ defined with respect to the
symmetric pair (Gφ,Kφ). Proceeding again as in Appendix A we have the following:

Lemma 3.1. If x = xs + xn ∈ ge1 and xs ∈ (aφ)rs, then xn ∈ Ō.

We now define

(3.3) qO = {y ∈ Õ | y = ys + yn, f̃(y) ∈ (aφ)rs/Waφ , yn ∈ O} .
This establishes a correspondence:

O ↔ qO.

Repeating the arguments in Appendix A we obtain the following description of

the equivariant fundamental groups of qO:

(3.4) 1 �� ZKφ(aφ)/ZKφ(aφ)0 �� πKφ

1 ((gφ1 )
rs)

q̃
�� BW

aφ
�� 1

1 �� ZK(aφ + e)/ZK(aφ + e)0 �� πK
1 ( qO)

q̃
�� BW

aφ
�� 1 ,

where BW
aφ

= π1((a
φ)rs/Waφ) is the braid group associated to Waφ . Recall that,

as in Appendix A, we use the terminology “braid group” even when Waφ is not a
Coxeter group.

In view of (3.1), each character sheaf is supported on some qO. For each sym-
metric pair considered here, we will describe explicitly the set of nilpotent orbits O
for which the corresponding qO supports a character sheaf. We also write down the

representations of πK
1 ( qO) = πKφ

1 ((gφ1 )
rs) whose IC-sheaves are character sheaves.

When qO supports a character sheaf, Waφ turns out to be a Coxeter group and the
rows in (3.4) can be split as in (2.3) following [GVX1, Section 4.4]. We will later
construct such explicit splittings.
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3.2. Full support character sheaves. In this section we recall the main con-
struction from [GVX1] and explain how it will be used to construct full support
character sheaves. All such character sheaves are of the form IC(grs1 ,L), where L
is an irreducible K-equivariant local system on grs1 .

Recall the notation from §2.3. Let Xā = f−1(ā), the fiber of the adjoint quotient

map f : g1 → a/Wa at ā ∈ ars/Wa. Let Î denote the set of irreducible charac-

ters of the 2-group I. Consider a character χ ∈ Î and note that the equivariant
fundamental group of Xā is given by

πK
1 (Xā, a) ∼= I = ZK(a)/ZK(a)0 ,

where f(a) = ā. Therefore, the character χ gives rise to a rank one K-equivariant
local system Lχ on Xā. We base change f to the family

fā : Zā = {(x, c) ∈ g1 × C | f(x) = c ā} → C

where the C-action on a/Wa is induced by the action on a so that f(ca) = cf(a).
By construction this family is K-equivariant. We define the nearby cycle sheaf
associated to χ ∈ Î as

(3.5) Pχ = ψfāLχ[−] ∈ PervK(N1).

As the group K is not necessarily connected, a character of the component group
K/K0 = I/I0 enters the description of the Fourier transform FPχ, where we have
written

I0 = ZK0(a)/ZK0(a)0,

see [GVX1, §3.4]. It was denoted by τ there but we denote it by ι in this paper,
i.e.,

ι : I → I/I0 = K/K0 → {±1}
is the character determined by the action ofMR/(MR∩K0

R
)∼=K/K0 on ∧top(kR/mR),

where KR is the compact form of K, MR = ZKR
(a), kR = LieKR and mR = LieMR.

In particular, if K = K0, then ι is the trivial character. Recall that the Wa action
on Î leaves ι fixed. Let Cι denote the rank one K-equivariant local system on grs1
given by the representation of πK

1 (grs1 ) = I �BWa
where I acts via the character ι

and BWa
acts trivially. We have ([GVX1, Theorem 3.6])

(3.6) FPχ = IC(grs1 ,Mχ ⊗ Cι)

where Mχ is the K-equivariant local system on grs1 given by the following B̃Wa
=

πK
1 (grs1 ) representation

(3.7) Mχ = C[B̃Wa
]⊗

C[B̃χ,0
Wa

] (Cχ ⊗HW 0
a,χ

) .

To explain the notations in the above formula, recall the map p : BWa
→ Wa

in (2.3). Let

Wa,χ = StabWa
(χ) ⊂ Wa, Bχ

Wa
= p−1(Wa,χ) ⊂ BWa

.

Recall the Coxeter group W 0
a,χ ⊂ Wa,χ defined by (see [GVX1, §3.3] )

W 0
a,χ = the subgroup of Wa generated by reflections s ∈ Wa such that,

either δ(s) > 1, or δ(s) = 1 and χ(α̌s(−1)) = 1,
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where δ(s) is defined in (2.2) and α̌s(−1) is viewed as an element in I via the
natural projection ZK(a) → I. We show in §3.4 that the quotient Wa,χ/W

0
a,χ is a

2-group, see (3.18). We set

Bχ,0
Wa

= p−1(W 0
a,χ) ⊂ BWa

and B̃χ,0
Wa

= I �Bχ,0
Wa

⊂ B̃Wa
(see (2.4)).

Let HW 0
a,χ

be the Hecke algebra associated to the Coxeter group W 0
a,χ defined as

follows. We choose a set of simple reflections sᾱ1
, . . . , sᾱ�

that generate W 0
a,χ. We

write Ti for the generators of HW 0
a,χ

associated to sᾱi
. Then the Hecke algebra

HW 0
a,χ

is generated by the Ti subject to the braid relations plus the relations

(Ti − 1)(Ti + qi) = 0 , qi = (−1)δ(sᾱi
) .

Now Cχ ⊗HW 0
a,χ

is the C[B̃χ,0
Wa

]-module where I acts via the character χ and Bχ,0
Wa

acts via the composition of maps C[Bχ,0
Wa

] � C[BW 0
a,χ

] � HW 0
a,χ

. Here BW 0
a,χ

is

the braid group associated to the Coxeter group W 0
a,χ. The first map is induced

by the map Bχ,0
Wa

= π1(a
rs/W 0

a,χ) � BW 0
a,χ

= π1(a
rs
χ /W 0

a,χ), which in turn is

induced by the inclusion arsχ ⊂ ars, where arsχ is the root hyperplane arrangement

corresponding to W 0
a,χ. The second map is given by the natural projection map

C[BW 0
a,χ

] � HW 0
a,χ

.

Let us write

(3.8)
Θ(G,K) = {irreducible representations of πK

1 (grs1 ) that appear

as composition factors of Mχ ⊗ Cι, χ ∈ Î}.

For each ρ ∈ Θ(G,K), let Lρ denote the corresponding K-equivariant local system
on grs1 . It follows from (3.5) and (3.6) that

(3.9) IC(grs1 ,Lρ) ∈ CharfK(g1), ρ ∈ Θ(G,K).

We will show that for the symmetric pairs considered in this paper,

(3.10)
{
IC(grs1 ,Lρ) | ρ ∈ Θ(G,K)

}
= CharfK(g1) .

To determine the set Θ(G,K), it suffices to determine the composition factors of
Mχ. Let us note that

Mχ = C[B̃Wa
]⊗

C[B̃χ
Wa

] ⊗(Cχ ⊗ (C[Bχ
Wa

]⊗
C[Bχ,0

Wa
] HW 0

a,χ
)) .

Making use of the semidirect product decomposition (2.4) we conclude that the

irreducible representations of B̃Wa
appearing as composition factors of Mχ are

of the form C[B̃Wa
] ⊗

C[B̃χ
Wa

] ⊗(Cχ ⊗ ρ), where ρ is an irreducible representation

of Bχ
Wa

which appears as a composition factor in C[Bχ
Wa

] ⊗
C[Bχ,0

Wa
] HW 0

a,χ
. Since

Bχ
Wa

/Bχ,0
Wa

is a 2-group, it suffices to study the decomposition C[Bχ
Wa

] ⊗
C[Bχ,0

Wa
] τ

using Clifford theory, where τ ∈ IrrHW 0
a,χ

. In particular, we see that all irreducible

representations of B̃Wa
which appear as composition factors of Mχ ⊗ Cι can be

obtained as quotients of Mχ ⊗ Cι.
For τ ∈ IrrHW 0

a,χ
, we write

(3.11) Vτ,χ =
(
C[B̃Wa

]⊗
C[B̃χ,0

Wa
] ⊗(Cχ ⊗ τ )

)
⊗ Cι.
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When W 0
a,χ = Wa,χ, Vτ,χ is an irreducible representation of B̃Wa

. When W 0
a,χ �=

Wa,χ, we write

(3.12) V δ
τ,χ for the non-isomorphic irreducible summands of Vτ,χ

as representations of B̃Wa
.

3.3. The nearby cycle construction in the split case and endoscopy. The
groups Wa,χ and W 0

a,χ are not in general Weyl groups of subgroups of G. We show

in this section that they are Weyl groups of the dual group Ǧ in the case of split
symmetric pairs. We explain at the end of the section how the case of non-trivial
characters χ can be viewed as endoscopy.

In this section let (G,K) be a split symmetric pair. Then A = T , Wa = W =
NG(T )/ZG(T ), and I = ZK(a). In particular, ΦR = Φ and δ(s) = 1 for all
reflections s. Thus by definition

W 0
a,χ = 〈sᾱ, α ∈ Φ, χ(α̌(−1)) = 1〉.

We first discuss the interpretation of W 0
a,χ ⊂ Wa,χ = StabWa

(χ) as a Weyl group
on the dual side.

Recall that we have a surjection A[2] → I of order two elements of A to I

([GVX1, §2.3 eq(2.13)]). Thus, we can regard the character χ ∈ Î as a character of
A[2].

Let Ǧ be the dual group and Ǎ ⊂ Ǧ the dual torus. It is standard, and not
difficult to see, that we can identify Hom(A[2],Gm) ∼= Ǎ[2], the order 2 elements in
Ǎ. Thus, χ regarded as an element in Ǎ[2], gives rise to an involution on Ǧ which
we denote by θ̌χ, i.e. θ̌χ = Intχ. Let

Ǩ(χ) = Ǧθ̌χ , Ǩ(χ)0 = (Ǧθ̌χ)0.

We show that

(3.13a) Wa,χ = W (Ǩ(χ), Ǎ)

(3.13b) W 0
a,χ = W (Ǩ(χ)0, Ǎ).

The root system of (Ǧ, Ǎ) can be identified with Φ̌ = {α̌ |α ∈ Φ}. With respect
to the θ̌χ-stable torus Ǎ, all roots in Φ̌ are imaginary since θ̌χ|Ǎ = 1. They split into
compact imaginary and non-compact imaginary according to the value of χ(α̌(−1)).
So, we set

Φ̌ci = {α̌ | α ∈ Φ, χ(α̌(−1)) = 1} Φ̌nci = {α̌ | α ∈ Φ, χ(α̌(−1)) = −1} .
By construction we have

Wa,χ = {w ∈ W | w : Φ̌ci → Φ̌ci, w : Φ̌nci → Φ̌nci} = {w ∈ W | w : Φ̌ci → Φ̌ci} .
Equation (3.13a) can be seen as follows. First,

W (Ǩ(χ), Ǎ) = NǨ(χ)(Ǎ)/ZǨ(χ)(Ǎ) = NǨ(χ)(Ǎ)/Ǎ ⊂ NǦ(Ǎ)/Ǎ = W .

Let nw ∈ NǦ(Ǎ) denote a representative of w ∈ W . Now, nw ∈ Ǩ(χ) if and
only if χnwχ

−1 = nw if and only if n−1
w χnw = nw, i.e., if and only if wχ = χ.

Equation (3.13b) follows from the fact that the roots of (Ǩ(χ)0, Ǎ) are the α̌’s such
that χ(α̌(−1)) = 1.

Note that the Weyl group W (Ǩ(χ), Ǎ) is not necessarily a Coxeter group as
Ǩ(χ) might not be connected. It is connected if Ǧ is simply connected and then G
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is adjoint. The quotient W (Ǩ(χ), Ǎ)/W (Ǩ(χ)0, Ǎ) = Ǩ(χ)/Ǩ(χ)0 is a 2-group,
called the R-group.

The above results imply that

(3.14) Wa,χ/W
0
a,χ = Ǩ(χ)/Ǩ(χ)0 is a 2-group.

Moreover,

(3.15) if G is adjoint, then Wa,χ = W 0
a,χ.

Cheng-Chiang Tsai pointed out to us that the previous discussion can be viewed
from the endoscopic point of view as follows. Note that in the split case for the
trivial character χ = 1, in (3.7) the Hecke algebra HW 0

a,χ
= HW,−1, i.e., the Hecke

algebra of W with parameter −1.
For any χ ∈ Î we obtained the symmetric pair (Ǧ, Ǩ(χ)). By construction, the

maximal torus Ǎ of Ǧ is also a maximal torus of Ǩ(χ). Let G(χ) be the dual group
of Ǩ(χ)0 and consider the split symmetric pair of G(χ). By construction the split
maximal torus A(χ) of G(χ) is canonically isomorphic to A and W (G(χ), A) =
W (Ǩ(χ), Ǎ) = W 0

a,χ. We have

(3.16) HW 0
a,χ

= HW 0
a,χ,−1 .

The Hecke algebra on the right hand side is the one corresponding the trivial
character for the split pair of G(χ). We can thus interpret the the character sheaves
associated to non-trivial characters χ as arising from the endoscopic groups G(χ).

3.4. The groups Wa,χ and W 0
a,χ for a general symmetric pair. In this sec-

tion we discuss the groups Wa,χ and W 0
a,χ for a general symmetric pair. Recall

from [GVX1, Corollary 5.2] that

Wa,χ = WR
χ � (WC)θ, WR

χ = WR ∩Wa,χ.

To determine WR
χ , let us consider

Gs = ZG(c)/C
0.

Here C = T θ and a = LieC, where T ⊂ ZG(a) is a maximal torus. The involution
θ induces an involution θs on Gs and we write Ks = Gθs

s . Clearly A = T/C0 is a
maximal torus of Gs and it is θs-split. Thus the symmetric pair (Gs,Ks) is a split
pair with W (Gs, A) = WR and the root system of (Gs, A) can be identified with
ΦR. Furthermore, we have

I = ZK(a)/ZK(a)0 = C/C0 = ZKs
(a)/ZKs

(a)0 .

Let Wa(Gs,Ks)
= WR be the little Weyl group of the split symmetric pair (Gs,Ks).

We write Wa(Gs,Ks),χ
for StabWa(Gs,Ks)

(χ) and W 0
a(Gs,Ks),χ

for the corresponding

subgroup of Wa(Gs,Ks),χ
. Define WR,0

χ to be the subgroup of WR generated by

those reflecitions sα, α ∈ ΦR, such that χ(α̌(−1)) = 1. Then we have

(3.17) WR
χ = Wa(Gs,Ks),χ

, WR,0
χ = W 0

a(Gs,Ks),χ
.

Note that (WC)θ � (WR
χ )0 ⊂ W 0

a,χ ⊂ (WC)θ � WR
χ = Wa,χ. Applying (3.14)

and (3.15) to the split pair (Gs,Ks) we see that

(3.18) Wa,χ/W
0
a,χ ⊂ WR

χ /(WR
χ )0 is a 2-group.
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Moreover,

(3.19) if Gs is adjoint, then Wa,χ = W 0
a,χ = (WC)θ � (WR

χ )0.

3.5. Nilpotent support character sheaves. In this section we classify nilpotent
support character sheaves. They exist in the cases we consider only when θ is inner
and one expects that it also holds for exceptional groups.

Note that if the Fourier transform of IC(O, E) has nilpotent support then the

support of the Fourier transform is also Ō. Moreover O = qO and so O is self
dual. This can be seen as follows. Assume that F IC(O, E) = IC(O′, E ′). By (3.1),

Ō′ = |̄O′′, where O′′ ⊂ Ō. Now if qO′′ is nilpotent, then qO′′ = O′′. We conclude
that O′ = O′′ ⊂ Ō. Similarly, we have O ⊂ Ō′. Thus O′ = O. In particular,
we see that if the Fourier transform of IC(O, E) has nilpotent support, then O is
distinguished. That is, O consists of distinguished nilpotent elements, i.e., e ∈ N1

such that ge1 := Zg1
(e) consists of nilpotent elements.

Here is a general construction of nilpotent support character sheaves. Let X
denote the flag variety of G. Consider a closed K-orbit Q on X and its conormal
bundle T ∗

QX. Let B ⊂ G be a point on Q, i.e., a θ-stable Borel subgroup. Let
b = LieB and let n be the nilpotent radical of b. We write bi = b∩ gi, ni = n ∩ gi,
i = 0, 1 and BK = B ∩K = Bθ. We have a moment map

μ : T ∗
QX = K ×BK n1 → N1.

Since θ is inner, we have that (see, for example, [L2, §3.2])

(3.20) b1 = n1.

Using the functoriality of Fourier transform and (3.20), we see that

F(μ∗CT∗
QX [−]) ∼= μ∗CT∗

QX [−].

It follows that all direct summands of μ∗CT∗
QX [−] are nilpotent support character

sheaves (up to shift).
To describe the character sheaves that arise in this way, we first note that the

image of μ(T ∗
QX) is the closure of the unique K-orbit O in N1 such that O ∩ b1 =

O ∩ n1 is dense in b1 = n1; we denote this orbit by OB . We say that the orbit OB

is the Richardson orbit attached to (the K-orbit of) the θ-stable Borel subgroup
B. Let us now write

πB : K ×BK n1 → ŌB and π̊B : K ×BK nr1 → OB , nr1 = n1 ∩ OB

for the moment map μ and its restriction to μ−1(OB). Let N1 = N1/K denote the
set of K-orbits on N1. We write

(3.21) N 0
1 = {Richardson orbits attached to θ-stable Borel subgroups} ⊂ N1.

Let AK(O) := AK(x), x ∈ O. We write ÂK(O) for the set of irreducible characters
of AK(O).

For an orbit O ∈ N 0
1 , let Π

B
O ⊂ ÂK(O) denote the set of irreducible characters

of AK(O) which appear in the permutation representations of AK(O) on the set of
irreducible components of π−1

B (x), where x ∈ O and B is a θ-stable Borel subgroup

with OB = O. Given φ ∈ ÂK(O), we write Eφ for the irreducible K-equivariant
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local system on O corresponding to φ. The IC(O, Eφ) are nilpotent support char-
acter sheaves. We see this as follows. Let d be the fiber dimension of the fibration
π̊B. Decomposing R2d(̊πB)∗(C) into direct summands

R2d(̊πB)∗(C) ∼=
⊕

φ∈ΠB
OB

Eφ .

We will show that all nilpotent support character sheaves can be obtained in this
way:

(3.22) CharnK(g1) =
{
IC(O, Eφ) | O ∈ N 0

1 , φ ∈ ΠO
}

where ΠO = ∪B:OB=OΠ
B
O and the union runs through all θ-stable Borel subgroups

(up to K-conjugacy) with OB = O.
It turns out that the nilpotent support character sheaves can be determined

as follows. Let O ∈ N 0
1 . Note that two θ-stable Borel subgroups that are not

conjugate under K can give rise to the same Richardson orbit. In this case, the sets
of irreducible components of π−1

B1
(x) and π−1

B2
(x), x ∈ O can be different. However,

we will show that we can find a θ-stable Borel subgroup B such that OB = O and
such that ΠO = ΠB

O. Thus, to determine CharnK(g1), for any O ∈ N 0
1 we only need

to consider that specific θ-stable Borel in (3.22).

Remark 3.2. Following Lusztig [L3], we say that an orbit O ⊂ N1 is F-thin, if
F(IC(O,C)) has nilpotent support. It follows that (in the cases considered here)
an orbit O ⊂ N1 is F-thin, if and only if, O is a Richardson orbit attached to some
θ-stable Borel subgroup. This is consistent with the speculation in [L3] that F-thin
orbits exist only if θ is inner.

3.6. Induced character sheaves. In order to produce all character sheaves, we
consider parabolic induction from θ-stable Levi subgroups. We recall the notion of
induction functors in our setting (see [H,L2]). Let L be a θ-stable Levi subgroup
contained in a θ-stable parabolic subgroup P ⊂ G. We write

l = LieL, p = LieP , LK = L ∩K, PK = P ∩K, l1 = l ∩ g1, p1 = p ∩ g1.

The parabolic induction functor Indg1

l1⊂p1
: DLK

(l1) → DK(g1) is defined as follows.
Consider the diagram

(3.23) l1 p1
pr

�� K × p1
p1��

p2 �� K ×PK p1
π �� g1 ,

where p1 and p2 are natural projection maps and π : (k, x) �→ Ad(k)(x). The
maps in (3.23) are K × PK-equivariant, where K acts trivially on l1 and p1, by
left multiplication on the K-factor on K × p1 and on K ×PK p1, and by adjoint
action on g1, and PK acts on l1 by a.l = pr(Ad a(l)), by adjoint action on p1, by
a.(k, p) = (ka−1,Ad a(p)) on K × p1, trivially on K ×PK p1 and g1.

Let T be a complex in DLK
(l1). Then (pr ◦p1)∗T ∼= p∗2T ′ for a well-defined

complex T ′ in DK(K ×PK p1). Set Ind
g1

l1⊂p1
T = π!T ′[dimP −dimL]. Note that as

the map π is proper the induction functor takes semisimple objects to semisimple
objects. Moreover, the Fourier transform commutes with induction:

(3.24) F(Indg1

l1⊂p1
T ) ∼= Indg1

l1⊂p1
(F(T )).

In our setting we will define a family of θ-stable parabolic subgroups P and study
the character sheaves obtained by inducing full support character sheaves from the
corresponding θ-stable Levi subgroups L.
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3.7. An example. In this section we consider the special case (SL2, SO2), or
equivalently (Sp2, GL1), to illustrate how the description of the character sheaves
depends on the choice of the splitting of the top row of (2.3). The choice of a
splitting comes up also in (6.1). It affects the labelling of the local systems in the
way we illustrate here.

We have g1 = C2 and K = C∗. The C∗ acts on C2 by c · (x, y) = (cx, c−1y). The
nilpotent cone is given by N1 = {(x, y) | xy = 0}. There are three nilpotent orbits,
the zero orbit O0, the two regular nilpotent orbits OI

1 and OII
1 , corresponding to

the coordinate axes. The orbits OI
1 and OII

1 are self dual and qO0 = grs1 . In this
case diagram (2.3) becomes:

1 −−−−→ Z/2Z −−−−→ (Z⊕ Z)/2Z
q̃−−−−→ Z −−−−→ 1∥∥∥ ⏐⏐
p̃

⏐⏐
p

1 −−−−→ Z/2Z −−−−→ Z/4Z
q−−−−→ Z/2Z −−−−→ 1 .

There are two character sheaves with full support where the I = Z/2Z acts non-
trivially: the Fourier transforms of the IC-sheaves associated to non-trivial local
systems on the orbits OI

1 and OII
1 . Once we choose a splitting of q̃ one of those

local system corresponds to the trivial representation of B1 = Z and the other to
the non-trivial one.

4. Nilpotent support character sheaves

In this section we determine all nilpotent support character sheaves. They only
arise for the symmetric pairs (G,K) in §2.4 for which θ is an inner involution. We
use the notation of that section. We assume that θ is inner in this section. Recall
our strategy from §3.5. At the beginning of this section we will concentrate on
specifying for each O ∈ N 0

1 (see (3.21)) a special θ-stable Borel B such that we
only need to consider

π̊B : K ×BK nr1 → OB = O
to obtain all character sheaves supported on Ō.

The set N 0
1 of Richardson orbits has been determined in each case by Trapa in

[T1]. We recall his result:

Proposition 4.1 ([T1]). Suppose that θ is inner. Let Oλ be a K-orbit in N1

corresponding to a signed Young diagram λ of the form (2.5b). Then Oλ ∈ N 0
1 if

and only if

(AIII) for each i, either pi = 0 or qi = 0.

(CI) for λi odd, pi = qi = 0 , and for λi even, either pi = 0 or qi = 0.

(CII) for λi even, pi = qi ≤ 1, and for λi odd, either pi = 0 or qi = 0.

(DIII) for λi odd, pi = qi ≤ 1, and for λi even, either pi = 0 or qi = 0.

(BDI) the following two conditions hold

(1) for λi even, pi = qi = 0, and for λi odd, either pi = 0 or qi = 0. Namely the
signed Young diagram λ is of the form (2μ1+1)ε1(2μ2+1)ε2 · · · (2μk+1)εk ,
where μ1 ≥ μ2 ≥ · · · ≥ μk ≥ 0, εi ∈ {0, 1} and εi = εj if μi = μj.

(2) (a) if N is odd, ε1 ≡ q mod 2 and ε2i + μ2i ≡ ε2i+1 + μ2i+1mod 2, i ≥ 1;
(b) if N is even, ε2i−1 + μ2i−1 ≡ ε2i + μ2i mod 2, i ≥ 1.
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Let us write

SYD0
(G,K)

for the set of signed Young diagrams corresponding to the orbits in N 0
1 .

Theorem 4.2. Assume that (G,K) is (Sp2n, Sp2p × Sp2q), (Sp2n, GLn), or
(SO2n, GLn). The set of nilpotent support character sheaves is

CharnK(g1) = {IC(O,C) | O ∈ N 0
1 }.

Remark 4.3. The theorem holds also for the symmetric pair (GLn, GLp × GLq).
This is a special case of [L2].

Suppose that (G,K) = (SON , S(Op × Oq)), where either p or q is even. Let

O ∈ N 0
1 . We define a set of characters ΠO ⊂ ÂK(O) and we show that it is exactly

the set of characters ΠO ⊂ ÂK(O) defined in §3.5. Proposition 4.1 implies that
O = Oμ, where

(4.1) μ = (2μ1 + 1)m1
ε1 (2μ2 + 1)m2

ε2 · · · (2μs + 1)ms
εs ,

μ1 > μ2 > · · · > μs ≥ 0, mi > 0 and εi ∈ {0, 1}, 1 ≤ i ≤ s. From §2.5 we conclude

(4.2) AK(O) ∼= S(Om1
× · · · ×Oms

)/S(Om1
× · · · ×Oms

)0 ∼= (Z/2Z)s−1.

For 1 ≤ i ≤ s− 1, let

(4.3)
δi correspond to the non-trivial element in

S(Omi
×Omi+1

)/(SOmi
× SOmi+1

) ∼= Z/2Z.

Then AK(O) is generated by δi, 1 ≤ i ≤ s− 1.
We define ΩO = Ωμ ⊂ {1, . . . , s} to be the set of j ∈ [1, s] such that

(1)
∑s

a=j ma is even,

(2) if j ≥ 2, then either μj−1 ≥ μj + 2 or εj−1 = εj .

We set lμ = lO := |ΩO|. Suppose that ΩO = {j1, . . . , jl}, l = lO, and we write
jl+1 = s + 1. Note that j1 = 1 if and only if N is even. Thus lO ≥ 1 when N is

even. The subset ΠO ⊂ ÂK(O) is defined as follows

(4.4) ΠO = {χ ∈ ÂK(O) | χ(δr) = 1 if r + 1 /∈ ΩO} .

In other words χ(δr) is allowed to take the value −1 precisely when r+1 ∈ ΩO. In
particular, |ΠO| = 2lO if N is odd and |ΠO| = 2lO−1 if N is even as in the latter
case j1 = 1.

Theorem 4.4. Assume that (G,K) = (SON , S(Op × Oq)), where either p or q is
even. The set of nilpotent support character sheaves is

CharnK(g1) = {IC(O, Eφ) | O ∈ N 0
1 , φ ∈ ΠO},

where ΠO is defined in (4.4).

The fact that the sheaves in Theorems 4.2 and 4.4 belong to CharnK(g1) follows
from the discussion in §3.5, Propositions 4.5 and 4.6 below. The fact that these
are all of CharnK(g1) will follow once we show that we have constructed sufficiently
many character sheaves.
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4.1. Conjugacy classes of θ-stable Borel subgroups. TheK-conjugacy classes
of θ-stable Borel subgroups of G are precisely the closed K-orbits on the flag variety
X = G/B. Let T be a maximal torus of K which is also a maximal torus in G as
θ is inner. The closed K-orbits are given by K-orbits of the fixed point set XT .
The Weyl group W (G, T ) acts transitively on XT and in this manner we get an
identification

{closed K-orbits on X = G/B} ←→ W (G, T )/W (K,T ) .

Recall our concrete description of (G,K) and the subspaces V +, V − of V (see §2.4).
We denote by Vi (resp. V +

i , V −
i ) a subspace of V (resp. V +, V −) of dimension i.

Let n = [N/2] if G = SON . Let K̃ = Op × Oq in type DI and K̃ = K otherwise.

It is easy to see that the K̃-conjugacy classes of θ-stable Borel subgroups in G are
parametrized by ordered sequences a1, . . . , an, ai ∈ {0, 1}, 1 ≤ i ≤ n, such that

n∑
i=1

ai = q (AIII) (CII),

n∑
i=1

ai = [
q

2
] (BDI).

Let B(ai) denote a θ-stable Borel subgroup of G corresponding to such a sequence
(ai). Concretely B(ai) can be taken as the subgroup of G which stabilizes a flag of
the following form

0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = V (AIII),

0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn ⊂ V ⊥
n ⊂ · · · ⊂ V ⊥

1 ⊂ V others,

where Vi = V +
i−

∑i
j=1 aj

⊕ V −∑i
j=1 aj

, i = 1, . . . , n.

Let O(ai) = OB(ai)
. In the case of type DI, each K̃-orbit of θ-stable Borel

subgroups in G decomposes into two K-orbits; we denote them by Bω
(ai)

, ω = I, II.

Note that OBI
(ai)

= OBII
(ai)

.

4.2. Springer fibers. Let B be a θ-stable Borel subgroup of G. Recall the map
πB : K ×BK n1 → ŌB. Let x ∈ OB. Recall that K ×BK n1 = T ∗

QX and then

π−1
B (OB) is an open subset of T ∗

QX. Let x ∈ OB . Applying generic smoothness to

the map π−1
B (OB) → OB we see that the fiber π−1

B (x) is a smooth subvariety of

the Springer fiber Bx. In general π−1
B (x) is not connected. However, as the map

π−1
B (OB) → OB is K-equivariant and π−1

B (OB) is K-connected we conclude that

the components of π−1
B (x) form a single orbit under AK(x). For details, see, for

example, [BZ, Proposition 2] or [CNT, Proposition 2.12].
Proposition 4.5 is proved in [BZ, Corollary 33] for type CI, and in [T2] for types

AIII, CII, and DIII.

Proposition 4.5 ([BZ], [T2]). Assume that (G,K) is not of type BDI. Then the
fibers π−1

B (x) are irreducible for x ∈ OB.

As was pointed out earlier, it follows from this proposition and the discussion
in §3.5 that the IC sheaves in Theorem 4.2 are nilpotent support character sheaves.

In the remainder of this section we study the pairs (G,K) = (SON , S(Op×Oq)).
Let O = Oμ ∈ N 0

1 , where μ is as in (4.1). Recall the set ΩO = Ωμ = {j1, . . . , jl},
l = lO, defined at the beginning of the section. Let

σk =

jk+1−1∑
a=jk

ma for 1 ≤ k ≤ l.
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The σk are even. Let x ∈ O. Let {x, y, h} be a normal sl2-triple. Then h ∈ g0. In
particular, hV + ⊂ V + and hV − ⊂ V −. Let

V = ⊕i≥0V (i)⊕pi

+ ⊕i≥0 V (i)⊕qi
−

be the decomposition of V into irreducible sl2-modules under {x, y, h}, where V (i)+
(resp. V (i)−) denotes an irreducible sl2-module of highest weight i such that the
lowest weight vector lies in V + (resp. V −). Let V (i) = V (i)+ or V (i)−. We set

Wk =

jk+1−1⊕
a=jk

V (2μa)
⊕ma
0 , 1 ≤ k ≤ l,

where V (2μa)0 is the 0-weight space of V (2μa). We have dimWk = σk and (, )|Wk

is non-degenerate.
For a subspace W of V let

IGr(k,W ) = {Vk ⊂ W | dimVk = k, Vk is isotropic in V } .

Proposition 4.6. There exists a θ-stable Borel subgroup B ⊂ G such that O = OB

and such that for x ∈ O we have

Htop(π̃−1
B (x)) ∼=

l⊗
k=1

Htop(IGr(σk/2,Wk)) ,

where π̃B : K̃ ×BK n1 → ŌB. This isomorphism is compatible with the action of
AK(x).

The group AK(x) from (4.2) acts in the natural way on Htop(IGr(σk/2,Wk)) =
C ⊕ C. More precisely, δi ∈ AK(x) (see (4.3)) acts trivially if i + 1 /∈ ΩO, and
δjk−1, jk ∈ ΩO, k = 1, . . . , l, permutes the two copies of C in Htop(IGr(σj/2,Wj))

for j = k− 1, k, while acting trivially on Htop(IGr(σj/2,Wj)) for j /∈ {k− 1, k}. In
particular, the action of AK(x) on the set of irreducible (or equivalently, connected)
components of π̃−1

B (x) is transitive when N is odd but has two orbits when N is
even (recall j1 = 1). In the N even case we only consider one of the orbits. Taking
into account the discussion from §3.5 and the explicit description of the action of
AK(x) on Htop(IGr(σk/2,Wk)) we conclude that the IC sheaves in Theorem 4.4 are
nilpotent support character sheaves.

Proof of Proposition 4.6. Recall n = [N/2] and the K̃-orbits of θ-stable Borel sub-
groups are parametrized by ordered sequences a1, . . . , an, where ai ∈ {0, 1} and∑

1≤i≤n ai = [q/2]. We define the special θ-stable Borel by induction as follows.

Assume that 1 ≤ k ≤ s is such that ε1 = . . . = εk = ε and εk �= εk+1 (if k < s).
Note that if μk = 0, then k = s. Let

(4.5) mμ =
k∑

a=1

ma (resp.
k−1∑
a=1

ma + [
mk

2
]) if μk �= 0 (resp. μk = 0).

We define

a1 = . . . = amμ
= ε.

We write m = mμ and without loss of generality we assume that ε = 0. Let

Vm = kerx ∩ Imx2μk if μk ≥ 1, and Vm ∈ IGr(m, kerx) if μk = 0.
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We note that Vm ⊂ V ε (here V 0 = V + and V 1 = V −). Let V ′ = (Vm)⊥/Vm.
Then (, ) induces a non-degenerate bilinear form (, )′ on V ′. Moreover, θ in-
duces an involution θ′ on SOV ′,(,)′ and we obtain a symmetric pair (G′,K ′) =
(SON−2m, S(Op−2m ×Oq)).

Consider the map x′ : V ⊥
m /Vm → V ⊥

m /Vm induced by x ∈ Oμ. Then x′ ∈ O′ =
Oμ′ where

(4.6) μ′ =

{
(2μ1 − 1)m1

ε+1(2μ2 − 1)m2
ε+1 · · · (2μk − 1)mk

ε+1(2μk+1 + 1)
mk+1
ε+1 · · · if μk ≥ 1

(2μ1 − 1)m1
ε+1(2μ2 − 1)m2

ε+1 · · · (2μk−1 − 1)
mk−1

ε+1 1
mk−2[mk/2]
ε if μk = 0.

Note that in passing from μ to μ′ only the first
∑k

i=1 mi terms in the partition
change. Let m′

μ be defined for μ′ as in (4.5). We define

amμ+1 = . . . = amμ+mμ′ ≡ ε+ 1.

Continuing in this manner we produce a sequence a1, . . . , an.
Let B′ be a θ-stable Borel subgroup defined by the sequence amμ+1, . . . , an for

the symmetric pair (G′,K ′) = (SON−2m, S(Op−2m × Oq)). Let us write π̃B :

K̃ ×BK n1 → ŌB and π̃′
B′ : K̃ ′ ×B′

K′ n′1 → ŌB′ . By the induction hypothesis,
we can assume that OB′ = Oμ′ , where μ′ is as in (4.6). Then OB = Oμ by
[T1, Proposition 7.1]. We write B for the θ-stable Borel subgroup defined by the
sequence a1, . . . , an.

We now determine the components of π̃−1
B (x) by induction. We first show that

(4.7) ΩO = ΩO′ � {k} (resp. ΩO′) if μk = 0 and mk is even (resp. otherwise).

Thus

(4.8) lO′ = lO − 1 (resp. lO′) if μk = 0 and mk is even (resp. otherwise).

Since εk−1 = εk, whether k ∈ ΩO depends only on the fact whether
∑s

a=k ma is
even. Consider first the case μk = 0. Then k = s and, if mk is even (resp. odd)
then k ∈ ΩO (resp. k /∈ ΩO) and k /∈ ΩO′ . Thus we are reduced to the case μk ≥ 1
and it suffices to check that k + 1 ∈ ΩO if and only if k + 1 ∈ Ω′

O. We have the
following cases

(1)
∑s

a=k+1 ma is odd, then k + 1 /∈ ΩO and k + 1 /∈ ΩO′ ;

(2)
∑s

a=k+1 ma is even and μk ≥ μk+1 + 2. Thus k + 1 ∈ ΩO and k + 1 ∈ ΩO′

because at step k + 1 there is no sign change.
(3)

∑s
a=k+1 ma is even and μk = μk+1 + 1. Then, as ε �= εk+1 we see that

k + 1 /∈ ΩO. Also, k + 1 /∈ ΩO′ as in this case ΩO′ ⊂ {1, . . . , s} − {k + 1}.
This proves (4.7) and thus (4.8).

Let us write l = lO, l
′ = lO′ and let

W ′
b =

jb+1−1⊕
a=jb

V (2μ′
a)

⊕ma
0 , 1 ≤ b ≤ l′,

where, we recall, μ′
a = μa − 1 for 1 ≤ a ≤ k. It is now easy to verify that

(4.9) dim π̃−1
B (x) = dim (π̃′

B′ )
−1

(x′) +
m2 −m

2
+

⎧⎪⎨
⎪⎩

0 if μk ≥ 1,
mk(mk−2)

8
if μk = 0 and mk even,

m2
k−1

8
if μk = 0 and mk odd.

Note that if F = (Ui) ∈ π̃−1
B (x), then Um ⊂ kerx as Um ⊂ V +. Consider the map

p : π̃−1
B (x) → IGr(m, kerx), F = (Ui) �→ Um.
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Suppose that μk ≥ 1. By construction p−1(Vm) ∼= F(Vm) × (π̃′
B′)

−1
(x′), where

F(Vm) is the complete flag variety of Vm = kerx∩ Imx2μk . By (4.9), we then con-

clude that p−1(Vm) = π̃−1
B (x) and hence π̃−1

B (x) ∼= F(Vm)× (π̃′
B′)

−1
(x′). Therefore

Htop(π̃−1
B (x)) ∼= Htop((π̃′

B′)−1(x′)) .

Let us now consider the case when μk = 0. We first note that

IGr(m, kerx) ∼= IGr([mk/2], V (0)⊕mk
0 ) ,

where dimV (0)⊕mk
0 = mk and ( , )|

V (0)
⊕mk
0

is non-degenerate. For each Um ∈
IGr(m, kerx), the fiber p−1(Um) ∼= F(Um) × (π̃′

B′)−1(x′). Therefore we conclude
that

Htop(π̃−1
B (x)) ∼= Htop(IGr([mk/2],mk))⊗Htop((π̃′

B′)−1(x′)) .

We have

Htop(IGr([mk/2],mk)) = C (resp. C⊕ C) if mk is odd (resp. even).

We note that IGr(σb/2,Wb) ∼= IGr(σb′/2,W
′
b), 1 ≤ b ≤ l′ and we can assume

by induction that the theorem holds for Htop((π̃′
B′)−1(x′)). The discussion above

implies that Htop(π̃−1
B (x)) ∼= Htop((π̃′

B′)−1(x′)) except when μk = 0 and mk is even.

In that case σl = mk and Wl = V (0)⊕mk
0 , and thus

Htop(π̃−1
B (x)) ∼= Htop(IGr(σl/2,Wl))⊗Htop((π̃′

B′)−1(x′)) .

This concludes the induction step. �

5. Nearby cycle sheaves

In this section, we determine the Fourier transform F(Pχ) of the nearby cycle
sheaves Pχ (see §3.2) explicitly for the symmetric pairs (G,K) in §2.4. Recall that
r = dim a.

5.1. The group I and the Weyl group action. In this section we study the
groups I = ZK(a)/ZK(a)0 and the action of Wa on the set Î of its irreducible
characters. We will make use of the discussion in §2.4 and §3.4. Note that I0 =
ZK0(a)/ZK0(a)0 is generated by α̌(−1), α ∈ ΦR, see, for example [K, Theorem
7.55].

Lemma 5.1. We have that

(1) I = 1, if (G,K) is of type AIII, CII or DIII.
(2) I = (Z/2Z)r, I0 = (Z/2Z)r−1, if (G,K) is of type BDI, and I = I0 =

(Z/2Z)r, if (G,K) is of type CI. Moreover, the action of Wa on Î has r+1
orbits.

Proof. The claim (1) can be checked easily. Note that I/I0 = K/K0. Thus if G is
simply connected, then K = K0 and I = I0. The claim (2) is readily checked using
the following description of I and I0.

Suppose that (G,K) is of type BDI. Then K/K0 = Z/2Z. Let αi = εi − εi+1,
1 ≤ i ≤ r − 1, αr = εr (N odd), αr = εr−1 + εr (N even), be a set of simple real
roots. Then I0 = 〈γi = α̌i(−1), 1 ≤ i ≤ r − 1〉 and I = 〈γi = α̌i(−1), 1 ≤ i ≤
r − 1, γr = εr(−1)〉.

Suppose that (G,K) is of type CI. Let αi = εi − εi+1, 1 ≤ i ≤ r − 1,αr = 2εr,
be a set of simple real roots. Then I = 〈γi = α̌i(−1), 1 ≤ i ≤ r〉. �
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In the remainder of this section we assume that (G,K) is of type BDI or CI. We

fix a set of representatives for the Wa-orbits in Î as follows,

(5.1) χ0 = 1, χm(γi) = 1 if i �= m and χm(γm) = −1, 1 ≤ m ≤ r,

where γi ∈ I are defined in the proof of Lemma 5.1. We describe the subgroups
Wa,χm

and W 0
a,χm

.
Suppose that (G,K) is of type BI. Then Gs is semisimple and adjoint. One

checks that

{α ∈ ΦR |χm(α̌(−1)) = 1}
= {±(εi ± εj), 1 ≤ i < j ≤ m, m < i < j ≤ r; ±εi, 1 ≤ i ≤ r}.

Thus (see (3.19))

Wa,χm
= W 0

a,χm
= 〈s1, . . . , sm−1, τm〉 × 〈sm+1, . . . , sr〉 ∼= Wm ×Wr−m,

where si = sεi−εi−1
, 1 ≤ i ≤ m− 1, sr = sεr , and τm = sm . . . sr−1srsr−1 . . . sm =

sεm .
Suppose that (G,K) is of type DI. Let si = sεi−εi−1

, 1 ≤ i ≤ r−1, sr = sεr−1+εr ,
and τm = (smsm+1 . . . sr−2srsr−1 . . . sm+1sm) = sεmsεn . Assume that r = n. Then

(5.2)

Wa,χm
= 〈sm+1, . . . , sn〉� 〈s1, . . . , sm−1, τm〉
∼= W ′

n−m �Wm, 1 ≤ m ≤ n− 1

W 0
a,χm

= 〈s1, . . . , sm−1, τmsm−1τm〉 × 〈sm+1, . . . , sn〉
∼= W ′

m ×W ′
n−m, 1 ≤ m ≤ n− 1,

Wa,χm
= W 0

a,χm
= W ′

n, m = 0 or n.

Assume that r < n. We have Gs
∼= SO2r. Using (3.17) and (5.2), we see that

WR
χm

= 〈s1, . . . , sm−1, τm, sm+1, . . . , sr〉.

Write (WC)θ = {1, t} = Z/2Z, where t = sεrsεn . Then Wa = 〈s1, . . . , sr−1, t〉 =
Wr. Thus

Wa,χm
= WR

χm
� (WC)θ = 〈s1, . . . , sm−1, τm, sm+1, . . . , sr, t〉

= 〈s1, . . . , sm−1, smsm+1 · · · sr−2sr−1tsr−1 · · · sm+1sm〉 × 〈sm+1, . . . , sr−1, t〉
∼= Wm ×Wr−m.

On the other hand, one checks that {α ∈ ΦR |χm(α̌(−1)) = 1} = {±(εi ± εj), 1 ≤
i < j ≤ m, m+ 1 ≤ i < j ≤ r}. Thus

W 0
a,χm

= 〈s1, . . . , sm−1, sm+1, . . . , sr−1, sεi , i = 1, . . . , r〉 = Wa,χm
∼= Wm ×Wr−m.

Suppose that (G,K) is of type CI. Let si = sεi−εi+1
, 1 ≤ i ≤ r− 1, sr = sεr , and

τm = smsm+1 . . . sr−1srsr−1 . . . sm = sεm . We have

(5.3)

Wa,χm
= 〈s1, . . . , sm−1, τm〉 × 〈sm+1, . . . , sr〉 ∼= Wm ×Wr−m,

W 0
a,χm

= 〈s1, . . . , sm−1, τmsm−1τm = sεm−1+εm〉 × 〈sm+1, . . . , sr〉
∼= W ′

m ×Wr−m.



1120 KARI VILONEN AND TING XUE

5.2. Nearby cycle sheaves and full support character sheaves. Using the
discussions in §2.4, §3.2, and §5.1, we explicitly describe the Fourier transforms of
the nearby cycle sheaves.

Let χ0 denote the trivial character of I. In types BDI and CI, let χm ∈ Î,
0 ≤ m ≤ r, be the characters defined in (5.1). Let

(5.4) B̃Wk
= (Z/2Z)k �BWk

, B̃W ′
k
= (Z/2Z)k �BW ′

k
.

Let HWr,c0,c1 (resp. HW ′
n,−1) be the Hecke algebra defined in §2.6. We write

HWr,c0,c1 also for the representation of BWr
(resp. BW ′

n
) arising from the reg-

ular representation of HWr,c0,c1 (resp. HW ′
n,−1) via the natural surjective map

C[BWr
] → HWr,c0,c1 (resp. C[BW ′

n
] → HW ′

n,−1). We set HW0,c0,c1 = HW ′
0,−1 = C.

Proposition 5.2.

(i) Suppose that (G,K) is of type AIII, CII or DIII. We have

F(Pχ0
) = IC(grs1 ,HWr,1,−1).

(ii) Suppose that (G,K) is of type BCDI. We have

F(Pχm
) = IC(grs1 ,Mχm

⊗ Cι),

where Mχm
is given by the following representation Mχm

of πK
1 (grs1 )

Mχm
∼= C[B̃Wr

]⊗
C[B̃χm

Wr
] (Cχm

⊗HWm,−1,−1 ⊗HWr−m,−1,−1) (BI),

Mχm
∼= C[B̃Wn

]⊗
C[B̃χm

Wn
] (Cχm

⊗HWm,−1,1 ⊗HWn−m,−1,−1) (CI),

Mχm
∼= C[B̃W ′

n
]⊗

C[B̃χm,0

W ′
n

] (Cχm
⊗HW ′

m,−1 ⊗HW ′
n−m,−1) (DI) p = q,

Mχm
∼= C[B̃Wr

]⊗
C[B̃χm

Wr
] (Cχm

⊗HWm,−1,1 ⊗HWr−m,−1,1) (DI) p �= q,

and ι = 1 unless G = SO2n+1 in which case ι is the nontrivial character of K/K0 =
Z/2Z.

In the case of type CI, the isomorphism in the above proposition is proved
in the same way as in [GVX1, §7.6], noting that Wa,χm

is a Coxeter group. In
particular, the parameter for the simple reflection τm of Wa,χm

in (5.3) is 1 since
χ(α̌(−1)) = −1 for α = εk.

In the case of split type DI, recall from (5.2) that when 1 ≤ m ≤ n−1, Wa,χm
=

W 0
a,χm

�〈τm〉 and W 0
a,χm

= 〈s1, . . . , sm−1, τmsm−1τm〉×〈sm+1, . . . , sn〉, where τ2m =

1, and τm acts on the generators of W 0
a,χm

as follows: τm fixes si for i < m − 1
and m+ 1 ≤ i < n− 1, τm interchanges τmsm−1τm (resp. sn−1) with sm−1 (resp.

sn). Thus when 1 ≤ m ≤ n − 1, for each irreducible representation ρ of Bχm,0
W ′

n
,

the C[Bχm

W ′
n
] ⊗

C[Bχm,0

W ′
n

] ρ decomposes into the direct sum of two non-isomorphic

irreducible representations of Bχm

W ′
n
.

Remark 5.3. For the symmetric pair (GLn, On), we have I ∼= (Z/2Z)n, Wa = Sn,

and we can choose a set {χm, m = 0, . . . , n} of representatives of Wa-orbits on Î
such that Wa,χm

∼= Sm × Sn−m. Let HSm,−1 denote the Hecke algebra of Sm with
parameter −1. We have

F(Pχm
) = IC(grs1 ,Mχm

⊗ Cι), 0 ≤ m ≤ n,
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where Mχm
is given by the following representation Mχm

of πK
1 (grs1 )

Mχm
∼= C[B̃Sn

]⊗
C[B̃χm

Sn
] (Cχm

⊗HSm,−1 ⊗HSn−m,−1).

Remark 5.4. For the symmetric pair (GL2n, Sp2n), the restricted root system is of
type An−1 with each restricted root space of dimension 4. We have Wa = Sn and
I = 1. Let χ0 denote the trivial character of I = 1. We have

F(Pχ0
) = IC(grs1 ,C[Sn]).

Recall the set Θ(G,K) defined in (3.8). Applying Proposition 5.2, the discussions
in §3.2 and the above discussion, we conclude that the sheaves in the following
corollary are full support character sheaves. As before, the fact that these are all
of them will follow once we construct all character sheaves.

Corollary 5.5. Let (G,K) be a classical symmetric pair. All full support character
sheaves arise from the nearby cycle constructions, i.e.,{

IC(grs1 ,Lρ) | ρ ∈ Θ(G,K)

}
= CharfK(g1) .

Moreover, we have

Θ(G,K) = {Vτ | τ ∈ IrrHWr,1,−1} (AIII) (CII) (DIII) ,

Θ(GL2n,Sp2n) = {Vτ | τ ∈ IrrSn} ,
Θ(GLn,On) = {Vρ1�ρ2,χk

| ρ1 ∈ IrrHSk,−1, ρ2 ∈ IrrHSn−k,−1, k ∈ [0, n]},
Θ(SO2n+1,S(Op×Oq)) = {Vρ1�ρ2,χk

| ρ1 ∈ IrrHWk,−1,−1,

ρ2 ∈ IrrHWr−k,−1,−1, k ∈ [0, r]},
Θ(Sp2n,GLn) = {Vρ1�ρ2,χk

| ρ1 ∈ IrrHWk,−1,1,

ρ2 ∈ IrrHWn−k,−1,−1, k ∈ [0, n]},
Θ(SO2n,S(Op×Oq)) = {Vρ1�ρ2,χk

| ρ1 ∈ IrrHWk,−1,1,

ρ2 ∈ IrrHWr−k,−1,1, k ∈ [0, r]} (p �= q),

Θ(SO2n,S(On×On)) = {Vρ1�ρ2,χk
|, ρ1 ∈ IrrHW ′

k,−1,

ρ2 ∈ IrrHW ′
n−k,−1, k = 0, n}

∪ {V δ
ρ1�ρ2,χk

| δ = I,II, ρ1 ∈ IrrHW ′
k,−1, ρ2 ∈ IrrHW ′

n−k,−1, k ∈ [1, n− 1]},

where Vρ,χ and V δ
ρ,χ are defined as in (3.11) and (3.12).

Let us write

ΘA
n = Θ(GLn,On) ,(5.5)

ΘB
n = Θ(SO2n+2t−1,S(On+2t−1×On)), Θ

D
n = Θ(SO2n+2t,S(On+2t×On)),(5.6)

ΘC
n = Θ(Sp2n,GLn),

ΘD,0
n = Θ(SO2n,S(On×On)),(5.7)

where t > 0. It follows that

|ΘB
n | =

q∑
k=0

d(k)d(n− k), |ΘC
n | =

n∑
k=0

d(k)e(n− k),(5.8)

|ΘD
n | =

n∑
k=0

e(k)e(n− k), |ΘD,0
n | = 1

2

n∑
k=0

e(k)e(n− k),(5.9)
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where we have used (2.10) and d(k) = | IrrHWk,−1,−1|, e(k) = | IrrHWk,−1,1|,
see §2.6.

6. Character sheaves

In this section we give a description of the set CharK(g1) of character sheaves
for the symmetric pairs (G,K) in §2.4. We use the notation from that section.

6.1. Supports of the character sheaves. To describe the supports of charac-
ter sheaves, we define a set N cs

1 of nilpotent orbits such that for O ∈ N cs
1 the

corresponding qO supports a character sheaf. Conversely, all supports of character
sheaves are of this form. The N cs

1 consists of the following orbits:

(AIII) Ok,μ = O1k+1k−�μ 0 ≤ k ≤ r, μ ∈ SYD0
(GLn−2k,GLp−k×GLq−k)

,

(BDI) Om,k,μ = O1m+ 1m− 2k+2k−�μ m ≡ r mod 2 if N is even, 0 ≤ m+ 2k ≤ r,

μ ∈ SYD0
(SON−2m−4k,S(Op−m−2k×Oq−m−2k))

,

(CI) Om,k,μ = O1m+ 1m− 2k+2k−�μ 0 ≤ m+ 2k ≤ n, μ ∈ SYD0
(Sp2n−2m−4k,GLn−m−2k)

(CII) Ok,μ = O12k+ 12k− �μ 0 ≤ k ≤ r, μ ∈ SYD0
(Sp2n−4k,Sp2p−2k×Sp2q−2k)

(DIII) Ok,μ = O12k+ 12k− �μ 0 ≤ k ≤ [n/2], μ ∈ SYD0
(SO2n−4k,GLn−2k)

.

Here λ�μ denotes the signed Young diagram obtained by joining λ and μ together,
i.e., the rows of λ � μ are the rows of λ and μ rearranged according to the lengths
of the rows. Note that N 0

1 ⊂ N cs
1 . When G = K, the set SYD0

(G,K) consists of the
signed Young diagram which corresponds to the zero orbit. Also note that when
(G,K) = (SO4k, S(O2k ×O2k)), we have written O0,k,∅ for both OI

0,k,∅ and OII
0,k,∅.

Remark 6.1. For the symmetric pair (SLN , SON ) considered in [CVX], the qO’s
that support character sheaves are given by the nilpotent orbits O2k1N−2k , where
as usual, there are two orbits OI

2N/2 and OI
2N/2 when N is even.

Using (3.4), one readily checks that the equivariant fundamental groups πK
1 ( qO)

are as follows

(AIII) (CII) (DIII) πK
1 ( qOk,μ) = BWk

;(6.1a)

(BDI) πK
1 ( qOm,k,μ) =

{
B̃W ′

m
× B̃Wk

if μ = ∅
B̃Wm

× B̃Wk
× (Z/2Z)rμ if μ �= ∅

(6.1b)

(CI) πK
1 ( qOm,k,μ) = B̃Wm

× B̃Wk
× (Z/2Z)rμ ;(6.1c)

where rμ are defined in (2.6) and (2.7). Here we use the convention that BW0
=

BW ′
0
= B̃W0

= B̃W ′
0
= {1}.

To illustrate the idea, let us explain the calculation in the case of type BDI.

Also, for later use, the argument below fixes the splitting of πK
1 ( qOm,k,μ) into a

product. We assume that μ = (μ1)
m1 · · · (μs)

ms1m0 , where each μi is odd and
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μ1 > · · · > μs > 1. We then have

Gφ = {(g1, . . . , gs, g0, h) ∈
s∏

i=1

Omi
×O2m+m0

× Sp2k | det(g1 · · · gsg0) = 1}

Kφ = {(g1, . . . , gs, h1, h2, h0) ∈
s∏

i=1

Omi
×Om ×Om+m0

×GLk |

det(g1 · · · gsh1h2) = 1} .

Assume that μ �=∅, i.e., that s andm0 are not both zero. Then ZKφ(aφ)/ZKφ(aφ)0 =
I1 × I2 × I3, I1 = (Z/2Z)m, I2 = (Z/2Z)k, I3 = (Z/2Z)s−δm0,0 = (Z/2Z)rμ ∼=
S(
∏s

i=1 Omi
×Om0

)/S(
∏s

i=1 Omi
×Om0

)0 and BW
aφ

= BWm
×BWk

. Moreover the
action of BWm

×BWk
on I1 × I2 × I3 factors through the action of BWm

on I1 and
the action of BWk

on I2.

6.2. Explicit description of character sheaves. In this section we state our
main theorems which give an explicit description of character sheaves. We begin
by writing down representations of the fundamental groups in (6.1). We use the no-
tation from §2.6. Let τ ∈ P(k). We continue to write Lτ for the BWk

-representation
obtained by pulling back the simple module Lτ of HWk,1,−1 (see (2.8)) via the sur-
jective map C[BWk

] → HWk,1,−1.

Recall the sets ΘB,C,D
n (resp. ΘD,0

n ) of irreducible representations of B̃Wn
(resp.

B̃W ′
n
) defined in (5.6) (resp. (5.7)).

(AIII, CII, DIII) For each τ ∈ P(k), let Tτ denote the irreducible K-equivariant

local system on qOk,μ corresponding to the πK
1 ( qOk,μ)-representation where BWk

acts
via Lτ , i.e. Tτ = Lτ . Here Tτ = C is the trivial local system if k = 0.

(CI) For ρ ∈ ΘC
m and τ ∈ P(k), let Tρ,τ denote the irreducibleK-equivariant local

system on qOm,k,μ corresponding to the representation of πk
1 ( qOm,k,μ), where B̃Wm

acts via ρ, B̃Wk
acts via the BWk

-representation Lτ , and (Z/2Z)rμ acts trivially,
i.e., Tρ,τ = Lρ � Lτ � 1.

(BI (resp. DI)) Suppose that μ �= ∅. For each ρ ∈ ΘB
m (resp. ΘD

m), τ ∈ P(k), and
φ ∈ ΠOμ

(see (4.4)), let Tρ,τ,φ denote the irreducible K-equivariant local system on
qOm,k,μ given by the representation of πK

1 ( qOm,k,μ), where B̃Wm
acts via ρ, B̃Wk

acts
via the BWk

-representation Lτ , and (Z/2Z)rμ acts via φ, i.e., Tρ,τ,φ = Lρ�Lτ �φ.
Suppose that μ = ∅. For each ρ ∈ ΘD,0

m and τ ∈ P(k), let Tρ,τ denote the

irreducible K-equivariant local system on qOm,k,∅ corresponding to the representa-

tion Lρ � Lτ of πK
1 ( qOm,k,∅), where B̃W ′

m
acts via ρ and B̃Wk

acts via the BWk
-

representation Lτ , i.e., Tρ,τ = Lρ � Lτ .
Note that Tρ,τ = C is the trivial local system and Tρ,τ,φ = Eφ if m = k = 0.

Theorem 6.2. Suppose that (G,K) is of type AIII,CII, or DIII. We have

CharK(g1) =
{
IC( qOk,μ, Tτ ) | τ ∈ P(k)

}
.

Theorem 6.3. Suppose that (G,K) is of type CI. We have

CharK(g1) =
{
IC( qOm,k,μ, Tρ,τ ) | ρ ∈ ΘC

m, τ ∈ P(k)
}
.
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Theorem 6.4.

(i) Suppose that (G,K) is of type BI. We have

CharK(g1) =
{
IC( qOm,k,μ, Tρ,τ,φ) | ρ ∈ ΘB

m, τ ∈ P(k), φ ∈ ΠOμ

}
.

(ii) Suppose that (G,K) is of type DI. Then

CharK(g1) =
{
IC( qOm,k,μ, Tρ,τ,φ) |μ �= ∅, ρ ∈ ΘD

m, ω = I, II, τ ∈ P(k), φ ∈ ΠOμ

}
�

{
IC( qOm,k,∅, Tρ,τ ) |m ≥ 1, ρ ∈ ΘD,0

m , τ ∈ P(k)
}

(if p = q )

�
{
IC( qOω

0,n/2,∅, Tτ ) |ω = I, II, τ ∈ P(n/2)
}

(if p = q even ).

Remark 6.5. For the symmetric pair (GL2n, Sp2n), the nilpotent K-orbits in N1

are labelled by partitions of n. Moreover, AK(x) = 1 for x ∈ N1. We have (see
Remark 5.4)

CharK(g1) = {IC(grs1 ,Lτ ) | τ ∈ P(n)},
where Lτ is the irreducible K-equivariant local system on grs1 given by the irre-
ducible representation of πK

1 (grs1 ) = BSn
, where BSn

acts through Sn via the irre-
ducible representation corresponding to τ ∈ P(n). This recovers the corresponding
result in [G2,H,L2].

Remark 6.6. For the symmetric pair (GLn, On), analysing as in [CVX], we have

CharK(g1) = {IC( qO2k1n−2k , Tτ,ρ) | τ ∈ P(k), ρ ∈ ΘA
n−2k},

where ΘA
m is the set of irreducible representations of B̃Sm

defined in (5.5) and Tτ,ρ
is the irreducible K-equivariant local system on qO2k1n−2k given by the irreducible

representation Lτ � ρ of πK
1 ( qO2k1n−2k) via the surjective map πK

1 ( qO2k1n−2k) →
BSk

× B̃Sn−2k
, where BSk

acts through Sk on the irreducible representation Lτ

corresponding to τ ∈ P(k) and B̃Sn−2k
acts on ρ.

As mentioned earlier, Theorems 4.2 and 4.4, and Corollary 5.5 follow from the
above theorems whose proofs are given in the next two sections. We also obtain
the following corollary.

Corollary 6.7. Theorem 1.1 from the introduction holds.

Proof. We first note that all full support character sheaves for split symmetric pairs
are cuspidal. Since Fourier transform commutes with parabolic induction, this fol-
lows from the fact that Supp Indg1

l1⊂p1
A ⊂ K.p1 � g1 for any θ-stable Levi subgroup

L contained in a proper θ-stable parabolic subgroup P when the symmetric pair is
split.

We claim that all full support character sheaves for the pair (GL2n, GLn×GLn)
can be obtained via parabolic induction from the constant sheaf Cl1 for the θ-
stable Levi L = GLn

2 and Lθ = (GL1 × GL1)
n. This can be seen as follows.

Recall that G = GLV and K = GLV + × GLV − , where V + = span{e1, . . . , en}
and V − = span{f1, . . . , fn}. Consider the θ-stable parabolic subgroup P that
stabilizes the following flag 0 ⊂ V2 ⊂ V4 ⊂ · · · ⊂ V2n−2 ⊂ V2n = V, V2m =
span{e1, . . . , em}⊕ span{f1, . . . , fm}. Let L be the natural θ-stable Levi subgroup.
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Then (L,Lθ) ∼= (GLn
2 , (GL1 ×GL1)

n). Consider the map π : K ×PK p1 → g1. One
checks readily that

π∗C[−] =
⊕

τ∈P(n)

IC(grs1 ,Lτ )⊕ · · · .

Since π∗C[−] ∼= Indg1

l1⊂p1
Cl1 , the claim follows.

One then checks that for the symmetric pairs (Sp4n, Sp2n × Sp2n) and
(SO4n, GL2n), the full support character sheaves can be obtained via parabolic
induction from the full support character sheaves for the θ-stable Levi subgroup
L = GL2n with Lθ = GLn ×GLn.

We can deduce from [H, §6] and [CVX, Corollary 4.8], respectively, that all
character sheaves for the symmetric pair (GL2n, Sp2n), and all character sheaves
which are not of full support for the symmetric pair (GLn, On), are not cuspidal.
To complete the proof we appeal to Theorems 6.2, 6.3, and 6.4. �

7. Proof of Theorems 6.2–6.4

In this section we prove Theorems 6.2, 6.3, and 6.4 by producing new character
sheaves via parabolic induction. Combining these character sheaves with nilpotent
support ones and full support ones already constructed we have then shown that
the sheaves listed in Theorems 6.2, 6.3, and 6.4 are indeed character sheaves. To
prove that we have all of them we show that the number of the sheaves we have
constructed coincides with the number of irreducible K-equivariant local systems
on N1 (see (2.1)).

Let Om,k,μ ∈ N cs
1 , where we write O0,k,μ = Ok,μ in type AIII, CII, DIII. We

begin by associating to each pair (G,K) a family of θ-stable parabolic subgroups
Pm,k,μ together with their θ-stable Levi subgroups Lm,k,μ such that

K.(pm,k,μ)1 = qOm,k,μ,

where (pm,k,μ)1 = pm,k,μ ∩ g1, pm,k,μ = LiePm,k,μ. We then study the parabolic

induction of full support character sheaves in CharfLθ
m,k,μ

((lm,k,μ)1) (see §3.6).

7.1. A family of θ-stable parabolic subgroups of G. Let Om,k,μ ∈ N cs
1 . Con-

sider an ordered sequence a1, . . . , an−m−2k, with ai ∈ {0, 1}, such that

(AIII, CII)
∑

ai = q − k, (BDI)
∑

ai = [
q −m− 2k

2
].

The ordered sequence (ai) defines a K̃
′-conjugacy class of θ-stable Borel subgroup(s)

B′
(ai)

for the symmetric pair (G′,K ′)

(AIII) (GLn−2k, GLp−k ×GLq−k) (BDI) (SON−2a, S(Op−a ×Oq−a))

(CI) (Sp2n−2m−4k, GLn−m−2k) (CII) (Sp2n−4k, Sp2p−2k × Sp2q−2k)

(DIII) (SO2n−4k, GLn−2k).

We can and will choose a sequence (ai) such that the corresponding Richardson orbit
OB′

(ai)
is Oμ. Moreover, in type BDI, we choose (ai) such that the corresponding

θ-stable Borel subgroup B′
(ai)

is as in Proposition 4.6 for Oμ. We write B′
μ = B′

(ai)
.
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We fix such a sequence (ai) and define the parabolic subgroup Pm,k,μ = Pm,k,(ai)

to be the subgroup of G that stabilizes a flag of the following form

(AIII) 0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn−m−2k ⊂ V

(BDI) (CI) 0 ⊂ V1 ⊂ · · · ⊂ Vn−m−2k ⊂ Vn−m

⊂ V ⊥
n−m ⊂ V ⊥

n−m−2k ⊂ · · · ⊂ V ⊥
1 ⊂ V

(CII) (DIII) 0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn−m−2k ⊂ V ⊥
n−m−2k ⊂ · · · ⊂ V ⊥

1 ⊂ V,

where Vi = V +
i−ci

⊕ V −
ci , 1 ≤ i ≤ n − m − 2k, Vn−m = V +

n−m−k−cn−m−2k
⊕

V −
k+cn−m−2k

, ci =
∑i

j=1 aj . The parabolic subgroup Pm,k,μ is θ-stable. Let Lm,k,μ =

Lm,k,(ai) be the natural θ-stable Levi subgroup of Pm,k,μ. We have

(AIII) Lk,μ
∼= GL2k ×GLn−2k

1 , Lθ
k,μ

∼= GLk ×GLk ×GLn−2k
1 ;

(BDI) Lm,k,μ
∼= SO2m+m0

×GL2k ×GLn−m−2k
1 ,

Lθ
m,k,μ

∼= S(Om+m0
×Om)×GLk ×GLk ×GLn−m−2k

1 ;

(CI) Lm,k,μ
∼= Sp2m ×GL2k ×GLn−m−2k

1 ,

Lθ
m,k,μ

∼= GLm ×GLk ×GLk ×GLn−m−2k
1 ;

(CII) Lm,k,μ
∼= Sp4k ×GLn−2k

1 , Lθ
m,k,μ

∼= Sp2k × Sp2k ×GLn−2k
1 ;

(DIII) Lm,k,μ
∼= SO4k ×GLn−2k

1 , Lθ
m,k,μ

∼= GL2k ×GLn−2k
k ,

wherem0 = 1 (resp. 0) in type BI (resp. DI). One readily checks thatK.(pm,k,μ)1 =

qOm,k,μ.

Note that in type DI, when m = 0, the K̃-conjugacy class of P0,k,μ in G/P
decomposes into two K-conjugacy classes; as before, we write P I

0,k,μ and P I
0,k,μ for

the two θ-stable parabolic subgroups that are conjugate under K̃ but not conjugate
under K. Moreover, when μ �= ∅, K.(pI0,k,μ)1 = K.(pII0,k,μ)1, and when μ = ∅, let
K.(pω0,n/2,∅)1 = qOω

0,n/2,∅, ω = I, II.

For later use, let us describe the locus qOm,k,μ in more detail.

(AIII) Let x ∈ qOk,μ. Then x has eigenvalues ±a1, . . . ,±ak, each of multiplicity
1, and eigenvalue 0 of multiplicity n − 2k. Moreover, there exist v+i ∈ V +, v−i ∈
V −, i = 1, . . . , k, such that V = W0 ⊕k

i=1 (Wi ⊕ W−i), where Wi = span{v+i +
v−i }, W−i = span{v+i − v−i }, x|Wi = ai, x|W−i

= −ai, i = 1, . . . , k, and W0 is
the generalized eigenspace of x with eigenvalue 0. We obtain a symmetric pair
(GLW0

, GLp−k ×GLq−k) and x|W0
∈ Oμ.

(BDI) Let x ∈ qOm,k,μ. Then x has eigenvalues ±a1, . . . ,±am, each of mul-
tiplicity 1, eigenvalues ±b1, . . . ,±bk, each of multiplicity 2, and eigenvalue 0 of
multiplicity N − 2m − 4k. Moreover, we have an orthogonal decomposition V =
W0⊕⊕m

i=1Wi⊕⊕k
j=1Uj , where W0 is the generalized eigenspace of x with eigenvalue

0, Wi = Wai
⊕W−ai

, x|Wai
= ai, x|W−ai

= −ai, and Uj = Ubj ⊕U−bj with U±bj the

generalized eigenspace of x with eigenvalue ±bj . Furthermore, there exist v+i ∈ V +,
v−i ∈ V −, i = 1, . . . ,m, such that Wi = span{v+i +v−i }, W−i = span{v+i −v−i }, and
(v+i , v

+
i ) �= 0, (v−i , v

−
i ) �= 0. Similarly, Ubj = span{wj = w+

j + w−
j , uj = u+

j + u−
j },

U−bj = span{w+
j −w−

j , u
+
j −u−

j }, where xwj = bjwj , xuj = bjuj +wj , (w
+
j , w

+
j ) =

(w−
j , w

−
j ) = 0, (w+

j , u
+
j ) �= 0 and (w−

j , u
−
j ) �= 0. (The properties about the pairing

of the basis elements can be deduced using (xv, w) + (v, xw) = 0 and the fact that
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x takes V + to V − and vice versa.) Since (, ) is nondegenerate on W0, we get a
symmetric pair (SON−2m−4k, S(Op−m−2k ×Oq−m−2k)) and x|W0

∈ Oμ.

(CI) The description of x ∈ qOm,k,μ is entirely similar to the case of type BD I

except that we have 〈v+i , v−i 〉 �= 0, 〈w+
j , w

−
j 〉 = 0, 〈w+

j , u
−
j 〉 �= 0 and 〈w−

j , u
+
j 〉 �= 0.

(CII) (DIII) Let x ∈ qOk,μ. Then x has eigenvalues ±a1, . . . ,±ak, each of
multiplicity 2, and eigenvalue 0 of multiplicity 2n − 4k. We have an orthogonal
decomposition V = W0 ⊕ ⊕k

i=1Wi, Wi = Wai
⊕W−ai

, x|Wai
= ai, x|W−ai

= −ai,

dimWai
= dimW−ai

= 2, and x|W0
∈ Oμ.

7.2. Equivariant fundamental groups. In this section, we assume that either
m �= 0 or k �= 0. In what follows, to simplify the notation, we omit the subscripts

and write L = Lm,k,μ, P = Pm,k,μ, and qO = K.p1 etc. We describe the relations

among the equivariant fundamental groups πPK
1 (pr1), π

K
1 ( qO) and πLθ

1 (lrs1 ), where

PK = P ∩K, pr1 = p1 ∩ qO, and lrs1 is the set of regular semisimple elements in l1

with respect to the symmetric pair (L,Lθ).
Consider the natural projection map pr : p1 → l1. From the description of

qOm,k,μ at the end of the previous section, we see that pr(pr1) = lrs1 . Arguing as
in [CVX, §3.2], we see that

(7.1) the canonical map Φ : πPK
1 (pr1) → πLθ

1 (lrs1 ) is surjective.

We have

πLθ

1 (lrs1 ) ∼=
{
BWk

(AIII) (CII) (DIII)

B̃Wm
×BWk

(resp. B̃W ′
m
×BWk

) (BI) (CI) (resp. DI).

To determine πPK
1 (pr1) we consider the fibration

π̊ : K ×PK p
r
1 → qO

which is the smooth part of the map π : K ×PK p1 → qO. We first note that

πPK
1 (pr1) = πK

1 (K ×PK pr1). Now, πK
1 ( qO) acts on the set Irr(π−1(x)) of irreducible

components of π−1(x), x ∈ qO, with πK
1 (K ×PK pr1) as stabilizer. Thus we are

reduced to study the action of πK
1 ( qO) on the set Irr(π−1(x)). To understand this

action we describe the fiber π−1(x), x ∈ qO.

For x ∈ qO = qOm,k,μ, let x′ = x|W0
, where W0 is the generalized eigenspace

of x with eigenvalue 0. Let (G′,K ′) be the symmetric pair defined by W0. Then

x′ ∈ Oμ ⊂ p′1. As before let K̃ ′ = Op′ × Oq′ when (G′,K ′) is of type DI and

K̃ ′ = K ′ otherwise. Consider

π̃B′
μ
: K̃ ′ ×(B′

μ)K′ (n′μ)1 → Ōμ.

Lemma 7.1. We have
π−1(x) ∼= π̃−1

B′
μ
(x′) .

Proof. We prove the lemma in the case of type BDI. The other cases are entirely
similar. We show that the map

π−1(x) → π̃−1
B′

μ
(x′) (V1 ⊂ · · · ⊂ Vn−m−2k ⊂ Vn−m) �→ (V1 ⊂ · · · ⊂ Vn−m−2k)

is an isomorphism.
Suppose that (V1 ⊂ · · · ⊂ Vn−m−2k ⊂ Vn−m) ∈ π−1(x). We first show that

x|Vn−m−2k
= 0, i.e., Vn−m−2k ⊂ W0, the generalized eigenspace of x with eigenvalue
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0. Since V1 is x-stable and by definition either V1 ⊂ V + or V1 ⊂ V −, x|V1
= 0.

Continuing by induction with x applying to Vi/Vi−1, which is one dimensional, we
conclude that x|Vn−m−2k

= 0. Since dimW0 = N − 2m− 4k and n = [N/2], we see
that Vn−m−2k is a maximal isotropic subspace in W0. Since x|W0

= x′, it follows
that (V1 ⊂ · · · ⊂ Vn−m−2k) ∈ π̃−1

B′
μ
(x′). It remains to show that Vn−m is uniquely

determined by Vi, i = 1, . . . , n−m− 2k.

We make use of the description of qO given in the end of §7.1. Recall the or-
thogonal decomposition V = W0 ⊕⊕m

i=1Wi ⊕⊕k
j=1Uj and the basis vectors defined

there. We claim that Vn−m = Vn−m−2k ⊕ ⊕k
j=1 span{w+

j , w
−
j }. This can be seen

as follows. Consider the map induced by x on Vn−m/Vn−m−2k and the eigenvalues
of x. Note that by definition, if a vector v = v+ + v− ∈ Vn−m, v± ∈ V ±, then
v+ ∈ Vn−m and v− ∈ Vn−m. Thus we conclude that the eigenvalue can not be
±ai as (v+i , v

−
i ) �= 0 and Vn−m is isotropic. Now there exists some j such that

w+
j , w

−
j ∈ Vn−m. Thus Vn−m ⊂ {w+

j , w
−
j }⊥. Continuing by induction, we see that

the claim holds. �

Using the above lemma and Proposition 4.5 we conclude that

πPK
1 (pr1) = πK

1 ( qO) (DI) when μ = ∅, or (AIII), (CI), (CII), (DIII) .(7.2a)

It remains to consider the types BI and DI when μ �= ∅. We first observe that

K×PK pr1 is connected and hence the action of πK
1 ( qO) on the set of connected com-

ponents of π−1(x) is transitive. Also, by the previous lemma and Proposition 4.6
the cardinality of the set of connected components of the fiber π−1(x), and hence

that of the quotient πK
1 ( qO)/πPK

1 (pr1), is 2
lμ . In particular, the action of πK

1 ( qO) fac-

tors through AK̃′(x′). Using the specific splitting of πK
1 ( qO) as a product in (6.1b),

we can write

πPK
1 (pr1)

∼= B̃Wm
× B̃Wk

× (Z/2Z)rμ−lμ (BI)(7.2b)

πPK
1 (pr1)

∼= B̃0
Wm

× B̃Wk
× (Z/2Z)rμ−lμ+1 (DI) when μ �= ∅,(7.2c)

where B̃0
Wm

= (Z/2Z)m � B0
Wm

⊂ (Z/2Z)m � BWm
and B0

Wm
is the subgroup

of BWm
defined as the kernel of the map BWm

→ Z/2Z where a word in the
braid generators σ1, . . . , σm (σm is the special one) is mapping to 0 (resp. 1) if
the braid generator σm appears even (resp. odd) number of times. Moreover in
type BI (resp. DI), the factor (Z/2Z)rμ−lμ (resp. (Z/2Z)rμ−lμ+1) is given by
{a ∈ AK′(Oμ) |φ(a) = 1 for all φ ∈ ΠOμ

}.
Note that in type DI when μ �= ∅, the map Φ in (7.1) gives rise to a surjective

map

(7.3) ζ : B̃0
Wm

� B̃W ′
m
.

Remark 7.2. It was previously known that such a surjective map B0
Wm

→ BW ′
m

exists, see, for example, a discussion in [BT].

7.3. Induced nilpotent orbital complexes. Let us consider the parabolic in-
duction of full support character sheaves on l1. For each irreducible representation

ψ of πLθ

1 (lrs1 ), we write ψ also for the irreducible representation of πPK
1 (pr1) obtained

via pull-back from the surjective map Φ : πPK
1 (pr1) → πLθ

1 (lrs1 ) in (7.1). Then we
have:

Indg1

l1⊂p1
IC(lrs1 ,Lψ) = π! IC(K ×PK p

r
1,Lψ)[−] .
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Furthermore, by the decomposition theorem, we have:

π! IC(K ×PK p
r
1,Lψ) ∼= IC( qO, R2dπ̊!(Lψ))[−]⊕ {other terms} ,

where d is the relative dimension of π. By construction we have

R2dπ̊!(Lψ) ∼= C[πK
1 ( qO)]⊗

C[π
PK
1 (pr

1)]
ψ .

Consider the following decomposition

C[πK
1 ( qO)]⊗

C[π
PK
1 (pr

1)]
ψ = ψ1 ⊕ · · · ⊕ ψk

into irreducible representations of πK
1 ( qO). By the discussion above we have

(7.4)

k⊕
i=1

IC( qO,Lψi
) appears as a direct summand of

Indg1

l1⊂p1
IC(lrs1 ,Lψ) up to shift.

Let us write A[−] ⊂⊕B to indicate that A appears as a direct summand of B up to
shift.

For each τ ∈ P(k), we continue to write Lτ for the BWk
-representation obtained

by pulling back Lτ ∈ IrrHWk,1,−1 via the surjective map C[BWk
] → HWk,1,−1.

The following claims follow from the description of πK
1 ( qO) in (6.1a)–(6.1c), the

description of πPK
1 (pr1) in (7.2a)–(7.2c) and (7.4).

(AIII) (CII) (DIII) For each τ ∈ P(k), let Lτ be the irreducible Lθ-equivairant
local system on lrs1 given by Lτ . Then

IC( qO, Tτ )[−] ⊂⊕ Indg1

l1⊂p1
IC(lrs1 ,Lτ ).

(CI) Let Lρ �Lτ , ρ ∈ ΘC
m and τ ∈ P(k), be the irreducible Lθ-equivairant local

system on lrs1 given by the irreducible representation ρ�Lτ of πLθ

1 (lrs1 ), where B̃Wm

acts via ρ and BWk
acts via Lτ . Then

IC( qO, Tρ,τ )[−] ⊂⊕ Indg1

l1⊂p1
IC(lrs1 ,Lρ � Lτ ).

(BI) Let Lρ�Lτ , ρ ∈ ΘB
m, and τ ∈ P(k), be the irreducible Lθ-equivairant local

system on lrs1 given by the irreducible representation ρ�Lτ of πLθ

1 (lrs1 ), where B̃Wm

acts via ρ and BWk
acts via Lτ . Then⊕

φ∈ΠOμ

IC( qO, Tρ,τ,φ)[−] ⊂⊕ Indg1

l1⊂p1
IC(lrs1 ,Lρ � Lτ ).

(DI) Let Lρ0
� Lτ , ρ0 ∈ ΘD,0

m and τ ∈ P(k), be the irreducible Lθ-equivairant

local system on lrs1 given by the irreducible representation ρ0�Lτ of πLθ

1 (lrs1 ), where

B̃Wm
acts via ρ0 and BWk

acts via Lτ . Let ρ0 also denote the representation of B̃0
Wm

obtained via the surjective map B̃0
Wm

→ B̃W ′
m

(see (7.3)). Then, as representations

of B̃Wm
, C[B̃Wm

] ⊗
C[B̃0

Wm
] ρ0 = ρI0 ⊕ ρII0 , where ρI0 and ρII0 are non-isomorphic

irreducible representations of B̃Wm
. In view of Proposition 5.2, we conclude that
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ρI0, ρ
II
0 ∈ ΘD

m. Moreover, ΘD
m = {ρI0, ρII0 | ρ0 ∈ ΘD,0

m }. Thus⊕
φ∈ΠOμ

⊕
ω=I,II

IC( qO, Tρω
0 ,τ,φ)[−] ⊂⊕ Indg1

l1⊂p1
IC(lrs1 ,Lρ0

� Lτ ) when μ �= ∅;

IC( qOm,k,∅, Tρ,τ )[−] ⊂⊕ Indg1

l1⊂p1
IC(lrs1 ,Lρ � Lτ ), when μ = ∅ and m > 0.

IC( qOω
0,n/2,∅, Tτ )[−] ⊂⊕ Indg1

lω1 ⊂pω
1
IC((lω1 )

rs,Lτ ), ω = I, II, when μ = ∅ and m = 0.

Since Fourier transform commutes with parabolic induction (see (3.24)), in view
of (3.9), we conclude that the IC sheaves in Theorems 6.2–6.4 are character sheaves.
Since they are pairwise non-isomorphic, to prove Theorems 6.2–6.4, it remains to
check that the number of the IC sheaves equals the number of character sheaves in
each case.

7.4. Proof of Theorem 6.2. In each case, we prove the theorem by establishing
an explicit bijection of the two sides.

7.4.1. Suppose that (G,K) = (GLn, GLp × GLq). Given a signed Young diagram
λ = (λ1)

p1

+ (λ1)
q1
− · · · (λs)

ps

+ (λs)
qs
− of signature (p, q), we associate it with the follow-

ing data

(1) the partition α = (λ1)
l1 · · · (λs)

ls ∈ P(k), li = min{pi, qi}, k =
∑

λili
(2) the signed Young diagram of signature (p− k, q − k)

μ = (λ1)
p1−l1
+ (λ1)

q1−l1
− · · · (λs)

ps−ls
+ (λs)

qs−ls
− .

The map

IC(Oλ,C) �→ IC( qO1k+1k−�μ, Tαt) for all λ;

where αt denotes the transpose partition of α, establishes the required bijection.

7.4.2. Suppose that (G,K) = (Sp2n, Sp2p × Sp2q), q ≤ n. Let

λ=(2λ1)
a1
+ (2λ1)

a1
− · · · (2λs)

as
+ (2λs)

as
− (2μ1+1)2p1

+ (2μ1+1)2q1− · · · (2μt+1)2pt

+ (2μt+1)2qt−

be a signed Young diagram of signature (2p, 2q). Let li = min{pi, qi} and k =∑
2[ai

2 ]λi +
∑

li(2μi + 1). We associate to λ the following data

(1) the partition α = (2λ1)
[
a1
2 ] · · · (2λs)

[ as
2 ](2μ1 + 1)l1 · · · (2μt + 1)lt ∈ P(k),

(2) the signed Young diagram of signature (2p− 2k, 2q − 2k)

μ = (2λ1)
a1−2[

a1
2 ]

+ (2λ1)
a1−2[

a1
2 ]

− · · · (2λs)
as−2[ as

2 ]
+ (2λs)

as−2[ as
2 ]

−

(2μ1 + 1)2p1−2l1
+ (2μ1 + 1)2q1−2l1

− · · · (2μt + 1)2pt−2lt
+ (2μt + 1)2qt−2lt

− .

The map

IC(Oλ,C) �→ IC( qO12k+ 12k− �μ, Tαt)

establishes the required bijection.
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7.4.3. Suppose that (G,K) = (SO2n, GLn). Let

λ=(2λ1+1)a1
+ (2λ1+1)a1

− · · · (2λs+1)as
+ (2λs+1)as

− (2μ1)
2p1

+ (2μ1)
2q1
− · · · (2μt)

2pt

+ (2μt)
2qt
−

be a signed Young diagram of signature (n, n). Let li = min{pi, qi} and k =∑
[ai

2 ](2λi + 1) +
∑

2μili. We associate to the above Young diagram the following
data

(1) the partition α = (2λ1 + 1)[
a1
2 ] · · · (2λs + 1)[

as
2 ](2μ1)

l1 · · · (2μt)
lt ∈ P(k),

(2) the signed Young diagram of signature (n− 2k, n− 2k)

μ = (2λ1 + 1)
a1−2[

a1
2 ]

+ (2λ1 + 1)
a1−2[

a1
2 ]

− · · · (2λs + 1)
as−2[ as

2 ]
+ (2λs + 1)

as−2[ as
2 ]

−

(2μ1)
2p1−2l1
+ (2μ1)

2q1−2l1
− · · · (2μt)

2pt−2lt
+ (2μt + 1)2qt−2lt

− .

The map

IC(Oλ,C) �→ IC( qO12k+ 12k− �μ, Tαt)

establishes the required bijection.
Let us record that

|AGLn
((so2n)1)| =

[n2 ]∑
k=0

p(k)p(l, k)2kdo(n−2l)=Coefficient of xn in
∏
s≥1

1 + xs

(1− x2s)2

where p(k) denotes the number of partitions of k, p(l, k) denotes the number of
partitions of l into (not necessarily distinct) parts of exactly k different sizes and
do(l) denotes the number of partitions of l into distinct odd parts. Here we have
used

(7.5)
∑
k

p(n, k) 2k = Coefficient of xn in
∏
s≥1

1 + xs

1− xs
.

7.5. Proof of Theorem 6.3. Let (G,K) = (Sp2n, GLn).

Lemma 7.3. We have

(7.6) |AGLn
((sp2n)1)| = Coefficient of xn in

∏
s≥1

(1 + xs)3

(1− xs)2
.

Proof. Let us write P(Cn) for the set of partitions of 2n such that each odd part
occurs with an even multiplicity. Given a partition

λ = (2λ1)
m1 · · · (2λs)

ms(2λs+1 + 1)2ms+1 · · · (2λt + 1)2mt ∈ P(Cn),

using (2.7) we see that the number of orbital complexes IC(O, E) supported on the
nilpotent orbits whose underlying Young diagrams have shape λ is (

∏s
i=1 mi)4

s :=
Mλ. Thus we have that

|AGLn
((sp2n)1)| =

∑
λ∈P(Cn)

Mλ.

For a partition μ = (μ1)
m1 · · · (μs)

ms , we define Nμ = (
∏s

i=1 mi)4
s. Then we have∑

λ∈P(Cn)

Mλ =
∑
k

∑
μ∈P(k)

Nμ · od(n− k),
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where od(l) denotes the number of the partitions of l into odd parts. Since the
number of partition of n into distinct parts equals the number of partitions of n
into odd parts, we have

∑
od(l)xl =

∏
s≥1(1 + xs). The lemma follows from∑

μ∈P(n)

Nμ = Coefficient of xn in
∏
s≥1

(1 + xs)2

(1− xs)2
.

This can be seen using (7.5) and the following observation. We can rewrite a

partition (μ1)
m1 · · · (μs)

ms into the union of two partitions (μ1)
m′

1 · · · (μs)
m′

s and

(μ1)
m1−m′

1 · · · (μs)
ms−m′

s , where 0 ≤ m′
i ≤ mi. Thus we get⎛⎝1 +

s∑
j=1

∏
1≤i1<i2<···<ij≤s

(mi1 − 1) · · · (mij − 1)

⎞⎠ 4s =

(
s∏

i=1

mi

)
4s.

�

Let us write bC(n) = | SYD0
(Sp2n,GLn)

|. Using Proposition 4.1 one readily checks
that

bC(n) =
∑
k

p(n, k)2k = coefficient of xn in
∏
s≥1

1 + xs

1− xs
.

Using (5.8) and (2.9), we see that the number of IC sheaves in Theorem 6.3 is

n∑
m=0

|ΘC
m|

[n−m
2 ]∑

k=0

p(k) bC(n−m− 2k) = Coefficient of xn

in
∏
s≥1

(1 + xs)3
∏
s≥1

1

1− x2s

∏
s≥1

1 + xs

1− xs

(7.6)
= |CharGLn

((sp2n)1)|.

7.6. Proof of Theorem 6.4. Let (G,K) = (SON , S(Op×Oq)). We write SYDp,q

for the set of signed Young diagrams that parametrizes K-orbits in N1. Let us also
write

(7.7) Ap,q = |AS(Op×Oq)((sop+q)1)|.

Since AK(Oλ) = (Z/2Z)rλ by (2.6), we have

Ap,q =
∑

λ∈SYDp,q

2rλ + p(
q

2
) δp,q,

where p(k) is the number of partitions of k and we set p( q2 ) = 0 if q is odd. We
note that the second term in the above equation arises only when p = q is even. In
the latter case there are two nilpotent orbits corresponding to each partition with
only even parts.

The formula in the following proposition is derived and proved by Dennis Stan-
ton.

Proposition 7.4.

∞∑
p,q=0

2Ap,qu
pvq−3

∞∑
q=0

p(q)u2qv2q=
∞∏
k=1

1

1− u2kv2k

∞∏
m=0

(1 + um+1vm)(1 + umvm+1)

(1− um+1vm)(1− umvm+1)
.
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Proof. The proposition follows from Proposition B.2 in Appendix B, since by (7.7)
and (B.1) we have

(7.8)
wt(p, q) = 2Ap,q if p+ q is odd,

wt(p, q) = 2Ap,q − 3p(
q

2
) δp,q if p+ q is even.

�

Suppose that either p or q is even. Let us now write

bp,q =
∑

λ∈SYD0
(SOp+q,S(Op×Oq))

|ΠOλ
|

where ΠO is defined in (4.4). Namely, bp,q is the number of IC(O, Eφ)’s such that
O ∈ N 0

1 and φ ∈ ΠO. Note that we have bp,q = bq,p.

Let us write Podd(N) for the set of partitions of N into odd parts. We write a
partition λ ∈ Podd(N) as

λ = (2μ1 + 1) + (2μ2 + 1) + · · ·+ (2μs + 1)

where μ1 ≥ μ2 ≥ · · · ≥ μs ≥ 0. Note that s ≡ N mod 2. We set

wtλ = 3#{1≤j≤(s−1)/2 |μ2j−1=μ2j+1} 4#{1≤j≤(s−1)/2 |μ2j−1≥μ2j+2} when N is odd;

wtλ = 3#{1≤j≤s/2−1 |μ2j=μ2j+1+1}4#{1≤j≤s/2−1 |μ2j≥μ2j+1+2} when N is even.

We then have
2n+1∑
p=0

bp,2n+1−p = 2
∑

λ∈Podd(2n+1)

wtλ,
n∑

p=0

b2p,2n−2p = 2
∑

λ∈Podd(2n)

wtλ.

Proposition 7.5. We have

(7.9a)
2n+1∑
p=0

bp,2n+1−p = Coefficient of x2n+1 in 2x
∏
k≥1

(1 + x4k)2(1 + x2k)2

(7.9b)

n∑
p=0

b2p,2n−2p = Coefficient of x2n in
1

2

∏
k≥1

(1 + x4k−2)2(1 + x2k)2.

Proof. See §B.2 in Appendix B. �

Let us further write fm+1,m= |ΘB
m| and fm,m= |ΘD,0

m |. It follows from (2.9), (5.8)
and (5.9) that

(7.10a)
∑
m≥0

fm+1,mxm =
∏
k≥1

(1 + x2k)2(1 + xk)2

(7.10b)
∑
m≥0

fm,mxm =
1

2

∏
k≥1

(1 + x2k−1)2(1 + xk)2.

Note that in the above we have used the notation that b0,0 = 1/2 and f0,0 = 1/2.
Let A′

p,q denote the number of IC sheaves in Theorem 6.4. Recall r = min{p, q}.
We have

(7.11a) A′
p,q =

r∑
m=0

fm+1,m

[ r−m
2 ]∑

k=0

p(k) bp−m−2k,q−m−2k, if p+ q ≡ 1 mod 2,
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(7.11b)
A′

p,q = 2

r−1
2∑

m=0

f2m+1,2m+1

r−2m−1
2∑

k=0

p(k) bp−2m−2k−1,q−2m−2k−1,

if p ≡ q ≡ 1 mod 2,

(7.11c)
A′

p,q = 2

q
2∑

m=0

f2m,2m

q−2m
2∑

k=0

p(k) bp−2m−2k,q−2m−2k +
3

2
p(

q

2
)δp,q,

if p ≡ q ≡ 0 mod 2.

To prove Theorem 6.4, it suffices to show that

(7.12)

2n+1∑
p=0

Ap,2n+1−p =

2n+1∑
p=0

A′
p,2n+1−p,

2n∑
p=0

Ap,2n−p =

2n∑
p=0

A′
p,2n−p

since by construction A′
p,2n+1−p ≤ Ap,2n+1−p and A′

p,2n−p ≤ Ap,2n−p. It then
follows that

(7.13) Ap,q = A′
p,q.

In what follows we prove (7.12). Setting u = v = x in Proposition 7.4 we see that

(7.14a)

2n+1∑
p=0

Ap,2n+1−p = Coefficient of x2n+1 in

1

2

∏
k≥1

1

1− x4k

∏
m≥1

(1 + x2m−1)2

(1− x2m−1)2

(7.14b)

2n∑
p=0

Ap,2n−p = Coefficient of x2n in

1

2

∏
k≥1

1

1− x4k

∏
m≥1

(1 + x2m−1)2

(1− x2m−1)2
+

3

2

∏
k≥1

1

1− x4k
.

The equations (7.9a), (7.10a), and (7.11a) imply that

2n+1∑
p=0

A′
p,2n+1−p = Coefficient of x2n+1 in

⎛⎝∏
k≥1

(1 + x4k)2(1 + x2k)2

⎞⎠(7.15a)

·

⎛⎝∏
k≥1

1

1− x4k

⎞⎠⎛⎝2x
∏
m≥1

(1 + x4m)2(1 + x2m)2

⎞⎠ .

The equations (7.9b), (7.10b), (7.11b) and (7.11c) imply that

2n∑
p=0

A′
p,2n−p = Coefficient of x2n in 2

⎛⎝1

2

∏
k≥1

(1 + x4k−2)2(1 + x2k)2

⎞⎠(7.15b)

·

⎛⎝∏
k≥1

1

1− x4k

⎞⎠ ·

⎛⎝1

2

∏
m≥1

(1 + x4m−2)2(1 + x2m)2

⎞⎠+
3

2

∏
k≥1

1

1− x4k
.
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Let us now write F (x) =
∏
m≥1

(1 + x2m−1)2

(1− x2m−1)2
. Then (7.12) follows from (7.14a),

(7.14b), (7.15a), (7.15b) and the following identities

(7.16a) F (x)− F (−x) = 8x
∏
k≥1

(1 + x4k)4(1 + x2k)4

(7.16b) F (x) + F (−x) = 2
∏
k≥1

(1 + x4k−2)4(1 + x2k)4.

The proof of equations (7.16a) and (7.16b) is given in §B.3 in Appendix B. This
completes the proof of Theorem 6.4.

Corollary 7.6. Let (G,K) = (SON , S(Op ×Oq)).

(1) The number of character sheaves

|CharK(g1)| = coefficient of xq in
1

1 + xp−q

∏
s≥1

1 + xs

(1− xs)3
+

3δp,q
2

∏
s≥1

1

1− x2s
.

(2) Suppose that either p or q is even. The number of nilpotent support char-
acter sheaves,

|CharnK(g1)| = coefficient of xq in⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

1 + xp−q

∏
s≥1

(1 + x2s−1)2

(1− x2s)2
if N is odd,

1

1 + xp−q

∏
s≥1

(1 + x2s)2

(1− x2s)2
if p ≡ q ≡ 0 mod 2.

Proof. We can assume that p ≥ q. The case when q < p follows readily. Part (1)
follows from (7.8) and Corollary B.3 in Appendix B, as |CharK(g1)| = Ap,q.

We prove part (2) in the case of p and q both even. The other case is entirely
similar and simpler. Fix 2l = p− q ≥ 0. It follows from (7.11b), (7.11c) and (7.13)
that ∑

q

Aq+2l,q x
q = 2

(∑
m

fm,mxm

)(∑
k

p(k)x2k

)(∑
q

b2q+2l,2qx
2q

)

+
3

2
δl,0

∑
q

p(q)x2q.

By part (1), we have that∑
q

Aq+2l,q x
q =

1

1 + x2l

∏
s≥1

1 + xs

(1− xs)3
+

3

2
δl,0

∏
s≥1

1

1− x2s
,

Thus using (7.10b), we obtain∑
q

b2q+2l,2qx
2q =

1

1 + x2l

∏
s≥1

(1 + xs)(1− x2s)

(1− xs)3(1 + x2s−1)2(1 + xs)2

=
1

1 + x2l

∏
s≥1

(1 + x2s)2

(1− x2s)2
.

�
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Appendix A. Dual strata

We will describe the dual strata of nilpotent orbits. Let G be a reductive alge-
braic group which for the purposes of this section can be assumed to be semisimple.
We write g for its Lie algebra and N for the nilpotent cone. We identify g∗ with g

via the Killing form. For each nilpotent G-orbit O in N we consider its conormal
bundle

ΛO = T ∗
Og = {(x, y) ∈ g× g | x ∈ O [x, y] = 0} .

Consider the projection Õ of ΛO to the second coordinate:

Õ = {y ∈ g | there exist an x ∈ O with [x, y] = 0} .

We construct an open (dense) subset qO of Õ such that the projection ΛO → Õ has

constant maximum rank above qO. Thus the qO are subvarieties of g and they have
the following property:

For any F ∈ PG(N ) the Fourier transform F(F) is smooth along all the qO .

This property follows from the fact that the Fourier transform preserves the singular
support.

Before giving the general construction we make a few general comments. If

O = {0} is the zero orbit then Õ = g and qO = grs, the set of regular semisimple

elements in g. The general description of qO will be similar.
Let t be a Cartan subspace of g and W the Weyl group of G. Cconsider the

adjoint quotient g
f−→ g//G ∼= t/W . We have:

Õ f̃−−−−→ f(Õ)
∼−−−−→ tφ/Wφ⏐⏐
 ⏐⏐
 ⏐⏐


g
f−−−−→ g//G

∼−−−−→ t/W

where the vertical arrows are inclusions. We first analyze f(Õ) and explain the
upper righthand corner. Let gss denote the set of semisimple elements in g and

Õss = {y ∈ g
ss | there exist an x ∈ O with [x, y] = 0}

denote the semisimple locus of Õ. Then we have f(Õ) = f(Õss) because we can
regard g//G ∼= t/W as consisting of the set of semisimple G-orbits in g. Consider
an element e ∈ O and consider a corresponding sl2-triple φ = (e, f, h). Then we
have

g
e = g

φ ⊕ u
e,

where

(A.1) gφ = ge ∩ gh, u = ⊕i≥1g(i), g(i) = {z ∈ g | [h, z] = iz}.

Recall that gφ is reductive and u is nilpotent. In particular, the algebra gφ is the
centralizer of the sl2 given by φ = (e, f, h) and we write Gφ for the corresponding
centralizer group.

We observe that any element in Õss is G-conjugate to an element in (ge)ss.
Thus, we see that:

f(Õ) = f(Õss) = Õss/G = (ge)ss/Ge .
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Furthermore, any element in (ge)ss is Ge-conjugate to an element in (gφ)ss. As
Ge = Gφ � Ue is a semidirect product of a reductive group and a unipotent group
it is easy to see that if two elements in (gφ)ss are Ge-conjugate they are also Gφ-
conjugate. Thus we conclude that (ge)ss/Ge = (gφ)ss/Gφ. Finally, putting this all
together, we get:

f(Õ) = (ge)ss/Ge = (gφ)ss/Gφ = g
φ//Gφ .

Let tφ ⊂ gφ be a maximal abelian subspace such that every semisimple element in
gφ is Gφ-conjugate to some element in tφ. We choose tφ such that it lies in t and
adjust t so that h ∈ t. Thus we have tφ = te. Writing Φ for the roots of g with
respect to t and writing e =

∑
α∈Φ aαxα, xα ∈ gα, we have a concrete expression

for tφ:

tφ =
⋂

α∈Φe

{t ∈ t | α(t) = 0} Φe = {α ∈ Φ | aα �= 0} with e =
∑
α∈Φ

aαxα ,

i.e., tφ is given by the intersection of the root hyperplanes for those roots that occur
in the expression of e. Write

Wφ = NGφ(tφ)/ZGφ(tφ).

Thus, we conclude that

f(Õ) = gφ//Gφ = tφ/Wφ.

Let us call the composition map f̃ : Õ → tφ/Wφ. Note that the equality Õss/G =
(gφ)ss/Gφ, which follows from the arguments above, shows that

(A.2) Wφ = NGφ(tφ)/ZGφ(tφ) = NG(t
φ)/ZG(t

φ) = NG(L)/L ,

where L = ZG(t
φ). Note that Wφ is not necessarily a Coxeter group.

In what follows we write x = xs + xn for the decomposition of an element in its
semisimple and nilpotent parts and then [xs, xn] = 0. We now define

qO = {y ∈ Õ | y = ys + yn, f̃(y) ∈ (tφ)rs/Wφ, yn ∈ O} ;
here the (tφ)rs stands for elements in tφ that are regular semisimple in the ambient

algebra gφ. By construction, the group G acts on qO. To show that qO has the
desired property we first claim:

Lemma A.1. If x = xs + xn ∈ ge and xs ∈ (tφ)rs, then xn ∈ Ō.

Proof. First, recall that e is distinguished if all elements in ge are nilpotent. By
[P, Theorem 1], if e is distinguished and x ∈ ge, then x ∈ Ō.

Let now e be arbitrary. We have x = xs + xn ∈ ge and xs ∈ (tφ)rs. Then
also xn ∈ ge. But, now Gxs = ZG(t

φ) because xs is semisimple. As [xs, xn] = 0,
xn ∈ Zg(t

φ). Consider the group H = ZG(t
φ)/Tφ. Let us write ē for e regarded as

a nilpotent element in h = Lie(H). The element ē is a distinguished nilpotent in
h. To see this it suffices to show that if y ∈ Zg(t

φ) ∩ ge is semisimple then y ∈ tφ.
Since tφ is a maximal toral subalgebra of ge, y ∈ tφ. But, now Gxs/Tφ = H and
xn can be viewed as an element in hē. As the H-orbit Oē of ē is distinguished we
see that xn lies in Oē and hence xn ∈ Ō. �

We now observe that f̃−1((tφ)rs) is open dense in Õ and it remains to show that
qO is dense in f̃−1((tφ)rs). Let us decompose an element y ∈ f̃−1((tφ)rs) into its

semisimple and nilpotent parts y = ys + yn and as y ∈ Õ there exists an element
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x ∈ O such that [x, y] = 0. Now, G acts on f̃−1((tφ)rs) and we can arrange the
element x to be e. Thus, up to G-action y = ys + yn ∈ ge. Thus, by the above

lemma yn ∈ Ō. But, qO consists of such elements with yn ∈ O. Thus, qO is open

(and dense) in Õ. It is now easy to check that the projection ΛO → Õ has constant

rank above qO and hence qO is a subvariety.
This establishes a correspondence:

O ↔ qO

Let us now analyze the equivariant fundamental group πG
1 ( qO). For an element

a ∈ (tφ)rs let a′ = a + e and Xa′ = Ga′, the G-orbit of a′. We have the following
exact sequence:

1 → πG
1 (Xa′) → πG

1 (
qO) → BWφ → 1

where BWφ = π1((t
φ)rs/Wφ) denotes the braid group. We note that we use this

terminology even when Wφ is not a Coxeter group. We have that

πG
1 (Xa′) = ZG(a

′)/ZG(a
′)0 .

Now,

ZG(a
′) = ZG(e+ t

φ) = Ge ∩Gt
φ

= (Gφ · Ue) ∩Gt
φ

= ZGφ(tφ) · (Ue ∩ U t
φ

) .

Thus:

πG
1 (Xa′) = ZGφ(tφ)/ZGφ(tφ)0 .

We conclude that we have the following exact sequences:

1 → ZGφ(tφ)/ZGφ(tφ)0 → πG
1 (

qO) → BWφ → 1

1 → ZGφ(tφ)/ZGφ(tφ)0 → πGφ

1 ((gφ)rs) → BWφ → 1 .

The natural map tφ → tφ + e induces an embedding

(gφ)rs ⊂ qO gt �→ g(t+ e) for t ∈ (tφ)rs g ∈ Gφ .

This embedding identifies πG
1 ( qO) and πGφ

1 ((gφ)rs) and the two exact sequences
above:

1 −−−−→ ZGφ(tφ)/ZGφ(tφ)0 −−−−→ πGφ

1 ((gφ)rs)
q̃−−−−→ BWφ −−−−→ 1∥∥∥ ∥∥∥ ∥∥∥

1 −−−−→ ZGφ(tφ)/ZGφ(tφ)0 −−−−→ πG
1 ( qO)

q̃−−−−→ BWφ −−−−→ 1 .

Appendix B. The combinatorial formulas

Let us write

(A; q)∞ =

∞∏
s=0

(1−Aqs), (A; q)n =
(A; q)∞

(Aqn; q)∞
=

n−1∏
i=0

(1−Aqi),

(A,B; q)n = (A; q)n(B; q)n, etc.
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B.1. Weighted type (p, q) allowable signed Young diagrams. Recall from
§7.6 that SYDp,q denotes the set of signed Young diagrams that label the nilpotent
K-orbits for the symmetric pair (SON , S(Op × Oq)). For each λ ∈ SYDp,q, we
associate the weight 2rλ+1 if λ has at least one odd part and weight 1 otherwise,
where rλ is defined in (2.6).

Definition B.1. Let wt(p, q) denote the weighted sum of the type (p, q) allowable
signed Young diagrams, i.e.,

(B.1) wt(p, q) =
∑

λ∈SYDp,q

2rλ+1 − p(
q

2
)δp,q,

where p(k) is the number of partitions of k and we set p(q/2) = 0 if q is odd.

Proposition B.2. The generating function for wt(p, q) is

F (u, v) =

∞∑
p,q=0

wt(p, q)upvq =

∞∏
k=1

1

1− u2kv2k

∞∏
m=0

(1 + um+1vm)(1 + umvm+1)

(1− um+1vm)(1− umvm+1)
.

Proof. An odd part of 2m+ 1 can occur, with multiplicity 0, 1, 2, . . . , r, . . . , which
contributes

1+2(um+1vm + umvm+1) + (2u2(m+1)v2m + 4u2m+1v2m+1 + 2u2mv2(m+1)) + · · ·
+(2ur(m+1)vrm + 4urm+r−1vrm+1 + · · ·+ 4urm+1vrm+r−1 + 2urmvr(m+1)) + · · ·

=1 + 2

∞∑
r=1

(umvm)r
(
ur+1 − vr+1

u− v
+ uv

ur−1 − vr−1

u− v

)
=
(1 + um+1vm)(1 + umvm+1)

(1− um+1vm)(1− umvm+1)
.

An even part 2k, since it has even multiplicity, clearly gives

1

1− u2kv2k
.

�

Recall the q-Gauss theorem is

(B.2)

∞∑
m=0

(a; q)m(b; q)m
(q; q)m(c; q)m

( c

ab

)m
=

(c/a; q)∞(c/b; q)∞
(c; q)∞(c/ab; q)∞

.

Corollary B.3. Let k ≥ 0. The generating function of the kth diagonal is

Fkdiag(t) =

∞∑
p=0

wt(p+ k, p)t2p =
2

1 + t2k

∏∞
m=1(1 + t2m)∏∞
m=1(1− t2m)3

.

Proof. We use the q-binomial theorem with q=uv for F (u, v)=
∑∞

p,q=0 wt(p, q)u
pvq:

F (u, v) =
1

(u2v2;u2v2)∞
× (−u;uv)∞

(u;uv)∞
× (−v;uv)∞

(v;uv)∞

=
1

(q2; q2)∞

∞∑
m=0

(−1; q)m
(q; q)m

um
∞∑

m=0

(−1; q)m
(q; q)m

vm.
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So the k-th diagonal term is

1

(q2; q2)∞

∞∑
m=0

(−1; q)m+k(−1; q)m
(q; q)m+k(q; q)m

qm.

This sums by the q-Gauss theorem to

=
1

(q2; q2)∞

(−1; q)k
(q; q)k

∞∑
m=0

(−qk; q)m(−1; q)m
(qk+1; q)m(q; q)m

qm

=
1

(q2; q2)∞

(−1; q)k
(q; q)k

(−q; q)∞(−qk+1, q)∞
(qk+1; q)∞(q; q)∞

=
2

1 + qk
(−q; q)∞
(q; q)3∞

,

which is the given answer with q = t2. �

B.2. Proof of Proposition 7.5. Recall that Podd(N) denotes the set of partitions
of N into odd parts. We write a partition λ ∈ Podd(N) as

λ = (2μ1 + 1) + (2μ2 + 1) + · · ·+ (2μs + 1)

where μ1 ≥ μ2 ≥ · · · ≥ μs ≥ 0. Note that s ≡ N mod 2. We set

wtλ = 3#{1≤j≤(s−1)/2 |μ2j−1=μ2j+1} 4#{1≤j≤(s−1)/2 |μ2j−1≥μ2j+2} when N is odd;

wtλ = 3#{1≤j≤s/2−1 |μ2j=μ2j+1+1}4#{1≤j≤s/2−1 |μ2j≥μ2j+1+2} when N is even.

Let us write

bn =
∑

λ∈Podd(2n+1)

wtλ, cn =
∑

λ∈Podd(2n)

wtλ.

B.2.1. Equation (7.9a). The equation (7.9a) is equivalent to

∞∑
n=0

bnq
2n+1 = q(−q4; q4)2∞(−q2; q2)2∞.

This can be seen as follows. Suppose λ with odd parts has an odd number of parts,
say 2k + 1. Consider the columns of λ, which have possible sizes 1, 2, · · · , 2k + 1.

The part 2k + 1 occurs an odd number of times, the generating function is

q2k+1

1− q4k+2
.

The part 2k occurs an even number of times, the generating function is

1

1− q4k
.

The part 2k− 1 occurs an even number of times, the weighted generating function
is

1 + 3q4k−2 +
4q8k−4

1− q4k−2
.

This continues down to part size 1, to obtain the generating function
∞∑
n=0

bnq
2n+1 =

∞∑
k=0

q2k+1

1− q4k+2

1

(1− q4)(1− q8) · · · (1− q4k)

2k−1∏
i=1,odd

(
1 + 3q2i +

4q4i

1− q2i

)
.
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Because

1 + 3x+
4x2

1− x
=

(1 + x)2

1− x
this may be written as

∞∑
n=0

bnq
2n+1 =

∞∑
k=0

q2k+1

1− q4k+2

(−q2; q4)k(−q2; q4)k
(q4; q4)k(q2; q4)k

=
q

1− q2

∞∑
k=0

(−q2; q4)k(−q2; q4)k
(q6; q4)k(q4; q4)k

q2k.

Applying q-Gauss theorem (B.2) with q → q4 and a = b = −q2, c = q6, we obtain

∞∑
n=0

bnq
2n+1 =

q

1− q2
(−q4; q4)∞(−q4; q4)∞
(q6; q4)∞(q2; q4)∞

= q(−q4; q4)2∞(−q2; q2)2∞.

Here we have used the number of partitions of n into odd parts equals the number
of partitions of n into distinct parts, i.e.,

(−q; q)∞ = 1/(q; q2)∞.

B.2.2. Equation (7.9b). The equation (7.9b) is equivalent to

∞∑
n=0

cnq
2n =

1

4
(−q2; q4)2∞(−q2; q2)∞.

Assume λ is a partition into odd parts with 2k parts. We argue as in §B.2.1, this
time the even parts have weights. Thus
∞∑
n=0

cnq
2n =

∞∑
k=0

q2k

1− q4k
1

(1− q2)(1− q6) · · · (1− q2(2k−1))

2k−2∏
i=1,even

(
1 + 3q2i +

4q4i

1− q2i

)

=

∞∑
k=0

q2k

1− q4k
(−q4; q4)k−1(−q4; q4)k−1

(q4; q4)k−1(q2; q4)k
=

1

4

∞∑
k=0

(−1; q4)k(−1; q4)k
(q2; q4)k(q4; q4)k

q2k

=
1

4

(−q2; q4)∞(−q2; q4)∞
(q2; q4)∞(q2; q4)∞

=
1

4
(−q2; q4)2∞(−q2; q2)∞.

B.3. Proof of equations (7.16a) and (7.16b).

Definition B.4. Let

F (q) =
(−q; q2)2∞
(q; q2)2∞

.

The equations (7.16a) and (7.16b) are

Proposition B.5.

F (q)− F (−q) = 8q(−q4; q4)4∞(−q2; q2)4∞

and F (q) + F (−q) = 2(−q2; q4)4∞(−q2; q2)4∞.

Recall Ramanujan’s 1ψ1 formula
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Proposition B.6.

1ψ1(a, b; q;x) =:
∞∑

n=−∞

(a; q)n
(b; q)n

xn =
(ax, q/ax, q, b/a; q)∞
(x, b/ax, b, q/a; q)∞

.

for |b/a| < |x| < 1.

Letting q → q2, a = −1, b = −q2, x = q in Ramanujan’s 1ψ1 gives

∞∑
k=−∞

qk

1 + q2k
=

1

2
1ψ1(−1,−q2; q2; q) =

1

2

(−q,−q, q2, q2; q2)∞
(q, q,−q2,−q2; q2)∞

=
1

2
F (q)

(q2; q2)2∞
(−q2; q2)2∞

.

We take the odd terms in the sum

∞∑
k=−∞,odd

qk

1 + q2k
=

1

4
(F (q)− F (−q))

(q2; q2)2∞
(−q2; q2)2∞

and the even terms in the sum

∞∑
k=−∞,even

qk

1 + q2k
=

1

4
(F (q) + F (−q))

(q2; q2)2∞
(−q2; q2)2∞

.

However

∞∑
k=−∞,odd

qk

1 + q2k
= q

1

1 + q2
1ψ1(−q2,−q6; q4; q2)

= q
1

1 + q2
(−q4,−1, q4, q4; q4)∞
(q2, q2,−q6,−q2; q4)∞

= 2q
(−q4,−q4, q4, q4; q4)∞
(q2, q2,−q2,−q2; q4)∞

,

∞∑
k=−∞,even

qk

1 + q2k
=

1

2
1ψ1(−1,−q4; q4; q2) =

1

2

(−q2,−q2, q4, q4; q4)∞
(q2, q2,−q4,−q4; q4)∞

.

So

1

4
(F (q)− F (−q)) = 2q

(−q4,−q4, q4, q4; q4)∞
(q2, q2,−q2,−q2; q4)∞

(−q2; q2)2∞
(q2; q2)2∞

= 2q
(−q4; q4)2∞
(q2; q4)2∞

(−q4; q4)2∞
(q2; q4)2∞

= 2q
(−q4; q4)4∞
(q2; q4)4∞

= 2q(−q4; q4)4∞(−q2; q2)4∞

1

4
(F (q) + F (−q)) =

1

2

(−q2,−q2, q4, q4; q4)∞
(q2, q2,−q4,−q4; q4)∞

(−q2; q2)2∞
(q2; q2)2∞

=
1

2
(−q2; q4)4∞(−q2; q2)4∞.
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