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0. INTRODUCTION

Let X be a compact manifold with nonempty boundary and let P be a first
order elliptic differential operator over X . In order for P to have a well-defined
index, a suitable boundary condition must be imposed.

In [APS], Atiyah-Patodi-Singer introduced a boundary condition which is par-
ticularly significant for applications. Their condition involves a first order self-
adjoint operator, 4, on Y = 8X, which is naturally associated to P . Specifi-
cally, the boundary values of solutions, #,to Ph =0, on X, are required to lie
in the direct sum of the eigenspaces of A corresponding to negative eigenvalues.

In this situation, an invariant of A4 called the 7 -invariant, n(A), enters into
the index formula for P ; see [APS]. Formally, 7(4), is equal to the number
of positive eigenvalues of 4 minus the number of negative eigenvalues. In
actuality, A has infinitely many eigenvalues of each sign and n(4) must be
defined by a regularization procedure; see (0.3).

The invariant, 7(A4), is not locally computable. That is, it cannot be obtained
by integrating over Y , any differential form which is given in local coordinates
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by a canonical expression derived from the symbol of 4. In fact, any such
expression behaves multiplicatively when one passes to a finite covering of the
underlying manifold. Examples show that the p-invariant does not always be-
have in this way.

As a consequence of its not being locally computable, the n-invariant is often
difficult to compute explicitly.

Consider, on the other hand, a I-parameter family of operators, 4,. Then
n(4,) behaves smoothly, when reduced mod Z and it turns out that the varia-
tion, dn(4,)/dt, islocally computable in terms of A4,, dA,/dt . This remarkable
property of the x-invariant is closely related to its connection with index theory.

In the present paper, we study the limiting value of the #-invariant for Dirac
operators, in situations in which the metric (or part of the metric) on the under-
lying manifold is multiplied by the factor ¢~' and ¢ — 0. We show that in the
presence of an additional invertibility hypothesis, the n-invariant approaches a
limiting value which is locally computable (or partly locally computable).

The operation of blowing up the metric is called passing to the adiabatic
limit.

The additional invertibility hypothesis is described in more detail following
(0.4), below.

The original motivation for considering our problem comes from a paper
of Witten, [W]. He considers a family of Dirac operators acting on an even
dimensional manifold. The parameter space of his family is a circle and thus,
the (odd dimensional) total space of his family is the total space of a fiber
bundle over the circle. Witten gives an argument relating the holonomy of the
determinant line bundle of the family to the limit of the x-invariant of the
Dirac operator on the total space, when the metric on the circle is blown up.

Witten’s result was proved rigorously in [BF] and [C3]. The emphasis in [BF]
was on the superconnection formalism of Quillen, [Q], in relation to the proof
given in [B1] of the local index theorem for families.

In [C3], two proofs are given, one based on Duhamel’s principle and the sec-
ond which exploited the connection with previous work on conical singularities;
see [C1, C2]. For the case of the signature operator, an expression equivalent
to that considered by Witten had arisen in [C2], when considering the variation
of the n-invariant, for a space with isolated conical singularities. Finally, it was
emphasized in [C3] that for a fibration of compact manifolds, Z - M = B,
the n-invariant of the total space can be viewed as a renormalized difference of
n-invariants, with coefficients in an infinite dimensional bundle whose fiber is a
space of sections along the fiber, Z . '

If, as above, we view the case of fibrations (discussed in §4) from the stand-
point of infinite dimensional coefficient bundles, then there is a corresponding
problem for finite dimensional coefficient bundles. This is treated in §§2 and 3.
The analogy between the above two problems extends the analogy between the
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local index theorem for Dirac operators coupled to superconnections and (the
second proof of) the local index theorem for families; [B1].

For the remainder of this introduction, we will restrict our attention to the
case of fibrations and we will assume that the dimension of the base is odd. For
obvious reasons, the statements of our results are slightly different in the cases
dim B odd and dim B even, but the discussions of these two cases run parallel
to one another.

Let 2% — m*k+0=1 %, p2%=1 be 4 fibration of compact oriented spin man-
ifolds. We assume that the metric on M is of the form

(0.1) g =n"") +¢"

where gB is the metric on B and gZ annihilates the orthogonal complement of
the fibers. Let ¢ be a Hermitian vector bundle over M with unitary connection
and V° and curvature L°.

We denote by DBM the Dirac operator with coefficients in & for the metric

-1 %, B VA
(0.2) g =e'n" g )+ 8"
By definition the reduced n-invariant of DEM is

_ !
~2

(The fact that the integral is convergent at ¢ = 0 is nontrivial; see [Gil], [BF],
and §3 below).

Let R® be the curvature of B and let AA(RB/Zn) be the differential form
representing the AA-genus of B, which is obtained from the Chern-Weil homo-

morphism;
1/2
Rfjan 1"
sin R? /4n '

We now assume that the Dirac operator along the fibers, D%, with coefficients
in &, is invertible for all fibers Z (in §4, we briefly describe how the discussion
can be modified if this fundamental assumption does not hold). Our basic
assertion is that there exists an explicit differential form, #, on B, whose value
at p € B depends only on (global) information on Z, = n"‘( p), and on the
splitting of TM into its horizontal and vertical subbundles, such that

M . M I ® i M —(DM)x
©3) (B = 3 |dimker D + o /0 " t(DMe )dt].

(0.4) AR® /27) = det [

. 1 ~ . B
0.5 lim (DY) = / A(IR™)7.
(0.5) lim7(D;") o) o (iR™)7
Since, a priori, lim,_ ry(DeM ) depends on global information on all of M,

(0.5) represents a partial localization of the n-invariant (to the fibers). Let R
denote the curvature of the subbundle, TZ c TM , which is tangent to the
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fibers, computed with respect to the connection obtained by projecting the Levi
Civita connection for gB onto 7Z. Then
1

(0.6) dii = Gy

/ AR (e,
Z2

where fzz, denotes the operation of integration over the fiber.

The form occurring on the right-hand side of (0.6) is a representative of the
(normalized) Chern character of the index bundle of the family of Dirac oper-
ators, D* , over B. This representative was obtained in [B1], by an extension
to infinite dimensions of the superconnection formalism of [Q]. Since we have
assumed DZ is invertible for all Z , the above family is trivial. Thus, the form
on the right-hand side of (0.6) must be exact and the form # makes it exact in
a canonical way.

By referring to the formula for # (see (4.34)) one sees that # can be inter-
preted as a generalization to infinite dimensions of the form constructed in [Q],
in order to transgress a Chern character form. Indeed, someone familiar with
[Q] and with the Levi Civita superconnection of [B1], might be led to write
down the formula for # by analogy with Quillen’s formula.

However, in the proof of (0.5), we do not set out with the express purpose
of making the form on the right-hand side of (0.6) exact. Rather, the form #
appears when we manipulate the integral in (0.3). That (0.6) should hold for a
form obtained in this way can be perceived by noting that (0.3) is itself part of
a transgression formula. An understanding of the sense in which this is so is of
importance in dealing with the z-invariant. It leads naturally to the “auxiliary
Grassman variable” which played a crucial technical role in [B2, BF, BGS] and
which will be used again in the present paper. It is also intimately related to the
proof of the Atiyah-Patodi-Singer formula, by means of the cone construction;
see [C2, Chou]. We will return to these points in §3 and in [BC2].

We will discuss applications of our work and its relation to that of other
authors elsewhere (see in particular [ADS, BaM, M1, M2, S]). At this juncture
we will point out just the following. The main results of this paper are stated
for the n-invariant—the value at s = 0 of the n-invariant, 5(s). However, our
method of proof makes it immediately apparent that there is a corresponding
result for the p-function itself. This more general result is actually necessary
for the applications mentioned above (compare the argument of [C3, Appendix
3]). For some further comments pertaining to these applications, see Example
A.2.7 below.

Last, we mention that the # forms arise naturally in the context of L,-index
theory on closed oriented pseudomanifolds with nonisolated conical singulari-
ties. There they appear in local formulas for the homology . -classes (see [C2,
§9]). This is explained further in [BC2] in which the #-forms and the cone con-
struction figure prominently. The main results of that paper and of the present
one were announced in [BCl1].
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1. ALGEBRAIC PRELIMINARIES

(a) Z,-graded algebras. A vector space, Z, is called Z,-graded if it comes
equipped with a direct sum decomposition Z = Z, ® Z, . This decomposition
determines and is determined by an involution, p,

(1.1) plz; € (-1Y.

A Z,-graded vector space, 4 = A, ® 4,, which is an algebra, is called a
Z,-graded algebra if

(1.2) AA,CA,,

We will use subscripts on elements to denote their grading, e.g., a ;€ A i All
such subscripts take values in Z, .

If Z is a graded vector space then End(Z) is naturally a Z,-graded algebra,
where m, € End,(Z) if

(1.3) miZ,)CZ,,,

A Z,-graded representation of A is a homomorphism, ¢(4) — End(Z), for
some Z, with #(4;) C Endj(Z).

By definition, the left regular representation, a — L_, of A4, is Z,-graded
by A= A,® A, . But it may have another Z,-grading, say 4 = A(,EBA'l (which
need not define a Z,-graded algebra structure). Suppose there exists 7 € 4
such that 7> = 1 and the *1-eigenspaces of L_ define a Z,-grading for the
left regular representation of 4. Then any representation, ¢, hasa Z,-grading
by the +I-eigenspaces of ¢(7).

The Z,-graded algebra, A4, is called supercommutative if all supercommuta-
tors,

def s
(1.4) [aj,aj,]—ajaj,+( 1) a,a;,
vanish.
If A,¢,p are as above (A4 not necessarily supercommutative) then
(1.5) try(a) < tr(pg(a))

defines a supertrace on A, that is a linear map whose kernel contains all super-
commutators.

If A,B are Z,-graded algebras, their Z,-graded tensor product is naturally
isomorphic as a vector space to A ® B (the elements of A®B are written a®b
in place of a ® b ). The multiplication on A®B satisfies

A A Ji’ A
(1.6) (a®b))(c,&d) = (~1)" ac, &bd .

If A, B are supercommutative, so is A®B with respect to its natural tensor
product grading,

(1.7) A,®B, C(A®B)

Jj+J!
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determined by p, ® p,, where the involutions p,, p, determine the gradings
on A,B.

Let ¢, w be representations of 4,B on X,Y . Let C? =C@®C define the
grading on c® andlet J K€ End, ((CZ) denote the involutions,

(1.8) J = [(I) 'Oi] ,

(1.9) K= [? (‘)]

Note that JK = —KJ . If the gradingon X ® Y ® C? is determined by the
involution 1® | ® iJK, then

(1.10) a®b, — d(a) @ y(b)® K’

defines a Z,-graded representation of A&B.
Let ¢,y be as above and let y be Z,-graded. Let p be as in (1.1). Then

(L11) a,8b — ¢(a;) ® p'w(b),

defines a representation of AQB. If ¢ is also Z,-graded, this representation
is Z,-graded for the tensor product gradingon X ® Y.

Example 1.12. Let L, denote the image of b € B under the left regular repre-
sentation. If this representation has a Z,-grading such that for all b, p satisfies

(1.13) L, =rL,
then by (1.11),
(1.14) A®B~ AQ®B.

If p=L_, forsome 7€ B, then (1.13) holds.

Example 1.15. Let ¢ be a representation of 4 and let Y be a graded vector
space. Putting B =1, y(l) = Idy defines a representation of 4 ~ A®1 via
(1.11).

(b) Clifford algebras. Let C/(V") denote the complex Clifford algebra of the
real inner product space, V" . Relative to an orthonormal basis, {e,}, C/(V")
is defined by the relations

(1.16) e,.ej+eje,.=~25ij.

As a vector space C/(V") can be identified with the complex exterior algebra.
The Clifford multiplication is then exterior multiplication minus interior multi-
plication. The elements € =€, € D=yl <<, form
a basis for C/(V"). Put |(i)| = j. The subspaces C/,(V"), CI/ (V") spanned
by those ¢, with |(i)] even (respectively odd) give C/ (V") the structure of a
Z,-graded algebra and we have

(1.17) Cl(v"y ~Cl(R"HY® - &CI(R")
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( j-factors). If V is oriented, the element

k
T_{zelmez,(_], n=2k-1,

(1.18) )
e - ey, n =2k
is independent of the choice {e } and satisfies

(1.19) =1,

For n even, 1 defines a grading for the left regular representation. As in
(1.14), this gives the isomorphism

(1.20) cl(V" @ RY) ~cli(V")® CI(RY).

For n = 2k, even, up to isomorphism, C/(V") has a unique irreducible
module, F, which has dimension 2% and is Z,-graded (by ¢(7)). In fact,
Cl (VZk ) =~ End(F). We will follow the standard convention and write F_® F_
for F @ F,. We write tr () for the supertrace on (CI(VZk) defined as in (1.5).

If n=2k~—1 isodd C/(V") has two inequivalent irreducible modules, each
of dimension 2°~'. For arbitrary n,

(1.21) ef_‘)ej'en+l’

defines an isomorphism, C/(V") ~ Cl,(V" @ R). Thus, for n odd, we can
regard F for V" @ R as (inequivalent) modules over C/(V") (1 — +1d,.).
For v*~! oriented, the notation tr(a) refers to the representation F L

Lemma 1.22 ([G]). (1) If n = 2k is even then

0, (£ (1, ... 2,
(1.23) "f(em):{i"‘z" (iy=(1,...,2k).

(2) If n=2k -1 isoddand |(i)]>1,

0, (H#1,...,2k=1),
(1.24) trie) = { iR (=@, .., 2k—1).

The irreducible modules of C/(V" @ W™) can be obtained from irreducible
modules F(V"), F(W™) for CI(V"), CI(W™) as follows.

For n, m odd, the module F(V")® F(W™)®C” of (1.10) is irreducible.

For m even, the module F(V")® F(W™) of (1.11) is irreducible.

Finally, we note the effect of scaling the inner product ( , ) on V. For any
inner product, C/(¥) coincides as a vector space with A*(V)®C . Fix an inner
product, ( , ) and let C/ (V) denote A*(V) with Clifford multiplication,
O, coming from e_l( , ). Then the automorphism of A* ® C induced by
PV v , provides a natural isomorphism C/ (V') ~ C/(V). It also provides

a natural isomorphism between the orthonormal frames {s'/ 2e,.} for s_l( )
and {e;} for ( , ). Thus, although there is no canonical choice for the space
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F(V) for (, ), any fixed choice also provides an irreducible module for C/ (V)
via the above isomorphism.

In the sequel, if X is a riemannian spin manifold, we will always assume
that the space of spinors has been chosen independent of the scaling parameter
of the metric. As a consequence, the action of e/ 2e,. € CIE(TXX) on F_ is

independent of ¢ and the Dirac operator D, corresponding to s_'( , ) s

¢'”D, where D is the Dirac operator for { , ).

2. THE FINITE DIMENSIONAL CASE; SUPERCONNECTIONS

In this section we calculate the limits of reduced n-invariants of certain Dirac
operators coupled to superconnections, on closed oriented spin manifolds, when
the metric, g” , is blown up by a factor ¢ '. These n-invariants are shown to be
independent of ¢ when reduced mod Z. Under the appropriate invertibility
hypothesis, the limit exists in R and we identify it.

Our main purpose is to record that the formulas for lim,_,,#/(D,) (see The-
orems 2.28 and 2.43) are slight variants of analogous formulas of [B2] and can
be proved by essentially the same arguments. We also introduce the rescaling
technique of Getzler which plays a central role in §§3 and 4. In §3, the results
of this section will be treated from a somewhat different viewpoint.

The discussions of parts (a) and (b) correspond to the cases of fibrations with
even and odd dimensional fibers respectively. As a consequence, our assump-
tions will differ in parts (a) and (b).

(a) Odd dimensional base spaces. Let B be a compact connected ori-
ented riemannian manifold with metric gB and curvature R®?. We assume
that B*~! has a spin structure and let F B denote a Hermitian bundle of
spinors. The unitary connection on F B , which is induced from the Levi Civita
connection on B, will be denoted V7.

Let £ =&, ®¢_ be a finite dimensional, Z,-graded, Hermitian vector bun-

2k—1

dle over B, with orthogonal splitting. Let V¢ be a unitary connection which
preserves the splitting. The curvature of V° is denoted by L. Often in what
follows, we also use V* to denote the induced exterior differentiation on forms
with values in &, in which case we have L¢ = (Vz“)2 . We give the bundle F B®é
the tensor product connection, V = vVigl+1l® vé.

The fiber, & e of ¢, plays the role of the space of smooth L,-sections of the
bundle of spinors of the fiber Z, of a fibration z? oM — B! (possibly
tensored with a coefficient bundle). Since the grading on & corresponds to the
decomposition F% = F+Z eBF_Z , we write £ =&, @¢_ (instead of £ ®¢, ). We
let p be the involution, p|§, = +1.

Keeping in mind (1.11), Example 1.15, and the discussion at the end of §1,
we extend the natural representation of (Cl(Bp) on F f to a representation on

F}®¢ asin (1.11).
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If
(2.1) D*=>"fv,

denotes the Dirac operator on sections of F B ®¢ associated to this representa-
tion, then in matrix form,

{_ Déo— O
(2.2) D _[ 0 _Dé_],

where D°* denote the usual Dirac operators associated to the representations,
f,— f,®1 on & . Thus, the n-invariant

(2.3) n(D%) = n(D%) - n(D")
is a difference of n-invariants and the reduced n-invariant,
(2.4) 7(D%) = A(D*) = 7(D°") + dimker D%~

is a difference of reduced n-invariants mod Z .
We now consider the operator

S+
(2.5) D'+ V= [D V ]

V. —D¢

+
where V € End_(¢) is selfadjoint. The pair (Vé , V) determines a supercon-

nection in the sense of [Q]. The operator D* +V is the analogue of the Dirac
operator on the total space of a riemannian submersion, 7" o M & gt ,
for which the horizontal distribution is integrable. The role of the Dirac opera-
tor, D%, along the fibers is played by V. The finite dimensional analogue of the
case of fibrations with nonintegrable horizontal distribution will be indicated in
Appendix 1.

Note the relation
(2.6) fV+Vf =0,

as a consequence of which DV + vD* , the supercommutator of D* and V ,
is of order zero.

Theorem 2.7. Let (el/ D+ V) be associated to the metric e ! g and supercon-
nection (V'f V). Then r‘z(sl 2ps 4 V) is independent of ¢, when reduced
mod Z.

Proof. Since the reduced p-invariant of an operator does not change when the
operator is multiplied by a constant, it suffices to show that

(2.8) %ﬁ(D +sV)=0.

By the standard formula for the variation of 7,

(2.9) j—sﬁ(u +sV) = ‘_‘% ,
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where
(2.10) (Ve P Zat —(2k=h72

Thus, our claim follows from

Lemma 2.11.

(2.12) (Ve PN Z o).

Proof. We use Getzler’s method as adapted to the odd dimensional case in [BF].
We can pretend B*~' = R*~' where the coordinates {y,} of R*1 are
normal coordinates. The operator Ve~ P has a kernel in C/(TB)® End (&)

and it suffices to study its trace at the origin. In terms of local trivializations
which are covariant constant at y = 0, this kernel can be written in the form

(2.13) Y S oof, 0®k (v, 0)dy ---dyy
where k(")( y.t)= k(a)(O ,y.,t) and o denotes Clifford multiplication.

Since V € End_(¢), it is clear that Ve P’ is odd with respect to the
total grading on C/(TB)® End(&). Thus, the parity of k(a) € End(&) is opposite
to that of |(a)| = i. Odd elements of End(¢) have trace 0. So, by (1.24), the
only term in (2.13) with nonzero trace corresponds to (o) =(1,...,2k —1).

The proof will be concluded by examining the effect of Getzler’s transfor-
mation, Gy, , on the operator & (Def + V)2 . By definition, this means that we
conjugate this operator by the coordinate change,

(2.14) y, -6y
make the replacement
(2.15) f,=8f

in the Clifford variables, and change the Clifford multiplication, o, to o, , which
satisfies

- —1/2 —-1/2 —~1/2
(2.16) 6721 )05 67 2+ 2 ) 0567 2 fy) = 28,
Thus, lim(,_’0 o; = A, where A denotes exterior multiplication. By (2.6), we
easily obtain

(2.17) lim Gsp(6(D°V + VD%)) = 0
(2.18) lim Gyup(6V) =0
Thus (see [G])

(2.19)

lim Gy (8(D° + 7)) = lim Gy (8(D%): +8(D°V + VD*) +6V7),

. &\2
= }T})Gtsr/:(a(D ).

# +LY0),
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where the operator .# , which acts on A*(TR2k~') , 1s a certain generalization

of the Hermite operator and Lé(O) is the curvature 2-form of ¢ at the origin in
R*-1, Although its detailed form is not needed in this argument, we note that
the heat kernel of # + Lf(O) can be written down explicitly (compare [G]).

Clearly, the kernel of Gém(Ve—J(D:w)z:)

(2200 672 f Yoy (672 S, Yo &k (82 y o8P T 2 dy - dyy,
(r)

is equal to

Let a,,, ; ; denote the coefficient of tj”(zk””/zf(ll o5 -fai o, dy---dy, , in
the asymptotic expansion at y = 0 of the kernel in (2.20). Then

(221) 5 =5j‘|(")|/2

%) j Ay j .1

The kernel of Ve ") has an asymptotic expansion of the form

i—(2k—1)/2
(2.22) a0t PfON-f Ay dyy
J ()
Since the coefficients in such expansions are determined locally from the differ-
ential operator, it follows from (2.19) that

(2.23) lim o/~ 11124

S0 (@.Jj.1 = ;‘_rf(‘, Ya).js = Ha).j0°
Thus,
(2.24) a, =0, Jj<il@)l
(2.25) By jl/2.1 = Hay Ji2.00 (@) even.

. —(3 4
The coefficients, Q. jo>can be read off from the known kernel of Ve % (O

But for our present purposes, it suffices to observe that since j takes integer
values, (2.24) implies that for |(a)| odd, the first nonvanishing coefhicient is
@) tl@+1y/2.1 » the coefficient of MN2+1=K gince only |(e)| = 2k — 1 effects
the trace in (2.12), the lemma and Theorem 2.7 follow.

Now assume that ¢, ,{_ have the same dimension and that V' is invertible.

Since V is selfadjoint, V? is positive definite and the integrand in the definition
of the form, #, below is convergent at co. We put

. def [ —(Veu'?yy?, du
(2.26) 7 4 /0 tr, (Ve )2t

Here, as in the remainder of this section, the exponential is evaluated in
A" (TB)®End¢& . The supertrace is given by

(2.27) tr(wA) = wtr(A4),
where w € A*(B) and 4 € End(V) (see [BF, (1.24)]).
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Theorem 2.28. Let V' be invertible. Then
(2.29) dip = tr (e )

where the right-hand side represents the (normalized) Chern character of &, —
& e K'B¥* Y. Moreover,

. 1 ~ B\ .
2.30 lim n(e'2D% + V) = / AGRD)A,
230)  limn )= g [ AR

(27:1')" /132k_|/f(iRB),~7 (mod Z).

Proof. Formula (2.29) is just the transgression formula of [Q]. (2.31) is an
immediate consequence of Theorem 2.7 and (2.30).

To prove (2.30) we first note that the smallest eigenvalue of (s'/ D¢+ V)2
is bounded below by some A, > 0, for & sufficiently small. In fact,

(2.31) A(D% ) — A(D*-)

(2.32) '?D* + V)2 > D'V + VD*) + V2

and our claim clearly follows from the fact that (D‘:V + VDc) has order zero.
In particular, 7(¢'/*?D* + V) = %;1(6'/2D‘f + V), for ¢ sufficiently small.

The remainder of the proof can be carried out by an argument analogous
to that of [B2, Theorem 1.3]. The context there was even dimensional, but the
same considerations which played a role in Theorem 2.7 allow us to use (1.24) in
place of (1.23) and thus to transfer the argument to the odd dimensional case
(see also Remark 2.33). We will not give further details since, in any event,
the proof can be completed by an argument which is completely analogous to
the one given in §4, where the infinite dimensional case corresponding to the
present finite dimensional one is treated. A crucial feature of that argument is
the use of an exponential transform based on an auxiliary Grassmann variable
(compare also the discussion of §3).

Remark 2.33. Since £, and {_ can be identified by V', ﬁ(Dé) can be regarded
as the difference of the reduced n-invariants on the same bundle; see (2.2).
From this observation and the local formula for the variation of the # one
can deduce that the right-hand side of (2.30) is equal to r‘](Di) mod Z . Thus,
mod Z, (2.30) follows from Theorem 2.7.

(b) Even dimensional base spaces. Let B** be a closed connected oriented
riemannian spin manifold. Let ¢ be a Hermitian vector bundle with unitary
connection over B> and let W be a selfadjoint endomorphism of ¢. The
spin representation is graded by 7. We consider the operator

W D
D -W

+

(2.34) D+1W =[

where D is the Dirac operator on F B ®CE.

Let e'? l B

D + W be associated to the metric ¢~ g .
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Theorem 2.35. 7(e'/ D+ tW) is independent of ¢ when reduced mod Z .
Moreover,

(2.36) 7'’D+1W)=1IndD,  (mod Z).
Proof. Since the asymptotic expanswn as t — 0,

—(D+stW)? t Jj—k
(2.37) tr(tWe )~ a ™,

contains only integral powers of ¢, it follows that
d
. —1 W) =

(2.38) TAD +sTW) =0
compare (2.9). For s = 0, the operator De "' is odd. Hence tr(De">"") =0
which implies
(2.39) (D) = $ dimker D

= I dimker D, + }dimkerD_

=4IndD, +dimkerD_. q.e.d.

Now assume that W is invertible. Let ﬁ W JET " be the bundles whose fibers
are the direct sums of the positive (respecnvely negatxve) eigenspaces of the

invertible selfadjoint operator W, ¢ = é . ®{ . Let Dci be the Dirac oper-
W
ators associated to the connections V°* obtained by projecting V° onto { L -

Of course, Ind(Dfir) and Ind(ngl) are independent of the particular choice
of connection and

(2.40) UInd(D¥" ) - Ind(D%")] = L Ind(D%)  (mod Z).
To state our next result we need to introduce some formalism; see [Q, §5].
We let Q(R') be the Clifford algebra on R' associated to the negative of the

usual bilinear form. Thus, C_I(R') has a single generator, ¢, with at=1.We
form the graded tensor product, A*(7TB)®C!/ (Rl) ® End¢ and put

(2.41) tr, (w&(ao + b) ® B) & wir(aB)

and

(2.42) tr " (w®(ao + b) ® B) = ™" tr(aB).

Theorem 2.43. If W s invertible for each fiber, the form
. ®  even —(Vé+u'owy?, du

(2.44) 0 —/0 tr, (cWe )2u'/2

is closed and represents the (normalized) Chern character of éf/ - &,‘KV € KO(B) .
Moreover,

. 1 ~ B\ .
2.45 lim 7 8 D+‘cW / A(iR
(2.45) lim (e’ )= f = Gy RO

= 2{ind(D{" ) ~ Ind(DF")1.
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Proof. Note first that by (2.40) the second equality in (2.45) generalizes (2.39).
The proof of (2.44) is analogous to that of (2.29), but now since d# is odd, we
get dfj = 0. Conjugation by 7 shows that

DTt (8|/2D—TW)zt)

(2.46) tr(tWe ™ ) = tr(tWe ™~

If we expand the exponential by Duhamel’s principle we see that only odd
powers of 7 can effect the trace in (2.46). Similarly, we find that
(2.47)

tr((e e PDyTWw)?

1/2 1/2 —(eD*—ie'’[D .W]+W2)!)

D+ tW)e ™ N=tr((—¢"*iD + W)e

Now the proof of the first equality in (2.45) can be carried out in the same way
as that of (2.30).
To see the second inequality in (2.45), let W' be the endomorphism

(2.48) w'=w='(whH'?
and put
(2.49) W =(-a)W+aW', 0<a<l.

Then W, is selfadjoint and invertible for all s. The even form 6 on B* x
[0, 1], defined by

% even — (V¢ +dad,+u' 2 aW,)? du
(2.50) 6 = /0 uS (W e )5t
is closed (see [Q]). By the standard argument, it follows that replacing W by
W' in

% even —(Viu' 2wy, du
(2.51) /0 tr, (ocWe )2u'/2
changes this even form by an exact form. By a similar argument, we can replace
the connection, v* , by a connection \vid , for which W' is parallel. After these
replacements have been made, performing the integral gives

(2.52) v )

—2—' trs(e
where L% = (VW)2 and the supertrace is with respect to the splitting & =
é:y ® &Y . Our claim now follows from the Atiyah-Singer index formula.

v

Remark 2.53. In [CoM] Connes and Moscovici have calculated the cyclic cocy-
cles of Fredholm modules by transgression of Quillen’s superconnection forms.
Also, the results of Connes, [Co], who calculated the cyclic cocycles associated
with Dirac operators were recovered in [B2] in the local superconnection for-
malism. Theorem 2.43 is closely related to all these results.

APPENDIX 1. COUPLING TO GENERAL SUPERCONNECTIONS

We indicate briefly how the preceeding results generalize when the Dirac
operator is coupled to a superconnection involving forms of all degrees. We will
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restrict attention to the dim B* ™' odd (the case dim B* s similar; compare
parts (a) and (b) above).
A general superconnection can be written in the form V® + V where
2k—1

(A.1.1) V= Z v,

is a sum of j-forms with values in End j +1(&); see [Q]. Thus, we can view V
as odd element of A*(B)® End(¢). Let V. denote the operator

(A.1.2) V=3 f,oof, oV (f . ....f,).

where each f varies over an orthonormal basis of B . If we assume that V
takes values in selfadjomt (respectively skewadjoint) elements of End, i1 &) for

J even (respectively j odd) we can again form the selfadjoint operator, Dt +V.
In the context of fibrations considered in §4 there is a term corresponding to
j = 2 coming from the integrability tensor of the horizontal distribution. Note
that V|, # 0 just corresponds to a change of connection on ¢.

If the metric on B is multiplied by ¢!, the expression in (A.1.2) gets re-
placed by

(A.1.3) vey=Ye"f o oV (fo s fy):
Put
(A.1.4) Vi)=Y x""r

( x will play the role of u'? in (2.26)). Application of Getzler’s transformation
leads to a formula analogous to that of Theorem 2.28. However, some care must
be taken in defining the form # because of the small time asymptotics. Put

(A.1.5) y(s) = /(;00 x25 tr, (%(V(X)) (e—(V{+V(X))3)dX

for s sufficiently large (note the negative exponents in (A.1.4)). This form has
a meromorphic continuation to C with simple poles and the residue at s =0
is exact. If we define

(A.1.6) A7 =limy(s) — L Res y(s)
s—0 s=0
then
. 1 ~ . B, .
A.1.7 limAi(e"’D® + V(e)) = / AGR®Y#.
(A.L1.7) lim 7( Y(e)) Rl (iR7)7

Let ¢, denote the constant term in the asymptotic expansion as x — 0 of
—(7¢ 2
tr,(e” "V Yy | Then

(A.1.8) di =c,.
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In our main result on fibrations (see 0.4) the form # has the same structure
as the form just defined. In that case, however, the residue vanishes identically.
This cancellation stems from the fact that analogues of V¢ and of V, are not
independent of each other. Both are functions of the geometry of the fibration.

3. AUXILIARY GRASSMANN VARIABLES AND AUXILIARY ADIABATIC LIMITS

We indicated in §2 that Theorems 2.28 and 2.43 can be proved by transfer-
ring the argument of Theorem 1.3 of [B2], the proof of which depends on an
“auxiliary Grassmann variable.” Here we show how by introducing an auxil-
iary dimension and then blowing up the metric in its direction, the auxiliary
Grassmann variable appears naturally. We find that the basic facts concerning
the p-invariant in dimension » are consequences of statements concerning the
behavior of supertraces for an associated operator in dimension » + 1, as the
metric is blown up in the auxiliary direction. This viewpoint is related to the
proof of the “holonomy theorem” in [BF].

These arguments can also be carried over quite directly to derive our results
on z-invariants for fibrations, proved in §4. There, however, we will employ
the auxiliary Grassmann variable in a manner analogous to that of [B2] (see
also [BF]).

In this section we will restrict our attention to the case of odd dimensional
base spaces (the even dimensional case is similar; compare Remark 4.100).

To prove Theorem 2.28, it suffices to show (the pointwise reflection)

(B.0) (e 2D 4 vy PN

(ZJ:)k[A(’R Jir, (Ve (V¢+1|/2V)3)]2k~1 N (81)1/20(1 + tN)
for some N ; compare [B2, BF, C3].
If we assume (3.1), we get
- _ 2n¢
(3.2) lim 5r 1/2)/ V2 r((e'2D% + ¥)e P 4y

—(VErt 2y, dl

=/ s i) ~A(iR )/ tr,(Ve S

Moreover, by the argument of [C3] (see (1.21)), we have

1 12, 12N e — (DY)
(3.3) ‘——2F(1/2)/rt tr(e' 2D + Ve dt

< constg” K=1/2g=h 12,

By taking T = 24, : (2k—1)|loge| (with A, as in the proof given in §2) and using
(3.1), (3.3), it follows that we can replace T by oo in (3.2). This completes
the proof of Theorem 2.28.
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Remark 3.4. Application of Getzler’s transformation, G(u). 2 » Shows that

35)  limue ) = VAR e T,

(27:1)"
Thus, (3.1) is actually equivalent to

(s'/ZD¢+V)31) -0

(3.6) gi_%tr(sl/zDée_
(with suitable remainder estimates). However, (3.6) does not follow immedi-
ately from Getzler’s method because of the presence of the operator ¢'?D* in
front of the exponential. Under rescaling, '’ D% blows up like e V2.

Let B¥~! be as in §2. Consider the manifold S' x B, viewed as [§.31xB
end points identified. Let f(r) be a smooth positive function on [% , %] with
fI2.3]=r, such that

' _
(3.7) g P=6""ar+ (g’
defines a smooth metric on S' x B. We extend §=¢, ®¢_ and its connection

tr1v1ally to S' x B. Also, we 1dent1fy the bundle of splnors FSBT

F$'"*B @ FS'*B  with the direct sum F® @ F®. Put D = D® , Dy = DSlXB

+
Then
(3.8)
: 3 (5,4 K01 D
2 f)
Zs = k-1 D
6o + L+ = 0
(, 2 1) 7
2k —1) ' D
—5" (g + o+ =
(o0 #5505 ) 7
Here C = —iJ generates C/(R ) = DK, and J,K are asin (1.8), (1.9).
(3.9) c2=_1,
(3.10) CD+DC =0.

For clarity, in what follows we will work at the ordinary tensor product and use
the operator & p (which is the equivalent of D* of §2). Thus, we will also
assume that C acts by 1 ® C and consider Zp.

On [$, 3], we put r = 1+u and do Getzler’s transformation Gj,,, on the first
variable u — 61/214, C — 6“'/2C, o — os5 where (6—'/2C) o (6"/26') =1,
lim;_ 0, = A. We can easily find that

(3.11) lim G, (Zyp + V/f)' = =0, = 2(Dp+ V) + Dp + V)’
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where z2 = 0. By using zD = -Dz, we get
—[—02— (D n 2 _(_n2 172) D 2
o A= Dp Do PN _ =01 2DV ) =DV P

(3.12)
= e“*of)'[l +z(D + pV)t]e_(D”+V)Z' :
The operator (Zsp + V] f )2 has a heat kernel of the form
Zh(u) ,§(u Vo t)-f;n o '“f;l, dudyl o .dy2k—-l
(@)
(3.13) + D ki s,y OCS, - f, dudy,-dy,,

(@

and the limiting operator in (3.11) has a heat kernel of the form

Zh(u),o(y ’ t)f;n a 'j;r/ du dyl e dka—l

(@)
(314) + Zk(u) ,O(y ’ [)Zf;” e f;x, dudyl e dka—I :

()

Let tr () = tr(tp) denote the supertrace for g‘f'XB . By reasoning as in Lemma
2.11, we find that the coefficients of the asymptotic expansion as ¢ — 0 (at
u=0)of tr,(e” @I

s
(where tr,(4) € tr(pA)) .

It is clear from (3.12) that

) converge, as d — 0, to those of trp(k“ 2k 1) oD

1 1/2 —(Dp+V)?
(3.15) tr, (2 ety o(0)) = = U (Dp + V)e P,
On the other hand, the even dimensional version of the argument of Lemma
2.11 shows that for each ¢,

—(%MVU)Z!) 1 S'xB

= — [A(iR
(2ri) .t
=0

(where one sees that the right-hand side vanishes either by direct computation
or as a consequence of the metric’s being conformally a product).
It follows from (3.15), (3.16) that

(316) !l_]}?)trs(e )]2k(dlm¢+ - dlmé_)

(3.17) }i_l??)tr(tl/z(Dp + Ve Py .

Since the left-hand side of (3.17) has an asymptotic expansion in integral powers
of ¢, we obtain
(3.18) t((Dp + V)e~ PPy — oty

In particular, the integral on the left-hand side of (3.2) converges at ¢ = 0.
Equivalently, it follows that the n-function, #5(s), for the operator D +V is
regular for Res > —2.
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The argument we have given should be compared to that of [BF] and the
discussion of [C1, §§5 and 6].

Remark 3.19. If, in (3.7), we let 0 < r < oo and take f(r) =r, we obtain the

metric cone on B*~! , with the metric blown up in the horizontal direction
(see [C2, Chou, BC2]). Put

(3.20) tr (e DN e NH(S  ru).
Then
(3.21) d/rH(é,s,u)ds=a’r/\H(5,r,u).
By arguing as above, we find
12 -
(3.22) lim H(3,s5.u) = 3 \/_ - tr(Dp + V)e PP

Thus, putting u/s =1, we get

u/a®
(323)  d|—— 2 w(Dp + V)PP N | =dr AHS 1 u).
ﬁ ufr?

By letting u/a2 — 00, u/r2 — 0, u — 0, we obtain the integral which defines
the n-invariant and we see the sense in which this integral represents a trans-
gression formula for the adiabatic limit of the supertrace of the heat kernel of
a Dirac operator on the cone; see [BC2] for further discussion.

We now indicate how (3.1) can be proved in the context of the present dis-
cussion. We replace 95,0 by s'/zgl,p in (3.11) and obtain

52 12

(3.24) 1im G, (" Dyp+VI 1)) = —e0. ' 2(e'*Dp+V)+ (e " Dp+v)*.
Then, at u =0, we get
(3.25)  limr(e @ Lapa Ay \/_tr(tl/z(sl/sz+ Vye ¢ pYYYy

(compare (3.15) and the discussion preceding it). Let

(3.26) V=V +drno,
be the extension of V¢ to S' x B and let R s be the curvature tensor of gSI B
By applying G, we find that

(61)1/3

(3.27) lxm tr (e (" Zsp+V/ ) l) [/’f(l-RJ)trs(e—(véﬂr/zV/f)z)]zk.

i)k
As previously mentioned, for each 4§, /T(iR 5) coincides with 7c*AA(iR) where
n:S' x B — B. Thus, the right-hand side of (3.27) is independent of &. Let
us grant that the limit as ¢ — 0, of the right-hand side of (3.25), is equal to the
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limit as J — O, of the right-hand side of (3.27). Then, using (3.26), we easily
obtain (3.1) (modulo the error estimate).

The assertion that the expression in (3.25) is equal to H amounts to the fact
that we can interchange the order in which we take the limits ¢ — 0, 6 — 0.
In the discussion above, this was justified by remarking that the asymptotic
expansion depends continuously on the operator (as we converge to the limiting
operator in (3.11)). A similar argument works in this case. The construction of
the expansion which we now indicate, while not the simplest, would also work
in the case of fibrations considered in §4.

We start with the metric gJS'XB and coordinates u = (r — 1)/d. Then we

express 8_'g§IXB in coordinates u — a'/zu, y — s'/zy. The estimates and
arguments ot: [C3, §§3: and 4], produce an asymptotic expansion in powers of ¢
for trs(e_(el/-z"” *VI/7ty A priori, this expansion contains singular terms, but
these must vanish by the discussion above. One easily shows that the coefficients
and remainder term depend smoothly on 6. As § — 0 the metric on S "'x B
converges to a product metricon R' x B . The coefficients and remainder vanish
in the limit, J — 0, as a consequence of the orientation reversing isometry in.
the u direction. By using the differentiability with respect to J and changing
back to the r coordinate, we obtain the desired interchange of limits. The
estimates on the remainder term also can be read off from the expansion.

Note also that in (3.27), we are using Getzler’s transformation for fixed time
¢t (not just for small time).

4. THE INFINITE DIMENSIONAL CASE; FIBRATIONS

Let Z - M > B be a fibration of closed oriented riemannian manifolds

such that 7 is a riemannian submersion. Thus, the metricon M is of the form

(4.1) g =n"e")+ &%,

where gZ annihilates the orthogonal complement of the tangent space to the
fiber.

We will assume that the tangent bundle, 7B, and the tangent bundle to
the fibers, TZ c TM , both have spin structures. Then, using the splitting,
™ =T M @ TZ , into horizontal and vertical subbundles, we obtain a spin
structure on TM .

Let ¢ be a Hermitian vector bundle over M, with unitary connection, ve.
Let D, be the Dirac operator on M , with coefficients in &, associated to the
metric

(4.2) g =e'n" (g% + &%
The following was observed in [BF, C].
Proposition 4.3. If M is odd dimensional, lim,_ , 7(D,) exists in R/Z.

In fact as ¢ — 0, the Levi Civita connection, vk , approaches a limit-
ing connection V% (see (4.16) below). Then the existence of lim,_,7(D,)
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follows from the fact that the variation of #(D,) coincides with the variation
of the Chern-Simons type invariant which appears in the Atiyah-Patodi-Singer
formula. The latter depends only on the connection.

If the Dirac operator, D* , is invertible for each fiber Z, it is easy to see
that D, is invertible for ¢ sufficiently small. Hence, in this case, lim,_, 7(D,)
exists in R (not just in R/Z) and we will derive a formula for it. In part
(d) below, we indicate how the assumption that D% is always invertible can be
relaxed.

The cases of odd and even dimensional base spaces are treated in parts (b)
and (c) respectively. We will use the generalization to infinite dimensions, given
in [B1], of the superconnection formalism of [Q].

(a) Elementary geometry of fibrations. We begin by recalling some results of
[B1]. Let Z — M 5 B be a fibration of smooth manifolds. The subbundle
of TM whose fibers are the subspaces of TM tangent to the fibers, Z, will be
denoted by TZ. A connectionon Z — M — B is a complementary subbundle
T'M ie, TM = T"M®TZ . Let P, P? denote the projectionson T" M ,
TZ relative to this splitting.

If U is a locally defined vector field on B, we denote by U the unique
locally defined section of T M such that n*(ﬁ ) = U . The integrability tensor
(or curvature) of T M is the 2-form, # on T" M with values in TZ defined
by

(4.4) RO, Vy=-[U,V]+[U, V1= -P*[U,V].

The value of %’((NJ, V) at m € M depends only (~/(m) , I7(m).

Let V< bea smoothly varying family of connections on tangent bundles to
the fibers. This family determines a connection (also denoted v? yon TZ by
putting

(4.5) VAW = [U, W]
for any local horizontal lift, U , and vertical field, W .

Suppose the fibers of TZ are equipped with a smoothly varying family of
inner products. If we apply the above procedure to the corresponding family of
Levi Civita connections on the fibers, Z, we do not necessarily obtain an or-

thogonal connection. We can correct for this by defining 4,,: TM — End(7Z)
by A, =0 for W vertical and

(4.6) Lyg” (W, W,) = g (Az(W,) . Wy)

for U a horizontal lift. Here gZ is as in (4.1), Ly denotes Lie derivative,
and W,, W, are vertical. Then

Z ~
(4.7) VE+ 345 =10, 1+ 345

preserves the inner products on 7Z .
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Alternatively, let gM be any riemannian metric on M , which extends gz
and for which T”M ® TZ is an orthogonal splitting. If v denotes the Levi
Civita connection of gM , then

Z
(4.8) V% + 145 = PPVE.
Moreover,
M
(4.9) Hz(W, W) =g (A5(W,), W))

is the second fundamental form of the fiber.

From now on, we assume that the metric gM is of the form (4.1). Let v?
denote the Levi Civita connection for gB . Note that V? does not change when
gB is multiplied by a constant. We define a connection V on 7M by

(4.10) V=r"v)ev’
and let S denote the difference tensor,
(4.11) s=vi_v.

Then, for (7, ,(72 horizontal lifts, W,, W, vertical (and for ( ) = gM ) we
have

(4.12) (SWOW,, U\) = ~(SW)T, , W,) = {(d (W, , W),

(4.13) B

(SO, .U,y =(S(U)U,, W,)=(SW)U,,U,) =%, ,U,),W,).
All other components of (S(-),-) vanish. Clearly, (S(:)-,-) is independent of
gB. Also,

(i) if ¥ € TM then S(V): T"'M - TZ,

(ii) if U,,U, e T"M then S(U,)U, e TZ,

(iii) if U e T"M then S(U)U =0.

It follows easily from (4.12), (4.13) if v is the Levi Civita connection of
g" of (4.2) and S°=VE* — ¥, then

€

(4.14) pi'st =epPs
(4.15) P%st = p%s

and hence that the limit,

(4.16) E%VL'%VL-P”S,
exists.

The following discussion may be helpful in understanding the analogy be-
tween the results of §§2 and 3 and those of parts (b) and (c) of this section.
Let y be an arbitrary vector bundle over M . Associated to y is a vec-

tor bundle, $, over B whose (infinite dimensional) fiber, ¥ , is the space of

p’
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smooth sections of y|Z , (where Z = n_'( D)). There is an obvious functo-
rial isomorphism between the space of smooth sections of y and the space of
sections of 7 which are smooth in the appropriate sense. N

If y has a connection, V’, then we define the associated connection, V on
7 by

S & 7

(4.17) V,§= Vas ,
where § denotes tlle section s of y, regarded as a section of 7. Clearly, the
curvature, R, of V, is given by
(4.18) R(U,,U,)=R"(U,,U,) -V

7 ~ A~
AU,
If y has a Hermitian inner product ( , ) and the fibers have a smoothly vary-

ing family of volume forms, w”, then (for Z compact) we define a fiberwise
inner product on y by

(4.19) (5,.5,) = / (5, 5,)”"

Even if V’ is unitary, V need not preserve the inner product in (4.19). Let
w” be extended to TM so that it annihilates horizontal vectors and put

(4.20) L;0°|Z = Myw” .
Then
(4.21) Vo=V, —iMy

is unitary on 9. If, as we now assume, w? is associated to gZ , then My is
the mean curvature of Z in the direction of U . Hence (see (4.9), (4.12))

(4.22) My = (S(e)e;, U) = %Z(Av(el.) e

]
where {e;} is an orthonormal basis for 7Z,, .

(b) Odd dimensional base spaces. Let z2 o pPkHD=1 2 B2l be asin part
(a). We assume that B is oriented and spin with Hermitian bundle of spinors

B
F? . The Levi Civita connection VZ on TB lifts to a connection V¥ on F?.
We also assume that the bundle 7Z c TM is oriented and spin. Since 7Z is
endowed with a metric, gZ , we can define the Hermitian bundie of spinors,

Z .
F% = Ff @ F_Z. Then FZ inherits a connection V* from the connection
P%vt . We can take

423) FY=FYorY=n"(FoF’=n"(FYoF o' (F’)oF’

which we endow with the tensor product connection n*(VF”) ovi =v""
We regard F M as a Clifford module over TM asin §1. If X € n*(TB) then

X actson n*(FP)® F* as X®t" . If Y€ TZ then Y actsby 1®Y. In
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particular, if f,,...,f,_, is an orthonormal basis for n"(TB) at m € M,

7
then f, .- f, _, actslike (—i)ktF . Similarly, if e, , ..., e,, is an orthonormal

7z
basis of 7Z then ¢, ---e,, acts as (—i)/rF

on FM =a*(F®)® F% as (—i)**'.
Let ¢ be a Hermitian vector bundle on M with unitary connection, Vi,

and curvature L°.
Let D, (= DEM) be the Dirac operator for gEM acting on smooth sections of

FM ®¢ . We now give a simple expression for D, which was derived in (3.11)
of [B1]. Let V" denote the connection on FY ® ¢ defined by

sothat f,---f,, |, € ---e, acts

(4.24) v = 1S (S(e))e; )
where {e;} is a local orthonormal basis for 7Z ; see (4.21), (4.22). Let
(4.25) TWw,V)y==-S(U,V)+S(V,U)

denote the torsion tensor of V (see (4.11). Let ¢(T) € AZ(T*B)®End(TZ) be
the 2-form which assigns to U,V the odd endomorphism of T7Z determined
by letting T(U , V) act on TZ by Clifford multiplication. In the formula that
follows, {f,} is alocal orthonormal basis for 7B and we also write f for the
horizontal lift f( .- The Dirac operator, D? , along the fibers, extends naturally
to an operator, | ® D% on FM , which we continue to denote by D% . Then
we have
(4.26) D, = ol quvi +D?% - % X/:’f"fﬂc(T)(fa Sy

« a<
To obtain (4.26) start with the expression for the Dirac operator, D, on an
arbitrary spin manifold. If {w,} is a local orthonormal frame field, {s j} is the
associated local basis of the spin bundle, and f is a smooth function, then D
is given locally by

1 L
(4.27) D(fs)) =3 w(fyws; + £ 3D (Y, w w)wwpws,.
i iki
If we apply (4.27) to (M, geM ) and use the results of part (a) of this section,
then (4.26) follows by a straightforward computation.

Remark 4.28. Of course (4.26) holds for any riemannian submersion of spin
manifolds (i.e., the dimensions of the base and fibers can be arbitrary).

We now recall the definition of the Levi Civita superconnection given in [B1,
§3). Let H =H_  ®H_ _ be the bundle Fz®ff (with infinite dimensional

fiber, obtained by the construction discussed at the end of part (a). Let V" be
the unitary connection on H__ of (4.17).

on H

> i the super-

Definition 4.29. The Levi Civita superconnection, A4
connection

(4.30) A, =V +u'’D% —c(T) /4.

u?’
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If we wish to regard the operator DM =D in (4.26) as acting on sections
of F®® H*™, we simply write V* for V". Then we obtain an operator with
just the same structure as the operator D¢ + V considered in Appendix 1. The
operators D? and ¢(T) correspond to V,, V, respectively.

It is only a matter of viewpoint whether we write V* or V" in (4.26).
However, in view of (4.18), the distinction is important in (4.30).

The local index theorem for families of [B1, Theorems 4.12 and 4.16] implies

).

A2 L¢

. —a2, 1 ~ 7 _
(4.31) lﬂtrs(e )__(Zni)’/zA(lR Ytr(e

Also, by Theorem 2.11 of [BGS], we know that as ¥ — 0

(4.32) tr, (D + ¢(T)/4upe ™) = 0(u'"?)

uniformly on the compact manifold M .
From now on, we will assume that D% is invertible for all fibers, Z . Us-

ing Duhamel’s formula, we find easily that as u — oo, the differential form
2

trs((DZ + c(T)/4u)e_A") decays exponentially. Thus, we can make the follow-

ing definition.

Definition 4.33. # denotes the form of odd degree on B*!
oo 2

(4.34) 7= / tr (D% + c(T)/4ue ™"y du/2u'* .
0

Note that (4.34) has the same structure as the analytic continuation to s =0
of (A.1.5) (with x = u'l? ). But by (4.32), no analytic continuation is necessary
in the geometric case.

We now prove an infinite dimensional analogue of Theorem 2.28 (see also
(A.1.5)-(A.1.7)), which generalizes the results of [BF, Theorem 3.16] and [C3,
Theorem 4.27].

Theorem 4.35. As ¢ — 0, 7(D,) has a limit in R, which is given by

4.36 lim 7(D.) = /AAiRB i
(4.36) lim7(D,) ani) Ja (iR™)7
Moreover,

1 2 onZ —L¢
4.37 d"=——/AzR tr(e .
(4.37) n ani) Jz (IR")tr(e )

Proof. If we represent the exponentials by smooth kernels, then by arguing as
in the finite dimensional case considered in [Q], we find

_ 04, _p
(4.38) (—%trs(e Af‘):d(trs (Efe "))

B ;oM -2\ |1
“a(n (7)) o
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(compare the manipulations in [B1, §2]). By using (4.31) and (4.38) we obtain
(4.37).

We now concentrate on proving (4.36). We know by [BF, Theorem 2.4] (see
also (3.18) above) that

Du du

(4.39) (D,) = 57

2 dimker D, + —/ tr(D,e

where the integral is convergent at 0. As in [BF] and [C3], where the case
dim B = 1 was considered, the argument will consist of three steps.
(1) First we prove that for ¢ small enough there is a uniform positive lower
bound for the smallest eigenvalue of De2 . In particular, for such ¢, kerD, = 0.
(i) Then we prove that for u € (0, T'], we have uniform convergence,

. —~D%u iV ~ . T) — A2 du
4.40) limtr(De b? = n AGiR®)tr ((D +c( )e )
AP = G Jy RO 4u 2u'/?
+oE*a+ 1Y),

for some N (which might depend on k).

(iii) Finally, we use the same argument as in [C3] (see also the beginning
of §3 above) to show that the large time contribution to the integral (4.39) is
negligible.

Step (i).

12

Proposition 4.41. There exists A, > 0 such that for ¢ sufficiently small, the
spectrum of D: is bounded below by A,. In particular, for & small enough,
dimkerD, = 0.

Proof. Let p € B and let | ||, , be the norm in the Sobolev space, H ' of
sections of F“®¢ over Z=Z = n'l( p) which are in L, , together with their

first derivatives. Since DZ is elliptic and invertible and since B is compact,
there exists a constant C > 0 such that forany pe B, seI'(F ‘® &).

Z 2 2
(4.42) c /Z ID%s2d Vol > sl .
14

Of course, this inequality immediately extends to sections of F M®é =n"(F B)®
F%® &. Set

(4.43) E, =Y (V) — (781, T(,. 1)
By (4.26)

(4.44) D, =¢"’E, + D?

and so,

(4.45) D! =¢E’ +¢'*[E,, D*1+ (D?)’

€
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(where the bracket is in the graded sense). The operator [E,, D] is easily seen
to be a first order differential operator which acts fiberwise. Thus, there is a
constant C’ such that

(4.46)

s‘”/ (IE,.Dls.s)| <e*C|Is|} , <& C'cp”s|”.

P

Since E, is selfadjoint, sEf is a positive operator. Thus, if e'*c'c < %,

(4.47) D! > ¢'*E,, D*1+ (D?)

> (1 —8”2C'C)(Dz)2 > %(Dz)z.
The proposition follows.

Step (ii). In order to prove the fixed time convergence result, (4.40), we will
introduce an auxiliary Grassmann variable z (i.e. 2= 0) which is odd. Thus
z anticommutes with f ,dy_,e,.

In [BF] (Proposition 2.1) such a variable was introduced in order to give
a new proof of the fact that the n-function of a Dirac operator is regular at
s = 0. It was also used there to obtain the main theorem of this section in case
dimB=1.

As previously explained, the reason for introducing the variable z stems
from the fact that the expression u'! 2D8e_D°2“ , which controls (4.39), is singular
with respect to Getzler’s transformation. Once z has been introduced, we can
consider instead the part of tr(e ™ “”D‘"I/z) which involves z. One way of
desingularizing this expression was explained in §3. It depended on showing that
the operator of passing to the auxiliary adiabatic limit could be interchanged
with that of passing to the original one.

In this section we will employ an alternate strategy. First we will prove a
Lichnerowicz formula (easily derived from the one proved in [BF, Proposition
2.1]) for the operator D: u— zDeul/ 2. Although the resulting expression contains
a term which behaves singularly with respect to Getzler’s transformation, we
show that this term can be cancelled by means of an exponential transform
which involves the variable z in an essential way.

First we introduce some notation. Let Q be a section of the bundle of linear
maps from TM to End(F” ®&). We use the abbreviation

(4.48) (Y, + Q) = (9, + Q) -~ V5= 5, —C (Z Ve,.ei) .

(4.49) (V, + Q1) = 2V, + Q) -~ Vy ¢, =0 (Z vﬁ,f,,) .

43

Let keM be the scalar curvature of M for the metric gEM . In the formulas
which follow, we sum over all repeated indices.
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Proposition 4.50. For u> 0, ¢ > 0, the following formula holds.
Dlu—-zDu'” = —u[v, + }(S(e)e; . f)e;e' f,
+ 1(Se)f, ,fﬁ)s'/zf e fy + ze, ) 2u' T
—ule' "’V + LSS e, fy)eefy + 2, /2u' T
+ jee; ®Lc(e e )+u8'/2f e ®L¢(fa .€)
+ 4 e”zfsl/zfﬂébLé(f fp) + 4k
+Leu| Y S(e,) Je,|” — &4 4V, Se)e; . 1)

Proof. Let w, - Wy 4y DE alocally defined smooth orthonormal frame field

(4.51)

on an arbitrary spin manifold and let v denote the Levi Civita connection.
Let ¢ be as above. By [BF, Proposition 2.1], we know that

2 M
2 12 _ 1 u &
(4.52) D"u— zDu (le + —F PWIE zZW, ) + U= + 5 W W, ® L™ (w, ,wj).
We apply this formula to (M, g8 ) and make the substitution vi-v4s.
By computing as in [B1, (3.14)], we find that

(4.53) D}u - zDu'"* = —u[v, + 4(S(e)e; ./, )e,e' " f,
+ 4(S(e), ,f,,>s"2f,,e”2f,, + ze,/2u'"’)’
- u[a‘/zvﬂ + 1S/, Spleef, + zfa/2ul/2]2
+3u(S(S(e)e)e; . fn)ejsmf“
+2(u'?/2)e'*S(e))e; + V541,
+3e6€,® Lé(e,. e)+ %s'/zfnei ® Lé(fa .€)
+46 e P L@ L, S + gk

Note that with respect to [Bl, (3.14)], we have cancelled the terms S(f)f ,
since these terms vanish (see (4.12), (4.13) above and the semence which fol-
lows). Also, since S(e,)e; is horizontal, (S(S(e,)e;)f, . fﬂ) =

One easily checks that (4.52) is equivalent to (4.53).

We now turn to the proof of (4.40). First of all, the estimates of [C3, §3]
and a straightforward generalization of arguments of [C3, §4] show in studying
the left-hand side of (4.39) that we can replace the base space by R¥*~! with
a metric which is flat outside a compact set. Similarly, we can assume that the
bundle is isometrically a product on that region.

Let z be an odd Grassman variable as described after the proof of Proposi-
tion 4.41. If A and B are trace class in End /__, set

(4.54) tr’(A + zB) = ztr(B).
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As in [BF, §2] (see also (3.12) above), we find that

—_D2u+zD.ul’? _p? _n2
(4‘55) e Dfu+zD.u - Diu + zul/ZDee D;u .
Thus,

. _Dn2 2 -D?
(4.56) tre (e Deut Ty = gy 2 tr(D,e beuy.

Take x,€ M . For s> 0 let P/ "“(x,,) bethe C* kernel, with respect to

s(=D2u+zDu'’?)

the volume element of glM , of the operator e . If h is a smooth

section of FM ® £, then
(4.57) es(—D,2u+zDEuI/2)(h)(xo) - /M P: ,u(xo ,x)h(x)d VOlX )

Let y, = n(x,) and take a system of geodesic coordinates {y,} centered at y,.
We can assume {y,_} is globally defined on R¥*', By using parallel transport
along the horizontal lifts of geodesics in the base we can trivialize the fibration
Z—M— R¥", Similarly, we can use parallel transport along such geodesics
to trivialize FM ®¢.

In what follows, we put y = Y y f . As in [BF, Theorem 3.12], we will
conjugate the operator Dg2 u-— zDzul/ 2 by

(4.58) g2 _ 5™ Dol
~ 2(eu)'/?

This will introduce a term which cancels the effect of the term zf, /2u'/ % in
(4.51). The latter blows up if we apply G(w), -~ andlet € - 0.

For xe M, n(x)=y, set

(4.59) P (xy . x) = P (xg , x)e P H”
Clearly,
(4.60) ggﬁj “x, ) = PE(=D2u + zDu' e A
=P ’"ezwz(e")m(—D:u + zDEu'/z)e_zP/Z(w)”2 ,
(4.61) lim P (X, X) = 0, ® Iugq
(where [ Fy @ denotes the identity transformation).

Since 7(x,) =0, we have P’ "(x,,x,) = P "(xy.%,). Thus,

(4.62) tr(P°"(xy, %) = tr(P (X, X))
(4.63) tr* (PF(x,, xp)) = tr” (P (xg . X)) -
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By using (4.51) (of Proposition 4.50) it follows easily that

(4.64)
P 1/2 . 172
ez} /2(eu) (DEZu _ zDsul/z)e zy[2(eu)

= —u [ve,+%<s<e,>ej,f,,> R T AV A LR R

2
1 1 _ 1 _ 1/2
+ eri + W(S(ei)ej,y)zej - W(S(e,.)y Sp)ze / f/z]

—u [sl/zvﬁ' + 3(S(f)e; Spleesy

1/2 zf, - 1/2fu( )Zf/; 1/2(V f y)z f

1/2
el

2
+ 2u—|/2‘<5(fa)€,~ ,y)ze,]
+ ge.e.®L§(e. e;)+ us'/zf e.®Lé(f" .e;)
LU
l/2f;' l/Zfﬂ ®L¢(j;' fﬂ)

+ S ste)e|| v, Stee, . £
u”zze,.®Lé()7,el.)—ul/zel/zzj:,®Lé()7,fa).

Note that with the exception of the terms

(4'65) 2 l/z./;,(yﬂ)zfﬂ l/Z(V f y) f

the terms which appear in (4.64) but not in (4.51) arise as consequences of the
relation

o 1/2 . 172
(466) e-y/2(eu) f e zp/2(eu) _ f,, _ zy“/((-:u)l/z )

x

The terms in (4.65) arise from conjugating v, .

Now apply Getzler’s transformation G(w),,, to the expression on the right-

hand side of (4.64) and let ¢ — 0. Since y gets replaced by (eu)'/z)‘) , We see
that all the newly created terms in (4.64) drop out with the exception of those

in (4.65). Since (Vfﬂf” ,f,/) = 0(y), we have

1 =
(467) G (50T 1 921, ) = 0P,

and the second term in (4.65) also drops out. Most importantly, since f (y /,) =

d, +O(y2) , the first term in (4.65) cancels the singular term zf"/2u'/2 , which
came from (4.51) and which appears in the second square bracket in (4.64). All
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remaining terms in (4.64) approach finite limits and we find that

3 1/2 —5y 1/2
llmG [ Zy/2(eu) (uDZ_ZuI/ZDE)e Zy[2(eu) ]

(eu)i7?
= |V, + —(S(e)e, S )e,dy,

2
+ 4L( (e)f, . fp)dy, dy, + ze,./2u'/2]

(4.68) 2
|
~ (04 §R G, S, dyy dy, dy, )
+ %e,.ej ® Lé(el. ;) + u'l? dy.e® Lé(f“ .€;)
1
+ 5dy, dy, @ LS, fp) + k"
We have
1/ pB B, 7 5.6.2
(4.69) A =—0,+5(R(S,. [p)f, . [}y  dy"dy”)

where 7 is the generalized Hermite operator on B which was considered by
Getzler and which appeared in §2. One easily checks that the expression in
(4.68) is equal to

(4.70) Z + A - 2P D? 4 o(T)/4u'?)

(see [BGS, Proposition 2.10] for details). Evaluating tr® at the origin gives

(4.71)
_ 227 2 _ 7 —(A2—z2(uM2D” 2
trz(e (F+AL—z(u' D7 +c(T)/4u ))) — tr(e ;V)trs (e (A2—z(u'> D% +c(T)/4u'’?))
-7 (=i
(472) tr(e ) —TWA(ZR )
Also, by Duhamel’s formula,
(4.73)
52 127 172 9 _ 42
tr (¢~ Mt LDy _yr (e M) 4 ztr [P D7 + ¢(T)/4u' e M.

Now (using (4.55)) the same arguments as in [G] (see also [B1]) show that

Wtr(Dee'Df“)—v i) /A(IR )tr, [(D +C§T)>e

uniformly, for ue[d,T].
To see that the convergence is actually uniform for u € [0, T], it suffices to
show that the coefficient, c,, in the small time expansion,

1
2u'/?

2
—Djfu

(4.75) tr(D,e )=c¢, +0(u),

1
Wk
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approaches a limit and that the remainder term remains uniformly bounded by
¢ -u, independent of ¢. Now

1 —D2u 1 z, —u(D}-zD;)
4.76 z————tr(De )= ——=tr e
(4.76) 2y/mu'’? (D, ) 2ymu? ( )

Taking u =1 in (4.68) gives
(477) glj’% Gellzle2j7/251/2(D82 —zD )e—z;‘!/lsl/:'] q_c_f tl:l_l'l;l)c.g’;

=%

C#+ 4] - 2(D° +c(T)/4).

Since the asymptotic expansion of tr(e_"“ﬁ) at the origin depends on the local

symbol of .Z, it follows that the coefficients in this expansion converge as

¢ — 0, to those in the expansion for tr(e ““*) and that the remainder terms
are bounded by c - u independent of ¢. By putting this together with (4.75)
and (4.76) we see that ¢, — ¢, and that the remainder is bounded by ¢ - u
independent of ¢.

Remark 4.78. The above argument also shows that the expansion of tr(e” ")

starts with the term ¢, and hence does not contain singular terms. By using
the fact that only terms which saturate the Grassmann variables d y'.o..d yzk_l
can contribute to the trace, it is easy to see by degree counting that

(4.79) trz(e~[}7”+A,2,—z(u'/lDZ+c(T)/4u'/3)]) _ tr(e—1¢[7’+Af—z(D‘+c(T))])/ul/2
Thus,
(4.80) AURPYt[(D? + c(T)/4u)e ™" = 0(u'"?).

Since, in (4.80), the metric on B is arbitrary, it is not hard to see that this
implies (4.32).

Note that in (4.74) we did not include any estimate on the remainder term.
However, such an estimate can be obtained from a straightforward generaliza-
tion of the argument given in [C3], for the case dim B = 1. Namely, we treat M
as a perturbation of the product, R*=' « 7¥ and iterate Duhamel’s principle
(2k + 1) times. In this way, for fixed u € [1, T], we obtain an expansion

2%k—1
(4.81) tr(De "y = 3 a2 Lo PTY).
i=0

The coefficients a, = a,(u) also satisfy |a,| < T" . The derivation of (4.81)

(which would be tedious to write out in detail) is completely analogous to the
one given in [C3, pp. 194-197]. Note that the estimates of [C3, pp. 192-194]
on which that discussion is based, are valid in all dimensions.

If we use (4.74), it follows that the singular terms in (4.81) vanish and that
the constant term must coincide with the right-hand side of (4.74). Thus, (4.74)
and (4.81) give (4.40).
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Step (ii1). As explained at the beginning of the proof, relation (4.40) yields
Theorem 4.35 by using the argument of [C3, p. 181] (see also (3.3) above) to
show that the large time contribution to the integral in (4.39) vanishes in the
limit, ¢ —» 0.

Remark 4.82. We point out that tr(Dce’D 20 is actually uniformly exponentially
decreasing (independent of ¢). In fact the inequality

—Au/2

1/2 —Au e
(483) A'e <c- -u—l/—z—- ,

together with the spectral theorem gives, for say u > 4,

—D2u —Dfu/z)

tr(D,e )< c-tr(e
—lou/4 tr(e_D‘.) ’

(4.84)
<c-e

with 4, as in Proposition 4.41. Since the metrics, g, , have uniformly bounded

geometry and volumes which grow like g~ (2k=D/2

on kernels, we get

, by using standard estimates

(4.85) tr(e_sz) < g~ N2
Thus,
(4.86) tr(Dee—sz”) < co~ ol g=@k=12

On the other hand, the integrand in (4.34) is bounded by c'e™" | for some
4, > 0. Combining this with the error estimate O(e'/ 2 ) (see (4.81) and the
discussion which follows) gives for u > 4,

~D2u —lu 1/2. N
c ! 2y ).

(4.87) tr(De %"y <cle™" +e

By using (4.86) for ¢'/? > e %/%% =1 and (4.87) for &'/? < M/
we obtain the required exponential decay.

We point out that the uniform exponential decay was also observed in the
corresponding contexts of [B2] and [BF].

Remark 4.88. 1t is also convenient to have a restatement of Theorem 4.35 in
which the characteristic forms represent unnormalized characteristic classes.
Let [7], i1 denote the component in degree 2j — 1 of the odd form 7. Put

. 1 R
(4.89) = Z (_2n—l,)7['7]2j_| .

Then (4.36) becomes

: ~(R%Y .
(4.90) timn(2,) = [ 4 (g) i
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where AA(RB /2m) represents the A-class of B. Moreover,

(4.91) d'~7=/ZX(RZ/27Z)IT(6([/2”)LC)

~ ~ ; 4
where A(RZ /2n) represents the A-class of 7Z and tr(e('/ 2mL ) represents the
Chern character of &.
(c) Even dimensional base spaces. We consider a riemannian submersion,

Z¥=' 5 B* | of closed oriented spin manifolds as in part (b). But now dim B
is even and dim Z is odd. We identify the Hermitian bundle of spinors, F M ,
with n'(FB) ® F* and let f,.e,actby f ®]1 ,'cFB ® e; respectively. We
also introduce a Hermitian bundle with unitary connection and curvature L.
Then we define D, ,7(D,),c(T), A, just as in §4(b). Of course, in defining 4,
we still assume dy“,e; anticommute (which fits with the formalism of [Q, §5].
The same argument as in [BGS, Theorem 2.11], shows that as u — 0,

(4.92) " [(D” + ¢(T)/4u)e” "] = 0(u'"?).

The adiabatic limit, lim,_,, 7(D,), exists in R/Z . The argument is the same
as that given in part (a).
Now assume that D is invertible for all fibers Z .

Definition 4.93. 7 denotes the form of even degree,

(4.94) 7

_1_. *©  even z —A2 1/2
ﬁ/o tr (DT +c(T)/du)e "“lduj2u’".

Then we have the following infinite dimensional analogue of Theorem 2.35.

Theorem 4.95. As ¢ — 0, #/(D,) has a limit in R, which is given by

.. _ 1 ~ . B. .
(4.96) ln_xgn(De) = (27:1')" - A(IR™)1n.
Moreover,

. 1 ~ . Z —Lf
(4.97) dn = (27:1')’ /Zz/—n A(iR™)tr(e 7).

Proof. The proof is formally identical with that of Theorem 4.35. It is left to
the reader.

Remark 4.98. The component [#], of 7, which is of degree 0, is just the -
invariant of the fiber. In this case (4.87) expresses [d#], in local terms as in
[APS].

Remark 4.99. Theorems 4.35 and 4.95 are actually equivalent. Let .S ! _S_l be
two copies of the unit circle and let y be the Hermitian line bundle over S'xs!
whose restriction to 6 x .S ' has holonomy 6 (0< 0 <2n). Then ¢ (y) is the
generator of H 2(S 'x S : ,Z). Given Z - M — B and a twisting bundle &,
we pass to Z x S' o M xS x §' — B x _.S_" and the bundle ¢ x y (compare
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[BF, Theorem 3.16]). In this way, we replace the case in which the base space
has dimension n by that in which it has dimension n + 1 (without changing
the p-invariant).

Remark 4.100. If we put

1

4.101 =S ——nl,.,

(4.101) =Y Gy

then (4.96), (4.97) get replaced by

(4.102) lim 7(D,) =/ AR® 2m)77,

e—0 B2k

(4.103) dij = / A(R? J2m) tr(e 2y |

Zu-1

(d) The case in which the Dirac operator on the fiber is not always invertible.
Even if D? is not always invertible, we still know that the adiabatic limit,
lim,_ ,n(D,), exists in R/Z . In this case our discussion can be modified along
the lines of that of [BF] and [C3], in which 1-dimensional base spaces were
considered. Essentially, one deforms to a situation in which the operator on
the fiber (suitably modified) is invertible. The general result is somewhat messy
to state. However, the case in which ker D® is a subbundle is particularly
important and will be discussed in detail elsewhere. Note that this case includes
that of the signature operator. For this operator the adiabatic limit of the #-
invariant exists in R, since there is no spectral flow (see also [D] for further
discussion). Here we will consider only the following simplest special case.

Assume that dimker DZ is constant and that the subbundle ker DZ ¢ H_ =

F* ® & is parallel with respect to the unitary connection V" . Assume further
that the endomorphism 3 _ 8 c(T)(/f,, fﬂ)dy" dyp preserves the splitting,
H,_ = kerD” @ (kerD”)*. Let n(D;”) denote the n-invariant of D" (for

the metric geM ) restricted to the subbundle ¥ = ker D?. Then we have the
following essentially obvious result.

Theorem 4.104.
(4.105) gin})n(De)-—n(Dsj)=/ AR" /2m)7.
— B%

Moreover, lim,_ n(D,), lim,_,n(D;”) exist individually in R/Z.

One important case in which the assumptions given above are verified is the
case of flat torus bundles with affine holonomy (which arise in connection with
cusps of Q-rank 1 locally symmetric spaces). This will be discussed at greater
length elsewhere. Another case is that of S' bundles with holonomy which acts
by isometries.
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APPENDIX 2. MULTIFIBRATIONS

We briefly describe a generalization of the results of parts (b)-(d) of §4 to the
case of multifibrations. As explained below in Example A.2.7 this generalization
is significant for applications.

We consider a sequence of fibrations of compact riemannian manifolds

F, - By=M
l o
F, - B
l m
(A.2.1) :
|
Fyoy = By,
!
By
Thus, any composition 7 jorom, is also the projection map of a fibration
B, meem g InE whose fiber, ¥ is the total space of a multifibration
F; - 7 J
[
Figp — 3;+1 J
(A.2.2) o
o]
o
|
F, = 7, _ 4
We assume that the maps, #,,, ... ,7n,_,, are riemannian submersions. We

also assume that B, has a spin structure and that for each fibration F, — B, —

B, ,, the tangent bundle along the fibers has a spin structure. Then there are
induced spin structureson M =B, ... ,B,_, as well.

Finally, let ¢ be a Hermitian vector bundle with unitary connection over
M =B,.

Let
(A.2.3) TM =H,®Hy,_,& - ®H &TF,
be the orthogonal splitting of TM induced by (A.2.1). Thus, n,_, o---om,
maps H; isomorphically onto TF;, C TB;. We now put (¢) = (¢, ... JEy)

and consider the metric g(g on M , obtained by blowing up the metric on H,
by a factor (g, ~--s,.)" .
- Fy

Let D(s) denote the Dirac operator of 8 with coefficients in £. Let 7

denote the #j-form for the fibration Fy — B, — B, and let AA(RF ‘/2r) denote
the A-form of the tangent bundle along the fibers for the fibration F;, — B, —

1
B, . Let [ denote integration over the fiber F, _,,where i=1,... ,N-1.
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Theorem A.2.4. Let M" be odd dimensional and assume D™ is invertible for
all fibers F,. Then

. _ ~ RBN Nl -~ RF' ~Fo
wasymag - [ A(5) [T [A(5)] S

1
Remark A.2.6. The thrust of Theorem A.2.4 is that the limit exists independent
of the manner in which ¢, ... , ¢, tendtozero. The explicit formula in (A.2.5)
is obtained by applying the results of §4 to the case limc’\,_,o e limsl_*o. The-
orem A.2.4 can be proved along the same lines of the arguments of §3 and/or
§4.

Example A.2.7. Let M be the cross section of a cusp in a Q-rank 1 locally
symmetric space of finite volume. Then M is the total space of a bundle with
a locally symmetric space as base space and a nilmanifold as fiber. Thus, using
the nilpotent structure, M can be viewed as the total space of a multifibration.
If we let M move out to infinity and rescale the induced metric in such a way
that the size of the smallest fiber, F, stays fixed, we obtain a family of metrics
to which Theorem A.2.4 applies (actually one must take into account the fact
that D' is not invertible in these examples; compare §4(d)).

The special case of torus bundles over tori, 72 — Z“k_' — T~ has been
considered in [A, ADS, M1]. The adiabatic limit of the n-invariant is shown to
be given by the value at zero of a certain (Shimizu) L-function. For the case
k = 1, this result was rederived in [A] and in [C3], as a consequence of the
main results of [BF] and [C3].

By starting from the results of the present paper, one can easily show that
for k arbitrary, lim,_, of n(D,,s) is of the form L(s)f(s) for s > -2.
Z. D. Liu has verified that f(0) = 1, which implies lim,_,n(D,) = L(0).
These considerations also extend to the general Q-rank 1 case treated by W.
Miiller, by means of the Selberg trace formula; see [M2]. This case will be
discussed further from our viewpoint elsewhere.

The following resuit is very closely related to Theorem A.2.4. Let 77'%"""
denote the 7j-form for the fibration B, — B, .

Theorem A.2.8.

% Mo~ (R" F,
: 570N s 500
(A.2.9) Jlim 7 = [,.I;I,/,-A(M )} /ln :

Remark A.2.10. Of course, there are also statements corresponding to (A.2.5),
(A.2.9) for supertraces of heat kernels. Moreover, these statements actually
imply (A.2.5), (A.2.9) via the discussion of §3.
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