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RICCI CURVATURE BOUNDS AND EINSTEIN METRICS
ON COMPACT MANIFOLDS

MICHAEL T. ANDERSON

1. INTRODUCTION

Let M, and M, be compact Riemannian manifolds. In [20], Gromov in-
troduced the notion of Lipschitz distance between M, and M, , defined by

d,(My, M,) = infl| logdil f| + |log il 7,

where f: M, — M, is a homeomorphism and dil f is the dilatation of f
given by dil f = sup 4xr dist(f(x,), f(x,))/ dist(x, ,x,) . If M, and M, are
not homeomorphic, define d;(M,,M,) = +oo. Gromov [20] proves the re-
markable result that the space of compact Riemannian manifolds .#(A,d,D)
of sectional curvature |K| < A, injectivity radius i,, > J > 0, and diameter
d,<D,is C L.l compact with respect to the Lipschitz topology. By C bt
compact we mean that any sequence in .#(A,d,D) has a subsequence which
converges, in the Lipschitz topology, to a C™° manifold M with C° Rieman-
nian metric and C'*' distance function p: M x M — R. Related but different
proofs of this result obtaining a limit C La , a < 1, Riemannian metric on
M appear in [19, 25]. A number of applications of the Gromov compactness
theorem have now been obtained, for example in [4, 25]. For an interesting
discussion of this result in the context of more general studies, we refer to [30].

An important antecedent of Gromov’s compactness theorem is Cheeger’s
finiteness theorem [8] that the set .#(A,v,D) of compact Riemannian mani-
folds of curvature |K| < A, volume V), > v, and diameter d,, < D, has only
finitely many diffeomorphism types (cf. also [31]). A basic step in this theorem
is a lower bound estimate for the injectivity radius i, > ¢(|K|,d,,, Vﬁ;l) . In
particular, Gromov’s compactness theorem may be strengthened to the state-
ment that #(A,v,D) is C 'l compact in the Lipschitz topology.

In this paper, we study the question of Lipschitz convergence of compact
Riemannian manifolds with bounds imposed on the Ricci curvature Ric in
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place of bounds on the sectional curvature. Of course, this is interesting only if
dimM > 4.

Besides its intrinsic interest, one motivation for this is the study of the ex-
istence and the moduli space of Einstein metrics on a compact manifold M .
Recall that Einstein metrics are exactly critical points of the total scalar curva-
ture functional &#: .#,/9 — R,

<9?=/Mrgdvg,

where .#, is the space of Riemannian metrics of volume 1 on M, & is
the diffeomorphism group, acting on .#, by pullback, and t ¢ is the scalar
curvature. # may be viewed as a smooth function on .#| , and one has [5]

dﬁg = Ric, —(1,/n)g.

The existence of critical points of a functional can often (but certainly not
always) be deduced if the functional satisfies a Morse or Lusternik-Schnirrelman
theory. Crucial for this is a condition such as Condition C of Palais-Smale;
namely, in this case, if g, is a sequence of metrics such that |#(g;)| < K and
l[d#(g)ll — 0 as i — oo, then a subsequence converges to a critical point of
&% . Here the norm and topology may be given by a suitable Sobolev or sup
norm on .#, . This condition then involves bounds on the Ricci tensor, but not
on the sectional curvature. Similarly, on the moduli space of Einstein metrics
on a given manifold, one has no a priori bounds on the sectional curvature.

Another motivation is the recent result of L. Gao [14] that the space of +1
Einstein metrics on a 4-manifold M is compact in the C™ topology. This
result, the first of its kind on Einstein metrics (known to the author), shows
that one can control the geometry of M in terms of the injectivity radius.

Our first result in dimension 4 is as follows. Let /,, be the length of the
shortest inessential (i.e., null-homotopic) nontrivial geodesic loop on the Rie-
mannian manifold M . (If no such loop exists, define /,, to be +o0o.)

Theorem A. The space of compact 4-dimensional Riemannian manifolds M
such that
(i) |Ric| <¢,,

(11) sup, ., rz“_"/q)[fB(r) |D*Ric |19 < c,(e,q), for some ¢ >4, £>0,

(1‘11) Ly >c¢y,

(iv) vglM >¢,,

(v) diam, <c;,

(vi) dim H,(M ,R) < ¢,
is ¢t compact in the Lipschitz topology.

Here in (ii), D’ Ric is the second covariant derivative of the Ricci tensor.
The bounds (i) and (ii) are implied by a bound on the Holder space norm
|VZ|l; , of the gradient of the total scalar curvature. We note that the bound
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(iii) may be replaced by other bounds. For instance, it may be replaced by
&, = inf{area X: [Z] # 0 € H,(M ,Z)/Torsion} > a > 0, cf. §6. If H,(M,Z)
is torsion, this condition becomes vacuous. There is an analogous result in
dimensions > 4 when the bound on the second Betti number b,(M) is replaced
by a bound on the curvature integral [, |R|”/ 2 where R is the curvature tensor
of M.

Theorem A’ . (I). The space of compact n-dimensional Riemannian manifolds
M such that

(i) |Ric|<¢y,
(i) sup,, rz(l'"/q)[fB(r) |D* Ric|"*1? < ¢,(e,q), for some g >n, >0,
(i) 1, > c;,
(iv) vol,, >¢,,
(v) diam, <c,,
: 2
(vi) [, IRI"? < ¢,

is C"** compact in the Lipschitz topology.
(IT) If n is odd, condition (iii) on [,, may be dropped.

Notice that in Theorem A no assumption is made regarding the sectional
curvature, while in Theorem A’ a comparatively weak assumption, namely
a bound on the scale-invariant integral [, |R|"/ 2dV , is made. The quantity
in (ii) scales in the same way as the sectional curvature (or the norm of any
(3, 1) tensor), and again may be replaced by a bound on ||[VZ|, ,. Theorems
A and A’ apply naturally to Einstein manifolds, or their products, since then
DRic =0, and lead to the following consequences, proved in §4.

Corollary B. (1)(a) The space of Einstein metrics of Ricci curvature +1 on com-
pact 4-manifolds M suchthat l,, > c,, vol,, > c,, and b,(M) < c; is compact
in the C* topology. In particular, there are only finitely many diffeomorphism
types.

(b) On each component D of the moduli space of +1 Einstein metrics on a
given 4-manifold M, the function l,,: D — R" is a proper exhaustion function.

(2) The space of Einstein metrics of Ricci curvature 0 or —1 on compact
4-manifolds M such that I,, > c,, vol,, > c,, diam, < ¢;, and b,(M) <c,
is compact in the C* topology. In this case, the function l;l' + diam,, is a
proper exhaustion function on each component D of the moduli space.

These results hold with </, in place of 1, .

(3) Results (1) and (2) above hold for the space of Einstein metrics on com-
pact n-dimensional manifolds M", provided the bound on b,(M) is replaced
by a bound on [, ]Rl"/ 2 If n is odd, the lower bound on l,, may be dropped.

Thus, for example, the function |,, |R|"/ 2isa proper exhaustion function on the
moduli space of +1 Einstein metrics on a given manifold M in this case.
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(4) (Almost Einstein metrics) There is a constant

& =6(|Ric|, supr™' "V D’ Ric| g, o120 Ly VOl , diam,,, b,(M))
r<e ’

such that if M is a compact 4-manifold with [, |Ric—Ag| < d, then M admits
an Einstein metric with Ric = Ag. The same result holds if M is a compact
n-manifold with the bound on by(M) replaced by a bound on |,, |R|"/ 2 (and 4
replaced by n). Again, if n is odd, the bound on 1,, may be dropped.

Before proceeding, we make some remarks on the hypotheses of Theorems
A and A’, namely, whether any bound may be dropped in the presence of the
others.

Remarks. (i) It is very possible that the two-sided condition |Ric| < ¢, can be
weakened to a lower bound Ric > —c¢, especially in the presence of the bound
(ii).

(ii) It is not known if the bound (ii) is necessary in Theorems A and A, and
it would be very interesting to know if, or to what extent, it can be removed.
In spirit, it is similar to an a-Holder bound on the Ricci tensor.

(iii) A condition of the type (iii) is necessary in even dimensions. In fact,
Tian and Yau [35] construct a noncompact connected family of Kéhler-Einstein
metrics with ¢, > 0 (and so Ricci curvature +1) on a simply connected 4-

manifold (CP2 #8CP2). The first Chern class degenerates at the boundary so
there are sequences with no smoothly convergent subsequences. In particular,
lyy = 0 (and &, — 0) for elements in this family; cf. also [27] and the
discussion in §5.

(iv) The lower bound on the volume is necessary, since for instance any
manifold M = N x S' collapses with bounded curvature, cf. [30].

(v) Similarly, a diameter bound is also necessary. The space of flat metrics
on an n-torus with v, > ¢ > 0 is still noncompact.

(vi) In dimension 4, it is an interesting open question whether the assumption
(vi) is necessary. It is possible that it is a consequence of the bounds (i), (iv),
(v). In higher dimensions, the bound on the curvature integral is also not known
to be necessary and it would again be interesting to replace this by a weaker
curvature invariant, cf. §4.

In §5, we turn to the question of the compactification of the space of Einstein
manifolds. Consider for instance Corollary B(1)(b). One is led to study the
behavior of metrics in the moduli space & *1' of +1 Einstein metrics on a
4-manifold M as /,, — 0, say at a point p € M. The methods developed
in the proof of Theorems A and A’ (cf., in particular, Theorem 3.5) tend to
indicate that M develops a singularity near p; namely, a neighborhood of p
is replaced by a cone on a spherical space form. In fact, the following result
holds (conjectured independently by H. Nakajima).
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Theorem C. Let {(M,,g;)} be a sequence of compact connected n-dimensional
Einstein manifolds, normalized so that trRic € {—1,0, + 1} such that

(i) vol M 2 €

(ii) diam, <c, if trRic=-1 or 0,

(iii) by(M)<c; if n=4, [, IR"*<c; if n>4.

Then a subsequence converges, in the Hausdorff topology, to a connected Ein-
stein orbifold M_, with a finite number of singular points {p,;} € M_. If
G,=M_—U{p}, then G hasa C* Einstein metric g, and there are C*
embeddings F;: G — M,, for i sufficiently large, such that (Fl.)*gi converges,
uniformly on compact subsets in the C ke topology on G__, to g, . Each singu-
lar point p; has a neighborhood which is homeomorphic to a cone on a spherical
space form C(S"~'/T). If the metric 8., islifted to B" —{0} via T, then there
is a T-equivariant diffeomorphism ¢: B" — {0} — B" — {0} such that ¢"g_
extends smoothly over {0} to a smooth Einstein metric on B" .

Further, if n is odd, there are no singular points and M_, is an Einstein
manifold diffeomorphic to M, for i sufficiently large. In this case, (M,,g;)
(sub)converges smoothly to (M__, &) .

Remarks. (1) Condition (i) is automatically satisfied if M, = M and g; are on
a connected component of the moduli space of Einstein metrics on M .

(2) The number of singular points {p,} and the orders of the local funda-
mental groups |I';| may be bounded above in terms of the bounds (i), (ii),
(iii).

(3) Parts of Theorem C have been proved independently by Nakajima [29],
cf. also [2] for a sketch of a proof of Theorem C obtained later, but essentially
similar to the proof here.

(4) Recent work of Kobayashi-Todorov [27] indicates that Einstein orbifolds
do actually arise as Hausdorff limits of Einstein metrics on K3 surfaces; cf. §5
for further discussion.

In §6, we study the moduli space of positive Einstein metrics on compact
4-manifolds of low Euler characteristic.

Theorem D. Let M be a compact 4-manifold with Euler characteristic 0 <
x(M) < 4. Then each component of the moduli space &* of positive Einstein
metrics on M is compact in the C™ topology. Further, there are only finitely
many components of the space & + of +1 Einstein metrics on M with vol,, >
c>0.

This holds for instance for M = S* or CP?. These results bear some re-
semblance with the compactness theorems of Uhlenbeck for the space of con-
nections [37] and the space of Yang-Mills fields [36] on principle bundles over
a compact manifold. In the latter case, this is, of course, not surprising, since
Einstein metrics yield Yang-Mills connections on the tangent bundles. How-
ever, spaces of Einstein metrics are likely to be more complicated than spaces
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of Yang-Mills fields, since the (base) metrics may degenerate both locally and
globally. The results above indicate what happens when the appropriate bounds
are imposed, on the space of Einstein manifolds for instance. It remains open,
for example, what happens in Theorem C when the volume of (M,,g;) — 0,
or diam(M,, g;) — oo. This behavior may actually occur on a given manifold
M , as shown by the examples of Wang and Ziller [38].

The origin of this paper owes much to questions and discussions with L. Gao.
His result [14] led the author to consider the more general questions here.

The author would also like to thank S. Bando for enlightening him on the
existence of the metrics in [7, 13]; this set the framework for the current work.
Finally, I also thank H. Nakajima for his correspondence on these topics as well
as the Taniguchi Foundation for making these latter contacts possible.

2. PRELIMINARY RESULTS

In this section, we will discuss several preliminary results that will be used
for the proof of the main theorems. This section may be skipped and referred
back to, when necessary.

2.1.  First, we unify the discussion of dimensions. Recall the formula of Avez
[5] expressing the Euler characteristic (M) of a compact 4-manifold in terms
of a curvature integral;

2.1) x(M):—lz-/ IR]? - 4|Ric|® + 7,
8n° Im

where 7 is the scalar curvature. Clearly, x(M) < 2+ b,(M) and f,, 7 <
4 MlRiclz. Thus, a bound on | MlRic|2 and b,(M) implies a bound on
/ M lR12 . The Bishop comparison theorem (cf. §2.5) implies there is a bound
vol,, < c(infRic,,, diam,,), so that the bounds (i), (v), (vi) imply a bound on
Ju IR

2.2. The hypotheses (i), (iv), (v) in Theorems A and A’ lead to a lower
bound on the isoperimetric and Sobolev constants of M . In fact, let 4, be
the isoperimetric constant given by

n
(2.2) h,, = inf —LOI51 m—
S [min(vol M, , vol M,)]
where S varies over closed hypersurfaces of M such that M —§ = M, U
M, . Croke [10, Theorem 13] shows that 4, is bounded below by a constant
depending only on a lower bound for the Ricci curvature and volume, and an
upper bound on the diameter. In particular, if B (r) is a geodesic ball of radius
r about x € M and S, (r) = 0B, (r), v(r) = vol B (r), then it follows that
'(r)"/v(r)"~" > h,, for v(r) < LvolM. Integrating this inequality, one
obtains

(2.3) v(r)/r" > Coss
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if v(r) < 1volM . Also, it is well known that a lower bound for 4, gives a
lower bound for the Sobolev constant ¢; of M. In fact, cf. [40],

1 -2
(2.4) 1 Vansn-2) < N1l + ol 111l
S

for any Lipschitz function for M . Note that the bounds in (2.3) and (2.4) are
scale invariant.

2.3. A basic tool in the arguments to follow will be the equation for the
(rough) Laplacian of the curvature tensor R of M . It is shown in [21, Lemma
7.2] that

AR = R+ R + R+ Ric +P*(Ric),
where 4 * B denotes a linear combination of tensors 4, B obtained by con-
tracting A, B with the metric g and Pz(Ric) is a linear combination of
second covariant derivatives of the Ricci tensor. In particular, one obtains

(2.5) IAR| < ¢,|D” Ric| + ¢,|R)?,

where ¢, and c, are constants depending only on dimension. One has (AR, R)
+|DR[* = 1A|R® = |R|A|R|+|d|R|* . An application of the Schwartz inequality
shows |d|R||2 < |DR|2 so that from (2.5) one has

(2.6) AIR| +¢,|D*Ric| + ¢,|R* > 0.

Elliptic inequalities of this type have now been used in many geometric con-
texts to derive pointwise bounds, the basic idea going back to Uhlenbeck [32].
Since such a pointwise bound is crucial in our arguments, we will include a full
proof, following the lines of [16, Theorem 8.17].

Lemma 2.1. There is a constant C = C(n,cg) and &, = g(n,cg) such that if
B(t) is a geodesic ball of radius t in M and

(2.7) / RV <e,,
B(1)
(2.8) sup [RI> < C-

then
q/2
1 / IR + 1% / ID”Ric|*?
B(t/2) t B(t) B(t)

for a fixed q > n and6=1—§.
Proof. It simplifies matters if we assume ¢ = 1. Note that inequality (2.6),
condition (2.7) and claim (2.8) are all scale invariant, so that by rescaling the
metric on M , we may assume that ¢t = 1.

Let k = ([ |D?Ric|*?)*% and let u = |R| + k. First multiply (2.6) by

C2 u®, a>1, where { is a cutoff function of compact support in B(1), to be
determined below. Integrating by parts, one obtains

4 a @ ¢ i
- +a1)2 /Czldu( D22 ey de|du) < c3/{2u [|D’ Ric| + |R|].
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By the Young inequality

2 2
¢ ldu(a+1)/2l2

20u%|dC| |dul < 2TV + .
(a+1)

so that one obtains

P<e, / Cu[|D? Ric| + [R[A] + 26 |de) .
This gives the estimate
/IdCu(a+l)/2|2 $c4-a/C2ua[|D2Ric|+|R|2]+ua+l|dC|2,

so that by the Sobolev inequality (2.4)
(n=2)/n
(2.9) [/(Cu(a+l)/2)2n/(n—2):|

<co / C2uC[ID* Ric| + R + w* ' 1de) + 1.

First we set a+ 1 =n/2. Then

[ iriu < [ aricu
: (/ <<|R|”/2)2/"> : ( / (czu“*')"un-z))("-”/" ,

where ¢ is an auxiliary cutoff function with £ =1 on supp{. Since [ (§|R|)”/ 2
< gy, if g < %cs(g — 1), this term may be absorbed into the left side of (2.9).

Next,
2020, (n=2)/2 1. 2\ " 2 2\
(¢°|D” Ric|)u < |D” Ric| . u

< vol B()' ™ k|IC* Rl , + k1"

Further, fu"“|d€|2 < ¢oley + k], where ¢, depends on [d{|. If we set p, =
(n/2)(n/(n —2)), the above estimates combine to give the bound

(2.10) ICull,, < c;le, + &I
Now we return to (2.9) with a+ 1 > 7. Note that
u®[|R)* + |D*Ric|] < u**' |u+ @] ,
so that
(2.11) /czu"umz +|D*Ric[1 < ||¢ (u + '22.%) e

q/2
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Then
2.
< [1¢ull, , + 12107 Ric||

|D*Ric|
' { (u + %
q/2

provided £ < p,. Further, using the interpolation inequality || f]|; < &l f]|, +
e fll,, where r>s>t, u= (L -1/t -1y with r =2n/(n-2), s =
2q/(q —2), t =2, we obtain from (2.9)-(2.11) that

(2.12)

(n=2)/n
+1)/2,2 -2 1)/2 — 1)/2 2
[/ (ult Dyl ’] < ¢y ol (el U™y gy + & 10T
+/u"“lld€|2+§2],

where u = n/(q — n). If we choose e = %(C9a)_l , then the first term on the
right side of (2.12) may again be absorbed into the left side. We set v = ulethi2
and y =n/(n—2) and thus obtain

(2.13) 12011, < cypa(l + @) +1d])]l,]

We may choose the cutoff function { = {(r), where r is the distance to 0 e
B(1), and require {(r) =1 for r <r  with r > 5 L.¢4r)=0 for r>r"
where r* <1 and |d¢|<c/(r' —r7). Let T(p,r) fB(r) )P Then (2. 13)
gives

u 2/p
2.14) T(up.r) < (C—“;"(—l_%"—’) T(p.r).

a2 k < cgley + K1,

This inequality may now be iterated in the standard fashion. Let p, = %,
p,=x"p,r,=3%+2" (m+3) pt — 1 =273 We then obtain

21 =i
T(x"2.,1) < (1) “Z I )<, T(2,1).

Letting m — oo gives

2/n
(2.15) sup ugc-(/ u"/z) )
B(1/2) B(1)

Lemma 2.1 then follows by applying the triangle inequality to the integral in
(2.15). O

2.4. We will make frequent use of a local lower bound estimate on the injec-
tivity radius of a manifold, due to Cheeger, Gromov, and Taylor [9, Theorem
4.3]. Namely, let N be a complete manifold and p € N. Let lp denote the
length of the shortest geodesic loop in N based at p. If K, < A’ on Bp(r) ,
and r < lp /2, then an estimate of Klingenberg [26, Lemma 1], implies that the
injectivity radius i ) of N at p satisfies

(2.16) i, 2 min(r, %).
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Now suppose |K,| < A* on B (r), where r < . Choose any numbers r,
and s such that ry+2s <r, r, < §. Then one has the estimate [9]

(2.17) 12 rll+v (g +9) /v, ()],

where vp(s) is the volume of B,(s) and v"A(r0 + s) is the volume of the
geodesic ball of radius r, +s in the space form of constant curvature —A.

In particular, a lower bound on v,(s) and the bound Kyl < A? imply
a lower bound on the injectivity radius of N of p. Note that from (2.3),
one obtains a lower bound for v,(s) (depending only on s), from bounds

. . 2
voly, >¢,, diam, < ¢ (since |[K,|<A%).

2.5. We will also make use of the well-known Bishop comparison theorem [6,
9]. If M is a complete manifold with Ric,, > (n —1)A, then

u(r)
2.18 Is
(2.18) )
where v(r), vl(r) are as in §2.4. Clearly lim _  v(r) /v’l(r) = w, , the volume
of the unit n-ball in R”. If v(r)/v*(r) = w, for all r, then M is isometric

to the simply connected space form of constant curvature A. We note, in
particular, that if Ric,, > 0, then v(r)/r" |.

2.6. We will need to apply a local form of the Gromov compactness theorem
(related to [20, 8.2]) a number of times. First, we give a definition.

Definition. A sequence of Riemannian manifolds ¥V, converges uniformly on
compact sets in the ck= topology to a Riemannian manifold ¥V if, for any
compact domain D Cc V and i sufficiently large, there are compact domains
D, cV,; and cke diffcomorphisms F;: D — D; such that the pull-back (F,.)*g,.
of the metrics on D, to D converge, in the cke topology on D, to the metric
on Dc M.

Theorem 2.2 (Gromov compactness). Let V, be a sequence of closed C* Rie-
mannian manifolds and Q, a sequence of domains in V, with smooth boundary
0Q;. Suppose, for all i,

(i) |D'RI(x) <A, [=0, ...k,
(i) Inj(x)>c,,
(iii) ¢, < volQ, < ¢4

Jor all x € Q;, where D'R is the Ith covariant derivative of the curvature
tensor on V,. Then given ¢ > 0, the Riemannian manifolds Q(e) = {x €
Q,: dist(x,0Q,) > e} (assumed nonempty) have a subsequence which converges,
uniformly on compact sets in the C*** topology, to a C**'** Riemannian man-
ifold Q_ (e). In particular, Q,(e) is diffeomorphic to Q_(e) for i sufficiently
large.
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Although this specific form of the Gromov compactness theorem does not
seem to appear in the literature, a number of proofs that do appear are easily
adapted to give a proof of this situation. For completeness, we give a proof of
Theorem 2.2, following closely the lines of [24].

First, we recall the following result from [23].

Fact. There are positive constants J, and c;, depending on the bounds (i),
(ii), (iii), and &, such that for any & < J,, there is a harmonic coordinate chart
H=(h,,...,h): B (6) — R" satisfying

(1) ¢ ' dist(x,y) < [H)| < ¢y dist(x,y),

¢y 16" < T g,&'¢’ < colél, where g, = g(Vh;, Vh)),
(3) ”gijllckﬂ,a(gx(g)) S CO s
(4) if f is any harmonic function in B, (d), then
11l e, 57 < ol 1o
for any x € Q,(e).
Proof of Theorem 2.2. Let §, = 56 , where ¢,, &, are chosen from the
above fact, and we will also assume d, < &/2. In each domain Q = Q,(e),
choose a maximal J,/2 separated set F of points {xj} . Thus, distQ(xj,xk) >
6,/2 and disty(x,T") < J,. In particular, the balls ij(5l /4), x; € I', are
disjoint and the balls ij (6,) cover Q.(¢). By the Rauch comparison theorem,
vol B, (6,/4) > c(A) - ; and vol B, (9, < ¢'(A)- 67 . Thus, by (iii), there is a
fixed upper bound Q to the cardinality of I" and by passing to a subsequence,
we may assume #I = #I',(¢) = Q (¢ fixed). Let U=U, = UJQ=1 ij(dl) , SO
that U; covers €;(¢), but is contained in Q,(g/2).
For each x » we have harmonic coordinates H fx B.(x.) — R" satisfying

B"(c;'6) C H(B, () € B"(cyd)

for 6 < &, and B"(s) the ball of radius s about 0 in R". Let { be a fixed
smooth cutoff function satisfying {(t) =1 on [0,6,], {(¢) =0 on [d;,00),

where 9, —coél, 0, —c06 Deﬁne{ U—-R byC (x)= C(|H( )|), so that
supp ¢, Cij(J) and C} =1 on ij(64), where d -coé , 04 —cgé .

For each U = U,, we may define a smooth map E,: U — RY (N =
nQ+Q), by

Ey(x) = ({(x) - H(x), ..., {o(x) - Hy(x), {,(x), .., (o)) -
It is clear that E, is an embedding of U into a ball BY (ry) of fixed size in
R" . Now observe that for any x; € I', E U(ij (d,)) is naturally a graph over
H/(B, (5,)) CR" = (RY), C R". Namely, for x € H,(B, (4,)),
Ey(B, (39) = {(L)F,(X), ..., £, (X)F,_,(x), X, £, (X)F;, (%),
Sy Eg(x), i), ... ()}
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where F, = H,; o H'l and f, = {(|F|). Further, note that there is a fixed
lower bound on the size of H, (B (5 )); in fact, Hj(ij(dl)) C B"(coél) -

(B j(é )). Clearly, the balls B }(64) cover U. Since the maps H; are

k+2.2 porms, by (4)

of the fact. In particular, all maps E; have uniformly bounded C**?* norm.

We will now identify U, with its 1mage D; in R" under E,, and the metric
g; on U, with its image (call it again g, ), under the push forward (Ey,).8; on
D;. We then have a covering of D, by neighborhoods N; = N (i) which are
graphs over a fixed domain B"(d;) C (R") c RY, with 56 = coél , by graphing
functions with uniformly bounded C**%* norm. We may apply the Arzela-
Ascoli theorem to each graphing chart and obtain a subsequence of {D;} which
converges, in the loartl topology, for o’ < a to an embedded graph D of

class C¥*2* | For i sufficiently large, any compact subset of D, may then be
graphed over the normal exponential map X_ to D__, so that, pushing forward

k41,0’ .
1% metrics, also

harmonic, the maps F] and fj have uniformly bounded C

the metric g, to D_ by X_ , we obtain a sequence of C
called g;, on any given compact subset K C D__

We will now verify that this sequence of metrics has a subsequence, converg-
ing uniformly in the C**'*® topology on K, to a C**'** metric on K. To
see this, recall N = On + n and let P’ be the orthogonal projection of RY
onto (R")’, 1<,j<Q. Let H{ be the restriction of P’ to the geodesic ball

B (6,)CcU =D, cC R" . Consider the sequence of metric tensors

Xj
o 0 1o}
= (m),g, (_Bxa o

defined on B"(J) c (R")’. To compare these metrics, note that the maps
¢} = PloX_o(Il')™" are C**** diffeomorphisms from B"(J,) into R", with
uniformly bounded Cc**%* norm in i, for each fixed j. Thus, they converge
to the identity in the C**2" topology. It follows that the C**'** norms

of h,, on B"(J) are uniformly bounded, so by the Arzela-Ascoli theorem,

k+1 ,a

a subsequence converges to a C metric h2°ﬂ in the C¥t'=e topology

on B"(d). Taking then (I'I{ )*h;"; one verifies the claim, and this proves the
theorem. O

3. PROOF OF THEOREMS A AND A’

This section will be concerned with the proof of Theorems A and A’ . Note
that by §2.1, we may treat the cases dimM = 4 and dim M > 4 on an equal
footing, so we will assume n = dim N is arbitrary.

We will prove that conditions (i)-(vi) in Theorem A (A') imply a bound on
the sectional curvature |K, /| < A® of M. The result then follows from the
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Gromov compactness theorem. Suppose |K, | is not bounded on this set of
Riemannian manifolds. Then there is a sequence of Riemannian »n-manifolds
(M;, g;) such that (i)-(vi) hold uniformly for (M,,g,) but

(3.1) sup|K, | =R, - 0o asi—oo.
M; !

It will be shown that this leads to a contradiction. Suppose the supremum above
is achieved at x; € M, and consider the sequence of rescaled metrics (M,,h,)
with
2
(32) h=R"-g.
This sequence satisfies
(1) |Ric(h)| < c,/R, =0,
@ swp AL [ | Rie(h) [ -0,
r<eR; B(r)
(3) IKMh)l<1,
4 |Kh)(x) =1,
®) [ RBI <q,
M;
(6) Iy (h) 2 c3R; — oo,
(7 v(r)/r" = V°1h,~ Bx(r)/r" ¢,
(8)  inj, (x) > ¢,

Here (1)-(6) follow from the bounds on (M, g;) and scaling properties, (7)
follows from (2.3) and scale invariance (we assume r < R;/2-vol(M,, g;)) , and
(8) follows from §2.4 via (3) and (7).

We wish to apply the Gromov compactness theorem (in local form) to the
sequence (M, g;). However, a limit metric need only be C 1 and we require
some curvature properties, in particular, an analogue of (4), to apply to the
limit. Thus, it is useful first to smooth the metrics and then to pass to a limit.

Let h = h; and consider the evolution equation of Hamilton [21]

(3.4) dh/dt = —2Ric(h)
on M = M,. It is shown in [3] that there is an ¢ > 0, depending only
on dimension (since |K(h;)| < 1), such that solutions A(f) to (3.4) exist for
0<t<e¢,and
lA(t) = hllco < C(t), with C(¢) »0ast—0,
(3.5) ID“R(®lIo < CH k), k=1,2,3,...,
IRl o < 1.
One sees that the bounds (3.3)(3), (7) and thus (8) remain valid for A(¢), for

all i, ¢t with ¢ sufficiently small ¢ < ¢, . We will show in a sequence of lemmas
that the other bounds (except (2) and (6)) are also preserved, with (4) replaced
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by an analogue. In the following lemmas, we will suppress the dependence on
i, but it is important to keep in mind that all estimates are independent of i.
The “centerpoint” X; € M; will be denoted by Xg-

Lemma 3.1. For the metric h = h(0), there are fixed positive constants r,,, 4,
such that

(3.6) /B IRP > 6,.

0(’0)
Proof. Since |R| < 1, we may choose r sufficiently small to apply Lemma 2.1
and obtain

2/q
1 :
sup |RP<C-|& / IR 4+ 1% / ID*Ric|”?) |,
Bay(r/2) r* I Bay(1)

where § =1 - 7 - By (3.3)(2), the second integral converges to zero as | — co.
On the other hand, by (3.3)(4), SUPg, (r/2) |R|2 =1, so that

/ IR"*>c-r*.
Bxy(r)

0

Again, since |R| <1, the result follows. O

Lemma 3.2. For the metric h = h(0), there is a constant K such that
3.7) / VR <K
Bx(1)

forany xe M.
Proof. From (2.5), it follows that one has the inequality

(3.8) AR]> > —¢,|D*Ric| - |R| - ¢,|R[* + |VR[".

Let ¢ = {(r) be a fixed cutoff function such that {(r)=1 for r<1 and {=0
for r > 2. Multiply (3.8) by { and integrate by parts to obtain

/ VR < / (AR +¢, / {ID*Ric|- |R| + ¢, / LR,
By (1) M M M

X

The latter two integrals on the right side are clearly bounded above. Noting that
Iy (AR = Iy IRI*AL < Jis |AL|, this term may also be bounded from above
by the local geometry of M. 0O

Remark. Lemmas 3.1 and 3.2 are the only places where condition (ii) in The-
orems A and A’ is required in the proof.

Lemma 3.3. There is a constant L such that for 0<t<¢,,

(3.9) / VR < Le™.
By (1)
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Proof. It follows from equation (13.3) of Hamilton [21] that one has the in-
equality

(3.10) %|VR|2 < AIRP + ¢,|VR[-|R].

Choose a locally finite cover of M by geodesic balls Bpj(rl) in the 7 = h(0)
metric, where r, < %inj »(R(0)) and such that the balls Bpj(rl/Z) also cover

M. Thereisa p, € {p;} such that pr ) IVR]* > pr (rl)|VR|2, for all j.
1 J

Further, since forany Dc M, [, IVR(t)I2 dV, is a continuous function in ¢,
there isa ¢, < ¢, and p, such that, forall j,

(3.11) [ |VR(z)|2dV;z/ IVR()dV,
By, ()

By, (n)

for t <t . Let { ={(r) be a fixed cutoff function with {(r)=1 for r > r /2
and {(r) =0 for r > 3r,/4. Multiply (3.10) by { and integrate by parts to
obtain

d

2 2
7 - rI)CIVR(t)I av, = /,, . (T !VR )l dV+/ (IVR(t) | TdV,

By, ()

< /B ( )|VR<:>| AZIdV +c, / (VR 4V,

By, (n1)

where 7 is the scalar curvature. One may bound |A{| < ¢, by a constant
depending only on the local geometry, so that

d

2
@il ., (VRO dV,ge(,/ IVR()PdV,

By, (r1)

<e, [ avR@ray,

pl(’l)

where we have used (3.11) in the last inequality. Setting
2
= uvreray,
By, (1)

we obtain f' < c,f for ¢t <t . Thus, f(¢) < f(0)e” < K -e”" so that (3.9)
holds for ¢ < ;. Repeating this argument with ¢, in place of ¢, = 0 and
continuing by induction gives the result. 0O

Lemma 3.4. For all t <¢, there is a constant C such that

(i) / ROV, >C™",
Byy(1)

[ irortay<c,
M
(iii)  |Ric(t)| < C-|Ric(h(0))!.

(3.12)
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Proof. (i) Using equation (13.3) of Hamilton [21] again, one obtains the in-
equality

d 2 2 2 3

EIRI > AIR|" = 2|VR|" — ¢|R|".

Choosing ¢ as in Lemma 3.2 and integrating by parts gives

S arrave-[ -2 wRC[ IR
tJB,(1) By (1) By (1) By (1)
The result then follows from Lemmas 3.1 and 3.3.
(ii) From equation (13.3) of [21] one obtains
d 2 2 3
- <
IR < AR + IR,
from which one deduces
d 2 2 2)/2
a—tuq"/ < AIR]"? + ¢,|R ™2,

Integrating this inequality over (M ,h(t)), and using |R| <1 and (3.3)(5) gives
the result.
(iii) From Corollary 7.3 of [21], the Ricci curvature satisfies

d, . 2 .2 .3

ElRICI < AJRic|” 4+ ¢|R| - |Ric|".
Taking into account that |R| < 1, the result follows by applying the maximum
principle on M, cf. [3,21]. O

Returning now to the sequence of metrics {h;} on M, the above results
show that there are metrics (), ¢t <¢,, on M,, such that

Q) Ih0) -kl < CQ),
() VROl < CE k),
(i) RO <1,

(iv) / R <c,
(3.13) M,

V) / R@F>C,
By, (1)

(vi)  vol, , B(r)-r">C",

i(1)
(vii)  inj, , M, > C".

We now apply the Gromov compactness theorem to the pointed manifolds
(M;,x;,h,(t)). By Theorem 2.2, the sequence (B, (R),h,()) of Riemannian
manifolds has a subsequence which converges, uniformly in the cke topology
for any k, to a C* Riemannian manifold (me (R),h (), provided ¢ >

0. By choosing a sequence {R j} — oo and taking a diagonal subsequence, it
follows that a subsequence of (M,,x;,h,()) converges, smoothly on compact
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subsets, to a C* Riemannian manifold N, with smooth metric 4,(f), 0 <
t < ¢, satisfying

(i) Ric, =0,

.. n/2

(i1) /N |IR|™" < 00,
(i) w(r)/r"=C,

(iv) / IR’ >0
B.(1)

for some point z € N. We note that (3.14)(i) follows from (3.3)(1) and
(3.12)(iii).

Let us indicate briefly how the result (3.14) leads to the required contradiction

in the proof of Theorems A and A’. We will show below, and this is the
crucial result, that a complete Riemannian manifold V satisfying (3.14)(i)-
(iii) is asymptotic to a cone on a spherical space form st /T . Further, if V
is simply connected at infinity, then V is flat. Below, we will use the bound (iii)
in Theorems A and A’ or equivalently (3.3)(6), to show that N, constructed
above, is simply connected at infinity. Thus, N must be flat, contradicting
(3.14)(iv).
Theorem 3.5. Let V be a complete, noncompact Riemannian manifold satisfying
(3.14)(i)-(iii). Then given z € V, there is an R, such that V \ B,(R,) is
diffeomorphic to (R, oc0) x S”_l(l)/l“, where S"'l(l)/I‘ is a spherical space
form. Further, V is asymptotically flat, i.e., the metric on V approaches the
flat metric on (R,,00) x S"~'(1)/T at a rate o(1/r?).

If V is simply connected at infinity, i.e., T = {e}, then V is isometric to
R".

Proof. First note that from Bishop’s inequality (§2.5) and (3.14)(iii), there is a

constant ¢, such that ¢, '< v(r)/r" < ¢, - It follows from an observation of
Yau [40], based on the methods of Croke [10], that there is a global Sobolev
constant ¢, for functions of compact support on V', i.e.,

Consider now the annulus A(1r,2r) = {x € V: §r < dist(x, z) < 2r}. Since
Jy IRI"? < 00, we have Saer2.0n IR|"”* - 0 as r — oo. We may apply Lemma
2.1 and find there is an R > 0 such that, for all r > R,

C 2 E\r
sup|R| < < / R =20
S(r) r- JA(r/2,2r) r

(3.14)

where ¢(r) — 0 as r — 0. In other words, the curvature of V' decays
faster than quadratically. It follows that the rescaled Riemannian manifolds
(A", 8") = (A(r/2,2r),g/r") have sectional curvature satisfying

(3.15) sup |R"| < 2e(r) — 0.
Ar
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Clearly, by Bishop’s inequality, vol 4" < ¢ - If B’'(s) is a geodesic ball of radius
s in A", then

r vol B(rs n VOlB(rs
vol B (s) = r”( )=s . (rs)(" )
n.. VOlB(rs)  »n

28" im —r = %8

Note also that the diameter of 4" is bounded above.
These results imply by §2.4 that there is a uniform lower bound on the injec-
tivity radius inj’(x) in the g" metric at each x € 4",

(3.16) inj"(x) >d,>0.
0

We may now apply the Gromov compactness theorem of §2.6 to an ar-
bitrary sequence of components of (4", g"). It follows that a subsequence
converges, in the C La topology, to a connected C l* Riemannian manifold
A% = A%(4,2) of the same dimension. It is not difficult to verify that 4% is
flat. One way to do this is to use the smoothing procedure carried out above to
obtain bounds on |DkR| and pass to a (different) limit (4°°)', which is then
flat. However, more directly, as we will see in §4, since ¥ (and so A") is Ein-
stein, there is a curvature bound of the form |DkR ol S ck,|R,|,inj,), so
that in fact (4", g") converges smoothly to its limit A% . By (3.15), it follows
that A® is a smooth, flat Riemannian manifold.

Clearly, this process may be carried out with the manifolds (A(r/n,nr), g/ r2)
for any n > 1 and by passing to subsequences, one obtains connected limit
manifolds 4, with A C Ay if m < n. Taking a sequence n, — oo, we
obtain a limit flat connected, Riemannian manifold B (= B_(0,00)) such
that 4°° c B forany n.

We claim that B_ is the cone on a spherical space form C (8" ! (1)/T)—{0}.
First note that B_ has a distinguished distance function p, namely the limit
of the distance function r(x) to z on A(r/n,nr). The function p: B — R*
is a Lipschitz function, with Lipschitz constant 1, with |Vp| = 1 a.e. Let
C(s) = {x € B : p(x) = s} sothat C(s) is the limit of a sequence of geodesic
spheres (Sz(ris),g"') in V. Thus, {C(s)} is a family of equidistants in B_,
Le., disty (C(s),C(t)) = |s —¢|, with |p(x) — p(¥)| = |s — 1] for x € C(s),
y € C(t). We claim that diam, C(s) — 0 as s — 0. To see this, let D(3) =
{x € B_: dist(x,C(s)) < §} and note that vol D(3) < ¢, -s" . We may cover
D(3) by a finite number, say Q, of balls B () in B with x;, € D(3) such
that the balls Bx,(%) are disjoint. Then vol B (3)2¢- s", so that

Qc,s" < vol D(s) < cys”.

Thus, Q is bounded from above by a constant independent of s. In particular,
any two points in C(s) may be joined by a broken geodesic in D(5) of length
<c¢-Q-s.
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It follows that if we attach a point 0 to B, via p, then B = B__ U {0}
is a complete length space in the sense of Gromov [20, 1.7]. In particular,
p extends continuously over {0} and represents distance to {0} in B_ . Any
point x € C(1) may be joined to 0 by a minimizing geodesic y, (not necessarily
unique), such that p(y (¢)) =¢.

Let §°° be the universal cover of B_ . Since Eoo is flat and simply con-
nected, the developing map D: ﬁoo — R” is an isometric immersion. In par-
ticular, D maps geodesics in Eoo to geodesics (straight line segments) in R”.
Choose a geodesic y in B as above and let 7, bealift of y_to §°o . Then
D(7,) is a line segment in R” which we may normalize to start at 0 € R" .
Let y € C(1) and choose points p, € C(s;), with s, — 0, and curves o;,0
joining p, to y NC(s;) and x to y, respectively. Let yy(i) be minimizing
geodesics joining p; to y in the homotopy class of the curves goy, og;. Then
a subsequence of the curves y, (i) converges to a minimizing geodesic y, join-
ing 0€ B and y € C(1). Let J”)y be the lift of y, to ﬁw corresponding to
7, . Since dist(yx(t),yy(t)) —0,as t—0, dist(?x(t),}”)y(t)) — 0 also, so that
distg, (D(7,(1)), D(3,(1)) — 0.

If 2(s) is the inverse image of C(s) under II: §°° — B__, then we see that
the developing map D maps Z(s) into S(s), the sphere of radius s about 0
in R". It is clear that D is an isometric immersion of X(s) onto a domain
in S(s), and since X(s) is complete, D maps X(s) onto S(s). Thus, D is a
covering map and since n > 2, it follows that D is a difftomorphism and thus
an isometry.

It follows that B_ is isometric to R" — {0} and I'=r,(B_ ) acts by isome-
tries on R” — {0} and thus on R" fixing {0}. So I' acts freely and isometri-
cally on $"7'(1) so that B_ is isometric to R" — {0}/ = C(S"~'/T") - {0},
as claimed. The manifolds 4" C B_ are the domains 4, ={x € B_: 1 <
p(x) < n},sothat A>° is isometric to the truncated cone on s /T . In par-
ticular, by the Gromov compactness theorem, the original manifolds (4", g)

have subsequences which are diffeomorphic to (},2) x s (1)/T, for some I'.

We see there is an R, > 0 such that, forall r > Ry, A(r/2,2r) is diffeo-
morphic to (% ,2) X S"_'/l", where I" may possibly depend on r. However,
since the convergence A" — A® is smooth, we now see that |Vp(x)| > 0, for
p(x) > R, where p is a smooth approximation of the distance function r.
Since (1,2)xS$"”'/T" and (2,4) x $"~'/I" are diffeomorphic only if ' =T,
we have A(R,o0) is diffeomorphic to (R, 00) x N /T". The volume growth
assumption (3.14)(iii), together with the Cheeger-Gromoll splitting theorem,
implies that A(R,,o0) is connected.

This completes the first part of Theorem 3.5. To prove the second part, if V
is simply connected at infinity, then I = {¢}. However, the arguments above
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imply

1B
lim YETZ(’;) > lim vol 4" (%r,r)

r—oo r r—oo
= vol B"(1) — vol B" (i) ,
m

for any m > 1, where B"(r) is the Euclidean ball of radius r. Thus,

lim vol ﬁz(r)

r—oo

so that the result follows from Bishop’s inequality (§2.5). O

>w

- n

We may now complete the proof of Theorems A and A’. Recall that prior
to Theorem 3.5, we constructed a complete, noncompact Riemannian manifold
N satisfying (3.14)(i)-(iv). By Theorem 3.5, it follows that N is diffeomorphic
to the interior of a compact manifold N with boundary N = S"~'/I".

So far, we have not used condition (iii) in Theorems A and A', and we now
use it to prove that I" = {e}. First, from (3.14)(iii) and Proposition 1.2 of [1],
it follows that = (N) is a finite group. If we prove I' = {e} for N, so that
N =R", then clearly N = R" also, since a finite group cannot act freely on
R". Thus, we may assume =,(N) = {e}.

Recall that the manifold N is constructed as a limit (M, h,(f)) with 0 < ¢ <
¢, . The manifolds (M,,h,(t)) are close, in the Lipschitz topology, to the (un-
smoothed) manifolds (M,,4;), h; = h;(0). Note that, by Gromov’s compact-
ness theorem, a subsequence of {(M,,h,)} converges, uniformly in the c'
topology on compact sets, to a complete Riemannian manifold (M__,A_), with
C'* metric h., . In particular, geodesics in (M,,h;) converge, uniformly on
compact sets, to geodesics in (M__,h_). Clearly, (M_ ,h_) and (N,h_(t))
are close in the Lipschitz topology, so in particular they are diffeomorphic.

It follows that there is a sequence of domains B, = B, (R) C (M, ,h,), for
an arbitrary but fixed R, such that B, is diffeomorphic, and metrically close,
to B,(R) C (N,hy(t)), for i sufficiently large. In particular, 0B, ~ S""l/l"
and since B,(R) C (N,hy(t)) is a strictly convex domain, for R large, B, C
(M;,h,) is also (for i sufficiently large). Now there is an R, > 0 such that if
By, = B, (R,) C B;, then = (B, — B)) = n(0B;) =T. Suppose I" # {e}. Fix
apoint p = p, € 9B, and let y = y, be a curve of shortest length in B, — B,
representing a nonzero class in n,(B, — B,). We claim that if |[I'] > 3, then
y does not intersect B, and thus y is a geodesic loop in B; — B, (since 0B,
is convex). To see this, if y N B, # &, then for R, sufficiently large, and
R > R;, l(y) = 2(R - R,), since the metric on B, — B, is close to the flat

metric on A(R,,R) C C(S"_' /T) . However, since the metric on 9B, is close

to the canonical metric on S""(R)/l" , there is a curve ¢ in 9B, of length
(o) ~ 2aR/|T|. Since 2n/|T'| <2 if |I'| > 3, this shows yN B, =, for R,
R, and i sufficiently large.
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Thus, in this case, B; contains geodesic loops y =y, of a bounded length
[(y,) = 2r/|IT| - R. Since B, is simply connected, these geodesic loops are
inessential. However, by (3.3)(6), the length of an inessential geodesic loop in
(M;,h;) (and thus in a finite cover of M, ), satisfies

(3.17) Iy(h)Zc3- R, — o0, asi—oo.

This contradiction shows that we must have |I'] < 3. In this case, we may
argue as follows. By (3.17), and Morse theory for the length functional of the
h; metric, it follows that nk(Q") = 0 for all k, where ¢, = ¢;- R, and Q"
is the space of loops of length < ¢; in the A, metric. Since the metrics A,
converge smoothly to the metric 4__, the length functional converges also and
it follows, for instance from the minimax characterization, that =, (2) = 0 for
all k. (There are no critical points of the length functional of A_ associated

to any homotopy class sk .) Thus, Q and so B, ~ B is contractible. An
elementary exact homology sequence argument for the pair (B,dB), cf. also
Lemma 6.3, shows that B ~ S”" _l/l“ is a homology sphere. Since |I'] < 3,
this is only possible if I" = {e}, as required.

Theorem 3.5 now implies that N is flat, which contradicts property (3.14)(iv)
of N. This completes the proof of Theorems A and A’ (I). To prove A’ (II),
note that we may take the oriented double cover of the manifold N satisfy-
ing (3.14)(i)-(iv) and obtain an oriented manifold, call it N again, satisfying
(3.14)(i)-(iv). Now by Theorem 3.5, N has a well-defined boundary s /T
at infinity. If n is odd, S"! is an even-dimensional sphere, so the only space
forms are I' = {e} or I'=1Z,. Since N carries a canonical orientation, and
RP"™! is nonorientable if 7 is odd, this case is ruled out. Thus, N is simply
connected at infinity and the arguments above complete the proof. O

Remarks. (1) The condition /,, > ¢ in Theorems A and A’ could be dropped if
the hypotheses of Theorem 3.5 implied that V is simply connected at infinity,
and thus flat. However, this is false in even dimensions. In fact, a number of
authors, [7, 13, 22] among others, have produced examples of Ricci-flat metrics
on simply connected 4-manifolds, which are asymptotic to lens spaces at infinity,
and so in particular are not flat. These are examples of gravitational instantons,
or gravitational analogues of the self-dual Yang-Mills fields on R*. In higher
dimensions, Calabi [7] has produced examples of Ricci-flat Kahler metrics on
the canonical line bundle over CP"™'. At infinity, these manifolds have the
topology of Sz"’l/ Z,, and one may verify that their curvature tensor is in fact
in L% forall n.

(2) For the proof of Theorem A under the assumption %, > a > 0, we refer
to the remark following the proof of Lemma 6.3.

(3) It would be interesting to know if the bound on [, |R|"/ ? in Theorem A
can be replaced by a bound on a weaker curvature integral. For instance, is it
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sufficient to bound sup,_, P /, B(r) |R|2 ? If M is a Kahler-Einstein manifold,
then this integral is related to topological invariants of M .

4. PROOF OF COROLLARY B

In this section, we will prove the parts of Corollary B. For the most part, the
results follow in a straightforward way from Theorems A and A’ .

If (M,g) is an Einstein manifold, then Ric,, = Ag and we will assume in
this section that the metric on M is normalized so that A = —1,0, or +1.
Since Dg = 0, we have DRic = 0 so that condition (ii) in Theorems A and
A’ is trivially satisfied.

(1)(a) If Ric,, = +1g, then diam, < m by Myer’s theorem. Thus, by The-
orem A, the space & +l(l v 2 Va» b,(M)) of +1 Einstein metrics on compact

4-manifolds such that [, > ¢,, vol,, > ¢,, b,(M) < ¢; is c'! compact.

Further, by the proof of Theorem A, the sectional curvature |K, | is uniformly
bounded on &' (l4y vy »by(M)) . By Cheeger’s theorem (§2.4), there is a uni-
form lower bound on the injectivity radius.

Thus, we have uniform lower bounds for the size of harmonic balls for met-
rics (M, g) in ZH(IM ,Upr»b,(M)), and also uniform bounds |/ g||, , for the
metric tensor in these coordinates (cf. Fact of §2.6). Now in harmonic coordi-
nates, the Einstein equation is an elliptic system of partial differential equations

0g; rs| O 8, 62g”- _ Bzgrs |+ =2Ag;

4.1 —g" . . . o
(4.1) & eraxs+ ax*ax’  ax*9x' 8x'ox’ Y

where the dots indicate lower order terms involving only one derivative of the
metric, cf. [11]. It follows from standard elliptic theory [28] that one has
bounds

(4.2) gl o, < Clk, gl o)

so that all covariant derivatives of the curvature tensor DR have uniform
bounds on &' L, ,v Mo bZ(M }). By the Gromov compactness theorem (Theo-
rem 2.2), we see that & + (14, v, by(M)) is thus compact in the cke topology
for any k.

(1)(b) Let D be a connected component of the moduli space of Einstein
metrics on a compact manifold A . It is well known that, first, tr Ric is constant
on D, and, secondly, that the volume function

(4.3) vol(g,) = vol: D —» R

is a constant function on D [5]. In particular, the volume is bounded below on
D so the result follows from (1)(a). O

(2), (3) These results follow in exactly the same way as in (1) above. O
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(4) We argue by contradiction. If the statement were false, there would exist
a sequence (M,, g;) satisfying the required bounds such that

/ IRic(g,) - Ag,| — 0,
M;

but the M, have no Einstein metric Ric = Ag for all i. However, the bounds
on (M,,g;) imply by Theorems A and A’ that the sectional curvature on
(M;,g,;), |K(g;)| is uniformly bounded. Further, the metrics g, have a C L

convergent subsequencetoa C b2 metric g on a smooth manifold M . Clearly,
M is diffeomorphic to M,, for a subsequence i’ — 0o. Note, however, that g
is a weak (C ! **) solution of the Einstein equation (4.1). The regularity theory
for elliptic systems [28] then implies that g is smooth and satisfies the Einstein
equation Ric(g) = Ag. This contradicts the assumption, which proves the first
statement. The other statements are proved in the same way. O

5. CONVERGENCE OF EINSTEIN METRICS

This section will be devoted to the proof of Theorem C. The proof uses
a number of methods and results from the previous sections. Some of these
techniques are also used in [14, 29]; cf. also [33] for a very readable exposition.
Let (M, g;) be a sequence of Einstein manifolds satisfying the conditions of
Theorem C. It follows from §2.2 that one has uniform lower bounds for the
Sobolev constants ¢, of (M,,g;) and also for the growth of small geodesic
balls B, (r) C M;, namely v(r)/r" > c,, by (2.3).

By a theorem of Gromov [20, 5.3], (M,,g;) has a subsequence which con-
verges, in the Hausdorff topology, to a compact length space (M_,,g.). In
particular, (M__,g_ ) is a connected metric space, and there is a well-defined
notion of geodesic balls in M_ with the geodesic balls in A, (sub)converging
to geodesic balls in A in the Hausdorff topology. Further, the notion of
length of a curve is well defined and between any two points in M__, there is a
minimizing geodesic.

Let ¢, be the constant of Lemma 2.1, determined by the bounds Ric M, =
2,85 volM’_ >c¢, diamMi <c, on (M,,g;). We fixan r > 0 but small and
let {x,} = {x,’c} be a maximal % separated set in M . Thus, the geodesic balls
B_ (%) are disjoint, while the balls B, (r) form a cover of M;. We let

Xk
2
G = G::U{Bxk(r): |R[" <eo},

where R = R, is the curvature tensor of (M,,g;). Similarly, set

B’:Blf:U{BXk(r); |R|"/22£0}.

By, (2r)

By, (2r)
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Then M, = G, U B; . Note that there is a bound on the number of balls Q] in
B; , independent of i and r, namely,

c
. < 3.
(5.1 o< 2em,

where ¢; is the bound (iii) in Theorem C and m is the maximal number
of disjoint balls of radius 5 in M, contained in a ball of radius 2r. By
the (relative) Bishop comparison theorem, there is a uniform bound on m,
independent of i,r.

Now, by Lemma 2.1, on each G; there is a uniform curvature bound |R;(x)|
< C(dist(x,B])) < C (r™"). Clearly, vol G} is uniformly bounded above, since
this holds for (M, g;). From the bound above, on the volume growth of small
geodesic balls, and from §2.4, it follows that the injectivity radius of M, at
each x € G: has a uniform lower bound, depending only on r and the bounds

n (M,,g;). Thus, the regularity result (4.2) implies a uniform bound on the
covariant derivatives |D*R|(x) for x € G;.

By Theorem 2.2, for r > 0 fixed, a subsequence of {G;} converges, in
the C*° topology on compact sets, to a smooth Riemannian manifold G
with Einstein metric g’ . In particular, G’ and G, are diffeomorphic for
i sufficiently large (in the subsequence) so that there are smooth embeddings
F/: G’ — M, such that (F/)"g, converges uniformly in the Cc* topology to
g on G .

We now choose a sequence {r j} — 0 with T < %rj and perform the above
construction for each j. Let G,(r;) = {x € M;: x € G,’. , for some j <[} so
that one has inclusions

(5.2) G,(r) C G(r,) C---C M,.

By the argument above, each {G,(r,)}, for / fixed, has a smoothly convergent
subsequence to a limit G(r)). Clearly, G(r,) C G(r,,,) and we set

(5.3) G=JGr),
1

with the induced Riemannian metric g_ . In particular, (G, g_) is a smooth
Einstein manifold. It follows that there are smooth embeddings Filz G(r) —
M, , for i sufficiently large, such that (Fil)*(gi) converges, smoothly in the
cke topology on G(r,), to the metric g_ .

Let G be the metric completion of G. We claim there is a finite set of points
{p,}, i=1,...,0Q, such that
(5.4) G=Gu{p;}.
To see this, we return to the sets Bi’ C M,. Let {rj} be as above and recall
from (5.1) that the cardinality of the number of balls in B{ C M, is uniformly
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bounded in i, j; by passing to subsequences, we may assume it is constant,
say Q. Thus, there is a finite set of disjoint geodesic balls {Bxk(Q . rj)}iQ=l R
with Q' < Q, which, together with Gl.(rj) , form a cover of M. In particular,

every point of M, — G,.(rj) is contained in a ball of diameter < 2- er . Using
the embeddings Fil: G(r;) — M, we see that for any fixed j, and i sufficiently
large, arbitrarily large compact subsets of G — G(rj) are almost isometrically
embedded into Q' disjoint balls of radius < c-r;. Taking the limit as i — co,
it follows that the Hausdorff distance between (G — G(r;),8,) and the set
of Q' distinct points {p;} is <c- r;. Letting j — oo, it follows that the
Hausdorff distance between 3G = G — G and {p;} is 0, and thus these spaces
are isometric. This gives (5.4).

It is now easy to see that a subsequence of {M,} converges to G in the
Hausdorff topology. In fact, if N = {x,} is any ¢-net in G, with x, ¢ {p;},
then the embeddings F;: G — M, give an ¢’ -net N, in M, convergingto N in
the Lipschitz topology (cf. [20, 3.5]). Thus, G = M__, so that G is a complete
length space, with length function g_ , which restricts to a smooth Einstein
metricon G.

Definition. The points {pi}lQ' are called the curvature singularities of M__ .

We now examine the structure, topological and metric, of the smooth mani-
fold N = Bpj(r) —{p j} C M_, for r small, by essentially studying the tangent
cones of M_ at p It We will drop the subscript j for convenience. First, note
that there is a uniform lower bound for the Sobolev constant ¢, (2.2) for func-
tions of compact support in N, since on any compact subset the convergence of
M, is smooth and there is a uniform Sobolev constant for {A,} . In particular,
it follows that v(s)/s" = vol Bx(s)/s" > ¢, , for any geodesic ball B (s) C N.

Now N is an Einstein manifold with [, IRI"/ ? < 0. Let r(x) be the
distance function to p in M_ and let N(s,f) = {t€ N,s <r(x) <t}. It

follows that
/ IR"* >0 ass—0
N(s/2,2s)

so that there is an R, such that for s > R, [ N(s/2.25) IRI"?* < g,, Where ¢ is
the constant from Lemma 2.1. Thus, by Lemma 2.1, there is a function u(s),
with u(s) — 0 as s — 0 such that

(5.5) sup |R| < u(s)/s’,
S(s)

where S(s) ={x € N:r(x)=s}.

Now we proceed exactly as in the proof of Theorems A and A’ but blow-
ing the metric up instead of down. Namely, given any sequence s; — 0, the
Riemannian manifolds A(s,/2,2s;) = (N(s;/2,2s,), 84 /siz) have sectional cur-
vatures converging to zero by (5.5). Further, the volumes of geodesic balls in
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A(s;/2,2s;) have upper and lower bounds ¢, < v(r) /r" < ¢ ' and thus by §2.4,
the injectivity radius of points x € A(s;/2,2s;) have a uniform lower bound.
Let us estimate the number of components of A(s;/2,2s;). If (5 is a lower
bound for the injectivity radiusin A(s,;/2, 2s, ) consider a maximal ¢ S separated
set {x } in A(s;/2,2s;). Then the balls B ( ) are disjoint and the balls B, ((5)
cover A (s;/2, 2s ;) . From the above volume bounds, it follows that the cardlnal-
ity of {x } is umformly bounded, independent of i. Clearly, points which lie
in distinct components of A(s;/2,2s;) are (more than) J separated so that one
obtains a uniform upper bound on the number of components of A(s;/2,2s;) .
As in the proof of Corollary B(1)(a), there are uniform bounds on the covari-
ant derivatives |DkR| of the curvature of the metric g_ /sl.2 on A(s;/2,2s;).
It follows from Theorem 2.2 that a subsequence converges smoothly to a flat
Riemannian manifold 4_(4,2) with a finite number of components.

This process may be carried out for (N(s;/n,ns;), g, /si2) , for any given
n, and gives rise, by passing to a diagonal subsequence, to a flat Riemannian
manifold B with 4_(L,n) c B for all n. The proof of Theorems A
and A’ shows that each component of B_ is a cone on a spherical space form

N (1)/T and as before, it follows that each component of N is diffeomorphic
to (0,r) x S"YT.

We now show that N = B (r) — p is connected for all r small. In fact,
we will show that aBp(r) = Sp(r) is connected. First, it is clear that Bp(r)
is connected. Since M; — M__ in the Hausdorff topology, there are smooth
connected domains D, C M, with D, — Bp(r) in the Hausdorff topology.
Further, since the convergence M; — M__ is smooth away from p, 9D, = §,
converges to Sp(r) in the Lipschitz topology. By the results above, Sp(r) is
convex, so that each component of S, is convex, i.e., has positive definite second
fundamental form II w.r.t. the inward normal; in fact, II is approximately }I
for i large. We will suppose Sp(r) , and thus dD,, is disconnected and we
obtain a contradiction.

Let y be a geodesic in D = D, realizing the minimum distance between two
distinct boundary components C,,C, of dD = dD,. A standard form of the
second variational formula [6] then gives

(5.6) IL(E, ,E,) +1,(E, ,E,) =/|VTE|2 _K(E,T),
Y

where 1I; is the second fundamental form of C; (w.r.t. the inward normal), £
is the Jacobi field along y determined by the boundary conditions E(0) = E
E(l(y)) = E,, and T is the unit tangent vector to y. By the basic inequality
for Jacobi fields (since there are no focal points of the normal exponential map
of 0D, along y),

(5.7) /|VTE|2 - K(E,T)< /|VTX|2 -K(X,T)
Y b4
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for any vector field X along y with the same boundary conditions. Choose
X to be a parallel vector field along y with initial condition E = E(0) a unit
vector, and then sum (5.6) and (5.7) over an orthonormal basis of initial vectors.
We then find
H,+H <-l(y)- RicM ,
where H, is the mean curvature of C; at the endpoints of y. By the facts
above, H; ~ (n—1)/r, so that
2(n—1)
=
for i large. If Ric M, = 0 or +1, this is clearly impossible. If Ric v, = — 1,
this is also 1mp0551ble for r sufficiently small. It follows that B ( )—pC M

is connected and thus Bp( ) = B"(1)/T, the quotient of a ball in R by a ﬁmte
group of orthogonal isometries.

< -I(y) - Ric,,

Remark. Of course, it is possible that I" = {e}, so that there may be curvature
singularities on M__, as defined in (5.4), which are regular or smooth points of
M.
The arguments above prove that M_, has the structure of an orbifold with
a finite number of curvature singularity points, each having a punctured neigh-
borhood which is diffeomorphic to a punctured cone on a spherical space form.
We now examine the metric behavior of these singularities (N,p) C M_ . It
follows from the work above that the manifolds N((s/2,2s),8./ r2) converge,
in the C* topology, to the flat metric g, on S" VT x (3,2),as s - 0. In
particular, there are c* diffecomorphisms ¢_: S"_I/F X (3,2) — N(s/2,2s)
such that

(5.8) 162 (8, /7°) — goll s = &(5),

where &(s) — 0 as s — 0. Further, the distance functions r = disty(x,p)
and r, = distg,_, JTx(0.) (x,0) converge, in the sense that (¢:(r) /re)(x) — 1, as
s — 0. Thus,

(¢)

0

¢rg = (rog) g, +(rog,) uls) = re - gy + (rog,) u(s).

This says that if we view ¢, g, asa metric on S"~'/T' x (s/2,2s), then

2
(ro¢y)

7 %0

To
where u(s) — 0, as s — 0. Now the diffeomorphisms ¢  are not unique.
However, we may view g = 8oo|N(s/2,25) 3S @ smooth curve in the space of
metrics on a fixed manifold, say N(sy/2,2s,). It is then clear that the dif-
feomorphisms ¢  may be chosen to depend smoothly on s, satisfying (5.8).
Now consider the smooth map &@': S"~! /T x (0,t) - N — {p} defined by

(5.9) $g, = +(rog,) u(s),
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D(0,s) = ¢ (0) = ¢,(6,1). Then @' may no longer be a diffeomorphism;
however, this may easily be overcome as follows. Let p be a smooth ap-
proximation to the distance function r on N — {p}, such that |£ — 1| < P
Note that Vp is transverse to all the “level hypersurfaces” H = Im @'(-,s).
Let y,(x) be the flow of Vp and consider ®: S"_I/I" — N — {p} given by
®(4,s) = W/(o,s)(¢s(0)) . Here f(6,s) is uniquely determined by the require-

ment that ®(0,s) € L, = p_'(s) . It is then clear that ® is a diffeomorphism
onto its image. Note also that |f(6,s)| < &(s) -s. Now it is easily seen that @
also satisfies (5.9), i.e.,

* rod®d 2 2
(5.10) D g =( 2) -g+o(ry).

e r

0
We may lift the metrics " 8., and g, to the universal cover B" - {0} of N
and C (S"_I/I' ) — {0} and also lift & to a I'-equivariant diffeomorphism @
of B" —{0}. Then (5.10) shows that the metric ®*g_ on B" — {0} hasa C°

extension over {0}. It can actually be arranged that ®" g, hasa C ! extension
over {0}, but we will not do this here.

It follows that ®" 8., » Which we will just call g__, is a weak (CO) solution to
the Einstein equation (4.1). At this stage, the regularity theory is not sufficient
to imply that g_ is smooth. However, we have |, |R|”/ 2< o0 , where R is the
curvature tensor of g_ . This situation has been treated by a number of authors,
and we basically refer to these. For example, if n > 5, an elementary method
of Sibner [34, Lemma 2.1, Proposition 2.4], which requires only a bound on the
Sobolev constant on N — p, may easily be seen to apply to the present setting
and shows that R € L” for some p > n/2. If n = 4, using (5.5) and the
Sobolev bound in N — p, one may verify step-by-step that the basic methods
of Uhlenbeck [36, Theorem 4.1] remain valid here also, and show R € L? for
some p > 2. It now follows from standard elliptic theory [28, Chapter 6; 36,
Theorem 3.6] that g_ does extend smoothly across 0. For more details in the
proof of this, we refer, for instance, to [2]. This completes the main part of the
proof of Theorem C. O

We note that, even if M__ is a smooth manifold with smooth Einstein metric,
it does not follow from the proof above that M, — M_  smoothly. In fact,
arbitrarily small neighborhoods of the points x, (i) € B,i C M, with x, (i)
converging to a curvature singularity p, € M__, will have nontrivial topology
(as we shall see later). This topology is “squeezed” or “bubbled” off as i — oo,
regardless of whether M__ is a smooth manifold or not.

For each curvature singularity p € {p, } C M__, there is a sequence x; € M,
such that x; — p and inf _,sup{|K;(x)|: x € B, (r) C M;} - o0, as i — .
Since the curvature of M, remains bounded in bounded distances away from
x;, we may assume that x; realizes the maximum R; of |K(x)| on B, (r;)
for r, small. Now consider the pointed connected Riemannian manifolds
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V. = (B, (ry),x, ,R:/ 2 dsil’_). We note that the curvature of ¥V is uniformly

bounded and |K(x,)| = 1. Similarly, fV’ |R|"/ 2 < C and the Sobolev constants
for {V;} are uniformly bounded below, since this is true for M, itself. As in
the proof of Theorems A and A', it follows that a subsequence of {V;} con-

verges, smoothly in the ck topology on compact sets, to a complete connected
Riemannian manifold V(= V) satisfying

(i)  Ric, =0,
(ii) vol B(r)/r" > C,
(i) / R <K,
Vv

(iv) |K(x,)| =1, for some x, € V.

(5.11)

Definition 5.1. A complete connected Riemannian manifold V satisfying
(5.11), obtained in the above manner, will be called an EALE (Einstein, asymp-
totically locally Euclidean) space associated to the curvature singularity p €
M

o
We note that, a priori, there may be more than one EALE space associated
with p € M_ . By construction, if Q is a domain with smooth boundary in
V', then there are smooth domains Q, C M, and diffecomorphisms ¢,: Q — €,
such that ¢’;(rl. gl Qi) converges smoothly to (€2, g,,) , for an appropriate scaling
r; — oo. Note that V' cannot be diffeomorphic to a ball, by Theorem 3.5, so
that Q, contains nontrivial topology squeezed off in the limit (cf. also Lemma
6.3 for the 4-dimensional case).

Now, to complete the proof of Theorem C, we recall from Theorem 3.5 that
in odd dimensions, nontrivial, i.e., nonflat, EALE spaces do not exist, so that
it follows that there are no curvature singularities in M__ . It follows that M_
is a smooth manifold and the convergence M; — M_ is smooth. O

Remark. Some statements of Kobayashi and Todorov [27] indicate that Theo-
rem C is sharp in the sense that they exhibit examples of sequences of Einstein
metrics satisfying the bounds (i), (iii) (and apparently (ii)), which converge to
an Einstein orbifold in the above sense. More precisely, let T = C? / z , where
Z* is the standard (square) lattice in C?. The antipodal map A: c’ - ¢? pre-
serves the lattice and the quotient X = T /Z, defines a flat orbifold, with flat
singular metric g, having sixteen singular points, each a cone on RP’. If these
sixteen points are blown up, one obtains a smooth 4-manifold Y which is a K3
surface. Kobayashi and Todorov [27] then indicate that there are sequences of
Ricci-flat Kahler metrics g; on Y such that g, — g, in the Hausdorff distance,
with convergence g, — g, smooth away from the singular points.

Finally, we note that by (5.1), the number of singular points of M_ is
bounded above by the bounds (i)-(iii) of Theorem C. Similarly, the order

|l“j| of each group I i associated with a singular point p ; is bounded above.

Namely, note that g_ lifts to an Einstein metric on B" \ {0}, which extends,
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modulo Diff(B" — {0}), to a smooth metric on B". Thus, vol(By(r), 8,,) <
¢ r" , where B, (r) is the geodesic ball of radius r about 0 in the g_ metric.
Here we assume r < r,, so that ¢, = sinh"™! ro- Thus, if B (r) is the r-ball
about p € M_, then vol B,(r) < ¢, " /|IT| . However, by the bounds (i), (ii) in
Theorem C, there is a uniform lower bound for the Sobolev constant and thus
for the volume of small geodesic balls in M, . It follows that vol B (r/4) > c, r
for x € §,(5). This shows that |I'| is bounded by ¢, - ¢,.

6. COMPACTNESS OF MODULI SPACES

In this section, we consider the question of the compactness, in a smooth
topology, of the moduli space of positive Einstein metrics on compact 4-mani-
folds. Basically, the relation

1 2
M=—/R
X (M) P MII

for Einstein metrics in dimension 4 leads to further consequences of Theorem
C.

Proposition 6.1. Let (M,, g;) be a sequence of 4-dimensional Einstein manifolds
satsfying the conditions of Theorem C. Then

Q
(6.1)  lim (M, _hm—/ IR 2 |R|2+Z/V|R|2,
oo 1 Jj

where Q is the number of curvature singularities of M (cf. (5.4)) and v
are associated EALE spaces (cf. Definition 5.1). Further, if lim x(M;) =
= M |R?, then M__ is a smooth manifold diffeomorphic to M, for i suffi-
ciently large, and the convergence M; — M__ is smooth.

Proof. By Theorem C, a subsequence of (M,,g;), also called (M,,g;), con-
verges to an Einstein orbifold M_ . Let G; and Bl.' be defined as in the proof
of Theorem C, M, = G; U B; . Then

lim / IR[® = lim / IR]? + lim / IR]? = / IR]? + lim / IR,
1—00 Mi 1—00 G:_' 1—00 Bl( Gr 11— 00 B‘f

since the convergence G, — G’ is smooth. On the other hand, since [ IR
is scale-invariant, lim,_, __ [, |R|2 > fV, |R|2 , where V; is an EALE space as-
sociated with p;. Since r is'arbitrary, this proves the first statement. For the
second statement, the equality implies there are no nontrivial EALE spaces as-
sociated to M__, and thus no curvature singularities of M__ . This implies by
the proof of Theorem C that M, — M_ smoothly. O

Since the metric on M_ extends (smoothly in the local universal cover) over

the singularities, (1/87:2 ) [ Mo |R|2 may be identified with the orbifold Euler
characteristic of M_ . Namely, if we excise small balls B, (r) C M_, around
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the singular points and let M, = M_ — UBpi , then the Gauss-Bonnet theorem
for manifolds with boundary [17] gives

1 / 2
M)=— R|" + w,
x(M) = M,I | o

where w is a 3-form on dM, depending on R and the second fundamen-

tal form of M, . Since |R| is bounded on M_, [, IR — Jur, IR* and
X(M) = x(M,), where M,=M_ — {p,}. Using the fact that each ball Bp'_(r)
is covered by a ball in R” with smooth metric, one calculates that

2 1
W— =) =
/aM, 2T

as r— 0, where I’ ; is the fundamental group of B ,(r) -p;- Thus,

(62) o [, IR =00 +er|—x<M)

where x(M_,) is the orbifold Euler characteristic of M_

Similarly, [, |R|2 also admits a topological interpretation. If ¥, denotes a
geodesic ball of radius » in V', then as before we have

1 2
1) =— [ 1R+ [ o
8% Jy, av,

For r sufficiently large, x(V.) = x(V) and clearly, f,,' |R|2 - [, |R|2. Since V

r
is asymptotically flat, one may verify that

1
W— =,
18

where |B| is the order of the fundamental group of V' at infinity. Thus,
1
(6.3 — [ IR =200 - o5

Recall from Theorem 3.5 that |©| = 1 if and only if V' is isometric to R,
Summarizing, we obtain

Corollary 6.2. Let (M,,g,) be a sequence of Einstein metrics as above. Then

(6.4) lim (M, +ZIFI+Z[ 2) - @ J

Lemma 6.3. If V isa 4-dimensional EALE space, then x(V) > 1, with equality
if and only if V is isometric to R*.

Proof. Since V is open, x(V) =1-b + b, b,. Since V is Ricci flat and
asymptotically locally Euclidean, =,(V) is a finite group [1], so that b, = 0.
By the exact homology sequence of the pair (V,0V) = (V ,S3 /T’), one has

0— H,(V,0V) — H,(dV) — Hy(V) — Hy(V ,8V).
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By Poincaré duality, it then follows that H,(V) = 0, so that x(V) = 1 +
b,. Now suppose b, = 0. Then a finite cover V' of V is a manifold with
boundary, with all Z-homology groups zero (since ¥’ has no torsion in H,).
For convenience, we drop the prime and assume V is an acyclic 4-manifold
with boundary 9V = 53 /T, T'c SO(4) . Itis easily seen that V" is a homology
3-sphere, since, by the exact homology sequence, we have

H,(S/T;Z)~ H,(V,S’)T;Z) ~ H(V:Z) = 0.
1 2

It is well known [39, p. 181ff.] that the only spherical space forms with perfect
m, are S3 and the Poincaré homology sphere s3 /T, where T'; is the binary
icosohedral group of order-120.

There are two methods of proof to rule out the second case. First, by (6.3),

we have 1

1 / 2 1
— [ IR ' =x(V)— —=—=1—- —.
g IR =2 E =
On the other hand, one has a comparable expression for the signature 7 of V',
cf., e.g., [15],

1 +,2 -2 1 3
O0=1(V)= /R - |R +(—1+—)+ ST,
( ) 12”2 V| [ | | Irol 7]( /0)

where r;(S3 /Ty) is the eta invariant and R™ (R7) are the self-dual (antiself-
dual) components of R. One computes [15] that n(S3 /Ty) = 1079/360. Thus,

1 1079 1 / +,2 -2
T~ 360 ~ 1222 ), R T IR

2 1 / 2) 2( I)
(= rRP)=-2(1-—=),
3(87t2 LR =3

5 1 1079
z - > ==
3 (1 |r0|) 360
This is clearly impossible, so that s? /T, cannot bound an acyclic EALE space.
A second proof, purely topological, follows from work of Freedman and
Donaldson. Namely, the Poincaré homology 3-sphere cannot bound a smooth

contractible 4-manifold, since it bounds a smooth 4-manifold W with definite
intersection form, equal to the E; lattice. In fact, W is obtained by plumbing

the disc bundles over S* with ¢, = —2 according to the Dynkin diagram of
Eg . (The interested reader may refer to [18, Problem section] to pursue this.)

It follows that 8V = S° and the result follows from Theorem 3.5. O

Remark. Lemma 6.3 allows one to replace the hypothesis /,, >/ >0 by &, >
& > 0 in Theorem A. Namely, proceeding as before in the proof of Theorem
A, one obtains a nontrivial EALE space N. One then needs to show that
the hypothesis %, > &/ > 0 leads to a contradiction. Now, by Lemma 6.3,
b,(N) # 0, so that there is an integral 2-cycle £ C N, with [Z] # 0 in H,(N;R)

\Y

ie.,
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and area £ = 4 > 0. Since N is a smooth limit of rescaled metrics on A,
it follows that there is a sequence of domains D, diffeomorphic to N in M,
and integral 2-cycles [X,] # 0 in H,(D,,R), but area £, — 0, in (M, g,).
Writing the Mayer-Vietoris sequence for the pair (D;,M; — D,), noting that
oD, ~ S"'T, one sees

H,(D,;R) ® Hy(M, - D,;R) =~ H,(M,;R),

so that [Z;] is a nonzero integral class in H,(M,;R). This gives the required
contradiction.

Returning to the discussion at hand, it follows from Lemma 6.3 that if V" is
a nontrivial EALE space then

(6.5) x(V)-1/18] 2 3/2.

The Eguchi-Hanson metric on TS? [13] provides an example where equality is
achieved.

Theorem 6.4. Let M be a compact 4-manifold of Euler characteristic 0 <
(M) <3 (eg, M= s* or CPZ). Then the space of +1 FEinstein metrics
g on M such that vol ¢(M) = c >0 is compact in the C* topology. In partic-
ular, the components of positive Einstein metrics in the moduli space of Einstein
metrics on M are compact.

Proof. Let {g;} be asequence of +1 Einstein metricson M such that vol g.-(M )
> c. It follows from Theorem C that a subsequence, also called {g;}, converges
to an Einstein orbifold (M__,g_ ). If the convergence (M, g,) — (M ,g,) is
not smooth, then by the proof of Theorem C, there are nontrivial EALE spaces
V' associated to the curvature singularities of M_ . By (6.4) and (6.5), one
obtains

32 2(M) > £(M) + 1 + Q- 3.

where M, is M_  with the curvature singularities removed and Q is the num-
ber of singularities. Since
1 1 2
M)+Z==— / R|" >0,
X( ()) |r| 87[2 Moy ! l
we see that @ < 2. If Q = 2, then for instance [, IR = 0, so that M, is

flat. This is impossible, since the metric on M, is a +1 Einstein metric. If
Q =1, then

(6.6) x(M,) + 1/ < 3/2,

so that x(M) < 1. Note that by Theorem C, M, is embedded as an open
set in M. Further, M, has a boundary of the form S3/l". Now since M
carries a metric of positive Ricci curvature, |7, (M)| < oo and the Seifert-Van
Kampen theorem, applied to (M, M — M), shows that |n,(M,)| < oo also. In
particular, b,(M;) =0, so that y(M,) = 1. The homology sequence arguments
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above show that there is a finite cover M(', of M, with acyclic Z-homology and
OM(', = 5>, Since x(Mé) = 1 also, and the Euler characteristic is multiplicative
under finite covers, we see M, = M,. Thus, x(M,) = 1, OM, = S, which
contradicts (6.6).

Thus, Q =0, so that there is no nontrivial EALE space associated to A__ .
The result now follows from Proposition 6.1. 0O

Remark. The method above does not work for y(M) = 4. For instance, let

M=S8"x5*=TS? Usrs2 ~-TS? , where TS? is the tangent bundle to S2.

Then x(M)=4 and M admits +1 Einstein metrics. We are not able to rule

out the existence of a sequence of +1 Einstein metrics converging to an orbifold

with one singular point (corresponding to a collapse of TS to C (RP3)) .
Finally, we mention one further result along these lines.

Theorem 6.5. Let M be a compact 4-manifold. Then the space of +3 Einstein
metrics on M with volume vol,, > ((1 +¢)/2) -volS4(1) , for a fixed ¢ >0, is

compact in the C k topology.

Proof. Let g, be a sequence of +3 Einstein metrics on M such that vol, (M)
> (1 +¢)/2. By Theorem C, a subsequence converges to an Einstein orbifold
M_ . As above, if the convergence (M,g;) — (M_,g_ ) is not smooth, then
there is at least one nontrivial EALE space V' associated with {g;}. If v(r) is
the volume of a geodesic r-ball B(r) about p, € V', then lim,_ _ v(r) /r4 =
volC(SS(l)/l") < %volB“(l), since |I'| > 2. Given é > 0, choose R such
that v(r)/r* < (1 +6)/2-vol B*(1), Vr > R. Now by construction, B(r) C V
is embedded in M , with metric a scaled limit of {g;}. Since the ratio v(r) /r4
is scale invariant, there are geodesic balls B, = Bx,» (¢,) C(M,g,;), with ¢, =0,

such that
vol B (¢;) < 1+0

i

P -2

vol B*(1).

L R

P——

Since the Ricci curvature of (M, g;) is +3, the Bishop comparison theorem
implies that vol B (r)/ v*? (r) is monotone nonincreasing, where v”(r) is the
volume of a geodesic r-ball in S4(1) . Now, by Myer’s theorem, diam gi(M ) <
diam(S4(1)) =7, so we obtain

volB_(n vol B_ (e, 4
voli\l _ ,2.( ) < +3x,( i) < 1+§volB4(l)- ::, .
vol S*(1)  vol§*(1) v (e,) 2 v ()
Clearly, v+3(si) /sf — vol B4(1) as ¢, — 0. Since J is arbitrary, this contradicts
the hypothesis, and thus gives the result. 0O

We remark that the major difficulty in extending the results above to Ricci-flat
or negative Einstein metrics is obtaining control on the diameter of sequences
of such metrics.
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