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1. INTRODUCTION

In this article, we give an explicit elementary proof of a local version of res-
olution of singularities in characteristic zero. “Local” means that the centres
of blowing up are chosen locally, so that a finite number of finite sequences of
local blowings-up may be required to cover a neighbourhood of a given point.
(Hence we use the term “uniformization” rather than “local desingularization,”
although uniformization in our sense is considerably stronger than the original
idea of Zariski [16].) In the last two decades, several mathematicians (notably
Abhyankar [1], Hironaka and Spivakovsky [12], and Youssin [14, 15]) have
proposed simpler or more explicit versions of the inductive procedure in Hi-
ronaka’s proof of his great theorem [8]. These approaches would seem to lead
to some form of uniformization, though full details of none of them have yet
appeared. The idea of seeking an explicit local procedure to determine the
centres of blowing up is that a sufficiently good local choice should globalize au-
tomatically. (Our method, for example, gives global resolution of singularities
of surfaces in any codimension.)

Throughout this paper, K denotes either the field of real numbers R or the
field of complex numbers C. We will work in the category of analytic spaces
over K, although our techniques apply as well to algebraic spaces over a field
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of characteristic zero. Let M be a smooth analytic space. A family of analytic
mappings {7 oM - M } will be said to form a locally finite covering of M
if:

(1) The images =« ;(M}) are subordinate to a locally finite covering of M
by open subsets.

(2) If K is a compact subset of M , then there are compact subsets K ; of
M; such that K = U nj(Kj). (The union is finite, by (1).)

Theorem 1.1 (Embedded uniformization). Let X be a closed analytic subspace
of M. Suppose that X is reduced. Then there is a locally finite covering
{n;: M, —> M} of M such thar:
(1) Each = ; is a composite of finitely many local blowing-ups with smooth
centres in Hilbert-Samuel strata of the successive strict transforms of X .
(2) Foreach j,let X; denote the (final) strict transform of X by n ;- Then:
(i) X ;isa smooth analytic subspace of M . ;

(ii) nj_l(X) =X, Unj._l(SingX), as sets;

(ii) X i and n;](SingX ) simultaneously have only normal crossings.

The terms used in Theorem 1.1 (which are standard in works on resolution of
singularities) will be defined in the course of the paper. The singular subspace
Sing X of X denotes the smallest analytic subspace outside of which X is
smooth. Conditions (1) and (2)(ii) of the theorem imply that each n]l(Sing X)
(as a set) is a hypersurface given by the union of the inverse images of the centres
of all the local blowing-ups which make up =« ;- In particular, 7 ; restricts to
an open embedding

X;—n; ' (SingX) — X — Sing X .
Condition (2)(iii) means that, locally, each M, admits a coordinate system
(x5 ..., x,) in which nj_l(Sing X) is given by a monomial equation x;" - L X
=0,and X ; is defined by the equations x; = 0, for certain i.
We will, in fact, prove a result stronger than Theorem 1.1 which applies to

analytic spaces that are not necessarily reduced and specifies more precisely the
centres of blowing up (Theorem 8.6). Local finiteness of the covering {n j} is

a direct consequence of our explicit local description of the centre.

The Hilbert-Samuel function was first used by Bennet [4] and Hironaka [9]
as a local measure of singularity. Let & = @, denote the sheaf of germs of
analytic functions on M , and let ¥y denote the coherent sheaf of ideals in &
which determines X (cf. §2). The Hilbert-Samuel function Hy  associated to
X at the point x is defined as

H, (k)= dim, keN,

X
k+1°
f\,)x+mx

where m_ denotes the maximal ideal of & . (N always denotes the nonneg-
ative integers.) As a function of x, H, _ is upper semicontinuous in the
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analytic Zariski topology (Corollary 5.1.3). The Hilbert-Samuel stratum of X
containing a point Xx, is

S={xeX: Hy , =HX,x0}'

The strategy is to cover a neighbourhood of x,, by finitely many finite sequences
of local blowings-up as in Theorem 1.1(1), with respect to which the Hilbert-
Samuel functions of the strict transforms of X at x, necessarily decrease (§§7
and 8).

Our theorem will be proved first in the case that X is a hypersurface, in §3.
We formulate a new resolution problem for principal divisors and obtain the
hypersurface case (Theorem 3.17) as a consequence of a solution of this general
problem (Theorem 3.2). When X is a hypersurface, -#, is principal. In this
case, the Hilbert-Samuel stratum S coincides with the equimultiple locus of
X through x;, {x € X: u(H ,) = ﬂ(Gfx,xo)}’ where /‘(‘fx,x) denotes the
order (or multiplicity) of J‘} .-

§84-8 (which can be read independently of §3) are devoted to proving our
main theorem by a reduction to the hypersurface case. Hironaka’s proof of reso-
lution of singularities [8] does not simplify in the case of a hypersurface because
the inductive procedure involves passing to higher codimension. In [11], Hi-
ronaka introduced a method to reduce the general problem to the hypersurface
case by describing X , in a neighbourhood of a given point, as the intersection
of certain special hypersurfaces whose strict transforms can be traced until the
Hilbert-Samuel function of X decreases. We realize this scheme in a different
way. Our approach involves three important technical ideas:

(1) The “diagram of initial exponents” associated to an ideal in a ring of for-
mal power series (§4); in particular, the relationship between differential prop-
erties of the ideal and combinatorial properties of the diagram. What we call
the “standard basis” of an ideal (Corollary 4.2.1), which is obtained using the
diagram and Hironaka’s division algorithm (Theorem 4.1.1), is a stronger no-
tion than “standard basis” in the sense used by Hironaka and other authors, and
obeys a particularly simple law of transformation by blowing up with suitable
centre when the Hilbert-Samuel function does not decrease (Theorem 7.3).

(2) Variation of the diagram in analytically parametrized families of ideals
(first studied in [5]). Upper semicontinuity of the diagram with respect to the an-
alytic Zariski topology (Theorem 4.3.2) is elementary, and immediately implies
semicontinuity of the Hilbert-Samuel function (§5.1). Our techniques provide
a direct identification of the Hilbert-Samuel stratum and the equimultiple locus
of the standard basis (§5.3).

(3) Our elementary notion of “essential variables” of a homogeneous ideal
(§6). The essential variables of the initial ideal of S % and their relationship

with the Hilbert-Samuel stratum of X containing x,, (§7) in some sense replaces
Hironaka’s theory of “maximal contact.”

This article is self-contained apart from our use of the division algorithm and
of semicontinuity of the diagram of initial exponents. Nevertheless, the reader
might find that our earlier work on transforming an analytic function to normal
crossings by blowings-up [7, §4] helps to motivate the proof of the hypersurface
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case. We express our gratitude to the mathematicians (particularly S. S. Ab-
hyankar, H. Hironaka, M. Spivakovsky, B. Youssin) with whom we have had
conversations which helped to clarify our ideas on resolution of singularities.

2. ANALYTIC SPACES AND BLOWINGS-UP

Throughout this section, M denotes a smooth analytic space (over K), i.e.,
an analytic manifold (over K) regarded as a ringed space (|[M|, &,,), where
|M] is the underlying point set of M and & = ¢&,, denotes the sheaf of germs
of analytic functions on M .

2.1. Analytic spaces and normal crossings. An open (analytic) subspace U of
M is a ringed subspace (|U|, &), where |U| is an open subset of |M| and
&, denotes the restriction of @ to |U|. A closed analytic subspace X of M
is a ringed subspace (|X|, @,) determined by a coherent sheaf of ideals . in
@ ;ie., |X| is the support of @#/# and &, is the restriction to |X| of &/.7 .
We write .7, for .# . We will usually not distinguish in notation between X
and its underlying point set |X|. Let x, € X. We say that X is smooth at
x, if x, admits a neighbourhood in M with coordinates (x,, ..., x,) such
that fx,xo is generated by some of the x,. Thus X is smooth if and only if

it is smooth at every point. The singular subspace Sing X of X denotes the
smallest closed analytic subspace Z of X such that X is smooth at every point
of X -Z.

A closed analytic subspace X of M is said to be reduced if, for all x € X,
ﬁX,x contains no nilpotents. Let X be a closed analytic subspace of M . Let
X,.q denote the smallest closed analytic subspace Y of X such that |Y| = |X].
Clearly, X, is reduced. If K= C, then X, is the unique reduced analytic
subspace Y of X such that |Y| = |X|. If K = R, there is not, in general, a
unique reduced analytic subspace Y such that |Y| = |X].

Let .# be a coherent sheaf of ideals in &, and let X be the closed analytic
subspace of M determined by _# . We say that .# is a principal divisor (or
that X is a hypersurface) if 7, is principal for all x € M. A hyperplane
means a smooth hypersurface. Suppose that .¥ and _# are principal divisors.
We say that .# is divisible by # if there is a principal divisor # such that
F =X F . Wewrite # =% -_# ' . (Whenever we write this expression, it
is implicit that .# is divisible by _# .)

Let ¥ C @ be a principal divisor, and let X be the hypersurface determined
by # . Let x, € M. We say that ¥ or X has only normal crossings at x, if
M admits a local coordinate system (x,, ..., x,) centered at x,, in which J;O

is generated by a monomial x| - ~x;’" . Let Z be a closed subspace of M. We
say that Z and X (or Z and %) simultaneously have only normal crossings
at x, if M admits a local coordinate system centered at x, in which fxo is

generated by a monomial and ‘fz‘xo is generated by a family of monomials

(therefore, by some of the x; in the case that Z is smooth at x;). When
the conditions above hold at every point of M , we say more briefly, “has only
normal crossings” or “simultaneously have only normal crossings.”
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Let N be a smooth analytic space and let ¢ : N — M be an analytic map-
ping (morphism of analytic spaces). Let .# C &,, be a coherent sheaf of ideals,

and let X denote the corresponding analytic subspace of M . Then ¢_1(J )
denotes the coherent sheaf of ideals in @, generated by * via ¢ (i.e., gener-
ated by the pull-back ¢*(_#)) and ¢! (X) denotes the corresponding analytic
subspace of N; ie., |¢7'(X)| = ¢ '(|X|) and &, ,, is the restriction to

67" (X)| of &y/¢™'(F). If yE N, then G-y , =0 S,

.Y X, 9() ﬁN,y'

> 6)

2.2. Zariski semicontinuity. Let X be an analytic subset of M and let £ be
a partially ordered set. A function t: X — X is upper semicontinuous in the
analytic Zariski topology of X (Zariski semicontinuous, for short) if:

(1) 7(x) takes only finitely many values, for x in a compact subset of X .
(2) Foreach x;€ X, {x € X: t(x) > 1(x,)} is a closed analytic subset of
X

2.3. The order of an ideal or of a function. Let ¥ be a coherent sheaf of ideals
in @. Let x € M and m_ denote the maximal ideal of & . The order u(%)

of # at x is the largest integer u such that .7 C mﬁ.
Remark 2.3.1. (As a function M — N) u(.%,) is Zariski semicontinuous.

Suppose that U is an open subspace of M and that f € #(U). Let xe U.
The order (or multiplicity) u (f) of f at x likewise means the largest u such

that the germ of f at x belongs to m’ . (We put u (f) = oo if the germ of
f at x is 0.) Suppose that C is a smooth closed analytic subspace of U and
that x € C. The order B o f) of f along C at x is the largest x4 such that

the germ of f at x belongs to S¥ .

Remark 2.3.2. Let x, € C. Clearly, pu. xo( f) is the generic value of u (f) for

x in a small neighbourhood of x, in C. Since u (f) is upper semicontinuous,
/‘c,xo(f) = yxo(f) if and only if u, (f) is constant on C near x,.

2.4. Blowing up and local blowing up. For each positive integer m , let P! (K)
denote the ((m — 1)-dimensional) projective space of lines through the origin
in K" .

Let ¥ be an open neighbourhood of 0 in K. Put

V ={(x,)eVxP"'K): xel},

and let 7: V' — V denote the mapping n(x,!) = x. Then =& is proper, @
restricts to a homeomorphism over V' — {0}, and n'l(O) = P"’”'(K). The
mapping n: V' — V is called the blowing-up of V with centre {0} .

In a natural way, V' is a smooth (algebraic) subspace of ¥ x P'""(K) : Let
(x,,...,x,) denote the affine coordinates of K", and let & = [&,,...,¢, ]

denote the homogeneous coordinates of P™~'(K). Then

Vi={(x,8eVxP"(K): x&=x&, i,j=1,...,m}.
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We can cover V' by coordinate charts
! ! .
Vi={(x, &) eV : &#0},  i=1,...,m,
with coordinates (x;,, ..., x,;,,), for each i, where
Xy=X, X, =68/¢, J#EIL
With respect to these local coordinates, 7 is given by

X, =X, X, =X;X;, J#FIL

Suppose that n > m and that W is an open subspace of K"~ . Then the
mapping 7 x id: V' x W — V x W is called the blowing-up of V x W with
centre {0} x W .

In the same way, if C is a smooth closed analytic subspace of M , we define
the blowing-up n: M' — M with centre C: M’ is a smooth analytic space
and © is a proper analytic mapping such that:

(1) m restricts to an isomorphism M’ — n_l(C) —-M-C.

(2) Let U ¢ M be a chart with coordinates given by an analytic isomor-
phism ¢: U — V x W, where V', W are open neighbourhoods of the origins
in K", K" (respectively), and ¢(CNU) = {0} x W. Let n,: V' — V
be the blowing-up of V' with centre {0}. Then there is an isomorphism
¢ n"'(U ) — V' x W such that the following diagram commutes:

2 (U) L V' xw

ln lnoxid
U — L vxw

Conditions (1) and (2) above define #: M’ — M uniquely, up to an iso-
morphism of M’ commuting with 7.

Suppose that U is an open subspace of M and that C is a smooth closed
analytic subspace of U. Let n: U — M denote the composition of the
blowing-up U’ — U with centre C, and the inclusion U — M . Wecall 7 a
local blowing-up of M (over U, with smooth centre C).

We will consider mappings n: N — M obtained as the composition of a
finite sequence of local blowings-up; i.e., @ = m, o, 0---om, , where, for each
i=1,...,k, n;: U, — U, is a local blowing-up of U,, and U, = M,

i+
Uk+1 =N.

2.5. The strict transform. Let 7 : M’ — M be a local blowing-up over an open
subspace U of M with smooth centre C C U. Let X be a closed analytic
subspace of M .

First suppose that X is a hypersurface. Let x, € U. There is a neighbour-
hood V of x, in U in which _#, is generated by an analytic function f(x).
Suppose that x, € C. Let u = uc’xo( f). Then we can assume that V' has co-
ordinates x = (w, z), w = (w,,...,w,_,), Z2=(z,,..., z,),in which C is
given by z = 0, and that #c,x(f) =u forall xe CnV . Over V, & restricts
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to the blowing-up 7 : V' — V of V with centre CNV . Then V' =J_, V/,
where, foreach i, V; hasa coordinate system (w’, z'), w' = (w;, ..., w _),
/ 1 ! . . . . i U .
z =(z;,...,2,),inwhich n isgivenby w=w", z;=z;, and z;=2,z; if
. . . 7 . . ! ! r !
J#I. Tllle‘strzct transform X . of X by m is (lieﬁned in V' as 'X =Ui X i
where X, is the closed analytic subspace of V; such that %, is generated in

V! by

1
/! !

fl(w/, z') = (—Z-;)—ﬂf(w/, z;zll yees Ziy s Z2,).
1
(If x, ¢ C, then we can assume CNV = @. Then = restricts to an isomor-
phism 7: V' — V over V', and % is generated in V' by f' = for.)

We also call (the germ at x, € ' (x,) of) f* the strict transform of (the germ
at x, of) f; of course, fle ﬁM',x(; is well-defined only up to multiplication
by an invertible factor.

In general, let x, € U and let x(', € n_l(xo). Then the strict transform X'
of X by m is defined near x(') as the intersection of the strict transforms of all
the hypersurfaces containing X near Xx,;i.e., %y X! is the ideal generated by
the strict transforms f* of all f € JX,XO . We also call %, the strict transform
of the ideal sheaf .7, .

The strict transform X’ of X by 7 is the smallest closed analytic subspace
of n_'(X ) such that 7 induces an isomorphism X' — n_l(C) — X — C over
U . (We will not use this fact.)

We also define the strict transform of X by a finite sequence of local blowings-
up with smooth centres, by iterating the definition above.

3. THE HYPERSURFACE CASE

Let M be a smooth analytic space (over K). We consider data of the fol-
lowing form:

(F)yer . 3 53 ),

where £, ..., %, F ,and # are principal divisors on M , and # has only
normal crossings. Let u be a positive integer. Let U be an open subspace of
M , and let C be a smooth closed subspace of U .

Definition 3.1. We say that C is u-admissible (as a centre of local blowing-up
over U) if:

(1) C and #Z simultaneously have only normal crossings.
(2) IClc{xeU: pu(s Jzu, p=1,...,s}.

Let 7: U’ — M denote the local blowing-up of M over U with centre C.
If C is u-admissible, then we can define a transformation

((“fpl)pzl vy S ; /I; Z//)
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of the above data by n as follows: Let “Z denote the ideal sheaf of n_l(C)
in @, . Clearly, each n~'(.%) is divisible by %" . Put

r =1 i _
J;—n (J;)-jZf , p=1,...,s,

By Definition 3.1(1), /' has only normal crossings. Therefore, we can likewise
define a transformation of the given data by a sequence of local blowings-up
whose centres are u-admissible with respect to the successive transforms of the
given data.

Theorem 3.2. Let ((J;)pzl’m,j s £ ) be as above. Let u be a positive inte-
ger. Then there is a locally finite covering {n M- M } of M such that:

(1) Each = ; s a composite of finitely many local blowings-up with smooth
centres which are u-admissible with respect to the successive transforms
of (£); 75 &).

(2) Foreach j, let ((-,); .7 #) denote the (final) transform of ((-%,);
S #) by n,. Then J, and Z simultaneously have only normal
crossings at every point x' where ,u(J‘;p’x,) >u,p=1,...,s.

Definition 3.3. Let x € M. Let v(%,) denote the order of the ideal in &, =
Oy . obtained by dividing Z by all factors in common with #Z, . Pre-
cisely: Let f and D be generators of £, and Z, respectively. Put v( %) =
min{u (g): f=TI,_,/;-g,where g €@, and, foreach i=1,...,r, [,em,
and /[, divides D}. (Take v( %) =0 if 7 =0, .)

Remark 3.4. v(#,) is invariant under local analytic coordinate changes. As a
function of x € M, v(7,) is Zariski semicontinuous (cf. §2.2).

Remark 3.5. Locally, all the notions involved in Theorem 3.2 can be translated
into the language of analytic functions. Theorem 3.2 is local in nature. We will

use the following notation in the proof. Let fp(x), p=1,...,s, f(x), and
D(x) denote analytic functions which generate J‘;, p=1,...,s, F,and
Z , respectively, at every point of some open subspace U of M . Suppose that
U has a coordinate system x = (x,,...,x,). Let IC{l,...,n},andlet C

be the smooth subspace of U determined by the ideal sheaf in &, generated
bythe x,, kel. Let n: U' — M denote the local blowing-up over U with
centre C. Then U’ is covered by coordinate charts U,i , k €I, such that, for

each k € I, m, = n|U, is given, in coordinates y = (y,, ..., »,) of U, , by
x[=y[a l¢1’
X = Vi

X, =Yy lel—-{k}.
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If C is p-admissible, then fp' ,p=1...,s, 7' and #' are generated in
U,i by the following transforms of fp ,p=1,...,s, f,and D (respectively):

L) =L@ -y p=1,...5,
o) =m0,
D'(y) = D(m,(»)) - v -

If F,Ge&(U) (or &,), we will say that F is equivalent to G (and write
F ~ G) if F equals G times a factor which is invertible in &#(U) (or &, ).

Proof of Theorem 3.2. It suffices to work locally with the functions introduced in

Remark 3.5. Let n = dim M . We can assume that f is divisible by f, ..., f,
and D. Let x, € U. Suppose that f(x,) = 0 and that uxo(fp) >u, p=
1,...,s. Put d(x,) = Vs, (f) . Using the Weierstrass preparation theorem, we

can assume that U = V' x A, where V' and A are open neighbourhoods of 0
in K"™' and K (respectively), that x, =0, and that

F00) ~ Z L)L) ™ g(x),

x=(x,...,x,), where:

(3.6.1) X=(x;,...,x,_,) and E=(&,..., & _)eN"".

(3.6.2) [l(x)=x,+a/(x), i=1,...,r, where the a, € #(V) are distinct
and 4,(0)=0, i=1,...,r.

(3.6.3) g(x) = x: + Zf=1cj()~c)x,‘f_j, where d = d(0) and, for each j =
1,...,d, cjeé’(V) and p,(c;) >j.

(3.6.4) The [, i=1,...,r,and the x, where { >0, k=1,...,n-1,
are precisely the irreducible factors of D. Moreover, none of these factors
divides g (in germs at 0).

We can, of course, find a local representation of f as above, with & = 0,
but it is convenient to allow an exceptional factor %° in order to formulate an
appropriate induction. The integer r = r(0) in the representation of f above
depends on the coordinate system (x,, ..., x,). However, if we consider the
analogous representation of f at points x near 0, in the coordinates obtained
by translating the original coordinates to x , then the associated r(x) is Zariski
semicontinuous.

We will argue by induction on the triple (n,d,r). (Triples (n,d,r) are
considered to be ordered lexicographically.)

If n =1, then # already has only normal crossings throughout M . If
d =0, then f(x) already has only normal crossings in a neighbourhood of 0.
Suppose that d > 1. Then, after a coordinate transformation

/
X, =X, k=1,...,n-1,

! ~
X, =X, + 3 (%),
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we can further assume that ¢, =0; i.e,

d
d oy d—j
(3.7) gx)=x, +>_ c;(X)x, .
j=2
The significance of this representation is that u (g)=d, x = (x,, ..., x,), if
and only if x, =0 and pi(c;))>Jj, j=2,... ,d.

Now, if r =0 and ¢; =0, j = 2,...,d, then g(x) = f and f(x)
already has only normal crossings in a neighbourhood of 0. Otherwise, at least
one of the a;, i = 1,...,r or s j=2,...,d, is not identically zero.
Let us assume that this is the case. We will show that, with U small enough,
there is a covering of U by finitely many finite sequences of local blowings-
up with smooth centres which are p-admissible with respect to the successive
transforms of our data (( j;); f; D), such that, for each sequence, the pairs
(d'(x"), r'(x")) analogous to (d,r) for the final transform ((f)); f'; D) in
suitable local coordinates at each point x' where u /( f;) >u,p=1,...,s,
will be strictly less than (d, r) (in the lexicographic ordering of such pairs).
This will complete the proof.

Since f, ..., f, eachdivides f, the representation of f above implies that,
foreach p=1,...,s,

[0~ 2" [[ 40" - g,(x),

i=1

where:
(381 =5 ety ) e N"! and n, < &. (This means 7, <&,
k=1,...,n-1.
(3.8.2) mpiSmi,i=l,...,r.
(3.8.3) g, divides g.
Let dp:,uo(gp),pzl,...,s.

Remarks 3.9. Effect of blowing up. To elucidate the argument following, it is
helpful to first compute the effect on our data of blowing up U with centre
satisfying certain conditions. Let / c {1, ..., n—1}. Let n: U — U denote
the blowing-up with centre

Z,={xeU:x,=0and x, =0, kel}.

Then U’ is covered by coordinate charts U, , k € I U {n}, where =, = n|U,

is given in coordinates y = (y,, ..., »,) of U, by
x[:y[, lglu{n}a
X = Vi

X =Y le(Iu{n})—{k}.
Ify=0,,...,»,) €U, wewrite #,(5) =, (y)" .
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Suppose that the centre Z, lies in the “equimultiple locus” of llm' lrm g,
i.e., in the locus of points where this function has its maximum multiplicity
E:zl m; +d . This equimultiple locus is given by the conditions
x,=0,

i=1,...,r,

luj((aj) 15
Js j=2,...,d.

1y (c))

VvV v

Then the composites /, o7 and gox can be factored as analytic functions in
the various coordinate charts of U’, as follows. In U’

a,-(?},,(ﬁ))) ,

(3.9.1) PP
(gom,)(y) =y (HZM) .

In U, , for fixed k€1,

(Lon)y) =, (1 ;

(Lom)¥) =y, +a @), i=1,...,r,

d .
(gom)(y) =i (y,‘f +y C}(J?)yf") ,

j=2

where o

ai(ﬁ)=m, i=1,...,r,
Vi

_ ¢ j(ﬁk(ﬁ )

= ——_y,{

(3.9.2) The formulas (3.9.1) imply that fon, already has only normal cross-

ings at every point of U,; = Uger U,i . In particular, suppose there is a locally

finite covering of U, U,i satisfying the conclusion of Theorem 3.2. Then there
is a locally finite covering of U with the same property.
Now suppose that, in addition to the assumptions on Z, above,

Z,c{xeU:pu(f))zu, p=1,...,5s}.

Then Z, is p-admissible. Since Z; lies in the equimultiple locus of g, it lies
in the equimultiple locus of each 8, by (3.8.3). Fix ke€I. For y € U,: , write

cjy) , j=2,...,d.

Ly)=y, +a@), i=1,...,r,
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In U,i , the transforms ((f;); f: D) of our data ((fp); f; D) are given by

FO)=(For)) =7 TTL0™ g »),
i=1

where & = (&), ..., & ) and
&=¢,  1#k,
€L=Zfz+zmi+d2
lel i=1

/

D'(y)=y,(Dom)(»);

Lo =" 1110 ™e,), p=1,....s,
i=1

where n;,:(n;l, ...,17[',’"_1), p=1,...,s,and
’7117[=77p[a l'_lék’
(3.9.3) , i
”pk=Z”pl+Zmpi+dp—”'
lel i=1

We now complete the proof of Theorem 3.2. Let e = max(d, u). Let us
consider the following data,

((hq)q=l,...,l; h; E),

in one fewer variable X = (x,, ..., x,_,) €V

(3.10.1) The A ,(%) are all the nonzero functions on ¥V in the following list:

(x’lp)e!/(#— :”=1 p,—dp),

for all p such that u—3>7_  m, —d >0.

(3.10.2)  A(%) is the product of all the functions A (%) and all of their nonzero
differences.

(3.10.3)  E(%) = IT¢ 40X -

By induction on 7, there is a locally finite covering of V' by finite sequences
of local blowings-up with smooth centres which are e!-admissible with respect
to the successive transforms of the data above, such that, for each sequence,
if ((h,);h'; E') denotes the (final) transform of the data, then 4’ has only
normal crossings at every point where the multiplicity of each h; is at least e!.

We will take the transforms of our original data (( j;); f; D) by a locally
finite covering of U induced by that of V' above: Consider one of the local
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blowings-up involved in the locally finite covering of V' ; for simplicity, say the
first, #: V' — V (which we can assume covers all of V). Let C denote the
centre of 7. Let m: U’ — U be the blowing-up of U with the same centre,
considered as a subspace C of U.

Since C is e!-admissible for the data ((h o) h; E), it follows that C is u-
admissible for (( j;,); f; D): First, C and D simultaneously have only normal
crossings because (by (3.10.3) and the fact that D divides f) each factor x,
of D, k =1,...,n~—1, divides E, and (since the functions 4, include

all nonzero af! , according to (3.10.1)) C lies in the zero set of each factor
I, of D. Secondly, the inclusion of all nonzero af! and cj!/’ among the A,
guarantees that C lies in the equimultiple locus of each /, and of g (by the

representation (3.7)), hence also of each 8, (by (3.8.3)). Therefore, for each
p such that 31\ m  +d,>u, C C{x: u/f,) > u}. On the other hand, for
each p such that u >3\ m  +d,, Ccix: pe(X") > p =30 m —d},
by (3.10.1), so that again C C {x: /lx(f,,) > u}.

After a change of coordinates in V', we can assume that C is of the form
Z,, as in Remarks 3.9. Then (with the notation of Remarks 3.9), for each

k el, n|U, is given by

ny,y,) = @©F), ¥y, -

On the other hand, f o # already has only normal crossings at every point
of U,', = Uker U,i , so that condition (2) of Theorem 3.2 already holds for the

transforms of our data in a neighbourhood of U’ — Urker U,i (cf. (3.9.2)).
Let k € I. Foreach y, € U,: , let (d'(yo) , r'(yo)) denote the analogue of the

pair (d, r) for the data ((f}); f'; D') in the coordinates (v, ...,¥,) of U,
translated to y,. From the formulas of Remarks 3.9, (d'(y,), r'(v,) < (d, r)
and (d'(yo), r'(yo)) = (d, r) onlyif y, =0, where y, = (¥y;,..., ¥, - In

some neighbourhood of such a point, we can repeat the argument above for the
subsequent local blowings-up involved in the locally finite covering of V. If
(d’(yo), r’(yo)) < (d, r), then, by induction on (d, r), we can assume there is
a locally finite covering of some neighbourhood of y, with respect to which the
conclusion of the theorem holds. Finally, then, as a result of our induction on
n, we can assume (that the nonzero functions in the following list satisfy):

a(x)" ~ 2", i=1,..,r,
(3.11.1) ) ~xh, j=2,..4d,
(j"p)e!/(#_—zi my—=d,) ~ xyp
for all p such that u—3_ m,,—d, >0, whereeach a; = (a;, ..., 0, , ),

B, =Bys-rs B ), and ¥y, = (,,...,7, ,,) belongs to N""'; and
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(because of (3.10.2) and the elementary Lemma 3.12 following):
(3.11.2)  A{q,, Bj , yp} is totally ordered with respect to the induced partial

ordering from N"~' (6 < ¢ means 6, <ég, k=1,...,n—1, where § =
(6y5...,0,_,) and &€= (&, ...,¢&,_,)).
Lemma 3.12. Let z = (z,,...,z). Let a,f,7 € N’ and let a(z), b(z),

c(z) be invertible elements of K{z}. If
a(z)z" - b(z)zﬂ =c(2)z’,

then either a < B or B <a.

Proof. Put 6, = min(ay, B,), k=1,...,[, where a = (a,..., ), B =
(By,...,B). Let 6 = (6,,...,6,). If 6 = a, then a < f. Otherwise,

choose k such that 6, # o, . Then, on {z: z, = 0}, we have 7% =
and 0 # —b(z)zﬂ_‘s = c(z)zy_‘s. Since b and ¢ are invertible, it follows that
B =7y. Then a(z)z" = (b(z) +c(z))zﬂ ,sothat f<a. O

To finish the proof of Theorem 3.2, let ¢ denote the smallest among all the

exponents «;, ﬂj, and y ;say, 0 = (0,,...,0, ;). Then lo| = E,’i;ll o, >
e!. Put
Z={xeU:l(x)=0,i=1,...,r; u(g) =4d; w(f)zu, p=1,...,5s}.
Clearly,
Z={xeU: x,=0and Z g ey,
keJ(x)

where J(X) ={k: x, =0, k=1,...,n—1}. let S denote the collection
of minimal subsets I of {l,...,n — 1} such that Zkel g, > e!, ie., the
collection of subsets I of {1,..., n— 1} such that

0<> g, —el<a,

kel

forall /eI. Foreach I €S, put
Z,={xeU:x,=0and x, =0, kel}.

The Z,, I €S, are the irreducible components of Z .

Let I€S. Let n: U — U be the blowing-up with centre Z ;- (We use the
notation of Remarks 3.9.) By (3.9.2), it is enough to consider f or, , where

n, denotes 7 restricted to the chart U,: ,foreach keI.

Fix k € I. Consider the transforms (( f; ); f'; D) of our data in the chart
U,: . For each of the symbols we have associated to (( j;); f; D), we will use
the same symbol primed to denote the analogous notion for the transformed
data ((f}); f'; D) in the coordinates (y,, ..., ¥,) of Uj.

If (d(y),r(y)) < (d,r) forall y € U,, then in this chart we are done.
Suppose that (d'(y,), ' (y,)) = (d, r), forsome y, € Uy, ¥ = Vg » -+ » Vo) -
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Then y,, = 0 and, since the a; and ¢; are monomials (times invertible factors)

in the coordinates of U, , (d'(0), r'(0)) (or (d', r")) equals (d,r).
We have

’

dhmay. 1#k,

7
_ -
aik—Zai, el

ler
B=8y, 1#k,
Bu=2 8y~
lel

Suppose that (d', r') = (d, r). Then each d; = d, and each m;i =m_, SO

that, forevery p=1,..., s,
r r
/ !
,u—E mpi—dp=;t—g mpi—dp.
i=1 i=1

Therefore, for each p such that u -3 m  —d, >0,

pi>

) eln,
? #_Z:ﬂmpi_dp

where 7, is given by (3.9.3), so that

/

Vo1 = Vpi> [ #k,

!
ypk:zypl“e!'

lel
Thus,
!
o, =0, l#k,
/
= —e!
ol =Yg el
lel

In particular, |¢'| < |o| (while |o’| > e!).

In other words, either (d', )< (d,r) or (d',r)=(d,r) and e! < |0'| <
|o|. In the latter case, it follows that, after at most |o|/e!+ 1 local blowings-up
over successive coordinate charts, as above, if (d, r) has not decreased, then
some 1, where u— S m,; —d, >0 decreases to 0. But this means that the
transform of fp has multiplicity E::l m,; — dp < u at 0 and hence throughout
the chart. This completes the proof of Theorem 3.2. O

Now let X be a closed analytic hypersurface in M. Let x, € X. Itis

easy to see that if u(#, ) islocally constant on X near x,, then either X

is smooth at x, or |X| has codimension at least 2 at x,. (The latter can
occur only if K =R.) On the other hand, suppose that u(-#, ) is not locally

constant on X near x,. Then x, € Sing X . Moreover, if x(/) e{x: uA )=
/‘('jx,xo} is close enough to x; and u(.#; ) is locally constant near x('), then
| X| has codimension at least 2 at x(') (in particular, x(') €SingX_,).
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Suppose that X is a closed analytic hypersurface in M and that # is
a principal divisor on M having only normal crossings. Let U be an open
subspace of M, and let C be a smooth closed subspace of U. Suppose that
C satisfies the following two conditions:

(3.13.1) C and # simultaneously have only normal crossings.

(3.13.2) CcC X and u(# ) isconstanton C.

Let n: U — M denote the local blowing-up of M over U with centre
C. We define a transformation (X', #’) of (X, #) by n as follows: Let

X' denote the strict transform of X by 7 i.e., Fr = n—'(LYX) - ", where
% denotes the ideal sheaf of n_l(C) in @, and u= wF ), x € C. Put
' =n"'(#)-H". Clearly, u(F ) <u,forall xen '(C).

By (3.13.1), /' has only normal crossings. Therefore, we can likewise define
a transformation of the given data (X, #) by a sequence of local blowings-

up whose centres satisfy conditions (3.13.1) and (3.13.2) with respect to the
successive transforms of (X, #).

Definition 3.14. Suppose that X, is smooth and /‘(jx,x) is locally constant
on X. We will say that C is (a)-admissible (as a centre of local blowing up
over U) if C satisfies conditions (3.13.1), (3.13.2) above and the following
additional condition:

(a) C is nowhere dense in X .

Proposition 3.15. Let X be a closed analytic hypersurface in M, and let #
be a principal divisor on M having only normal crossings. Suppose that X 4
is smooth and u(#y ) is locally constant on X . Then there is a locally finite
covering {n;: M; — M} of M such that:

(1) Each © ; is a composite of finitely many local blowings-up with smooth
centres which are (a)-admissible with respect to the successive transforms
of (X,#).

(2) For each j, let (X ) denote the (final) transform of (X, Z) by

n;. Then X; 4 is smooth, /t(ij,xf) is locally constant on X, and

X; and /"Zj simultaneously have only normal crossings.

Proof. If U is an open subspace of M and C is a smooth closed subspace
of U satisfying (3.13.1) and (3.13.2), then (locally) C is nowhere dense in X
unless X and /# already simultaneously have only normal crossings. Clearly
then, the result follows from Theorem 3.2 applied to the data (%, ; - #Z ; #Z),
with u the (locally) constant value of u(-%y ). O

Definition 3.16. We will say that C is (b)-admissible (as a centre of local
blowing-up over U) if C satisfies conditions (3.13.1), (3.13.2) above and the
following additional condition:

(b) For all x, € C, either |X| has codimension at least 2 at x;, or u(%y )
is not locally constant on X near X, .



UNIFORMIZATION OF ANALYTIC SPACES 817

Theorem 3.17. Let X be a closed analytic hypersurface in M, and let # be
a principal divisor on M having only normal crossings. Then there is a locally
finite covering {n;: M, — M} of M such that:
(1) Fach = ; is a composite of finitely many local blowings-up with smooth
centres which are (b)-admissible with respect to the successive transforms
of (X, 7).
(2) For each j, let (X;, Z)) denote the (final) transform of (X, #Z) by
n;. Then X; rea IS sSmooth and 'u(“}sz,x') is locally constant on X .

Proof. The theorem follows easily from the following weaker claim: There is a
locally finite covering {x I MJ. — M} of M satisfying (1) and the following
condition:

(2') For each j, let (Xj,zj) denote the transform of (X, #) by =;.
Then, for each x, € X, either X, , is smooth at x; and ﬂ(‘}},,x’) is locally
constant on X, near x,, or #(Fy ) is not locally constant on X; near Xy

but X ; and /77 simultaneously have only normal crossings at x(').

Let K be a compact subset of A . It suffices to prove the claim with M
replaced by some open neighbourhood W of K. Let u = max{u(f ): x€
K} . Clearly, we can assume that u > 0 and that K is small enough that one
of the following conditions holds:

(i) u(SFy ) =u and X _, issmoothat x, forall xe XnK.
(ii) For all x; € K such that ,u(J'}’xO) = u, either u(#; ) is not locally
constant near x, or |X| has codimension at least 2 near X, .

In case (i), there is nothing to do. In case (ii), by Theorem 3.2 applied to
the data (%, ; %, - #; #) in a suitable neighbourhood W of K, there is a
locally finite covering {& W - W1} of W satisfying (1) and the following

condition:

(2") For each j, let (X, #) denote the transform of (X, #) by z;.
Then u(S, /) < u, foral x € X B and X, and %} simultaneously have

e

only normal crossings at every point x(') where u(%, ,x{,) =u.

The claim above follows by induction on x. O

Theorem 3.17 and Propositio}l 3.15 together give a complete embedded uni-
formization statement in the case of a hypersurface. We obtain Theorem 1.1

in the hypersurface case from Theorem 3.17 in the case that X is reduced and
X =0
I

4. THE DIAGRAM OF INITIAL EXPONENTS

Let K be a field. Let K[x] denote the ring of formal power series in

x =(x,,...,x,) with coefficients in K.
If « =(a,...,,) € N", put |a| = a, +---+«,. The lexicographic
ordering of (n + I)-tuples (Ja|, a,, ..., «,) induces a total ordering of N".

Let f € K[x]. Write [ =) _»a,x", where x" denotes x;"---x,". Let
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supp f = {a € N": f, # 0}. The initial exponent exp f of f is defined as
the smallest element of supp f'. If a = exp f, then aaxa is called the initial
monomial mon f of f.

4.1. Hironaka’s division algorithm. Let g1 ,..., & € K[x], and let a, =
expg', i=1,...,t. Weassociate to a, ..., a, the following decomposition
of N": Set A, =@. Define

i—1
A=(;+N) - U4, i=1,..
j=0

~

Put A=N"-U_ A,.
Theorem 4.1.1 [2, Chapter 1, §1; 5, Theorem 6.2]. (1) Forevery f € K[x]], there

exist unique g, € K[x], i=1,...,t, and r € K[x] such that o, + suppgq; C
A, i=1,...,¢t, suppr CA, and
t .
=Y q¢+r.
i=1
(2) Suppose that K = K (i.e, R or C) and that f and g',..., g" all

converge. Then the g, and r all converge.

Remark 4.1.2 [5, Remark 6.6]. Let m denote the maximal ideal of K[x]. In
Theorem 4.1.1, if k € N and f € m*, then r € m* and each q; € mkll
(where m' = K[x] if [ <0).

4.2. The diagram of initial exponents. Let K{x} denote the ring of convergent

power series in x = (X, ..., Xx,). Let I be an ideal in K[x]] or K{x}. The
n

diagram of initial exponents N(I) C N" is defined as
N(I)={expg: gel}.
Clearly (1) + N" = 0(I). If I c K{x}, then M) = NI -K[x]).
Suppose that 91 ¢ N” and 91+N" = 9. Then there is a smallest finite subset
¥ of N such that N =V + N". We call U the vertices of N.
The following is a simple consequence of Theorem 4.1.1.
Corollary 4.2.1 [5, Corollary 6.8]. Let I be an ideal in K[x] or K{x}. Let o,
i=1,...,1,denote the vertices of W(I). Choose g' € I suchthat o, =expg',
i=1,...,t,andlet {A,, A} denote the decomposition of N" determined by
the a;, as in §4.1 above. Then
(1) M) =, 4, and the gi generate I .
(2) There is a unique set of generators f "of I,i=1 s -+ s L, such that, for
each i, supp(f' —x®) C A; in particular, mon f* = x“ .

We call /', ..., f' the standard basis of I .
Let Z(n)={McN': N+N'=M}. If NeD(n), let

K{x}‘ﬂ={f€K{x}: supp f NN = J}.
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Clearly, K{x}‘JI is stable with respect to differentiation.

We totally order & (n) as follows. To each M1 € & (n), we associate the
sequence v(91) obtained by listing the vertices of O in ascending order and
completing this list to an infinite sequence by using oo for all the remaining
terms. If M', N* € Z(n), we say that n' < M® provided that v(‘ﬁl) <
v(‘)‘(2 ) with respect to the lexicographic ordering on the set of all such sequences.
Clearly, if n' > n? , then m' < n?.

4.3. Variation of the diagram in parametrized families. Let U be an open sub-
set of K", and let X be a closed analytic subset of U. Let @(X)[y] denote
the ring of formal power series in y = (y,, ..., y,) with coefficients in the ring
@(X) of analytic functions on X .

Let x € X. There is an evaluation mapping g — g(x) of ﬁ’ (X) onto

K. If f=% /Y €OX)Y], we write f(x;y) =3 f(x x)y® when the
coefficients are evaluated at x.

Example 4.3.1. Let V' be an open subset of K", and let @ = g,.Let # bea
coherent sheaf of ideals in & . Suppose that f, .. f € @(V) generate .7,
forall x e V. Foreach i=1,...,q, f( x+y) E D f.(x)y"/a!, where
D* = 8" /ayfr. .-y and a! = a,!---a,!. Then f' = Y D°f -y%/al €
@(V)[y] and the fi(x; y) generate .7, forall xe V.

Theorem 4.3.2 [5, §7; 6, Theorem 4.4]. Let fl, I A= g(X)yl. For
each x € X, let 7 _ denote the ideal in K[y] generated by the fx;y),
i=1,...,q,and put N = N(Z). Then N, as a function X — Z(n), is

Zariski semicontinuous.

5. THE HILBERT-SAMUEL FUNCTION

Let A be a Noetherian local ring. The Hilbert-Samuel function H: N — N
of A is defined by
A4
mk+1 ’

H(k) = dim k€N,

where m denotes the maximal ideal of 4 and K is the field 4/m. Let N~

denote the set of functions from N to itself. N is partially ordered as follows.
If H, H e NV, then H < H' if H(k)< H'(k) for all k,and H(k) < H' (k)
for some k.

In this section, we prove three important theorems concerning the Hilbert-
Samuel function:

(1) The Hilbert-Samuel function of the formal local ring associated to each
ideal in a family parametrized as in §4.3 is Zariski semicontinuous on
the space of parameters.

(2) Any decreasing sequence of Hilbert-Samuel functions associated to for-
mal (or analytic) local rings stabilizes.

(3) For each point of an analytic space, the Hilbert-Samuel stratum coin-
cides (locally) with the equimultiple locus of the standard basis of the
defining ideal (with respect to any local embedding in affine space).
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5.1. Semicontinuity of the Hilbert-Samuel function. Let 4 = K{x} or K[x],
where x = (x,,...,x,), and let I be an ideal in 4. Let H,; denote the
Hilbert-Samuel function of A/I; i.e.,

H, (k) = dim, keN,

I +mk+1 ’
where m denotes the maximal ideal of 4.
Lemma 5.1.1. For every k € N, H,(k) is the number of elements o € N" such
that a g N(I) and |a| < k.

Proof. By Remark 4.1.2. 0O

It follows from Lemma 5.1.1 that H,(k) coincides with a polynomial in &,
for k sufficiently large (the “Hilbert-Samuel polynomial”).

Theorem 5.1.2. With the hypotheses of Theorem 4.3.2, let H, denote the Hilbert-
Samuel function of K[y1/.7., x € X. Then the function x — H_ from X to
N is Zariski semicontinuous.

Proof. Tt is easy to see that H (k) is topologically upper semicontinuous, for
each fixed k (cf. [13, I1.5.3]). The result then follows from Theorem 4.3.2. O

Corollary 5.1.3. Let M be a smooth analytic space and let X be a closed analytic
subspace of M . For each x € X, let H, _ denote the Hilbert-Samuel function

of @’x,x Then Hy . is Zariski semicontinuous on X .
Proof. Immediate. (See Example 4.3.1.) 0O

5.2. The stability theorem. Let #E denote the number of elements in a finite
set E. For any 9t € 9 (n), put

Hy(k)=#{a e N" =N |a| < k}.

Theorem 5.2.1. Let 0 € Z(n), j=1,2,.... Foreach j, let H; = Hy, . If
H, > H, > ..., then there exists j, such that H; = Hj0 when j > j,.

Because of Lemma 5.1.1, Theorem 5.2.1 implies the following result.

Corollary 5.2.2. Let I, j=1,2,..., be any sequence of ideals in K[x]
(or K{x}), x =(x,,...,x,). Foreach j, let H, denote the Hilbert-Samuel
function H,;. If H > H, > ---, then there exists j, such that H; = Hfo when
J2Jy-

Proof of Theorem 5.2.1. Suppose the theorem is false. Then we can assume that
' # © and that H, > H, > --- (by passing to a subsequence if necessary).
For each j, let a{ , i=1,2,...,denote the sequence of vertices of N listed
in ascending order and completed to an infinite sequence by using oo for all
the remaining terms. Thus each a{ = min{a € W - ,_,(a) + N")}. Let N,
denote the positive integers. We claim there is an infinite subsequence j(s),
s=1,2,...,0f N, such that a{m is independent of s, say a{(s) =a,, when
s>i,i=1,2,.... Then U2, (a,+N") € Z(n) and each o, & U, _, (o, +N").
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Therefore, there exists s, such that o, = oo if i > 5,. Hence H,,=H,
0
§ > 5, ; a contradiction.

We will find infinite subsequences N, O N, D --- of N, satisfying the
following condition: Foreach s =1, 2,...,say N, = {j(s,0): t=1,2,...}.
Then af(“) is independent of s and ¢, say a{(“) =a,, when t > i, i =

1,...,s. The claim above follows taking j(s) = j(s,s), s=1,2,....
First, let [ = |a,|. Then, forall j, H,(l) < H/(l) < #{a € N": |a| < I}.
Therefore each laﬂ < I. Hence there are only finitely many possible values of

a{ e N". It follows that there is a subsequence N ={j(l,):t=1,2,...}
of N, such that a’l(l") is independent of ¢, say ajl(l”) = a,, for all 7. By
induction, assume that we have found N, > --- D N as above, for some s > 1.

Then, forall t=5s, s+1,..., W9 > U_,(e;+N"), where each ¢, =a{(5’t),
t>i. Since W £ 0D 15 5 it follows that o/ < 0o forall 7> s.

i s+1
Let [ =1a’";**"|. Then

N
Hy ()< #{ae N" - Ul(ai +N"): ol < l} .
i=
Since H,(I) < H,, ,,,(I) when j > j(s,s+1), it follows that |a/\';"| <1,

s+1
J(s, 1)

t=s5+1,s542,.... Thus there are only finitely many possible values of o b

t > s. It follows that there is a subsequence N, of N, asrequired. O

5.3. The Hilbert-Samuel stratum and the equimultiple locus. Let U be an open
subspace of K", and let .# be a coherent sheaf of ideals in & = g, . Fix
x, € U. Let S denote the Hilbert-Samuel stratum of @[5 containing X, :

S={xelU: szon}’

where H, denotes the Hilbert-Samuel function of @,/.% , x € U.

For any x € U, we can identify &, with K{y} =K{y,,...,»,} by trans-
lating the affine coordinates of K" to x. Suppose that f € @’xo ,i=1,...,t,
generate Jio. There is a neighbourhood V' of x;, in U in which the f; all

converge. Let S( f) denote the equimultiple locus,

S(f.? ={xeV:ul(f) =”x0(f1)’ i=1,...,1t}.
Our aim in this subsection is to prove
Theorem 5.3.1. Suppose that f V..., f" is the standard basis of LYXO c K{y}.

Then there is an open neighbourhood V of x, in U in which the f " all converge,
and

S=S,-
Lemma 5.3.2. Let V be a relatively compact open neighbourhood of x, in U.
Then there exists k, € N such that if x,, x, € V and Hx, (k) = sz(k) Jor all

k <k,, then Hxl = HX:‘
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Proof. This follows immediately from Zariski semicontinuity of the Hilbert-
Samuel function. O

We can assume that U is an open neighbourhood of the origin and that

Xo=0. Let M=NF) and let o, € N", i =1,..., ¢, denote the vertices
of M. Define A;, i =1,...,1¢, as in §4.1. For each i, A, has the form
A, =a;+0;, where O, C N". Suppose that /" €&,, i=1,...,t, and that

exp f' = a;, for each i.
Lemma 5.3.3. Let k, € N. Then there is an open neighbourhood V of 0 in U
such that: .

(1) Each f' € @(V). For any P, € K[y] such that degree P, < k,, i =

1,...,t, thereexist Q,€&,, i=1,...,1t,suchthat, for each i, Q, converges
in V and supp Q, C O., and, for all xe Vv,

ZP 1) =300 f (x).

i=1

(2) For each y ¢ N" and i = 1,...,t, let v, ; = v, (x;¥) denote
Vv fl(x+y) e S C K{y}, where x € V. Then, foreach x €V and k < k,, the
v, (x;y), where y €0, |y| <k — uo(f") and i =1, ..., ¢t, induce linearly
independent elements of K{y}/ (y)k+1 . (Here (y) denotes the maximal ideal of
K{y}.)

Proof. By Theorem 4.1.1, for each y € N and I =1, , t, there exist
7 "eK{y}, j=1,...,t,such that suppq 'c O, and

t
)=>_a"' I ).
j=1
The f* and the qj?’i such that [y| < k, converge in a common neighbourhood
V of 0; (1) follows. ‘
For each k € N, the v, (x;y), where y € O,, |y < k — uy(f*) and
i=1,...,t,induce a basis of the vector subspace
k+1
S+
(y)k+1

of K{y}/( y)k+l at x = 0, hence induce linearly independent elements at nearby
points x . It follows that we can choose V' satisfying (2) as well. O

Corollary 5.3.4. Let k, € N. Choose an open neighbourhood V of 0 such that

Lemma 5.3.3(1) holds and the f ' generate F., forall x € V. Then, for all
k <k, and xeV,

7,0+ () s =,
where %, (x) denotes the linear span in &, of

v, (xi19):veD,, PI<k—p(f), i=1,...,1}.
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Proof. Let k <k, and x € V. Suppose that f € #, C K{y}. Then there are
polynomials P,(y) such that degree P, < k — u (f "), for each i, and

!

t
Z flx+new) ' ns.

By Lemma 5.3.3(1), there exist Q, € 4,, i =1, ..., t, such that, for each i,
Q,; converges in V' and suppQ, C O,, and

Z -0 =00

i=1

Therefore,

t
' k
SO =Y 0x+nf(x+»em T ng.
i=1
Since suppQ,(x +y)CcO;, i=1,..., ¢, the result follows. O
Proposition 5.3.5. Let V be a relatively compact neighbourhood of 0 in U such

that Lemma 5.3.3(1) and (2) hold with k, given by Lemma 5.3.2, and the /!
generate 7, for all x € V. Then S( mC S.

Proof. Let x € V. Suppose that ux(f) = uo(fi), i=1,...,t. Then, if
k<k
—_ 0’

f +m k+1

k+1
mx

#{yeN": |y| <k} - H (k) = dimg ==

So#ren: ol <k - up(f))

=#{y eN": |y| <k} - Hy(k),
where the second equality holds by Lemma 5.3.3(2) and Corollary 5.3.4. The
result follows, by Lemma 5.3.2. O

Proof of Theorem 5.3.1. By Proposition 5.3.5, we can choose ¥ in which the f g
all converge and S( M C S'. We will prove that, after shrinking J if necessary,

S CS(fi).

Let o, = expf', i=1,...,t;in particular, lo,| = yo(fi). We can assume
that |a,| <a,| < -+ <|e,|. Associate to each k € N the index i(k) such that
lo;| < k precisely when i =1, ..., i(k). For each k, the elements

Yix+y), veQ, PW<k-u(f), 1<i<i(k),
and
v, vEM=N), DIk,

of K{y} induce a basis of K{y}/ (y)k+l when x = 0. Choose V' small enough
that they remain a basis for all x € V. We can also take V' small enough that

w(f) Sup(f), i=1,...,1, xeV.
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Suppose x € SNV . It suffices to show that ,ux(fi) > uo(fi), i=1,...,¢t.
Since H, = H, it follows that, for each k, the y” f'(x + y) induce a basis of
(S + (y)k“)/(y)k+1 . In particular, foreach j=1,...,t, and each k,

j ik ‘ k+1
fx+n- > ( > o -yy>f’(x +y) e,
1<i<i(k) yeq,
PI<k—]ay]

where the ci:f‘ €K. Fix j and take k = |a;|— 1. Since ) =y e K{p}”,
then fj(x +y)—-yY e K{y}m and fj(x +y)e K{y}‘Jt + (y)k“ . Therefore,
ik ‘ k
> ( X ol 'yy)f'(X+y)€K{y}m+(y) o,

1<i<i(k) y€D;
[71<k—le]

C . ik i
which implies that all ¢)’/ = 0. Thus, x (f’) > |a;|. O

6. ESSENTIAL VARIABLES OF A HOMOGENEOUS IDEAL

Consider the space K" with affine coordinate ring K[y] = Kly,,....,»,].
Let m denote the ideal in K[y] of polynomials which vanish at the origin of
K" . By an affine coordinate system for K", we mean any coordinate system
x =(x,, ..., x,) which differs from y = (y,,...,»,) by an invertible linear

transformation y = y(x). If f(y) € K[y], we usually write f(x) for f(y(x)).
Definition 6.1. Let P,(y) be a homogeneous polynomial of degree d;, i =

1,...,t. Suppose that there is an affine coordinate system x = (w, z), where
w=(w,...,w,_,) and z=(z,..., z,), with respect to which

P(w, z) = P(z), i=1,...,t¢t,
and r is minimal for such representations. Then we say that (z,,...,z,) isa

system of essential variables for the P,. We also say that each z i is an essential
variable, or that the P, depend essentially on each z T

Itis clear thatif (z, ..., z,) is a system of essential variables for the P, and
x 1is any affine coordinate system of the form x = (w, z), z=(z,..., z,),
then P(w, z)=P(z), i=1,...,1.
Lemma 6.2. Let P,(y) be a homogeneous polynomial of degree d;, i =1, ..., 1.
Let E denote the vector subspace of m/m2 spanned by the partial derivatives
D'p =08"Pjay?, |pl=d 1, i=1,... t. Then

(1) Let E* denote the vector subspace of the dual (m/m2 )" which is orthog-
onal to E. Then

El:{ée(m/mz)*: é.P[_:O’ [’:1’_”,[}_
(&e (m/mz)* identifies with a derivation of K[y]. In coordinates, & is a direc-

tional derivative & = 2j=,¢ja/ayj; ie, &P =3¢0P[dy,, PeKlyl. In
particular, & - P is independent of the affine coordinate system.)
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(2) z=(z,,..., z,) is a system of essential variables for the P, if and only
if z,,..., z, induce a basis of E.

Proof. Write
a
=Y % =10
(e A
la|=d,
Then, for each 1,

n
B
Py)zzc,“ﬂﬂj)y'a 1Bl =

’(y Z Ci gy AT Jj=1,...,n,
W |81=d,~1 B
where (j) denotes the multi-index with 1 in the jth place and zeros elsewhere.
Consider the matrix C = (c; B j)) with rows indexed by (i, ), |8] =
i=1,...,t, and columns indexed by j = 1, ..., n. Then each row of C
represents a linear form DﬂPi , |Bl=d,—1,and KerC C (m/mz)* is the space
of directional derivatives which annihilate P, ..., P,. This proves (1).

By (1), if z,,..., z, are linear combinations of the variables y, , ..., y,
which induce a basis of F, and x is an affine coordinate system of the form
x=(w,z), z=(z,,...,2,), then P(x) = P(z), i =1,...,¢. On the
other hand, it is clear that if (w, z) is an affine coordinate system such that
the P(w, z) depend only on z = (z,..., z,), then the z; span a vector

subspace of m/m2 containing E; (2) follows. O

Remark 6.3. E* identifies with the vector subspace of K" along which the
P, are invariant by translation; i.e., { € E™ if and only if P(y+¢&) =Py,

i=1,...,t. Clearly, E* is the locus of points where each P, has multiplicity
d..

1

Examples 6.4. (1) Let P(y,, y,) = yl2 +2y,y,+ yi . After a change of variables
w=y -y, Z=y,+y,, we have P(w, z) = 22; i.e., P depends essentially
on z.

(2) Suppose that f € K{y} is of the form

d
d . d—1
=y, +>_ Oy,
i=1

where y = (y,,..., ¥y, ;) and py(c,) >, i=1,...,d. Then the linear part
of y, +¢,(p)/d is an essential variable for the lowest order homogeneous part
of f(y) (cf. (3.7)).

Definition 6.5. Let / ¢ K{y} be a homogeneous ideal (i.e., / can be generated
by homogeneous polynomialsin y = (y, ..., y,)) . Suppose that x = (w, z),
where w = (w,,...,w,_,) and z = (z,,..., z,), is an affine coordinate
system with respect to which we can choose a system of generators of I de-
pending only on z, and that r is minimal for all such choices. Then we say
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that (z,, ..., z,) is a system of essential variables for I. We also say that each

z; is an essential variable, or that I depends essentially on each z Iz

Remark 6.6. Let I C K{x}, x = (x;,...,x,), be a homogeneous ideal.
Clearly, the standard basis of I consists of homogeneous polynomials. Sup-
pose that x = (w, z) where w = (w,,...,w,_,), z=(z,,...,2,),and I
is generated by homogeneous polynomials g,(z) in z alone. Let [/ Y c K{z}
denote the ideal generated by the g,(z). Clearly, then:

(1) M) =N"xn{I").
(2) The standard basis of I is the same as that of I” (considered as ele-
ments of I).
It follows, in particular, that if 7 can be generated by convergent power

series involving z alone, then the standard basis of I consists of homogeneous
polynomials in z alone.

Lemma 6.7. Let I C K{y} be a homogeneous ideal. Let fi(y), i=1,...,¢,
denote the standard basis of I. Say d, = degree f'(y), i=1,...,t. Let E
denote the vector subspace of m/m” spanned by the linear forms D' [, |B| =
d—-1,i=1,...,t (where m is the maximal ideal of K{y}). Then:
(1) Et = {¢ € (m/mz)*: E-fel, forall felI}. In particular, E is
independent of the coordinate system y = (y,, ..., y,).
(2) z=(z,,..., z,) is a system of essential variables for I if and only if
Z,,..., z, induce a basis of E .

r

(3) (The germ at 0 of ) E™ identifies with the Hilbert-Samuel stratum S
of K{y}/I containing 0.

Proof. By Lemma 6.2(1), in order to prove (1) it suffices to show that if & =
> &,8/0y; € (m/m®)", then

"af o

(6.7.1) Zéfa—y,‘o’ i=1,...,1t,
Jj=1 J

if and only if

(6.7.2) Zc}w el, forall fel.

Assume (6.7.1). Let fel;say f= Eaifi , where each a, € K{y}. Then
Y o&0f/0y, =3¢, 0a,/0y)f €.
i, J

Conversely, (6.7.2) implies that Zj éjafi/ayj el,i=1,...,t. But

Sgaf oy, ek, i=1,.,0.
J

Therefore, °,&,0/'/0y, =0, i=1,...,1.
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(2) follows from (1), Lemma 6.2 and Remark 6.6. (3) follows from Theorem
5.3.1 and Remark 6.3. O

7. THE EFFECT OF BLOWING-UP

Let M be a smooth analytic space, and let X be a closed analytic subspace
of M. Let U be an open subspace of M, and let C be a smooth closed
subspace of U. Denote by n: U — M the local blowing-up of M over U
with centre C. Let X' denote the strict transform of X by = (cf. §2.5).

Suppose that x, € XN C and that x(’)e n_'(xo). Put I'—"j{\’,xo’ I =

’ ,Xl .
The notation of this paragraph will be fixed throughout the section. ’
Lemma 7.1. Suppose that (w, z), w = (w,...,w,_,), z=(2,,...,2,), IS
a local coordinate system in a neighbourhood of x, =0, in which C is defined
by z=0. Let f’f i=1,...,t, denote the standard basis of I Cc K{w, z}. If
,uxo(f') = ,uc’xo(f'), i=1,...,t, then I' is generated by the strict transforms
f" of the fi at x(').
Proof. Put u, = “c,xo(f')’ i=1,...,t. Let fel,andlet u= l‘c,xo(f)~

It suffices to show that f can be written as f = Y\_, a,f ', where each a;, €
K{w, z} and ycyxo(ai) > u—u;. Let {A;} denote the decomposition of (/)

determined by «; = exp f i, i=1,...,t,asin §4.1. By the division theorem,
f=Y'_,a,f where a,c K{w, z} and o, +suppa,CA,, i=1,...,¢. Let
v, = 'uC,xo(ai)’ i=1,...,t. Put v =min(v;, + ;). If g€ K{w, z}, let

in. g denote the lowest order homogeneous part of g as a power series in z
with coefficients in K{w}. Then

3" (inga,)(in ) £0.
{i: vi+u=v}
(Otherwise, since /uC,xo(fi) = uxo(fi), i=1,...,t,implies that expin fi =
a,, for each i, it follows from the uniqueness of division that in.a, =0 for
all / such that v,+u; = v ; a contradiction.) Therefore v = 4 and v, > p—y,;,
i=1,...,t. O

If feK{x}, x=1(x,...,x,), then the initial form in f of f means
the lowest order homogeneous part of f. If J C K{x} is an ideal, then
inJ denotes the homogeneous ideal generated by {inf: f € J}. Clearly,
NJ)=N@{nJ).

Suppose that x = (w, z) is a local coordinate system in a neighbourhood of
X, = 0 such that z = (z,, ..., z,) is a system of essential variables for in/.
Clearly, (1) = N(inI) has the form N*™" x 90", where N" € Z(r). Let [,
i=1,...,1t, denote the standard basis of I C K{w, z}. Put d, = ,uxo(f'),
i=1,...,t. Then we can write

flw,2)= 3 aw, 2+ Y a (w):z",

|a|=d, |a|<d,
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where u,(a')>d, —|a| if |a| < d,, and

(infHw, z)= Y a0, 0z,

lo]=d,

i=1,...,t. In particular, we have:
Lemma 7.2. There is a local coordinate system (w, z), w = (w,, ..., w,_,),
z=(z,,...,2,), in a neighbourhood of x, = 0 with the following property:
Let f'(w,z), i=1,...,t, denote the standard basis of I Cc K{w, z}, and let
I" c K{w, z} denote the ideal generated by the (in f')(0, z). Then

(1) (zy, ..., z,) is a system of essential variables for I".

(2) (inf)0, z), i=1,...,1t, is the standard basis of 1" .

(3) NI =n{).

Of course, we could have formulated a stronger statement. But the point
of Lemma 7.2 is that it isolates those properties of I which persist after local
blowing up when the Hilbert-Samuel function does not decrease. The following
is the key theorem of this section.

Theorem 7.3. Suppose that C C S (in a neighbourhood of x,,), where S denotes
the Hilbert-Samuel stratum of X containing x,. Then:

(1) Hy o< Hy .

(2) Suppose that HX',xé = Hx,xo' Let x = (w, z) bealocal coordinate sys-
tem as in Lemma 7.2. Then there is a local coordinate system (w' , 2,
where z' = (2, ..., z\), in a neighbourhood of x, =0, such that:

(i) The standard basis of I' c K{w', z'} consists of the strict transforms
1 of the f'. '

(ii) (inf")(0, ) =(@{nf)(0,-), i=1,...,¢.

Conditions (i) and (ii) imply that 4 My = i ( f,i=1,...,t, and
NI') = NUI™) (with the same ™).

Lemma 7.4. Let x = (w, z) be a local coordinate system as in Lemma 7.2, and
let S denote the Hilbert-Samuel stratum of X containing x,. Then, after a
local coordinate change of the form

w =w, 2 =z - Mw),

where A is analytic and 2(0) = 0, we can assume additionally in Lemma 7.2
that S C {z =0}.

Proof. Let m denote the maximal ideal of K{x}. Let fi(w ,2Z),i=1,...,1,
denote the standard basis of 1, and let d, = ,uxo(f') ,i=1,...,t. If aeN’,

we write D] = gl /8z". By Lemma 6.7, the vector subspace of m/ m’ of linear
forms in z is generated by r linear forms,

S, DU(inf)0,2), k=1,..,r,
i,j
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where ¢,. €K, a..eN',and |a.|=d. — 1. Put
kj Ji Ji i

gk(w,z)zz:cijjf‘f'(w,z), k=1,...,r.
i J

Then the determinant of the Jacobian matrix d(g,, ..., &,)/9(z,, ..., z,) does
not vanish at (w, z) = (0, 0). By the implicit function theorem, the system
of equations g, (w, z) =0, k=1,...,r, can be solved as z = A(w), where

A is analytic and A(0) = 0. Put w' = w and z' = z — A(w). By Theorem
5.3.1, S ¢ {z' = 0}. It is easy to see that the conditions of Lemma 7.2 are
satisfied in the new coordinates (w', z'). (The exponent of any monomial in
(w', z') involving w’ is larger than that of any monomial of the same degree
not involving w’.) O

Proof of Theorem 7.3. Let (w, z) be a local coordinate system as in Lemma
7.2. By Lemma 7.4, we can assume that S C {z = 0}. Since C C S, we can fur-

ther assume that w = (x, y), where x = (x, ..., xn_q_r), y=0- yq),
and C={y=2z=0}.
Then U’ can be covered by g +r coordinate charts U; ,j=1,...,¢q,and
J
Uz'k ,k=1,...,r,as follows: Each Uy' has a coordinate system (x', y', z',
J
where x’ = (x},...,x,_,_,), ¥ = (.. Ly, and 2= (Z),...,2), in

which 7z|Uy'_ is given by
J

x=x', yjzy;, ylzy}y; if I #j, Z:y;zl_
In particular, 7~ '(C) N Uy" = {y} = 0}. Each U;k has a coordinate system
J
(x',y", z') in which n|U;k is given by

i 1 I i ! .
xX=x, y=2zy, zZ, =2z, z,=z.z, ifl#k.

In particular, 7~ (C)n U, ={z, =0}.

Case A. x, € U}',j for some j; say j = 1. In the coordinates (x', ), z')
of Uy'l above, we can write x = (0, b, c), where b = (0,b,,..., b)), ¢ =
(€1s.enne). I y=(,... »Y,),put y=(y,,...,»,). Then 7z[Uy'I can be
written in coordinates (x', y’, z') centred at x; as :
x=x, y=y, F=yd+¥), z=y+7).

Case B. x, € U;k - j.:, Uy'j for some k; say k = 1. In the coordinates
(x',y", z") of UZ'l above, we can write x(') = (0,0,c), where ¢ = (0, ¢,

,¢,). If z=(z,...,z),put £ =(z,,...,2,). Then 7z|U;l can be
written in coordinates (x', y’, z') centred at x, as

! ! / ~ !~ ~!
X=x, y=2zy, z, =2z, Z=z/(C+2).

In this case we will prove that H,, < H, .
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Lemma 7.5. Let f(u,v)€eK[u,v], i=1,...,t, where u=(u,,...,u,_,),
v=(v,...,v,). Let J, C K[u, v] denote the ideal generated by the f,(u, v),
and J, C K[u, v] the ideal generated by the f,(0,v). Then HJI < HJo .

Proof. For each A € K, let J(4) ¢ K[u, v] denote the ideal generated by
the f(Au,v). If A #0, then (u, v)+— (Au, v) induces an automorphism of
Kfu, v] taking J(1) onto J(A); in particular, H 7w = Hyqy- Therefore, by

Theorem 5.1.2, H, o) < Hy g, - But J(1)=J, and J(0)=J,. O

Lemma 7.6. Let J be a homogeneous ideal in K{x,y,z}, x = (x,...,
y=0--- ,yq), z=(z,,..., z,). Suppose that
CcSc{z=0},

where C isdefinedby y =0, z =0, and S denotes the Hilbert-Samuel stratum
of J containing x, =0 (i.e., S is the Hilbert-Samuel stratum containing x, of
the analytic subspace defined locally by J). Let J' denote the strict transform
of J at x,. Then

(1) H,<H,.

(2) If xy€ U;k - UL, U;j,forsome k,then H, < H,.

xn—q—r) ’

Proof. The Hilbert-Samuel stratum S identifies with the linear subspace E*
defined as in Lemma 6.7. Therefore, since C C S, the standard basis of J de-
pends onlyon (y, z). Write v = (y, z), v = (v, qur) so that the charts

U U defined above can be relabelled as U deﬁned analogously. Suppose
that x0 6 U for some /; say / = 1. In the coordmates (x",v") of le,

can write x0 (0, a), where a = (0 ay,...,a,,). If v=(v, ...,1)/q+r)l,
put 7 = (v,, ... g v,.,). Then n| can be expressed in coordinates (x , v')
centred at x, as
/ ! ~ !, ~
xX=x, v, =v, v=v(a+7).

If P e JnK[v] is homogeneous of degree 4, put

P')= —f)JP(vj ,vp@a+))=P(l,a+0").

Yy
Then P’ is the strict transform of P. The ideal J' is generated by the P’ for
all homogeneous P € J NK[v]. For each 1 € K, let J(4) C K{x, v} denote
the ideal generated by P(4+ v,, A + 9), for all homogeneous P € J NK[v].
By homogeneity, if A # 0, then v — Av induces an automorphism of K[v]
taking J (l) onto J(1); in particular, H 1w = Hy . Therefore, by Theorem
5.1.2, ) < HJ(0 But J(0) = J. On the other hand, if Pe JnKJ[v] is
homogeneous of degree d, then

P(1+v,, (1+v)@+9)=(1+v) P(1,a+10);

this shows that the isomorphism x = x', v, = v}, ¥ = (1 +v))(@+9')—a (of
germs at 0) takes J' to J(1). In particular, H, = HJ(”. Thus H,, < H, .
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The ideal J(1) is the ideal generated by all homogeneous polynomials P €
J NK[v] at the point y, = (x, v), where x =0, v = (1, &). Suppose that

Xy € U' - UL ,U'_ for some k; say k = 1, so we can assume v, = z,.

Then yO (x,y, z) where x =0, y=0,and z=(1,¢), ¢=(c;,...,C,).

In partlcular Vo & {z = 0}. By Lemma 6.7(3), since Et=Sc {z = 0},
,_H <H O

We can now complete the proof of Theorem 7.3. Put d; = ,uxo( f i) , 1=
1,...,t. For each i, we can write

fy, =Y ax,y, 02+ Y dx, ",
|a|=d, lal<d,;

where

(inf)(0,0,2)= Y 4'(0,0,0)z"

lal=d,
and, for all a such that |a| < d;, e (@) > d, —|a| (since ”C,xo(fi) _
ﬂxo(fi), i=1,...,1t,by Theorem 5.3.1).

Case A. Foreach i=1,...,t, the strict transform f " of f " s given by
j —d, 4i g
LY =0T & YLy (43, y e+ 2)
= Z a,(x', Vi, b+, vie+2)e+2)"

(! y ACESS)) o
Z ; llal (c+z)".
<
To show that H,, < H,: Foreach i=1,...,¢,
(infl)(x, y’ Z) = Z a;(o)za + Z a;,di_|a|(y)za ’
lal=d, la|<d,

where a(’; d—lof denotes the homogeneous part of a; of order d, — |a| (which

depends on y alone because f ' has constant order d; on a neighbourhood of
X, in C). Let J=in/. Let J' cK{x',y", 2} denote the ideal generated by

F10,0,5, 2 = 3 a0)c+ )"+ D ay 4 (1 B+ e+ )",
la]=d, | <d,
i=1,...,t. Then J' is the strict transform of J at x(') , by Lemma 7.1. By
Lemma 7.5, H, < H, , and by Lemma 7.6, H,, < H, = H,.

For each i, exp f' = (0,0, ), where o, € N" and |o,| = d,. The diagram
MN(I) is of the form N"7" xMN*, where N" € Z(r). Therefore, the exponent of
a given monomial x'y"z" lies outside 9(/) if and only if « lies outside MN™. It
follows that all exponents in the second sum in the formula for f "(x’ v,z
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above lie outside (), and all exponents in the first sum lie outside M(I)
except for that of mon f* = a, (0)z" .

Since C € S =5, uxé(fi’) <d,i=1,...,t. If uxé(fi') = d,, then
mon [ = ai (O)z""' and (in fi')(O z') = (in fi)(O, z') (because any monomial
of degree d; in f" other than a, (O)z i either is in in f* and therefore has
higher (lex1cograph1c) order, or has a factor involving x = (x,, ..., Xx,_ q_,)
or y = (¥, ..., yq) and therefore also has higher lexicographic order). In
particular, if 4 ff=d,, i=1,...,t,then M) > N(I).

Suppose that H,, = H,. We will prove that ,uxé(fi') = d,, for each i, so
that N(I') > N(I). Then (by Lemma 5.1.1) 9(I') = N(I). It follows that ",
i=1,...,t,is the standard basis of I'. Thus we obtain the assertion (2) of

the theorem.
We can assume that o, < o, < - < a, (with respect to the total ordering of

N'). Take 1 =i <i,<---<i,,  =t+1 such that, foreach /=1,...,m,
d, =d, if1'1§1'<i1Jrl and d, >d, .
1 I+1 !

First consider 1 = i < i < i, (ie, |o] = d,). Then /Axé(fi') =
(Otherwise H, < H,, by Lemma 5.1.1.) By induction, assume that / > 1
and 4, (f)_. 1,1—1 , i, — 1. Since H; = H, andmonfi'zmonfi,
i=1, R , it follows that

‘JI(I') N{reN": |yl < d}=nNn{re N": |yl < d}.

Consider i, < i< i, .If uxé(fi') <d,=d,, then expf e NN N{y: |y <
di/}' (Otherwise, H, < H,.) But this is impossible, as we have seen that

exp f & M(I) unless mon /' = mon f* . Therefore, u(f")=d,, i=1,
This completes Case A of the theorem.

i?

Case B. Foreach i =1, ..., t, the strict transform [ " of f " s given by
j —d. i L.

oy =) 2y 2 2@+ £)
)

= Zai,(x',z,y,zl, ze+2)E+2)"
lal|=d,

. Z a' (x , zly) ,)~
la|<d,

T \di—lal
1

(where & = (a,, ..., a,) when a=(a,...,q,)). Let J = I", the homoge—
neous ideal in K{x y, z} generated by the (mf)(O 0,z)= Elal 44 ' (0)z".
Let J' c K{x', ', z'} denote the ideal generated by

710,0,0,2)= Y a0+,  i=1,..,t.

|nl=d,
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Then J' is the strict transform of J by =, at x(',. By Lemma 7.5, H, < H,.,
and by Lemma 7.6, H, < H, = H,. This completes the proof of Theorem
7.3. O

8. EMBEDDED UNIFORMIZATION THEOREMS

We show here how the main results of the previous sections can be used to
deduce a general embedded uniformization theorem. There are many ways of
formulating other desingularization problems which can be treated in the same
way. Let M be a smooth analytic space.

Remarks 8.1. Suppose that X is a closed analytic subspace of M. Let x; €
X, and let S denote the Hilbert-Samuel stratum {x, € X : H, = HX,xO}'
Suppose x, € SingX. Then (in some neighbourhood of x;,) § C SingX.
In particular, if the germs at x, of |X| and |Sing X| do not coincide (e.g.,
if K =C and X is reduced), then H, , is not locally constant near Xx,.

Conversely, suppose that H ¥ .x is not locally constant near x,. Then x, €
Sing X . Moreover, if x(') € S is close enough to x, and H, _ is locally
constant near X,, then x, € SingX_,. (If |[X| were irreducible at x,, then
the dimension of X at x(') would be less than that at x,. The statement

follows because H X, is greater than the Hilbert-Samuel function of any proper
subspace of X at Xx,.)

Suppose that X is a closed analytic subspace of M and that /Z is a principal
divisor on M having only normal crossings. Let U be an open subspace of
M , and let C be a smooth closed subspace of U. Suppose that C satisfies
the following two conditions:

(8.2.1) C and # simultaneously have only normal crossings.

(8.2.2) (Cc X and) Hy _ isconstanton C.

Condition (8.2.2) implies that u(-#; ) is constant on C. Let 7: U -
M denote the local blowing up of M over U with centre C. We define a
transformation (X', #’) of (X, #) by m as follows. Let X' be the strict
transform of X by 7. Let .% denote the ideal sheaf of 7~ '(C) in @, , and
put &' =n"'(#) - F", where u = wF ), xeC.

By (8.2.1), #’ has only normal crossings. Therefore, we can likewise define
a transformation (X', #’) of the given data (X, #) by a sequence of local
blowings-up whose centres satisfy conditions (8.2.1) and (8.2.2) with respect to
the successive transforms of (X, #).

Definition 8.3. Suppose that X, is smooth and that H, _ is locally constant
on X . We will say that C is (a)-admissible (as a centre of local blowing up over
U) if C satisfies conditions (8.2.1) and (8.2.2) and the following additional
condition:

(a) C is nowhere dense in X .
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Theorem 8.4. Let X be a closed analytic subspace of M, and let 7 be a
principal divisor on M having only normal crossings. Suppose that X_, Iis
smooth and Hy  islocally constant on X . Then there is a locally finite covering
{n;: oM} of M such that:

(1) Each m; Is a composite of finitely many local blowings-up with smooth
centres which are (a)-admissible with respect to the successive transforms
of (X, #).

(2) For each j, let (X Z, ) denote the (final) transform of (X, ) by

. Then X rea IS smooth Hy . is locally constant on X, and X,

and % szmultaneously have only normal crossings.

Proof. Let X, € X. Let W be a local coordinate neighbourhood of x, =0,

and let f ! , ..., f" denote the standard basis of jx,xo (with respect to the
coordinates of W). Let d, = uxo(fi), i=1,...,t. We can assume that
f[ €gW), i=1,...,t, and (by Theorem 5.3.1) that X coincides in W

with the equimultiple locus {x: u (f') =d,, i=1,...,1}. Let ¥ C G,
denote the principal divisor generated by f Lo We apply Theorem 3.2 to
the data (/' ;.7 -#;#) on W, with u=d +---+d,. Let m; Wj - W

be one of the sequences of local blowings-up given by Theorem 3.2; say = ;=

MjpOMjp© O kijys where, for each k=1, ..., k(j), D W —-»Wk |
is a local blowmg—up of W ke with smooth centre C , and W =W,
W,,k,) = W Suppose that 1 < k < k(j) and that C Cjk are all (a)-

admissible w1th respect to the successive transforms of (X iz’/ ). Let (X, #,)
denote the transform of (X, #) by 7n; o---om, . It follows that X, ik.red 18
smooth and (by Corollary 5.1.3 and Theorem 7.3(1)) that H, . is locally

constant on X ik Let x(') e X K If C ket coincides with X & hear xo,

Ko X

then X, ik and % already simultaneously have only normal crossings near xO
Therefore we can assume that C kil is (a)-admissible. The result follows
from Theorem 3.2. O

Definition 8.5. We will say that C is (c)-admissible (as a centre of local blowing
up over U) if C satisfies conditions (8.2.1) and (8.2.2) and the following
additional condition:

(c) For all x, € C, either x, € Sing X, or H,
X near x;.

Theorem 8.6. Let X be a closed analytic subspace of M, and let # be a
principal divisor on M which has only normal crossings. Then there is a locally
finite covering {n;: M; — M} of M such that

(1) Fach = ; Is a composite of finitely many local blowings-up with smooth

centres which are (c)-admissible with respect to the successive transforms
of (X, 7).
(2) For each j, let X, Z ) denote the (final) transform of (X, #Z) by
. Then X rea I8 smooth and H, X, %' is locally constant on X iz

, 1s not locally constant on
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Proof. We first prove the following weaker claim: There is a locally finite cov-
ering {7 oM - M } satisfying (1) and the following condition:

(2') Foreach j,let (X, #) denote the transform of (X, #) by ;. Then
Hx. , 1s locally constant on X

Let X, € X . Suppose that H x is not locally constant on X in a neigh-
bourhood of x,. Let W be a local coordinate neighbourhood of x;, =0, as in

Lemma 7.2, and let f e f' denote the standard basis of ‘fx,xo (with re-

spect to the coordinates of ). We can assume that each f ‘e@ (W) and (by
Theorem 5.3.1) that {x e W: H, , =H,  }={xeW: p(f) = uxo(f’),
i=1,...,t}. We apply Theorem 3.17 to (Y, #) on W, where %, is the
principal divisor generated by f'--- f'. Let T W, — W be one of the se-

quences of local blowings-up given by Theorem 3.17, say n' =7 T k(o
where, forall k =1, ..., k(j), P Wy =W,y isa local blow1ng-up of

Wj’k_1 with smooth centre Cjk, and W W, Wj k() = W

Suppose that 1 < k < k(j) and that Ciys...,Cy are all (c)-admissible
with respect to the successive transforms of (X, Z/ ). Foreach I =1, ..., k,
let (X, %’.) denote the transform of (X, Z”) by n' =, j,, and

let YJ denote the strict transform of Y by 7t Suppose that Xy € ,'1’ l =
1,...,k,and that n 1(x01) =Xy 1> I=1,...,k, where x,, = x, € Cj If
HXj[‘XOI Hy % | = 1 , k , then (by Theorem 7.3) u (J’Y‘[,xm) = u(A X ),
[ =1, , k, and (usmg Theorem 5.3.1) the Hilbert-Samuel stratum of X
containmg Xy, coincides near x;, with the equimultiple locus through x,, of

the strict transforms of the f i Suppose that x,, € Cj k+1- Unless Hy ! is

already locally constant near x, , it follows that Ci ki is (c)-admlsmb]le near
ka .
It follows from Theorem 3.17 and Corollary 5.1.3 that there is a locally finite
covering {z : M; — M} satisfying (1) and the following condition:
(2") Forall j, let (X,, ) denote the transform of (X, #) by n;. If
X, € X and H, , is not locally constant near x,, then H, % < H, % for
X, . ,

all xg € (n!)™ (x) N X;.

Our cla1m then follows by Corollary 5.2.2.

On the other hand, if X is reduced, then the conclusion of the theorem
follows from precisely the argument of the claim. (If X is not smooth at
Xy, then C okt is (c)-admissible near x, unless X ik is already smooth at
Xy -) Therefore (because of Corollary 5.1.3 and Theorem 7.3(1)) we obtain the
theorem by first applying the claim to X and then the same argument to each
X Jj,red * g

By applying Theorem 8.4 to each (X, 7)) in the conclusion of Theorem 8.6,
we obtain a strong embedded uniformization theorem. Theorem 1.1 follows
from Theorem 8.6 in the case that X is reduced and # = &,,
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