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FORMAL DEGREES AND THE LOCAL THETA

CORRESPONDENCE: THE QUATERNIONIC CASE

HIROTAKA KAKUHAMA

Abstract. In this paper, we determine a constant occurring in a local ana-
logue of the Siegel-Weil formula, and describe the behavior of the formal de-
grees under the local theta correspondence for a quaternionic dual pair of

almost equal rank over a non-Archimedean local field of characteristic 0. As
an application, we prove the formal degree conjecture of Hiraga, Ichino and
Ikeda for the non-split inner forms of Sp4 and GSp4.
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1. Introduction

The principal aim of this paper is to describe the behavior of the formal de-
grees under the local theta correspondence. This is related to two important topics
in the representation theory of p-adic reductive groups. One is the formal degree
conjecture of Hiraga, Ichino, and Ikeda [HII08], which is an explicit formula of the
formal degree in terms of the Langlands parameters. Here, by the Langlands pa-
rameter we mean a pair (φ, η) where φ is an L-parameter and η is an irreducible
representation of the S-group (see §1.4). The other is the behavior of the Langlands
parameters under the local theta correspondence. This has not been formulated
yet, but we observe how dim η changes under the theta correspondence associated
with a quaternionic dual pair of almost equal rank (Proposition 20.5). Moreover,
by admitting conjectural properties on Langlands parameters containing the formal
degree conjectural, we infer the behavior of the formal degrees under the local theta
correspondence (§20). Although the local Langlands correspondence is assumed in
these two topics, Gan and Ichino pointed out that only analytic invariants are
needed to describe the behavior of the formal degrees under the local theta corre-
spondence associated with a non-quaternionic dual pair of almost equal rank, and
computed it [GI14]. In this paper, we extend their formula to a quaternionic dual
pair and prove it unconditionally (Theorem 11.2). This agrees with the observation
in §20. As an application, we prove the formal degree conjecture for the non-split
inner forms of Sp4 and GSp4.

We prove Theorem 11.2 by induction. As in [GI14], the induction steps are
attained by using a formula of Heiermann [Hei04]. However, it is difficult to prove
the base case by case-by-case discussions similar to [GI14]. More precisely, it seems
difficult to find enough examples of quaternionic dual pairs (H,G) and square-
integrable irreducible representations π of G such that we can know the formal
degree deg π of π, the formal degree deg σ of the theta correspondence σ of π, and
the standard local γ-factor γ(s, σ � χ, ψ) with a quadratic character χ at the same
time even in low-rank cases. To avoid the difficulty, we analyze the local analogue of
the Siegel-Weil formula, and we obtain a relation between the constant in the local
Siegel-Weil formula and the local zeta value for enough cases. Here, the constant
in the local Siegel-Weil formula appears in an expression of the ratio of the formal
degrees of irreducible representations corresponding to each other by the local theta
correspondence. Hence, to establish the description of the behavior of the formal
degrees under the local theta correspondence, we compute some local zeta values.
On the other hand, a general formula of the local zeta value is obtained by reversing
the above discussion. For a quaternionic dual pair (G(V ), G(W )) of almost equal
rank, we denote by α1(W ) the local zeta value, by α2(V,W ) the constant in the
local Siegel-Weil formula, and by α3(V,W ) the constant appearing in the behavior
of the formal degree under the theta correspondence. The results obtained in this
paper are summarized as follows.

1.1. The constant α1(W ). Let F be a non-Archimedean local field of character-
istic 0, let ε = ±1, let W be an n-dimensional right (−ε)-Hermitian space equipped
with a (−ε)-Hermitian form 〈 , 〉 (see §3) over a division quaternion algebra D
over F , and let G(W ) be the unitary group of W . We denote by W� the doubled
space which is the vector space W ⊕ W equipped with the (−ε)-Hermitian form
〈 , 〉� = 〈 , 〉 ⊕ (−〈 , 〉), by W� the diagonal subset of W�, and by P (W�) the
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parabolic subgroup preserving W�. For a character ω of F×, we denote by I(s, ω)
the representation of G(W�) induced by the character ωs ◦Δ of P (W�), which is
given by ωs(Δ(p)) = ω(N(p|W�))−1|N(p|W�)|−s. (Here, we denote by N(x) the
reduced norm of x ∈ End(W�).) We denote by 1F× the trivial character of F×.
Then we define

α1(W ) = ZW (f◦
ρ , ξ

◦).

Here

• ZW ( , ) is the doubling zeta integral (see §7.1),
• f◦

s is the K(e′
�
)-invariant section of I(s, 1F×) so that f◦

s (1) = 1 where
K(e′�) is a special maximal compact subgroup of the unitary group G(W�)
of W�, which depends on the choice of a basis e for W (see §7.1),

• ξ◦ is the coefficient of the trivial representation of G(W ) so that ξ◦(1) = 1,
and

• ρ = n− ε
2 .

This invariant is technically important because it appears in a certain local func-
tional equation, which relates the zeta integral with the intertwining operator (see
Lemma 7.8). In this paper, we first compute α1(W ) directly for some W (Proposi-
tion 7.6), and finally, we complete the formula for the remaining cases as a corollary
of Theorem 1.2 (Proposition 19.4). We also note that by determining α1(W ), we
can compute the constant given by the scalar multiplication appearing in a formula
of the zeta integral for a certain section (see Appendix A), which has not been
computed yet.

1.2. The constant α2(V,W ). Let V be an m-dimensional ε-Hermitian space, and
let ( , ) be an ε-Hermitian form on V , let ψ : F → C× be an additive non-trivial
unitary character, and let ω�

ψ be the Weil representation of G(V ) × G(W�). We

realize ω�
ψ on the Schwartz space S(V ⊗W�) where W� is the anti-diagonal subset

of W�. We assume that 2n− 2m = 1 + ε. Then, we define the local theta integral

I(φ, φ′) =

∫
G(V )

(ω�
ψ(h, 1)φ, φ

′) dh

for φ, φ′ ∈ S(V ⊗ W�). Here, we denote by ( , ) the normalized L2-inner prod-
uct on S(V ⊗ W�) (as in Proposition 8.2). Moreover, we define another map
E : S(V ⊗W�)2 → C as follows. For φ ∈ S(V ⊗W�), we define Fφ ∈ I(− 1

2 , χV )

by Fφ(g) = [ω�
ψ (g)φ](0), and we choose F †

φ ∈ I( 12 , χV ) so that M( 12 , χV )F
† = Fφ

where M(s, χV ) is an intertwining operator (see §7.1). Then, the map E is defined
by

E(φ, φ′) =

∫
G(W )

F †
φ(ι(g, 1))Fφ′(ι(g, 1)) dg

for φ, φ′ ∈ S(V ⊗W�). Here, ι : G(W )2 → G(W�) is given by the natural action
of G(W )2 on W�. Then, the constant α2(V,W ) is defined as a non-zero constant
satisfying I = α2(V,W ) · E (see Lemma 10.2). Then, we have
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Theorem 1.1. Choose the basis e = (e1, . . . , em) for V as in §7.1. Then,

α2(V,W ) = e(G(W )) · |2|2nρ+n(n− 1
2 ) · |N(R(e)|ρ ·

n−1∏
i=1

ζF (1− 2i)

ζF (2i)

×
{
2χV (−1)nγ(1− n, χV , ψ)

−1ε( 12 , χV , ψ) (−ε = 1),

1 (−ε = −1).

Here, R(e) = ((ei, ej))i,j ∈ GLm(D).

To prove Theorem 1.1, we will first prove it in the case where either V or W is
non-zero anisotropic (§§12–13). In this case, we can express α2(V,W ) using α1(W ),
and thus Theorem 1.1 is derived from the formula of α1(W ). The remaining cases
will be proved after completing the proof of Theorem 1.2 (§19).

1.3. The constant α3(V,W ). Let G be a reductive group over F , let A be the
maximal F -split torus of the center G, and π be a square-integrable irreducible rep-
resentation of G. We choose a canonical Haar measure dg on G(F )/A(F ) depending
only on G and a fixed non-trivial additive character ψ of F as in [GG99, §8]. If
G = G(W ), the measure is given in §6.1. Then, we define the formal degree of π
as the positive real number deg π satisfying∫

G(F )/A(F )

(π(g)x1, x2)(π(g)x3, x4) dg =
1

deg π
(x1, x3)(x2, x4)

for x1, x2, x3, x4 ∈ π. Here, ( , ) is a non-zero G(F )-invariant Hermitian form.
Suppose that θψ(π, V ) is non-zero and is square-integrable. We denote its central
character by cθψ(π,V ). Then, as in [GI14, p. 597], we can prove that

deg π

deg θψ(π, V )
· cθψ(π,V )(−1) · γV (0, θψ(π, V )× χW , ψ)−1

does not depend on π whenever π is square irreducible and θψ(π, V ) 	= 0. We
denote it by α3(V,W ). Then, our main theorem is stated as follows:

Theorem 1.2. We have

α3(V,W ) =

{
ε( 12 , χV , ψ)

−1 (−ε = 1),
1
2χW (−1)mε( 12 , χW , ψ)−1 (−ε = −1).

When either V orW is anisotropic, we prove Theorem 1.2 by expressing α3(V,W )
using α2(V,W ) (more precisely, see Proposition 15.1). In general, we use induction
on dimW to compute α3(V,W ) (§18).

1.4. Langlands parameters and the local theta correspondence. Let G be
a reductive group over F , and let π be an irreducible representation of G, let Γ
be the Galois group of F s/F where F s denotes the separate closure of F , let WF

be a Weil group of F , let LF = WF × SL2(C) be the Langlands group of F , let

Ĝ be the Langlands dual group of G, let Z(Ĝ) be the center of Ĝ, let Ĝad be the

adjoint group Ĝ, let Ĝsc be the simply connected covering of Ĝad, and let LG be
the L-group of G. The Langlands parameter of π is given by a pair (φ, η) where

• φ : LF → LG is the L-parameter of π,

• η is an irreducible representation of the component group S̃φ = π0(S̃φ) of

S̃φ where S̃φ is the preimage of Sφ := Cφ/Z(Ĝ)Γ ⊂ Ĝad in Ĝsc.
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Here, we denote by Cφ the centralizer of Imφ in Ĝ. The group S̃φ is called the S-
group of φ. See §20 for the discussion on how we define η from π. Now we consider
the pair (G(W ), G(V )) with 2n− 2m = 1 + ε again. Then, we have the following:

Proposition 1.3. Assume Hypothesis 20.1 and Conjecture 20.2 hold. Let π be
a tempered irreducible representation of G(W ) and let (φ, η) be its Langlands pa-
rameter. Then θψ(π, V ) is non-zero if and only if std ◦φ contains χV � 1SL2(C) as

representations of WF × SL2(C). Here, std is the standard embedding of LG into
GLN (C) and 1SL2(C) is the trivial representation of SL2(C). Suppose that θψ(π, V )
is non-zero, and we denote it by σ. We denote by (φ′, η′) its Langlands parameter.
Then we have

std ◦φ ∼= (std ◦φ′ ⊗ χV χ
−1
W )⊕ (χV � 1SL2(C))

as representations of WF × SL2(C), and we have

dim η

dim η′
=

⎧⎪⎨⎪⎩
1 (ε = 1),

1 (ε = −1, φ′ε = φ′),

2 (ε = −1, φ′ε 	= φ′).

Here, ε is the generator of Out(Ĝ(V )).

Using Proposition 1.3, we verify that our main theorem (Theorem 1.2) is consis-
tent with Hypothesis 20.1 and Conjecture 20.2 (§20).

1.5. Formal degree conjecture for non-split inner forms of Sp4 and GSp4.
Let G be a reductive group over F , let π be a square-integrable irreducible repre-
sentation of G(W ), and let (φ, η) be its Langlands parameter. We denote by A the

maximal F -split torus of the center of G, and we put C ′
φ = Ĝ/A ∩ Cφ. Then, the

formal degree conjecture of Hiraga, Ichino, and Ikeda asserts that

deg π =
dim η

#C ′
φ

· |γ(0, ad ◦ φ, ψ)|,

where ad is the adjoint representation of LG on Lie(Ĝad) [HII08]. This conjecture
has been proved for reductive groups over Archimedean local fields and for the inner
forms of GLn by themselves [HII08]. It has also been proved for SO2n+1, Mp2n,
Un, and Sp4 ([ILM17], [BP21], [GI14]). Moreover, Gross and Reeder reformulated
it by using the Eular-Poincáre measure on G [GR10]. Note that the absolute value
does not appear in their reformulation. For the non-split inner forms of GSp4 and
Sp4, the Langlands correspondence is constructed by Gan and Tantono [GT14] and
Choiy [Cho17] respectively. We prove the conjecture for these groups by using
Theorem 1.2:

Theorem 1.4. Let F be a local field of characteristic 0. Then, the formal degree
conjecture holds for the non-split inner forms of Sp4 and GSp4.

1.6. Structure of this paper. Now, we explain the structure of this paper. In
§§2–3, we set up the notations for fields, quaternion algebras, and ±ε-Hermitian
spaces. In §4, we define some symbols which are referred to when we take bases
for ±ε-Hermitian spaces. In §5, we recall the Bruhat-Tits theory for quaternionic
unitary groups and define the Iwahori subgroup. In §6, we explain the normalization
of Haar measures on reductive groups and certain nilpotent groups, and we give
some volume formulas. In §7, we explain the doubling method and recall the
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definition of the doubling γ-factor. Moreover, we compute the constant α1(W )
for some cases. In §8, we set up and explain the doubling method and the Weil
representations. In §9, we set up the theta correspondence. In §§10–11, 19–21, we
state our main results, and in §§12–18, we prove these results. More precisely, §§12–
13 are devoted to the computation of α2(V,W ) when either V or W is anisotropic,
§14 is a preliminary for §15 which associates α2(V,W ) with α3(V,W ), and §§16–17
are preliminaries for §18 in which we verify the commutativity of α3(V,W ) with
the parabolic inductions. Finally, in Appendix A, we give a formula for doubling
zeta integrals of certain sections as an application of the formula of α1(W ). Note
that this corrects the errors in [Kak20, Proposition 8.3].

2. Quaternion algebras over local fields

Let F be a non-Archimedean local field of characteristic 0, and let D be a
quaternion algebra over F . In this paper except §§14 and 16.5, we assume that D
is division. We denote byOF the valuation ring of F , by�F a uniformizer of OF , by
ordF : F× → Z the additive valuation normalized so that ordF (�D) = 1, by q the
cardinality of OF /�F , by | |F the absolute value normalized so that |�F |F = q−1,
by ∗ : D → D the canonical involution of D, by ND : D → F the reduced norm, by
TD : D → F the reduced trace, by ordD = ordF ◦ND the additive valuation of D,
by | |D = | |F ◦ND the absolute value of D, and by OD the valuation ring of D.

Lemma 2.1. There exist two elements δ and �D of D so that the subfield F (δ)
is unramified over F , TD(δ) = TD(�D) = 0, ordD(δ) = 0, ordD(�D) = 1, and
δ�D +�Dδ = 0.

Proof. Take d ∈ F so that ordF (d) = 0 and F (
√
d) is unramified over F . To prove

the claim, it suffices to show that the quaternion algebra (d,�F /F ) is isomorphic
to D. Since the 2-torsion subgroup of the Brauer group of F is isomorphic to Z/2Z,
it remains to show that (d,�F /F ) is division. This is obtained by the fact that
�F is not contained in the image of the norm map of the unramified extension
F (

√
d)/F . Hence we have the lemma. �

3. ε-Hermitian spaces and their unitary groups

Let ε ∈ {±1}. Now, we consider the following:

• a pair (W, 〈 , 〉) where W is a left free D-module of rank n, and 〈 , 〉 is a
map W ×W → D satisfying

〈ax, by〉 = a〈x, y〉b∗, 〈y, x〉 = −ε〈x, y〉
for x, y ∈ W and a, b ∈ D,

• a pair (V, ( , )) where V is a right free D-module of rank m, and ( , ) is a
map V × V → D satisfying

(v1a, v2b) = a∗(x, y)b, (y, x) = ε(x, y)∗

for x, y ∈ V and a, b ∈ D.

We call them an n-dimensional right ε-Hermitian space and an m-dimensional left
(−ε)-Hermitian space respectively if they are non-degenerate. Then, we define
G(W ) by the group of the left D-linear automorphisms g of W and

〈x · g, y · g〉 = 〈x, y〉
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for all x, y ∈ W . We also define G(V ) by the group of the right D-linear automor-
phisms g of V and

(g · x, g · y) = (x, y)

for all x, y ∈ V . Put W = V ⊗F W and define 〈〈 , 〉〉 by
〈〈x1 ⊗ y1, x2 ⊗ y2〉〉 = TD((x1, y1)〈x2, y2〉∗)

for x1, y1 ∈ V and x2, y2 ∈ W . Then, 〈〈 , 〉〉 is a symplectic form on W, and the
(G(W ), G(V )) is a reductive dual pair in Sp(W). We define

l = lV,W =

{
2n− 2m− 1 (ε = 1),

2n− 2m+ 1 (ε = −1).

We define the characters χV and χW of F× by

χV (a) =

{
1F× (ε = 1),

(a, d(W ))F (ε = 1)
and χW (a) =

{
(a, d(V ))F (ε = −1),

1F× (ε = −1)

for a ∈ F×.

4. Bases for W and V

In this section, we discuss bases for W , which we will consider in this paper. The
discussion for V goes the same line as that of W . For a basis e = {e1, . . . , en} for
W , we define

R(e) := (〈ei, ej〉)ij ∈ GLn(D).

Denote by W0 the anisotropic kernel of W , and put n0 = dimD W0, r = 1
2 (n− n0).

We assume that

W0 =

r+n0∑
i=r+1

eiD,

both

X =

r∑
i=1

eiD and

n∑
i=r+n0+1

eiX
∗

are totally isotropic subspaces of W , and

R(e) =

⎛⎝ 0 0 Jr
0 R0 0

−εJr 0 0

⎞⎠ ,(4.1)

where

Jr =

⎛⎜⎝ 1

. .
.

1

⎞⎟⎠ ,

and R0 ∈ GLn0
(D). By this basis, we regard G(W ) as a subgroup of GLn(D). It

is known that {
n0 ≤ 1 (−ε = 1),

n0 ≤ 3 (−ε = −1).

Moreover, in the case −ε = −1, it is known that n0 = 2 if and only if n is even
and χV 	= 1F× , n0 = 3 if and only if n is odd and χV = 1F× . (Cf. [Sch85, §10,
Example 1.8 (ii) and Theorem 3 .6].)
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5. Bruhat-Tits theory

In this section, we recall the definition and construction of the Iwahori sub-
groups of quaternionic unitary groups. Before giving the definition, we discuss the
apartments.

5.1. Apartments. Take a basis e as in §4. Put I = {e1, . . . , er}, I0 = {er+1,
. . . , en−r}, and I∗ = {en−r+1, . . . , en}. We denote by S the maximal F -split torus

{diag(x1, . . . , xr, 1, . . . , 1, x
−1
r , . . . , x−1

1 ) | x1, . . . , xr ∈ F×}

of G(W ). We denote by ZG(W )(S) the centralizer of S in G(W ), by NG(W )(S)
the normalizer of S in G(W ), by W = NG(W )(S)/ZG(W )(S) the relative Weyl
group with respect to S, by Φ the relative root system of G(W ) with respect
to S, by X∗(S) the group of algebraic characters of S, by E∨ the vector space
X∗(S) ⊗Z R, and by E the R dual space of E∨. Moreover, we define the bilinear
map 〈 , 〉 : E × E∨ → R by 〈y, η〉 = η(y) for y ∈ E∨ and η ∈ E. Then, we can
define the map μ : ZG(W )(S) → E by

[μ(z)](a′) = − ordF (a
′(z))

for a′ ∈ X∗(S). Then, there is a unique morphism ν : NG(W )(S) → Aff(E) so that
the following diagram is commutative:

1 �� ZG(W )(S) ��

μ

��

NG(W )(S) ��

ν

��

W ��

��

1

0 �� E �� Aff(E) �� Aut(E) �� 1

.

For a ∈ Φ, we denote by Xa the root subgroup in G(W ). Let u ∈ Xa \ {1}. Then
one can prove that X−a · u · X−a ∩ NG(W )(S) consists of an unique element. We
denote it by ma(u). We define a map ϕa : Xa \ {1} → R by

ma(u)(η) = η − (〈a, η〉+ ϕa(u))a
∨

for all η ∈ E. We put Φaff the affine root system

{(a, t) | a ∈ Φ, t = ϕa(u) for some u ∈ Xa \ {1}} ⊂ Φ× R,

and by Ea,t the subset {η ∈ E | [ma(u)](η) = η} where u ∈ Xa so that ϕa(u) = t.
We call a connected component of

E \
⋃

(a,t)∈Φaff

Ea,t

a chamber of E. For i ∈ I (resp. i ∈ I∗), we define ai ∈ X∗(S) ⊂ E∨ by
ai(x) = ND(xi) (resp. ai(x) = ND(xn+1−i)

−1) for

x = diag(x1, . . . , xr, 1, . . . , 1, x
−1
r , . . . , x−1

1 ) ∈ S.

Now we describe ϕa explicitly following [BT72, §10]. The root system of G(W )
with respect to S is divided into

Φ = Φ+
1 ∪ Φ−

1 ∪ Φ+
2 ∪ Φ−

2 ∪ Φ+
3 ∪ Φ−

3 ∪ Φ+
4 ∪ Φ−

4 ,
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where

Φ+
1 = {ai − aj | 1 ≤ j < i ≤ r},

Φ+
2 = {ai | i = 1, . . . , r},

Φ+
3 = {ai + aj | 1 ≤ j < i ≤ r},

Φ+
4 = {2ai | i = 1, . . . , r},

and Φ−
k = −Φ+

k for k = 1, 2, 3, 4. Let a = ai − aj ∈ Φ+
1 ∪Φ−

1 . For x ∈ D, we define
ua(x) ∈ Xa by

ek · ua(x) =

⎧⎪⎨⎪⎩
ek (k 	= i, n− i),

ei + x · ej (k = i),

en−i + x∗ · en−j (k = n− i).

Let a = ai ∈ Φ+
2 . For c = (c1, . . . , cn0

) ∈ W0 = Dn0 and d ∈ D with (d∗ − εd) +
〈c, c〉 = 0, we define ua(c, d) ∈ Xa by

ek · ua(c, d) =

⎧⎪⎨⎪⎩
ek (k 	= i, r + 1, . . . , r + n0),

ei +
∑n0

t=1 cter+t + den−i (k = i),

ek + αk−rc
∗
k−ren−i (k = r + 1, . . . , r + n0).

Let a = −ai ∈ Φ−
2 . For c = (c1, . . . , cn0

) ∈ W0 = Dn0 and d ∈ D with (d− εd∗) +
〈c, c〉 = 0, we define ua(c, d) ∈ Xa by

ek · ua(c, d) =

⎧⎪⎨⎪⎩
ek (k 	= r + 1, . . . , r + n0, n− i),

ek − αk−rc
∗
k−rei (k = r + 1, . . . , r + n0),

dei +
∑n0

t=1 cter+t + en−i (k = n− i).

Let a = (ai + aj) ∈ Φ+
3 . For x ∈ D, we define ua(x) ∈ Xa by

ek · ua(x) =

⎧⎪⎨⎪⎩
ek (k 	= i, j),

ei + x · en−i (k = i),

ej + εx∗en−j (k = j).

Let a ∈ Φ−
3 . For x ∈ D, we define ua(x) :=

tu−a(x)
∗ ∈ Xa. Finally, let a = ±2ai ∈

Φ±
4 . For d ∈ D with d∗ − εd = 0, we define ua(d) := u±ai

(0, d) ∈ X2a.

Lemma 5.1. For a ∈ Φ, we have

• ϕa(ua(x)) = ordD(x) for x ∈ D if a ∈ Φ+
1 ∪ Φ−

1 ∪ Φ+
3 ∪ Φ−

3 ,
• ϕa(ua(c, d)) =

1
2 ordD(d) for c ∈ Dn0 and d ∈ D with (d∗ − εd)± 〈c, c〉 = 0

if a ∈ Φ±
2 ,

• ϕa(ua(d)) = ordD(d) for d ∈ D with d∗ − εd = 0 if a ∈ Φ+
4 ∪ Φ−

4 .

5.2. Iwahori subgroups. Before stating the definition of the Iwahori subgroup,
we explain a map of Kottwitz. Let F ur be the maximal unramified extension of F ,
let F s be the separable closure of F , let I = Gal(F s/F ur) be the inertia group of
F , and let Fr be a Frobenius element. Then, Kottwitz defined a surjective map

κW : G(W ) → Hom(Z(Ĝ(W ))I ,C×)Fr

(see [Kot97, §7.4]). Here, we denote by Ĝ(W ) the Langlands dual group ofG(W ), by

Z(Ĝ(W ))I the I-invariant subgroup of the center of Ĝ(W ), and by
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Hom(Z(Ĝ(W ))I ,C×)Fr the Fr-invariant subgroup of Hom(Z(Ĝ(W ))I ,C×). Then,
an Iwahori subgroup of G(W ) is defined to be a subgroup consisting of the elements
g of G(W ) which preserves each point of a chamber of the building and κW (g) = 1.
Now we describe an Iwahori subgroup of G(W ). Let C be a chamber in E so that

• for any root a ∈ Φ(S,G(W )) with Xa ⊂ B, 〈a, C〉 ⊂ R>0,
• the closure C of C contains the origin 0 ∈ E.

Then, the Iwahori subgroup associated with the chamber C is given by

B := {g ∈ G(W ) | κW (g) = 1 and g · p = p for all p ∈ C}.
By the construction of the map κW , the following diagram is commutative:

ZG(W )(S)

��

κZG(W )(S)

�� Hom(Z( ̂ZG(W )(S))
I ,C×)Fr

��

G(W )
κW �� Hom(Z(Ĝ(W ))I ,C×)Fr

where the vertical maps are (induced from) the natural embeddings. Hence, we
have:

Lemma 5.2.

B = ZG(W )(S)1 ·
∏

a∈Φ+

Xa,0 ·
∏

a∈Φ−

Xa, 12
,

where ZG(W )(S)1 is the set of matrices⎛⎝a 0 0
0 g0 0

0 0 a∗−1

⎞⎠ (a = diag(a1, . . . , ar), g0 ∈ G(W0))

such that ai ∈ O×
D for i = 1, . . . , r, and κW0

(g0) = 1. Here, we denote by Xa,t the
subset

{u ∈ Xa | ϕa(u) ≥ t}
of Xa for t ∈ R.

6. Haar measures

In this section, we explain how we choose Haar measures in this paper for re-
ductive groups and unipotent groups. Let ψ : F → C× be a non-trivial additive
character of F . For a reductive group, Gross and Gan constructed a Haar mea-
sure dg depending only on the group G and the non-trivial additive character ψ
[GG99, §8]. (In [GG99], it is denoted by μG.) For a unipotent group, it is useful to
consider the “self-dual measures” du with respect to ψ. In both cases, we denote
by |X| the volume of X for a measurable set X.

6.1. Measures on reductive groups. Let G be a connected reductive group,
and let G′ be the quasi-split inner form of G. Moreover, let S be a maximal F -split
torus of G, let S′ be a maximal F -split torus of G′, let T ′ be the centralizer of S′

in G′ (it becomes a torus over F s), and let W(T ′, G′) be the Weyl group of G′ with
respect to T ′. Put E′ := X∗(T ′) ⊗ Q. Then the space E′ can be regarded as a
graded Q[Γ]-module

E′ = ⊕d≥1E
′
d



1202 HIROTAKA KAKUHAMA

as follows: consider a W(T ′, G′)-invariant subalgebra R = Sym•(E′)W(T ′,G′) of
symmetric algebra Sym•(E′). We denote by R+ the ideal consisting of the elements
of positive degrees. Then, there is a Q[Γ]-isomorphism E′ ∼= R+/R

2
+. Then, the

grading of E′ is the one deduced from the natural grading of R+/R
2
+.

Let Ψ: G′ → G be an inner isomorphism defined over F ur. We may assume that
the torus Ψ(S′) is a maximal F ur split torus containing S. Then the automorphism
Ψ−1 ◦ Fr(Ψ) preserves the torus T ′ and the action agrees with that by a Weyl
element wG ∈ W (T ′, G′)I . We denote by M the motive

⊕d≥1E
′
d(d− 1)

of G (see [Gro97]), and by a(M) the Artin invariant∑
d≥1

(2d− 1) · a(E′
d)

of M (see [GG99]). Then, the Haar measure dg is normalized so that the volume
of the Iwahori subgroup B is given by

|B| = q−N− 1
2a(M) · det(1− Fr ◦ wG;E

′(1)I).(6.1)

Here, we put

N =
∑
d≥1

(d− 1) dimQ E′
d
I
.

Now, consider the case G = G(W ) where W is an n-dimensional (−ε)-Hermitian
space over D. Then, we have the following:

Proposition 6.1.

(1) Suppose that −ε = 1. Then, we have

|B| = (1− q−1)

n
2 � · (1 + q−1)�

n
2 
 · q−n2

,

where B is an Iwahori subgroup of G(W ).
(2) Suppose that −ε = −1. Then, we have

|B| =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1− q−2)
n
2 · q−n2+n (n0=0),

(1− q−2)
n−1
2 · q−n2+(2n−1)(1− f(χW )

2 ) (n0 = 1, χW is ramified),

(1− q−2)
n−1
2 · (1+q−1) · q−n2+n (n0=1, χW is unramified),

(1− q−2)
n−2
2 · (1+q−1)q−n2+(2n−1)(1− f(χW )

2 ) (n0=2, χW is ramified),

(1− q−2)
n−2
2 (1+q−2)q−n2+n (n0=2, χW is unramified),

(1− q−2)
n−3
2 (1+q−1+q−2+q−3)q−n2+n (n0=3).

where f(χW ) is the conductor of χW .

Proof. Let A be a OF -scheme so that the fibered product A ×SpecOF
SpecF is

isomorphic to Ψ(S′) over F . Then, we have

det(1− Fr ◦ wG;E
′(1)I) = q− dimF S′

#A(OF /�F ).(6.2)
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In our case, we may assume that the torus Ψ(S′) is isomorphic to

ResL2/F (Gm)
n−n0

2

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 (n0 = 0, n0 = 1 with χW ramified),

kerNL2/F (n0 = 1 with χW unramified, n0 = 2 with χW ramified),

kerNL4/L2
(n0 = 2 with χW unramified),

kerNL4/F (n0 = 3),

where Ld denotes the unramified extension field of F of [Ld : F ] = d, and NL/K

denotes the norm map ResL/F G×
m → ResK/F G×

m associated with a field extension
L/K. Hence, by (6.2), we have

det(1− Fr ◦ wG;E
′(1)I) = (1− q−2)

n−n0
2

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 (n0=0, n0=1 with χW ramified),

(1+q−1) (n0=1, with χW unramified, n0=1 with χW ramified),

(1+q−2) (n0=2, with χW unramified),

(1+q−1+q−2+q−3) (n0=3).

We define a grading and a Γ-action on the polynomial ring Q[X,Y ] by

degXk = k, deg Y l = nl (k, l = 0, 1, . . .), and

σ · f(X,Y ) = f(X, ηW (σ)Y ) for f(X,Y ) ∈ Q[X,Y ], σ ∈ Γ.

Here, ηW is a character on Γ associated with χW via the local class field theory.
Then we have that E′ is isomorphic to{

QX2 +QX4 + · · ·+QX2n (−ε = 1),

QX2 +QX4 + · · ·+QX2n−2 +QY (−ε = −1)

as a graded Q[Γ]-module. Hence, we have

N =

⎧⎪⎨⎪⎩
n2 (−ε = 1),

n2 − n (−ε = −1 with χW unramified),

n2 − 2n+ 1 (−ε = −1 with χW ramified),

and

a(M) =

{
0 (χW is unramified),

(2n− 1) · f(χW ) (χW is ramified).

By computing the right-hand side of (6.1), we have the claim. �

If G(W ) is anisotropic, then B = kerκW (see §5.2). Hence, its total volume is
given by Corollary 6.2:

Corollary 6.2. Suppose that W is anisotropic.

(1) If −ε = 1 and n = 1, then we have |G(W )| = q−1(1 + q−1).
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(2) If −ε = −1, then we have

|G(W )| =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1+q−1 (n=1 with χW unramified),

2q−
f(χW )

2 (n=1 with χW ramified),

2·q−2(1+q−2) (n=2 with χW non-trivial and unramified),

2(1+q−1)q−
3
2 f(χW )−1 (n=2 with χW ramified),

2q−6(1+q−1)(1+q−2) (n=3).

Proof. Since the Kottwitz map κW is surjective,

[G(W ) : B] = #(X∗(Z(Ĝ)I)Fr)

=

{
1 (n = 1 with χW unramified),

2 ( otherwise),

where I is the inertia group of F , and Fr is a Frobenius element of F . Hence we
have the claim. �

6.2. Measures on unipotent groups. Take a basis e and regard G(W ) as a
subgroup of GLn(D) as in §4. Let

f : 0 = X0 ⊂ X1 ⊂ · · · ⊂ Xk−1 ⊂ Xk = X

be a flag consisting of totally isotropic subspaces. We put ri = dimD Xi/Xi−1 for
i = 1, . . . , k. Moreover, we put

ur′ = {z ∈ Mr′(D) | tz∗ − εz = 0}

for a positive integer r′. We denote by P the parabolic subgroup of all p ∈ G(W )
satisfying Xi · p ⊂ Xi for i = 0, . . . , k, and by U(P ) the unipotent radical of P .
Moreover, we denote by Ui(P ) the subgroup

{u ∈ U(P ) | X · (u− 1) ⊂ Xi}

for i = 1, . . . , k. Then, for i = 1, . . . , k, we have the exact sequence

1 → Ui−1(P ) → Ui(P ) →
i∏

j=(i+2)/2

Mrj ,ri+1−j
(D) → 0(6.3)

if i is even, and the exact sequence

1 → Ui−1(P ) → Ui(P ) → ur(i+1)/2
×

i∏
j=(i+3)/2

Mri+1−j ,rj (D) → 0(6.4)

if i is odd. Here, the first maps are the inclusions and the second maps are given
by

u =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0 1
z1 0 1

∗ z2
. . .

. . .
...

. . .
. . . 0 1

∗ · · · ∗ zi 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
�→ (z�(i+1)/2
J�(i+1)/2
, . . . , ziJi),
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for u ∈ Ui(P ). We define a measure dz on ur′ to be the self-dual Haar measure
with respect to a pairing

ur × ur → C : (z, z′) �→ ψ(TD(z · tz′∗)),(6.5)

and we define a measure dx on Mr′,r′′(D) to be the self-dual Haar measure with
respect to a pairing

Mr′,r′′(D)×Mr′,r′′(D) → C× : (x, x′) �→ ψ(TD(x · tx′∗)).(6.6)

Then, the Haar measure du on Ui(P ) is defined inductively by the exact sequences
(6.3) and (6.4) for i = 1, . . . , k.

In the rest of this section, we compute the volumes |ur′ ∩ Mr′(OD)| and
|M′

r′,r′′(OD)| with respect to the self-dual measures above. To compute them,
we observe lattices of ur and Mr′,r′′(D) with r = r′ = r′′ = 1.

Lemma 6.3.

(1) Suppose that r′ = r′′ = 1. Then, the dual lattice O∗
D of OD with respect to

the pairing (6.6) is given by �−1
D OD.

(2) Suppose that ε = 1 and r = 1. Then, the dual lattice of OD∩u1 with respect
to the pairing (6.5) is given by 1

2δOF +�−1
D OF (δ).

(3) Suppose that ε = −1 and r = 1. Then, the dual lattice of OD ∩ u1 with
respect to the pairing (6.5) is given by 1

2OF .

Proof. Since the order of ψ is zero, there exists a ∈ O×
F such that ψ(�−1

F a) 	= 1. The
assertion (3) is well-known, thus we only prove (1) and (2). We admit the existence
of an element b ∈ O×

F (δ) satisfying b+ b∗ = a at once. We take two elements δ,�D

as in Lemma 2.1. If x ∈ D× satisfies ordD(x) < −1, then x−1�−1
F b ∈ OD, and we

have

ψ(TD(x · x−1�−1
F b)) = ψ(�−1

F a) 	= 1.

Thus we have that O∗
F is contained in �−1

D OD. On the other hand, ψ(TD(�−1
D OD))

= 1 since TD(�−1
D OD) ⊂ OF . Hence we have (1). Suppose that ε = 1 and r = 1.

An element x of u1 can be written in the form x = δ · x1 +�F · x2 where x1 ∈ F
and x2 ∈ F (δ). If x1 	∈ 1

2OF , then δ−1(2x1)
−1�−1

F a ∈ OD, and

ψ(TD(δx · δ−1(2x1)
−1�−1

F a)) = ψ(�−1
F a) 	= 1.

If x2 	∈ OF (δ), then x−1
2 b ∈ OD, and

ψ(TD(�−1
D x2 · x−1

2 b)) = ψ(�−1
F a) 	= 1.

Thus we have that the dual lattice of OD ∩ u1 is contained in 1
2δOF +�−1

D OF (δ).

On the other hand, the subset ( 12δOF +�−1
D OF (δ)) · OD is contained in the subset

1
2OF +�−1

D OD on which ψ ◦ TD vanishes. Hence we have (2).

It remains to show that there exists an element b ∈ O×
F (δ) satisfying b+ b∗ = a.

Put

X = {T 2 − uT + v | u, v ∈ (OF /�F )
×}, and

Y = {(T − x)(T − y) | x, y ∈ (OF /�F )
×, x+ y 	= 0}.

Then we have X ⊃ Y and

#X = (q − 1)2 >
1

2
q(q − 1)− (q − 1) = #Y .
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This inequation implies that X possesses at least one irreducible polynomial h(T ).
Take c ∈ O×

F (δ) so that its image c ∈ OF (δ)/�F satisfies h(c) = 0. Then, by the

definition of X , we have c + c∗ ∈ O×
F . Thus, putting b = c(c + c∗)−1a, we have

b+ b∗ = a. This completes the proof of Lemma 6.3. �

Let r, r′ and r′′ be arbitrary positive integers again. Then, by Lemma 6.3, we
have the following:

Corollary 6.4.

(1) We have

|ur ∩Mr(O)| =
{
|2| 14 r(r+1)q−

1
2 r(r+1) (ε = 1),

|2| 14 r(r+1)q−
1
2 r(r−1) (ε = −1).

(2) We have |Mr′,r′′(OD)| = q−r′r′′ .

7. Doubling method and local γ-factors

In this section, we explain the doubling method, and we recall the analytic
definition of the local standard γ-factor (§7.2). The doubling method also appears
in the formulation of the local Siegel-Weil formula (§10) and the local analogue of
the Rallis inner product formula (§15). Let W be a (−ε)-Hermitian space over D.
In this section, we also define the local zeta value α1(W ), which depends on W
and its basis e. In §7.3, we compute α1(W ) for a (−ε)-Hermitian space and for a
basis e for W under some assumptions. As explained in §1, this computation of the
constant α1(W ) will play an important role in the computation of the constant in
the local Siegel-Weil formula (§10).

7.1. Doubling method. Let (W�, 〈 , 〉�) be the pair where W� = W ⊕W and
〈 , 〉� is the map W� ×W� → D defined by

〈(x1, x2), (y1, y2)〉� = 〈x1, y1〉 − 〈x2, y2〉

for x1, x2, y1, y2 ∈ W . Let G(W�) be the isometric group of W�. Then, the natural
action

G(W )×G(W ) � W ⊕W : (x1, x2) · (g1, g2) = (x1 · g1, x2 · g2)

induces an embedding ι : G(W ) × G(W ) → G(W�). Consider maximal totally
isotropic subspaces

W� = {(x, x) ∈ W� | x ∈ W}, and

W� = {(x,−x) ∈ W� | x ∈ W}.

Then we have a polar decomposition W� = W� ⊕ W�. We denote by P (W�)
the maximal parabolic subgroup of G(W�) which preserves W�. Then, a Levi
subgroup of P (W�) is isomorphic to GL(W�). We denote by Δ the character of
P (W�) given by

Δ(x) = NW�(x)−1.

Here NW�(x) is the reduced norm of the image of x in EndD(W�). Let ω : F× →
C× be a character. For s ∈ C, put ωs = ω · | − |s. Let e be a basis for W . Then we
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define a basis e′
�
= (e′1, . . . , e

′
2n) for W

� by

e′i = (ei, ei), e′n+i =

n∑
k=1

ajk(ei,−ei)

for i = 1, . . . , n, where (ajk)j,k = R(e)−1. Then we have

(〈e′i, e′j〉)i,j =
(

0 2 · In
−2ε · In 0

)
.

We choose a maximal compact subgroup K(e′
�
) of G(W�) which preserves the

lattice

OW� =
2n∑
i=1

ODe′i

of W�. Then, we have P (W�)K(e′�) = G(W�). Denote by I(s, ω) the degenerate
principal series representation

Ind
G(W�)

P (W�)
(ωs ◦Δ)

consisting of the smooth right K(e′
�
)-finite functions f : G(W�) → C satisfying

f(pg) = δ
1
2

P (W�)
(p) · ωs(Δ(p)) · f(g)

for p ∈ P (W�) and g ∈ G(W�), where δP (W�) is the modular function of P (W�).

We may extend |Δ| to a right K(e′�)-invariant function on G(W�) uniquely. We
denote by U(W�) the unipotent radicals of P (W�). For f ∈ I(0, ω), put fs =
f · |Δ|s ∈ I(s, ω). Then, we define an intertwining operator M(s, ω) : I(s, ω) →
I(−s, ω−1) by

[M(s, ω)fs](g) =

∫
U(W�)

fs(τug) du,

where τ is the Weyl element of G(W�) given by{
τ (e′i) = e′n+i (i = 1, . . . , n),

τ (e′i) = −εe′i−n (i = n+ 1, . . . , 2n).

This integral converges absolutely for �s > 0 and admits a meromorphic contin-
uation to C. Let π be a representation of G(W ) of finite length. For a matrix
coefficient ξ of π, and for f ∈ I(0, ω), we define the doubling zeta integral by

ZW (fs, ξ) =

∫
G(W )

fs(ι(g, 1))ξ(g) dg.

Then the zeta integral satisfies the following properties, which are stated in [Yam14,
Theorem 4.1]. This gives a generalization of [LR05, Theorem 3].

Proposition 7.1.

(1) The integral ZW (fs, ξ) converges absolutely for �s ≥ n − ε and has an
analytic continuation to a rational function of q−s.

(2) There is a meromorphic function ΓW (s, π, ω) such that

ZW (M(s, ω)fs, ξ) = ΓW (s, π, ω)ZW (fs, ξ)

for all matrix coefficients ξ of π and fs ∈ I(s, ω).
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7.2. Local γ-factors. Fix a non-trivial additive character ψ : F → C× and A ∈
EndD(W�) so that rankA = n and 1 + A ∈ U(W�). We use the Haar measures
on U(W�) and U(W�) by identifying them with un by the basis e′

�
(see §6.2).

We define

ψA : U(W�) → C× : u �→ ψ(TW�(uA)),

where TW� denotes the reduced trace of EndD(V �). Moreover, we define the
character χA of F× by χA(x) = (x, d(A)) for x ∈ F× where d(A) denotes the

element of F×/F×2
defined as in [Kak20, §5.1]. For f ∈ I(0, ω) we define

lψA
(fs) =

∫
U(W�)

fs(u)ψA(u) du.

Then, this integral defining lψA
converges for �s � 0 and admits a holomorphic

continuation to C [Kar79, §3.2]. Let A0 ∈ GLn(D) be the matrix representation of
the linear map A : W� → W� with respect to the bases e′n+1, . . . , e

′
2n for W� and

e′1, . . . , e
′
n for W�. We denote by e(G(W )) the Kottwitz sign of G(W ), which is

given by

e(G(W )) =

{
(−1)

1
2n(n+1) (−ε = 1),

(−1)
1
2n(n−1) (−ε = −1).

Then, as in [Kak20, Proposition 4.2], we have the following:

Proposition 7.2. We have

lψA
◦M(s, ω) = c(s, ω,A, ψ) · lψA

,

where c(s, ω,A, ψ) is the meromorphic function of s given by

c(s, ω,A, ψ)= e(G(W ))·ωs(N(A0))
−1 ·|2|−2ns+n(n− 1

2 ) ·ω−1(4)·γ(s− n+
1

2
, ω, ψ)−1

×
n−1∏
i=0

γ(2s− 2i, ω2, ψ)−1 · γ(s+ 1

2
, ωχA0

, ψ) · ε(1
2
, χA0

, ψ)−1

in the case −ε = 1, and

c(s, ω,A, ψ)=e(G(W )) ·ωs(N(A0))
−1 · |2|−2ns+n(n− 1

2 ) ·ω−1(4)·
n−1∏
i=0

γ(2s−2i, ω2, ψ)−1

in the case −ε = −1.

Remark 7.3. These formulas differ from those in [Kak20, Proposition 4.2]. This

is caused by a typo where ωn± 1
2
(N(R)) should be replaced by |N(R)|−(n± 1

2 ) in

[Kak20, Proposition 4.2].

Now we define the doubling γ-factor as in [Kak20]. Note that the above error
has no effect on the definition in [Kak20].

Definition 7.4. Let π be an irreducible representation of G(W ), let ω be a char-
acter of F×, and let ψ be a non-trivial character of F . Then we define the γ-factor
by

γW (s+
1

2
, π × ω, ψ) = c(s, ω,A, ψ)−1 · ΓW (s, π, ω) · cπ(−1) ·R(s, ω,A, ψ),
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where cπ is the central character of π, and

R(s, ω,A, ψ) =

{
ωs(N(R(e)A0)

−1γ(s+ 1
2 , ωχA, ψ)ε(

1
2 , χA, ψ)

−1 (−ε = 1),

ωs(N(R(e)A0)
−1ε( 12 , χW , ψ) (−ε = −1).

The doubling γ-factor γW (s + 1
2 , π � ω, ψ) is expected to coincide with the

standard γ-factor γ(s + 1
2 , π � ω, std, ψ) where std is the standard embedding of

L(G(W )×GL1). Another notable property is the commutativity with parabolic in-
ductions, which is useful in the computation. For example, the doubling γ-factor of
the trivial representation is given by Lemma 7.5, which we use in the computation
of the doubling zeta integral (§7.3 and Appendix A).

Lemma 7.5. Denote by 1G(W ) the trivial representation of G(W ). Then we have

γW (s+
1

2
, 1G(W ) × 1F× , ψ)

=

{∏n
i=−n γF (s+

1
2 + i, 1, ψ) (−ε = 1),

γF (s+
1
2 , χW , ψ)

∏n−1
i=−n+1 γF (s+

1
2 + i, 1, ψ) (−ε = −1).

Proof. [Kak20, Proposition 7.1]. �

7.3. Local zeta values. We use the same setting and notation of §7.1. Let f◦
s ∈

I(s, 1F×) be the unique K(e′
�
)-fixed section with f◦

s (1) = 1, and let ξ◦ be the
matrix coefficient of the trivial representation of G(W ) with ξ◦(1) = 1. Put ρ =
n− ε

2 . Then, we define

α1(W ) := ZW (f◦
ρ , ξ

◦),

which is the first constant we are interested in. The integral defining α1(W ) con-
verges absolutely by Proposition 7.1. The purpose of this subsection is to obtain a
formula of α1(W ) in the case where either R(e) ∈ GLn(OD) or W is anisotropic.
The general formula of α1(W ) will be obtained in §19.

Proposition 7.6.

(1) In the case −ε = 1 and R(e) ∈ GLn(OD), we have

α1(W ) = |2|n(2n+1) · q−n2
0−(2n0+1)r−2r2 ·

n∏
i=1

(1 + q−(2i−1)).

(2) In the case −ε = −1 and R(e) ∈ GLn(OD), we have

α1(W ) = |2|n(2n−1) · q−2rn0−2r2+r ·
n∏

i=1

(1 + q−(2i−1)).

(3) In the case −ε = −1 and W is anisotropic, we have

α1(W ) = |N(R(e))|−n+ 1
2 ×

⎧⎪⎨⎪⎩
|2|F · (1 + q−1) (n = 1),

|2|6F · q−1 · (1 + q−1)(1 + q−3) (n = 2),

|2|15F · q−3 · (1 + q−1)(1 + q−3)(1 + q−5) (n = 3).



1210 HIROTAKA KAKUHAMA

Unless q is a power of 2 , the assertions (1) and (2) are conclusions of [Kak20,
Proposition 8.3] and the volume formula of a maximal compact subgroup con-
taining B which can be obtained by a generalization of the Bruhat decomposition
[PR08, Appendix, Proposition 8]. However, to contain the case 2|q, we prove them
in another way. Before proving Proposition 7.6, we observe the following two im-
portant lemmas:

Lemma 7.7.

dimC HomG(W )×G(W )(I(ρ, 1F×),C) = 1.

Proof. By Proposition 7.1, the integral∫
G(W )

f((g, 1)) dg

converges absolutely for f ∈ I(ρ, 1F×). We denote it by Z(f), and we obtain a
non-zero map Z ∈ HomG(W )×G(W )(I(ρ, 1F×),C). To prove the lemma, it suffices
to show that kerZ is spanned by the set

{h−R(g)h | h ∈ I(ρ, 1F×), g ∈ G(W )×G(W )}.

Here, we denote by R(g) the right translation by g. Let f ∈ kerZ. Take a compact
open subgroup K ′ of K(e′

�
), complex numbers ai ∈ C and elements gi ∈ G(W )×

G(W ) for i = 1, . . . , t so that

f =

t∑
i=1

aiR(gi)c,

where c ∈ I(ρ, 1F×) is the section defined by

c(g) :=

{
δP (W�)(p) g = pk′ (p ∈ P (W�), k′ ∈ K ′),

0 g 	∈ P (W�)K ′.

Then, we have

a1 + · · ·+ at =
Z(f)

Z(c)
= 0

and we have
t−1∑
i=1

bi(R(gi)c−R(gi+1)c) = f,

where bi := a1 + · · ·+ ai for i = 1, . . . , t− 1. Hence we have the lemma. �

Lemma 7.8. For f ∈ I(ρ, 1F×), we have∫
G(W )

f((g, 1)) dg = m◦(ρ)−1 · α1(W ) ·
∫
U(W�)

f(τu) du,

where

m◦(s) =

⎧⎨⎩|2|n(n−
1
2 )

F q−
1
2n(n+1) ζF (s−n+ 1

2 )

ζF (s+n+ 1
2 )

∏n−1
i=0

ζF (2s−2i)
ζF (2s+2n−4i−3) (−ε = 1),

|2|n(n−
1
2 )

F q−
1
2n(n−1)

∏n−1
i=0

ζF (2s−2i)
ζF (2s+2n−4i−1) (−ε = −1).
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Proof. Define a map A : S(G(W�)) → I(ρ, 1F×) by

[Aϕ](g) =

∫
P (W�)

δP (W�)(p)
−1ϕ(pg) dp.

Then A is surjective. Moreover, we have∫
U(W�)

[Aϕ](τu) du =

∫
U(W�)

∫
M(W�)

∫
U(W�)

δ−1
P (W�)

(m)ϕ(xmτy) dydmdx

= γ(G(W�)/P (W�))

∫
G(W�)

ϕ(g) dg.

Here, γ(G(W�)/P (W�)) is the constant defined by

γ(G(W�)/P (W�)) =

∫
U(W�)

f◦(τu) du,

where f◦ ∈ I(ρ, 1F×) is a unique K(e′
�
)-invariant section with f◦(1) = 1. Hence

we conclude that the map

I(ρ, 1F×) → C : f �→
∫
U(W�)

f(τu) du

is G(W�)-invariant, in particular, it is G(W )×G(W )-invariant. Hence, by Lemma
7.7, we conclude that there is a constant α′ ∈ C such that∫

G(W )

f((g, 1)) dg = α′
∫
U(W�)

f(τu) du

for all f ∈ I(ρ, 1F×). To determine the constant α′, we use f◦ as a test function.
By Gindikin-Karperevich formula [Cas80, Theorem 3.1] or Shimura’s computation
[Shi99, Proposition 3.5], we have∫

U(W�)

f◦(τu) du = m◦(ρ).

Moreover, comparing this to Proposition A.2, we have the claim. �

Now we prove Proposition 7.6. As a consequence of Lemma 7.8, we use another
section f(s, 1�FOu

,−) ∈ I(s, 1) to compute the ratio α1(W )m◦(ρ)−1. Here, we
denote the set u ∩Mn(O) by Ou, and we define a section f(s,Φ,−) ∈ I(s, ω) by

f(s,Φ, g) :=

⎧⎪⎨⎪⎩
0 g /∈ P (W�)τU(W�),

ωs+ρ(Δ(p))Φ(X) g = pτ

(
1 0

X 1

)
(p ∈ P (W�), X ∈ u)

for a character ω of F× and Φ ∈ S(u). Let g ∈ G(W ) with ι(g) ∈ P (W�)τU(W�).
Then, (

g+1
2

g−1
2 R(e)−1

R(e) g−1
2 R(e) g+1

2 R(e)−1

)
=

(
a 0
b ta∗−1

)
τ

(
1 0
X 1

)
for some a ∈ GLn(D), b ∈ Mn(D) and X ∈ u. If X ∈ �FOu, then a, g are given by

a = (X −R(e))−1, g = a(X +R(e)) = 2aX − 1,

and thus a ∈ GLn(OD) and g ∈ −K+
2�F

. Here we denote the set

{g ∈ G(W ) ∩GLn(OD) | g − 1 ∈ 2�F Mn(OD)}
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by K+
2�F

. Conversely, if g ∈ −K+
2�F

, then a,X are given by

aIn =
g − 1

2
R(e)−1, aX =

g + 1

2
,

and thus a ∈ GLn(OD) and X ∈ �FOu. Summarizing the above discussions, we
have

f(s, 1�F u, ι(g, 1)) = 1−K+
2�F

(g)

for g ∈ G(W ). Put

m′(s) :=

∫
U(W�)

f(s, 12�FOu
, τu) du.

Then, we have

α1(W )

m◦(ρ)
=

Z(f(ρ, 12�FOu
,−))

m′(ρ)

=
|K+

2�F
|

|�FOu|

= |2|2nρ−n(n− 1
2 )

F q
1
2n(n−ε)qn(2n−ε)|K+

�F
|.

Since
logq[B+ : K+

�F
] = 6(n0r + r(r − 1)) + 5r + n0 − (2r + n0)ε

and

logq |B+| =
{
−n2 − n (−ε = 1),

−n2 (−ε = −1),

we have

logq(q
1
2n(n−ε)qn(2n−ε)|K+

�F
|)

=
1

2
n(n− ε) + n(2n− ε)− 6(n0r + r(r − 1))− 5r − n0 + (2r + n0)ε

−
{
−n2 − n (−ε = 1),

−n2 (−ε = −1)

=
1

2
n(n− ε)−

{
2r2 + (2n0 + 1)r + n2

0 (−ε = 1),

2r2 + 2n0r − r (−ε = −1).

Hence we have

α1(W ) = m◦(ρ) · α1(W )

m◦(ρ)

=

{
|2|n(2n+1) · q−n2

0−(2n0+1)r−2r2 ·
∏n

i=1(1 + q−(2i−1)) (−ε = 1),

|2|n(2n−1) · q−2rn0−2r2+r ·
∏n

i=1(1 + q−(2i−1)) (−ε = −1).

This proves (1) and (2) of Proposition 7.6.
Finally, we prove (3). By the definition of the γ-factor, we have the following

(local) functional equation of the zeta integral:

ZW (f◦
s , ξ

◦)

m◦(s)
=e(G(W ))

ZW (f◦
−s, ξ

◦)

γW (s+ 1
2 , 1G(W ) × 1F× , ψ)

n−1∏
i=0

γ(2s− 2i, 1F× , ψ)

× |2|2ns−n(n− 1
2 )

F |N(R(e))|−s
F · ε(1

2
, χW , ψ).
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Since f◦
−ρ is the constant function with value 1 on G(W�), we have ZW (f◦

ρ , ξ
◦) =

|G(W )|. Hence, by Lemma 7.5, we have

ZW (f◦
−ρ, ξ

◦)

m◦(ρ)
= |N(R(e))|−n+ 1

2 ×

⎧⎪⎨⎪⎩
|2|

1
2

F · e(G(W )) (n = 1),

−|2|3F · e(G(W )) (n = 2),

−|2|
15
2

F · e(G(W )) (n = 3).

Therefore, we have

α1(W ) = |N(R(e))|−n+ 1
2 ×

⎧⎪⎨⎪⎩
|2|F · (1 + q−1) (n = 1),

|2|6F · q−1 · (1 + q−1)(1 + q−3) (n = 2),

|2|15F · q−3 · (1 + q−1)(1 + q−3)(1 + q−5) (n = 3).

Thus, we complete the proof of Proposition 7.6.

8. Local Weil representations

In this paper, we consider the two reductive dual pairs: (G(V ), G(W�)) and
(G(V ), G(W )). Here, we use the word “reductive dual pair” in the sense of [GS12].
(See [GS12, Remarks (a)] for the discussion for this.) The purpose of this sec-
tion is to describe the Schrödinger models of the local Weil representations on
(G(V ), G(W�)) and (G(V ), G(W )).

8.1. The metaplectic group and the Weil representation. First, we recall
the definition of the Metaplectic group and the Schrödinger model of the Weil
representation. Let U be a symplectic space over F , let 〈 , 〉U be the symplectic
form on U , and let K,L be maximal totally isotropic subspaces so that U = K+L.
We fix a non-trivial additive character ψ : F → C1. We denote by rψ,L the Segal-
Shale-Weil projective representation which is given by

[rψ,L(g)φ](x) =

∫
Yc

ψ(
1

2
〈xa, xb〉U + 〈yc, xb〉U +

1

2
〈yc, yd〉U )φ(xa+ yc) dμg(y)

for φ ∈ S(K) and g =

(
a b
c d

)
∈ Sp(U). Here, we consider a basis (u1, . . . , u2t)

with u1, . . . , ut ∈ L and ut+1, . . . , u2t ∈ K to give the matrix representation of
g, we denote by Yc the quotient ker(c) ∩ L\L, and we denote by μg(y) the Haar
measure on Yc so that rL(g) keeps the L

2-norm of S(K). Then, there is a 2-cocycle
cψ,L : Sp(U)× Sp(U) → C1 so that

rψ,L(g1)rψ,L(g2) = cψ,L(g1, g2)rψ,L(g1g2)

for g1, g2 ∈ Sp(U). For the discussion of the definition, see [RR93, Theorem 3.5].
The explicit formula of cψ,L has been already established ([Per81], [RR93]), but we
do not discuss it. By Mp(U, cψ,L) we mean the group Sp(U)×C1 together with the
binary operation

(g1, z1) · (g2, z2) = (g1g2, z1z2cψ,L(g1, g2))

for g1, g2 ∈ Sp(U) and z1, z2 ∈ C1, and we call it the metaplectic group associated
to cL. Then, the Weil representation ωψ,L of Mp(U, cψ,L) is realized on the space
S(K) of Schwartz-Bruhat functions on K by

[ωψ,L(g, z)φ](x) = z · [rψ,L(g)φ](x)

for g ∈ Sp(U) and z ∈ C1.
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Note that the Segal-Shale-Weil projective representation rψ,L and the 2-cocycle
cψ,L depend on the symplectic form 〈 , 〉: if we consider the symplectic form −〈 , 〉U
instead of 〈 , 〉U , then the associated Segal-Shele-Weil representation and 2-cocycle
are the unitary dual rψ,L of rψ,L and complex conjugation cψ,L of cψ,L respectively.
We denote by ωψ,L the Weil representation of Mp(U, cψ,L) induced by rψ,L.

8.2. For the pair (G(V ), G(W�)). In this subsection, we recall the explicit defi-
nition of Weil representation for the reductive dual pair (G(V ), G(W�)), which is
given by Kudla [Kud94].

We fix a basis e for W , and we take a basis e′
�
of W� as in §7.1. In this subsec-

tion, we identify G(W ) (resp. G(W�)) with a subgroup of GLn(D) (resp. GL2n(D))
by the basis e (resp. e′

�
). Moreover, we identify G(V ) with a subgroup of GLm(D)

by some fixed basis of V . Let W� = V ⊗D W�, and let 〈〈 , 〉〉� be the pairing on
W� defined by

〈〈x⊗ (y1, y2), x
′ ⊗ (y′1, y

′
2)〉〉� = TD((x, x′) · (〈y1, y′1〉∗ − 〈y2, y′2〉∗))

for x1, x2 ∈ V and y1, y2, y
′
1, y

′
2 ∈ W . Then, (G(V ), G(W�)) is a reductive dual pair

in Sp(W�). We consider a polar decomposition W� = (V ⊗W�)⊕(V ⊗W�). Then
we denote by rψ,V⊗W� the Segal-Shele-Weil representation of Sp(W�) with respect

to the symplectic form 1
2 〈〈 , 〉〉�. Kudla defined a function βV : G(W�) → C1

[Kud94, p. 378], and gave an explicit embedding

j̃� : G(V )×G(W�) → Mp(W�, cψ,V⊗W�)

by j̃�(h, g) = (h−1⊗g, βV (g)). From now on, we denote by ω�
ψ the pull-back j̃�

∗
ω�
ψ

of the Weil representation ωψ,V⊗W� of Mp(W�, cψ,V⊗W�). We will describe it
explicitly following Kudla [Kud94, p. 400]. Recall that τ denotes the certain Weyl
element (for the definition, see §7.1). Moreover, for a ∈ GL(W�), we denote
by m(a) the unique element of G(W�) such that m(a)|W� = a. Then, we have
βV (b) = 1 for b ∈ U(W�), βV (m(a)) = χV (N(a)) for a ∈ GL(W�), and βV (τ ) =
(−1)mnχV (−1)n. Here, we denote by N the reduced norm of EndD(W�) over F .
Thus, we have the following:

Proposition 8.1. Let φ ∈ S(V ⊗ W�). Then, ω�
ψ (h, g)φ = βV (g)r(g)(φ ◦ h−1).

More precisely,

• [ω�
ψ (h, 1)φ](x) = φ(h−1x) for h ∈ G(V ),

• [ω�
ψ (1,m(a))φ](x) = χV (N(a))|N(a)|−mφ(x · ta∗−1

) for a ∈ GL(W�),

• [ω�
ψ (1, b)φ](x) = ψ( 14 〈〈x, x · b〉〉�)φ(x) for b ∈ U(W�),

• the action of τ is given by

[ω�
ψ (1, τ )φ](x) = βV (τ ) ·

∫
V⊗W�

ψ(
1

2
〈〈y, xτ 〉〉�)φ(y) dy,

where dy is the self-dual measure of V ⊗W� with respect to the pairing

V ⊗W� × V ⊗W� → C : x, y �→ ψ(
1

2
〈〈y, xτ 〉〉�).

8.3. For the pair (G(V ), G(W )). Now we consider the dual pair (G(V ), G(W )).
In this case, the splitting of metaplectic cover is defined via the “doubled” pair
(G(V ), G(W�)). Let W = V ⊗D W , and let 〈〈 , 〉〉 be the pairing on W defined by

〈〈x⊗ y, x′ ⊗ y′〉〉 = TD((x, x′) · 〈y, y′〉∗)
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for x, x′ ∈ V and y, y′ ∈ W . Fix a polar decomposition W = X ⊕ Y where X and
Y are certain totally isotropic subspaces. We denote by rY the Segal-Shele-Weil
representation of Sp(W) with respect to the symplectic form 1

2 〈〈 , 〉〉. Since Y� is

a totally isotropic subspace of W�, there is α ∈ Sp(W�) so that Y� ·α = V ⊗W�.
Put

λ(g) = cY�(α, gα−1) · cY�(g, α−1)

for g ∈ Sp(W�), whose coboundary realizes the ratio of the 2-cocycles cY�(−,−)
and cV⊗W�(−,−) [Kud94, (4.4)]. Then we define the function βV

Y : G(W ) → C1

by βV
Y (g) = λ(1⊗ g)−1βV (g) for g ∈ G(W ). Then, the map

g �→ (1⊗ g, λ(1⊗ g)−1βV (g))

defines the embedding G(W�) → Mp(W�, cY�). We also define βW
Y : G(V ) → C1

by the same way using the doubled space V � of V . Then, we define the embedding

j̃ : G(V )×G(W ) → Sp(W)

by

j̃(h, g) = (h−1 ⊗ g, βW
Y (h−1)βV

Y (g)cY(h
−1 ⊗ 1, 1⊗ g))

for h ∈ G(V ) and g ∈ G(W ). From now on, we denote by ωψ the pull-back j̃∗ωψ,Y.
An important property of ωψ is the relation with ω�

ψ . We fix Haar measures dx
and dy of X and Y so that they are dual of each other with respect to the pairing

X× Y → C× : (x, y) �→ ψ(〈〈x, y〉〉).

Moreover, we define

X� = (X⊕ X) ∩W�, X� = (X⊕ X) ∩W�

and

Y� = (Y⊕ Y) ∩W�, Y� = (Y⊕ Y) ∩W�.

Then the vector space V ⊗W� decomposes into the direct sum

X� ⊕ Y�.

For z ∈ V ⊗ W�, we denote by zx (resp. zy) the X�-component (resp. the Y�-
component) of z. We define the Haar measure dx� on X� by the push out measure
p∗(dx) where p : X� → X is the first projection. We define the Haar measures dx�,
dy�, dy� in the same way. Then, the map

δ : S(X)⊗ S(X) = S(X⊕ X) → S(V ⊗W�)

given by the partial Fourier transform

[δ(φ1 ⊗ φ2)](z) =

∫
X�

(φ1 ⊗ φ2)(x
� + zx) · ψ(

1

2
〈〈x�, z〉〉) dx�

is known to be compatible with the embedding ι : G(W )×G(W ) → G(W�). Hence,
we have

Fδ(φ1⊗φ2)
(ι(g, 1)) = (ωψ(g)φ1, φ2)X

for φ1, φ2 ∈ S(X) where ( , )X is the L2-inner product on X defined by the measure
dx.

Finally, we prove the Plancherel formula for δ:
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Proposition 8.2. Let dz be the self-dual Haar measure on V ⊗W� with respect
to the pairing

V ⊗W� × V ⊗W� → C× : (x, y) �→ ψ(
1

2
〈〈y, xτ 〉〉)(8.1)

and let ( , ) be the L2-inner product on V ⊗W� defined by dz. Then, we have

(δ(φ1 ⊗ φ2), δ(φ3 ⊗ φ4)) = |2|−2mn
F · |N(R(e))|m · (φ1, φ3)X · (φ2, φ4)X

for φ1, φ2, φ3, φ4 ∈ S(X).

Proof. First, one can prove that dz = |N(R(e))|m · dz�x ⊗ dz�y . Hence, we have

(δ(φ1 ⊗ φ2), δ(φ3 ⊗ φ4))

=

∫
V⊗W�

δ(φ1 ⊗ φ2)(z) · δ(φ3 ⊗ φ4)(z) dz

= |N(R(e))|m
∫
X�

∫
Y�

δ(φ1 ⊗ φ2)(zx + zy) · δ(φ3 ⊗ φ4)(zx + zy) dz
�
x dz�y

= |N(R(e))|m
∫
X�

∫
Y�

∫
X�

(φ1 ⊗ φ2)(zx + x�)ψ(
1

2
〈〈x�, zy〉〉�)

· δ(φ3 ⊗ φ4)(zx + zy) dx
�dz�x dz�y

= |N(R(e))|m
∫
X�

∫
X�

(φ1 ⊗ φ2)(zx + x�) · (φ3 ⊗ φ4)(zx + x�) dx�dz�x

= |2|−2mn · |N(R(e))|m
∫
X

∫
X

(φ1 ⊗ φ2)(x, x
′) · (φ3 ⊗ φ4)(x, x′) dxdx′

= |2|−2mn · |N(R(e))|m · (φ1, φ3)X · (φ2, φ4)X.

Thus, we have the proposition. �

9. Local theta correspondence

In this section, we recall notations and properties of local theta correspondence
for quaternionic dual pairs.

9.1. Definition. Fix a non-trivial additive character ψ of F . Let ωψ be the Weil
representation of G(V ) × G(W ) (see §8.3). For an irreducible representation π of
G(W ), we define Θψ(π, V ) as the largest quotient module

(ωψ ⊗ π∨)G(W )

of ωψ ⊗ π∨ on which G(W ) acts trivially. This is a representation of G(V ). We
define the theta correspondence θψ(π, V ) of π by

θψ(π, V ) =

{
0 (Θψ(π, V ) = 0),

the maximal semisimple quotient of Θψ(π, V ) (Θψ(π, V ) 	= 0).

If we consider the pair (G(V ), G(W�)), we use ω�
ψ instead of ωψ to define the theta

correspondence.
Theorem 9.1 is a fundamental result in the study of theta correspondence. In

particular, the properties (1) and (2) are called the Howe duality, which was proved
by Waldspurger [Wal90] when the residual characteristic of F is not 2, and was
completely proved by Gan and Takeda [GT16] (for the non-quaternionic dual pairs)
and Gan and Sun [GS17] (for the quaternionic dual pairs).
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Theorem 9.1. For irreducible representations π1, π2 of G(W ), we have

(1) θψ(π1, V ) is irreducible if it is non-zero,
(2) π1

∼= π2 if θψ(π1, V ) ∼= θψ(π2, V ) 	= 0,
(3) θψ(π1, V )∨ ∼= θψ(π

∨
1 , V ).

Proof. [GS17, Theorem 1.3]. �

For an irreducible representation ρ of a group H, we denote by ωρ the central
character of ρ.

Proposition 9.2. Let π be an irreducible representation of G(W ), and suppose
that θψ(π, V ) is non-zero. We denote by σ the representation θψ(π, V ). Then, we
have

cπ(−1)cσ(−1) = χV (−1)nχW (−1)m.

Proof. Let W = X+Y be a polar decomposition as in §8.3. It suffices to show that
ωψ(−1,−1) acts on S(X) by the scalar multiplication by χV (−1)nχW (−1)m. Since
rψ,Y(−1,−1) is the identity operator on S(X), we have the action of ωψ(−1,−1)
is the scalar multiplication by βV

Y (−1)βW
Y (−1)cψ,Y(−1,−1). One can show that

cψ,Y(−1,−1) = 1. Besides, by the definition of βV
Y , we have

βV
Y (−1) = βV (ι(−1, 1)) = βV (τ ) = (−1)mnχV (−1)n.

By the same way, we have βW
Y (−1) = (−1)mnχW (−1)m. These imply the proposi-

tion. �

9.2. Square integrability. In this subsection, we explain the preservation of the
square integrability under the theta correspondence, which is necessary for the
setup of the main result. Let π be an irreducible square-integrable representation
of G(W ), and let σ := θψ(π, V ). In this subsection, we assume that l = 1 and
σ 	= 0. We denote by θ the G(V )-equivalent and G(W )-invariant natural quotient
map

ωψ ⊗ π → σ.

Let ( , )π : π × π → C be a non-zero G(W )-invariant Hermitian pairing on π. We
define a non-zero G(V )-invariant Hermitian pairing ( , )σ : σ × σ → C by

(θ(φ1, v1), θ(φ2, v2))σ :=

∫
G(W )

(ωψ(g)φ1, φ2) · (π(g)v1, v2)π dg.(9.1)

Lemma 9.3. The integral of the right-hand side of (9.1) converges absolutely, and
the map yielded by the integral factors through the natural quotient map

ωψ ⊗ π∨ × ωψ ⊗ π∨ → σ × σ.

Moreover, we have that σ is a square-integrable representation.

Proof. One can construct an integrable dominating function of the function

g �→ (ωψ(g)φ1, φ2) · (π(g)v1, v2)π
on G(W ), which implies that the integral converges absolutely (see [GI14, Lemma
9.5]). Similar to [GI14, Appendix D, Lemma D1]. �
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9.3. Tower properties. In this subsection, we discuss some properties related to
Witt towers. Let V0 be a right anisotropic ε-Hermitian space. Put m0 := dimD V0.
For a non-negative integer t, we define

Vt = Xt ⊕ V0 ⊕X∗
t ,

where Xt and X∗
t are t-dimensional right D-vector spaces. Fix a basis λ1, . . . , λt

for Xt and fix a basis λ−1, . . . , λ−t for X
∗
t . Then we define an ε-Hermitian pairing

( , )t on Vt by

(λi, λ−j)t = δij , (λi, x0)t = (x0, λ−j)t = 0, (x0, x
′
0)t = (x0, x

′
0)0

for i, j = 1, . . . , t and x0, x
′
0 ∈ V0. Here ( , )0 is the pairing associated with V0.

First, we state the conservation relation of Sun and Zhu [SZ15]. Let V †
0 be a

right anisotropic ε-Hermitian space such that χV †
0
= χV0

and V †
0 	∼= V0. Such V †

0 is

determined uniquely. Take {V †
t }t≥0 as the Witt tower containing V †

0 . Let π be an
irreducible representation of G(W ). There is a non-negative integer r(π) such that
Θψ(π, Vr(π)) 	= 0 and Θ(π, Vt) = 0 for t < r(π). It is known that Θψ(π, Vr(π)) is
irreducible and supercuspidal if π is supercuspidal [MVW87, p. 69]. We call r(π)
the first occurrence index for the theta correspondence from π to the Witt tower
{Vt}t≥0. Denote by r†(π) the first occurrence index for the theta correspondence

from π to {V †
t }t≥0.

Proposition 9.4. Let π be an irreducible representation of G(W ). Then we have

m(π) +m†(π) = 2n+ 2− ε,

where m(π) = 2r(π) + dimD V0, and m†(π) = 2r†(π) + dimD V †
0 .

Proof. [SZ15]. �

Then, we explain the behavior of theta correspondence when we change indexes
of Witt towers. However, before doing that, we state here the analogue of the
Gelfand-Kazhdan Theorem [BZ76, Theorem 7.3] for GLr(D), which we use in the
proof of Proposition 9.6:

Lemma 9.5. Let τ be an irreducible representation of GLr(D), and let τ θ be the

irreducible representation of GLr(D) defined by τ θ(g) = τ (tg∗
−1

) for g ∈ GLr(D).
Then, τ θ is equivalent to the contragredient representation τ∨ of τ .

Proof. [Rag02, Theorem 3.1]. �

Proposition 9.6. Let {Wt}t≥0 be a Witt tower of right (−ε)-Hermitian spaces.

(1) Let π be an irreducible representation of G(Wi), and let σ = θψ(π, Vj).
Suppose that j ≥ r(π), and we denote by σj′ the representation θψ(π, Vj′)
for r(π) ≤ j′ ≤ j. Then, σ is a subquotient of an induced representation

Ind
G(Vi)
Qj′,j

σj′ � χW |NXj′,j |
li,j+j−r(π).

Here, li,j = 2dimWi − 2 dimVj − ε, Xj′,j is a subspace of Xj′ spanned by
λj′+1, . . . , λj, NXj′,j is the reduced norm of End(Xj′,j), and Qj′,j is the
parabolic subgroup preserving Xj′,j .
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(2) Let π be an irreducible representation of G(Wi′), let σ = θψ(π, Vj′), let τ be
a non-trivial supercuspidal irreducible representation of GLr(D), let s be a

complex number, and let π′ be an irreducible subquotient of Ind
G(Wi)
Pi′,i

(π �
τsχV ) where i = i′ + r and Pi′,i is the parabolic subgroup preserving an
r-dimensional totally isotropic subspace of Wi′ . Suppose that σ 	= 0. Then,

we have that θψ(π
′, Vj) is a subquotient of Ind

G(Vj)
Qj′,j

σ � τsχW . Here, j =

j′ + r, and τsχW is the representation of GLr(D) defined by τsχW (g) =
τ (g)χW (N(g))|N(g)|s for g ∈ GLr(D), where N denotes the reduced norm.

Proof. These properties are proved by analyzing the Jacquet module of Weil repre-
sentations: it goes a similar line with [Mui06], however, we explain for the readers
(see also [Han11]). In the proof, we denote by ωψ[j, i] the Weil representation asso-
ciated with the reductive dual pair (G(Vj), G(Wi)). Moreover, for a representation
ρ of G(Vj) × G(Wi), for 0 ≤ i′ ≤ i, and for 0 ≤ j′ ≤ j, we denote by Jj′,i′ρ the
Jacquet module of ρ with respect to the parabolic subgroup Qj′,j ×Pi′,i. Then, by
[MVW87], we have a G(Vj′)×GLj−j′(D)×G(Wi) equivalent filtration:

Jj′,i(ωψ[j, i]) = R0 ⊃ R1 ⊃ · · · ⊃ Rt ⊃ Rt+1 = 0.

Here,

t = min{j − j′, i},
R0/R1 = χW |NXj′,j |

li,j+j−j′ � ωψ[j
′, i],

Rk/Rk+1 = Ind
G(Wi)
Pi−k,i

ρk for some representation ρk (k = 1, . . . , t− 1),

and moreover if j − j′ ≤ i, we have

Rt = Ind
G(Wi)
Pi′,i

S(GLj−j′(D)) � ωψ[j
′, i′],

where i′ = i− (j − j′), and the action of GLj−j′(D)×GLi−i′(D) on S(GLj−j′(D))
is given by

[(g1, g2) · ϕ](g) = χW (N(g1))χV (N(g2))ϕ(g
−1
1 gg2)

for g1 ∈ GLj−j′(D), g ∈ GLj−j′(D), and g2 ∈ GLi−i′(D), where N denotes the
reduced norm. Now we prove (1). Composing Jj′,i(ωψ[j, i]) → R0/R1 with the
G(Vj′)×G(Wi)-equivalent surjection

ωψ[j
′, i] → σ � π,

we have a non-zero morphism

Jj′,i(ωψ[j, i]) → χW |NXj′,j |
l+j−j′ � σ � π.

Hence we have (1). Then we prove (2). Let π′ be an irreducible component of

Ind
G(Wi)
Pi′,i

π � τsχV . First, we have

Hom(Rk/Rk+1, π
′) = Hom(ρk, Ji−kπ

′).

Here, we denote by Ji−kπ
′ the Jacquet module with respect to the parabolic sub-

group Pi′,i. However, since τ is supercuspidal, one can prove Ji−k Ind
G(Wi)
Pi′,i

π �
τsχV = 0 for k = 1, 2, . . . , t − 1 by considering the filtration of Bernstein and
Zelevinsky [BZ77, Theorem 5.2], and thus the right-hand side is 0. Hence, we have

R1 ⊗ π′∨ ∼= Rt ⊗ π′∨.
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Moreover, since τsχW 	∼= χW |Nj′,j |li,j+j−j′ , we have

R0 ⊗ (τsχW )∨ ∼= R1 ⊗ (τsχW )∨.

On the other hand, the non-zero GLr(D)×GLr(D)-equivalent map

S(GLj−j′(D))⊗ ((τsχV )
∨ � τsχW ) → C : (ϕ, x, x′)

�→
∫
GLr(D)

ϕ(g)〈τs(g)x, x′〉χWχ−1
V (Nj−j′(g)) dg

yields a non-zero GLr(D)×GLr(D)-equivalent map

S(GLj−j′(D))⊗ (τsχV )
∨ → (τsχW )∨.

By combining the above arguments, and by Lemma 9.5, we have a non-zero G(Vj′)×
GLj−j′(D)×G(Wi)-equivalent map

Jj′,i(ωψ[j, i])⊗ (σ � τsχW )∨ ⊗ (π′)∨

= Rt ⊗ (σ � τsχW )∨ � (π′)∨

= (Ind
G(Wi)
Pi′,i

S(GLj−j′(D)) � ωψ[i
′, j′])⊗ (σ � τsχW )∨ � (π′)∨

→ (Ind
G(Wi)
Pi′,i

(τsχV )
∨ � π)⊗ (π′)∨

∼= (Ind
G(Wi)
Pi′,i

(τ θχV )−s � π)⊗ (π′)∨

∼= (Ind
G(Wi)
Pi′,i

(τsχV ) � π)⊗ (π′)∨

→ C.

Hence we have (2). �

By the proof of Proposition 9.6, we also have a slightly different property:

Corollary 9.7. Let {Wt}t≥0 be a Witt tower of right (−ε)-Hermitian spaces, let
i, j, j′ be non-negative integers so that j− j′ > 0, let π be an irreducible representa-
tion of G(Wi), let σ = θψ(π, Vj). Suppose that σ 	= 0, and σ is a subrepresentation

of an induced representation Ind
G(Vj)
Qj′,j

σ′�τsχW where σ′ is an irreducible represen-

tation of G(Vj′), τ is an irreducible supercuspidal representation of GLj−j′(D), and
s ∈ C. Moreover, suppose that θψ(π, Vj′) = 0. Then, we have i ≥ j − j′, and there
exists an irreducible representation π′ of G(Wi′) such that θψ(π

′, Vj′) ∼= σ′. Here we

put i′ = i−(j−j′). Moreover, π is an irreducible subquotient of Ind
G(Wi)
Pi′,i

π′�τsχW .

Proof. We use the notation of the proof of Proposition 9.6. Since there is a non-zero
G(Vj)×G(Wi)-equivalent map

ωψ[j, i] → σ � π,

by the Frobenius reciprocity, we have a non-zero G(Vj′) × GLj−j′(D) × G(Wi)-
equivalent map

(τsχW )∨ � π∨ ⊗ Jj′,iωψ[j, i] → σ′.(9.2)

Then, the assumption θψ(π, Vj′) = 0 implies that

π∨ ⊗R0/R1 = 0.

Moreover, as in the proof of Proposition 9.6(2), we have

(τsχW )∨ � π∨ ⊗ Jj′,iωψ[j, i] = (τsχW )∨ � π∨ ⊗Rj−j′ .
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(Here, we put Rk = 0 for k > t.) Thus, Ri−i′ is forced not to be zero, and we
have i ≥ j − j′. By using the Frobenius reciprocity again, we have a non-zero
G(Vj′)×GLj−j′(D)×G(Wi′)×GLi−i′(D)-equivalent map

((τsχW )∨ � (Ji′,jπ)
∨)⊗ (S(GLi−i′(D)) � ωψ[j

′, i′]) → σ′.

Thus, σ′∨ ⊗ ωψ[j
′, i′] 	= 0. Put π′ := θψ(σ

′,Wi′). Then, θψ(σ,Wi) is non-zero, and

it is an irreducible subquotient π′′ of Ind
G(Wi)
Pi′,i

π′ � τsχV . However, by the Howe

duality (Theorem 9.1), π′′ coincides with π. Thus we have the corollary. �

10. The local Siegel-Weil formula

In this section, we state the local Siegel-Weil formula, which is a local analogue
of the (bounded and first term) Siegel-Weil formula. We assume l = 1 and n ≥ 0
in this section.

10.1. The map I. We define the ΔG(W�)×G(V )×G(V )-invariant map

I : ω�
ψ ⊗ ω�

ψ → C

by

I(φ, φ′) =

∫
G(V )

(ω�
ψ (h)φ, φ

′) dh

for φ, φ′ ∈ ω�
ψ where ( , ) is the L2-norm of S(V ⊗W�) as in Proposition 8.2. The

integral defining I( , ) converges absolutely by [Li89, Theorem 3.2].

10.2. The map E. Let V � be the unique ε-Hermitian space overD so that dimD V �

= m + 1 and χV � = χV . Such space exists since we have assumed that l = 1 and
n ≥ 1. Consider the G(W�)-invariant map

S(V ⊗W�) → I(−1

2
, χV ) : φ �→ Fφ

defined by Fφ(g) = [ω�
ψ (1, g)φ](0) for φ ∈ and g ∈ G(W�). Similarly, there is

a G(W�)-invariant map S(V � ⊗ W�) → I( 12 , χV ). We denote by RW (V ) and

RW (V �) the images of the above maps respectively. Then we have the following
exact sequence:

0 �� RW (V �) �� I( 12 , χV )
M( 1

2 ,χV ) �� RW (V ) �� 0

[Yam11, Proposition 7.6]. For φ ∈ S(V ⊗ W�), we denote by F †
φ ∈ I( 12 , χV ) a

section such that M( 12 , χV )F
†
φ = Fφ. Then, we define the map E by

E(φ, φ′) =

∫
G(W )

F †
φ(ι(g, 1)) · Fφ′(ι(g, 1)) dg.

The integral defining E converges absolutely by Proposition 7.1. Moreover, Lemma

10.1 implies that the definition of E(φ, φ′) does not depend on the choice of F †
φ.

Lemma 10.1. If f ∈ RW (V �) and h ∈ RW (V ), then we have∫
G(W )

f(ι(g, 1)) · h(ι(g, 1)) dg = 0.
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Proof. By the proof of Lemma 7.7, we have

HomG(V )×G(V )(I(ρ, 1F×),C) = HomG(V �)(I(ρ, 1F×),C) = Z · C,
where

Z(F ) =

∫
G(V )

F (ι(g, 1)) dg

for F ∈ I(ρ, 1). Thus, if there are f ∈ RW (V �), h ∈ RW (V ) so that Z(f ·h) 	= 0, we

would have RW (V �) ∼= RW (V )
∨
. Since I(− 1

2 , χV ) ∼= I(− 1
2 , χV ), we have RW (V ) ∼=

RW (V ). Put σ := RW (V �). Then, we have

Θ(σ, V �) = 1V � , Θ(σ, V ) = 1V .

However, according to the conservation relation (Proposition 9.4), one of them must
vanish since dimV + dimV � = 2n − ε. This is a contradiction, and we have the
lemma. �

10.3. Local Siegel-Weil formula. Lemma 10.2 gives the definition of α2(V,W ),
which is the second constant we are interested in.

Lemma 10.2. There is a non-zero constant α2(V,W ) such that I = α2(V,W ) · E .

Proof. The two maps I, E are ΔG(W�) × G(V ) × G(V )-invariant map. On the
other hand, we have

dimHomΔG(W�)×G(V )×G(V )(ω
�
ψ ⊗ ω�

ψ ,C)

= dimHomΔG(W�)(R
W (V )⊗RW (V �),C) = 1.

Hence, it suffices to show that I and E are non-zero. Let φ ∈ S(V ⊗ W�) be a
positive function. Choose a neighbourhood U of 1 in G(V ) so that ω�

ψ (h)φ = φ for
all h ∈ U . Then, we have

I(φ, φ) ≥
∫
U

(ω�
ψ(h)φ, φ) dh

= |U | · (φ, φ) > 0.

Thus we have I 	= 0. The non-vanishing of E is obtained by Proposition 13.3.
However, we also give a short proof. Consider the non-zero pairing

I(
1

2
, χV )× I(−1

2
, χV ) → C : (f, h) �→ Z(f · h),(10.1)

where Z is the map as in the proof of Lemma 10.1. We assume E = 0 to derive a
contradiction. Then the pairing (10.1) factors through the quotient

I(
1

2
, χV )× I(−1

2
, χV ) → I(

1

2
, χV )×R(V �)

by [Yam11, Theorems 1.3, 1.4]. But this implies R(V ) ∼= R(V �)
∨
, which contradicts

the conservation relation as in the proof of Lemma 10.1. Hence we have E 	= 0, and
we finish the proof of Lemma 10.2. �

We will determine the constant α2(V,W ) completely in §19. However we calcu-
late α2(V,W ) directly when either V or W is anisotropic. The proof will be given
in §§12–13:

Proposition 10.3.
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(1) Suppose that −ε = 1 and V is anisotropic, then we have

α2(V,W ) = |N(R(e))|n+ 1
2χV (−1)n

×

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−|2|−
5
2

F (1 + q−1) (n = 1, χV is unramified),

−2|2|−
5
2

F q−
f(χW )

2 (n = 1, χV is ramified),

2|2|−7
F q−2(1 + q−2) (n = 2, χV is unramified),

2|2|−7
F (1 + q−1)q−

3
2 f(χW )−1 (n = 2, χV is ramified),

−2|2|−
27
2

F q−6(1 + q−1)(1 + q−2) (n = 3).

(2) Suppose that −ε = −1 and either V or W is anisotropic, then we have

α2(V,W ) = |N(R(e))|n− 1
2

×

⎧⎪⎪⎨⎪⎪⎩
|2|−

1
2

F (n = 1),

|2|−3
F · q−1 · (1 + q−1) (n = 2),

−|2|−
15
2

F q−4 · (1+q−1)(1−q−4)
1−q−3 (n = 3).

11. Formal degrees and local theta correspondence

In this section, we state the behavior of the formal degree under the local theta
correspondence, which extends the result of Gan and Ichino [GI14]. Let G be
a connected reductive group over F , and let π be a square-integrable irreducible
representation of G. Then, the formal degree is a number deg π satisfying∫

G/AG

(π(g)v1, v2) · (π(g)v3, v4) dg =
1

deg π
(v1, v3) · (v2, v4)

for v1, . . . , v4 ∈ π, where AG is the maximal F -split torus of the center of G.
Again, we consider a right m-dimensional ε-Hermitian space and a left n-dimen-

sional (−ε)-Hermitian space. In this section, we assume that l = 1. The purpose
of this section is to describe the behavior of the formal degree under the theta
correspondence for the quaternionic dual pair (G(V ), G(W )). Let π be an irre-
ducible square-integrable representation of G(W ), and let σ = θψ(π, V ). Assume
that σ 	= 0. Then, we recall that σ is also square-integrable.

Lemma 11.1. The number

deg π

deg σ
· cσ(−1) · γV (0, σ × χW , ψ)−1(11.1)

does not depend on π.

We will prove Lemma 11.1 later (Proposition 15.1). We denote the constant
(11.1) by α3(V,W ). Now we state our main theorem:

Theorem 11.2. We have

α3(V,W ) =

{
ε( 12 , χV , ψ)

−1 (−ε = 1),
1
2χW (−1)mε( 12 , χW , ψ)−1 (−ε = −1).

We prove Theorem 11.2 in later sections. In this section, we see an example:
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Example 11.3. Consider the case where ε = 1, m = 1, n = 2, and χW = 1F× .
We denote by St the Steinberg representation of G(W ). Then, it is known that
θψ(St, V ) is the trivial representation 1G(V ) of G(V ). The local Langlands corre-
spondence for G(W ) has been established (see [Cho17, §5]) and the L-parameter of

St is the principal parameter of Ĝ (see e.g. [GR10, §3.3]). Then, as representations
of WF × SL2(C), we have

ad ◦ φ0 = (1WF
⊗ r3)⊕ (1WF

⊗ r3),

where 1WF
is the trivial representation ofWF , and r3 is the unique three-dimensional

irreducible representation of SL2(C). Thus, we have

γ(s+
1

2
, St, ad, ψ) = q−4s ·

ζF (−s+ 3
2 )

2

ζF (s+
3
2 )

2
.

Moreover, the centralizer Cφ0
(Ĝ) of Imφ0 in Ĝ is {±1} ⊂ Ĝ, and the component

group S̃φ0
(Ĝ) is abelian. Since the formal degree conjecture for G(W ) is available

(see §21), we have

deg St =
1

2
· q2

(1 + q−1)2
.

On the other hand, we have

deg 1G(V ) = |G(V )|−1 =
q

1 + q−1
.

(Recall that the volume |G(V )| of G(V ) is given by Corollary 6.2.) Therefore, by
Lemma 7.5, we have

deg St

deg 1G(V )
=

1

2
· γ(0, 1G(V ) � 1F× , ψ)

which agrees with Theorem 11.2.

We explain the strategy of the proof of Theorem 11.2. First, we consider the
case where either W or V is anisotropic (i.e. the minimal cases in the sense of the
parabolic induction). In these cases, we can express α2(V,W ) with α1(W ) which
is already determined in §7.3. And hence we obtain Proposition 10.3 (§§12–13).
Second, we relate α3(V,W ) with α2(W ) (§§14–15). Then we have Theorem 11.2 in
the minimal cases. And finally, we prove that the constant α3(V,W ) is compatible
with parabolic inductions (§§16–18), which completes the proof of Theorem 11.2.
Moreover, once α3(V,W ) is determined, the above processes can be reversed to
obtain the general formula for α1(W ) and α2(W ) (§19).

Remark 11.4. As written in [Kak20, §5.3], the definition of the doubling γ-factor
of Lapid and Rallis [LR05] should be modified by a constant multiple. Thus, it is
natural to ask whether the statement of the main theorem of [GI14] might change.
However, [GI14, Theorem 15.1] is still true. This is because their proof uses the
doubling γ-factor not to determine the “constant C” (see [GI14, §20.2]) but to show
the existence of the constant C. Hence, the difference of constant multiples is offset
at the time of calculation of C.
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12. Minimal cases (I)

In this section, we prove Proposition 10.3(2) in the case dimV = 2.
Suppose that ε = 1, V0 = 0 and dimD V = 2. Then, we can take a basis

eV = (eV1 , e
V
2 ) of V so that

(eV1 , e
V
1 ) = (eV2 , e

V
2 ) = 0, and (eV1 , e

V
2 ) = 1.

We take bases e of W and e′
�
of W� as in §7.1. Let L be a lattice(

n⊕
i=1

eV1 �
−1
D OD ⊗ e′n+i

)
⊕
(

n⊕
i=1

eV2 OD ⊗ e′n+i

)
of V ⊗W�, and we denote by 1L the characteristic function of L. By the fact that
L is self-dual with respect to the pairing (8.1), we have |L| = 1.

Lemma 12.1. We have

I(1L, 1L) = q−2 (1− q−2)(1 + q−2)(1 + q−5)

1− q−3
.

Proof. Let B be the subgroup{(
a b
c d

)
∈ G(V )

∣∣∣∣ a, b, d ∈ OD, c ∈ �DOD

}
of G(V ), which fixes the lattice L. Then, B is an Iwahori subgroup by Lemma
5.2 and the volume |B| is given by q−4(1− q−2) by Proposition 6.1(2). By [BT72,
Théorèm 5.1.3], we have G(V ) = B·N ·B where N is the normalizer of the maximal
F -split torus consisting of the diagonal matrices in G(V ). Moreover, we can take a
system of representatives

{a(t) | t ∈ Z} ∪ {w(t) | t ∈ Z}
for B\G(V )/B, where

a(t) =

(
�t

D 0
0 (−�D)−t

)
and w(t) =

(
0 �t

D

(−�D)−t 0

)
.

Hence we have

I(1L, 1L) = |B| ·
∑
t∈Z

(|L ∩ a(t)L| · [Ba(t)B : B] + |L ∩ w(t)L| · [Bw(t)B : B])

= |B| ·
∑
t∈Z

(q−3|t| + q−6|t−1|+|1+3t|)

= q−4(1− q−2) · (1 + q−3

1− q−3
+

q2 + q−5

1− q−3
)

= q−2 (1− q−2)(1 + q−2)(1 + q−5)

1− q−3
.

Thus we have the lemma. �

Lemma 12.2. We have

E(1L, 1L) = m◦(
1

2
)−1 · α1(W ),

where m◦(s) is a function as in Lemma 7.8.
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Proof. One can show that 1L is a K(e′
�
) fixed function with 1L(0) = 1. Thus, we

have F1L = f◦
− 1

2

where we mean by f◦
s the unique K(e′�) fixed section in I(− 1

2 , 1)

with f◦
s (1) = 1. By the Gindikin-Karperevich formula (see e.g. [Cas89]), we can

take F†
1L

= m◦( 12 )
−1f◦

1
2

. Hence, we have

E(1L, 1L) = m◦(
1

2
)−1

∫
G(W )

f◦
ρ (ι(g, 1)) dg

= m◦(
1

2
)−1 · α1(W ).

�

Hence, by Lemmas 12.1 and 12.2, we have:

Proposition 12.3. If ε = 1, V0 = 0 and dimD V = 2, then we have

α2(V,W ) = −|2|−
15
2

F · |N(R(e))| 52 · q−4 · (1 + q−1)(1− q−4)

1− q−3
.

13. Minimal cases (II)

In this section, we prove Proposition 10.3(1) and the remaining cases of Propo-
sition 10.3(2).

Assume that V is anisotropic. Recall that τ ∈ G(W�) denotes the certain Weyl
element (see §7.1), and un is the certain F subspace of Mn(D) (see §6.2). For
Φ ∈ S(un), we define a section f(s,Φ,−) ∈ I(s, χV ) by

f(s,Φ, g) :=

⎧⎪⎨⎪⎩
0 (g 	∈ P (W�)τU(W�)),

χV,s+ρ(Δ(p)) · Φ(X) (g = pτ

(
1 0

X 1

)
∈ P (W�)τU(W�).

Here G(W�) is embedded in GL2n(D) by the basis e′
�
. For t ∈ Z, φ ∈ S(V ⊗W�),

and Φ ∈ S(un), we define φt ∈ S(V ⊗W�), and Φt ∈ S(un) by
φt(x) := q−4mntφ(x�t

F ), and Φt(X) := q−4nρtΦ(X�2t).

Then we have Lemma 13.1:

Lemma 13.1.

(1) For φ ∈ S(V ⊗W�), we have φ̂t = q−4mnt(φ̂)−t.
(2) Let φ ∈ S(V ⊗W�), and let Φ ∈ S(un) such that M( 12 , χV )f(

1
2 ,Φ,−) = Fφ.

Then we have

M(
1

2
, χV )f(

1

2
,Φt,−) = q−4mntFφ−t

.

Proof. We have

φ̂t(x) =

∫
V⊗W�

q−4mntφ(y�t)ψ(
ε

2
〈〈x, yτ 〉〉) dy

=

∫
V⊗W�

φ(y)ψ(
ε

2
〈〈x�−t, yτ 〉〉) dy

= q−4mnt(φ̂)−t(x).
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Hence we have (1).

M(
1

2
, χV )f(

1

2
,Φt, τ

(
1 0
X 1

)
)

=

∫
u

f(
1

2
,Φt, τ

(
1 0
Y 1

)
τ

(
1 0
X 1

)
) dY

=

∫
u

f(
1

2
,Φt,

(
Y 0
−ε ε · Y −1

)
τ

(
1 0

−εY −1 +X 1

)
) dY

= q−4nρt

∫
u

χ 1
2+ρ(N(Y ))−1f(

1

2
,Φ, τ

(
1 0

(−εY −1 +X)�2t 1

)
)) dY

= q−4mnt

∫
u

χ 1
2+ρ(N(Y ))−1f(

1

2
,Φ, τ

(
1 0

−εY −1 +X�2t 1

)
)) dY

= q−4mntM(
1

2
, χV )f(

1

2
,Φ, τ

(
1 0

X�2t 1

)
) dY

= q−4mntFφ(τ

(
1 0

X�2t 1

)
)

= q−4mntβV (τ )

∫
V⊗W�

φ(x)ψ(
1

4
〈〈x, x

(
1 0

X�2t 1

)
〉〉) dx

= βV (τ )

∫
V⊗W�

φ(x�−t)ψ(
1

4
〈〈x, x

(
1 0
X 1

)
〉〉) dx

= q−4mntFφ−t
(τ

(
1 0
X 1

)
).

Hence we have (2). �

Proposition 13.2. Let φ, φ′ ∈ S(V ⊗W�). Then, for sufficiently large t ∈ Z, we
have

I(φt, φ
′) = (−1)mnχV (−1)nq−4mnt|G(V )|Fφ(1)Fφ′(τ ).

Proof. The Fourier transform on the space S(V ⊗ W�) is given by the action of
the Weyl element τ of G(W�). Hence we have

I(φt, φ
′) = I(φ̂t, φ̂′)

= q−4mntI((φ̂)−t, φ̂′)

= q−4mnt

∫
G(V )

((φ̂)−t, ω�
ψ (h)φ̂

′) dh.

When t is sufficiently large, the support of (φ̂)−t is sufficiently small. Hence this
integral is

q−4mnt|G(V )|(̂φ̂)−t(0)φ̂′(0)

= q−4mnt|G(V )|q4mnt(
̂̂
φ)t(0)φ̂′(0)

= q−4mnt|G(V )|φt(0)φ̂′(0)

= q−4mntβV (τ )|G(V )|Fφ(1)Fφ′(τ ).

Hence we have the proposition. �
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Proposition 13.3. Let φ, φ′ ∈ S(V ⊗W�). Then, for sufficiently large t ∈ Z, we
have

E(φt, φ
′) = m◦(ρ)−1α1(W )q−4mntFφ(1)Fφ′(τ ).

Proof. When t is sufficiently large, the support of Φ−t is sufficiently small. Then,
by using Lemma 7.8, we have

E(φt, φ
′) = q−4mnt

∫
G(W )

f(
l

2
,Φ−t, (g, 1))Fφ′(g, 1) dg

= m◦(ρ)−1α1(W )q−4mnt

∫
U(W�)

f(
l

2
,Φ−t, τu)Fφ′(τu) du

= m◦(ρ)−1α1(W )q−4mnt

(∫
un

Φ−t(X) dX

)
Fφ′(τ )

= m◦(ρ)−1α1(W )q−4mntFφ(1)Fφ′(τ ).

Hence we have the proposition. �

By Propositions 13.2 and 13.3, we have the following:

Proposition 13.4. If V is anisotropic, then we have

α2(V,W ) = (−1)mnχV (−1)n · |G(V )| ·m◦(ρ) · α1(W )−1.

By substituting the values of |G(V )| (Corollary 6.2) and α1(W ) (Proposition
7.6) for Proposition 13.4, we obtain Proposition 10.3(2) and Proposition 10.3(1)
with V anisotropic. Thus, we finish the proof of Proposition 10.3.

14. The behavior of the γ-factor under the local theta

correspondence

The purpose of this section is to explain the behavior of the γ-factor under the
local theta correspondence, which extends [GI14, Theorem 11.5]. Let V be a right
ε-Hermitian space of dimension m, and let W be a left (−ε)-Hermitian space of
dimension n. In this section, we allow D to be split and l not to be 1.

Theorem 14.1. Let π be an irreducible representation of G(W ) and let ω be a
character of F×. We denote σ = θ(π, V ) and we assume σ 	= 0.

(1) If l > 0, then we have

γV (s, σ × ωχV , ψ)

γW (s, π × ωχW , ψ)
=

l∏
i=1

γF (s+
l + 1

2
− i, ωχV χW , ψ)−1.

(2) If l < 0, then we have

γV (s, σ × ωχV , ψ)

γW (s, π × ωχW , ψ)
=

−l∏
i=1

γF (s+
−l + 1

2
− i, ωχV χW , ψ).

The proof of Theorem 14.1 consists of four subsections (§§14.1–14.4). In the
first three subsections, we reduce Theorem 14.1 to the unramified cases by using
properties of the doubling γ-factor. In the last subsection, we discuss the unramified
cases to finish the proof of Theorem 14.1.
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14.1. Multiplicative argument. We put

fD(s, V,W, ω, ψ) =

{∏l
i=1 γF (s+

l+1
2 − i, ωχV χW , ψ)−1 (l > 0),∏−l

i=1 γF (s+
−l+1

2 − i, ωχV χW , ψ) (l < 0),

and we put

eD(s, V,W, π, ω, ψ) =
γW (s, σ × ωχW , ψ)

γV (s, π × ωχV , ψ)
· fD(s, V,W, ω, ψ).

Then, Theorem 14.1 is equivalent to eD(s, V,W, π, ω, ψ) = 1. When D is split, this
equality has been already proved [GI14, Theorem 11.5].

Let {Vp}p≥0 and {Wq}q≥0 be Witt towers containing V and W respectively. Put
V = Vr,W = Wt,m0 = dimD V0,m0 = dimD W0, and lp = lVp,W . We denote by
Jq(π) the set of the G(W0)-part of the non-zero irreducible quotients of the Jacquet
modules JP (π) for all parabolic subgroups P whose Levi subgroups contain G(Wq)
as a direct factor. We first state the multiplicativity:

Lemma 14.2. We denote by r(π) the first occurrence index of π (see §9.3). Suppose
that Jq(π) 	= ∅ and p ≥ r(π). Then, for an irreducible representation πq ∈ Jq(π),
we have

eD(Vp,Wq, πq, ω, ψ) = eD(V,W, π, ω, ψ).

Proof. First, we consider the case q = t and πq = π. We may assume that r = r(π).
Put σ = θψ(π, V ) and σ′ = θψ(π, Vp). Then, by Proposition 9.6(1), we have

γVp(s, σ′ × ω, ψ) · γV (s, σ × ω, ψ)−1

= γGJ
GLp−r(D)(s+ (

lp
2
+ p− r), ω, ψ) · γGJ

GLp−r(D)(s− (
lp
2
+ p− r), ω, ψ)

=

p−r∏
i=1

γGJ
D×(s+

lp
2
+ (2i− 1), ω, ψ) ·

p−r∏
i=1

γGJ
D×(s− (

lp
2
+ (2i− 1), ω, ψ)

=

2(p−r)∏
i=1

γF (s+
lp − 1

2
+ i, ω, ψ) ·

2(p−r)∏
i=1

γF (s+
−lp + 1

2
− i, ω, ψ)

= fD(Vp,W, π, ω, ψ)fD(V,W, π, ω, ψ)−1.

Here, γGJ
GLu(D)(s, ω, ψ) is the γ-factor defined by

εGJ
GLu(D)(s, ω, ψ)

LGJ
GLu(D)(1− s, ω−1)

LGJ
GLu(D)(s, ω)

,

where εGJ
GLu(D)(s,−, ψ) and LGJ

GLu(D)(s,−) are ε-and L-factors defined in [GJ72],

and ω denotes the composition ω ◦ N of ω with the reduced norm N of GLu(D).
Thus we have

eD(Vp,W, π, ω, ψ) = eD(V,W, π, ω, ψ).

Second, we consider the general case. Put

t(πq) = min{q′ = 0, . . . , q | Jq′(πq) 	= ∅}.
Then, any πt(π) ∈ Jt(πq)(πq) is supercuspidal. Take a positive integer p′ so that
p′ ≥ max{r + q − t, r(π) + q − t(π)}. Then, by the first part of this proof, we have

eD(s, Vp,Wq, πq, ω, ψ) = eD(s, Vp′ ,Wq, πq, ω, ψ).
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Moreover, by using Proposition 9.6(2) repeatedly, we can show that

eD(s, Vp′ ,Wq, πq, ω, ψ) = eD(s, Vp′−(q−t(π)),Wt(π), πt(π), ω, ψ).

By tracing the above discussions conversely, the right-hand side is equal to

eD(s, Vp′+(t−q),W, π, ω, ψ) = eD(s, V,W, π, ω, ψ).

Thus we have the lemma. �

14.2. Global argument. In this subsection, we explain the global argument which
we use in the proof of Theorem 14.1.

Lemma 14.3. Let F be a number field, let A be the ring of its adeles, let D be a
division quaternion algebra over F, let V be a right ε-Hermitian space over D, let W
be a left (−ε)-Hermitian space over D, let Π be an irreducible cuspidal automorphic
representation of G(W )(A), let ω be a Hecke character of A×/F×, and let ψ be a
non-trivial additive character of A/F. Then, we have∏

v

eDv
(s, V v,W v,Πv, ωv, ψv

) = 1.

Proof. Consider the Witt tower {V p}∞p=0 so that V r = V . Denote by r(Π) the first
occurrence index of Π in {V p}∞p=0, by Σ the theta correspondence θ(Π,W r(Π)) of
Π, and by S the set of the places where Dv is a division algebra. Then, we have
θψ(Π, V r(Π)) is cuspidal, and we have∏
v

eDv
(s, V v,W v,Πv, ωv, ψv

) =
∏
v∈S

eDv
(s, V r(Π)v

,W v,Πv, ωv, ψv
)

=
∏
v∈S

γV (s,Σ � ωχW , ψ)

γW (π,Π � ωχV , ψ)
· fDv

(s, V ,W, ω, ψ)

×
LS(s,Σ�ωχW )LS

f (s)

LS(s,Π�ωχV )
· LS(1−s,Π�ωχV )

LS(1−s,Σ�ωχW )LS
f(1−s)

= 1,

where LS
f (s) =

∏
v �∈S Lf,v(s) with

Lf,v(s) =

{∏l
i=1 LFv

(s+ l+1
2 − i, ωvχV v

χWv
) (l > 0),∏−l

i=1 LFv
(s+ −l+1

2 − i, ωvχV v
χWv

)−1 (l < 0).

Hence we have the lemma. �

14.3. Globalization.

Lemma 14.4. Let F be a global field of characteristic zero, let v1, . . . , vd be places
of F, and let ω1, . . . , ωd be unitary characters of F×

v1 , . . . ,F
×
vd

respectively.

(1) Suppose that ωi is trivial for i = 2, . . . , d. Then, there exists a Hecke
character ω of A× so that ωj = ωvj for j = 1, . . . , d.

(2) Suppose that Fv1 = · · · = Fvd and ω1 = · · · = ωd. Then, there exists a
Hecke character ω of A×/F× so that ωj = ωvj for j = 1, . . . , d.

Proof. Let ηj be the character of Gal(Fs
vj/Fvj ) associated with ωj via the local

class field theory for j = 1, . . . , d. First, suppose that ωi is trivial for i = 2, . . . , d.
Take a finite Galois extension L of F so that ker η1 = Gal(Fs

v1/Lw1
) and Lwi

= Fvi
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for i = 2, . . . , d. Here, w1, . . . , wd are some places of L lying above v1, . . . , vd
respectively. Take a character η̃ of Gal(L/F) so that η̃|Gal(Lw1

/Fv1
) = η, and define

ω as the Hecke character of A× associated with η̃ via the global class field theory.
Then we have ωv1

= ω1 and ωvi
= 1F×

vi
for i = 2, . . . d, and thus we have (1).

Then, suppose that Fv1 = · · · = Fvd and ω1 = · · · = ωd. By (1), there exists a
Hecke character χ of A× so that χ

v1
= ω1 and χ

vi
= 1

F
×
vi

for i = 2, . . . , d. Let ω

be the continuous unitary character of A× given by

ωv =

{
ω1 (v = v1, . . . , vd),

χd
v

(otherwise).

Then we have ω(F×) = 1 and it is a Hecke character of A× satisfying ωvj
= ωj for

j = 1, . . . , d. Thus we have (2), and we finish the proof of Lemma 14.4. �

Let ψ be a unitary non-trivial additive character of F . For a ∈ F× we denote
by ψa the character of F defined by ψa(x) = ψ(ax) for x ∈ F .

Lemma 14.5. Assume that D is a division quaternion algebra. Let F ′ be a non-
Archimedean local field of characteristic zero, let ψ′ be an additive non-trivial char-
acter of F ′, let D′ be a division quaternion algebra over F ′, let V ′ be another right
ε-Hermitian space of dimension m, and let W ′ be another left (−ε)-Hermitian space
of dimension n. Then, there exist

• a global field F and its places v1, v2 such that Fv1 = F,Fv2 = F ′,
• a division quaternion algebra D over F such that Dv1 = D, Dv2 = D′, and
Dv is split for v 	= v1, v2,

• a left (−ε)-Hermitian space W over D such that W v1
= W,W v2

= W ′,
• a right ε-Hermitian space V over D such that V v1 = V, V v2 = V ′,
• a Hecke character ω of A× such that ωv1 = ω, ωv2 = 1F×

v2
,

• a non-trivial additive character ψ of A/F such that ψ
v1

= ψa2
1
, ψ

v2
= ψ′

a2
2

for some a1 ∈ F×, a2 ∈ F ′×.

Proof. The existences of such F and D are well-known. The existences of such W , V
and ψ are due to the weak approximation. It remains to show the existence of ω. Let
η be the character of Gal(F s/F ) associated with ω via the local class field theory,
and let L be the Galois extension field of F so that ker η = Gal(F s/L). Here, F s

denotes the separable closure of F . Then there exists a Galois extension field L of F
such that Lw1

= L and Lw2
= F ′ where w1 (resp. w2) is some place of L lying above

v1 (resp. v2). Take a character η̃ of Gal(L/F) so that η̃|Gal(L/F ) = η, and define
ω as the Hecke character of F associated with η̃ via the global class field theory.
Then, we have ωv1

= ω. Moreover, by Lw2
= Fv2 , we have ker η̃ ⊃ Gal(F ′s/F ′)

which implies that ωv2 = 1F×
v2
. Hence we have the lemma. �

Moreover, by using the Poincare series, we obtain a globalization lemma of rep-
resentations.

Lemma 14.6. Let F be a global field, let G be a reductive group over F, let Z be
the center of G, let A be a maximal F-split torus of Z, let χ be a unitary char-

acter A(A)/A(F) → C×, let S0 be a non-empty set of places of F such that all
Archimedean places are contained in S0, let S be a finite set of places of F such
that S0 ∩ S = ∅. Suppose that Z(Fv)/A(Fv) is compact for v ∈ S, an irreducible
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supercuspidal representation πv of G(Fv) so that πv|A(Fv) coincides with χv is given
for each v ∈ S, and a compact open subgroup Kv is given for each v 	∈ S0∪S. Then
there is an irreducible cuspidal automorphic representation Π of G(A) such that

• Π|A(A) coincides with χ,
• Πv

∼= πv for v ∈ S,
• Πv possesses a non-zero Kv-fixed vector for v 	∈ S0 ∪ S.

Proof. Denote by ωv the central character of πv for each v ∈ S. Since∏
v∈S Z(Fv)/A(Fv) is compact, we have that (

∏
v∈S Z(Fv)) · A(A) is a closed sub-

group of Z(A). Moreover, we have that (
∏

v∈S Z(Fv))A(A)/A(F ) can be identified
with a closed subgroup of Z(A)/A(F). Consider a character χ̃ on
(
∏

v∈S Z(Fv))A(A)/A(F ) given by

χ̃((zv)v∈S , a) = (
∏
v∈S

ωv(zv)) · χ(a)

for zv ∈ Z(Fv) (v ∈ S) and a ∈ A(A). Then, this character can be extended
to a character ω on Z(A)/A(F ). Hence, by [Hen84, Appendice I], there exists an
irreducible cuspidal automorphic representation Π of G(A) so that Π|Z(A) = ω,
Πv

∼= πv for v ∈ S and Πv possesses a non-zero Kv-fixed vector for each v 	∈ S0∪S.
Thus we have the lemma. �

14.4. Completion of the proof of Theorem 14.1. Let π be an irreducible repre-
sentation of G(W ), and let ω be a character of F×. By Lemma 14.2 and Corollary
9.7, we may assume that π and σ are irreducible supercuspidal representations.
Take

• a global field F and its places v1, v2 such that Fv1 = F,Fv2 = F ,
• a division quaternion algebra D over F such that Dv1 = D, Dv2 = D, and
Dv is split for v 	= v1, v2,

• a left (−ε)-Hermitian space W over D such that W v1
= W , the dimension

of the anisotropic kernel of W v2 is 0 or 1, and d(W v2) ∈ O×
Fv2

,

• a right ε-Hermitian space V over D such that V v1 = V , the dimension of

the anisotropic kernel of V v2
is 0 or 1, and d(V v2

) ∈ O×
Fv2

,

• a non-trivial additive character ψ of A/F such that ψ
v1

= ψa for some

a ∈ F×.

Moreover, we can take a Hecke character ω of A× such that ωv1
= ω and ωv2

= 1F×
v2

(Lemma 14.4(1)). Denote by {V i}∞i=0 the Witt tower containing V . Let Kv2 be
the maximal compact subgroup fixing 0 of the apartment E of G(W v2

). Then, by
Lemma 14.6, we can take an irreducible cuspidal automorphic representation Π of
G(W )(A) so that Πv1 = π, and Πv2 possesses a non-zero Kv2 fixed vector. Hence,
by Lemma 14.3, we have

eD(s, V,W, π, ω, ψ) =
∏
v �=v1

eDv
(s, V ,W,Π, ω, ψ)−1

= eD(s, V v2
,W v2

,Πv2 , 1F×
v2
, ψ

v2
)−1.(14.1)

Denote by ψ′ the localization ψ
v2

and by W ′
0 the anisotropic kernel of W v2 .

Then, we have t(Πv2) = 0 and 1G(W ′
0)

∈ J0(Πv2). Here, 1G(W ′
0)

is the trivial
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representation of G(W ′
0). Hence, (14.1) is equal to

eD(s, (V p)v2 ,W
′
0, 1G(W ′

0)
, 1F×

v2
, ψ′)−1,

where p is a sufficiently large integer so that Θψ′(1G(W ′
0)
, (V p)v2) 	= 0. By the

above observation, it only suffices to consider the cases where n = dimW = 0, 1
and π = 1G(W ).

Lemma 14.7. We denote by 1G(V ) (resp. 1G(W )) the trivial representation of
G(V ) (resp. G(W )). Suppose that n = 0. Then we have r(1G(W )) = 0 and
θψ(1G(W ), V ) = 1G(V ).

For the rest of this subsection, we consider the case n = 1. In this case, we
consider the accidental isomorphism:

G(V ) ∼= SUE(2), and G(W ) ∼= U′
E(1).(14.2)

Here,

• E is the quadratic unramified extension field of F associated with the qua-
dratic character χW of F×,

• SUE(2) is the special unitary group preserving the Hermitian form

( , )E : E2 × E2 → E : (

(
x1

x2

)
,

(
y1
y2

)
) �→ x1y1 −�F · x2y2,

where xi denotes the conjugate of xi with respect to E/F ,
• U′

E(1) is the unitary group preserving the skew-Hermitian form

〈 , 〉E : E × E → E : x, y �→ xαy,

where α ∈ E is a non-zero trace zero element with ordE(α) = 0.

In particular, for these groups, the L-parameters are defined.

Proposition 14.8. Suppose that n = m = 1 and ε = 1. Let π be a non-trivial
irreducible representation of G(W ), and let φ be its L-parameter. Then, the repre-
sentation Θψ(π, V ) is non-zero irreducible, and has L-parameter

(φ⊗ χV χW )⊕ χW .

Proof. By [Ike19, §7], the accidental isomorphisms (14.2) are compatible with the
local theta correspondences. We know the description of the local theta correspon-
dence

Irr(U′
E(1)) → Irr(UE(2))

via L-parameters [GI16, Theorem 4.4]. Therefore, we have the claim. �
By tracing the converse of the global argument at the beginning of this subsec-

tion, we obtain:

Corollary 14.9. Suppose that n = 1 and ε = 1. Denote by {Vi}∞i=0 the Witt tower
containing V . Then we have eD(s, Vp,W, 1G(W ), 1F× , ψ) = 1 for sufficiently large
p.

Similarly, by using the accidental isomorphism, we have:

Lemma 14.10. Suppose that n = 1 and ε = −1. Denote by {Vi}∞i=0 the Witt tower
containing V . Then we have eD(s, Vp,W, 1G(W ), 1F× , ψ) = 1 for sufficiently large
p.

Hence, we complete the proof of Theorem 14.1.
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15. The local analogue of the Rallis inner product formula

In this section, we discuss the local analogue of the Rallis inner product formula
following [GI14], and describe the relation between α2(V,W ) and α3(V,W ).

We use the setting of §3, and we take a basis e of W as in §4. Suppose that
l = 1 and π is an irreducible square-integrable representation of G(W ). Consider
the map

P : ωψ ⊗ ωψ ⊗ ωψ ⊗ ωψ ⊗ π ⊗ π ⊗ π ⊗ π → C

defined by

P(φ1, φ2, φ3, φ4; v1, v2, v3, v4)

=

∫
G(V )

(σ(h)θ(φ1, v1), θ(φ2, v2)) · (σ(h)θ(φ3, v3), θ(φ4, v4)) dh.

The integral defining P converges absolutely (Lemma 9.3). As in [GI14, §18], we
compute P in two ways. First, we have

P(φ1 . . . , φ4, v1, . . . , v4)

=
1

deg σ
· (θ(φ1, v1), θ(φ3, v3)) · (θ(φ2, v2), θ(φ4, v4))

=
1

deg σ
· Z(−1

2
, Fφ1⊗φ3

, ξv1,,v3) · Z(−1

2
, Fφ2⊗φ4

, ξv2,v4).

Second, changing the order of integrals and using Proposition 8.2, we have

P(φ1 . . . , φ4, v1, . . . , v4)

=

∫
G(W )

∫
G(W )

(∫
G(V )

(ωψ(gh)φ1, φ2)(ωψ(g′h)φ3, φ4) dh

)
(π(g)v1, v2)(π(g′)v3, v4) dgdg

′

= |2|2mn
F · |N(R(e))|−m ·

∫
G(W )

∫
G(W )

I(ωψ(g)φ1 ⊗ ωψ(g
′)φ3, φ2 ⊗ φ4) · (π(g)v1, v2)(π(g′)v3, v4) dgdg′

= α2(V,W ) · |2|2mn
F · |N(R(e))|−m

∫
G(W )

∫
G(W )

E(ωψ(g)φ1 ⊗ ωψ(g
′)φ3, φ2 ⊗ φ4) · (π(g)v1, v2)(π(g′)v3, v4) dgdg′.
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Substituting the definition of E , the expression is equal to

α2(V,W ) · |2|2mn
F · |N(R(e))|−m

∫
G(W )

∫
G(W )

∫
G(W )

F †
φ1⊗φ3

(ι(g′
−1

g′′g, 1)) · Fφ2⊗φ4
(ι(g′′, 1)) · (π(g)v1, v2)(π(g′)v3, v4) dg′′dgdg′

= α2(V,W ) · |2|2mn
F · |N(R(e))|−m

∫
G(W )

∫
G(W )

∫
G(W )

F †
φ1⊗φ3

(ι(g, 1)) · Fφ2⊗φ4
(ι(g′′, 1)) · (π(g′g)v1, π(g′′)v2)(π(g′)v3, v4) dg′′dgdg′

=
α2(V,W )

deg π
· |2|2mn

F · |N(R(e))|−m

∫
G(W )

∫
G(W )

F †
φ1⊗φ3

(ι(g, 1)) · Fφ2⊗φ4
(ι(g′′, 1)) · (π(g)v1, v3) · (π(g′′)v2, v4) dg′′dg

=
α2(V,W )

deg π
· |2|2mn

F · |N(R(e))|−m · Z(
1

2
, F †

φ1⊗φ3

, ξv1,v3) · Z(−1

2
, Fφ2⊗φ4

, ξv2,v4).

The local functional equation of the doubling zeta integral says that

Z(−1

2
, Fφ1⊗φ3

, ξv1,v3)

=

(
c(s, χV , A0, ψ)R(s, χV , A, ψ)−1γ(s+

1

2
, π × χV , ψ)

)∣∣∣∣
s= 1

2

× cπ(−1) · Z(
1

2
, F †

φ1⊗φ3

, ξv1,v3).

By Theorem 14.1 and Proposition 7.2, we have

c(s, χV , A0, ψ)R(s, χV , A, ψ)−1γ(s+
1

2
, π × χV , ψ)

= e(G(W )) · |N(R(e))|−s · |2|−2ns+n(n− 1
2 ) · χ−1

V (4)

×
γ(s+ 1

2 , 1F× , ψ)

γ(2s, 1F× , ψ)
·
n−1∏
i=1

γ(2s− 2i, 1F× , ψ)−1 · γV (s+
1

2
, σ × χW , ψ)

×
{
γ(s− n+ 1

2 , χV , ψ)
−1 −ε = 1,

ε( 12 , χW , ψ)−1 −ε = −1.

Moreover, we have

γV (1, σ × χW , ψ) = γ(1, σ∨ × χW , ψ)

= γ(0, σ × χW , ψ)−1

= γ(0, σ × χW , ψ)−1 ×
{
χW (−1) (ε = 1),

χV (−1) (ε = −1).

Summarizing the above discussions and substituting Proposition 9.2, we obtain:
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Proposition 15.1. Suppose that l = 1 and π is square-integrable. Then, we have

deg π

deg σ
· cσ(−1) · γV (0, σ × χW , ψ)−1

=
1

2
· α2(V,W ) · e(G(W )) · |2|2nρ−n(n− 1

2 )

F · |N(R(e))|−ρ ·
n−1∏
i=1

ζF (2i)

ζF (1− 2i)

×
{
χV (−1)n+1γ(1− n, χV , ψ) (−ε = 1),

χW (−1)m+1ε( 12 , χW , ψ) (−ε = −1).

Hence we obtain Lemma 11.1. We write down the constant α3(V,W ) in the
minimal cases, which proves a special case of Theorem 11.2.

Proposition 15.2.

(1) In the case ε = −1 and V is anisotropic, we have

α3(V,W ) = ε(
1

2
, χV , ψ)

−1.

(2) In the case ε = 1 and either V or W is anisotropic, we have

α3(V,W ) =
1

2
· χW (−1)m · ε(1

2
, χW , ψ)−1.

Proof. Recall that

χ(−1) · ε(1
2
, χ, ψ) = ε(

1

2
, χ, ψ)−1

for a quadratic character χ of F×. Then, for the case m = 0, one can verify this
proposition directly. Otherwise, we obtain the claim by Proposition 10.3. �

16. Plancherel measures

Our next goal is to prove Theorem 11.2 completely. This will be done in §18,
and the Plancherel measure has important role in the proof. In this section, we
recall some formulas of the Plancherel measure, and we discuss how the Plancherel
measure behaves under the theta correspondence.

16.1. Preliminaries. Let G be a reductive group over F , let P be a parabolic
subgroup of G, let M be a Levi subgroup of P , and let U be the unipotent radical
of P . We denote by X∗(M) the group of the algebraic characters of M , and by E∨

C

the vector space X∗(M)⊗ C. For a finite length representation π of M and for

η =
t∑

i=1

χi ⊗ si ∈ E∨
C ,

we denote by π ⊗ η the representation given by

[π ⊗ η](g) := π(g)

t∏
i=1

|χi(g)|si

for g ∈ M . Take a maximal compact subgroup K of G so that G = PK. Then for
f ∈ IndGP (π), we define fη ∈ IndGP (π ⊗ η) by

fη(muk) =

t∏
i=1

|χi(m)|sif(muk)
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for m ∈ M,u ∈ U, k ∈ K. Denote by P the opposite parabolic subgroup of P , and
by U the unipotent radical of P . It is known that for f ∈ IndGP π, the integral

[JG
P |P (π ⊗ η)fη](g) =

∫
U

fη(ug) du

converges absolutely when η is contained in a certain open subset of E∨
C , and it

admits a meromorphic continuation to the whole space E∨
C with at most finitely

many poles (see [Sha81]). Here, the measure du is the normalized Haar measure as
in §6.2. Therefore we have an intertwining operator

JG
P |P (π ⊗ η) : IndGP (π ⊗ η) → IndG

P
(π ⊗ η)

for almost all η ∈ E∨
C . This operator will be abbreviated to JP |P (π ⊗ η) unless

it incurs confusion. The map η �→ JP |P (π ⊗ η) is rational (see [Wal03, §IV]).

Since IndGP (π ⊗ η) is irreducible for all η in a certain Zariski open subset of E∨
C

[Sau97, Theoréme 3.2], there exists a rational function μ(η, π) of η satisfying

JP |P (π ⊗ η) ◦ JP |P (π ⊗ η) = μ(η, π)−1.

It is called the Plancherel measure.

Lemma 16.1. If π is square-integrable, then we have μ(0, π) > 0.

Proof. Let ( , ) denote both the unitary inner product on IndGP (π) and that of

IndG
P
(π) as in the proof of [Wal03, IV, (6)]. Then, we have

μ(0, π)−1(f, f) = (f, JP |P (π) ◦ JP |P (π)f)

= (JP |P (π)f, JP |P (π)f)

for all f ∈ IndGP (π). Choosing f ∈ IndGP (π) so that JP |P (π)f 	= 0, we have μ(0, π) >

0. Thus we have the lemma. �

Let W ′ ⊂ W be (−ε)-Hermitian spaces, and let X,X∗ be totally isotropic sub-
spaces of W so that W = X +W ′ +X∗ and X +X∗ is the orthogonal complement
of W ′. Now we consider the case where G = G(W ), and P = P (X). The restric-
tion to X + W ′ gives the identification M ∼= GL(X) × G(W ′). Then, for a finite
length representation π′ of G(W ′) and a finite length representation τ of GL(X),
we abbreviate μ(N ⊗ s, π′ � τ ) to μ(s, π′ � τ ). Here, N denotes the reduced norm
of End(X).

16.2. Jacquet-Langlands correspondences. Let F be a local field of character-
istic zero, let d, t be positive integers, and let D be a central division algebra of
F of [D : F ] = d2. We denote by Irrunit(GLdt(F )) (resp. Irrunit(GLt(D))) the set
of the isomorphism classes of unitary irreducible representations of GLdt(F ) (resp.
GLt(D)). Then, the local Jacquet-Langlands correspondence provides the map

| JLF | : Irrunit(GLdt(F )) → Irrunit(GLt(D)) ∪ {0}.
Let F be a global field of characteristic zero, let d, t be positive integers, let D
be a central division algebra over F of [D : F] = d2, and let Π be a discrete
series of GLdt(A) so that | JLFv

|(Πv) 	= 0. Then, the global Jacquet-Langlands
correspondence provides a non-zero discrete series | JLF |(Π) of GLt(DA). We do not
explain the definition of the correspondences, but state some important properties,
which are excerpts of the results of [DKV84], [Bad08].
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Proposition 16.2.

(1) If d = 1, then we have | JLF | is the identity map Id.
(2) If π is an irreducible supercuspidal representation of GLdt(F ), then

| JLF |(π) is non-zero and supercuspidal.
(3) If π is an irreducible square-integrable representation of GLdt(F ), then

| JLF |(π) is non-zero and square-integrable.
(4) For all irreducible square-integrable representations π′ of GLt(D), there

exists an irreducible square-integrable representation so that π′ = | JLF |(π).

(5) If Π is a discrete series of GLdt(DA) such that | JLFv
|(Πv) 	= 0 for all v,

then we have | JLF |(Π)v = | JLFv
|(Πv).

(6) For all discrete series Π′ of GLt(DA), there exists a discrete series Π of
GLdt(A) so that | JLFv

|(Πv) 	= 0 and | JLF |(Π) = Π′.

Proof. By [Bad08, Theorem 5.1], we have the assertions (1), (5) and (6). The
assertion (2) follows from [Bad08, §3.1]. Finally, we have the assertions (3) and (4)
by [Bad08, Theorem 2.2]. �

16.3. Plancherel measures for inner forms of general linear groups. In
this subsection, we denote by D′ a central division algebra over F . Then there
is a positive integer d so that [D′ : F ] = d2. Let t1 and t2 be positive integers,
and let t = t1 + t2. We consider the case where M = GLt1(D

′) × GLt2(D
′) and

G = GLt(D
′). Then, we have an identification C2 ∼= E∨

C by

(η1, η2) �→ N1 ⊗ η1 +N2 ⊗ η2,

where Ni denotes the reduced norm of GLti(D
′) for i = 1, 2 respectively.

Proposition 16.3. Let ρi be a square-integrable irreducible representation of
GLdti(F ) for i = 1, 2, and let τi be the representation | JLF |(ρi) of GLti(D

′) for
i = 1, 2. Then we have

μ(η, τ1 � τ2) = γ(s1 − s2, ρ1 � ρ∨2 , ψ)γ(s2 − s1, ρ
∨
1 � ρ2, ψ)

for η = (s1, s2) ∈ C2.

Proof. First, if we denote by P an F -rational parabolic subgroup of GLt(D
′) having

the Levi subgroup M , then we have

JP |P ((τ1 � τ2)⊗ η)⊗|N |− 1
2 (s1+s2) = JP |P ((τ1 � τ2)⊗ (η− (

1

2
(s1+ s2),

1

2
(s1+ s2))).

Thus we have

μ(η, τ1 � τ2) = μ((
1

2
(s1 − s2),

1

2
(s2 − s1)), τ1 � τ2).

By [AP05, Theorem 7.2], this is equal to

μ((
1

2
(s1 − s2),

1

2
(s2 − s1)), ρ1 � ρ2).

We remark that our normalization of the Haar measure is different from that of
[AP05]. Since ρ1 and ρ2 are generic [Zel80, Theorem 9.3], we have

μ(η, ρ1 � ρ2) = γ(s1 − s2, ρ1 � ρ∨2 , ψ)γ(s2 − s1, ρ
∨
1 � ρ2, ψ)

for s ∈ C [Sha90]. Hence we have the proposition. �
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Proposition 16.4. Let τi be an irreducible representation of GLti(D
′) for i = 1, 2,

let B1 be an F -rational parabolic subgroup of GLt1(D
′), let M1 be the Levi subgroup

of B1. The subgroup M1 is of the form

GLt11(D)× · · · ×GLt1λ(D)

with t11 + · · ·+ t1λ = t1. Suppose that τ1 is embedded into Ind
GLt1

(D)

B1
σ1 where

σ1 = σ11|N11|a1 � · · · � σ1λ|N1λ|aλ

for some complex numbers a1, . . . , aλ1
and for some irreducible representations

σ11, . . . , σ1λ. Then we have

μ(η, τ1 � τ2) =

r∏
j=1

μ(η + (aj , 0)), σj � τ2).

Proof. Let S be the center of M1 × GLt2(D
′), and let P be a parabolic subgroup

of GLt(D) whose Levi subgroup is GLt1(D) × GLt2(D). We denote by U (resp.,
U1) the unipotent radical of P (resp. B1), by ΔS(U) (resp. ΔS(U1)) the set of the
roots of S whose root subspace is contained in U (resp. U1). For α ∈ ΔS(U), we
denote by Sα the kernel of α in S, and by Mα the centralizer of Sα in GLt(D).
We may suppose that the product (B1 ×GLt2(D

′)) · U is a parabolic subgroup of
GLt(D), and we denote it by B. Finally, we denote by Pα the parabolic subgroup
Mα ·B. Then we have

J
GLt(D)

P |P (τ1 � τ2, η) =
∏

α∈ΔS(U)

Ind
GLt(D)
Pα

(JMα

B|B(σ1 � σ2, η)).

Hence, we have the formula

μ(η, τ1 � τ2) =
λ∏

j=1

μ(η, σ1j |N1j |aj | � τ2),

which implies the proposition. �

16.4. Global property. In this subsection, we recall a global property of the
Plancherel measure for inner forms of general linear group and quaternionic unitary
groups. Let F be a global field, and let D be a division quaternion algebra over F.

Lemma 16.5. Let W be a left (−ε)-Hermitian space over D, let X,X∗ be two
left D-vector spaces so that dimX = dimX∗ = r′, and let W ′ = X + W + X∗ a
(−ε)-Hermitian space equipped with the (−ε)-Hermitian form

〈 , 〉′ : (X +W +X∗)× (X +W +X∗) → D

defined by

〈(x1, w1, y1), (x2, w2, y2)〉′ = x1 · Jr′ · ty∗2 + 〈w1, w2〉 − εy1 · Jr′ · tx∗
2.

Here, we recall that Jr′ is the anti-diagonal matrix defined in §4. Then, M =
GLr′(D) × G(W ) is a Levi subgroup of a maximal parabolic subgroup of G(W ′).
Then, for an irreducible cuspidal automorphic representation Π � Ξ of M(A), we
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have ∏
v∈S

μv(s,Πv � Ξv) =
LS(1− s,Π � Ξ∨)

LS(s,Π∨ � Ξ)
· L

S(1 + s,Π∨ � Ξ)

LS(−s,Π � Ξ∨)
(16.1)

× LS(1− 2s,Ξ∨,∧2)

LS(2s,Ξ,∧2)
· L

S(1 + 2s,Ξ,∧2)

LS(−2s,Ξ∨,∧2)
.

Here, S is a finite set of places of F such that

• S contains all Archimedean places,
• D′

v is split for v 	∈ S, and
• G(W v), Πv, Ξv are unramified for v 	∈ S,

and we denote

LS(s,Ξ∨,∧2) =
∏
v �∈S

L(s,Ξ∨
v ,∧2),

where the right-hand side is an infinite product of the local exterior-square L-factor.

Proof. Let P be a parabolic subgroup so that M is the Levi subgroup of P , and

let f = ⊗vfv ∈ Ind
G(A)
P (A) Π � Ξ∨. Consider the Eisenstein series

EP [f ](g) =
∑

γ∈P (F)\G(W ′)(F)

f(γg)

for g ∈ G(W ′)(A). If v 	∈ S, then by [Sha90] we have

L(s,Π∨
v � Ξv)L(−s,Πv � Ξ∨

v )L(2s,Ξv,∧2)L(−2s,Ξ∨
v ,∧2) · [JP |P ◦ JP |P ](fv)

= L(s,Π∨
v � Ξv)L(−s,Πv � Ξ∨

v )L(2s,Ξv,∧2)L(−2s,Ξ∨
v ,∧2) · fv.

Hence, by the functional equation of the Eisenstein series [Lan76, p.216, (i), (ii)],
we have

LS(1− s,Π � Ξ∨)LS(1 + s,Π∨ � Ξ)

× LS(1− 2s,Ξ∨,∧2)LS(1 + 2s,Ξ,∧2)
∏
v∈S

μv(μv,Πv � Ξv)
−1E[f ]

= LS(s,Π∨ � Ξ)LS(−s,Π � Ξ∨)

× LS(2s,Ξ,∧2)LS(−2s,Ξ∨,∧2) · E[JP |P ◦ JP |P (f)]

= LS(s,Π∨ � Ξ)LS(−s,Π � Ξ∨)LS(2s,Ξ,∧2)LS(−2s,Ξ∨,∧2) · E[f ],

which implies the lemma. �

16.5. The behavior of the Plancherel measures under the theta corre-
spondence. Now we consider the Plancherel measures for quaternionic unitary
groups. Let V be an m-dimensional right ε-Hermitian space, and let W be an
n-dimensional left (−ε)-Hermitian space. Note that, in this section, we allow the
case where l 	= 1.

Proposition 16.6. Let π be an irreducible representation of G(W ), let σ :=
θψ(π;V ) and let τ be an irreducible representation of GL(X). Then we have

μ(s, π � τχV )

μ(s, σ � τχW )
= γ(s− l − 1

2
, τ, ψ) · γ(−s− l − 1

2
, τ∨, ψ).
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The remaining part of this subsection is devoted to the proof of Proposition 16.6.
Put

uD(s;W,V,X, π, τ ) =
μ(s, π � τχV )

μ(s, σ � τχW )
γ(s− l − 1

2
, τ, ψ)−1γ(−s− l − 1

2
, τ∨, ψ)−1.

We will use global argument to prove Proposition 16.6, so that we allow D to
be split in the rest of this section. We want to show uD(W,V,X, π, τ ) = 1 for all
D,W, V,X, π, τ .

Lemma 16.7. Let {Wi}i≥0 be a Witt tower consisting of (−ε)-Hermitian spaces
and let {Vj}j≥0 be a Witt tower consisting of ε-Hermitian spaces. Suppose that
V = Vr and W = Wt.

(1) If D is split, then we have

uD(s;W,V,X, π, τ ) = 1.

(2) Suppose that π is a subrepresentation of Ind
G(W )
Pt′,t

π′ � ρs0χV where t′ is an

integer so that max{t(π), r} ≤ t′ ≤ t, s0 ∈ C, π′ is an irreducible repre-
sentation of G(Wt′), and ρ is an irreducible supercuspidal representation of
GLt−t′(D). Then, we have

uD(s;W,V,X, π, τ ) = uD(s;Wt′ , Vr′ , X, π′, τ ),

where r′ = r − (t− t′).
(3) Let X ′, X ′′ be two subspaces of X so that X = X ′ +X ′′. Suppose that τ is

an irreducible subquotient of induced representation Ind
GL(X)
P (X′) τ ′ � τ ′′ where

τ ′ (resp. τ ′′) is an irreducible representation of GL(X ′) (resp. GL(X ′′)).
Then, we have

uD(s;W,V,X, π, τ ) = uD(s;W,V,X ′, π, τ ′)uD(s;W,V,X ′′, π, τ ′′).

(4) If r(π) denotes the first occurrence index, then we have

uD(s;W,Vr(π), X, π, τ ) = uD(s;W,V,X, π, τ ).

Proof. The claim (1) is proved in [GI14, Theorem 12.1]. Then, we prove (2). By
[GI14, Proposition B.3], we have

μ(s, τχV ⊗ π) = μ((s, s0), τχV � ρχV )μ((s,−s0), τχV � ρ∨χV )μ(s, τ � π′)

= μ((s, s0), τ � ρ)μ((s,−s0), τ � ρ∨)μ(s, τ � π′).

Hence, by Corollary 9.7 (with replacing V and W , σ and π), we have

μ(s, τχV ⊗ π)

μ(s, τχW ⊗ σ)
=

μ(s, τχV ⊗ π′)

μ(s, τχW ⊗ σ′)
.

Thus, we have (2). We prove (3) similarly by using [GI14, Lemma B.2]. Finally,
we prove (4). Put tπ = r − r(π). Then, by using the local functional equation of
the doubling γ-factor [Kak20, Theorem 5.7(4)], we have

μ(s, σ � τχW ) = μ(s, |N | l
2+tπ � τχW ) · μ(s, |N |− l

2−tπ � τχW ) · μ(s, σ′ � τχW ).
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By Proposition 16.4, this is equal to∏2tπ

i=1 γ(s+
l
2 + i− 1

2 , τ
∨χW , ψ)∏2tπ

i=1 γ(s+
l
2 + i+ 1

2 , τ
∨χW , ψ)

·
∏2tπ

i=1 γ(s− l
2 + 1

2 − i, τ∨χW , ψ)∏2tπ

i=1 γ(s− l
2 + 3

2 − i, τ∨χW , ψ)

× μ(s, σ′ � τχW )

=
γ(s+ l+1

2 , τ∨χW , ψ)

γ(s+ l0+1
2 , τ∨χW , ψ)

·
γ(s− l0−1

2 , τ∨χW , ψ)

γ(s− l−1
2 , τ∨χW , ψ)

· μ(s, σ′ � τχW )

=
γ(−s− l0−1

2 , τχW , ψ)

γ(−s− l−1
2 , τχW , ψ)

·
γ(s− l0−1

2 , τ∨χW , ψ)

γ(s− l−1
2 , τ∨χW , ψ)

· μ(s, σ′ � τχW )

=
γ(−s− l0−1

2 , τχW , ψ)

γ(−s− l−1
2 , τχW , ψ)

·
γ(s− l0−1

2 , τ∨χW , ψ)

γ(s− l−1
2 , τ∨χW , ψ)

· μ(s, σ′ � τχW ).

Hence we have

uD(s;W,V,X, π, τ ) =
μ(s, π � τχV )

μ(s, σ � τχW )
γ(s− l − 1

2
, τ, ψ)−1γ(−s− l − 1

2
, τ∨, ψ)−1

=
μ(s, σ′ � τχW )

μ(s, σ � τχW )
· μ(s, π � τχV )

μ(s, σ′ � τχW )

× γ(s− l − 1

2
, τ, ψ)−1γ(−s− l − 1

2
, τ∨, ψ)−1

=
μ(s, π � τχV )

μ(s, σ′ � τχW )
γ(s− l0 − 1

2
, τ, ψ)−1γ(−s− l0 − 1

2
, τ∨, ψ)−1

= uD(s;W,Vr(π), X, π, τ ).

Thus we have (4). �

Now we prove Proposition 16.6. By Corollary 9.7 and Lemma 16.7(2), (3), we
may assume that π, σ, and τ are supercuspidal. Take

• a global field F and two distinct places v1, v2 of F so that Fv1 = Fv2 = F ,
• a non-trivial additive character ψ of the ring of adeles A of F,
• a division quaternion algebra D over F so that Dv1 = Dv2 = D and Dv is
split for all v 	= v1, v2,

• an ε-Hermitian space V over D so that Vv1 = Vv2 = V ,
• a Witt tower {Vi}∞i=0 containing V,
• a −ε-Hermitian space W over D so that Wv1 = Wv2 = W ,
• an irreducible cuspidal automorphic representation Π of G(W)(A) so that
Πv1 = π,

• a vector space X over D so that dimD X = dimD X,
• an irreducible cuspidal automorphic representation Ξ of GL(X)(A) so that
Ξv1 = τ ,

• a finite subset S of places so that v1, v2 ∈ S, all Archimedean places are
contained in S and Πv, Ξv are unramified for all places v 	∈ S.

Let r(Π) be the first occurrence index of the theta correspondence of Π to the Witt
tower {Vi}∞i=0. Then, Θψ(Π,Vr(Π)) is a non-zero irreducible cuspidal automorphic

representation. We denote by π′ (resp. τ ′) the representation Πv2 (resp. Ξv2). Hence
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we have

uD(s;V,W,X, π, τ ) · uD(s;V,W,X, π′, τ ′)

(16.2)

= uDv1
(s;Vv1 ,Wv1 ,Xv1 ,Πv1 ,Ξv1) · uDv2

(s;Vv2 ,Wv2 ,Xv2 ,Πv2 ,Ξv2)

= uDv1
(s; (Vr(Π))v1 ,Wv1 ,Xv1 ,Πv1 ,Ξv1) · uDv2

(s; (Vr(Π))v2 ,Wv2 ,Xv2 ,Πv2 ,Ξv2)

×
∏

v �=v1,v2

uDv
(s; (Vr(Π))v,Wv,Xv,Πv,Ξv)

= 1.

Applying (16.2) when Π and Ξ are chosen so that π′ = π and τ ′ = τ , we have
uD(s;V,W,X, π, τ )2 = 1. Hence uD(s;V,W,X, π, τ ) = ±1. It remains to determine
the signature. By Lemma 16.7(4), we may assume that σ is also supercuspidal.
Moreover, we may assume that τ is not of the form χ ◦ N for any unramified
character χ of F×, where N denotes the reduced norm. Then, the Godement-
Jacquet L-factor of τ is 1 [GJ72, Propositions 4.4, 5.11]. By Lemma 16.1, we have

μ(0, π � τχV ) > 0 and μ(0, σ � τχW ) > 0.

On the other hand, putting

ε(s+
1

2
, τ, ψ) = aψ(τ ) · q−λs

with aψ(τ ) ∈ C× and λ ∈ Z, we have

ε(−s+
1

2
, τ∨, ψ) = aψ(τ )

−1 · qλs,

and we have

γ(− l − 1

2
, τ, ψ)γ(− l− 1

2
, τ∨, ψ)

= aψ(τ )q
λl/2 ·

L( l+1
2 , τ∨)

L(− l−1
2 , τ )

· aψ(τ )−1qλl/2 ·
L( l+1

2 , τ )

L(− l−1
2 , τ∨)

= qλl > 0.

Thus, the signature of uD(s;V,W,X, π, τ ) turns out to be 1. This completes the
proof of Proposition 16.6.

17. Poles of Plancherel measures

In this section, we study the poles of the Plancherel measures, and we construct
some irreducible supercuspidal representations whose Plancherel measures are not
holomorphic on R>0. We will use this representation in the next section.

Let F be a local field, let D be a division quaternion algebra over F , and let V
be an m-dimensional ε-Hermitian space. Denote by V0 the anisotropic kernel of V ,
and write V = X + V0 + X∗ where X,X∗ are totally isotropic subspaces so that
X +X∗ is the orthogonal complement of V0. Put r = dimD X.

Proposition 17.1.

(1) There exists an irreducible supercuspidal representation ρ of GL2r(F ) such
that the image of the L-parameter φτ : SL2(C) × WF → GL2r(C) is con-
tained in Sp2r(C).
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(2) Take an irreducible supercuspidal representation ρ of GL2r(F ) as in (1),
and denote by τ the representation | JLF |(ρ) of GL(X). Then, for an
irreducible representation σ of G(V0), the Plancherel measure μ(s, σ � τ )
has at least one pole in R>0.

Proposition 17.1 is proved at the end of this section. Before starting to prove
it, we recall accidental isomorphisms to show the explicit formula of the Plancherel
measure for some cases. To use the global argument, we write down them in the
global setting. Let F be a global field, let D be a division quaternion algebra over

F, and V0 be an anisotropic ε-Hermitian space over D. We denote by G̃(V0) the

similitude group of V0. Then it is known that G̃(V0) is isomorphic to a certain more
familiar group. By E we mean the etale F algebra associated with the quadratic
(or trivial) character χV0

of the idele group of F.

• Suppose that ε = 1 and m = 1. Then we have G̃(V0) = D×. If we denote

by V ′
0 the two-dimensional symplectic space over F, then G̃(V0) is an inner

form of GSp(V ′
0) = GL2(F).

• Suppose that ε = −1 and m = 1. Let V ′
0 be a two-dimensional quadratic

space such that χV ′
0
= χV0

. Then we have G̃(V0) = GSO(V ′
0) which is

isomorphic to E×.
• Suppose that ε = −1 and m = 2. If we denote by V ′

0 the isotropic four-

dimensional quadratic space such that χV ′
0
= χV0

, then G̃(V0) is an inner

form of GSO(V ′
0) which is isomorphic to GL2(E) × F×/{(z,NE/F(z)

−1) |
z ∈ E×} (cf. [GI11, A.2]). Thus, by using the non-commutative version

of the Shapiro’s lemma (cf. [PR94, Proposition 1.7]), we have G̃(V0) ∼=
B× ×F×/{(z,NE/F(z)

−1) | z ∈ E×} for some division quaternion algebra B
over E.

• Finally, suppose that ε = −1 and m = 3. If we denote by V ′
0 the split

six-dimensional quadratic space over F, then G̃(V0) is an inner form of

GSO(V ′
0) which is isomorphic to GL4 ×GL×

1 /{(z, z−2) | z ∈ GL1}. Thus,

we have G̃(V0) ∼= D×
4 × F×/{(z, z−2) | z ∈ F×} for some central division

algebra D4 with [D4 : F] = 16.

Therefore, applying the Jacquet-Langlands correspondence, we have Lemma 17.2:

Lemma 17.2. Let Σ̃ be a discrete series of G̃(V0)(A). Then, there is a discrete

series R̃ of GSO(V ′
0)(A) (or GSp(V ′

0)(A)) such that Σ̃v and R̃v coincide for all
place v of F.

Proof. We write G̃(V0) as a quotient B′× ×GL1 /C1 where B′ is a central division

algebra of a finite extension field E′ of F and C1 is a central subgroup of B′××GL1.
Then, GSO(V0) (or GSp(V0)) is of the form GLd(E′) × GL1 /C2 where d is the

positive integer so that d2 = [B′ : E′], C2 is a central subgroup of GLd(E′) ×GL1.
Then, C1 is isomorphic to C2 via the inner twist isomorphism. By Proposition 16.2,

we have that there exists a discrete series R̃′ of GLd(E′)×GL1 so that | JLE′ |(R̃′) =

Σ̃. Since the weak approximation holds for C2 in each case, we have R̃′|C2
= 1C2

by

(1) and (5) of Proposition 16.2. Hence the representation R̃ of GLd(E′)×GL1 /C2

yielded by R̃′ satisfies the conditions of the lemma. Thus we have the claim. �
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Let F be a local field of characteristic 0, let D be the division quaternion algebra
over F , and let V be an ε-Hermitian space over D. As in the global case, we denote
V ′
0 {

the 2n0-dimensional equipped with the symplectic form (ε = 1),

the 2n0-dimensional quadratic space of χV ′
0
= χV0

(ε = −1).

Lemma 17.3. Let σ be an irreducible representation of G(V0), and let ρ be an
irreducible supercuspidal representation of GL2r(F ). Then, there exists a square-
integrable representation σ′ of SO(V ′

0) (or Sp(V ′
0)) such that

μ(s, σ � | JLF |(ρ)) = γ(s, σ′∨ � ρ, ψ)

γ(1 + s, σ′∨ � ρ, ψ)
· γ(2s, ρ,∧2, ψ)

γ(1 + 2s, ρ,∧2, ψ)
.

Here, γ(s, ρ,∧2, ψ) is the Langlands-Shahidi γ-factor [Sha90].

Proof. We prove this lemma only with ε = −1 for simplicity. Take

• a unitary irreducible representation σ̃ of the similitude group G̃(V0) so that
σ̃|G(V0) contains σ,

• a global field F and places v1, v2 of F such that Fv1 = Fv2 = F ,
• a division quaternion algebra D over F such that Dv1 = Dv2 = D, and for
all places v 	= v1, v2, Dv is split,

• an anisotropic ε-Hermitian space V0 such that V0v1 = V0v2 = V0, and for
all places v 	= v1, v2, G(V0) is quasi-split,

• a 2n0-dimensional quadratic space V′
0 such that χV′

0
= χV0

,
• a vector space X, X∗ over D such that dimD X = dimDX∗ = dimD X.

We denote by Z̃1 the center of G̃(V0) and by Z̃2 the center of GSO(V′
0). Then Ẑ1

and Ẑ2 are isomorphic to each other. Denote by ωσ̃ the central character of σ and
by ωρ the central character of ρ. Then, by Lemma 14.4(2), there exists a character
ω of Z1(A)/Z1(F) so that ωv1

= ωv2
= ωσ̃, and there exists a Hecke character

ω′ of A× so that ω′
v1

= ω′
v2

= ωρ. We take an auxiliary non-Archimedean place
v3 	= v1, v2. Then, by Lemma 14.6, there exist

• a cuspidal automorphic irreducible representation Σ̃ of G̃(V0)(A) so that

Σ̃v1 = Σ̃v2 = σ̃ and Σ̃v3 is supercuspidal,

• a cuspidal automorphic irreducible representation Ξ̃ of GL2r(A) so that

Ξ̃v1 = Ξ̃v2 = ρ and Ξ̃v3 is supercuspidal.

Take a discrete series R̃ as in Lemma 17.2. Then, R̃ is cuspidal since R̃v3 = Σ̃v3 is
supercuspidal. By the product formula (Lemma 16.5), we have

μ(s, σ � | JLF |(ρ))2 = μ(s, σ̃ � | JLF |(ρ))2

= μ(s, R̃v1 � Ξv1)μ(s, R̃v2 � Ξv2)

= μ(s, R̃v1 � Ξv1)
2.

Thus, by the positivity (Lemma 16.1), we have

μ(s, σ � | JLF |(ρ)) = μ(s, R̃v1 � Ξv1).

Moreover, since R̃v1 and ρ are generic, this is equal to

γ(s, R̃∨
v1 � ρ, ψ)

γ(1 + s, R̃∨
v1 � ρ, ψ)

· γ(2s, ρ,∧2, ψ)

γ(1 + 2s, ρ,∧2, ψ)
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by [Sha90]. Thus, putting σ′ = R̃v1 , we have the lemma. �

Now we prove Proposition 17.1. (1) is a consequence of [Mie20, §4]. We prove
(2). Let ρ be an irreducible supercuspidal representation so that the image of the
L-parameter φτ : SL2(C) × WF → GL2r(C) is contained in Sp2r(C). Then, by a
result of Jiang, Nien and Qin [JNQ10], we can conclude that γ(s, ρ,∧2, ψ) has a
pole at s = 1. Let Fr ∈ WF be a Frobenius element. Then, by [GR10, Lemma 3],
φρ(Fr) has finite order, hence, [∧2 ◦ φρ](Fr) is a unitary operator. Thus all poles
of L(s, ρ,∧2) lie in {�s = 0}, and we can conclude that γ(s, ρ,∧2, ψ) has a pole at
s = 1, and all poles of γ(s, ρ,∧2, ψ) lie in {�s = 1}. Hence, the ratio

γ(2s, ρ,∧2, ψ)

γ(1 + 2s, ρ,∧2, ψ)

has a pole at s = 1
2 . Put

P = {s0 ≥ 3

2
| γ(s, σ′∨ � ρ, ψ) has a pole at s = s0}.

If P = ∅, then μ(s, σ�| JLF |(ρ)) has a pole at s = 1
2 since all zeros of γ(s, σ′∨�ρ, ψ)

lie in {�s ≤ 0}. If P 	= ∅, then the ratio γ(s, σ′ � ρ, ψ)/γ(1 + s, σ′∨ � ρ, ψ) has a
pole at s = supP. Hence we finish the proof of Proposition 17.1.

18. Induction argument

In this section, we prove the compatibility of α3(V,W ) with the induction on
the dimensions of V,W with l = 1, which completes the proof of Theorem 11.2. We
emphasize that we allow V or W to be 0. Now, we explain more precisely. Let V
be an m-dimensional right ε-Hermitian space, and let W be an n-dimensional left
(−ε)-Hermitian space. We assume that l = 2n− 2m− ε = 1. Consider

• an ε-Hermitian space V ′ containing V and its totally isotropic subspaces
X,X∗ so that dimD X = dimD X∗ = t, X + V +X∗ = V ′ and X +X∗ is
the orthogonal complement of V ,

• a (−ε)-Hermitian spaceW ′ containing W and its totally isotropic subspaces
Y, Y ∗ so that dimD Y = dimD Y ∗ = t, Y +W + Y ∗ = W ′ and Y + Y ∗ is
the orthogonal complement of W .

We put n′ = n+ 2t and m′ = m+ 2t. Then, we will prove

α3(V
′,W ′) = α3(V,W )(18.1)

in this section. Let Q (resp. P ) be the maximal parabolic subgroup of G(V ′)
(resp. G(W ′)) preserving X (resp. Y ). Then, we can identify the Levi subgroup
LQ (resp. MP ) of Q (resp. P ) with GL(X)×G(V ) (resp. GL(Y )×G(W )). Recall
that α3(V

′,W ′) and α3(V,W ) do not depend on the choices of the representa-
tions (see Proposition 15.1). Thus, it suffices to compare deg π′/ deg θψ(π

′, V ) with
deg π/ deg θψ(π, V ) for at least one pair (π, π′) of square-integrable representations
π of G(W ) and π′ of G(W ′) so that both θψ(π, V ) and θψ(π

′, V ′) are non-zero.

Proposition 18.1. Suppose that there are s0 > 0, an irreducible supercuspidal
representation π of G(W ), an irreducible supercuspidal representation σ of G(V ),
and a non-trivial irreducible supercuspidal representation τ of GL(X) ∼= GL(Y ) so
that

• σ ∼= θψ(π, V ),
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• Ind
G(W ′)
P π � τs0χV is reducible, and

• Ind
G(V ′)
Q σ � τs0χW is reducible.

Then, Ind
G(W ′)
P π � τs0χV and Ind

G(V ′)
Q σ � τs0χW have unique irreducible square-

integrable representations π′ and σ′ respectively, and σ′ coincides with θψ(π
′, V ′).

Moreover, we have α3(V
′,W ′) = α3(V,W ).

We prove Proposition 18.1 in the former part of this section. Suppose that a
quadruple (s0, π, σ, τ ) as in Proposition 18.1 is given. By Lemma 9.3 and Propo-
sition 9.6, the representation θψ(π

′, V ′) is the unique square-integrable irreducible

subquotient of Ind
G(V ′)
Q σ�τs0χW , which is nothing other than σ′. To prove the last

assertion, we use Proposition 18.2, which is due to a result of Heiermann [Hei04].

Proposition 18.2. Let s0 > 0, let π be an irreducible supercuspidal representation
of G(W ) and let τ be a supercuspidal representation of GLt(D). Suppose that
μ(s, π � τχV ) has a pole at s = s0. Then we have the following:

(1) The induced representation Ind
G(W ′)
Q π � τs0χV is reducible and it has a

unique irreducible square-integrable constituent π′. Moreover we have

deg π′ =2t log q · deg π deg τ · Ress=s0 μ(s, π � τχV )

× γ(G(W ′)/P ) · |KMP
|

|KG(W ′)|
· |UP ∩KW ′ | · |UP ∩KW ′ |.

Here, γ(G(W ′)/P ) is the constant defined by

γ(G(W ′)/P ) =

∫
U

δP (u) du,

where U is the unipotent radical of the opposite parabolic subgroup P of P ,
and f◦ is the unique KW ′-invariant section of the representation

Ind
G(W ′)
P δ

1
2

P induced by the square root of the modular character δP so that
f◦(1) = 1.

(2) The induced representation Ind
G(V ′)
Q σ � τs0χV is also reducible, and it has

a unique irreducible square-integrable constituent σ′. Moreover we have

deg σ′ =2t log q · deg σ deg τ · Ress=s0 μ(s, σ � τχW )

× γ(G(V ′)/Q) ·
|KLQ

|
|KG(V ′)|

· |UQ ∩KV ′ | · |UQ ∩KV ′ |.

Here, γ(G(V ′)/Q) is the constant defined similarly as in (1).

Proof. This proposition is obtained by the proof of [GI14, Proposition 20.4]. �
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Now, take π as in Proposition 18.4, and put σ = θ(π, V ). Then, by Proposition
18.2, we have

deg π′

deg σ′ =
deg π

deg σ
· Ress=s0 μ(s, π � χV )

Ress=s0 μ(s, σ � χW )
· γ(G(W )/P )

γ(G(V )/Q)
·
|KG(V ′)||KMP

|
|KG(W ′)||KLQ

|

=
deg π

deg σ
· γ(s0 −

l − 1

2
, | |s0 , ψ)γ(−s0 −

l − 1

2
, | |s0 , ψ)

× |UP ∩KW ′ | · |UP ∩KW ′ |
|UQ ∩KV ′ | · |UQ ∩KV ′ |

·
|B+

V ′ ||B+
MP

|
|B+

W ′ ||B+
LQ

|

×
∏

α∈Σred(P )[Xα ∩KW ′ : Xα ∩ B+
W ′ ]−1∏

β∈Σred(Q)[Xβ ∩KV ′ : Xβ ∩ B+
V ′ ]−1

.

Here, we denote by B+ the pro-unipotent radical of B, by Σred(P ) (resp. Σred(Q))
the set of positive reduced root with respect to the opposite parabolic subgroup P
(resp. Q) of P (resp. Q), and by Xα (resp. Xβ) the root subgroup associated with

α ∈ Σred(P ) (resp. β ∈ Σred(Q)).

Lemma 18.3. We have

|B+
V ′ ||B+

MP
|

|B+
W ′ ||B+

LQ
|
= q2t.

Proof. Since |B+
MP

| = |B+
W ||B+

GLr(D)| and |B+
LQ

| = |B+
V ||B

+
GLr(D)|, we have

|B+
V ′ ||B+

MP
|

|B+
W ′ ||B+

LQ
|
=

|B+
V ′ ||B+

W |
|B+

W ′ ||B+
V |

=

{
q(n

′2−n2)−(m′2−m′−m2+m)− 1
2 (a

′
V ′−a′

V ) (−ε = 1),

q(n
′2−n′−n2+n)−(m′2−m2)+ 1

2 (a
′
W ′−a′

W ) (−ε = −1),

where

a′W =

{
0 (χW is unramified),

−1 (χW is ramified).

One can show that both coincide with q2t. Hence we have the lemma. �

Moreover, we have∏
α∈Σred(P )[Xα ∩KW ′ : Xα ∩ B+

W ′ ]−1∏
β∈Σred(Q)[Xβ ∩KV ′ : Xβ ∩ B+

V ′ ]−1
= q−2(n0−m0)t

= q−(1+ε)t,

and

|UP ∩KW ′ | · |UP ∩KW ′ |
|UQ ∩KV ′ | · |UQ ∩KV ′ |

= q−2(nt+ 1
2 t(t−ε)) · q2(mt+ 1

2 t(t+ε))

= q−2(n−m)+2εt

= q−(1−ε)t.
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Hence we have

deg π′

deg σ′ =
deg π

deg σ
· γ(s0 −

l − 1

2
, τ, ψ)γ(−s0 −

l − 1

2
, τ∨, ψ)

=
deg π

deg σ
· γ(s0, τ, ψ)γ(−s0, τ

∨, ψ)

since l = 1. Thus we have Proposition 18.1.
Now, we prove the existence of the quadruple (s0, π, σ, τ ) as in Proposition 18.1

when either V or W is anisotropic.

Proposition 18.4. Suppose that V is anisotropic. Then, there exists an irreducible
supercuspidal representation π of G(W ) such that Θψ(π, V ) 	= 0.

Proof. We use the following see-saw diagram to prove this:

G(V �)

���
���

���
���

�
G(W )×G(W )

���
���

���
���

�

G(V )×G(V ) ΔG(W )

.

Let σ be an irreducible representation of G(V ). Since G(V ) is anisotropic, σ is
supercuspidal, and then we have Θψ(σ, V ) is irreducible [MVW87, p. 69]. Then
Theorem 9.1(3) implies that Θψ(σ, V )∨ ∼= Θψ(σ

∨, V ). Hence, by the see-saw prop-
erty we have

Θψ(σ,W ) 	= 0 ⇔ HomΔG(W )(Θψ(σ,W )⊗Θψ(σ,W )∨, 1G(W )) 	= 0

⇔ σ � σ∨ appears as a quotient of Θψ(1G(W ), V
�)|G(V )×G(V ).

In the case whereW is anisotropic, the proposition is clear by the above observation.
Then suppose that W is isotropic. This only occurs in the case where ε = −1. Thus
we have χW = 1. Hence, we have the isomorphism

Rs : I
V (s, 1F×) → S(G(V ))

by [Rsfs](g) = fs(ι(g, 1)) for fs ∈ IV (s, 1F×) and g ∈ G(V ).

Lemma 18.5. For u ∈ U(V �) there is a unique element gu ∈ G(V ) such that
ι(gu, 1) ∈ P (V �)τu for some p ∈ P (V �). Moreover, u �→ gu gives a homeomor-
phism

U(V �) → G(V ) \ {1}.

By Lemma 18.5, if we take a non-zero function ϕ ∈ S(G(V )) so that supp(ϕ) 	�
1 and ϕ(g) ≥ 0 for all g ∈ G(V ), then the integral defining M(s, 1F×)(R−1

s ϕ)
converges and M(s, 1F×)(R−1

s ϕ) 	= 0 for all s ∈ C. On the other hand, if we denote
byWi the i-dimensional (−ε)-Hermitian space with χWi

= 1F× and by li the integer
2i− 2m− ε, then we have

Θψ(1Wi
, V �) = kerM(− li

2
, 1F×)

for i = 0, . . . , n− 1 by [Yam11, Theorems 1.3, 1.4]. Thus, we have proved that

n−1∑
i=0

R−li/2(Θψ(1G(Wi0, V
�)) � S(G(V )).
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Hence, there is an irreducible representation σ of G(V ) such that n+(σ) ≥ n and
n−(σ) ≥ n+1. Since we have assumed l = 1, the conservation relation (Proposition
9.4) says that n+(σ)+n−(σ) = 2n+1. Thus, we have n+(σ) = n, and we have the
lemma by putting π = Θψ(σ,W ). �

Proposition 18.6. Suppose that W is anisotropic and V is isotropic. Then, there
is an irreducible representation π of G(W ) such that θψ(π, V ) is non-zero super-
cuspidal.

Proof. The situation in this proposition occurs only in the case where ε = 1,
dimW = 3, dimV = 2 and χW = χV = 1F× . Then, as in §17, we have the
accidental isomorphism

G̃(W ) ∼= D×
4 × F×/{(a, a−2) | a ∈ F×},

where D4 is a central division algebra of F so that [D4 : F ] = 16. Now, we
denote by π0 an irreducible representation of D×

4 obtained as follows: let π1 be
an irreducible supercuspidal representation of GL4(F ) so that the image of its L-
parameter is contained in Sp4(C) × WF (see [Mie20, §4]). Then we denote by π0

the irreducible representation of D×
4 associated with π1 by the Jacquet-Langlands

correspondence. Since the central character of π0 is trivial, we have the irreducible
representation π0 � 1F× of D×

4 × F×/{(a, a−2) | a ∈ F×}. We may regard it

as a representation of G̃(W ) by the accidental isomorphism. We denote by π an
irreducible component of the restriction of π0 � 1 to G(W ). Then, the square
exterior γ-factor γ(s, φπ0

,∧2, ψ) has a pole at s = 1 (see [JNQ10]). Hence we have
Θψ(π, V ) 	= 0 (see [GT14, Theorem 6.1], and [GT14, Proposition 3.3]). Moreover,
since π 	= 1G(W ), we have m(π) > 0. This forces that m(π) = 2, and θψ(π, V ) is
supercuspidal. Hence we have the proposition. �

Corollary 18.7. There exist (s0, π, σ, τ ) as in Proposition 18.1 when either V or
W is anisotropic.

Proof. Take an irreducible supercuspidal representation ρ of GL2(F ) so that the
image of the L-parameter φτ is contained in Sp2r (Proposition 17.1(1)). Moreover,
we put τ = | JLF (ρ)|.

Suppose first that V is anisotropic. Take π as Proposition 18.4, and put σ =
θψ(π, V ). Then, there exists a positive real number s0 so that μ(s, π � τχV ) has a
pole at s = s0 (Proposition 17.1(2)). Since the Godement-Jacquet L-factor L(s, τ ) is
equal to 1, we have that μ(s, σ�τχW ) also has a pole at s = s0 by Proposition 16.6.
This implies that the quadruple (s0, π, σ, τ ) satisfies the assumption of Proposition
18.1.

Then, suppose that W is anisotropic and V is isotropic. Take π as in Proposition
18.6, and put σ = θψ(π, V ). Then, by Proposition 17.1, μ(s, π � τχV ) has a pole
at a positive real number s0. Then, we have that μ(s, σ � τχW ) also has a pole at
s = s0 as in the above discussion. Hence, the quadruple (s0, π, σ, τ ) satisfies the
assumption of Proposition 18.1. Hence we have the corollary. �

Corollary 18.7 completes the proof of (18.1), and we finish the proof of Theorem
11.2.
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19. Determination of α1 and α2

In this section, we complete the formulas of α1(W ) and α2(V,W ) even when both
V and W are isotropic. Let V be an m-dimensional right ε-Hermitian space, and let
W be an n-dimensional left (−ε)-Hermitian space. We assume that 2n−2m−ε = 1.
Take a basis e = (e1, . . . , en) for W . First, we have:

Theorem 19.1.

α2(V,W ) = e(G(W )) · |2|−2nρ+n(n− 1
2 ) · |N(R(e))|ρ ·

n−1∏
i=1

ζF (1− 2i)

ζF (2i)

×
{
2 · χV (−1)n · γ(1− n, χV , ψ)

−1ε( 12 , χV , ψ) (−ε = 1),

1 (−ε = −1).

Proof. There is at least one irreducible square-integrable representation π of G(W )
such that Θψ(π, V ) 	= 0 (this has been proved in §18 by replacing V with V ′).
Then, comparing the formula of α3(V,W ) of Proposition 15.1 with its definition in
Theorem 11.2, we obtain

1

2
· α2(V,W ) · e(G(W )) · |2|2nρ−n(n− 1

2 )

F · |N(R(e))|−ρ ·
n−1∏
i=1

ζF (2i)

ζF (1− 2i)

×
{
χV (−1)n+1γ(1− n, χV , ψ) (−ε = 1),

χW (−1)m+1ε( 12 , χW , ψ) (−ε = −1)

=

{
χV (−1)ε( 12 , χV , ψ) (−ε = 1),
1
2 · χW (−1)m+1ε( 12 , χW , ψ) (−ε = −1).

Hence, we have the claim. �
Suppose that −ε = −1. We denote by Wu a (−ε)-Hermitian space so that

dimWu = n and W (u) possesses a basis e(u) with R(e(u)) ∈ GLn(OD). Then, by
Theorem 19.1, we have:

Corollary 19.2.
α2(V,W ) = |N(R(e))|ρ · α2(V,W

u).

Proof. Since |N(R(e(u))| = 1, the claim follows from Theorem 19.1. �

On the other hand, we may identify Wu� with W� by identifying e′i with e
(u)
i

′

for i = 1, . . . , 2n. Then we can compare IWu

with IW :

Lemma 19.3. For φ, φ′ ∈ S(V ⊗W�) = S(V ⊗Wu�), we have

IW (φ, φ′) = IWu

(φ, φ′).

Proof. By writing down the definitions, we have the equation. �
Therefore, we have

α1(W )

α1(Wu)
=

EWu

(φ, φ′)

EW (φ, φ′)

=
α2(V,W

u)

α2(V,W )

= |N(R(e))|−ρ.
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Thus, we have a general formula of α1(W ):

Proposition 19.4. In the case −ε = −1, we have

α1(W ) = |2|2nρF · |N(R(e))|−ρ · q−(2
n
2 ��n

2 
−
n
2 �) ·

n∏
i=1

(1 + q−(2i−1)).

Proof. We already have a formula of α1(W ) either when n0 = 0 or n0 = 1 and
χW is unramified (Proposition 7.6). Hence, we have the proposition by Lemma
19.3. �

20. The formal degree conjecture

In this section, we explain the refined version of formal degree conjecture [GR10].
Moreover, we give another proof of Theorem 11.2 assuming the local Langlands
correspondence and the formal degree conjecture.

Let F be a non-Archimedean local field of characteristic 0, and let G be a con-

nected reductive group over F . Let Ĝ be the Langlands dual group of G, let
LG be the L-group of G. By an L-parameter we mean the Ĝ-conjugacy class of
L-homomorphisms

φ : WF × SL2(C) → LG

whose images are not contained in any irrelevant parabolic subgroup of LG [Bor79].
In this section, we assume the Langlands correspondence, that is, we can associate
an L-parameter with an irreducible representation of G. But we explain it more
precisely for quaternionic unitary groups to clarify what we assume.

Hypothesis 20.1. For an irreducible tempered representation π of G(W ), there is
a tempered L-parameter φ of G(W ) satisfying the following two properties.

• For an irreducible supercuspidal representation τ of GL2r(F ) and s ∈ C we
have

μ(s, π � | JLF |(τ )) = γ(s, std ◦φ∨ ⊗ φτ , ψ)

γ(1 + s, std ◦φ∨ ⊗ φτ , ψ)
· γ(2s, τ,∧2, ψ)

γ(1 + 2s, τ,∧2, ψ)
,

where φτ is the L-parameter of τ .
• For a character χ of F× we have

γW (s, π � χ, ψ) = γ(s, std ◦φ⊗ χ, ψ),

where the left-hand side is the γ-factor defined in §7, and the right-hand
side is the standard gamma factor.

It is known that the equality of the Plancherel measure characterizes φ uniquely
([GS12, Lemma 12.3], [GI14, p. 652]). Now we consider a general connected reduc-
tive group G again and we discuss the internal structure of the L-packet Πφ(G(F )).

We denote by Z(Ĝ) the center of Ĝ, by Ĝad the quotient Ĝ/Z(Ĝ), and by Ĝsc the

simply connected covering group of Ĝad. Moreover, we denote by Cφ the centralizer

of the image Imφ of φ in Ĝ, by Γ the Galois group of F s/F where F s is the sepa-

rable closure of F , by Sφ the quotient Cφ/Z(Ĝ)Γ ⊂ Ĝad, and by S̃φ the preimage

of Sφ by Ĝsc → Ĝad. We call the component group of S̃φ the S-group of φ, and we

denote it by S̃φ. We choose a character ζG of Z(Ĝsc) which is associated with G
via the composition of the maps

Hom(Z(Ĝsc),C×) → Hom(Z(Ĝsc)
Γ,C×) → {Inner forms of Gqs},
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where Gqs is the quasi-split inner form of G, the first map is the restriction, and
the second map is the isomorphism of Kottwitz [Kot84]. Let A be the maximal

split torus of the center of G. Then Ĝ/A is a subset of Ĝ. We denote by C ′
φ the

intersection Cφ ∩ Ĝ/A and by Irr(S̃φ, ζG) the set of irreducible representations ρ of

S̃φ so that
HomZ( ̂Gsc)

(ζG, ρ) 	= 0.

Conjecture 20.2. Let φ be a tempered L-parameter. Then there is a bijection

Πφ(G) → Irr(S̃φ, ζG)(20.1)

such that for any square-integrable representation π ∈ Πφ(G) we have

deg(π) = ζπ
dim ηπ
#C ′

φ

γ(0, π, ad, ψ),

where ad: LG → GL(Lie(Ĝad)) is the adjoint representation, and

ζπ =
|γ(0, St, ad, ψ)|
γ(0, St, ad, ψ)

ε( 12 , St, ad, ψ)

ε( 12 , π, ad, ψ)
∈ {±1},

where St is the Steinberg representation of G(W ).

We denote by ηπ the image of π via the map (20.1).

Remark 20.3. It is expected that the characters of the irreducible representations
belonging to Πφ(G(F )) satisfy linear equations called the “endoscopic character
relations”. (See for example [Kal16].) But we do not discuss them in this paper.

Now we deduce some properties of Langlands parameters and local theta cor-
respondence. Assume that l = 1. For a unitary character χ of F×, we also de-
note by χ the corresponding character of the Weil group WF via the local class
field theory. For a non-negative integer k, let Qk be the k-dimensional quadratic

space over C. Then, we have Ĝ(V ) = SO(QM ) and Ĝ(W ) = SO(QM+1) where
M = 2m+(1+ ε)/2. Fix an isometric embedding u : QM → QM+1. Then, u yields
the embedding ξ0 : O(QM ) → SO(QM+1). Moreover, we fix an element ε ∈ O(QM )
so that det(ε) = −1. We extend the embedding ξ0|SO(QM ) of the dual groups to an

L-embedding from LG(V ) into LG(W ) by

ξ(w, g) = (w, gξ0(ε)
aV (w)) (w ∈ WF , g ∈ SO(M,C)),

where aV (w) = (1− χV (w))/2 for w ∈ WF .

Proposition 20.4. Assume that Hypothesis 20.1 holds and that l = 1.

(1) For an irreducible tempered representation π of G(W ), θψ(π, V ) is non-zero
if and only if std ◦φπ contains χV as representations of WF × SL2(C).

(2) For an irreducible tempered representation σ of G(V ), θψ(σ,W ) is non-
zero if and only if std ◦φσ does not contain χW as representations of WF ×
SL2(C).

(3) For an L-parameter φ of G(W ), by ϑ(φ) we mean the set of L-parameters
φ′ of G(V ) so that ξ ◦ φ′ = φ as L-parameters of G(W ). Then, the local
theta correspondence defines a bijection

θ(−, V ) : Πφ(G(W )) →
⋃

φ′∈ϑ(φ)

Πφ′(G(V ))
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if φ is tempered and ϑ(φ) 	= ∅.

Proof. Let σ be an irreducible tempered representation of G(V ) so that θψ(σ,W ) 	=
0. Put π = θψ(σ,W ). Then as in [GI14, Theorem C.5], we have

std ◦φπ ⊗ χV = (std ◦φσ ⊗ χW )⊕ 1WF

as representations of WF × SL2(C). This proves the “only if” part of (1). The “if”
part of the property (1) is obtained by the similar argument to [HKS96, Theorem
6.2] of Harris, Kudla and Sweet. Let π be an irreducible tempered representation of
G(W ) such that std ◦φπ contains χV . Then the standard L-function L(s, π � χV )
has a pole at s = 0. Since π is tempered, L(s, π � χV ) does not have a pole in
�s < 0 [Yam11]. Hence we have

Z(M(s, χV )f
(s), ξπ) ∼

L(−s+ 1
2 , π � χV )

ζ(2s− 1)
· Z(f (s), ξπ)

L(s+ 1
2 , π � χV )

.

Here, by f1 ∼ f2 we mean f1/f2 is holomorphic at s = 1
2 . Hence, by [Yam11,

Theorem 5.2] we can conclude that Z(−, ξπ) is non-zero on Θψ(1G(V ),W
�) ⊂

IW (− 1
2 , χV ). Then, by considering the see-saw diagram

G(W�)

���
���

���
���

�
G(V )×G(V )

���
���

���
���

�

G(W )×G(W ) ΔG(V )

,

we have

HomΔG(V )(Θψ(π, V )�Θψ(π
∨, V ), 1V ) = HomG(V )×G(V )(Θψ(1V ,W

�), π�π∨) 	= 0.

Thus, we have θψ(π, V ) 	= 0. By combining the property (1) with the conserva-
tion relation (Proposition 9.4), we have the property (2). The property (3) is a
consequence of (1) and (2). �

In the rest of this section, we assume Hypothesis 20.1 and that Conjecture 20.2
is true.

Proposition 20.5. Let π be a square-integrable irreducible representation of G(W ),
and let σ = θψ(π, V ). Suppose that σ 	= 0. Then we have

dim ηπ
dim ησ

=

⎧⎪⎨⎪⎩
1 (ε = 1),

1 (ε = −1, φε
σ 	∼= φσ),

2 (ε = −1, φε
σ
∼= φσ).

Proof. Let φπ be the L-parameter of π. Then, it is known that all representations

in Irr(S̃φσ
, ζG(W )) have the same dimension [S̃φπ

: Z̃φπ
]
1
2 where Z̃φπ

denotes the

center of S̃φπ
[Art13, Lemma 9.2.2]. First, we claim that

Cφπ
⊂ Cφπ

· ξ(g1) for some g1 ∈ O(QM ), det(g1) = −1.(20.2)

Let g ∈ Cφπ
. Since std ◦φπ = std ◦φσ ⊗χWχV +χV �1SL2(C), and std ◦φσ ⊗χWχV

does not contain χV �1SL2(C) (Proposition 20.4), the action of g on QM+1 preserves
the subspace u(QM ). Hence we have g ∈ O(QM ). Thus, if g′ is also an element of
Cφπ

, then we have g′g−1 ∈ Cφπ
. This implies the claim (20.2).
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Suppose that ε = 1. Then, we have Cφπ
⊃ ξ(Cπσ

) × {±1}. By (20.2), we have

Cφπ
= ξ(Cπσ

)×{±1}, and we have [S̃φπ
: ξ(S̃φσ

)] = [Z̃φπ
: Z̃φσ

] = 2. Thus we have
dim ηπ = dim ησ.

Suppose that ε = −1 and φε
σ 	∼= φσ. Then, there is no element g ∈ SO(QM ) so

that ξ(gε) ∈ Cφπ
. Then, by (20.2), we have that ξ is a bijection between Cφσ

and

Cφπ
. Thus we have S̃φσ

∼= S̃φπ
and dim ηπ = dim ησ.

Finally, suppose that ε = −1 and φε
σ

∼= φσ. Then, there exists an element

g ∈ SO(QM ) so that ξ(gε) ∈ Cφπ
. Hence we have [S̃φπ

: ξ(S̃φσ
)] = 2 by (20.2).

Then, we have

ηπ ⊂ Ind
˜Sφπ

ξ( ˜Sφσ )
η

for some irreducible representation η of ξ(S̃φσ
). Thus we have dim ηπ ≤ 2 dim η =

2dim ησ. Besides, since the action of gε on Z(Spin(QM )) is non-trivial, we have

[Z̃φσ
: Z̃φπ

] > 1, which implies dim ηπ ≥ 2 dim ησ. Thus we have dim ηπ = 2dim ησ.
Therefore, we prove the proposition. �

Now we give the alternative proof of Theorem 11.2. By the proof of Proposition
20.5, we have

dim ηπ
dim ησ

· #Cφσ

#Cφπ

=

{
1
2 (ε = 1),

1 (ε = −1).

Moreover, as representations of WF × SL2(C), we have

ad ◦ φπ = ad ◦ φσ ⊕ (std ◦φσ)⊗ χW .(20.3)

By the substitution of the formulas of the formal degrees (Conjecture 20.2), we
have

deg π

deg σ
· cσ(−1) · γ(0, σ × χW , ψ)−1

= ζπζ
−1
σ · cσ(−1) · dim ηπ

dim ησ
· #Cφσ

#Cφπ

· γ(0, π, ad, ψ)
γ(0, σ, ad, ψ)

· γV (0, σ × χW , ψ)−1

=

{
1
2cσ(−1)ζπζ

−1
σ (ε = 1),

cσ(−1)ζπζ
−1
σ (ε = −1).

It remains to show that

ζπζ
−1
σ = cσ(−1)χW (−1)n · ε(1

2
, χV χW , ψ)−1.

It is known that

ad ◦ φSt = ⊕d≥1E
′
d ⊗ r2d−1

as WF ×SL2(C)-modules [GR10, §3.3]. Here E′
d is the WF -modules obtained by the

action by Γ on the submodule of homogeneous elements of degree d of E′ (see §6.1),
and r2d−1 is the unique 2d − 1-dimensional irreducible representation of SL2(C).
Then, by using the formula of the structure of the graded module E′ (see the proof
of Proposition 6.1), we have

γ(0, St, ad, ψ) = ε(
1

2
, St, ad, ψ) · |γ(0, St, ad, ψ)|,
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and thus we have ζπ = ε( 12 , π, ad, ψ)
−1. Since σ is square-irreducible, the L-factor

L(s, σ � χW ) does not have a pole at s = 1/2. Hence, by (20.3), we have

ζπζ
−1
σ = ε(

1

2
, σ � χW , ψ)−1.

Moreover, by [Kak20, Proposition 8.2], this is equal to

cσ(−1)χW (−1)mε(
1

2
, χV χW , ψ)−1.

Thus, we complete the proof of Theorem 11.2 admitting that Hypothesis 20.1 and
Conjecture 20.2 hold.

21. Formal degree conjecture for the non-split inner forms of Sp4,
GSp4

The local Langlands correspondence for the non-split inner forms of GSp4 and
Sp4 has been constructed by Gan and Tantono [GT14] and Choiy [Cho17]. Note
that one can show the equation of the Plancherel measure by Proposition 16.6 and
accidental isomorphisms. Hence Hypothesis 20.1 is true in these cases, and we have
a bijection π �→ η. Thus, the refined formal degree conjecture for these groups can
be stated unconditionally, and it suffices to show that the bijection π �→ η satisfies
the formula in Conjecture 20.2. In this section, we prove this as an application of
Theorem 11.2. We denote by G1,1, H1,1, and H3,0 the isometry groups of

• the two-dimensional Hermitian space W with χW = 1F× ,
• the two-dimensional skew-Hermitian space W with χW = 1F× ,
• the three-dimensional skew-Hermitian space W with χW = 1F×

respectively. We also denote by G̃1,1, H̃1,1, and H̃3,0 their similitude groups re-
spectively. In this section, we assume that G is one of G1,1, H1,1, H3,0, and we

assume that G̃ is the corresponding similitude group. We denote by p :
̂̃
G → Ĝ the

projection of [Lab85, Theorem 8.1]. Let φ̃ be an L-parameter for G̃. We denote by

φ : WF × SL2(C) → LG the L-parameter given by the composition p ◦ φ̃. According

to [Cho17, §7.3], the L-parameter φ of G̃1,1 is classified into one of the following
“Case I-(a), Case I-(b), Case II, Case III”:

• Case I-(a): the parameter φ̃ comes from that of H̃1,1, and the cardinality

of the L-packet Π
˜φ is equal to 2, and the action of Hom(WF ,C1) is not

transitive;

• Case I-(b): the parameter φ̃ comes from that of H̃1,1, and the cardinality of

the L-packet Π
˜φ is equal to 2, and the action of Hom(WF ,C1) is transitive;

• Case II: the parameter φ̃ comes from that of H̃1,1, and the cardinality of
the L-packet Π

˜φ is equal to 1;

• Case III: the parameter φ̃ comes from that of H̃3,0, and the cardinality of
the L-packet Π

˜φ is equal to 1.

Denote by X(φ̃) the stabilizer

{a ∈ H1(WF , ĜL1) | aφ̃ = φ̃ as L-parameters}.
Then we have an exact sequence

S
˜φ → Sφ → X(φ̃) → 1.
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In the case φ is a tempered parameter, the first map is injective [Cho19, Lemma 4.9].

21.1. Restriction of representations from G̃ to G. It is known that such re-
striction problems have much information on Langlands parameters for G. We only
use Lemma 21.1:

Lemma 21.1. Let π̃ be an irreducible representation of G̃. Then, we have a de-
composition

π̃|G = (

t⊕
i=1

πi)
⊕k,

where π1, . . . , πt are irreducible representations of G and

k =

{
1
2 dim η (G = G1,1 and π̃ has the L-parameter of Case I− (b)),

dim η (otherwise).

Proof. It is obtained by [Cho17, Theorems 5.1, 6.1, 7.5]. �

In this paper, we need Lemma 21.1 to prove Lemmas 21.2 and 21.3.

Lemma 21.2. Let π be a square-integrable irreducible representation of G, let (φ, η)

be its Langlands parameter, let π̃ be an irreducible representation of G̃ so that its

restriction π̃|G to G contains π, and let (φ̃, η̃) be the Langlands parameter of π̃.
Then, we have

deg π̃ =
dim η̃

dim η
· #Cφ

#C ′
˜φ

· deg π, and ad ◦ φ̃ = ad ◦ φ.

Proof. Put

X(π̃) = {χ ∈ Hom(F×,C×) | (χ ◦ λ)π̃ ∼= π̃}.
Then the reciprocity map of the local class field theory induces an embedding

X(π̃) → X(φ̃). Moreover, we have

[X(φ̃) : X(π̃)] =

{
2 (G = G1,1 and π̃ has the L-parameter of Case I-(b)),

1 (otherwise).

Hence, by [GI14, Lemma 13.2] and by Lemma 21.1, we have

deg π =
#Z ′(

̂̃
G)

#Z(Ĝ)
· k

#X(π̃)
· deg π̃

=
#Z ′(

̂̃
G)

#Z(Ĝ)
·
dim η ·#S

˜φ

#Sφ
· deg π̃

=
dim η ·#C ′

˜φ

#Cφ
· deg π̃.

Moreover, since the projection p :
̂̃
G → Ĝ factors through the adjoint map ad, we

have

ad ◦ φ̃ = ad ◦ p ◦ φ
= ad ◦ φ.

Hence, we have the lemma. �
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Lemma 21.3. Let π be a square-integrable irreducible representation of G1,1, and
let σ be an irreducible representation of either H1,1 or H3,0 associated with π by
the local theta correspondence. We assume that σ 	= 0. We denote by (φπ, ηφ)
(resp. (φσ, ησ)) the Langlands parameter associated with π (resp. σ). Then, we
have

dim ησ
dim ηπ

=

{
1
2 (π has the L-parameter of Case I− (b)),

1 (otherwise)
(21.1)

and we have

#C ′
φσ

#C ′
φπ

=

{
1
2 (π has the L-parameter of Cases I− (b), III),

1 (otherwise).

Proof. Note that discrete series parameters are of Case I and Case III. By [GT14,
Proposition 3.3] and Lemma 21.1, we have (21.1). The remaining equality is ob-
tained by the case-by-case discussion in [Cho17, p. 1867–1874]. �

21.2. Refined formal degree conjecture. In this section, we discuss the refined
formal degree conjecture [GR10, Conjecture 7.1]. We first prove it for inner forms
of GLN . Note that #C ′

φ = N if φ is a discrete parameter for GLN .

Lemma 21.4. Let G be an inner form of GLN , and let π be a square-integrable
irreducible representation of G. Then, we have

deg(π) = cπ(−1)N−1 · 1

N
· γ(0, π, ad, ψ).

Here, ad is the adjoint representation of LG on slN (C).

Proof. By [HII08, §3.1], we have

deg(π) =
1

N
· |γ(0, ρ, ad, ψ)|.

Take a square-integrable representation ρ of GLN (F ) so that π = | JLF |(ρ). Then,
by [GI14, Proposition 14.1], we have

γ(0, π, ad, ψ)

|γ(0, π, ad, ψ)| =
γ(0, ρ, ad, ψ)

|γ(0, ρ, ad, ψ)|
= ωρ(−1)N−1

= ωπ(−1)N−1.

Thus, by the positivity of deg π, we have the lemma. �

Let G̃ be one of G1,1, H1,1, H3,0, G̃1,1, H̃1,1, and H̃3,0. Then the refined formal

degree conjecture for G̃ is true:

Theorem 21.5. Let π be a square-integrable irreducible representation of G̃, and
let (φ, η) be its Langlands parameter. Then we have

deg π = cπ(−1) · dim η

#C ′
φ

· γ(0, ad ◦ φ, ψ).
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Proof. When G′ is either H̃1,1 or H̃3,0, we have the claim because of the accidental
isomorphisms

H̃1,1 = D× ×GL2(F )/{(t, t−1 · I2) | t ∈ F×},
H̃3,0 = D×

4 × F×/{(t, t−2) | t ∈ F×}

as in §17. Here, D4 is a central division algebra of F with [D4 : F ] = 16. Hence,
we have the claim for H1,1 and H3,0 by Lemma 21.2. When G′ = G1,1, we have
the claim by Theorem 11.2, equation (20.3) and Lemma 21.3. Hence, we also have

the claim for G̃1,1. Thus we have the theorem. �

Appendix A. An explicit formula of zeta integrals

In [Kak20, Proposition 8.3], the author computed the doubling zeta integral of
right K(e′

�
)-invariant sections. However, the formula does not tell us about the

constant term and a certain multiplier polynomial factor S(T ). In this section, we
complete the formula by applying the formula of α1(W ). Note that there are errors
in [Kak20, Proposition 8.3]. We also point out and correct them. In this section,
we assume the residue characteristic of F is not 2. We note that the results in
this Appendix are not used in this paper but had been used in the previous version.
Actually, we can prove Proposition 7.6 by them if we assume q 	 |2.

Fix a basis e of W as in §4. We denote by e0 the basis er+1, . . . , er+n0
for W0.

Moreover, we may assume that

R0 = R(e0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 (−ε = 1, n0 = 1),

α (−ε = −1, n0 = 1),

�−1
D (−ε = −1, n0 = 1),

diag(�−1
D , α�−1

D ) (−ε = −1, n0 = 2 with χW unramified),

diag(α,�−1
D ) (−ε = −1, n0 = 2 with χW ramified),

diag(α,�−1
D , β−1) (−ε = −1, n0 = 3).

Here, α is defined in §2, and β is an element of D so that ordD(β) = −1, TD(β) = 0
and β2 = α2�2

D. We recall that we have put n0 = dimW0 and r = n−n0

2 . By this
basis, we regard G(W ) as a subgroup of GLn(D). Then, put

C1 := {g ∈ G(W ) ∩GLn(OD) | (g − 1)R(e) ∈ Mn(OD)}.

Note that C1 is an open compact subgroup of G(W ). Let Xi be a subspace of X
spanned by e1, . . . , ei. We denote by f the flag

f : 0 = X0 � X1 � · · · � Xr = X,

and by B the minimal parabolic subgroup preserving f.

Proposition A.1. We have G(W ) = B · C1.

Proof. We use the setting and the notation of §5 in the proof of this proposition.
By the result of Bruhat and Tits [BT72, Théorème (5.1.3)] and that of Heines and
Rapoport [PR08, Appendix, Proposition 8], we have the decomposition

G(W ) = B ·NG(W )(S) · B.
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Since B ⊃ ZG(W )(S), we can take a representative system w1, . . . , wt for B\(B ·
NG(W )(S)) so that wi ∈ C1 for i = 1, . . . , t. Moreover, Xa,0 ⊂ C1 for a ∈ Φ+ and

Xa, 12
⊂ C1 for a ∈ Φ−. Hence, by Lemma 5.2, we have

B ·NG(W )(S) · B =

t⋃
i=1

B · wi · ZG(W )(S)1 ·
∏

a∈Φ+

Xa,0 ·
∏

a∈Φ−

Xa, 12

=
t⋃

i=1

B · ZG(W )(S)1 · wi ·
∏

a∈Φ+

Xa,0 ·
∏

a∈Φ−

Xa, 12

⊂ B · C1.

Thus we have the proposition. �

Let σ0 be the trivial representation of G(W0), let si be a complex number for
i = 1, . . . , r, let σi be the character | |si of GL1(D) for i = 1, . . . , r. Then, σ =
⊗r

i=0σi is a character of the Levi subgroup of B. Let π be an irreducible subquotient

representation of Ind
G(W )
B (σ) having a non-zero C1-fixed vector. Then, we have the

following formula of a zeta integral with a certain section and a matrix coefficient:

Proposition A.2. Let f◦
s ∈ I(s, 1F×)K(e′�) be a non-zero K(e′

�
)-invariant section

with f◦
s (1) = 1, let ξ◦ be the C1-fixed matrix coefficient of π. Then, we have

Z(f◦
s , ξ

◦) = |C1| ·
S(q−s)

dW (s)

r∏
i=0

LWi(s+
1

2
, σi)

for some self-reciprocal monic polynomial S(T ) of degree

fW =

{
1 (−ε = −1, n0 = 2, χW is unramified),

0 (otherwise).

Here we set

dW (s) =

{
ζF (s+ n+ 1

2 )
∏
n/2�

i=1 ζF (2s+ 2n+ 1− 4i) (−ε = 1),∏�n/2

i=1 ζF (2s+ 2n+ 3− 4i) (−ε = −1).

Note that if n0 = 0, then LW0(s, 1W0
× 1) denotes{

ζF (s) (−ε = 1),

1 (−ε = −1).

Note that we will determine S(T ) and |C1| later (Propositions A.4 and A.5).

Remark A.3. Proposition A.2 differs from [Kak20, Proposition 8.3] at the definition
of fW in the case n0 = 3 and the definition of LW0(s, 1G(W0) × 1F×) in the case
n0 = 0, −ε = 1. The former is caused by an error in the computation of the
γ-factor, which is modified by (A.3). And the latter is caused by a typo.

Proof. We can deform the doubling zeta integral to the summation

ZW (f◦
s , ξ

◦) =

∫
C1

ξ◦(g) dg +

∫
G(W )−C1

f◦
s ((g, 1))ξ

◦(g) dg.
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If s0 is a sufficiently large real number so that ZW (f◦
s , ξ

◦) converges absolutely,
then, by [Kak20, Lemma 8.4], we have∣∣∣∣∣

∫
G(W )−C1

f◦
s ((g, 1))ξ

◦(g)

∣∣∣∣∣ ≤
∫
G(W )−C1

|Δ((g, 1))|s−s0 |f◦
s0
((g, 1))ξ◦(g)| dg

≤ q−(�s−s0)

∫
G(W )

|f◦
s0
((g, 1))ξ◦(g)| dg

for �s > s0. Thus we have

lim
�s→∞

ZW (f◦
s , ξ

◦) = |C1|.(A.1)

Put

Ξ(q−s) :=
ZW (f◦

s , ξ
◦)∏r

i=0 L
Wi(s+ 1

2 , σi × 1F×)
.

Then, the “g.c.d. property” ([Yam14, Theorem 5.2] and [Yam14, Lemma 6.1]) im-
plies that Ξ(q−s) is a polynomial in q−s and qs. Moreover, by (A.1), it is a poly-
nomial of q−s with the constant term |C1|. Put D(q−s) := dW (s). Once we prove
the equation

Ξ(q−s)D(qs) = (q−s)fW · Ξ(qs)D(q−s),(A.2)

one can deduce that

Ξ(q−s) = |C1| · S(q−s)D(q−s)

for some monic self-reciprocal monic polynomial of degree fW since q−tsD(qs) is a
polynomial of q−s which is coprime to D(q−s) for sufficiently large t, which proves
the proposition.

In the following, we prove equation (A.2). By the definition of the γ-factor, we
have

c(s, 1F× , A, ψ)−1R(s, 1F× , A, ψ) · ZW (M(s, 1F×)f◦
s , ξ

◦)

= cπ(−1) · γW (s+
1

2
, π � 1F× , ψ)ZW (f◦

s , ξ
◦).

By comparing this with the equation

c(s, 1F× , A, ψ)−1R(s, 1F× , A, ψ)M∗(s, 1F× , A, ψ)f◦
s

= q−n′s|N(R(e))|−sε(
1

2
, χW , ψ) · D(q−s)

D(qs)
f◦
−s,

where

n′ =

{
2�n

2 � (−ε = 1),

2�n
2 � (−ε = −1),

we obtain

Ξ(q−s)D(qs) = D(q−s)Ξ(qs)

× |N(R(e))|−sq−n′s ·
ε( 12 , χW , ψ)

γ(s+ 1
2 , π � 1F× , ψ)

·
∏r

i=0 L
Wi(−s+ 1

2 , σ
∨
i × 1F×)∏r

i=0 L
Wi(s+ 1

2 , σi × 1F×)
.
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Moreover, by Lemma 7.5, we have

γW (s+
1

2
, π × 1F× , ψ) = q−λs · εW (

1

2
, χW , ψ)

r∏
i=0

LWi(−s+ 1
2 , σ

∨
i × 1F×)

LWi(s+ 1
2 , σ × 1F×)

,(A.3)

where

λ =

⎧⎪⎨⎪⎩
2�n

2 � (−ε = 1),

2�n
2 � (−ε = −1, n 	≡ 3 mod 4, χW is unramified),

2�n
2 �+ 1 (otherwise).

Therefore,

Ξ(q−s)D(qs) = D(q−s)Ξ(qs) · q−(n′−λ)s · |N(R(e))|−s

= D(q−s)Ξ(qs) · (q−s)fW .

Hence we have equation (A.2), and we have the proposition. �

For the polynomial S(T ), we have the following:

Proposition A.4. We have

S(T ) =

{
T 2 + (q

1
2 + q−

1
2 )T + 1 (−ε = −1, n0 = 2, χW is unramified),

1 ( otherwise).

Proof. We have fW = 0 in the cases other than −ε = −1, n0 = 2, and χW is
unramified. Thus the proposition is clear for the second case. Consider the case
n = n0 = 2 and χW is unramified. SinceG(W ) is compact, Z(f◦

s , ξ
◦) is a polynomial

in q−s. In other words,

S(q−s)
ζF (s+

3
2 )L(s+

1
2 , χW )

ζF (2s+ 3)

is a polynomial. Thus, we can conclude that (1 + q−
1
2T ) divides S(T ). Such a

self-reciprocal polynomial is only (1 + q−
1
2T )(1 + q

1
2T ). Hence we have

S(T ) = T 2 + (q
1
2 + q−

1
2 )T + 1.

Now, suppose that −ε = −1, n > n0 = 2, and χW is unramified. We recall a certain
intertwining operator associated with the parabolic induction. Let Q(X�) be the
parabolic subgroup of G(W�) preserving X�, let U(X�) be the unipotent radical
of Q(X�), let M be the Levi-subgroup of Q(X�), and let IX(s, 1F×) be the space
of smooth functions f on GL(X�) satisfying

f(pg) = |N(p|X�)|−(s+r)|N(p|X�)|s+rf(g)

for p ∈ P ′(X�) and g ∈ GL(X�). Here, we denote by P ′(X�) the parabolic
subgroup of GL(X�) preserving X�, by p|X� (resp. p|X�) the restriction of p to
X� (resp. X�), and by N the reduced norm of End(X�) (resp. End(X�)). For a
coefficient ξ of an irreducible representation of GL(X) and a section f ∈ I(s, 1F×),
we define the doubling zeta integral by

ZX(f, ξ) =

∫
GL(X)

f(ιX(g, 1))ξ(g) dg,
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where ιX : GL(X)× GL(X) → GL(X�) is the embedding induced by the natural
action of GL(X)×GL(X) on X�. Then, there is an intertwining map

Ψ(s) : IW (s, 1F×) → Ind
G(W�)
Q(X�) (I

X(s, 1F×)⊗ IW0(s, 1F×)⊗ |Δ(X,W0):W |) : fs
�→ (g �→ [Φ(s)fs]g)

(see [Yam14, Proposition 4.1]). Although we omit the definition, we note the rela-
tion

[Φ(s)f◦
s ]e = J(s)f ′

s
◦ ⊗ f ′′

s
◦
,

where f ′
s
◦
(resp. f ′′

s
◦
) is the unique GLr(OD)-invariant section of IX(s, 1F×) (resp.

the unique K(e′0
�
)-invariant section of IW0(s, 1F×)) so that f ′

s
◦
(1) = 1 (resp.

f ′′
s
◦
(1) = 1), and

J(s) =

∫
U(X�)∩Q(W�)\U(X�)

f◦
s (u) du.

Moreover, by Proposition A.1, we have

ZW (f◦
s , ξ

◦) = |C1|
∫
Q

f◦
s ((g, 1)) dg

= |C1|
∫
M

[Ψ(s)f◦
s ]((m, 1)) dm

= |C1|J(s)ZW0(f ′
s
◦
, ξ′

◦
)ZX(f ′′

s
◦
, ξ′′

◦
)

= |C1|J(s)S(q−s)
LW0(s+ 1

2 , 1G(W ) × 1F×)

dW0(s)
·
LX(s+ 1

2 , σ)

dX(s)

= |C1|SW0(q−s)
J(s)

dW0(s)dX(s)
LW (s+

1

2
, 1G(W ) × 1F×).

Thus, we obtain

SW (q−s) = SW0(q−s)× J(s)
dW (s)

dW0(s)dX(s)
.

However, since J(s) does not have a pole in �s > −1 [Yam14, Lemma 5.1] and
dW (s), dW0(s), dX(s) has neither a pole nor a zero at s = π

√
−1 ± 1

2 , we can

conclude that SW (X) is divided by (1 + q±
1
2T ). Thus, we have SW (T ) = SW0(T ).

Hence, we finish the proof of the proposition. �

Finally, by the formula of α1(W ) (Proposition 19.4), we can determine the vol-
ume |C1| of C1:

Proposition A.5.

(1) In the case −ε = 1, we have

|C1| = q−2
n/2��n/2
−�n/2


n/2�∏
i=1

(1 + q−(2i−1))(1− q−2i).
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(2) In the case −ε = −1, we have

|C1| = |N(R(e))|−ρq−(2
n/2��n/2
−
n/2�)

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∏
n/2�
i=1 (1 + q−(2i−1))

∏
n/2�
i=1 (1− q−2i) (n0 = 0),∏�n/2


i=1 (1 + q−(2i−1))
∏
n/2�

i=1 (1− q−2i) (n0 = 1, χW : unramified),∏
n/2�
i=1 (1 + q−(2i−1))

∏
n/2�
i=1 (1− q−2i) (n0 = 1, χW : ramified),∏
n/2�−1

i=1 (1 + q−(2i−1))
∏
n/2�−1

i=1 (1− q−2i) (n0 = 2, χW : unramified),∏
n/2�
i=1 (1 + q−(2i−1))

∏
n/2�−1
i=1 (1− q−2i) (n0 = 2, χW : ramified),∏
n/2�

i=1 (1 + q−(2i−1))
∏
n/2�−1

i=1 (1− q−2i) (n0 = 3).

Proposition A.4 and Proposition A.5 give a completion of the formula in Propo-
sition A.2.
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