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NODAL SETS FOR EIGENFUNCTIONS
OF THE LAPLACIAN ON SURFACES
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1. INTRODUCTION

Let M’ bea compact connected surface having a smooth Riemannian met-
ric. The associated Laplacian A is a negative definite selfadjoint elliptic opera-
tor. Suppose that F is a real eigenfunction, AF = —AF . If M has a nonempty
boundary, we require Dirichlet or Neumann boundary conditions for F .

The nodal set N of F is simply the zero set of F . It contains a finite number
of singular points S = {x € M|F(x) =0 and VF(x)=0}. Let B(p, a,A~"%
be a geodesic ball in M centered at p with radius all_l/ *. Here a, is a
suitable constant. Our first result is to count the number of singular points up
to multiplicity in such a ball.

Theorem 1.1. Assume that p, € SNB(p, all_l/ 4) are singular points where F
vanishes to order n,+ 1. Then ) n, < a:,_,ll/ 2

Of course, we say that F' vanishes to order n, + 1 if the first nonvanishing
term in its Taylor expansion is of order n,+1. Since p, € S, wehave n, > 1.

In our earlier paper [5], we showed that F can vanish at a single point to at
most order azl'/ 2 This result represented a quantitative version of the classical
unique continuation theorem by Aronszajn [1]. The order az/ll/ 2 of vanishing is
achieved at isolated single points by spherical harmonics on S? . Another exam-
ple, described below, shows that B(p, ali_l/ 4) cannot be replaced in Theorem
1.1 by any bigger B(p, all'e) with ¢ < % while still maintaining the upper
bound azll/z.

Now consider the one-dimensional Hausdorff measure #'N of the nodal
set N. Since N — S is a one-dimensional manifold and S 1is a finite set, one
has Z'N=%# Y(N = 8). Our second main result is

Theorem 1.2. X/l(Nr‘lB(p, a3/1—l/4)) < a4/11/4.

The estimate a4il/ 4 is the optimal upper bound for the nodal set lying in
a ball with radius a3,1“‘/ * . This reflects the fact that F may vanish to order
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azll/ 2 at isolated singular points. We do not know if the radius a3/1—1/ 4 of
Theorem 1.2 can be replaced by any a,A”°, where ¢ < 1, to give an upper

bound #' (NNB(p, a3/1'e)) < a4l” 2=¢  However, both of our theorems follow
from certain basic Carleman inequalities. Since the first theorem is sharp, there
appears to be a serious obstruction to improving the second theorem via the
current techniques.

Covering M by order A% balls of radius a3,1_” %, we immediately deduce

Corollary 1.3. #'N < a,2*/*.

Yau has conjectured that # IN < a6/11/ 2 We proved this conjecture [S] when
M is a real analytic manifold with real analytic metric. For differentiable mani-
folds, Hardt and Simon [8] established the estimate # 'N< a, exp(asx/z logl).
In particular, Corollary 1.3 gives an upper bound of polynomial growth. Some
time ago [2], Briining derived the complementary lower bound # 'N > a9ll/ 2
in Yau’s conjecture.

Recently, Nadirashvili [10] announced the upper bound

Z'N < ailog(l+4).

A brief sketch of the proof was provided. In the case when M is only differ-
entiable, his method seems substantially different from ours.

2. CARLEMAN INEQUALITIES

In his seminal work [3] on unique continuation for first-order differential
equations in two independent variables, Carleman derived certain weighted in-
tegral inequalities. His method of proof relied upon integral representations
via fundamental solutions. We develop related inequalities using a rather dif-
ferent approach, which involves repeated partial integration and estimates of
commutators. These commutator functions may be interpreted as the Gaus-
sian curvatures of conformally flat metrics. Consequently, our estimates are
reminiscent of the standard Bochner formulas [7]. However, we eschew this
differential geometry viewpoint in favor of a more elementary outlook.

Consider the weighted Hilbert space Ll(@ ,e %dxd y) of complex-valued
functions. Here 2 is a bounded open subset of the complex plane, and ¢ is a
smooth real-valued function. Our primary concern involves smooth compactly
supported functions u € C(‘)>° (2), a subset of Lz(.@ ,e %dx dy). One has the
basic first-order differential operators du = du/0z = $(8/8x—i8/0y)u and its
companion du = du/8Z = 5(8/8x + i8/8y)u . In our weighted Hilbert space,
the adjoint of @ is 9" . A calculation verifies the formula 9 v = —e®d(e”%v).

A priori, the commutator [0, 5‘] might only be expected to be a first-order
operator. However, we compute that [3, 5*] 1s simply the zeroth order mul-
tiplication operator [3,3 Ju = (99¢)u = (3A,4)u. Here A, denotes the
Euclidean Laplacian. The simplicity of this commutator facilitates the proof of



EIGENFUNCTIONS OF THE LAPLACIAN ON SURFACES 335

Proposition 2.1. Let ® be a smooth positive function defined on a bounded open
set D of the complex plane. If u € Cy° () is complex valued, then

/_@ Pul’® > /9 1A, In®)|u/*D.

Here the integral is with respect to Lebesgue measure.

Proof. We define ¢ = —In® or equivalently & = e ?. Working in the
weighted Hilbert space L*(Z, e~® dxdy) we observe that

0< 1T u*=@8 u, )= (0" Fu, u) + (3,3 Ju, u)
= 5ul® + (1(8g9)u, u) .

Proposition 2.1 follows from the various definitions
[— 2 —
[, 15wl = 15l > (~4a0). w. 1) = [ g n @)l

We will specialize the choice of ® to obtain some useful inequalities. In con-
trast to the most standard Carleman estimates, these inequalities will involve
weight functions with singularities at several points. This feature of multiple
singularities will be crucial in our eventual study of the nodal set for eigenfunc-
tions.

Lemma 2.2. There exists a smooth function ,(z) defined for |z| > 1 — 2a
satisfying the following properties:

(1) wy(z) is bounded above and below by positive constants ¢, < y(z) < ¢, .
(ii) If |z| > 1, then yy(z) = 1.
(iii) For all z in the domain of y,, Aylny, >0.
(iv) If 1 -2a<|z|<1—a, then Ajlny, >c; > 0.

Proof. We choose y,(z) to be a radial function depending only on r = |z|.
Let h(r) > 0 be a suitable smooth function satisfying h(r) > ¢; for 1-2a <
|zl <1-a,and h(r)=0 for |z| > 1 — % . The radial Laplacian
& 1d

ApIny,y(r) = (27 + 727) In y (1)
has smooth coefficients for r > 1 — 2a. Therefore, we may apply the existence
and uniqueness theory for ordinary differential equations. Simply let In y(r)
be the solution of the differential equation (‘;L:; + }f;)ln wo(r) = h(r) with
initial conditions given by Iny,(1) =0 and In w(')(l) =0.

Next, let D, be a finite collection of pairwise disjoint disks, all of which
are contained in the unit disk centered at the origin in C. We assume that
D, = {z||z - z,| < 6}. Suppose that D, (a) denotes the smaller concentric
disk D, (a) = {z||z - z,| < (1 —2a)d}. We define a smooth weight function
®,(z) for z € C-J,D,(a) by setting ®y(z) =1 when z ¢ UJ,D, and
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®,(z) = y,((z — z,)/d) when z is an element of D, . It follows from Lemma
2.2 that @, satisfies the properties:

(i) @y(z) is bounded above and below by positive constants ¢, < P (z) <
).

(i1) Ayln®, >0 forall ze C -, D,(a), the domain where the function
®, is defined.

(i) Ayln®, > c,0”> when (1-2a)d <|z-2z,|<(l-a)d.
Let A4, denote the annulus 4, = {(1 - 2a)é < |z -z,| < (1 —a)d}, and
set 4 = |J,4,. The properties (ii) and (iii) of ®, may be summarized as
Ayln® > ;6 -2 X4> where x, is the characteristic function of 4.

Suppose that a is a nonnegative real constant. We apply Proposition 2.1
with ®(z) = ®,(2)e” . If u € C(R® - U, D, (a)), assume that ' is a
bounded domain containing the support of ¥ and A C Z C R - U,D,(a). A
calculation gives

_ 2 2 _ 2
/_@’|6u|2<1>0(z)e"|zI _>_c‘,a/_@|u|2<l>0e°"zl +c50 2/A|u|2<1>0e°‘|zl )

The boundedness, property (i) of ®,, then yields

—_ 2 2 _ 2
/ Fue™! 2c6a/ uPe™ ™ 4 cs 2/ lu2e" .
7 @ A

We replace u# by % in this inequality, where P(z) =[], (z~-z,). Since P
is holomorphic, we have 9(%) = %% . Thus, we may write

Proposition 2.3. If & is a bounded domain containing A and the support of u,
then

_ ~2 alzl? alzi? _ _ 2 _
BuP P2 > cca | Jufe™ NPT 40,070 | uffe™ P2
6 7
% 74 A

The entire discussion above applies to any complex-valued smooth function
u, with suitable compact support. Now let f € C;° (R2 -U,9,(a)) be real
valued. For real-valued functions, one has |0f] = |8f] = }|df|, where d

denotes the usual exterior derivative in R>. We may choose u = 0 f.
Consequently, Proposition 2.3 yields

2 = o|z)? - - oz o —
Lo PP 2 coa [ 317 1P 0™ [ lapPe

Applying Proposition 2.1 to bound the first integral on the right-hand side
gives

-2 a 2 2 2 alz)? -2 =2 2 a 2 -2
(2.4) /_@ A STIP 2 > ¢ /_@ 126 1P 24, /A dfPe | P2

We would like to replace df by f in the second integral on the right-hand
side of (2.4). To achieve this goal, we impose the following hypotheses involving
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the geometry of the disks D, and the positive parameter o :
(i) The radius & of each D, satisfies 6 < b,a™ .
(ii) The distance between any two distinct z, is at least
2b, max(a'”?, 1)6.
(iii) The total number of disks D, is at most b,a.

Here b; are suitable positive constants. We may write

(2.5)

Lemma 2.6. Assume the hypotheses (2.5). If z, and 2, both lie in the same
component A, of A, then

(a) b, < et lz/e""z2|2 < by.

(b) bs < |P(2))|/IP(2,)] < b,.
Proof. To prove (a), recall that the 4, all lie inside the unit disk, centered at
the origin, in R’. Thus, one has ||2,* - |2,]’| < 2|12, - |3,]| < 2b,a”", by
(i) of hypothesis (2.5). Therefore, a||2,|* - |2,°| < 2b,, and (a) follows via
exponentiation.

For (b), we use the definition P(z) =][,(z~z,), where z ., are the distinct
centers of the disks D,. This gives

|1og|P(,)| ~ log |[P(2,)ll < 3" llog|2, - z,| ~ log|2, — z,|
u

<bg+ Y |log|z, — z,| —log|z, — z,|I.
p#v

Here by = log((1 — a)/(1 — 2a)), since Z, and Z, both lie in the annulus
A,={z|(1-2a)d <|z-2z,|<(1-a)d}.
By the mean value theorem, we get

5 5 -1
|log|2, — z,| —log|Z, — z || < bylz, — z,| 'O,
from hypothesis (ii) of (2.5). So

llog|P(2,)| —log |P(2,)|| S bg +bgd Y |z, — z,|”
u#v

1

To estimate the last sum, let 5# = {z||z - zﬂl < b, max(al/z, 1)6}. By
assumption (ii) of (2.5), the D, are disjoint. If z € D, then we have |z—z, | <
lz=-z,|+|z,-2,|<2|z, - z,|. Consequently,

- 1 -
/ |z—z|]2—/ |z —z|12blo|z —zlmax(a,l)dz.
D v 25 u v u v
» u

Here we use the definition of D-ﬂ to estimate its area.

Set E, =U,,, D, . We now have

llog|P(z,)| — log|P(2,)|| < bg + b,, min(a™", 1)5“/5 lz—z,)".
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If S is any set of finite measure m(S), thenlet Dg be a disk centered at z,
with equal measure m(Dg) = m(S). It follows from the elementary Lebesgue

theory that
[lz=z" < [ 1=z
s D

Applying this observation with S = E, we find

|log |P(2,)| — log|P(2,)|| < bg + by ymin(a” ", 1)d / lz—z, |

By hypothesis (ii) of (2.5), we have m(E,) < b,amax(c, 1)6°. Since E,
and Dy have equal measure, part (b) of Lemma 2.6 follows easﬂy
We w111 also need a simple variant of the Poincaré inequality on each annulus.

Lemma 2.7. If f € C*(A,) and f vanishes on the inner boundary of A, , then

/ df? > ¢, 672 / i
AV AII

Proof. Let (r, 6) denote the usual polar coordinates on A4,. Since f van-
ishes on r = (1 — 2a)d , the fundamental theorem of calculus yields f(r, 8) =
f(rl—2a)6 df/0s(s, 8)ds. Thus,

2n  p(l1—a)d
/ | —/ / (/ af(s O)ds) rdrdf.
—2a)6 \J(1-2a)5 O
By the Schwarz inequality,
2n p(1—a)d (1—a)é 2
/ |f| </ / / (ﬂ) (s,0)dsrdrd6
1— 2a)6 1-2a)6 \ O
2n  p(l—a)d
<c12(5/ / ( ) (s, B)sdsd.
1-2a)é

Since |df|2(s, 0) > (as) (s, 8), Lemma 2.7 follows.

Finally, we are ready to return to (2.4). Let w, € 4, be chosen arbitrarily.
Assume the hypotheses (2.5). Then applying Lemma 2.6,

(2.8) / 1dfPe ™ 1P(2) 72 > 0, T e |P(w, ) 7 /A .
Since f e C;° (R* -\, D,(a)), we then employ Lemma 2.7 to obtain
2 w, e _
/A df2e?* |P(2)| 72 > e vl py )26 / L

Using Lemma 2.6 again gives

(2.9) [1aPe ip) 7 2 007 [ it P
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We obtain a crucial Carleman inequality by substituting (2.9) back into (2.4),
2, 5—2 2 2 2 a|z]? p-2

[ o P1P72e 2 cipa” [ 117

2 9

- 2 -
+e s /A P P2

For future reference, it is convenient to summarize the principal results from
this section in

Proposition 2.11. Assume that f € C;° (R2 -U, D, (a)) is a real-valued function.
Let & be a bounded domain containing the support of f. Then
(i) for any disk D, ,

2,,.,=2 alz)? 2 2 2 -2
/ A SPIP 2 > ¢ a / e P2
k2 7

(ii) If the D, satisfy hypotheses (2.5), then the stronger inequality (2.10)
holds.

Note that the estimate of Proposition 2.11(i) is a consequence of (2.4), which
was proved without assuming special hypotheses about the disks D, . In fact, (1)
does not even require the D, to be disjoint. This follows from the disjoint case
by a simple limiting argument. The point is that the radius of D, does not enter
into the weak inequality of (i). Alternatively, we may deduce Proposition 2.11(1)
directly from Proposition 2.1 by using the weight function |P(z)|_2 exp(alzlz) .

(2.10)

3. COUNTING SINGULAPR POINTS

Let M be a compact connected closed Riemannian manifold with associated
Laplacian A. Suppose that F is an eigenfunction of A with eigenvalue —A,
AF = —AF . In [5], we proved that F vanishes at any point p in M to at
most order CI\/I . The purpose of the present section is to make a qualitative
improvement in this result assuming that M is two dimensional.

Suppose that M is a surface. The nodal set of F is defined as N =
{x € M| F(x) = 0}. The implicit function theorem guarantees that N is locally
a one-dimensional manifold, outside its singular set S = {x € M| F(x) =0 and
dF(x)=0}. We begin by recalling the elementary

Lemma 3.1. S consists of at most finitely many points.

Proof. By the unique continuation theory [1], F never vanishes to infinite
order. Let p, € S and choose normal coordinates (x,y) with p, at the
origin. Expanding F in its local Taylor polynomial, we have F(x,y) =
F; (x,¥)+R;,,(x,y). Here Fj.(x, y) consists of the leading nonvanishing
terms, all those homogeneous of order j > 2, and R 41 (x, y) is a higher order
remainder. Since the coordinates are normal and AF = —AF , we deduce that
F ; is harmonic for the Euclidean Laplacian AOF]. = 0. Passing to polar coor-

dinates, we find that F; = r"(b1 cos jO + b, sin jO). Clearly, r_laFj/a(? and
oF j/ar have no common zero for r # 0. Thus, p, has a neighborhood U
with UNS = p,. Lemma 3.1 follows since M is compact.
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We plan to count the number of singular points in sufficiently small balls.
Let p € M, and consider a geodesic ball B(p, czi_l / 4) of radius czl_l/ 4 and
centered at p. If ¢, is sufficiently small, we may assume that B(p, czl_l/ 4) is
contained in an isothermal coordinate patch. Then we may write A = ¢1’1A0
and A F = —A¢,F . Suppose we define G(x) = F (c3,1'1/ 4x). If ¢, is suffi-
ciently small, the domain of G will contain a Euclidean ball of radius three
centered at the origin. Moreover, A,G = Y 2¢2G , where we may make ¢,
arbitrarily small by proper choice of ¢;. With these preparations we are now
ready to prove

Proposition 3.2. Suppose that p, € SN B(p, c4l"/ 4) are singular points where

F vanishes to order n,+ 1. Then Y n, < csl” z,

Proof. If suffices to bound the number of singular points of G that are con-
tained in a Euclidean ball of radius 1—'0 centered at the origin. Suppose that
|z,| < {5 and G vanishes at z, to order n, +1.

The singular points of order two require a special argument. Therefore, we
begin by assuming n, = m, + 1, where m, > 1. We may then define the
polynomial P(z) =[](z—z,)™ . Let D be an open disk of radius two centered
at the origin and D, closed small disjoint disks of radius J centered at the z, .
If feC,(D-U,D,), the Proposition 2.11(i) gives

2 2
(3.3) /D AP IP 25 5 e /D PP 2R

Here we choose a = b3\/1 .
Of course, the function G will not be compactly supported. Consequently,
we employ a standard cut-off function 8 € C§° (D-U,D,) having properties
(i) 6(z)=11if |z| < % andall [z-2z,|>2d.
(i) VO <¢c;, A0 <cq if |2] > 3.
(iti) [V <c;67", [0 Scgd 2 if |z2—2,| <25.
We may take f = 6G in (3.3).
It is straightforward to derive the estimates
(1) 145(0G)| < cgd'"" if |z—2,]<26.
(ii) A(8G)| < ¢4(IGI + VG| + VAIG]) if |2] > }.
In particular, |P|_1A0(GG)| is bounded near the zeros z, of P. The constant
¢, may depend upon G, but ¢, will soon disappear from our argument.

Substituting f = G in (3.3) and applying the dominated convergence the-
orem as J — 0 gives

2
/ |A0G|2|p|—23b3x/1lz| +c,(1 +,1)/ (|G|2+|VG|2)|P|~2eb3‘/Z|Z'
lzl<3/2 3/2<121<2

2
> ¢ G2 P 2BV
|z]<3/2
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Now A,G = -2V 2¢zG , where ¢, can be assumed suitably small. This allows
the absorption of the first term on the left into the right-hand side. We find that

_ 2 _ 2
| GP VGRS 2 e, [ e
3/25]z|22 [z1<1/2

Replacing IPI_2 by its maximum or minimum value in each integral gives
nmler2</ |Gf+4vaﬁ>e“ﬂa
|z[=23/2 3/2<|z|<L2

zqz(mm|m4)/ IGP.
lzl<1/2 lz]<1/2

By standard elliptic theory, the above implies

-2 . —
max _|P]| eb“//_1 |G|22C12 min |P| 2 [G[Z.
1z123/2 |z|<5/2 lz|<1/2 |z]<1/2

The basic estimate of [5] for growth of eigenfunctions on concentric balls
now yields
min |P|”?
ehlm o 2
max, ;53 |P

bVA 2
" Jizigsp2 |Gl

2
12 f|z|51/2|G|
bV

I—-Z

e

<e

Since m, > 1, we have n, = m, +1 < 2m . We have thus proved Proposition
3.2 in the case where all singular points are of order at least three.

To treat the singular points of order two, we want to replace P(z) by Q(z) =
[z - zy)””/ 2 in the above argument. The point is that |Q|—2|A0(0G)|2 will
then be uniformly integrable as 6 | 0 near the singular points z,. Unfortu-
nately, O need not be defined as a single-valued holomorphic function on C.
To overcome this difficulty, we pass to a finite branched cover of the disk D
punctured at z,. The Carleman inequalities of §2, which follow primarily by
partial integration, generalize in a straightforward manner. The integrand in
these inequalities will involve only functions such as f and [Q]| that are inde-
pendent of the sheet. So we do in fact have the required Carleman inequality
on a punctured disk. Note that the points z, have Euclidean measure zero.
Proposition 3.2 follows as in the case where all n, > 1.

We proceed to discuss some corollaries and extensions of Proposition 3.2.
An elementary argument using Courant’s nodal domain theorem and the Gauss-
Bonnet theorem implies that the cardinality of S is at most of order 1. We
omit the details since this result is also a consequence of Proposition 3.2. We
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simply cover M by order A% balls of radius c4l_l/ * to deduce

Corollary 3.4. Suppose that p, € S are singular points where F vanishes to
order n,+ 1. Then ) n, < c 4.

Proposition 3.2 and its Corollary 3.4 are sharp in several respects. One has
spherical harmonics on S? that vanish at a single point to order v/A. Moreover,
let 7> = R? /Z ®Z be the standard flat two torus. If F, € C °°(T2) is an eigen-
function with eigenvalue 4,, then set F, (x,y) = F|(nx, ny). Clearly, F, is
an eigenfunction with eigenvalue A, = n*i , - If F| has a zero of order m, then
F, has at least b,4, zeros of order m. This shows that the global Corollary
3.4 is sharp. Also, B(p, c4,1_1/ 4) in Proposition 3.2 cannot be replaced by any
B(p, ¢, 41_5) for ¢ < % while still achieving at most order /A singularities in
B(p, ¢, 4,1_5) . If so, F would have at most order AL/ singularities on all of
T,

It may be interesting to discuss the geometric dependence of the constants
appearing in our present results. We have

Proposition 3.5. The constants c;l and cg of Proposition 3.2 may be bounded
above via an upper bound on the diameter and absolute value of the Gaussian
curvature of M . If there is a lower bound for the value of M, then the constant
c,3 of Corollary 3.4 can be bounded from above.

In fact, the eigenfunction growth estimate of [5] already required an upper
bound for the diameter and absolute value of the curvature of M . To see that
no additional geometric data is required for Proposition 3.2, we lift the metric to
the tangent space at p € M before doing our basic calculation. This avoids the
presence of cut points. Appealing to the Riemann mapping theorem of [9], we
obtain a conformal coordinate chart on a ball in 7~ M where the radius of the
ball and isothermal parameter are controlled. If we also have a lower bound for
the volume of A , then Cheeger [4] provides a lower bound for the injectivity
radius of M . This allows us to bound the number of balls with radius c4/1"/ 4
needed to cover M . The constant ¢, of Corollary 3.4 is thereby controlled.
Note that an upper bound for the diameter and lower bound for the Gaussian
curvature already provide an upper bound for the volume of A/ . Using the
Courant nodal domain theorem, as alluded to above, to prove Corollary 3.4, and
lower bounds for the eigenvalues, we can improve the geometric dependence in
Corollary 3.4. More specifically, the absolute bound on the curvature can be
replaced by a lower bound on the curvature.

If M is a manifold with boundary, then it is natural to impose Dirichlet or
Neumann boundary conditions on the eigenfunction F . Proposition 3.2 and
Corollary 3.4 generalize in a straightforward way. As in [6], we work on the
Lipschitz double of M . The only delicate point is to construct suitable con-
formal coordinate charts near M C M U M . For this, we apply the Riemann
mapping theorem of [9] to first construct charts around 8 M C M. We map
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a half disk centered on the x-axis in the (x, y)-plane to M with the x-axis
going to &M . The metric is then given locally by A(x, y)(dx2 + dyz) with
y > 0. The definition of the metric and differentiable structure on the double
correspond to reflection about the x-axis. This gives the required charts with
metric A(x, |y|)(dx2 +dy2) on the double M U M .

This section includes the completion of the proof for Theorem 1.1. In fact,
Theorem 1.1 is contained in Proposition 3.2 and the subsequent developments.

4. GROWTH OF EIGENFUNCTIONS

The remainder of this manuscript is devoted to the proof for Theorem 1.2.
It requires considerable effort to develop the necessary machinery. The present
section establishes that our eigenfunction does not grow rapidly on too many
small balls. These growth estimates will subsequently be shown to restrict the
nodal length.

Let M be a compact closed Riemannian surface. Assume that AF = —AF ,
where A is the Laplacian of the Riemannian metric. We consider the behavior
of F when restricted to small balls B(p, cl/l'” 4) contained in isothermal co-
ordinate patches. We may write A = ¢, lAO , where A, is the Euclidean Laplace
operator. Consequently, we have A F = —i¢, F .

Define G(z) = F (cz,l_‘/ 4z) . If ¢, is sufficiently small, then G will be
well defined on a Euclidean ball of radius three centered at the origin of R%.
Moreover, A,G = L 2¢2G , where we may assume that ¢, is arbitrarily small.
Our intention is to apply the Carleman estimate (2.10) with f = G, where 6
is a suitable cut-off function.

To use Proposition 2.11(ii), we need a collection D, = {z||z — z,| < d}
of disjoint disks satisfying hypotheses (2.5). Here we assume that o = b, Va.
Moreover, we will require that all D, lie in a ball of radius 3‘—0 centered at the
origin in R*. Following the notation of §2, we define D, (a) = {z||z - z,| <
(1 —2a)d}, where a is a suitably small positive constant.

If D is an open Euclidean disk with radius two centered at the origin, let
0 e CS” (D-U, D,(a)). Furthermore, assume that ¢ satisfies

(i) 6(z)=11if |z]<1 and |z-z,|> (1 -3a)d forall v.
(ii) A0+ |dO]| <c; if |z| > 1.

(iii) |Ay0] < c46_2, |d6] < 056”' if |z—-z,|<d(1- %a) .

It is elementary to construct such cut-off functions 6.

Substituting f = 0g in (2.10) yields

2
/D IA,(0G) 1P| 2eh VA
2
> / 6°Gen VA | p?
D

2
tes / 02G2 etV |p 2
A

Here A=J,4, and 4, ={z|(1-2a)d <|z-z,| < (1l —a)d} is an annulus.
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Consider the integral on the left-hand side. We have
184(8G)* = |6A,G +2(VE, VG) + GAB) .
Using the eigenvalue equation A;G = A2 #,G , we deduce a basic inequality.
Itis
1A,(0G)> < b,(8°245G + VO IVGI® + G|A61) .
If ¢, is sufficiently small, we may absorb the integral term involving 6°G* into
the right-hand side. This gives
/UVM|VG|+GLAM)wr2be
2
> ¢, / 0GPV |2 4 ¢ 57 / 602G VA =2
A

We now bound the right-hand side using property (i) of 6. We obtain

2
/ (IVOPIVGI + G|A 02| P 2eh V!
D

2
(@) soif @i
1/4<|z|<1/2

2
ted” Z / Gre VA | p 2

1-3a/2)é<|z—z,|<(1-a)é

Here the assumption that all D, lie in a ball of radius % centered at the origin

was employed.
The definition of 6§ shows that we may decompose the left-hand side of (4.1)
asasum /+ ) I, corresponding to the outer part of D and the 4, . More

precisely,

2
I =/ (IVOP VG + G*|ay6)%)|P| 2 YA
1<|z|<2

Applying standard elliptic theory gives

(4.2) I< e”sﬁ< / G| ) max |P|
3/4<|z|<5/2 |z|>1

Similarly, we have

2
I = / (IVOPIVG + G*|a,0)| P~ 2eh V!
(1-2a)6<|z—2z,|<(1-3a/2)0
and via elliptic theory
1 9(/ 6_4|G|_2) max(|P| 2" VA
(1-3a)d<|z—z, |<(1—4a/3)6 4,
Appealing to Lemma 2.6 gives
-2 b Valz)

43) I <cg6 < / |G|2> min(|P|” ).
(1-3a)d<|z~z,|<(1—4a/3)0
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Substituting our upper bounds (4.2) and (4.3) back into (4.1) yields

2,6;V1
[ et
3/4<|z|<5/2

+e0 / G ) min(iP 7"V
> (1-3a)é<|z—~z,|<(1—4a/3)é 4

_>_c“</ |G|2) min |P|2
1/4<|z|<1/2 lz|<1/2

+0126_4Z( / |G|2> min(|P| 2% V")
” (1—-3a/2)6<|z—z, |<(1—a)s

u

max lP|

(4.4)

The growth estimate of [5] for eigenfunctions implies that if the number of
disks D, is bV, then

(4.5) / G2V maleI Py / |GI* min_|P|™2
3/4<|z|<5/2 2| 1/4<|z|<1/2 lz|<1/2

The constant b here is proportional to the constant b, in (2.5)(iii). To apply
[5], we must choose this constant sufficiently large depending on the curvature
and diameter of M . This will not affect the argument of §2.

Suppose that in addition we have for all v

46 o o < [ IGP.
(1-3a)o<|z—z,|<(1—4a/3)é (1-3a/2)d<|z—z,|<(1—a)d

Clearly, the last supposition (4.6) is incompatible with (4.4) and (4.5). There-
fore, the above hypotheses cannot all be valid.

It is useful to reformulate and summarize our conclusion for future reference.
We do this in

Proposition 4.7. Let G(z) = F (czll_l/ %2) be defined on a Euclidean ball of
radius three centered at the origin. Suppose that D, = {z||z — z,| < 6} are

disks contained in a Euclidean ball of radius 3'—0 centered at 0. In addition

assume that (i) 6 < b,A™'"% and (i) |z, — z,| > bgA'/*S, when u+#v. If(4.6)
holds for all v, then the number of disks D, is less than b6\/7: .

5. NODAL LENGTH AND GROWTH ESTIMATES

The present section is devoted to a local study of the relationship between
growth of eigenfunctions and nodal length. We demonstrate that a suitable
upper bound for the growth in L? norm on given balls implies an upper bound
for the nodal length on smaller concentric balls. It appears that one could
alternatively rely upon the work of Hardt and Simon [8] for the principal results
of this section. However, we prefer to pursue an approach that is more in the
spirit of our earlier work.

Everything will be developed in the framework of balls centered at the origin
0in R®. The Euclidean distance from O is denoted by r,and A, denotes the
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Euclidean Laplacian. Suppose that ¢ is a sufficiently small smooth function
and g, &, are suitably small positive real numbers. The quantitative Aronszajn
estimate of [5] specializes to give

Lemma 5.1. Let ue Cy (38, <r<eg,). If B> b,, then
/ P22 PA 4+ $yulr drdw > ¢, B2 / 725 drdw .

Here 7 is the geodesic distance of a metric commensurable with the Euclidean
metric. Moreover, (r, w) are the standard polar coordinates.

Let H be a solution of the partial differential equation AyH = —¢H valid
at all points in the unit ball in R?. The reader may anticipate that we plan to
substitute ¥ = 6H in Lemma 5.1, where 6 is a suitable cut-off function. We
will use the ensuing calculation to prove
Lemma 5.2. Suppose that H satisfies the growth estimate

/ H <, / H,
(1-3a/2)ey<r<(1—-a)e, (1-3a)ey<r<(1—4a/3)g,

where a is a fixed small constant. Then for 0 <&, < &,/100, we have
=\ 2¢
8 4
max |H|® > e (—0> Av _ |HI.
r<g, 80 r<(1—-4a/3)¢,

Here Av denotes the average value of |H |2 on the set r < (1 —4a/3)e,.

Proof. We construct a radial cut-off function 6 € C;°(33, < r < (1 — }5a)g,)
satisfying
(i) 6(r)=1 for 35, <r < (1-Laye,.
(i) |d6]+1Ay0] < ¢ for r> (1 - La)e,.
(iii) 16| < cg&y', 1801 < ¢;8,° for r < 2E,.
Clearly, (A, + ¢)(6H) = A,6H +2(V6, VH).
Setting u = 6H in Lemma 5.1 yields

(5.3) I>c, / P62 12 dr dw,

where
I= /72(2‘”)|A09H +2(v6, V[ drdw.

Clearly, since 7 =r + O(r?),
1< (35,)%) / |A,6H +2(V6, VH)r > drdw
€y/2<r<3g,/4

-2
+ (1 — Ha)e,] B

x / A0H +2(V8, VENr " drdw.
(l—lOa/9)eo<r<(l—-lla/lO)so
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Applying standard elliptic theory, we deduce
I<cy(dzg)™ / Hr ™' drdw

€,/4<r<g,
+allt - Yajel ™ | Hr ' drdw.
(1=3a/2)ey<r<(l—a)e,

Returning to (5.3), we may write

[(1- %a)so]_zﬁclo/ Hr 'drdw
(1-3a/2)ey<r<(1-a)e,
+ (47, / HY ™ drdw
B,/4<r<E,
>c,p P drdw.

3gy/4<r<(1-10a/9)¢,

Taking g sufficiently large and using the growth hypothesis of Lemma 5.2
we may absorb the first term on the left into the right-hand side. Thus,

c9(%30)—2ﬂ/ Hr ' drdw
&y/4<r<i,

2 22~ -
>1cB P EY  drdw
32,/4<r<(1-10a/9)¢,

Fixing the choice of # and relabeling our constants gives

.\ n
Hrdrdw > ¢, <—°) / H'rdrdw.
r<g, & r<(1—4a/3)e,
Here we used the obvious fact that the ball with radius g, includes the ball
of radius %—EO. Lemma 5.2 follows upon replacing H by its supremum in the

integral of the left-hand side.
We conclude this phase of our argument with
Proposition 5.4. Suppose that H satisfies the growth estimate for some & > ¢,

/ H* <gc / H*.
(1-3a/2)e<r<(1—a)e (1=3a)e<r<(1—4a/3)e

Then for all 0 < < 1§, we have

=\ 2¢4
(5.5) max |HI > c, (5> Av  |HP.
r<g € r<(1-4a/3)e
Proof. This follows by applying Lemma 5.2 to the function Hy(x) = H(x¢/¢) .
Since ¢ < ¢,, the function H, satisfies the hypotheses of Lemma 5.2. The
conclusion has been formulated to behave well under scaling. Of course, we

interpret €, = €¢,/¢.

The next task is to relate the conclusion of Proposition 5.4 to nodal length.
Suppose that H is defined on the unit ball in R* and solves the equation
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AyH = —¢H , where ¢ is bounded and smooth. In addition, assume that the
lower bound (5.5) holds.
If |z| <&, then Taylor’s formula with remainder implies, when € < 15,

- ¥ 220
lal<c,

Here o = (a,, a,) and 8/8z% = (8/0x™)(8/8y™).
Employing standard elliptic theory to bound the normalized derivatives

e*|0°H/8z°,
1 6°H 2\ (7

‘H(Z) - Z a! 9z°% (0) 3 (|z|<(ﬁ\‘;a/3)€ 1] ) (E> .

z

<04 (7) maxn

la|<c,
Taking ¢/e¢ sufficiently small and using the triangle inequality yields

a

0"H
22|z

<sup sup b, gt

|2|<E |a|=c,+1

Using (5.5), we get, for |z| < E,

|H(z>— > L8H g

lel<c,

a

2% > b, max |H|.
Szl<e

H
su 0
lalsli,, 5z~ O|?

We now fix the ratio % and return to (5.5) to deduce for ¢ < ¢,

" 1/2
s""zbé( Av |H|) .
|z|<(1—4a/3a)e

Also, by standard elliptic theory, we may write

2\ 172
. ( Av |H| ) .
|z]<(1—4a/3)e

The next step is to show that (5.6) and (5.7) imply a lower bound on the
length of that part of the nodal set N that is contained in a sufficiently small
ball. It is convenient to develop this conclusion through a set of lemmas. The
analogous one-dimensional result is

Lemma 58. Ler f € C; ([-1, 1]). Suppose that
L) 2 by
max, |f/(x)] < by.

9 H s

(5.6) sup 52

lal<c,

o) |07 H <
(5.7) sup sup ¢ Fra (z2)|<b

|z|]<e/2 |a|<c +1

(i) max; .

(i1) max; . .
Then f has at most c,, zeros in a sufficiently small interval [-b,,, b,,].

Proof. If the conclusion fails, then by repeated applications of the mean value
theorem, we find |x;| < b, with f (x;) =0 forany j <c,,. Integration and

(i) give |f7(0)] < bgb,, , contradicting (i) if b, is small.
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Suppose now that g € C*(|z| < 1) and g satisfies

i) swp |5E0)] 25,
lal<c, |02
(5.9) a'ag
il su su =(2)| < b,.
) |z|<?/2|al§c?+l 920 2| <

We easily see that the following reformation of (5.9)(i) holds.

Lemma 5.10. For some k < ¢, and in a suitable rotation of the original coordi-

nate system
2\ 2 \*
(5) =0.0 () =0.0

Proof. If the conclusion fails, then there exists a nonvanishing polynomial P

of order at most ¢, with
5 \* 8\
(%) 7.0 (%) ro.0
for all k < ¢, and all rotations of our original coordinate system. However,
if P has a nonvanishing term of order k, then ka(O, 0) = 0 only for an
isolated, and therefore finite, setof v € S ! There must be a pair v, and v, of

orthogonal vectors with va(O, 0) # 0 and vf P(0, 0) # 0. This contradiction
shows that b,, exists.

>b,, and >b,.

=0 or =0

The basic relationship between derivative estimates and nodal length in two
dimensions is

Lemma 5.11. Let g € C*®(|z| < 1) satisfy (5.9). Then the one-dimensional
Hausdorff measure # : of the set where g(z) =0 and Vg(z) # 0 satisfies

#'z||z| < by,, 8(z) =0, Vg(z) #0} <c,5.
Proof. The set I where g(z) =0 and Vg(z) # 0 is a one-dimensional man-

ifold by the implicit function theorem. At each z, the associated tangent line
makes an angle of at most % with either the x- or y-axis. Therefore,

(5.12) %'{Fn|z|<b12}$c,4[/|] ; ZTnx=snly| <b,)ds
si< 12

+ ZTny=sn|x| <b,)ds|.
|s{<b,,
Of course, # 0 is merely the cardinality of the zero set. We assume that the
(x, y) coordinate system is chosen to satisfy the conclusion of Lemma 5.10.
If b,, is sufficiently small, then we have

[ByR
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for each |s| < b,,. This is a consequence of Lemma 5.10 and hypotheses
(5.9)(ii). By Lemma 5.8, we get

ZTnx=snly|<b,) <b,-

A similar argument applies to the second integral in (5.12). This completes the
proof of Lemma 5.11.

Dividing H by its average (AV| ;1 <(1-4a/3)c |H |2 )1/ 2 does not change its zero
set, and so rescaling also to the unit ball gives a function g satisfying (5.9). We
apply Lemma 5.11 and return to scale ¢ concluding

Proposition 5.13. Let H be a solution of AjH = —¢H . Suppose that H satisfies
(5.6) and (5.7). Then

#'(z||z| < byse and H(z) = 0) < ¢,5¢.

Note that the nodal set of H contains only a finite number of singular points
in any compact subset of its domain of definition. Therefore, we need not
require VH # 0 in the conclusion of Proposition 5.13.

For later reference, we summarize the principal conclusion of this section in

Proposition 5.14. Let H be defined in a Euclidean unit ball and solve AH =
—¢H . Suppose that for some € < &, H satisfies the growth estimate

/ H' <, / H.
(1-3a/2)e<r<(1—a)e (1-3a)e<r<(1—4a/3)e

#'{z||z| < b,se and H(z) = 0} < ¢,5¢.

Then

We note that Propositions 5.4 and 5.14 have the same hypotheses. The con-
clusion of Proposition 5.4 was used to establish (5.6) and (5.7). Using Propo-
sition 5.13, we deduce the result of Proposition 5.14.

6. TOTAL NODAL LENGTH

It is now a straightforward matter to complete the proof for Theorem 1.2.
We have shown that our eigenfunctions cannot grow rapidly on too many small
balls. Moreover, an upper bound on growth of L? norm has imposed an upper
bound on the local nodal length. We must merge these two ingredients. For
this purpose, we rely upon a process of repeated subdivision and selection of
squares. This method is reminiscent of the techniques employed by Calderon
and Zygmund in their study of singular integral operators [11].

Let M be a compact closed Riemannian surface. We will discuss only the
detailed proof of Theorem 1.2 for M empty. If OM # &, we employ the
doubling approach of [6] along with small modifications of the present proof.
Suppose that AF = —AF, so that F € C™M is an eigenfunction of the
canonical Laplacian associated to the Riemannian metric of M . Assume that
B(p, cli_l/ 4) is a geodesic ball of M . If ¢, is sufficiently small, then this ball
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will be contained in an isothermal coordinate patch. Consequently, we have
AyF = —i¢ F , where A, is the Euclidean Laplacian.

Define G(z) = F (czl'l/ 4z) . If ¢, is sufficiently small, then G is defined
on a Euclidean ball of radius three centered at the origin in R?. Moreover,
AG = =Y 2¢ZG , where we may assume that ¢, is sufficiently small. Divide
{x, y| max(|x|, |y]) < 5} into a grid of closed squares P, each of side J <
bll_]/ 2If equation (4.6) holds for some sufficiently large ¢,; and for some
z, € P,, we say that P, is a square of rapid growth. We apply Proposition 4.7
to prove

Lemma 6.1. There are at most c, squares of side 6 where G has rapid growth.

Proof. Let I, be the collection of those indices i for which P, is a square of
rapid growth. For each v € I, choose a point z, € P, where (4.6) holds.
Define D; = {z||z — z,| < b,64"/*}. The collection of disks D] covers the
collection of squares P, for v € I;. Let I, C I, be an indexing set for a
maximal collection of disjoint D). If v € I,, then define D" = {z||z -z | <

4b26,1'/ 4} . By maximality of 7,, we deduce that

Up, 2UDp,oUP,.
vel, vel Vel
Thus |I,| x 16656°A"% > |1,|6> , where |I,| denotes the cardinality of 7, . So
LAY > by)1] .
However, Proposition 4.7 implies that |I,| < b4/11/ 2 This combines with our
previous observations to give the required estimate |I,| < ¢;4.

We now introduce a process of controlled bisection. Begin by dividing
{(x, y)| max(jx|, [y]) < &} into a grid of squares P,(1) of side §(1) = b,A"/%.
Separate the collection P,(1) into those squares Q,(1), where G has rapid
growth, and R,(1), where G has slow growth. Of course, slow growth means
that (4.6) fails for each point z, € R/(1). Each square Q,(1) of rapid growth
is bisected to obtain squares P;(2) of side 6(2) = d(1)/2. Again, the collection
P,(2) may be grouped into the subcollections Q;(2) and R;(2) of rapid and
slow growth. Proceeding inductively, at each stage bisecting only those squares
of rapid growth, we have squares Qj(k) and Rj(k) of side d(k) = J(l)/Zk LIt
is easy to deduce

Lemma 6.2. For each fixed k > 1,

(i) There are at most c4A squares Qj(k) with rapid growth.
(ii) There are at most c,A squares R,(k) with slow growth.

Proof. (i) is an immediate consequence of Lemma 6.1. If k = 1, (ii) holds
simply because the total number of all squares is at most the order of 1. When
k > 2, each R/(k) is obtained by bisecting some Qj(k — 1), so (ii) follows
from (i).
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Almost every point will eventually lie in some good square R;(k). In fact,
the stronger

Lemma 6.3. U, ,R,(k) covers {(x,y)| max(|x|, |y|) < 25} except for finitely
many points.

Proof. First suppose that G(x,, y,) # 0 and (x,, y,) € P,(k) with a sufficiently
large k. Since G is a continuous function, it will be nearly constant on P,(k).
Thus, (4.6) must fail for 6 = d(k) and any z, € P,(k). Recall that we assumed
throughout that the constant ¢, of equation (4.6) is suitably large.

Now assume that G(x,, y,) = 0 but dG(x,, y,) # 0. Then the implicit
function theorem provides a local change of variables so that G is a coordinate
function X near (x,, y,). It is an elementary exercise in calculus and measure
theory to see that (4.6) must fail for such coordinate functions X when J = d(k)
is sufficiently small.

So if (x,, y,) does not lie in some square R,;(k) of slow growth, it must be
one of the finitely many singular points where G(x,, y,) =0 and dG(x,, y,) =
0.

The last ingredient required for the proof of Theorem 1.2 is

Lemma 6.4. #'(z|G(z) = 0 and z € R/(k)) < ¢27“A7'"* for each fixed k
and .

Proof. This follows by applying Proposition 5.14 with H(z) = G(z,+¢, '6(k)z)
and a suitable finite collection of z, € R,(k). We rescale to obtain Lemma 6.4.

From Lemma 6.3,we have
(z| G(z)=0and max(|x|, [y]) < &)
i (k

< Zz’ (z]G(z) =0and z € R
k,l

)

The sum on the right-hand side is estimated via Lemma 6.2(ii) and Lemma
6.4 to yield

#'(2|G(z) = 0 and max(|x|, [y]) < &) < AZ 274 < e

Since G(z) = F(c,A~ i 4z) , we deduce Theorem 1.2 via multiplication by the

scaling factor A~ Al
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