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FORMAL DEGREES AND THE LOCAL THETA
CORRESPONDENCE: THE QUATERNIONIC CASE
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ABSTRACT. In this paper, we determine a constant occurring in a local ana-
logue of the Siegel-Weil formula, and describe the behavior of the formal de-
grees under the local theta correspondence for a quaternionic dual pair of
almost equal rank over a non-Archimedean local field of characteristic 0. As
an application, we prove the formal degree conjecture of Hiraga, Ichino and
Ikeda for the non-split inner forms of Sp, and GSp,.

CONTENTS

Introduction
Quaternion algebras over local fields
e-Hermitian spaces and their unitary groups
Bases for W and V
Bruhat-Tits theory
Haar measures
Doubling method and local y-factors
Local Weil representations
Local theta correspondence
The local Siegel-Weil formula
Formal degrees and local theta correspondence
Minimal cases (I)
Minimal cases (II)
The behavior of the y-factor under the local theta correspondence
The local analogue of the Rallis inner product formula
Plancherel measures
Poles of Plancherel measures
Induction argument
Determination of «; and aq
The formal degree conjecture
Formal degree conjecture for the non-split inner forms of Sp,, GSp,

Appendix A. An explicit formula of zeta integrals
Acknowledgments
References

Received by the editors August 14, 2021, and, in revised form, June 9, 2022.
2020 Mathematics Subject Classification. Primary 11F27; Secondary 22E50.
This research was supported by JSPS KAKENHI Grant Number JP20J11509.

BBk EEEEEEEEEEEEEEEEEEE

(©2022 American Mathematical Society

1192


https://www.ams.org/ert/
https://www.ams.org/ert/
https://doi.org/10.1090/ert/630

FORMAL DEGREES AND THE LOCAL THETA CORRESPONDENCE 1193

1. INTRODUCTION

The principal aim of this paper is to describe the behavior of the formal de-
grees under the local theta correspondence. This is related to two important topics
in the representation theory of p-adic reductive groups. One is the formal degree
conjecture of Hiraga, Ichino, and Tkeda [HIT08], which is an explicit formula of the
formal degree in terms of the Langlands parameters. Here, by the Langlands pa-
rameter we mean a pair (¢,7) where ¢ is an L-parameter and 7 is an irreducible
representation of the S-group (see §I4). The other is the behavior of the Langlands
parameters under the local theta correspondence. This has not been formulated
yet, but we observe how dimn changes under the theta correspondence associated
with a quaternionic dual pair of almost equal rank (Proposition 20.5]). Moreover,
by admitting conjectural properties on Langlands parameters containing the formal
degree conjectural, we infer the behavior of the formal degrees under the local theta
correspondence (§20). Although the local Langlands correspondence is assumed in
these two topics, Gan and Ichino pointed out that only analytic invariants are
needed to describe the behavior of the formal degrees under the local theta corre-
spondence associated with a non-quaternionic dual pair of almost equal rank, and
computed it [GI14]. In this paper, we extend their formula to a quaternionic dual
pair and prove it unconditionally (Theorem [IT.2]). This agrees with the observation
in 0 As an application, we prove the formal degree conjecture for the non-split
inner forms of Sp, and GSpy,.

We prove Theorem by induction. As in [GI14], the induction steps are
attained by using a formula of Heiermann [Hei04]. However, it is difficult to prove
the base case by case-by-case discussions similar to [GI14]. More precisely, it seems
difficult to find enough examples of quaternionic dual pairs (H,G) and square-
integrable irreducible representations m of G such that we can know the formal
degree deg m of 7, the formal degree deg o of the theta correspondence o of 7, and
the standard local y-factor (s, o X x, 1) with a quadratic character x at the same
time even in low-rank cases. To avoid the difficulty, we analyze the local analogue of
the Siegel-Weil formula, and we obtain a relation between the constant in the local
Siegel-Weil formula and the local zeta value for enough cases. Here, the constant
in the local Siegel-Weil formula appears in an expression of the ratio of the formal
degrees of irreducible representations corresponding to each other by the local theta
correspondence. Hence, to establish the description of the behavior of the formal
degrees under the local theta correspondence, we compute some local zeta values.
On the other hand, a general formula of the local zeta value is obtained by reversing
the above discussion. For a quaternionic dual pair (G(V),G(W)) of almost equal
rank, we denote by oy (W) the local zeta value, by as(V, W) the constant in the
local Siegel-Weil formula, and by a3(V, W) the constant appearing in the behavior
of the formal degree under the theta correspondence. The results obtained in this
paper are summarized as follows.

1.1. The constant «;(W). Let F be a non-Archimedean local field of character-
istic 0, let € = +1, let W be an n-dimensional right (—¢)-Hermitian space equipped
with a (—e)-Hermitian form ( , ) (see §3) over a division quaternion algebra D
over I, and let G(W) be the unitary group of W. We denote by W the doubled
space which is the vector space W @& W equipped with the (—e)-Hermitian form
(,) ={(,Y®(=(,)), by W the diagonal subset of W=, and by P(W#) the
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parabolic subgroup preserving W#. For a character w of F*, we denote by I(s,w)
the representation of G(W") induced by the character w; o A of P(W#), which is
given by ws(A(p)) = w(N(plwa)) N (plwa)| . (Here, we denote by N(z) the
reduced norm of x € End(W#).) We denote by 1px the trivial character of F*.
Then we define

ar(W) = 2" (£7,€°).

Here

e ZW(, ) is the doubling zeta integral (see J7.1]),

o f° is the K(¢'”)-invariant section of I(s,1px) so that fo(1) = 1 where
K(¢'7) is a special maximal compact subgroup of the unitary group G(W°)
of WP, which depends on the choice of a basis e for W (see §7.1)),

o £° is the coeflicient of the trivial representation of G(W') so that £°(1) = 1,
and

[ ] p =n —

£

2

This invariant is technically important because it appears in a certain local func-
tional equation, which relates the zeta integral with the intertwining operator (see
Lemma [7.])). In this paper, we first compute aq (W) directly for some W (Proposi-
tion [Z.6]), and finally, we complete the formula for the remaining cases as a corollary
of Theorem (Proposition [[34]). We also note that by determining ay (W), we
can compute the constant given by the scalar multiplication appearing in a formula
of the zeta integral for a certain section (see Appendix [Al), which has not been
computed yet.

1.2. The constant as(V,W). Let V be an m-dimensional e-Hermitian space, and
let (, ) be an e-Hermitian form on V, let ¢): F — C* be an additive non-trivial
unitary character, and let w, be the Weil representation of G(V) x G(W"). We
realize wE on the Schwartz space S(V @ WV) where WV is the anti-diagonal subset
of WP. We assume that 2n — 2m = 1 + €. Then, we define the local theta integral

7(6,6) = [ (@Bh1)o.6) b
G(V)

for ¢,¢' € S(V ® WV). Here, we denote by (, ) the normalized L2-inner prod-

uct on S(V ® WV) (as in Proposition B2). Moreover, we define another map

E:S(VeWV)? — C as follows. For ¢ € S(V @ WV), we define Fy € I(—3,xv)

by Fy(g) = [wy(9)¢](0), and we choose F;[ € I(3,xv) so that M(3,xv)F' = F,

where M (s, xv) is an intertwining operator (see §7.1)). Then, the map & is defined
by

£6.6) = [ Fjulo, ) Folils. D) dg
aw)
for ¢,¢' € S(V @ WV). Here, 1: G(W)? — G(W") is given by the natural action

of G(W)? on WE. Then, the constant a(V, W) is defined as a non-zero constant
satisfying Z = ay(V, W) - £ (see Lemma [[0.2). Then, we have
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Theorem 1.1. Choose the basis e = (e1,...,en) for V as in LI Then,

aa(V, ) = e(G(W)) - |27+ 1) N (R(o)|- H el
y 2xv (=)™ (1 —n,xv,¥) (3, xv,¥) (—e=1),
1 (—e=-1).

Here, R(e) = ((es,€5))i,; € GLin (D).

To prove Theorem [[1] we will first prove it in the case where either V or W is
non-zero anisotropic (§§I2HI3)). In this case, we can express as(V, W) using ay (W),
and thus Theorem [[1] is derived from the formula of a1 (W). The remaining cases
will be proved after completing the proof of Theorem (419).

1.3. The constant «a3(V,W). Let G be a reductive group over F, let A be the
maximal F-split torus of the center G, and 7 be a square-integrable irreducible rep-
resentation of G. We choose a canonical Haar measure dg on G(F')/A(F') depending
only on G and a fixed non-trivial additive character ¢ of F as in [GG99, §8]. If
G = G(W), the measure is given in §6.11 Then, we define the formal degree of 7
as the positive real number deg 7 satisfying

/ (m(g)z1, 22)(7(9) T3, T4) dg = %(3?17333)(3?2,334)
G(F)/A(F)

egm

for x1,x9, 25,24 € w. Here, (, ) is a non-zero G(F)-invariant Hermitian form.
Suppose that 8, (m, V) is non-zero and is square-integrable. We denote its central
character by cg, (r,v). Then, as in [GI14, p. 597], we can prove that

degm
deg 0y (m,V)

does not depend on 7 whenever 7 is square irreducible and 6, (7, V) # 0. We
denote it by as(V,W). Then, our main theorem is stated as follows:

09,,/,(71',\/)(_1) : ,yV (07 91/)(7T7 V) X XW Q/J)_l

Theorem 1.2. We have

a _ 6(%vXVaw)_1 (_6 = 1)’
3(V, W) {%XW(_l)m€(%aXWaw)l (—e=—1).

When either V or W is anisotropic, we prove Theorem[[2 by expressing a3 (V, W)
using as(V, W) (more precisely, see Proposition [I5.0]). In general, we use induction
on dim W to compute az(V, W) ({I8]).

1.4. Langlands parameters and the local theta correspondence. Let G be
a reductive group over F, and let m be an irreducible representation of G, let T’
be the Galois group of F*/F where F® denotes the separate closure of F, let W
be a Weil group of F, let Lp = Wp X SLQ(C) be the Langlands group of F, let
G be the Langlands dual group of G, let Z(G) be the center of G, let Gaq be the
adjoint group G let Gbc be the simply connected covering of qu, and let G be
the L-group of G. The Langlands parameter of 7 is given by a pair (¢,n) where

e ¢: Lp — G is the L-parameter of T,

7 is an irreducible representation of the component group 845 = 7T0(S¢)

S’¢ where S¢ is the preimage of Sy == Cy/Z(G ) - Gad in GSC
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Here, we denote by Cy the centralizer of Im ¢ in G. The group §¢ is called the S-
group of ¢. See §20] for the discussion on how we define 7 from 7. Now we consider
the pair (G(W),G(V)) with 2n — 2m = 1 4 € again. Then, we have the following:

Proposition 1.3. Assume Hypothesis and Conjecture hold. Let m be
a tempered irreducible representation of G(W) and let (¢,n) be its Langlands pa-
rameter. Then 0y (m, V') is non-zero if and only if stdo¢ contains xv X 1gp, ) as
representations of Wr x SLa(C). Here, std is the standard embedding of 'G into
GLN(C) and 1gp,(c) is the trivial representation of SLa(C). Suppose that 0, (7, V)
is non-zero, and we denote it by . We denote by (¢',n') its Langlands parameter.
Then we have

std o = (Std O¢, [024] vaall) (&) (XV X 1SL2((C))
as representations of Wr x SLa(C), and we have

dim 1 (e=1),

1 T] _ _ /1E /

dmy ! (6__1’¢8_¢)’
2 (62_1a¢/ 7é¢/)

Here, € is the generator of Out(G/(V\)).

Using Proposition [[3] we verify that our main theorem (Theorem [[2) is consis-
tent with Hypothesis 20T and Conjecture 20.2] (§20]).

1.5. Formal degree conjecture for non-split inner forms of Sp, and GSp,.
Let G be a reductive group over F, let m be a square-integrable irreducible repre-
sentation of G(W), and let (¢,n) be its Langlands parameter. We denote by A the

maximal F-split torus of the center of G, and we put C’é) = 5/74 N Cg. Then, the
formal degree conjecture of Hiraga, Ichino, and Ikeda asserts that

dim 0, ad o 6, )],

#Cy,

where ad is the adjoint representation of XG on Lie(G,q) [HII08]. This conjecture
has been proved for reductive groups over Archimedean local fields and for the inner
forms of GL,, by themselves [HII08]. It has also been proved for SOg,+1, Mp,,,
U, and Sp, ([ILM17], [BP21], [GI14]). Moreover, Gross and Reeder reformulated
it by using the Eular-Poincdre measure on G [GR10]. Note that the absolute value
does not appear in their reformulation. For the non-split inner forms of GSp, and
Sp,, the Langlands correspondence is constructed by Gan and Tantono [GT14] and
Choiy [Chol] respectively. We prove the conjecture for these groups by using
Theorem

Theorem 1.4. Let F be a local field of characteristic 0. Then, the formal degree
conjecture holds for the non-split inner forms of Sp, and GSpy.

degm =

1.6. Structure of this paper. Now, we explain the structure of this paper. In
§2H3l we set up the notations for fields, quaternion algebras, and Ze-Hermitian
spaces. In 4 we define some symbols which are referred to when we take bases
for +e-Hermitian spaces. In §5l we recall the Bruhat-Tits theory for quaternionic
unitary groups and define the Iwahori subgroup. In §8] we explain the normalization
of Haar measures on reductive groups and certain nilpotent groups, and we give
some volume formulas. In {7 we explain the doubling method and recall the
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definition of the doubling ~-factor. Moreover, we compute the constant a; (W)
for some cases. In §8 we set up and explain the doubling method and the Weil
representations. In §9, we set up the theta correspondence. In §§TOHIT] [OH2T] we
state our main results, and in §§T2HI8] we prove these results. More precisely, §4I21-
are devoted to the computation of as(V, W) when either V or W is anisotropic,
gI4lis a preliminary for §I5 which associates aq(V, W) with as(V, W), and §§IGHIT]
are preliminaries for §I8 in which we verify the commutativity of as(V, W) with
the parabolic inductions. Finally, in Appendix [Al we give a formula for doubling
zeta integrals of certain sections as an application of the formula of «; (W). Note
that this corrects the errors in [Kak20, Proposition 8.3].

2. QUATERNION ALGEBRAS OVER LOCAL FIELDS

Let F' be a non-Archimedean local field of characteristic 0, and let D be a
quaternion algebra over F'. In this paper except §§14] and [I6.5 we assume that D
is division. We denote by O the valuation ring of F', by wp a uniformizer of O, by
ordp: F'* — Z the additive valuation normalized so that ordp(wp) = 1, by ¢ the
cardinality of Op/wF, by | |F the absolute value normalized so that |wr|r = ¢~ 1,
by *: D — D the canonical involution of D, by Np: D — F the reduced norm, by
Tp: D — F the reduced trace, by ordp = ordp oNp the additive valuation of D,
by | |[p =| |F o Np the absolute value of D, and by Op the valuation ring of D.

Lemma 2.1. There exist two elements § and wp of D so that the subfield F(9)
is unramified over F, Tp(d) = Tp(wp) = 0, ordp(d) = 0, ordp(wp) = 1, and
dwp +wpd = 0.

Proof. Take d € F so that ordr(d) = 0 and F(v/d) is unramified over F. To prove
the claim, it suffices to show that the quaternion algebra (d,wp/F) is isomorphic
to D. Since the 2-torsion subgroup of the Brauer group of F' is isomorphic to Z/2Z,
it remains to show that (d,wp/F) is division. This is obtained by the fact that
wr is not contained in the image of the norm map of the unramified extension
F(+/d)/F. Hence we have the lemma. O

3. e-HERMITIAN SPACES AND THEIR UNITARY GROUPS

Let € € {£1}. Now, we consider the following:
e a pair (W, (, )) where W is a left free D-module of rank n, and (, ) is a
map W x W — D satisfying
(az,by) = alz,y)b", (y,v) = —€(z,y)
for xz,y € W and a,b € D,
e a pair (V,(, )) where V is a right free D-module of rank m, and (, ) is a
map V x V — D satisfying
('Ulav’U?b) = CL*(J?, y)ba (y,l') = €($, y)*
for x,y € V and a,b € D.

We call them an n-dimensional right e-Hermitian space and an m-dimensional left
(—e€)-Hermitian space respectively if they are non-degenerate. Then, we define
G (W) by the group of the left D-linear automorphisms g of W and

(x-g9,y-9) = (z,y)
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for all z,y € W. We also define G(V') by the group of the right D-linear automor-
phisms g of V' and

(9-2.9y) = (,9)
forall z,y € V. Put W=V ®p W and define ((, )) by
((z1 @ y1,22 ® y2)) = Tp((21,y1)(72,92)")

for z1,y1 € V and z2,y2 € W. Then, ((, )) is a symplectic form on W, and the
(G(W),G(V)) is a reductive dual pair in Sp(W). We define

11 )2n-2m—1 (e=1),
W T 2 —2m 41 (e=—1).
We define the characters xy and xw of F'* by
1px (e=1), (a,0(V))r (e=-1),
xv(a) = and xw(a) =
{(a,O(W))F (e=1) 1px (e=-1)
for a € F'*.

4. BASES FOR W AND V

In this section, we discuss bases for W, which we will consider in this paper. The
discussion for V goes the same line as that of W. For a basis e = {e1,...,e,} for
W, we define

R(e) = ((e5,€5))ij € GLn(D).
Denote by Wy the anisotropic kernel of W, and put ng = dimp Wy, r = %(n —ng).
‘We assume that

r+ng
WO = Z eiD,
i=r+1
both
X = ZeiD and Z e; X*
=1 i1=r+no+1
are totally isotropic subspaces of W, and
0 0 J.
(4.1) R(e) = 0 Ry 0],
—eJ, 0 O
where
1
Jr = ;
1
and Ry € GL,, (D). By this basis, we regard G(W) as a subgroup of GL, (D). It
is known that
no < 1 (—6 = 1),
ng <3 (—e=-—1).
Moreover, in the case —e = —1, it is known that ng = 2 if and only if n is even

and v # lpx, ng = 3 if and only if n is odd and xy = 1px. (Cf. [Sch85] §10,
Example 1.8 (ii) and Theorem 3 .6].)
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5. BRUHAT-TITS THEORY

In this section, we recall the definition and construction of the Iwahori sub-
groups of quaternionic unitary groups. Before giving the definition, we discuss the
apartments.

5.1. Apartments. Take a basis e as in §l Put I = {e1,...,e.}, Io = {ert1,
cosen—ptyand I* = {ep—ry1,...,e,}. We denote by S the maximal F-split torus

{diag(x1,...,zr, 1, Lyt o2y [ 2,2 € FX)

of G(W). We denote by Zgw)(S) the centralizer of S in G(W), by N (S)
the normalizer of S in G(W), by W = Ngw)(S)/Zaw)(S) the relative Weyl
group with respect to S, by ® the relative root system of G(W) with respect
to S, by X*(S) the group of algebraic characters of S, by EY the vector space
X*(S) ®z R, and by F the R dual space of EY. Moreover, we define the bilinear
map (, ): EX EY — R by (y,n) = n(y) fory € EY and n € E. Then, we can
define the map p: Zgw)(S) — E by

[1(2)](a') = —ordp(d'(2))

for a’ € X*(S). Then, there is a unique morphism v: Ngw)(S) — Aff(E) so that
the following diagram is commutative:

1 —— Zgw)(S) — New)(9) T L.
0 E AfE(E) Aut(E) — 1

For a € ®, we denote by X, the root subgroup in G(W). Let u € X, \ {1}. Then
one can prove that X _, -u-X_q N Ngw)(S) consists of an unique element. We
denote it by mg(u). We define a map ¢,: X, \ {1} = R by

ma(u)(n) =n— ({a,n) + a(u))a’

for all n € E. We put ®,¢ the affine root system
{(a,t) |a € P, t =pq(u) for some u € X, \ {1}} C & xR,

and by E,; the subset {n € E | [mq(u)](n) = n} where u € X, so that ¢,(u) = t.
We call a connected component of

E\ |J Ea
(a,t)EPartr
a chamber of E. For ¢ € I (resp. i € I*), we define a; € X*(S) C EY by
a;(z) = Np(x;) (vesp. a;(z) = Np(xpi1-i)~1) for
x:diag(xl,...,a?,,,l,...,l,a:,fl,...wfl) e s.

Now we describe ¢, explicitly following [BT72l §10]. The root system of G(W)
with respect to S is divided into

O=0 UD UDJ UD, UDS UD; UDSUD,,
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where
e ={ai—a;[1<j<i<r}
O ={a;|i=1,...,7},
®F ={a;+a; | 1<j<i<r},
Of ={2a; |i=1,...,r},
and @, = —<I>: for k=1,2,3,4. Leta =a; —a; € ®7 Ud]. For v € D, we define
uq(x) € X, by
ex (k#i,n—1),
ek Uq(r) =S e +a-e (k =1),
en—i+a* ey (k=n—1).

Let a = a; € ®F. For ¢ = (c1,...,¢p,) € Wy = D™ and d € D with (d* — ed) +
(c,c) = 0, we define u,(c,d) € X, by

ek (k#£i,r+1,...,7+ng),
€L - ua(c, d) = €; “+ 2?21 CtCp it —+ den_i (k = ’L),
ek + Qp—rC_ En_; (k=r+1,...,7+ng).

Let a = —a; € &, . For ¢ = (c1,...,¢ny) € Wo = D™ and d € D with (d — ed*) +
(c,c) =0, we define u,(c,d) € X, by
ek (k#£r+1,....7r+mng,n—1),
ex - Ua(c,d) =  ex — ap_rCr_ € (k=r+1,...,7r+ng),
de; + > 10 cterit +en_i  (k=n—1i).

Let a = (a; + a;) € ®3. For x € D, we define u,(x) € X, by
€L (k?é'&,j),
er-ua(r) = e +a eny  (k=1),

ej +exten_; (k=j).

Let a € ®3. For x € D, we define u,(z) = ‘u_q(z)* € X,. Finally, let a = +2q; €
®E. For d € D with d* — ed = 0, we define u,(d) == 1y, (0,d) € Xoq.
Lemma 5.1. For a € ®, we have

e u(uq(z)) =ordp(x) forxz € D ifa € @7 UD] UDT U D5,

o va(uq(c,d)) = ordp(d) for c € D™ and d € D with (d* — ed) £ (c,c) =0

if a € ®F,

e 0u(us(d)) =ordp(d) ford € D withd* —ed =0 ifa € ] U D] .
5.2. Iwahori subgroups. Before stating the definition of the Iwahori subgroup,
we explain a map of Kottwitz. Let F"" be the maximal unramified extension of F,

let F'* be the separable closure of F', let I = Gal(F*/F"") be the inertia group of
F', and let Fr be a Frobenius element. Then, Kottwitz defined a surjective map

ks GOW) — Hom(Z(G(W))!,Cx)Fr

(see [Kot97, §7.4]). Here, we denote by G/(W) the Langlands dual group of G(W), by
Z(G(W))! the I-invariant subgroup of the center of G(W), and by
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Hom(Z(Cr‘/(I/I7))I, C*)Fr the Fr-invariant subgroup of Hom(Z(G/(I/I7))I,CX). Then,
an Iwahori subgroup of G(W) is defined to be a subgroup consisting of the elements
g of G(W) which preserves each point of a chamber of the building and sy (g) = 1.
Now we describe an Iwahori subgroup of G(W). Let C be a chamber in F so that

e for any root a € ®(S, G(W)) with X, C B, (a,C) C Rxo,
e the closure C of C contains the origin 0 € E.
Then, the Iwahori subgroup associated with the chamber C is given by
B:={geGW)|kw(g)=1and g-p=p for all p € C}.
By the construction of the map ky, the following diagram is commutative:

KZG(W)(S) —

Zew)(S) ——————Hom(Z(Zgw(8))",C*)™

l |

GW) — > Hom(Z(G(W))!, C*)F*

where the vertical maps are (induced from) the natural embeddings. Hence, we
have:

Lemma 5.2.
B = Zgw)(S)1 - H Xapo- H Xa1s

acdt ac€d—
where Zgwy(S)1 is the set of matrices
a O 0
0 go O (a = diag(aq,...,a), g0 € G(Wq))
0 0 o'

such that a; € OF fori=1,...,r, and kw,(go) = 1. Here, we denote by X, the
subset

{u€ Xo|palu) >t}
of X, fort eR.

6. HAAR MEASURES

In this section, we explain how we choose Haar measures in this paper for re-
ductive groups and unipotent groups. Let ¢: FF — C* be a non-trivial additive
character of F'. For a reductive group, Gross and Gan constructed a Haar mea-
sure dg depending only on the group G and the non-trivial additive character
[GG99, §8]. (In [GGI9], it is denoted by p¢.) For a unipotent group, it is useful to
consider the “self-dual measures” du with respect to 1. In both cases, we denote
by |X| the volume of X for a measurable set X.

6.1. Measures on reductive groups. Let G be a connected reductive group,
and let G’ be the quasi-split inner form of G. Moreover, let S be a maximal F-split
torus of G, let S’ be a maximal F-split torus of G’, let T” be the centralizer of S’
in G’ (it becomes a torus over F*), and let W(T”, G’) be the Weyl group of G’ with
respect to T'. Put E' := X*(T') ® Q. Then the space E’ can be regarded as a
graded Q[I']-module

E = @d21E(/1
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as follows: consider a W(T", G')-invariant subalgebra R = Sym®(E/)V(T".G") of
symmetric algebra Sym®(E’). We denote by R, the ideal consisting of the elements
of positive degrees. Then, there is a Q[I'-isomorphism E’ = R, /R%. Then, the
grading of E’ is the one deduced from the natural grading of R /R?.

Let U: G’ — G be an inner isomorphism defined over F**. We may assume that
the torus ¥(S’) is a maximal F™ split torus containing S. Then the automorphism
U~1 o Fr(¥) preserves the torus 7' and the action agrees with that by a Weyl
element wg € W(T’,G")!. We denote by 9 the motive

Daz1Ey(d — 1)
of G (see [Gro97]), and by a(9) the Artin invariant
> (2d—1)-a(Ey)
d>1

of M (see [GGII]). Then, the Haar measure dg is normalized so that the volume
of the Iwahori subgroup B is given by

(6.1) 1B] = ¢~ 2% . det(1 — Fr o wg; E'(1)F).

Here, we put

N=> (d-1)dimg E}.
d>1
Now, consider the case G = G(W) where W is an n-dimensional (—¢)-Hermitian
space over D. Then, we have the following:
Proposition 6.1.
(1) Suppose that —e = 1. Then, we have
2

B =(1—q¢ Heh (14 HET g,

where B is an Twahori subgroup of G(W).
(2) Suppose that —e = —1. Then, we have

(1+q—2) —n’4n
5 (1+q—1+q—2+q—3) —n?4n

no=2,xw is unramified),
2

(1—q 2 g (no=0),

(1- q72>anl _qfn2+(2n71)(17%) (no = 1, xw is ramified),
IB| = (1- q_2)i (1+q7h) 'q_2n2+" - (no=1,xw is unramified),

(1-¢?) (1+q_1)q_n +@n=DA=T5) (ng=2, xw is ramified),

( )z (

( ) (

nog = )
where f(xw) is the conductor of xw .

Proof. Let A be a Op-scheme so that the fibered product A Xgpeco, Speck is
isomorphic to ¥(S’) over F. Then, we have

(6.2) det(1 — Frowg; B'(1)!) = ¢~ 9r 8" 4 A(Op fwp).
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In our case, we may assume that the torus ¥(5’) is isomorphic to

n—ng

RGSLQ/F(Gm) 2

1 (ng = 0,19 = 1 with xw ramified),

ker Np,/p  (no = 1 with xw unramified, ng = 2 with xw ramified),
ker Np,/r, (no =2 with xw unramified),

ker Np,/p (no =3),

where Ly denotes the unramified extension field of I of [Lq : F] = d, and Ny x

denotes the norm map Resy/r G;, — Resg/r Gy, associated with a field extension
L/K. Hence, by ([6.2), we have

n—mng

det(1 — Frowg; E'(1)") = (1 — ¢ %)

1 (no=0,n9=1 with yw ramified),

" (1+q¢71) (ng=1, with xw unramified, ng=1 with xp ramified),
(1+¢72%) (np=2, with xw unramified),
(I+q ' +¢2+¢7%) (no=3).

We define a grading and a I'-action on the polynomial ring Q[X, Y] by

deg X* =k, degY' =mnl (k,1=0,1,...), and
o f(X,)Y) = f(X,nw(0)Y) for f(X,Y)€QX,Y],0c€T.

Here, nw is a character on I' associated with xy via the local class field theory.
Then we have that E’ is isomorphic to

QX2 +QX*+ - +QXx" (—e=1),
QX2 +QX 4+ +QX*"24+QY (—e=-1)
as a graded Q[I']-module. Hence, we have
Tl2 (_6 = 1)7
N=1<n?-n (—e = —1 with xw unramified),

n?—-2n+1 (—e= —1 with xy ramified),

and
(om) 0 (xw is unramified),
a =
(2n—1) - f(xw) (xw is ramified).
By computing the right-hand side of (6I), we have the claim. O

If G(W) is anisotropic, then B = ker Ky (see §5.2). Hence, its total volume is
given by Corollary

Corollary 6.2. Suppose that W is anisotropic.
(1) If —e =1 and n = 1, then we have |G(W)|=q (1 +q¢71).
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(2) If —e = —1, then we have

1+4¢7 1 (n=1 with xw unramified),
2q*f(X27W) (n=1 with xw ramified),

IGW)| =< 2-¢q72(1+¢72?) (n=2 with xw non-trivial and unramified),

2(14q1)g 2T0ew) =1 (

(

207 (14+¢ ") (1+¢7?)

n=2 with xw ramified),
n=3).

Proof. Since the Kottwitz map sy is surjective,
[GW) : B] = #(X*(Z(G))™)
{1 (n =1 with yw unramified),

2 ( otherwise),

where [ is the inertia group of F, and Fr is a Frobenius element of F. Hence we
have the claim. O

6.2. Measures on unipotent groups. Take a basis e and regard G(W) as a
subgroup of GL, (D) as in §l Let

F:0=XoCX;1C--CXp1 C X=X

be a flag consisting of totally isotropic subspaces. We put r; = dimp X;/X,;_; for
i=1,...,k. Moreover, we put

u = {z € M,s(D) | 2* — ez = 0}

for a positive integer r’. We denote by P the parabolic subgroup of all p € G(W)
satisfying X; -p C X, for ¢ = 0,...,k, and by U(P) the unipotent radical of P.
Moreover, we denote by U;(P) the subgroup

{ueUP)| X - (u—-1)CX;}

fori=1,...,k. Then, for i =1,...,k, we have the exact sequence
(6.3) 1> Ui (P) = Ui(P) = [ My, (D) =0
J=(i+2)/2

if 7 is even, and the exact sequence

(6.4) 1= Uisa(P) > Ui(P) = iy, X H M,y (D) =0
j=(143)/2

if 7 is odd. Here, the first maps are the inclusions and the second maps are given
by

1
0 1
z1 0 1
u=1 . L = (2164121 G41) /215 - - -5 Zidi)s
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for u € U;(P). We define a measure dz on u,» to be the self-dual Haar measure
with respect to a pairing

(6.5) u, X, = C: (2,2) = (Tp(z- %)),

and we define a measure dx on M, (D) to be the self-dual Haar measure with
respect to a pairing

(6.6) M, (D) X Mys (D) = C*: (z,2") = (Tp(z - 2'™)).

Then, the Haar measure du on U;(P) is defined inductively by the exact sequences

©3) and ©4) for i =1,...,k.

In the rest of this section, we compute the volumes |u,» N M, (Op)| and
|M,. ,..(Op)| with respect to the self-dual measures above. To compute them,
we observe lattices of u, and M, (D) with r =7' =¢" = 1.

Lemma 6.3.
(1) Suppose that v’ =r" = 1. Then, the dual lattice OF, of Op with respect to
the pairing ([6.0) is given by wp'Op.
(2) Suppose thate =1 and r = 1. Then, the dual lattice of OpNuy with respect
to the pairing [B.3) is given by $60p + wBl(’)F((g).
(3) Suppose that € = —1 and r = 1. Then, the dual lattice of Op Nuy with
respect to the pairing [63) is given by %OF.

Proof. Since the order of 1 is zero, there exists a € O such that w(wgla) # 1. The
assertion () is well-known, thus we only prove () and (). We admit the existence
of an element b € O;(é) satisfying b 4 b* = a at once. We take two elements §, wp

as in Lemma 21l If 2 € D* satisfies ordp(z) < —1, then 2 'wy'b € Op, and we
have

W(Tp(x- 2~ wp'h) = Y(wp'a) # 1
Thus we have that O% is contained in w,'Op. On the other hand, ¢(Tp(wp ' Op))
= 1 since Tp(wp'Op) C Op. Hence we have (). Suppose that e = 1 and r = 1.
An element x of u; can be written in the form x = § - 1 + wp - 2 where z; € F
and zo € F(§). If 21 & %(’)F, then 5_1(2x1)_1w;1a € Op, and
W(Tp(6x - 671 (2x1) twpta)) = Y(wpta) # 1.
If 22 & Op(s), then 3:2_1b € Op, and

U(Tp(wp @225 'b)) = Y(wp'a) # 1.
Thus we have that the dual lattice of Op Nuy is contained in %M’DF + w510F(5).
On the other hand, the subset (260p + @p'Op(s)) - Op is contained in the subset
%OF + wBlOD on which ¢ o T vanishes. Hence we have (2).

It remains to show that there exists an element b € O;( 5) satisfying b + b* = a.
Put

X ={T? —uT +v|uve (Op/wr)*}, and
V={(T~-2)(T~y)|z,y€(Or/wr)*,x+y#0}
Then we have X D Y and

#X = (g1 > Jalg— 1)~ (4 - 1) = 4.
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This inequation implies that X possesses at least one irreducible polynomial h(T).
Take ¢ € (9;(5) so that its image ¢ € Op(;)/wr satisfies h(¢) = 0. Then, by the

definition of X, we have ¢ + ¢* € Of. Thus, putting b = ¢(c + c*)~ta, we have
b+ b* = a. This completes the proof of Lemma |

Let 7,7’ and 7" be arbitrary positive integers again. Then, by Lemma [6.3] we
have the following:

Corollary 6.4.
(1) We have

1

_ [jtrreg iy o<y,
|u7" N MT(O)| - {|2|ir(r+1)q—%r(r—l) (6 _ _1).

1"

(2) We have | M, ,(Op)| = g

7. DOUBLING METHOD AND LOCAL 7-FACTORS

In this section, we explain the doubling method, and we recall the analytic
definition of the local standard ~-factor (§7.2]). The doubling method also appears
in the formulation of the local Siegel-Weil formula (§I0) and the local analogue of
the Rallis inner product formula (§IH). Let W be a (—¢)-Hermitian space over D.
In this section, we also define the local zeta value a4 (W), which depends on W
and its basis e. In 7.3 we compute ay (W) for a (—e)-Hermitian space and for a
basis e for W under some assumptions. As explained in §Il this computation of the
constant (W) will play an important role in the computation of the constant in

the local Siegel-Weil formula (§I0]).

7.1. Doubling method. Let (W, (, )7) be the pair where W™ = W & W and
(, )P is the map W x W — D defined by
(w1, 22), (y1,92))" = (w1, 91) — (22, 92)
for x1, w2, y1,y2 € W. Let G(W") be the isometric group of W=. Then, the natural
action
G(W) X G(W) NWeW: (l’l,xg) . (gl,gg) = (CL‘l +g1,T2 " gg)

induces an embedding ¢: G(W) x G(W) — G(W"). Consider maximal totally
isotropic subspaces

W ={(x,z) € W" | x € W}, and

WY ={(z,~z) e W" |z € W}.
Then we have a polar decomposition W2 = W @ WV. We denote by P(W?%)
the maximal parabolic subgroup of G(W") which preserves W#. Then, a Levi
subgroup of P(W#) is isomorphic to GL(W#). We denote by A the character of
P(W#) given by

A(x) = Nya(z)7 L

Here Ny () is the reduced norm of the image of x in Endp(W#). Let w: F* —
C* be a character. For s € C, put ws = w | — |*. Let e be a basis for W. Then we
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ce o8 (o / m]
define a basis ¢/~ = (e}, ..., €5,) for W= by
n
/! !/
e; = (ei,€i), epyi = Zajk(ei, —e;)
k=1

for i =1,...,n, where (a;);r = R(e)~*. Then we have

S {0 2.,
e = (Lol g, 2o")-

We choose a maximal compact subgroup K(¢/”) of G(W®) which preserves the

lattice
2n

Owe =Y _ Ope}
i=1
of WO, Then, we have P(W2)K (") = G(W?). Denote by I(s,w) the degenerate

principal series representation

Indggwi)) (ws 0 A)

consisting of the smooth right K(Q’D)—ﬁnite functions f: G(W") — C satisfying

F(p9) = 620y (0) - ws(A(p)) - F(9)

forp e P(W*) and g € G(W®), where dp(y ) is the modular function of P(W#).
We may extend |A| to a right K (¢/°)-invariant function on G(W®) uniquely. We
denote by U(W?#) the unipotent radicals of P(W#). For f € I(0,w), put f, =
f-|Al]® € I(s,w). Then, we define an intertwining operator M(s,w): I(s,w) —
I(—s,w™!) by
Mo = [ frug)dn

U(w4)

where 7 is the Weyl element of G(W") given by

{r(e;>=e;ﬂ- (i=1,...,n),

7(6/1.) :—66;7,”‘ (z:n—|—1,,2n)

This integral converges absolutely for s > 0 and admits a meromorphic contin-
uation to C. Let 7 be a representation of G(W) of finite length. For a matrix
coefficient ¢ of 7, and for f € I(0,w), we define the doubling zeta integral by

2%(108) = [ 10l 1)elo) do
G(W)
Then the zeta integral satisfies the following properties, which are stated in [Yam14l
Theorem 4.1]. This gives a generalization of [LR05, Theorem 3].
Proposition 7.1.

(1) The integral ZW (fs,€) converges absolutely for Rs > n — € and has an

analytic continuation to a rational function of ¢~°.

(2) There is a meromorphic function TW (s, 7, w) such that
2V (M(s,w) 5, €) =T (s,m,0) 2" (£, €)

for all matriz coefficients & of m and fs € I(s,w).
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7.2. Local y-factors. Fix a non-trivial additive character ¥: FF — C* and A €
Endp(W") so that rank A = n and 1+ A € U(W*). We use the Haar measures
on U(WYV) and U(W?%) by identifying them with u, by the basis ¢/~ (see §6.2).
We define
Ya: UWV) = C*: ur (Two (ul)),

where Tyo denotes the reduced trace of Endp (V™). Moreover, we define the
character x4 of F* by xa(z) = (z,0(A)) for x € F* where d(A) denotes the
element of FX/F><2 defined as in [Kak20, §5.1]. For f € I(0,w) we define

lya(fs) = /U - Fo(w)a(w) du.

Then, this integral defining l,,, converges for Rs > 0 and admits a holomorphic
continuation to C [Kar79, §3.2]. Let Ag € GL,,(D) be the matrix representation of
the linear map A: WV — W* with respect to the bases e/, ,1,..., €5, for WV and
eh,... el for W2. We denote by e(G(W)) the Kottwitz sign of G(W), which is
given by

(~DID (e=1),

(=1)2n(=1) (¢ = —1).

Then, as in [Kak20l Proposition 4.2], we have the following:

e(GW)) = {

Proposition 7.2. We have
lp, o M(s,w) = c(s,w, A, ) - Ly,

where ¢(s,w, A, ) is the meromorphic function of s given by

o(5,0, A, )= e(GW))-ws(N(Ag)) L2 215005 L () ey (s — mt a0, 35) !

2
n—1 ) .
. 2 1 .
XE)'Y(ZS—Z'L,W 7'(/)) "Y(S+§’OJXAO’w)'6(§’XA07'(/))
in the case —e = 1, and
n—1
c(&cu,A,lb):e(G(W)).ws(N(AO))fl_‘2|72ns+n(n—%).w*1(4)-H v(25—2i,w?, )
=0

in the case —e = —1.

Remark 7.3. These formulas differ from those in [Kak2(, Proposition 4.2]. This
is caused by a typo where w,,.1(N(R)) should be replaced by IN(R)|-("*2) in
[Kak20), Proposition 4.2].

Now we define the doubling ~-factor as in [Kak20]. Note that the above error
has no effect on the definition in [Kak20].

Definition 7.4. Let 7 be an irreducible representation of G(W), let w be a char-
acter of I, and let v be a non-trivial character of F'. Then we define the ~-factor
by

(s gomx ) = e(s,0, A4, 9) T (5,m,0) - ex(<1) - R(s, 0, 4,9)
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where ¢, is the central character of 7, and

ws(N(R(e)Ao) *v(s + L, wxa, ¥)e(3,xa,9) "t (—e=1),

S,w = (Q
B(s,w, 4,9) {wS(N(R(g)Ao)IE(%,XW,W (me=-1).

The doubling ~-factor v (s + %,71’ X w,1) is expected to coincide with the
standard ~-factor (s + %,7‘(‘ X w,std, ) where std is the standard embedding of
K G(W) x GL;). Another notable property is the commutativity with parabolic in-
ductions, which is useful in the computation. For example, the doubling ~y-factor of

the trivial representation is given by Lemma [[5] which we use in the computation
of the doubling zeta integral (§7.3] and Appendix [A]).

Lemma 7.5. Denote by 1w the trivial representation of G(W). Then we have

1
YV (s + 3’ Law) X 1px, )

I vr(s+ 5 +6,1,9) (—e=1),
e+ 2 xw, W) [T ve(s + 3 +i,1,9)  (—e=—1).

Proof. [Kak20), Proposition 7.1]. O

7.3. Local zeta values. We use the same setting and notation of §I.1l Let f2 €
I(s,1px) be the unique K(&'")-fixed section with fo(1) = 1, and let £° be the
matrix coefficient of the trivial representation of G(W) with £°(1) = 1. Put p =
n — 5. Then, we define

ar(W) = 2" (f7,€°),

which is the first constant we are interested in. The integral defining a; (W) con-
verges absolutely by Proposition [[.Jl The purpose of this subsection is to obtain a
formula of oy (W) in the case where either R(e) € GL,(Op) or W is anisotropic.
The general formula of a; (W) will be obtained in §I9

Proposition 7.6.
(1) In the case —e =1 and R(e) € GL,,(Op), we have

2 2 n .
ar (W) = |2‘n(2n+1) .q*n07(2n0+1)7‘72r ) H(l i q,(gl,l)).
i=1

(2) In the case —e = —1 and R(e) € GL,(Op), we have

n

al(W) _ ‘2|n(2n—1) . q—2rn0—2r2+r . H(l + q—(2i—1)).

i=1
(3) In the case —e = —1 and W is anisotropic, we have
(Rt (n=1)
ar(W) = [N(R(e)| "2 x ¢ 21% - ¢7" - (1+ ¢ ) (1 +¢7%) (n=2),

1207 ¢2 - 1+q¢HA+¢ A +¢%) (n=3).
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Unless ¢ is a power of 2 , the assertions (Il) and (2) are conclusions of [Kak20,
Proposition 8.3] and the volume formula of a maximal compact subgroup con-
taining B which can be obtained by a generalization of the Bruhat decomposition
[PRO8, Appendix, Proposition 8]. However, to contain the case 2|q, we prove them
in another way. Before proving Proposition [[.6] we observe the following two im-
portant lemmas:

Lemma 7.7.
dime Homegw)xaw)(L(p, 1px),C) = 1.
Proof. By Proposition [} the integral

/ £((9.1)) dg
G(W)

converges absolutely for f € I(p,1px). We denote it by Z(f), and we obtain a
non-zero map Z € Homgmww)xaw)(I(p, 1px),C). To prove the lemma, it suffices
to show that ker Z is spanned by the set

{h=R(g)h|hel(p,1px),g€ GW)x GW)}.

Here, we denote by R(g) the right translation by g. Let f € ker Z. Take a compact
open subgroup K’ of K(Q’D), complex numbers a; € C and elements g; € G(W) x
G(W) fori=1,...,t so that

t
= Z a;R(g;)c
i=1
where ¢ € I(p,1px) is the section defined by

¢(g) = Spaway(p) g=pk (pe PW2), K € K'),
70 g & P(WAK'.

Then, we have

ap+--4a= =0

and we have
t—1

Zbi(R(gi)c — R(giy1)c) = f,

i=1

where b; = a1 +---+a; fori =1,...,t — 1. Hence we have the lemma. O

Lemma 7.8. For f € I(p,1px), we have

/ F((9.1)) dg = m®(p)"" - on (W) - / f(ru) du
G(W) UWa)

where
n(n** _—7 1) CF (s n+ ) Cr(25—21) B
m°(s) = 2lr o )<§<s+n+ IS0 ooy (—e=1),
n(n—— lnn 25—21
2l VTS @3%71421) (—e=-1).
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Proof. Define a map 2: S(G(W®)) — I(p,1px) by
26l(0) = [ Spaws) ) eloo) dp
P(W2)

Then 2 is surjective. Moreover, we have

/ [Rlep](Tu du-/ / / P(WA) m)e(xmTy) dydmdz
UWa) vwa) Juwa) Juwa)

— A (GWO)/P(W2)) / o(g) dg.

G(Wo)
Here, v(G(W")/P(W#)) is the constant defined by

Ay ey = [ g du

where f° € I(p,1px) is a unique K (¢'°)-invariant section with f°(1) = 1. Hence
we conclude that the map

I(p,1px) = C: f— f(ru) du
UWa)

is G(W")-invariant, in particular, it is G(W) x G(W )-invariant. Hence, by Lemma
[, we conclude that there is a constant o’ € C such that

/ f((g.1)) dg = o / f(ru) du
G(W) U(wo)

for all f € I(p,1px). To determine the constant o/, we use f° as a test function.
By Gindikin-Karperevich formula [Cas80, Theorem 3.1] or Shimura’s computation
[Shi99, Proposition 3.5], we have

[ radi=m)
UWa)

Moreover, comparing this to Proposition [A:2] we have the claim. O

Now we prove Proposition As a consequence of Lemma [.8] we use another
section f(s,lmp0,,—) € I(s,1) to compute the ratio a;(W)m°(p)~!. Here, we
denote the set uNM,,(O) by O, and we define a section f(s,®,—) € I(s,w) by

0 g ¢ P(WS)TU(W2),
f(S,(I)ag) = ws+p(A(p))‘I>(X) g=pT ()1( (1)> (p S P(WA)7 X € u)

for a character w of F* and ® € S(u). Let g € G(W) with «(g) € P(W2)7U(W2).

Then,
o RN N _fa 0 (10
Re)%5* Rl R(e)™) ~\b t)"\X 1
for some a € GL,,(D),b € M,,(D) and X € u. If X € wpO,, then a, g are given by
=(X - R(e))™", g=a(X + R(e)) = 2aX — 1,
and thus a € GLn((’)D) and g € —K;wF. Here we denote the set
{g € G(W) N GLn(OD) ‘ g—1€2wp Mn(OD)}
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by KQJFWF. Conversely, if g € —KSFWF, then a, X are given by

-1 1
al, = gTR(g)_l, aX = %,
and thus a € GL,(Op) and X € wpO,. Summarizing the above discussions, we

have
f(87 lopu, L(gv 1)) = 1—[{+ (g)

2wp

for g € G(W). Put
m/(s) = / (s, lowpo,, Tu) du.
UWwa)y

Then, we have
al(W) _ Z(f(p, ]-QWFOuv _))
°(p) m’(p)

_ K

2wF|

B |wr Oyl

2np—n(n—3) lp(n—c) n(2n—c
= 2 gm0 K ),

Since
log,[B" : K} | =6(nor +r(r —1)) 4 5r +ng — (2r +ng)e
and
—_n2_ —e=1)
log |BH =4 n (—e ,
qu ‘ | {_n2 (—E — _1)7
we have

1

log,(q?

= %n(n —€e)+n(2n—e¢) —6(ner+r(r—1)) —5r —ng + (2r + no)e

B {—n2 —n (—e=1),

n(n—e)qn(2n—e) ‘K;F )

—n? (—e=-1)
_ ln(n —€) — 2r? + (2no + r +ng  (—e=1),
2 2r2 4+ 2ngr — 1 (—e=-1).
Hence we have
oy a1(W)
a1l (W) =m®(p) - —
W) =) St

B |2‘n(2n+1) ,qfngf(2n0+1)r72r2 . H?:l(l + q7(2z‘71)) (—e=1),

|2‘n(2n71) . q727‘n072'r2+'r . H?:l(l 4 q7(2i71)) (—6 _ _1)

This proves (0l) and (@) of Proposition [0l
Finally, we prove ([@). By the definition of the ~-factor, we have the following
(local) functional equation of the zeta integral:

it L)
() O e Ty x o) 1L 735~ 2 1r)
ns—n(n—x _ 1
X 21257 B N (R(e) |5 - e xw ).

2
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Since f°, is the constant function with value 1 on G(W?), we have zW( 5,6°) =
|G(W)|. Hence, by Lemma [7.5 we have
(e =),
— IN(R) ™ x { 2l -e(GV)) (0= 2),
—2[7 - e(GW))  (n=3).

ZW(f°,,€°)
m°(p)

Therefore, we have

2l (1+q7") (n=1),
(W) = [N(R(©) ™" x { 2% ¢ (1471 +¢7%) (n=2),
207 ¢ Q+q " )A+q?)1+q%) (n=
Thus, we complete the proof of Proposition

8. LocAL WEIL REPRESENTATIONS

In this paper, we consider the two reductive dual pairs: (G(V),G(W")) and
(G(V),G(W)). Here, we use the word “reductive dual pair” in the sense of [GS12].
(See [GS12] Remarks (a)] for the discussion for this.) The purpose of this sec-
tion is to describe the Schrodinger models of the local Weil representations on

(G(V),G(W?)) and (G(V), G(W)).

8.1. The metaplectic group and the Weil representation. First, we recall
the definition of the Metaplectic group and the Schréodinger model of the Weil
representation. Let U be a symplectic space over F, let {( , )y be the symplectic
form on U, and let K, L be maximal totally isotropic subspaces so that U = K + L.
We fix a non-trivial additive character ¢: F' — C!. We denote by 1, the Segal-
Shale-Weil projective representation which is given by

ros@)6l(x) = | V500 + (e, ablo + 5 yd)o)oCea +ye) dug(y)

2
for ¢ € S(K) and g = (CCL Z € Sp(U). Here, we consider a basis (uq,...,us)
with wi,...,us € L and uq1,...,u2¢ € K to give the matrix representation of

g, we denote by V. the quotient ker(c) N L\L, and we denote by p4(y) the Haar
measure on Y, so that r1,(g) keeps the L2-norm of S(K). Then, there is a 2-cocycle
cy.: Sp(U) x Sp(U) — C! so that

7,0.(91)7y,1.(92) = ¢p,1.(91,92)7,1.(9192)
for g1,g2 € Sp(U). For the discussion of the definition, see [RR93l Theorem 3.5].
The explicit formula of ¢, 1, has been already established ([Per81], [RR93]), but we
do not discuss it. By Mp(U, ¢y, 1) we mean the group Sp(U) x C! together with the
binary operation

(91,21) - (92, 22) = (9192, 2122¢¢,(91, 92))

for g1,92 € Sp(U) and z1, 2o € C!, and we call it the metaplectic group associated
to ¢r. Then, the Weil representation wy, , of Mp(U, cy,1) is realized on the space
S(K) of Schwartz-Bruhat functions on K by

[wy.(9,2)¢l(x) = 2 - [ry,1(9)¢](x)
for g € Sp(U) and z € C.
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Note that the Segal-Shale-Weil projective representation ry ; and the 2-cocycle
¢y, depend on the symplectic form (, ): if we consider the symplectic form —(, )y
instead of ( , )y, then the associated Segal-Shele-Weil representation and 2-cocycle
are the unitary dual 7y, of ry 1, and complex conjugation €, r, of ¢y 1, respectively.
We denote by Wy, the Weil representation of Mp(U, €y ) induced by 7y .

8.2. For the pair (G(V),G(W")). In this subsection, we recall the explicit defi-
nition of Weil representation for the reductive dual pair (G(V), G(W?)), which is
given by Kudla [Kud94].

We fix a basis e for W, and we take a basis ¢/" of W7 as in §7.11 In this subsec-
tion, we identify G(W) (resp. G(W")) with a subgroup of GL,,(D) (resp. GLa, (D))
by the basis ¢ (resp. ¢~ ). Moreover, we identify G(V) with a subgroup of GL,, (D)
by some fixed basis of V. Let W& =V @p W, and let ((, ))” be the pairing on
W defined by

((z® W1,92),2" ® (y1,92))° = To((@,2') - (Y1, 91)" — (¥2,55)"))
for z1, 29 € V and y1,y2, v}, y4 € W. Then, (G(V), G(W")) is a reductive dual pair
in Sp(W"). We consider a polar decomposition W= = (VW V)& (VeW?2). Then
we denote by 7y, ygwa the Segal-Shele-Weil representation of Sp(W") with respect
to the symplectic form 2(({ , ))”. Kudla defined a function By : G(W") — C!

2
[Kud94l p. 378], and gave an explicit embedding

79 G(V) x G(WP) = Mp(W?, ¢ yowa)

by j2(h,g) = ("' ®g, By (g)). From now on, we denote by wy, the pull-back F*wi
of the Weil representation wy, ygwa of Mp(W7, ¢y vowa). We will describe it
explicitly following Kudla [Kud94, p. 400]. Recall that 7 denotes the certain Weyl
element (for the definition, see §7.1). Moreover, for a € GL(W#), we denote
by m(a) the unique element of G(W®) such that m(a)|;y» = a. Then, we have
By(b) =1 for b € UW?), By(m(a)) = xv(N(a)) for a € GL(WV), and By (1) =
(=1)™"xy(—1)". Here, we denote by N the reduced norm of Endp(WV) over F.
Thus, we have the following:

Proposition 8.1. Let ¢ € S(V @ WV). Then, wy(h,9)¢ = Bv(g)r(g)(¢oh™).
More precisely,

[wy (h, 1)¢)(x) = ¢(h™ 1) for h € G(V),

w3 (1,m(a))¢](x) = xv (N (a)|N(a)| ""¢(x - a* ") for a € GL(W2),

wip (1, 0)¢](2) = (5 {{z, 2 - 0)))g(x) for b€ UW?),

the action of T is given by

WB(1,7)gl(x) = By (r) - / Bty 2r))P)oly) dy,

Vewyv 2

where dy is the self-dual measure of V@ WY with respect to the pairing
1
VoWV xVeWY —C:zy— z/1(§<<y,x7>>m).

8.3. For the pair (G(V),G(W)). Now we consider the dual pair (G(V),G(W)).
In this case, the splitting of metaplectic cover is defined via the “doubled” pair
(G(V),G(W")). Let W=V @p W, and let {{, )) be the pairing on W defined by

((z@y 2’ @y)) =Tp((z,2') - (y,9)")
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for x,2’ € V and y,y’ € W. Fix a polar decomposition W = X & Y where X and

Y are certain totally isotropic subspaces. We denote by ry the Segal-Shele-Weil

representation of Sp(W) with respect to the symplectic form 3({, )). Since Y" is

a totally isotropic subspace of W2, there is a € Sp(W®) so that Y7 - o = V@ W2,
Put

)‘(g) = Cy© (CY, ga—l) - Cyo (97 a_l)

for g € Sp(W®), whose coboundary realizes the ratio of the 2-cocycles cya(—, —)
and cygwa(—,—) [Kud94, (4.4)]. Then we define the function Y : G(W) — C!
by BY (9) = AM(1® g)~ By (g) for g € G(W). Then, the map

g (1®g,\1®9) " Bv(g))
defines the embedding G(W™) — Mp(W", cyo). We also define 8Y: G(V) — C*
by the same way using the doubled space V" of V. Then, we define the embedding

j: G(V) x G(W) — Sp(W)
by

jlh.g) = (A @ g, By (" H)BY (9)ex(h™ @ 1,1®g))

for h € G(V) and g € G(W). From now on, we denote by wy, the pull-back fj*wd,’y.
An important property of wy, is the relation with wi. We fix Haar measures dz
and dy of X and Y so that they are dual of each other with respect to the pairing

XxY = C*: (z,y) = (((z,9))).
Moreover, we define
X2 =XeX)NW2, XV=XexX)nwVv
and
Y2 =(YeY)NW2, YV =(YoY)NWV.
Then the vector space V @ WV decomposes into the direct sum
XVeoYV.

For z € V@ WV, we denote by z, (resp. z,) the XV-component (resp. the YV-
component) of z. We define the Haar measure dz® on X* by the push out measure
p.(dz) where p: X2 — X is the first projection. We define the Haar measures dzV,
dy®, dy¥ in the same way. Then, the map

0:85X)S8SX)=SXapX)=>SVaWwV)
given by the partial Fourier transform

G0 T) = [ (0 9B +20) - w(5(a. ) da

is known to be compatible with the embedding ¢: G(W)x G(W) — G(WD). Hence,
we have
Fygr0m (19, 1) = (wy(9)¢1, d2)x

for ¢1, ¢o € S(X) where ( , )x is the L2-inner product on X defined by the measure
dx.
Finally, we prove the Plancherel formula for 4:
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Proposition 8.2. Let dz be the self-dual Haar measure on V @ WYV with respect
to the pairing

1
(8.1) VoWV XxVWY —C*: (m,y)l—>w(§<(y,x7>>)
and let (, ) be the L%-inner product on V@ WY defined by dz. Then, we have

(6(¢1 ® ¢2), (93 ® Pa)) = 277" - IN(R(e))[™ - (¢1, 3)x - (D2, da)x
fOT ¢17 ¢25 ¢35 ¢4 € S(X)
Proof. First, one can prove that dz = [N (R(e))|™ - dzy ® dzy . Hence, we have

(561 ® B2), 6(da ® 62))
- / 5(61® 52)(2) - 0(03 ® 91) () d2
VWV

=|N(R \m/ / (61 ® B2) (20 + 2) - 6(¢h3 ® ba) (20 + 2y) dzY d2y
e))l /xv /YV o (61 @ P2) (20 + )1/)(2<< ,z,N°)

03 @ ¢4) (20 + zy) d :z?vdzvdzv

\m/ (1 @ G2) (20 + 2°) - (3 @ Gg) (20 + 22) dzPdzY
Xv JX&

=[2|7*™" - IN(R |m// b1 ® o) (w,2) - (¢3 ® d4)(x,2') drda’
= [2]72™" - IN(R(e)|™ - (61, $3)x - (b2, ba)x-

Thus, we have the proposition. O

9. LOCAL THETA CORRESPONDENCE

In this section, we recall notations and properties of local theta correspondence
for quaternionic dual pairs.

9.1. Definition. Fix a non-trivial additive character 1 of F'. Let w, be the Weil
representation of G(V) x G(W) (see §83). For an irreducible representation 7 of
G(W), we define O (m, V') as the largest quotient module

(wy @ ™) a(w)
of wy ® 7 on which G(W) acts trivially. This is a representation of G(V). We
define the theta correspondence 8y (m, V) of m by

sy [0 (O4(m.V) =)
| the maximal semisimple quotient of O, (m, V) (Oy(m, V) # 0).

If we consider the pair (G(V), G(W")), we use w,, instead of wy, to define the theta
correspondence.

Theorem is a fundamental result in the study of theta correspondence. In
particular, the properties () and (2] are called the Howe duality, which was proved
by Waldspurger [Wal90] when the residual characteristic of F' is not 2, and was
completely proved by Gan and Takeda [GT16] (for the non-quaternionic dual pairs)
and Gan and Sun [GS17] (for the quaternionic dual pairs).



FORMAL DEGREES AND THE LOCAL THETA CORRESPONDENCE 1217

Theorem 9.1. For irreducible representations m,ma of G(W), we have
(1) 8y(m1,V) is irreducible if it is non-zero,

(2) T = Zf gw(’f(l,V) = 9111(77—27‘/) # 0;
(3) 6‘1/,(7T1,V)v QQJ(WY,V)

Proof. [GS17, Theorem 1.3]. O

For an irreducible representation p of a group H, we denote by w, the central
character of p.

Proposition 9.2. Let m be an irreducible representation of G(W), and suppose
that 0, (m, V') is non-zero. We denote by o the representation 8, (m, V). Then, we
have

cr(=1)eo(—1) = xv (=1)"xw (=1)™.

Proof. Let W = X+ Y be a polar decomposition as in §83l It suffices to show that
wy(—1,—1) acts on S(X) by the scalar multiplication by xv (—1)"xw(—1)™. Since
ry,v(—1,—1) is the identity operator on S(X), we have the action of wy(—1,—1)
is the scalar multiplication by BY (=1)8Y (=1)cy.y(—1,—1). One can show that
cpy(—1,—1) = 1. Besides, by the definition of 5, we have

By (=1) = v (U(=1,1)) = By (1) = (=1)""xv (=1)".
By the same way, we have 8% (—=1) = (—=1)™"xy (—1)™. These imply the proposi-
tion. ([l

9.2. Square integrability. In this subsection, we explain the preservation of the
square integrability under the theta correspondence, which is necessary for the
setup of the main result. Let 7 be an irreducible square-integrable representation
of G(W), and let ¢ := 6y(m,V). In this subsection, we assume that [ = 1 and
o # 0. We denote by 0 the G(V)-equivalent and G(W)-invariant natural quotient
map

Wy QT — 0.

Let (, )z: m x m = C be a non-zero G(W)-invariant Hermitian pairing on w. We
define a non-zero G(V)-invariant Hermitian pairing (, ),: 0 x ¢ — C by

(9.1) (0(d1,01),0(P2,v2))0 = / (wy(g)P1, @2) - (m(g)v1, v2)x dg.

G(W)

Lemma 9.3. The integral of the right-hand side of (@) converges absolutely, and
the map yielded by the integral factors through the natural quotient map

w¢®7rv><ww®7rv—>a><a.
Moreover, we have that o is a square-integrable representation.
Proof. One can construct an integrable dominating function of the function

g+ (wy(9)91, ¢2) - (7(g)v1, va)r

on G(W), which implies that the integral converges absolutely (see [GI14) Lemma
9.5]). Similar to [GIT14, Appendix D, Lemma D1]. O
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9.3. Tower properties. In this subsection, we discuss some properties related to
Witt towers. Let Vy be a right anisotropic e-Hermitian space. Put mg = dimp V4.
For a non-negative integer ¢, we define

W:Xt@vb@X:,

where X; and X; are ¢-dimensional right D-vector spaces. Fix a basis A1,..., A\
for X; and fix a basis A_1,..., A_; for X;. Then we define an e-Hermitian pairing
( ) )t on V; by

(Ais A—j)e = 0, (Niyw0)e = (20, A—j)e = 0, (w0, 70)e = (o, 7)o
fori,j =1,...,t and zg, [, € Vy. Here (, )o is the pairing associated with Vj.

First, we state the conservation relation of Sun and Zhu [SZ15]. Let VOJr be a
right anisotropic e-Hermitian space such that Xyl = XVp and VOT 2 V5. Such VOT is
determined uniquely. Take {VtT}tzo as the Witt tower containing VOT. Let 7 be an
irreducible representation of G(W). There is a non-negative integer r(m) such that
Oy (7, Vi(my) # 0 and O(m, Vi) = 0 for t < r(m). It is known that Oy (m, Vi(x)) is
irreducible and supercuspidal if 7 is supercuspidal [MVWS&T7, p. 69]. We call r(r)
the first occurrence index for the theta correspondence from 7 to the Witt tower
{Vi}+>0. Denote by r'(7) the first occurrence index for the theta correspondence
from 7 to {VtT}tZO.

Proposition 9.4. Let m be an irreducible representation of G(W'). Then we have
m(n) +mi(r) =2n+2 — e,

where m(n) = 2r(m) + dimp Vo, and m'(r) = 2rt(r) + dimp V})T.

Proof. [SZ15]. O

Then, we explain the behavior of theta correspondence when we change indexes
of Witt towers. However, before doing that, we state here the analogue of the
Gelfand-Kazhdan Theorem [BZ76, Theorem 7.3] for GL, (D), which we use in the
proof of Proposition

Lemma 9.5. Let 7 be an irreducible representation of GL,.(D), and let % be the
irreducible representation of GLn(D) defined by 7°(g) = 7('g* ") for g € GL,(D).
Then, 70 is equivalent to the contragredient representation TV of T.

Proof. [Rag02, Theorem 3.1]. O

Proposition 9.6. Let {W;},>0 be a Witt tower of right (—e)-Hermitian spaces.

(1) Let m be an irreducible representation of G(W;), and let o = 8y (m, V).
Suppose that j > r(m), and we denote by o the representation 6y (m, V)
forr(m) <j' < j. Then, o is a subquotient of an induced representation

G(V; liitj—
Inin',j) O']‘/ IX leNXj,‘jl R T(ﬂ-).
Here, l; ; = 2dim W; —2dim V; — €, X ; is a subspace of X spanned by
Ajr1s- -5 Aj, Nx,,  is the reduced norm of End(Xj ;), and Qj ; is the
parabolic subgroup preserving X ;.
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(2) Let m be an irreducible representation of G(Wy), let 0 = 0y (w, Vj), let T be
a non-trivial supercuspidal irreducible representation of GL,(D), let s be a
complex number, and let ©' be an irreducible subquotient of Indgﬁvy"’)(w X
Tsxv) where i = i + 1 and Py, is the parabolic subgroup prese/rybmg an
r-dimensional totally isotropic subspace of W;:. Suppose that o # 0. Then,
we have that 0, (7', V;) is a subquotient of Indgf_}/i_) o X 1sxw. Here, j =
i+ 1, and Tsxw is the representation of GLT(D) defined by Toxw(g) =
T(g9)xw (N (9))IN(9)|° for g € GL,(D), where N denotes the reduced norm.

Proof. These properties are proved by analyzing the Jacquet module of Weil repre-
sentations: it goes a similar line with [Mui06], however, we explain for the readers
(see also [Hanll]). In the proof, we denote by wy[j, ] the Weil representation asso-
ciated with the reductive dual pair (G(V;), G(W;)). Moreover, for a representation
p of G(V;) x G(W;), for 0 < ¢’ < i, and for 0 < j' < j, we denote by Jj ;p the
Jacquet module of p with respect to the parabolic subgroup Q;/ ; x Py ;. Then, by
IMVWST], we have a G(Vj/) x GL;_;/(D) x G(W;) equivalent filtration:

Jj'yi(wll}[j’i]) =RyDR1D---DRDRyy1=0.
Here,
t= mln{] - j/7i}a
Ro/Ry = xw|Nx,,

Ry/Ry41 = Indgl(vzii) pi for some representation pp (k=1,...,t —1),

Lij+i—3' ®w¢[j,,i],

and moreover if j — j' < i, we have
Ry =Tndg) " S(GL; (D)) Ky j', i),
where i =i — (j — j’), and the action of GL;_;/ (D) x GL;—;(D) on S(GL;_;/ (D))
is given by
[(91..92) - ¢1(9) = xw (N (g1))xv (N (g2))¢(97 ' 992)
for g1 € GL;_;/(D),g € GL;_;/(D), and g2 € GL;_+ (D), where N denotes the

reduced norm. Now we prove ([{). Composing Jj/ ;(wy[j,i]) = Ro/R: with the
G(Vj) x G(W;)-equivalent surjection

wylj' i) = o B,
we have a non-zero morphism
J]I7z(W¢[j, Z]) — XW|NXj’,j |l+j_j Xo X
Hence we have (). Then we prove (2)). Let 7’ be an irreducible component of
Indg_(/vf/i) 7 X 1,xv. First, we have
Hom(Rk/RkH, 7T/) = Hom(pk, Ji,kﬂr/).

Here, we denote by J;_p7’ the Jacquet module with respect to the parabolic sub-
. . . G(W;)
group Py ;. However, since 7 is supercuspidal, one can prove J;_pIndp """ 7 X
Tsxy = 0 for k = 1,2,...,t — 1 by considering the filtration of Bernstein and
Zelevinsky [BZT77, Theorem 5.2], and thus the right-hand side is 0. Hence, we have

R ® A= R; ® V.
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Moreover, since 75 xw % Xw|Nj li’i”*j/, we have
Ro @ (Texw)"” = R1 ® (Toxw) .

On the other hand, the non-zero GL,.(D) x GL,(D)-equivalent map
S(GL;_/(D)) ® ((texv)" B 1exw) = C: (p,z, ')

- e(9)(rs(9)z, &' ) xwxy (Nj—j(9)) dg
GL.(D)

yields a non-zero GL, (D) x GL,(D)-equivalent map
S(GL; (D)) ® (raxv)” = (Taxw) "

By combining the above arguments, and by Lemma[0.5] we have a non-zero G(Vj/) x
GL;_;/ (D) x G(W;)-equivalent map

Tjr,i(wyls,i]) @ (0 B roxw)” @ (x')"

=R @ (0 Wroxw)” K (7)Y

= (7" S(GL; (D)) Ruwy[i', 1)) @ (0 B rxw)” B ()"
— (Ind 5" (roxv )Y ®m) @ (7)Y

= (mdg™") (' xv) B ) @ ()

(IndG( z)(TSXV) Km)® (7)Y
— C.
Hence we have (2)). O

By the proof of Proposition [0.6, we also have a slightly different property:

Corollary 9.7. Let {W,}i>0 be a Witt tower of right (—e)-Hermitian spaces, let
i,7,7 be non-negative integers so that j—j' > 0, let ™ be an irreducible representa-
tion of G(W;), let 0 = 0y (m,V;). Suppose that o # 0, and o is a subrepresentation

G(V)

of an induced representation Indg"”" o "Rrsxw where o’ is an irreducible represen-

tation of G(Vj), T is an zrreduczble supercuspzdal representation of GLJ _;/(D), and
seC. Moreover suppose that Oy (m, V) = 0. Then, we have i > j — j', and there

exists an irreducible representation 7' of G(W;r) such that 0 (', V) = o'. Here we

( i)

puti’ =i—(j—j"). Moreover, 7 is an irreducible subquotient of Indp" """ 7' BT xw .

Proof. We use the notation of the proof of Proposition[@.6l Since there is a non-zero
G(V;) x G(W;)-equivalent map
wylf, 1] — o X,

by the Frobenius reciprocity, we have a non-zero G(Vj) x GL;_;/(D) x G(W;)-
equivalent map

(9.2) (rsxw)” R 7Y @ Jjriwpls, i) = o
Then, the assumption 6y (7, Vj/) = 0 implies that
7 ® Ry/Ry = 0.
Moreover, as in the proof of Proposition [0.6([2)), we have
(Tsxw)¥ WY @ Jjr jwyld, i) = (Tsxw)¥ Km¥ @ Rj_ji.
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(Here, we put Ry = 0 for k > t.) Thus, R;_; is forced not to be zero, and we
have 1 > j — j/. By using the Frobenius reciprocity again, we have a non-zero
G(Vj) x GL;_j/(D) x G(W;) x GL;_;(D)-equivalent map

((rsxw)” B (Jir,jm)") @ (S(GLi—i (D)) Rwylj’, i']) — o’
Thus, o'’ ® wylj’,i'] # 0. Put 7’ == Oy (c’, Wir). Then, 8y (c, W) is non-zero, and

it is an irreducible subquotient 7 of Indg_(/ 7' W 71,xv. However, by the Howe

duality (Theorem [@.1]), 7" coincides with 7. Thus we have the corollary. O
10. THE LOCAL SIEGEL- WEIL FORMULA

In this section, we state the local Siegel-Weil formula, which is a local analogue
of the (bounded and first term) Siegel-Weil formula. We assume [ =1 and n >0
in this section.

10.1. The map Z. We define the AG(W®) x G(V) x G(V)-invariant map
T: wE ® 55 —C
by
26.6) = [ (@306 dh
GV

for ¢, ¢’ € wi where (, ) is the L2-norm of S(V ® WV) as in Proposition 82 The
integral defining Z( , ) converges absolutely by [Li89, Theorem 3.2].

10.2. The map &. Let V” be the unique e-Hermitian space over D so that dimp V'’
=m+ 1 and xy» = xv. Such space exists since we have assumed that [ = 1 and
n > 1. Consider the G(W")-invariant map

1
S(V@Wv) _>I(_§7XV): (15'—) F¢

defined by Fy(g) = [wy(1,9)8](0) for ¢ € and g € G(W"). Similarly, there is
a G(W")-invariant map S(V° ® WV) — I(3,xv). We denote by R" (V) and
RWY(V?*) the images of the above maps respectively. Then we have the following
exact sequence:

M(%,xv)

0—> RW(V") — I(4,xv) RY (V) —>0

[Yam11l Proposition 7.6]. For ¢ € S(V ® WV), we denote by F; €Il xv)a
section such that M(%7 XV)F(Z = Fy. Then, we define the map & by

E(. ) = /G 1y FaCle, 1) TG, do

The integral defining £ converges absolutely by Proposition [[.]] Moreover, Lemma
0T implies that the definition of £(¢, ¢’) does not depend on the choice of F(l

Lemma 10.1. If f € RV (V®) and h € RV (V), then we have

[ e, 1) Rls. 17 dg = 0.
GW)
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Proof. By the proof of Lemma [I.7] we have
HomG(V)XG(V) (I(p, 1px )7 (C) = HomG(VD)(I(pa 1px )7 (C) =7- (Cv

where
2(F) = /G , Flelg D) ds

for F € I(p,1). Thus, if there are f € R" (V?),h € RV (V) so that Z(f-h) # 0, we
would have RV (V") = RW(V)V. Since I(—3,xv) = I(—3, xv), we have RW (V) =
RW (V). Put ¢ :== R (V"). Then, we have

00, V) =1y, O(0,V) = 1y

However, according to the conservation relation (Proposition[@.4]), one of them must
vanish since dimV + dim V” = 2n — e. This is a contradiction, and we have the
lemma. (Il

10.3. Local Siegel-Weil formula. Lemma [[0.2] gives the definition of ay(V, W),
which is the second constant we are interested in.

Lemma 10.2. There is a non-zero constant aa(V, W) such that T = as(V,W) - E£.

Proof. The two maps Z, £ are AG(W") x G(V) x G(V)-invariant map. On the
other hand, we have

dim Homagwo)xa(vyxa(v) (Wi ® Eg’ )

= dim Homagwo) (R (V) ® RW (V?),C) = 1.

Hence, it suffices to show that Z and £ are non-zero. Let ¢ € S(V @ WV) be a
positive function. Choose a neighbourhood U of 1 in G(V') so that wy)(h)¢ = ¢ for
all h € U. Then, we have

I(6.6) > /U (@B ()6, 6) dh

=|U[-(¢,9) > 0.

Thus we have Z # 0. The non-vanishing of £ is obtained by Proposition I3.3l
However, we also give a short proof. Consider the non-zero pairing

(10.1) 1(%,XV) xI(—%,Xv)—HC: (fih) = Z(f - To),

where Z is the map as in the proof of Lemma [I0.Jl We assume £ = 0 to derive a
contradiction. Then the pairing (I0]) factors through the quotient

1 1 1
I(i,XV) X I(—§,Xv) - I(§,Xv) x R(V”)
by [Yam11, Theorems 1.3, 1.4]. But this implies R(V') R(Vb)v7 which contradicts

the conservation relation as in the proof of Lemma[I0.Il Hence we have £ # 0, and
we finish the proof of Lemma [10.2] O

We will determine the constant ao(V, W) completely in §I91 However we calcu-
late ao(V, W) directly when either V' or W is anisotropic. The proof will be given

in §§T2HI3E
Proposition 10.3.
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(1) Suppose that —e =1 and V' is anisotropic, then we have
a2(V.W) = IN(R()|""#xv (-1)"

_5
—[2/p2(1+q7)
_iaw)

(n=1
_s3
_op2ly (n=1
X Q22|77 2(1+q72) (n = 2, xvis unramified),
(n=2
(n=3

20257 (1 + ¢~ 1)g FT0aw)—1
_ 27
22| 2 ¢ (1 +q¢ M) (14+4¢7?)

(2) Suppose that —e = —1 and either V' or W is anisotropic, then we have
az(V.W) = [N(R(e))|"

25> (n=1),
x Q2170 gt (L+q”

)
_15 —1y(1_g—4
Rl tet SR (n=3),

11. FORMAL DEGREES AND LOCAL THETA CORRESPONDENCE

In this section, we state the behavior of the formal degree under the local theta
correspondence, which extends the result of Gan and Ichino [GI14]. Let G be
a connected reductive group over F', and let m be a square-integrable irreducible
representation of G. Then, the formal degree is a number deg 7 satisfying

TN 1

(111,113) : (1127@4)

for vy,...,vs € w, where Ag is the maximal F-split torus of the center of G.

Again, we consider a right m-dimensional e-Hermitian space and a left n-dimen-
sional (—e)-Hermitian space. In this section, we assume that [ = 1. The purpose
of this section is to describe the behavior of the formal degree under the theta
correspondence for the quaternionic dual pair (G(V),G(W)). Let m be an irre-
ducible square-integrable representation of G(W), and let o = 6, (m, V). Assume
that o # 0. Then, we recall that o is also square-integrable.

Lemma 11.1. The number

degm

(11.1) cea(=1) 7Y (0,0 x xw,¥) 7

dego

does not depend on .

We will prove Lemma [IT] later (Proposition [[5). We denote the constant
([II1) by as(V,W). Now we state our main theorem:

Theorem 11.2. We have
e(g. xv, )" (—e=1),
%XW(_l)me(%u)(Wuw)_l (_EZ _1)

We prove Theorem [[T.2] in later sections. In this section, we see an example:

O[3(V, W) = {



1224 HIROTAKA KAKUHAMA

Example 11.3. Consider the case where e = 1, m = 1, n = 2, and xw = lpx.
We denote by St the Steinberg representation of G(W). Then, it is known that
6y (St, V) is the trivial representation 1g(yy of G(V). The local Langlands corre-
spondence for G(W) has been established (see [CholT, §5]) and the L-parameter of
St is the principal parameter of G (see e.g. [GRI0, §3.3]). Then, as representations
of Wg x SLa(C), we have

ado ¢o = (1w, ®@r3) ® (lw, ®13),

where 1y, is the trivial representation of Wg, and rs is the unique three-dimensional
irreducible representation of SLa(C). Thus, we have

1 4s CR(—s+3)?
78+_7Staad7,¢) =q 43'7'
(543 ) Cr(s+3)2
Moreover, the centralizer Cy, (CA?) of Im g in G is {£1} C G, and the component
group Sy, (G) is abelian. Since the formal degree conjecture for G(W) is available

(see §211), we have

2

1 q
degSt= - —+—
8 2 (L+q71)2

On the other hand, we have

q

deg L) =[GV = 17

(Recall that the volume |G(V)| of G(V) is given by Corollary [6.21) Therefore, by
Lemma [T.5] we have

deg St

1
— = - -7(0,1 X 1px
deg 1G(V) ) ’Y( » LG(V) F 51/})

which agrees with Theorem [11.2]

We explain the strategy of the proof of Theorem First, we consider the
case where either W or V' is anisotropic (i.e. the minimal cases in the sense of the
parabolic induction). In these cases, we can express az(V, W) with oy (W) which
is already determined in §7.31 And hence we obtain Proposition [0.3] (§§12HI3)).
Second, we relate as(V, W) with as(W) (§§14HI5). Then we have Theorem [[1.2in
the minimal cases. And finally, we prove that the constant as(V, W) is compatible
with parabolic inductions (§§I6HISR]), which completes the proof of Theorem
Moreover, once az(V,W) is determined, the above processes can be reversed to
obtain the general formula for oy (W) and ao(W) (§19).

Remark 11.4. As written in [Kak20), §5.3], the definition of the doubling ~y-factor
of Lapid and Rallis [LR05] should be modified by a constant multiple. Thus, it is
natural to ask whether the statement of the main theorem of [GI14] might change.
However, [GI14l Theorem 15.1] is still true. This is because their proof uses the
doubling ~-factor not to determine the “constant C” (see [GI14] §20.2]) but to show
the existence of the constant C. Hence, the difference of constant multiples is offset
at the time of calculation of C.
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12. MiNIMAL cAsEs (1)

In this section, we prove Proposition [03I[2]) in the case dimV = 2.
Suppose that ¢ = 1, V5 = 0 and dimpV = 2. Then, we can take a basis
eV = (eV,eY) of V so that

(6¥,6¥) = (egae;/) =0, and (6}/,6;/) =1
We take bases e of W and ¢/ of W2 as in 711 Let £ be a lattice
n n
(et=oved.)o(Brovor.)
i=1 i=1

of V@ WV and we denote by 1, the characteristic function of £. By the fact that
L is self-dual with respect to the pairing [81l), we have |£| = 1.

Lemma 12.1. We have

T 1g) = 2= 0+ 004077

1—q3

Proof. Let B be the subgroup

(¢ §co

of G(V), which fixes the lattice £. Then, B is an Iwahori subgroup by Lemma
and the volume |B| is given by ¢~*(1 — ¢~2) by Proposition G.I2). By [BT72,
Théorém 5.1.3], we have G(V) = B-N - B where N is the normalizer of the maximal
F-split torus consisting of the diagonal matrices in G(V'). Moreover, we can take a
system of representatives

{a(t) |t € ZY U {w(t) | t € Z}

a,b,dE OD,CE WDOD}

for B\G(V)/B, where

= (T camye) w00 = (L T

Hence we have

I(1e,1z) = 18- Y (LN a(t)L] - [Ba(t)B : B] + |£ N w(t)L] - [Bu(t)B : B])

teZ

_ |B| . Z(q—S\t\ + q—6|t—1\+|1+3t\)

teZ
_ B 1 _'_q73 q2 +q75
:q4(1_q 2)( _3 _3
1—gq 1—¢
(=g )1 +q*(14q¢7°)
1—q3 )

Thus we have the lemma. O

)

Lemma 12.2. We have
E(le,1p) = mo(—)f1 cap (W),

where m°(s) is a function as in Lemma [.8]
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Proof. One can show that 1. is a K (¢/") fixed function with 1,(0) = 1. Thus, we
have Fi,. = f° 1 where we mean by f° the unique K (¢/”) fixed section in I (—— 1)

with f2(1) = 1. By the Gindikin-Karperevich formula (see e.g. [Cas89]), we can
take ]-'Jr =m°(1)” 1fo Hence, we have

£1z10) =m()" [ 100,10 dg

Hence, by Lemmas [[2.1] and T2Z.2] we have:
Proposition 12.3. Ife =1, Vj =0 and dimp V = 2, then we have

(1+¢ (01— q*“).

15 5 _
ax(V,W) = —[2|. - IN(R(e))| ¢~ =

13. MINIMAL CASEs (II)

In this section, we prove Proposition [0.3|{I)) and the remaining cases of Propo-
sition [O3[2).

Assume that V is anisotropic. Recall that 7 € G(W") denotes the certain Weyl
element (see 1)), and u, is the certain F' subspace of M, (D) (see §6.2)). For
® € S(uy,), we define a section f(s,®,—) € I(s, xv) by

0 (g & P(W2)TU(W2)),

f(s,®,9) = 1 0

BT B0 2(X) = (1 ) € POVAUNA)
Here G(W"7) is embedded in GLg, (D) by the basis ¢’”. Fort € Z,p € S(VQWV),
and ® € S(u,), we define ¢, € S(V @ WV), and ®; € S(u,,) by

6u(a) = g g(wel), and B(X) = g DX ),
Then we have Lemma [I3.1F

Lemma 13.1.
(1) For g € S(V @ WY), we have ¢; = g~ 4™ ().
(2) Let g € S(VRWV), and let ® € S(u,,) such that M(Q,Xv)f(1 O, —) = Fp.
Then we have
1 1

M(_aXV)f(_a

P, —) = 74mntF
2 2 ty ) q bt

Proof. We have
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M(EvXV)f(%7q)t,T(X ))
:/uf(%,@tm(}l, >T<)1( ?))dy
i 3y o

[ V)G (gt g 30T

—4mn 1l 1 0
= [ )G (L e DY
u

_ q—4mntM(%,XV)f(%,q>,T (X?lﬂzt (1))) dy
= q_4mntF¢(T (X;Qt (1)>)
1
= q74mntﬂv(7') /\/@Wv ¢(I)¢(Z<<‘T"T (quﬂzt ?>>>) du
1 0

i) [ st e (3 )0 e

_ _—4dmnt 1 0
=q F¢t(T<X 1))

Hence we have (2)). O

Hence we have ().

1 1

= O

— O

Proposition 13.2. Let ¢,¢' € S(V Q@ WV). Then, for sufficiently large t € Z, we
have

(e, @) = (—1)™xv (=1)"q~ "™ |G (V)| Fy(1) Fy (7).

Proof. The Fourier transform on the space S(V ® WV) is given by the action of
the Weyl element 7 of G(W"). Hence we have

I(¢r, &) = L(¢r. &)
= ¢ L), )

_ q74mnt / ((
G(V)

When ¢ is sufficiently large, the support of (¢)_; is sufficiently small. Hence this
integral is

Z

)—tv wzi‘ (h)(b/) dh.

)

—_—

g~ MG(V)|(6)-4(0)9/(0)

= ¢ G(V)|g" ™ (6):(0)¢ (0)
= ¢~ "MG(V)](0)9' (0
=q " By (1)|G(V)| Fo(1) Fyr (7

Hence we have the proposition. (Il

~—
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Proposition 13.3. Let ¢,¢' € S(V @ WV). Then, for sufficiently large t € Z, we
have

E(dr,¢') = m®(p) "t ar (W)g™ "™ Fy (1) Fyr (7).
Proof. When t is sufficiently large, the support of ®_; is sufficiently small. Then,
by using Lemma [T.8 we have

l -
g((btu ¢/) = q—4mnt L(W) f(§7 (I)—h (97 1))F¢’(g7 1) dg

l -
=m®(p) Loy (W)g~4mnt / F(5 @, Tu) Fy (Tu) du
UW2)

=m®(p)"tar (W)g~ " (/u @ (X) dX) Fy(7)

n

=m°(p) o (W)q~ """ Fy(1) Fy (7).
Hence we have the proposition. O

By Propositions and [[3.3] we have the following:
Proposition 13.4. If V is anisotropic, then we have
a(V, W) = (=1)""xv (=1)" - |G(V)| - m°(p) - ar (W) ",

By substituting the values of |G(V)| (Corollary [62) and «; (W) (Proposition
[[6)) for Proposition [34] we obtain Proposition [03|2) and Proposition [TU3|[I)
with V' anisotropic. Thus, we finish the proof of Proposition 0.3

14. THE BEHAVIOR OF THE -FACTOR UNDER THE LOCAL THETA
CORRESPONDENCE

The purpose of this section is to explain the behavior of the ~-factor under the
local theta correspondence, which extends [GI14] Theorem 11.5]. Let V be a right
e-Hermitian space of dimension m, and let W be a left (—e)-Hermitian space of
dimension n. In this section, we allow D to be split and [ not to be 1.

Theorem 14.1. Let m be an irreducible representation of G(W) and let w be a
character of F*. We denote o0 = 0(m, V) and we assume o # 0.

(1) If1 >0, then we have

l

14
7" (s,0 X wxv, ¥) 1~

V(s X wxwd) L + —— —dwoxvxw, ¥) !
(2) If1 <0, then we have
1%
v (8,0 X wxv, ) :
T (5,7 X w0 H7 b wxvXW, ¥).

The proof of Theorem [[Z41] consists of four subsections (§§IZIHIZA). In the
first three subsections, we reduce Theorem [IZ.1] to the unramified cases by using
properties of the doubling y-factor. In the last subsection, we discuss the unramified
cases to finish the proof of Theorem [I4.11
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14.1. Multiplicative argument. We put

[T vr(s + B — i wxvxw,v)™" (1> 0),

fD(S;V;Vva7¢) = {Hl_ll ,YF(S_i_ # — Z’,WXVXW7’¢) (l < O),

and we put
W (s, 0 x wxw,)
YV (s, X wxv,¥)
Then, Theorem [[4.1]is equivalent to ep (s, V, W, m,w,¥) = 1. When D is split, this
equality has been already proved [GI14, Theorem 11.5].

Let {V,}p>0 and {W,},>0 be Witt towers containing V' and W respectively. Put
V=V, W =W;,mg = dimp Vo, mg = dimp Wy, and I, = Iy, w. We denote by
Jq4(m) the set of the G(W))-part of the non-zero irreducible quotients of the Jacquet
modules Jp(7) for all parabolic subgroups P whose Levi subgroups contain G(W,)
as a direct factor. We first state the multiplicativity:

ED(S,V,VV,TF7UJ,1/}): 'fD(SaVaVva7¢)'

Lemma 14.2. We denote by r(m) the first occurrence index of w (see §9.3]). Suppose
that J,(m) # @ and p > r(w). Then, for an irreducible representation mq € Jy(m),
we have

eD(Vp7 Wq7 7Tq7W7w) = GD(‘/, Wu 7T7w7w)‘

Proof. First, we consider the case ¢ =t and 7y = 7. We may assume that r = r(m).
Put 0 = 0y(m, V) and o’ = 6 (m, V). Then, by Proposition [.6|[]), we have

f}/vp(s70'/ X wv'(/)) . "}/V(S,O' X O\)”lp)il

l_jD —l—p—?"),w,w)

l
51) +p— T)awvw) : ’Y(C;;ﬂp_r(p)(s - ( 92

= 6L, () (s + (

b | o - b\ o
B s+5”+(2z—1),w,w)'rllvgi(s—(5p+(2z—1),w,w)
2(p—7) 1

( l 2 —’L',Q.J,d))

= fD(Vpu VV77T7W72/J)fD(V7 VV77T7W71/J)
Here, fygLJu(D)(s,w, 1) is the v-factor defined by

GJ -1
G oy (10, p) “Cp L =5
R Z O

p—r

=[5«
i=1
2(p—r)

= H YF
i=1

where egL )(8,—,1) and Lg{ (py(s;—) are e-and L-factors defined in [GJ72],

and w denotes the composition w o N of w with the reduced norm N of GL, (D).
Thus we have

eD(Vpa VV7 W, ¢) = eD(M VV) T, W, ’lp)
Second, we consider the general case. Put
t(my) = min{g' = 0,...,q | Ty (my) # @}
Then, any 7y(r) € Ji(r,)(mq) is supercuspidal. Take a positive integer p’ so that
p' > max{r+q—t,r(n) + ¢ — t(m)}. Then, by the first part of this proof, we have

€D(S, Vp7 an”qawy¢) = 6D(S7 VIDU Wq>7Tq7W7¢)~
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Moreover, by using Proposition [0.6l[2) repeatedly, we can show that
en (s, Virs Wy, mg, w0, 9) = ep (s, Vor—(g—t(x))s Wim)s Ty w5 ¥)-
By tracing the above discussions conversely, the right-hand side is equal to
ep(s, Vit (t—q), W, T, w, Y) =ep(s, V,W,m,w, ).
Thus we have the lemma. O

14.2. Global argument. In this subsection, we explain the global argument which
we use in the proof of Theorem [I4.1]

Lemma 14.3. Let F be a number field, let A be the ring of its adeles, let D be a
division quaternion algebra over F, let V be a right e-Hermitian space over D, let W
be a left (—e)-Hermitian space over D, let II be an irreducible cuspidal automorphic
representation of G(W)(A), let w be a Hecke character of A* /F*, and let 1 be a

non-trivial additive character of A/F. Then, we have

HeDV(S,Kv,EU,HU,QmQU) - 1.
v

Proof. Consider the Witt tower {V,}>° so that V,. = V. Denote by r(II) the first
occurrence index of Il in {V,}22, by ¥ the theta correspondence 0(II, W, ) of
II, and by S the set of the places where D, is a division algebra. Then, we have
0y (IL, V., () is cuspidal, and we have

H€D1,(57KU;EU,HU7%H%@) = H GIDJU(S,KT(H)U,KU?Hvaﬂv,gv)

veES

Vs, XX ,
=11 ,ZW((S D) VW)
es

T, IR wxy, 1))
L5, N¥wxw )L (s) L1 —s, ITRwyy)

L5(s,IIKwxv ) L5(1—s5,38wxw)LF(1—s5)

!
Lf'u(s): Hi:llLFu(S+%_Za£vXV XWW) (l> )7
’ [T2 Le, (s + =5 —iwoxv xw,) ™t (1<0)
Hence we have the lemma. ]
14.3. Globalization.
Lemma 14.4. Let F be a global field of characteristic zero, let vy, ...,vq be places
of F, and let wy,...,wq be unitary characters of ¥ ...,y respectively.
(1) Suppose that w; is trivial for i = 2,...,d. Then, there exists a Hecke
character w of A* so that w; = w,; for j=1,...,d.
(2) Suppose that ¥y, = --- =F,, and wy = --- = wq. Then, there exists a

Hecke character w of A* /[F* so that w; = w,, for j=1,...,d.

Proof. Let n; be the character of Gal(F; /F,;) associated with w; via the local
class field theory for j = 1,...,d. First, suppose that w; is trivial for ¢ = 2,...,d.
Take a finite Galois extension IL of F so that kern; = Gal(F} /L., ) and L, = F,,
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for i = 2,...,d. Here, wy,...,wy are some places of L lying above vi,...,vq
respectively. Take a character 77 of Gal(IL/F) so that 77|G31(LW1 /F,,) =1, and define
w as the Hecke character of A* associated with 7 via the global class field theory.
Then we have w,, =wi and w,, = 1px for i =2,...d, and thus we have @.
Then, suppose that F,, = --- = ]Fv; and w; = -+ = wy. By (), there exists a
Hecke character y of A* so that X,, =wi and X,, = 1]FIXH fori=2,...,d. Let w

be the continuous unitary character of A* given by

w = {wl (v=w1,...,04),

Xf (otherwise).
Then we have w(F*) = 1 and it is a Hecke character of A* satisfying w,, = w; for
j=1,...,d. Thus we have (@), and we finish the proof of Lemma 44l |

Let % be a unitary non-trivial additive character of F'. For a € F* we denote
by 1, the character of F defined by ¢, (x) = ¢ (ax) for x € F.

Lemma 14.5. Assume that D is a division quaternion algebra. Let F' be a non-
Archimedean local field of characteristic zero, let 1’ be an additive non-trivial char-
acter of F', let D' be a division quaternion algebra over F', let V' be another right
e-Hermitian space of dimension m, and let W' be another left (—e)-Hermitian space
of dimension n. Then, there exist

e a global field F and its places vy, vy such that F,, = F,F,, = F’,

e a division quaternion algebra D over F such that D,, = D, D,, = D', and
D, is split for v # vy, vs,
a left (—e€)-Hermitian space W over D such that W,, = W, W, =W’
a right e-Hermitian space V. over D such that V., =V,V, =V’
a Hecke character w of A* such that w, =w,w,, = 1va2,
e a non-trivial additive character 1 of A/F such that %Ul = wa%,yvz = wflg

for some ay; € F*,ay € F'™.

Proof. The existences of such F and D are well-known. The existences of such W, V.
and ¢ are due to the weak approximation. It remains to show the existence of w. Let
7 be the character of Gal(F*/F) associated with w via the local class field theory,
and let L be the Galois extension field of F' so that kern = Gal(F¥*/L). Here, F*
denotes the separable closure of F'. Then there exists a Galois extension field I of F
such that L,,, = L and L,,, = F’ where w; (resp. ws) is some place of LL lying above
vy (resp. wp). Take a character 7 of Gal(LL/F) so that 7|gaiz/r)y = 7, and define
w as the Hecke character of F associated with 77 via the global class field theory.
Then, we have w, = w. Moreover, by Ly, = F,,, we have kerij D Gal(F"*/F’)
which implies that w,, =1 P Hence we have the lemma. g

Moreover, by using the Poincare series, we obtain a globalization lemma of rep-
resentations.

Lemma 14.6. Let F be a global field, let G be a reductive group over F, let Z be
the center of G, let A be a maxzimal F-split torus of Z, let x be a unitary char-
acter A(A)JA(F) — C*, let Sy be a non-empty set of places of F such that all
Archimedean places are contained in Sy, let S be a finite set of places of F such
that So NS = @. Suppose that Z(F,)/A(F,) is compact for v € S, an irreducible
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supercuspidal representation 7, of G(IF,) so that 7rv|A(]F ) coincides with X, is given
for each v € S, and a compact open subgroup K, is given for each v & SoUS. Then
there is an irreducible cuspidal automorphic representation 11 of G(A) such that

o II|a(a) coincides with x,
o II, =m, fOT'UES,
o 1T, possesses a non-zero K,-fixed vector for v & SoU S.

Proof. Denote by w, the central character of m, for each v € S. Since
[loes Z(Fy)/A(F,) is compact, we have that (]],cg Z(Fy)) - A(A) is a closed sub-
group of Z(A). Moreover, we have that (]],.g Z(F,))A(A)/A(F) can be identified

with a closed subgroup of Z(A)/A(F). Consider a character Y on
(Hves Z(F,))A(A)/A(F) given by
X((zv veS, @ H(JJU (2v)) X
veS

for z, € Z(F,) (v € S) and a € A(A). Then, this character can be extended
to a character w on Z(A)/A(F). Hence, by [Hen84l Appendice I}, there exists an
irreducible cuspidal automorphic representation II of G(A) so that II|;x) = w,
II, & 7, for v € S and II, possesses a non-zero K,-fixed vector for each v &€ SyU S.
Thus we have the lemma. ([l

14.4. Completion of the proof of Theorem[I4.1l Let 7 be an irreducible repre-
sentation of G(W), and let w be a character of F*. By Lemma[I4.2] and Corollary
0.7, we may assume that m and o are irreducible supercuspldal representations.
Take

a global field F and its places vy, vy such that F,,, = F,F,, = F,
a division quaternion algebra D over F such that D,, = D, D,, = D, and
D, is split for v # vy, va,
a left (—e¢)-Hermitian space W over D such that W, = W, the dimension
of the anisotropic kernel of W, is 0 or 1, and o(IW. ) €Oy,
a right e-Hermitian space V. over I such that V,, =V, the2 dimension of
the anisotropic kernel of V., is 0 or 1, and 9(V,,,) € (9];”2,

e a non-trivial additive character 1) of A/F such that gvl = 1), for some

a € F*.

Moreover, we can take a Hecke character w of A* such that w, =wandw, = 1F><
(Lemma [IZ4|[)). Denote by {V,}5°, the Witt tower contalmng V. Let K,, be
the maximal compact subgroup fixing 0 of the apartment £ of G(WW,,). Then, by
Lemma [T4.6] we can take an irreducible cuspidal automorphic representation I of

G(W)(A) so that II,, = m, and II,, possesses a non-zero K,, fixed vector. Hence,
by Lemma [T43] we have

D(Sa‘/amﬂ-awa/lz[}) = H EDU(Sa17maH7ﬂ7g)71
v#UY
(14.1) =ep(s,V, W Hvz,lFuXZ,ﬁv)fl

—Vo ) —V2?

Denote by ¢’ the localization gw and by W the anisotropic kernel of W,
Then, we have t(Il,,) = 0 and lgwy) € Jo(Ily,). Here, 1oy is the trivial
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representation of G(W(). Hence, (I£]) is equal to
eD(Sa (Kp)vm W(S, ]-G(Wé)a 1F“><2 ’ w/)_lv

where p is a sufficiently large integer so that Oy (1gwy), (V,)v,) # 0. By the
above observation, it only suffices to consider the cases where n = dimW = 0,1
and ™ = ]-G(W)'

Lemma 14.7. We denote by lgv) (resp. lgaw)) the trivial representation of
G(V) (resp. G(W)). Suppose that n = 0. Then we have r(lgw)) = 0 and
Op(law), V) = law)-

For the rest of this subsection, we consider the case n = 1. In this case, we
consider the accidental isomorphism:

(14.2) G(V) 2 SUg(2), and G(W) = Uz(1).
Here,

e F is the quadratic unramified extension field of F' associated with the qua-
dratic character xu of F*,
e SUg(2) is the special unitary group preserving the Hermitian form

(e B2 82 o s (22) (1)) oo 7 = o e,
T2 Y2
where T; denotes the conjugate of x; with respect to E/F,
e U’-(1) is the unitary group preserving the skew-Hermitian form
(,Ye: EXE— E:z,y— zay,

where a € E is a non-zero trace zero element with ordg(a) = 0.
In particular, for these groups, the L-parameters are defined.
Proposition 14.8. Suppose that n = m = 1 and ¢ = 1. Let ® be a non-trivial
irreducible representation of G(W), and let ¢ be its L-parameter. Then, the repre-
sentation Oy (m, V) is non-zero irreducible, and has L-parameter

(¢ ® xvXxw) ® Xw.

Proof. By [Tkel9, §7], the accidental isomorphisms (I4.2)) are compatible with the
local theta correspondences. We know the description of the local theta correspon-
dence

Irr(Uz(1)) — Irr(Ug(2))
via L-parameters [GI16l Theorem 4.4]. Therefore, we have the claim. (]

By tracing the converse of the global argument at the beginning of this subsec-
tion, we obtain:

Corollary 14.9. Suppose that n =1 and € = 1. Denote by {V;}32, the Witt tower
containing V. Then we have ep (s, Vy, W, 1gw), Lpx,v) = 1 for sufficiently large
p.

Similarly, by using the accidental isomorphism, we have:
Lemma 14.10. Suppose thatn =1 and e = —1. Denote by {V;}2, the Witt tower
containing V. Then we have ep(s, V,, W, law), 1px, ) = 1 for sufficiently large
p.

Hence, we complete the proof of Theorem 1411
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15. THE LOCAL ANALOGUE OF THE RALLIS INNER PRODUCT FORMULA

In this section, we discuss the local analogue of the Rallis inner product formula
following [GI14], and describe the relation between aq(V, W) and as(V, W).

We use the setting of §3] and we take a basis ¢ of W as in §4 Suppose that
I =1 and 7 is an irreducible square-integrable representation of G(W). Consider
the map

Prwy Qwy @y Quwy @TRTRTRT — C

defined by

P(¢1, P2, 3, Pa;v1, V2,3, V4)
— /G(V)(o(h)9(¢1,v1),9(¢2,vz)) (o(h)0(ds3,v3), 0(da, v4)) dh.

The integral defining P converges absolutely (Lemma [0.3). As in [GI14] §18], we
compute P in two ways. First, we have

,P(¢1'-'7¢47/U1,--.,’U4)
1
= dogo . (9(¢1,’Ul),9(¢37v3)) . (9(¢2;U2),9(¢4,v4))

1 1 — 1
Z(_i’ F¢1®%’ EUIMUS) ’ Z(_E’

F¢2®@’ €U2»U4)'

- dego .

Second, changing the order of integrals and using Proposition B2l we have

"7¢4vvlv"',

/G(W / (W) (/G (wy(gh) ¢1’¢2)mdh>

(m(g)vr, v2)(w(g")v3, va) dgdg’

= vy
G(W) G(W

T(wy(g)P1 @ wy(9") s, d2 @ ¢4) - (w(g)v1, v2)(w(9")vs, va) dgdy’

— as(V, W) - 2" - N |mLWJ%q
E(wy(9)¢1 ® wy(g')Ps, P2 @ ba) - (m(g)v1,v2)(7(g")vs, va) dgdy'.
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Substituting the definition of £, the expression is equal to

as(V, W) - \2|%m"~|N(R(§))I_m/ o) /G(W /

F<Z];1®¢3(l’(g/ 19//97 )) F¢2®¢4( " 1)) (m ( )U17U2)( (g )3, V1) dg”dgdg

— an(V,W) - |27 - IN(R(e))|~ m/ / /
aw) Jaw) Jaw)

F$1®¢3(b(g7 1)) - Fpams, (U(g" 1)) - (m(g'g)vr, m(g")v2) (w(g)vs, va) dg” dgdg’

F(Z1®¢'3( (9, 1) - Fope0,(1(g", 1)) - ( (9)0177}3) (m(g")v2,v4) dg"dg
O[Q(V W) 1 1

= — =2 IN(R(e) T Z(5

. Z(—
deg (

9’ F¢ ®bs 76111 Ug) §’F¢2®$47§v2,v4)'

The local functional equation of the doubling zeta integral says that

1 _
Z(_57F¢1®$3’§U1703)
1
= (etovxv o )G, 0w A s+ Gm x v ))
=3
0. 22 F <
X CTK'(_ ) (57 ¢1®$3’§v1,v3)'

By Theorem [[Z.] and Proposition [7.2] we have

C(S’ XV, AO) w)R(Sa XV, A7 w)717(5 =+ %, ™ X XV, w)
= G(G(W)) ’ ‘N(R( ))|7S : |2|72n5+”(”*%) . X‘71(4)

n—1

’}/(S-‘r 271F><a'l/} . 1 v 1
- &’ - 7 — 29. 1 px . —
X (23,1F><7w H’Y 5, 1p aw) v (S+ 27U><XW7¢)
> ’Y(S—'I’L—f— §7XV7¢)_ _6:17
6(%aXW;¢)_1 —e=—1

Moreover, we have

YV (1,0 x xw,¥) =7(1,0Y x xw,¥)
- ’Y(0,0' X XWﬂE)_l

_ xw(=1) (e=1),
=7(0,0 X xw,¥) 1X{XV(_1) (e=-1).

Summarizing the above discussions and substituting Proposition [@.2] we obtain:
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Proposition 15.1. Suppose that l =1 and 7 is square-integrable. Then, we have

degm v _1

@'Ca(—l)ﬁ (0,0 x xw,v)

= LW (G - 2R N (R H r2)
T T Cr(1—20)

e ) (—e=1),
XW(_l)erl (27XW7’¢) (_6 = _1)'

Hence we obtain Lemma [IT.J] We write down the constant ag(V,W) in the
minimal cases, which proves a special case of Theorem [[1.2]

Proposition 15.2.

(1) In the case e = —1 and V is anisotropic, we have
1 _
az(V,W) = e(5,xv,¥) '
(2) In the case € =1 and either V or W is anisotropic, we have
1 1 _
az(V,W) =5 xw(=1)" (5, xw,¥) '

Proof. Recall that
1 1 _
X(_l)'G(_aX7w):6(_7Xaw) !

2 2
for a quadratic character xy of F’*. Then, for the case m = 0, one can verify this
proposition directly. Otherwise, we obtain the claim by Proposition [[0.3} |

16. PLANCHEREL MEASURES

Our next goal is to prove Theorem completely. This will be done in {I§]
and the Plancherel measure has important role in the proof. In this section, we
recall some formulas of the Plancherel measure, and we discuss how the Plancherel
measure behaves under the theta correspondence.

16.1. Preliminaries. Let G be a reductive group over F', let P be a parabolic
subgroup of G, let M be a Levi subgroup of P, and let U be the unipotent radical
of P. We denote by X*(M) the group of the algebraic characters of M, and by E¢
the vector space X*(M) ® C. For a finite length representation 7 of M and for

UZZXiQ?SiEEé,

i=1

we denote by m ® n the representation given by

[77@77 H‘Xt ‘Sl

for g € M. Take a maximal compact subgroup K of G so that G = PK. Then for
f € nd%(n), we define f, € Ind% (7 @ n) by

n(muk) H Ixi(m

fmuk)
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forﬁm € M,u € U,k € K. Denote by P the opposite parabolic subgroup of P, and
by U the unipotent radical of P. It is known that for f € IndIGg m, the integral

[Jp‘p(ﬂ—®77 fn /fn ug)

converges absolutely when 7 is contained in a certain open subset of EY, and it
admits a meromorphic continuation to the whole space E with at most finitely
many poles (see [Sha81]). Here, the measure du is the normalized Haar measure as
in §6.21 Therefore we have an intertwining operator

ngp(w ®n): mdG(r@n) — Ind%(w ®mn)

for almost all » € E¥. This operator will be abbreviated to Jﬁl p(m®n) unless
it incurs confusion. The map 1 +— Jp p(m @ n) is rational (see [Wal03, §IV]).

Since Indg(w ® ) is irreducible for all 1 in a certain Zariski open subset of E
[Sau97, Theoréme 3.2], there exists a rational function wu(n, 7) of n satisfying

Jpp(m @n) o Jpp(m @n) = p(n,7)~".
It is called the Plancherel measure.

Lemma 16.1. If 7 is square-integrable, then we have p(0,7) > 0.

Proof. Let (, ) denote both the unitary inner product on Ind%(x) and that of
Ind%(w) as in the proof of [Wal03| IV, (6)]. Then, we have

p(0,m) " (f, ) = (f, Jpp(m) o Jpp(m)f)
= (Jﬁ|P(7T)fa J?\P(T")f)

for all f € Ind% (). Choosing f € Ind% () so that Jﬁ‘P(ﬂ')f # 0, we have u(0,7) >
0. Thus we have the lemma. O

Let W’ C W be (—¢)-Hermitian spaces, and let X, X* be totally isotropic sub-
spaces of W so that W = X + W’ 4+ X* and X + X* is the orthogonal complement
of W’. Now we consider the case where G = G(W), and P = P(X). The restric-
tion to X + W' gives the identification M = GL(X) x G(W’). Then, for a finite
length representation 7’ of G(W') and a finite length representation 7 of GL(X),
we abbreviate u(N ® s, 7’ X 7) to u(s, 7’ X 7). Here, N denotes the reduced norm
of End(X).

16.2. Jacquet-Langlands correspondences. Let F' be a local field of character-
istic zero, let d,t be positive integers, and let D be a central division algebra of
F of [D : F] = d?. We denote by Irrypnit (GLgt(F)) (resp. Irrynis(GL¢(D))) the set
of the isomorphism classes of unitary irreducible representations of GLg:(F') (resp.
GL¢(D)). Then, the local Jacquet-Langlands correspondence provides the map

| JLF | Irvunis (GLge (F)) — Irrunit (GL: (D)) U {0}.

Let F be a global field of characteristic zero, let d,t be positive integers, let D
be a central division algebra over F of [D : F] = d?, and let II be a discrete
series of GLg4t(A) so that |JLp, |(II,) # 0. Then, the global Jacquet-Langlands
correspondence provides a non-zero discrete series | JLy |(II) of GL¢(Dy). We do not
explain the definition of the correspondences, but state some important properties,
which are excerpts of the results of [DKV84], [Bad08].
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Proposition 16.2.

(1) If d =1, then we have | JLp | is the identity map Id.

(2) If m is an irreducible supercuspidal representation of GLgt(F), then
| JLp |(7) is non-zero and supercuspidal.

(3) If m is an irreducible square-integrable representation of GLgt(F), then
| JLp |(7) is non-zero and square-integrable.

(4) For all irreducible square-integrable representations w' of GL(D), there
exists an irreducible square-integrable representation so that ©’ = | JLp |().

(5) IfII is a discrete series of GLgi(Da) such that | JLp,
then we have | JLg |(IT),, = | JLF, |(I1,).

(6) For all discrete series II' of GLi(Dy), there exists a discrete series I of
GL4:(A) so that | JLp, |(IL,) # 0 and | JLg |(IT) = IT".

Proof. By [Bad08, Theorem 5.1], we have the assertions (), (&) and (@). The
assertion (2)) follows from [Bad08| §3.1]. Finally, we have the assertions (3] and (@)
by [Bad08, Theorem 2.2]. O

(IL,) # 0 for all v,

16.3. Plancherel measures for inner forms of general linear groups. In
this subsection, we denote by D’ a central division algebra over F. Then there
is a positive integer d so that [D’ : F] = d?. Let t; and t, be positive integers,
and let ¢ = t; + t2. We consider the case where M = GL;, (D’) x GLy,(D’) and
G = GLy(D'). Then, we have an identification C* 2 EY by

(n1;m2) = N1 @1 + No @ 12,
where N; denotes the reduced norm of GLy, (D’) for i = 1,2 respectively.

Proposition 16.3. Let p; be a square-integrable irreducible representation of
GLgt, (F) for i = 1,2, and let 7; be the representation |JLp |(p;) of GLy, (D') for
i =1,2. Then we have

M(Uﬂ'l X 7—2) = 7(81 — 52,01 X p¥7w)7(82 - Slap\l/ X P27E)
Jorn = (s1,s2) € C2.

Proof. First, if we denote by P an F-rational parabolic subgroup of GL.(D’) having
the Levi subgroup M, then we have

Cl(si4s 1 1
Jpp((T1 W) @n) @|N| 3(s1ten) = Jpp((T1 ®72)®(77—(§(51+82)7 5(51+52)))~
Thus we have
1 1
p(n, 7 X)) = N((§(81 — 59), 5(82 — 1)), 71 K 73).

By [AP05, Theorem 7.2], this is equal to
1

#((5(81 — 82), %(82 —51)), p1 X p2).

We remark that our normalization of the Haar measure is different from that of
[APOS]. Since p; and po are generic [Zel80, Theorem 9.3], we have

p(n, p1 B p2) = (51— 52, p1 B p3, ) y(52 — 51, py B p2, )
for s € C [Sha90]. Hence we have the proposition. O



FORMAL DEGREES AND THE LOCAL THETA CORRESPONDENCE 1239

Proposition 16.4. Let 7; be an irreducible representation of GLy, (D’) fori=1,2,
let By be an F-rational parabolic subgroup of GLy, (D'), let My be the Levi subgroup
of By. The subgroup M; is of the form

GLtll (D) X X GLtlA (D)

th()

with ti1 + -+ 4+ tix = t1. Suppose that 11 is embedded into Ind o1 where
o1 = 011 N1 [ K- K opa|Nya|*
for some complex numbers ai,...,ax, and for some irreducible representations

O11,...,01x. Then we have
w(n,m X)) = Hu (n+ (a;,0)),0; K 1o).

Proof. Let S be the center of M; x GLy,(D’), and let P be a parabolic subgroup
of GL,(D) whose Levi subgroup is GL, (D) x GLy, (D). We denote by U (resp.,
U1) the unipotent radical of P (resp. By), by Ag(U) (resp. Ag(Uy)) the set of the
roots of S whose root subspace is contained in U (resp. U;y). For a € Ag(U), we
denote by S, the kernel of « in S, and by M, the centralizer of S, in GL;(D).
We may suppose that the product (B; x GL,(D’)) - U is a parabolic subgroup of
GL¢(D), and we denote it by B. Finally, we denote by P, the parabolic subgroup
M, - B. Then we have

GL.(D GL:(D
Jﬁ\P( ‘m®rm = [ mdp )(‘]gTB(Ul R o2,1):
a€As(U)

Hence, we have the formula

A
pn, 7 B 75) = [ 1(n, 011 N151% | R 1),

j=1
which implies the proposition. O
16.4. Global property. In this subsection, we recall a global property of the

Plancherel measure for inner forms of general linear group and quaternionic unitary
groups. Let F be a global field, and let D be a division quaternion algebra over F.

Lemma 16.5. Let W be a left (—e)-Hermitian space over D, let X, X™ be two
left D-vector spaces so that dimX = dimX* =71/, and let W = X +W + X" a
(—e€)-Hermitian space equipped with the (—e)-Hermitian form

() (X+W+X)x (X+W+X) =D
defined by
<(:I:1>w17y1)7 (252710273/2))/ =1 J’r’ . ty; + <’U)1,’U}2> — €Y1 - J’r’ . txz'

Here, we recall that J,.» is the anti-diagonal matriz defined in §4. Then, M =
GL,» (D) x G(W) is a Levi subgroup of a mazimal parabolic subgroup of G(W').
Then, for an irreducible cuspidal automorphic representation 1K = of M(A), we
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have

(16.1) I (s M RE,) =
veES

L1 -5 TIKEY) LY%1+s,1IVXE)
L3 (s, IV K E) L3 (—s,IIXKZY)
L5(1—2s5,EY,A?) L1+ 2s,Z,A?%)
L5(2s,2,A2) LS(—2s,EV,A2)"
Here, S is a finite set of places of F such that

e S contains all Archimedean places,
o D! is split for v € S, and
e GW,), II,, Z, are unramified for v € S,

and we denote

X

L5(s =[] L(s.EY, A%
vgS
where the right-hand side is an infinite product of the local exterior-square L-factor.
Proof. Let P be a parabolic subgroup so that M is the Levi subgroup of P, and

let f=®yf, € Indggg I[IXZVY. Consider the Eisenstein series

Ep[fl(9) = > f(v9)

YEPF)\GW)(F)
for g € GAW')(A). If v ¢ S, then by [Sha90] we have
L(s,IIY R E,)L(—s,1I, REY)L(2s, Sy, A)L(~25,EY, A%) - [J5;p 0 Tpip) (fo)
= L(s,IIY R E,)L(—s,11, R EY)L(25, Zy, A2)L(—25,ZY, A%) - f,.

Hence, by the functional equation of the Eisenstein series [Lan76l p.216, (i), (ii)],
we have

L1 —s,IREY)LI(1 45,11V R E)

x L9(1 =25, 2Y, A*) L (1 + 25,2, A%) ] o (o, T, B E,) " E[f]

veS

=L, 1IVRE)LY (-5, IIKEY)

x L5(25,8,A\*)L%(=25,2Y,A?) - E[Jpp 0 Jpp(f)]

= L9(s, 1Y RE)L¥(—s, IK EV)L5 (25,2, A2 LY (—25,2Y, A?) - E[f],

which implies the lemma. O

16.5. The behavior of the Plancherel measures under the theta corre-
spondence. Now we consider the Plancherel measures for quaternionic unitary
groups. Let V be an m-dimensional right e-Hermitian space, and let W be an
n-dimensional left (—e)-Hermitian space. Note that, in this section, we allow the
case where [ #£ 1.

Proposition 16.6. Let m be an irreducible representation of G(W), let o =
0y (m; V) and let T be an irreducible representation of GL(X). Then we have

/J/(Svﬂ-lgTXV) _ l_l - -
M(S;U&TXW) - (8 ) Ty ,(/)) ( 2 7Tvaw)'
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The remaining part of this subsection is devoted to the proof of Proposition [16.6]
Put

w(s, T X rxy) (S_l—l -1

WV, X = (g —
UD(Sa y vy a7T7T) M(S70®TXW)7 9 7T7¢) ’Y( S 2

aTvaE)il'

We will use global argument to prove Proposition [[6.6] so that we allow D to
be split in the rest of this section. We want to show up(W,V, X, 7, 7) = 1 for all
D W, V. X,m, 7.

Lemma 16.7. Let {W;}i>0 be a Witt tower consisting of (—e)-Hermitian spaces
and let {V;}j>0 be a Witt tower consisting of e-Hermitian spaces. Suppose that
V=V,and W =W,.

(1) If D is split, then we have
up(s;W,V, X, m,7) = 1.

(2) Suppose that 7 is a subrepresentation of Indgflvf) 7' X pg,xv where t' is an
integer so that max{t(w),r} <t <t, so € C, n’ is an irreducible repre-
sentation of G(Wy), and p is an irreducible supercuspidal representation of

GL;_¢(D). Then, we have
UD(S;M/,‘/,X,’]T,T) :uD(S;Wt’7‘/;"'7X77T/7T)7

where v’ =r — (t —t').
(3) Let X', X" be two subspaces of X so that X = X'+ X". Suppose that T is

an trreducible subquotient of induced representation Indg%)(()/()) 7' XR7" where

7' (resp. ") is an irreducible representation of GL(X') (resp. GL(X")).
Then, we have

’LLD(S, m ‘/7 X7 T, T) = UD(S, m ‘/7 XI7 ™, T/)’LLD(S; W ‘/7 X/I> T, T”)‘
(4) If r(m) denotes the first occurrence indez, then we have
’LLD(S, VV7 ‘/;“(71')7 X7 T, T) = UD(S, Wu Vu Xu T, T)'

Proof. The claim () is proved in [GI14, Theorem 12.1]. Then, we prove ([2). By
[GI14l Proposition B.3], we have
p(s, mxv @ m) = u((s, s0), Txv B pxv ) (s, —s0), mxv B p* xv)p(s, 7 K ')
= (5, 50), 7 B p)p((5, —s0),7 B p¥Yu(s, 7 B ).
Hence, by Corollary (with replacing V' and W, o and ), we have
plo. v ©7) _ plsry @)
M(SvTXW ®U) M(SaTXW ®U/)

Thus, we have [2)). We prove (@) similarly by using [GI14] Lemma B.2]. Finally,
we prove [{@l). Put t™ = r — r(7). Then, by using the local functional equation of
the doubling v-factor [Kak20, Theorem 5.7(4)], we have

L_

M(S7 o TXW) = M(87 |‘ZV|%—H7r X TXW) ’ /'L(Sv |‘ZV|_2 " X TXW) ’ /'L(Sv o' X TXW)
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By Proposition [[6.4] this is equal to

[+ i+i-3 v 1Y ( ot

[ (s + b +i+ 5w, d) Tov(s— 5+
x u(s, o’ B Txw)

_ s+ ST w) (s - gt )
v(s + ot TVXW,l/J) (s — l%l ™xw, ¥)
v(=s — l" L TXxw, ¥) (s - bl 7Vxw, )

- (50" B )
7(_5_ 9 7TXW7,(/)) W(S_lTaT XW,¢)

lo—1 lp—1 \V; A
’7(_ 2 ) ’7( 2 ) /
= = . = — - u(s, 0’ Rrxw).
7(_8 - ZTI,TXW,w) 7(8 - lTl7 TvXva)

cu(s, o’ Wrxw)

Hence we have

,U(S,7T|X|TXV) -1 —1 -1 vV Ty—1
WV, X = — —s—
D(57 y Vo ,77,7') M(S’O_IZ’TXW)’Y(S 2 , T, ¢) 7( S 92 , T aw)
_ M(Sao—/ﬁTXW) . IU‘(S,THETXV)
/,L(S,O"XTXW) M(Sual gTXW)
-1 _ -1 —
X 7(5 - Ta T, w) 17(_5 - 2 77_\/7'(/)) !
_,U/(S,TleTXV) _lo—l —1.0_ _lo—l vV Ty —1
- /L(S,O'"ZlTXW) (S 9 77-7’(/}) 7( 8 9 y Ty )
= uD(S;VVaVr(Tr)vxvﬂaT)'
Thus we have (). O

Now we prove Proposition [I¢ By Corollary 0.7 and Lemma [TG.7(2I),
may assume that 7, o, and 7 are supercuspldal. Take

a non-trivial additive character 1 of the ring of adeles A of F,

split for all v # vy, va,

an e-Hermitian space V over D so that V,, =V,, =V,

a Witt tower {V,;}2°, containing V,

a —e-Hermitian space W over D so that W,, = W,, =W,

an irreducible cuspidal automorphic representation I of G(W)(A)
I, =m,

a vector space X over D so that dimp X = dimp X,

an irreducible cuspidal automorphic representation = of GL(X)(A)

‘:"Ul = T}

@), we

a global field F and two distinct places vq,v2 of F so that F,, =F,, = F,

a division quaternion algebra D over F so that D,, =D,, = D and D, is

so that

so that

e a finite subset S of places so that vi,vy € S, all Archimedean places are

contained in S and II,, =, are unramified for all places v & S.

Let r(IT) be the first occurrence index of the theta correspondence of II to the Witt
tower {V,;}$2,. Then, Oy (I, V,.(m)) is a non-zero irreducible cuspidal automorphic

representation. We denote by 7’ (resp. 7') the representation II,, (resp. E,,).

Hence
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we have

(16.2)
up(s;V,W, X, 7,7) -up(s; V,W, X, 7', 7')
= up,, (8 Vo, Wy, Xy, oy, By ) - up,, (83 Vi, Wy, Xy, Ty, Boy)
= up, (5 (Veam)ors Woy, Xoy s 1oy, Eoy ) - up,, (85 (Vi) )ves Wog s Xy, Ty, Zy)
< T . (85 (Vem)ws Wo, X, 10, Ey)

VF£V] Vs
=1.
Applying ([I62) when II and Z are chosen so that 7’ = 7 and 7/ = 7, we have
up(s; V,W, X, 7, 7)% = 1. Hence up(s; V, W, X, w,7) = 1. It remains to determine
the signature. By Lemma [IG.7#]), we may assume that o is also supercuspidal.
Moreover, we may assume that 7 is not of the form y o N for any unramified

character x of F'*, where N denotes the reduced norm. Then, the Godement-
Jacquet L-factor of 7 is 1 [GJ72] Propositions 4.4, 5.11]. By Lemma [IG.I] we have

w(0, 7R 7xy) >0 and p(0,0 K 7xw) > 0.
On the other hand, putting

st g7 9) = ag(r) ¢

with ay(7) € C* and A € Z, we have

1 —
6(_5 + _aTvaw) = a/d)(T)_l : q)\sv

2
and we have
-1 -1
V(_ 2 , T, )7(_777- 51/})
L(YL 1Y) N L(YL 7
= ay(r)M/? 2 ay(r) M2 2
L(_%vT) L(_%vTV)
= q’\l > 0.

Thus, the signature of up(s;V, W, X, 7, 7) turns out to be 1. This completes the
proof of Proposition [16.0]

17. POLES OF PLANCHEREL MEASURES

In this section, we study the poles of the Plancherel measures, and we construct
some irreducible supercuspidal representations whose Plancherel measures are not
holomorphic on R . We will use this representation in the next section.

Let F be a local field, let D be a division quaternion algebra over F, and let V'
be an m-dimensional e-Hermitian space. Denote by V|, the anisotropic kernel of V,
and write V = X + V) + X* where X, X* are totally isotropic subspaces so that
X 4+ X* is the orthogonal complement of V. Put r = dimp X.

Proposition 17.1.

(1) There exists an irreducible supercuspidal representation p of GLa,.(F) such
that the image of the L-parameter ¢,: SLa(C) x Wrp — GLa,.(C) is con-
tained in Sps,.(C).
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(2) Take an irreducible supercuspidal representation p of GLa,(F) as in (D),
and denote by T the representation |JLg |(p) of GL(X). Then, for an
irreducible representation o of G(Vy), the Plancherel measure u(s,o X 1)
has at least one pole in R<g.

Proposition [I7.1] is proved at the end of this section. Before starting to prove
it, we recall accidental isomorphisms to show the explicit formula of the Plancherel
measure for some cases. To use the global argument, we write down them in the
global setting. Let F be a global field, let D be a division quaternion algebra over
F, and V5 be an anisotropic e-Hermitian space over D. We denote by é(VO) the
similitude group of V5. Then it is known that G (Vo) is isomorphic to a certain more
familiar group. By E we mean the etale F algebra associated with the quadratic
(or trivial) character yy, of the idele group of F.

e Suppose that e = 1 and m = 1. Then we have é(@) = D*. If we denote
by Vj the two-dimensional symplectic space over F, then é(@) is an inner
form of GSp(VY) = GLy(F).

e Suppose that e = —1 and m = 1. Let Vy be a two-dimensional quadratic
space such that xy; = xy,- Then we have G(Vo) = GSO(Vy) which is
isomorphic to E*. o

e Suppose that e = —1 and m = 2. If we denote by V{ the isotropic four-
dimensional quadratic space such that xy; = X, then é(&) is an inner
form of GSO(Vy) which is isomorphic to GLy(E) x F*/{(z, Ngsp(2)") |
z € EX} (cf. [GI11l A.2]). Thus, by using the non-commutative version
of the Shapiro’s lemma (cf. [PR94, Proposition 1.7]), we have G(Vj) =
B* x F* /{(z, Ngsr(z)~") | z € EX} for some division quaternion algebra B
over E.

e Finally, suppose that ¢ = —1 and m = 3. If we denote by V{ the split
six-dimensional quadratic space over F, then é(@) is an inner form of
GSO(Vy) which is isomorphic to GLy4 x GLy* /{(2,272) | 2 € GL;}. Thus,
we have é(@) >~ D) x F*/{(z,272) | 2 € F*} for some central division
algebra D4 with [Dy : F] = 16.

Therefore, applying the Jacquet-Langlands correspondence, we have Lemma

Lemma 17.2. Let & be a discrete series of é(VO)(A). Then, there is a discrete

series R of GSO(Vg)(A) (or GSp(Vy)(A)) such that S, and R, coincide for all
place v of .

Proof. We write é(ﬁ) as a quotient B’ x GL; /C; where B’ is a central division
algebra of a finite extension field E’ of F and C is a central subgroup of B’ x GL;.
Then, GSO(Vp) (or GSp(Vp)) is of the form GL4(E') x GL; /Co where d is the
positive integer so that d2 = [B : /], Cy is a central subgroup of GLg(E') x GL;.
Then, C is isomorphic to Cy via the inner twist isomorphism. By Proposmlonm
we have that there exists a discrete series R’ of GLq(E’) x GL; so that t | JLg/ |(R)) =

3. Since the weak approxnnatlon holds for C in each case, we have R/ e, = 1¢, by
(@ and @) of Proposition Hence the representation R of GLg(E') x GL; /C
yielded by R’ satisfies the conditions of the lemma. Thus we have the claim. O
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Let F' be alocal field of characteristic 0, let D be the division quaternion algebra
over F', and let V be an e-Hermitian space over D. As in the global case, we denote
Vo

the 2ng-dimensional equipped with the symplectic form (e = 1),
the 2ng-dimensional quadratic space of xv; = xv, (e=-1).
Lemma 17.3. Let o be an irreducible representation of G(Vy), and let p be an

irreducible supercuspidal representation of GLao.(F). Then, there exists a square-
integrable representation o’ of SO(Vy) (or Sp(Vy)) such that

Vs, 0 Rp, ) A(2s,p,A, 1)
Y +5,0" Rp, ) Y(1+2s,p,A2,9)
Here, (s, p, A?,%) is the Langlands-Shahidi y-factor [Sha90)].

p(s,0 B[ JLE [(p)) =

Proof. We prove this lemma only with e = —1 for simplicity. Take

e a unitary irreducible representation ¢ of the similitude group é(VO) so that
7la(vy) contains o,
e a global field IF and places vy, vy of F such that F,, =F,, = F,
e a division quaternion algebra D over F such that D,, = D,,, = D, and for
all places v # v1,v9, D, is split,
e an anisotropic e-Hermitian space Vo such that Vy,, = Vo,, = Vo, and for
all places v # v1, v2, G(Vp) is quasi-split,
e a 2ng-dimensional quadratic space Vi, such that XV}, = XVo»
e a vector space X, X* over I such that dimp X = dimp X* = dimp X.
We denote by Z; the center of G(V) and by Z, the center of GSO(V{). Then Z
and Z, are isomorphic to each other. Denote by wz the central character of o and
by w, the central character of p. Then, by Lemma [I4.4[2), there exists a character
w of Z1(A)/Z1(F) so that w, = w,, = ws, and there exists a Hecke character
w' of AX so that w; = w; = w, We take an auxiliary non-Archimedean place
v3 # v1,vy. Then, by Lemma [I4.6] there exist
e a cuspldal automorphlc irreducible representation 3 of G(Vo)(A) so that
Evl = EU2 =0 and EUS is supercuspidal,
°a cuspldal automorphlc irreducible representation = of GLa,-(A) so that
Ey, = Zy, = p and =, is supercuspidal.
Take a discrete series R as in Lemma[I72 Then, R is cuspidal since 7%1,3 = ivg is
supercuspidal. By the product formula (Lemma [I6.5]), we have

(s, 0 8| ILe ()2 = (5,5 X | JLr | (p))?
= s, R, B Ey, (s, Ry, R E,,)
= 1(s, Ry, K E,,)%
Thus, by the positivity (Lemma [I6.1]), we have
(s, 0 ®[ILr [(p) = p(s, Ro, R E,,).
Moreover, since ﬁvl and p are generic, this is equal to

V(s Ry, B ) y(2s,p,A%9)
7(1+$,va|zp,1l)) 7(1+257p7/\2aw)
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by [Sha90]. Thus, putting ¢/ = R,,,, we have the lemma. O

Now we prove Proposition I71l () is a consequence of [Mie20, §4]. We prove
[@). Let p be an irreducible supercuspidal representation so that the image of the
L-parameter ¢,: SLy(C) x Wr — GL4,-(C) is contained in Sp,,.(C). Then, by a
result of Jiang, Nien and Qin [JNQIO0], we can conclude that ~(s,p, A%,%) has a
pole at s = 1. Let Fr € Wg be a Frobenius element. Then, by [GRI0, Lemma 3],
¢,(Fr) has finite order, hence, [A? o ¢,](Fr) is a unitary operator. Thus all poles
of L(s, p, A?) lie in {Rs = 0}, and we can conclude that v(s, p, A%,%) has a pole at
s =1, and all poles of y(s, p, A%, 1) lie in {Rs = 1}. Hence, the ratio

v(2s, p, A%, 9)
Y(142s,p,A2,9)

has a pole at s = % Put
P ={sop > g | v(s,0"" ®p,1b) has a pole at s = s}

If P = &, then p(s, o™| JLF |(p)) has a pole at s = % since all zeros of (s, o’ ®p, 1))
lie in {Rs < 0}. If P # @, then the ratio v(s, o’ ¥ p,)/v(1 + 5,0"" K p,v) has a
pole at s = sup P. Hence we finish the proof of Proposition [[7.1}

18. INDUCTION ARGUMENT

In this section, we prove the compatibility of as(V, W) with the induction on
the dimensions of V, W with [ = 1, which completes the proof of Theorem [[T.2l We
emphasize that we allow V or W to be 0. Now, we explain more precisely. Let V'
be an m-dimensional right e-Hermitian space, and let W be an n-dimensional left
(—e)-Hermitian space. We assume that [ = 2n — 2m — e = 1. Consider

e an e-Hermitian space V' containing V' and its totally isotropic subspaces
X, X*so that dimp X =dimp X* =¢t, X +V +X*=V"and X + X* is
the orthogonal complement of V,

e a (—e¢)-Hermitian space W’ containing W and its totally isotropic subspaces
Y,Y* sothat dimpY =dimpY* =, Y + W +Y* =W and Y + Y* is
the orthogonal complement of W.

We put n’ = n + 2t and m’ = m + 2t. Then, we will prove
(181) ()zg(V/,W/) = Oég(v, W)

in this section. Let @ (resp. P) be the maximal parabolic subgroup of G(V”)
(resp. G(W")) preserving X (resp. Y). Then, we can identify the Levi subgroup
Lg (resp. Mp) of @ (resp. P) with GL(X) x G(V) (resp. GL(Y) x G(W)). Recall
that as(V/,W’) and a3(V,W) do not depend on the choices of the representa-
tions (see Proposition [I5.1]). Thus, it suffices to compare degn'/ deg 6, (7', V') with
degm/ degfy(m, V) for at least one pair (7, 7’) of square-integrable representations
m of G(W) and 7’ of G(W') so that both 6y (7, V) and 6,(7’, V') are non-zero.

Proposition 18.1. Suppose that there are sq > 0, an irreducible supercuspidal
representation m of G(W), an irreducible supercuspidal representation o of G(V),
and a non-trivial irreducible supercuspidal representation 7 of GL(X) = GL(Y) so
that

o 020, V),
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° IndIGD(WI) m X 75, xv @8 reducible, and

° Indg(vl) o X 15, xw s reducible.

Then, IndIGD(W/) X 75, xv and Indg(vl) o X 75, xw have unique irreducible square-

integrable representations m' and o’ respectively, and o’ coincides with 0, (7', V').
Moreover, we have az(V',W') = az(V,W).

We prove Proposition [I81] in the former part of this section. Suppose that a
quadruple (sg,m,0,7) as in Proposition [81]is given. By Lemma and Propo-
sition [0.6] the representation 6y (7', V') is the unique square-integrable irreducible
subquotient of Indg(v ) o7, xw, which is nothing other than ¢’. To prove the last
assertion, we use Proposition [I82] which is due to a result of Heiermann [Hei04].

Proposition 18.2. Let s > 0, let m be an irreducible supercuspidal representation
of G(W) and let T be a supercuspidal representation of GL;(D). Suppose that
w(s, 7 & 1xy) has a pole at s = sg. Then we have the following:

(1) The induced representation Indg(W)
unique irreducible square-integrable constituent w'. Moreover we have

m X 75,xv 45 reducible and it has a

deg ' =2tlogq - degmdeg T - Ress—s, p(s, 7 X TxV)
‘KMPl

. |Up ﬂKW/l . |U_pﬂKW/|
Here, v(G(W')/P) is the constant defined by
WGW)/P) = | o dm,
T

where U is the unipotent radical of the opposite parabolic subgroup P of P,
and f° is the wunique Ky -invariant section of the representation

N1
Indg(W ) 0p induced by the square root of the modular character 0p so that
fry=1
(2) The induced representation Indg(v )
a unique irreducible square-integrable constituent o’. Moreover we have

o X 75, xv 15 also reducible, and it has

deg o’ =2tlogq - degodegT - Ress—s, u(s,0 X 7xw)

KL, —

Here, v(G(V')/Q) is the constant defined similarly as in ().

Proof. This proposition is obtained by the proof of [GI14] Proposition 20.4]. O
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Now, take 7 as in Proposition [[84] and put o = (m, V). Then, by Proposition
I82 we have
degn’ _ degm Resi—, p(s, m®&xyv) A(GW)/P) | Keovn || Karp|
dego’  dego Ress—s, p(s,0®xw) Y(G(V)/Q) |KemllKL,l
_ degm =1 [—1 5 =
_dega Y(s0 9 7|| ;)v(=s0 9 7|| ;1))
|UPﬂKW/||U—pﬂKW/‘ ‘B+'||Bl\/[p|
\Ug N Kyi|-|Ug N Ky |B+,|\B+Q\

% Hanmd(ﬁ) [Xa NKwr: XaN B;"V,]*l
Hses..a@Xs N Ky : XN Bt

Here, we denote by B the pro-unipotent radical of B, by ¥..q(P) (resp. Yrea(Q))
the set of positive reduced root with respect to the opposite parabolic subgroup P
(resp. Q) of P (resp. @), and by X,, (resp. Xg) the root subgroup associated with
a € Z1red(P) (resp 6 S Zred(CQ))

Lemma 18.3. We have
1By 1By, |

|B+’||BZQ a

2t

Proof. Since |Bj}; = 1By 1By, | and |l’:>’Jr | = By IIBEL )|, we have

1BV |1Bi,| |B+/HB|
1By 1B, | 1B 1BV

{q(nlzn’z) (m'?—m’ —m*+m)—3(a},, —a},) (—e=1),
(

q(n’27n —n?+4n)—(m'2—m? )+ 3 (af

Ayyrr— a‘W) (-6: —1),

where
o 0  (xw is unramified),
W —1  (xw is ramified).
One can show that both coincide with ¢%*. Hence we have the lemma. O

Moreover, we have

Haezred(ﬁ) [Xo N Kwr 1 Xo N B{i/{_//]_l
Hﬁezred(a) [XB n KV/ . Xﬁ N B+,]_1

—2(ng—mo)t

— q7(1+e)t’

and
|Up N Ky |- |Up N Ky _

sl —2(nt+3t(t—e)) .q2(mt+%t(t+e))
|UQ N KV/| . |UQ N Kvl|

_ q72(nfm)+2et

_ q—(l—e)t'
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Hence we have
degn’  degm -1 -1

' V(SO - TaTa 1/})’-}/(_50 - 2

' V(SO7 T, 1/’)7(_50’ 7_\/7 E)

7TV7E)

dego’  dego
_ degm
~ dego
since | = 1. Thus we have Proposition I8l
Now, we prove the existence of the quadruple (sg, 7, o, 7) as in Proposition [I81]
when either V or W is anisotropic.

Proposition 18.4. Suppose that V is anisotropic. Then, there exists an irreducible
supercuspidal representation m of G(W) such that Oy (m, V') # 0.

Proof. We use the following see-saw diagram to prove this:

G(VO) GW) x G(W) .

e

G(V) x G(V) AG(W)

Let o be an irreducible representation of G(V). Since G(V') is anisotropic, o is
supercuspidal, and then we have ©, (o, V) is irreducible [MVWS8T7, p. 69]. Then
Theorem [(LT}@F) implies that ©(a,V)" = ©5(c", V). Hence, by the see-saw prop-
erty we have

@'l/)(o-7 W) # 0« HomAG(W) (Gw(av W) ® ®¢(0-7 W)Va 1G’(W)) # 0

\

< o X" appears as a quotient of Oy (1gw), VD)|G(V)XGW).

In the case where W is anisotropic, the proposition is clear by the above observation.
Then suppose that W is isotropic. This only occurs in the case where ¢ = —1. Thus
we have yyr = 1. Hence, we have the isomorphism

Ry: Iv(s, 1px) = S(G(V))
by [Rsfsl(9) = fs((g,1)) for fo € IV (s,1px) and g € G(V).

Lemma 18.5. For u € U(V?®) there is a unique element g, € G(V) such that
t(gu, 1) € P(V2)Tu for some p € P(V®). Moreover, u v g, gives a homeomor-
phism
U(V2) = G(V)\ {1}.

By Lemma [I87F] if we take a non-zero function ¢ € S(G(V)) so that supp(y) #
1 and ¢(g) > 0 for all g € G(V), then the integral defining M (s, 1px)(R; )
converges and M (s, 1px)(R; 1) # 0 for all s € C. On the other hand, if we denote
by W; the i-dimensional (—e)-Hermitian space with xw, = 1px and by [; the integer
2i — 2m — €, then we have

O (L, V) = ker M(~ 2 1)

fori =0,...,n—1 by [Yaml1ll Theorems 1.3, 1.4]. Thus, we have proved that

n—1

> Ry 2(0y (Lo, V7)) S S(G(V)).
1=0
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Hence, there is an irreducible representation o of G(V) such that n* (o) > n and
n~ (o) > n+1. Since we have assumed | = 1, the conservation relation (Proposition
[@.4) says that n™(c) +n"(0) = 2n+ 1. Thus, we have n™ () = n, and we have the
lemma by putting 7 = ©,(c, W). O

Proposition 18.6. Suppose that W is anisotropic and V is isotropic. Then, there
is an rreducible representation m of G(W) such that 0y (mw, V') is non-zero super-
cuspidal.

Proof. The situation in this proposition occurs only in the case where ¢ = 1,
dimW = 3, dimV = 2 and xyw = xv = lpx. Then, as in §I7 we have the
accidental isomorphism

GW) =D} x F*/{(a,a™?) | a € F*},

where Dy is a central division algebra of F so that [Dy : F] = 16. Now, we
denote by my an irreducible representation of D} obtained as follows: let m be
an irreducible supercuspidal representation of GL4(F') so that the image of its L-
parameter is contained in Sp,(C) x Wr (see [Mie20, §4]). Then we denote by 7
the irreducible representation of D associated with 71 by the Jacquet-Langlands
correspondence. Since the central character of 7y is trivial, we have the irreducible
representation my X 1px of Dy x F*/{(a,a™?) | a € F*}. We may regard it
as a representation of é(W) by the accidental isomorphism. We denote by 7 an
irreducible component of the restriction of mg X 1 to G(W). Then, the square
exterior y-factor ¥(s, ¢, A%, 1) has a pole at s = 1 (see [JNQI0]). Hence we have
Oy (m, V) # 0 (see [GT14, Theorem 6.1}, and [GT14, Proposition 3.3]). Moreover,
since ™ # lg(w), we have m(m) > 0. This forces that m(n) = 2, and (7, V) is
supercuspidal. Hence we have the proposition. |

Corollary 18.7. There exist (so,m,0,7) as in Proposition [I81] when either V or
W is anisotropic.

Proof. Take an irreducible supercuspidal representation p of GLy(F) so that the
image of the L-parameter ¢, is contained in Sp,, (Proposition [7II{)). Moreover,
we put 7 = | JLp(p)|.

Suppose first that V is anisotropic. Take 7 as Proposition [[84] and put ¢ =
0 (m, V). Then, there exists a positive real number sg so that u(s, 7 X 7y ) has a
pole at s = sg (Proposition[ITTI[2)). Since the Godement-Jacquet L-factor L(s, 7) is
equal to 1, we have that p(s, cX7xw) also has a pole at s = sg by Proposition [[6.61
This implies that the quadruple (sg, 7, o, 7) satisfies the assumption of Proposition
o811

Then, suppose that W is anisotropic and V is isotropic. Take 7 as in Proposition
086, and put o = 0y (m, V). Then, by Proposition [T} p(s, 7 X 7xy ) has a pole
at a positive real number sg. Then, we have that u(s,o X 7xw ) also has a pole at
s = sp as in the above discussion. Hence, the quadruple (sg, 7,0, 7) satisfies the
assumption of Proposition I8l Hence we have the corollary. O

Corollary 87 completes the proof of ([I&1]), and we finish the proof of Theorem
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19. DETERMINATION OF 7 AND

In this section, we complete the formulas of vy (W) and ay(V, W) even when both
V and W are isotropic. Let V be an m-dimensional right e-Hermitian space, and let
W be an n-dimensional left (—e)-Hermitian space. We assume that 2n—2m—e = 1.
Take a basis e = (eq,...,e,) for W. First, we have:

Theorem 19.1.

042(‘/7 W) = e(G(W)) . |2‘*2np+n(n |p H CF Fl ;ZQZ
i=1
% 2~XV(—1)".7(1—n’xv,»¢)716(%7xv7¢) (—6:1)7
! (—e=-1).

Proof. There is at least one irreducible square-integrable representation = of G(W)
such that ©y (7, V) # 0 (this has been proved in §I8 by replacing V' with V).
Then, comparing the formula of a3(V, W) of Proposition [[5.1] with its definition in
Theorem [[1.2] we obtain

1 2np—n(n— ) F 22
_. . 2 2 P .
S (VW) e(GV) - 217 B[ HCFl_QZ
D) (—e=1),
W=D (L xw,w)  (—e=—1)
_ XV(_l)e(%7XV7¢) (_6 = 1)7
3 xw(=D" (50w, ¥)  (—e=-1).
Hence, we have the claim. O
Suppose that —e = —1. We denote by W" a (—e¢)-Hermitian space so that

dimW* = n and W™ possesses a basis e(*) with R(e(")) € GL,(Op). Then, by
Theorem [I9.1] we have:

Corollary 19.2.
az(V, W) = [N(R(e))[” - aa(V, W*).

Proof. Since |[N(R(e™)| = 1, the claim follows from Theorem 9.1} O

!
On the other hand, we may identify W*" with W© by identifying e} with egu)
for i =1,...,2n. Then we can compare ZW" with ZW:

Lemma 19.3. For ¢,¢' e S(VQWV) =8V @ W"V), we have
(9, ¢') =T (¢, ¢").
Proof. By writing down the definitions, we have the equation. |

Therefore, we have
aq (W) _ 5W“ ((ba ¢/)
ar(We)  EW (g, ¢)
_ag(V, W)
(VW)
IN(R(e))| ™"
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Thus, we have a general formula of oy (W):

Proposition 19.4. In the case —e = —1, we have

051( ) |2‘27Lp ‘ ( (Q))l_pq_(QL%“'%]_L%J) .H(l_‘_q_(Qi_l)).
i=1
Proof. We already have a formula of a;(W) either when ng = 0 or ng = 1 and
Xxw is unramified (Proposition [Z.0]). Hence, we have the proposition by Lemma

I3 O
20. THE FORMAL DEGREE CONJECTURE

In this section, we explain the refined version of formal degree conjecture [GR10].
Moreover, we give another proof of Theorem assuming the local Langlands
correspondence and the formal degree conjecture.

Let F be a non-Archimedean local ﬁeld of characteristic 0, and let G be a con-
nected reductive group over F. Let G be the Langlands dual group of G, let
G be the L-group of G. By an L-parameter we mean the G- conjugacy class of
L-homomorphisms

¢2 Wg x SLQ(C) — LG
whose images are not contained in any irrelevant parabolic subgroup of “/G' [Bor79].
In this section, we assume the Langlands correspondence, that is, we can associate
an L-parameter with an irreducible representation of G. But we explain it more
precisely for quaternionic unitary groups to clarify what we assume.

Hypothesis 20.1. For an irreducible tempered representation m of G(W), there is
a tempered L-parameter ¢ of G(W) satisfying the following two properties.
e For an irreducible supercuspidal representation T of GLa,(F) and s € C we
have

(s, stdod” ® ¢, ) V(25,7 A, 1)
(1 + s,stdog” @ dr,¥0) (1 + 25,7, A2, 0)’
where ¢, is the L-parameter of 7.
e For a character x of F* we have

AW (s, B X, ) = 7(s,std 0 @ X, ),
where the left-hand side is the vy-factor defined in 0, and the right-hand
side is the standard gamma factor.

p(s,m B[ JLp |(1)) =

It is known that the equality of the Plancherel measure characterizes ¢ uniquely
([GS12| Lemma 12.3], [GI14, p. 652]). Now we consider a general connected reduc-
tive group G agaln and we discuss the internal structure of the L- packet H¢(G (F)).
We denote by Z(G) the center of G, , by Glaa the quotient G/Z( ) and by Gy the
simply connected covering group of Gad Moreover, we denote by Cy the centralizer
of the image Im ¢ of ¢ in @, by I' the Galois group of F*/F where F® is the sepa-
rable closure of F, by S, the quotient C¢/Z(CA¥)F C @ad, and by §¢ the preimage
of Sy by Gee — @ad. We call the component group of §¢ the S-group of ¢, and we
denote it by §¢,. We choose a character (g of Z(GSC) which is associated with G
via the composition of the maps

Hom(Z(Gs.), C*) — Hom(Z(Gy)T,C*) — {Inner forms of G%},
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where G% is the quasi-split inner form of G, the first map is the restriction, and
the second map is the isomorphism of Kottwitz [Kot84]. Let A be the maximal

split torus of the center of G. Then G/A is a subset of G. We denote by C’ the
intersection Cyp NG /A and by Irr(8¢, (c) the set of irreducible representations p of
§¢ so that

HomZ (Cg, p) # 0.

Conjecture 20.2. Let ¢ be a tempered L-parameter. Then there is a bijection

(20.1) I14(G) — Trr(Sy, (o)
such that for any square-integrable representation m € Il,(G) we have
di
deg() = @%’fv(o,w, ad, ),

where ad: G — GL(Lie(aad)) is the adjoint representation, and

(0,5t ad, )] (3, St,ad, )
(0,50 a0, 0) (L, mad,y) © b

where St is the Steinberg representation of G(W).

Cr =

We denote by 7, the image of 7 via the map (20.]).

Remark 20.3. It is expected that the characters of the irreducible representations
belonging to II,(G(F)) satisfy linear equations called the “endoscopic character
relations”. (See for example [Kall6].) But we do not discuss them in this paper.

Now we deduce some properties of Langlands parameters and local theta cor-
respondence. Assume that [ = 1. For a unitary character x of F'’*, we also de-
note by x the corresponding character of the Weil group Wy via the local class
field theory. For a non—negative/ir&eger k, let Q be tﬁdimensional quadratic
space over C. Then, we have G(V) = SO(Qxs) and G(W) = SO(Qnr+1) where
M =2m+ (14 ¢€)/2. Fix an isometric embedding u: Qpr — Qar+1. Then, u yields
the embedding &o: O(Qar) = SO(Qar4+1)- Moreover, we fix an element € € O(Qpr)
so that det(e) = —1. We extend the embedding &y|so(g,,) of the dual groups to an
L-embedding from %G (V) into Y{G(W) by

§(w,g) = (w, g&o(e)" w)) (w € Wr, g € SO(M,C)),
where ay (w) = (1 — xv(w))/2 for w € Wp.

Proposition 20.4. Assume that Hypothesis holds and that 1 = 1.

(1) For an irreducible tempered representation m of G(W), 0y (m, V) is non-zero
if and only if std og, contains xv as representations of Wg x SLy(C).

(2) For an irreducible tempered representation o of G(V), 0y(o, W) is non-
zero if and only if std o¢, does not contain xw as representations of Wg x
SLo(C).

(3) For an L-parameter ¢ of G(W), by ¥(¢) we mean the set of L-parameters
@' of G(V) so that £ o ¢’ = ¢ as L-parameters of G(W). Then, the local

theta correspondence defines a bijection

0(—,V): Iu(GW)) = | Te(G(V))
¢’ €v(9)
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if ¢ is tempered and 9(p) # @.

Proof. Let o be an irreducible tempered representation of G(V') so that 6y (c, W) #
0. Put m = 0, (0, W). Then as in [GI14, Theorem C.5], we have

stdogr @ xv = (stdoge ® Xw) @ 1w,

as representations of Wg x SLa(C). This proves the “only if” part of ([IJ). The “if”
part of the property () is obtained by the similar argument to [HKS96, Theorem
6.2] of Harris, Kudla and Sweet. Let 7 be an irreducible tempered representation of
G (W) such that std o¢, contains xy. Then the standard L-function L(s, 7 X xyv )
has a pole at s = 0. Since 7 is tempered, L(s, 7 X yy) does not have a pole in
Rs < 0 [Yaml1l]. Hence we have

L(-s+ 3 mRxv)  Z(f*),&)
¢(2s—1) Lis+ i 7Rxy)

Here, by fi1 ~ fa we mean f1/fs is holomorphic at s = % Hence, by [Yamlll

Theorem 5.2] we can conclude that Z(—,&x) is non-zero on ©y(lgny, W) C
I W(—%, Xv ). Then, by considering the see-saw diagram

Z(M (s, xv) [, &) ~

G(W") G(V)xG(V),

s

G(W) x G(W) AG(V)

we have
Homag(vy(Oy(m, VRO (1", V), 1v) = Homgv)xawv)(Oy (1v, W), 7Rr") # 0.

Thus, we have 6,(m, V) # 0. By combining the property () with the conserva-
tion relation (Proposition [@4]), we have the property (2). The property @B) is a
consequence of (1)) and (2. O

In the rest of this section, we assume Hypothesis [20.1] and that Conjecture [20.2]
is true.

Proposition 20.5. Let 7 be a square-integrable irreducible representation of G(W),
and let o0 = 0, (m, V). Suppose that o # 0. Then we have

1 (e=1),

1 (6 =-1,¢5 # ¢U)’

2 (e=—1,¢5 = ¢y).

Proof. Let ¢ be the L-parameter of . Then, it is known that all representations
in Irr(Sy, , Ca(wy) have the same dimension [Sy, : Zy.]7 where Z,_ denotes the
center of Sy [Artl3| Lemma 9.2.2]. First, we claim that

(20.2) Cy,. C Cy. -&(g1) for some g1 € O(Qar),det(g1) = —1.

dimn,

dimn,

Let g € Cy,, . Since std o¢, = std ops @ xw xv + Xxv K 1gp, (), and std ops @ xw xv
does not contain xy X1gy, ) (Proposition 20.4)), the action of g on Qaz41 preserves
the subspace u(Qpr). Hence we have g € O(Qpr). Thus, if ¢’ is also an element of
Cy., then we have g'g~! € Cy_. This implies the claim (20.2)).
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Suppose that € = 1. Then, we have Cy_ D &(C,) x {£1}. By @20.2), we have
Cy. = £(Cr,) x {£1}, and we have [Sy, : £(Sy,)] = [Z4. : Z4,] = 2. Thus we have
dimn, = dimn,.

Suppose that € = —1 and ¢S % ¢,. Then, there is no element g € SO(Qxs) so
that £(ge) € Cy,. Then, by [20.2), we have that £ is a bijection between Cy,_ and
Cs,. Thus we have §¢U & §¢" and dimn, = dimn,.

Finally, suppose that ¢ = —1 and ¢ = ¢,. Then, there exists an element
g € SO(Qur) so that &(ge) € Cy,. Hence we have [3‘% : {(3‘%)] = 2 by 202).
Then, we have

3
Ind??z
e CIndig ym

for some irreducible representation 7 of & (5%). Thus we have dimn, < 2dimn =
2dim7,. Besides, since the action of ge on Z(Spin(Qas)) is non-trivial, we have
[quo : Zﬁﬂ] > 1, which implies dim 7, > 2dim7,. Thus we have dimn, = 2dimn,.
Therefore, we prove the proposition. ([l

Now we give the alternative proof of Theorem [[T.2] By the proof of Proposition
20.5 we have

dim 1, #c%_{% (e=1),

dimn, #Cy, 1 (e=-1).
Moreover, as representations of Wp x SLy(C), we have
(20.3) ad o ¢, = ad o ¢y @ (stdog,) ® xw.

By the substitution of the formulas of the formal degrees (Conjecture 20.2)), we
have

degm

. co’(_l) : 7(070 X XWv'(/))71

dego
_ dimn, #Cg, (0,7, ad,v)
= (T ey (—1) - it 220
o Co(=1) dimn, #Cs.  ~(0,0,ad,1))

— {%CU(_l)Cﬂ'Cgl (e=1),

V(0,0 x xw,¥)

co(—1)¢rCt (e=—1).

It remains to show that
_ n 1 _
(ot = co(=1)xw(-1) '€(§7XVXW7¢) .
It is known that
ad o ¢pst = Ba>1E @ r2g—1

as Wr x SLy(C)-modules [GRI0} §3.3]. Here E, is the Wp-modules obtained by the
action by I" on the submodule of homogeneous elements of degree d of E’ (see §6.1)),
and rgg—1 is the unique 2d — 1-dimensional irreducible representation of SLa(C).

Then, by using the formula of the structure of the graded module E’ (see the proof
of Proposition [6.1]), we have

7(07 Sta adv 1/)) = 6(%7 St, adv 1/)) : |7(Oa Stv ada ’l/})|7
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and thus we have (; = e(%, 7,ad, )1, Since o is square-irreducible, the L-factor
L(s,0 X xw) does not have a pole at s = 1/2. Hence, by [20.3), we have

1
GGt = el o Bxw, )

Moreover, by [Kak20, Proposition 8.2], this is equal to

o (=D (1)l xvw )

Thus, we complete the proof of Theorem [M1.2] admitting that Hypothesis 20.1] and
Conjecture 20.2] hold.

21. FORMAL DEGREE CONJECTURE FOR THE NON-SPLIT INNER FORMS OF Spy,
GSpy

The local Langlands correspondence for the non-split inner forms of GSp, and
Spy has been constructed by Gan and Tantono [GT14] and Choiy [Chol7]. Note
that one can show the equation of the Plancherel measure by Proposition and
accidental isomorphisms. Hence Hypothesis is true in these cases, and we have
a bijection m — 7. Thus, the refined formal degree conjecture for these groups can
be stated unconditionally, and it suffices to show that the bijection 7 +— 7 satisfies
the formula in Conjecture In this section, we prove this as an application of
Theorem We denote by G1,1, Hi,1, and H3 o the isometry groups of

e the two-dimensional Hermitian space W with xw = 1lpx,
e the two-dimensional skew-Hermitian space W with xyw = 1px,
e the three-dimensional skew-Hermitian space W with xw = 1px

respectively. We also denote by ém, Efl,l, and ﬁg’o their similitude groups re-
spectively. In this section, we assume that G is one of G11,H1,1,H3 o, and we

assume that G is the corresponding similitude group. We denote by p: G — G the
projection of [Lab85, Theorem 8.1]. Let qz be an L-parameter for G. We denote by
¢: Wg x SLa(C) — G the L-parameter given by the composition p o 5 According
to [Chol7, §7.3], the L-parameter ¢ of 61’1 is classified into one of the following
“Case I-(a), Case I-(b), Case II, Case III":

e Case I-(a): the parameter qg comes from that of fll,l, and the cardinality
of the L-packet H$ is equal to 2, and the action of Hom(Wpx,C!) is not
transitive;

e Case I-(b): the parameter $ comes from that of H 1,1, and the cardinality of
the L-packet Hg is equal to 2, and the action of Hom(Wx, C!) is transitive;

e Case II: the parameter 5 comes from that of I;TM, and the cardinality of
the L-packet Hg is equal to 1;

e Case III: the parameter gg comes from that of fNI&O, and the cardinality of
the L-packet Hqg is equal to 1.

Denote by X (¢) the stabilizer
{a € HY (W, @) | ag = ¢ as L-parameters}.
Then we have an exact sequence

85— Sy — X(9) = 1.
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In the case ¢ is a tempered parameter, the first map is injective [Chol9, Lemma 4.9].

21.1. Restriction of representations from G to G. It is known that such re-
striction problems have much information on Langlands parameters for G. We only
use Lemma 2T.T}

Lemma 21.1. Let 7 be an irreducible representation of G. Then, we have a de-
composition

t
Flo = (@),
=1

where w1, ..., m are irreducible representations of G and

b {%dimn (G = G1,1 and T has the L-parameter of Case I — (b)),

dimn  (otherwise).
Proof. 1t is obtained by [Chol7, Theorems 5.1, 6.1, 7.5]. O
In this paper, we need Lemma 2T.1] to prove Lemmas and

Lemma 21.2. Let w be a square-integrable irreducible representation of G, let (¢, n)

be its Langlands parameter, let T be an irreducible representation ofC:Y so that its

restriction T|g to G contains 7, and let ((E,Tﬂ be the Langlands parameter of 7.

Then, we have

degm = d%mﬁ. #Co
dim 7 #C’é

-degm, and adogzad0¢.

Proof. Put
X(7) ={x € Hom(F*,C*) | (x o A)7 = 7}.

Then the reciprocity map of the local class field theory induces an embedding

X (7) = X (¢). Moreover, we have

~ ~ 2 (G = G411 and 7 has the L-parameter of Case I-(b)),
X(3): X (7)) = { (¢ = G P v

1 (otherwise).

Hence, by [GI14] Lemma 13.2] and by Lemma 2T} we have

42/G)  k

d = — . — - d

e #2(G) #X(7) er
42/(G) dimn-#8;
- 2. d
#2(G) #S er
dimn - #C%
= 70, deg7

Moreover, since the projection p: G — G factors through the adjoint map ad, we
have

adog=adopog
=ado ¢.

Hence, we have the lemma. O
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Lemma 21.3. Let m be a square-integrable irreducible representation of G11, and
let o be an irreducible representation of either Hy 1 or Hs o associated with m by
the local theta correspondence. We assume that o # 0. We denote by (¢r,15)
(resp. (¢o,Ms)) the Langlands parameter associated with © (resp. o). Then, we
have

(21.1) dimn, _ {% (m has the L-parameter of Case I — (b)),
' 1

dimn, (otherwise)

and we have
#C,, | L (m has the L-parameter of Cases 1 — (b),11I),
#C, |1

(otherwise).

Proof. Note that discrete series parameters are of Case I and Case I11. By [GT14]
Proposition 3.3] and Lemma 2TT] we have ([ZII). The remaining equality is ob-
tained by the case-by-case discussion in [Chol7l p. 1867-1874]. O

21.2. Refined formal degree conjecture. In this section, we discuss the refined
formal degree conjecture [GR10, Conjecture 7.1]. We first prove it for inner forms
of GLy. Note that #C’(’b = N if ¢ is a discrete parameter for GLy.

Lemma 21.4. Let G be an inner form of GLy, and let ™ be a square-integrable
irreducible representation of G. Then, we have

deg(m) = ex(~1)¥ - = 70, w0, 0).

Here, ad is the adjoint representation of LG on sly(C).

Proof. By [HII08, §3.1], we have

deg(m) = % -|7(0, p,ad, ¥)|.

Take a square-integrable representation p of GLy (F') so that m# = | JLg |(p). Then,
by [GI14] Proposition 14.1], we have

7(0, 7, ad, ) ¥(0, p, ad, )

[7(0, 7, ad, )| [7(0, p, ad, )|
= Wp(_l)N_l
= w, (-,

Thus, by the positivity of degw, we have the lemma. O

Let G be one of G, Hi1, Hs 0, él,l, FIl,l, and }7370. Then the refined formal
degree conjecture for G is true:

Theorem 21.5. Let w be a square-integrable irreducible representation of é, and
let (¢,m) be its Langlands parameter. Then we have

dimn
#C,

degﬂ-:cﬂ(_l) -’V(O,adoqﬁ,zﬁ).
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Proof. When G’ is either H 1,1 Or H 3,0, we have the claim because of the accidental
isomorphisms

Hyy = D* x GLy(F)/{(t,t™" - L) | t € F*},
Hso =D} x F*/{(t,t"?) |t € F*}

as in §I7l Here, Dy is a central division algebra of F' with [Dy : F| = 16. Hence,
we have the claim for Hy ; and Hs by Lemma 2T.21 When G’ = G1,1, we have
the claim by Theorem [[T.2] equation (20.3) and Lemma 2T3] Hence, we also have

the claim for G,;. Thus we have the theorem. [l

APPENDIX A. AN EXPLICIT FORMULA OF ZETA INTEGRALS

In [Kak20l, Proposition 8.3], the author computed the doubling zeta integral of
right K (¢/")-invariant sections. However, the formula does not tell us about the
constant term and a certain multiplier polynomial factor S(7T'). In this section, we
complete the formula by applying the formula of a; (W). Note that there are errors
in [Kak2(, Proposition 8.3]. We also point out and correct them. In this section,
we assume the residue characteristic of F' is not 2. We note that the results in
this Appendix are not used in this paper but had been used in the previous version.
Actually, we can prove Proposition by them if we assume ¢ 2.

Fix a basis ¢ of W as in §41 We denote by ¢, the basis e, 41, ..., €rqn, for Wo.
Moreover, we may assume that

1 —e=1,n9=1),
e e=—-1,n9=1),
-1 e=—1,n9=1),

RO = R(GO) =

—1,n0 = 2 with yw unramified),
€ = —1,n9 = 2 with xw ramified),

—].,710 = 3)

(
(
(
(
(
(

—€

€

Here, « is defined in §2] and § is an element of D so that ordp(8) = —1, Tp(8) =0
and % = o?w?. We recall that we have put ng = dim Wy and r = “5. By this
basis, we regard G(W) as a subgroup of GL, (D). Then, put

Cy = {g € G(W) N GL.(Op) | (9 — DR(e) € Ma(Op)}.

Note that C; is an open compact subgroup of G(W). Let X; be a subspace of X
spanned by eq,...,e;. We denote by § the flag

fOZXO;XIggXTZX,
and by B the minimal parabolic subgroup preserving f.
Proposition A.1. We have GIW) = B - C}.

Proof. We use the setting and the notation of §5l in the proof of this proposition.
By the result of Bruhat and Tits [BT72, Théoreme (5.1.3)] and that of Heines and
Rapoport [PR0O8, Appendix, Proposition 8], we have the decomposition

G(W) = B Noq)(S) - B.
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Since B D Zgw)(S), we can take a representative system wy,...,w; for B\(B -
Newy(S)) so that w; € Cy for i = 1,...,t. Moreover, Xq0 C Cy for a € ®* and
X, 1 C Cy for a € &~. Hence, by Lemma [5.2] we have

al
2
t
B-Now)(S)-B=JB-wi- Zaw)(S) - [[ Xeo- [[ Xuz
i=1 acd+t acd—
t
= U B - Zg(W)(S)l Wy - H Xa70 . H Xa,%
i=1 acd+ acd-
C B- (4.
Thus we have the proposition. (Il

Let og be the trivial representation of G(Wp), let s; be a complex number for
i =1,...,r, let o; be the character | |* of GLy(D) for i = 1,...,r. Then, o =
®I_y0; is a character of the Levi subgroup of B. Let 7 be an irreducible subquotient

representation of Indg(w) (o) having a non-zero C;-fixed vector. Then, we have the
following formula of a zeta integral with a certain section and a matrix coeflicient:

Proposition A.2. Let f2 € I(s, 1px )K(EID) be a non-zero K (¢'°)-invariant section
with fo(1) =1, let £€° be the Cy-fized matriz coefficient of w. Then, we have

S

2052.6) = 1G] Gyt S TLE" 5+ 5.
=0

for some self-reciprocal monic polynomial S(T) of degree

for = 1 (—e=—1,n0 =2, xw is unramified),
"o (otherwise).

Here we set

iV (s) = Cr(s+n+HTIMH r@s+2n+1—4i) (—e=1),
2V Cp (25 + 2n + 3 — 4i) (—e = —1).

Note that if ng = 0, then Lo (s, 1y, x 1) denotes

{<F<s> (—e=1),
1 (—e=-1).

Note that we will determine S(7T') and |C}| later (Propositions [A.4] and [AF).

Remark A.3. Proposition [A2]differs from [Kak2(, Proposition 8.3] at the definition
of fw in the case ng = 3 and the definition of LWo(s, lgwy) X 1px) in the case
ng = 0, —e = 1. The former is caused by an error in the computation of the
~-factor, which is modified by (A.3). And the latter is caused by a typo.

Proof. We can deform the doubling zeta integral to the summation

V(o) = [ (g dg+ / 72((g. 1))€°(g) dg.
Cq G(W)*Cl
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If so is a sufficiently large real number so that ZW (f2,£°) converges absolutely,
then, by [Kak20, Lemma 8.4], we have

/ (g, ))E(g)| < / A (g, )01 12 (9, 1)) (9)] dg
G(W)—Cy G(W)—Cy

< g~ R=s0) / 12 (9. 1)E°(9)] dg
G(W)

for s > sg. Thus we have

(A1) lim Z"W(f7,6°) =Cil.

Rs—o0
Put
=(q) = Z7(55,87)

HZ:O LWZ(S + %, o; X 1F><)

Then, the “g.c.d. property” ([YamI4l Theorem 5.2] and [YamI4, Lemma 6.1]) im-
plies that =Z(¢*) is a polynomial in ¢~ and ¢*. Moreover, by (A, it is a poly-
nomial of ¢~* with the constant term |Cy|. Put D(q~*) := d"(s). Once we prove
the equation

(A.2) E(¢*)D(¢%) = (q~*)" - Z(¢°)D(q"*),

one can deduce that

E(¢") =1C1| - S(¢™*)D(q™")
for some monic self-reciprocal monic polynomial of degree fy since ¢~ *D(q®) is a
polynomial of ¢—* which is coprime to D(¢~*) for sufficiently large ¢, which proves
the proposition.
In the following, we prove equation [A2)). By the definition of the y-factor, we
have

C(Sv 1F><7A7¢)71R(57 1F>< ) Aﬂ/’) ' ZW(M(57 1F>< )f‘;7£0)
1 (o) o
= Cﬂ‘(_l) : ’YW(S + Evﬂ-g 1F><7w)ZW(fs7§ )
By comparing this with the equation

C(Sa 1F><7Aa w)_lR(Sa 1F><7Aa w)M*(& 1F>< ) A7w)fso
1 D(q™)

= INRI)I el xw 0) - i S
where
o {2r;—w (~e=1),
ZI-%J (_6 = _1)a
we obtain
E(¢*)D(¢%) = D(q"*)=(q")
/ . 6(%7XW’¢)

x [N(R(e))|*¢ "

7(5—’— %77T|Z’1anw)
[T LY (=5 + 3,00 x 1px)
H:ZOLWi(S—l- %,0’1‘ X 1F><) '
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Moreover, by Lemma [L5] we have

f[ LWi(—S-f- %,Uzy X 1F><)

)

1 1
(A3) FYW(S + 5’71— X 1F><51/}) = q7AS ! EW(_7XW7¢)

2 Pl LWi(s+ 4,0 x 1px)

where

23] (me=1),

A=1q2[%] (—e=—1, n# 3 mod 4, xw is unramified),

2|5]+1 (otherwise).

Therefore,
2(q*)D(@*) = D(g~)E(¢") ¢~ "V IN(R(e))]
= D(q*)E(¢") - (a~*)™.

Hence we have equation ([(A2)), and we have the proposition. ([l

For the polynomial S(T'), we have the following:

Proposition A.4. We have

S(T) = T2 + (q% + q*%)T—l— 1 (—e=-1, ng =2, xw is unramified),
1 ( otherwise).

Proof. We have fiy = 0 in the cases other than —e = —1, ng = 2, and xw is
unramified. Thus the proposition is clear for the second case. Consider the case
n = ng = 2 and yw is unramified. Since G(W) is compact, Z(f¢,£°) is a polynomial
in ¢~°. In other words,

Cr(s+ 2)L(s+ 5, xw)

S(qg™) (251 3)

is a polynomial. Thus, we can conclude that (1 + ¢~27) divides S(T). Such a
self-reciprocal polynomial is only (1 + q_%T)(l + q%T). Hence we have

S(T)=T%+ (q* +q 2)T + 1.

Now, suppose that —e = —1, n > ng = 2, and yxw is unramified. We recall a certain
intertwining operator associated with the parabolic induction. Let Q(X") be the
parabolic subgroup of G(W") preserving X", let U(X") be the unipotent radical
of Q(X"), let M be the Levi-subgroup of Q(X"), and let I*X(s,1px) be the space
of smooth functions f on GL(X") satisfying

f(pg) = IN(plx2)|" TN (plx<) 1" f(9)

for p € P/(X?) and g € GL(X"). Here, we denote by P'(X%) the parabolic
subgroup of GL(X") preserving X*, by p|xa (resp. p|x+) the restriction of p to
X2 (resp. XV), and by N the reduced norm of End(X*) (resp. End(XV)). For a
coefficient £ of an irreducible representation of GL(X) and a section f € I(s, 1px),
we define the doubling zeta integral by

75 (.6) = / F(ex(9:1))E(9) do,

GL(X)
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where tx: GL(X) x GL(X) — GL(X") is the embedding induced by the natural
action of GL(X) x GL(X) on X". Then, there is an intertwining map

W(s): 1" (5, 1pw) = IndG e ) (X (5, 1) © 1V (5, 1) © [Acewoyw ) - f
= (g [@ ()fs]g)

(see [Yaml14l Proposition 4.1]). Although we omit the definition, we note the rela-
tion

[@(s)fS]e = J ()" @ fI7,

where f2° (vesp. f/°) is the unique GL,.(Op)-invariant section of I (s, 1zx) (resp.
the unique K(ef, )-invariant section of I"™o(s,1px)) so that f.°(1) = 1 (resp.

f°(1) =1), and

J(s) = 72 (w) du.

/U(XD)QQ(WA)\U(XD)
Moreover, by Proposition [A.1] we have

W(fe.€%) = a1 / £2((g. 1)) dg

=1cal [ )2, 1)) dm

= |C1]J( )ZWO(f §/O)Zx(f”0,€'/0)
LWO(S+ 5 1G(W) X 1FX) LX(S—i- %,O’)

= |C4]J(s)S(q~") 7o (s) T dX(s)

J(s)

= 101S™ (0 v g a< )

1
LW(S + 5, 1G(W) X 1F‘><)-

Thus, we obtain

" (s)

SY(q7*) = 5" (q7*) x J(S)m~

However, since J(s) does not have a pole in s > —1 [Yam14l Lemma 5.1] and
d"(s),d"o(s),d*(s) has neither a pole nor a zero at s = mv/—1 + 3, we can
conclude that W (X) is divided by (1+ ¢=2T). Thus, we have SW (T) = SWo(T)).
Hence, we finish the proof of the proposition. O

Finally, by the formula of oy (W) (Proposition [[9.4]), we can determine the vol-
ume |C4] of Ci:
Proposition A.5.

(1) In the case —e =1, we have

[n/2]
‘Cl| — q72Ln/2j [n/2]—n/2] H (1 +q7(2i71))(1 _ q72i).

i=1
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(2) In the case —e = —1, we have

|C1| = |N(R(§))|—pq—(2Ln/2J [n/2]—In/2])

1292 (1 + g @) [T (1 - %) (no = 0),

172 (1 + g D) [T (1= g %) (no = 1, xw : unramified),
12 (1 4 g @=0) [T (1 — ¢2) (no = 1, xw : ramified),
M A+ G A= 7)) (no = 2, xw : unramified),
12 (1 + g D) [ 1 = g72) (g = 2, xw : ramified),
TP A+ @I 1 - g% (g =3).

Proposition [A-4] and Proposition give a completion of the formula in Propo-
sition [A.2]
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