JOURNAL OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 3, Number 2, April 1990

CANONICAL BASES
ARISING FROM QUANTIZED ENVELOPING ALGEBRAS

G. LUSZTIG

INTRODUCTION

0.1. Let U" be the + part of the quantized enveloping algebra U associated
by Drinfeld and Jimbo to a root system. This is an algebra over the field of
rational functions Q(v) which for v = 1 specializes to the classical enveloping
algebra UT of the nilpotent radical of a Borel subalgebra in a semisimple Lie
algebra.

0.2. We are interested in the problem of constructing bases of U as a Q(v)
vector space. One class of bases of U has been given in [DL]. We call them
(or, rather, a slight modification of them, see §2) bases of PBW type, since for
v = 1, they specialize to bases of UT of the type provided by the Poincaré-
Birkhoff-Witt theorem. There are many bases of PBW type, one for each re-
duced expression of the longest element in the Weyl group.

One of the main results of this paper is the construction of a canonical basis
B of U'. (We assume for simplicity that we are in the simply laced case; see
however §12.)

0.3. The definition of B is as follows (see Theorem 3.2). First one shows that
the Z[v"']- submodule generated by any basis of PBW type is independent of
the choice of that basis; we denote this submodule by .# . Next one shows that
the image of any basis of PBW type under the natural map n :.¥ — % /v~ l»
is a Z-basis of Z/v”'Z that is independent of the choice of the basis of
PBW type; we denote this Z-basis by B. Finally, one considers the Q-algebra
involution ~ : U™ — U™ that is the identity on the canonical Q(v)-algebra
generators and takes v to v ; one shows that there is a unique Z[v'l]-basis
B of . such that each element of B is fixed by ~ and is such that n(B) = B.

The first two steps in this definition are elementary (see §2); the final step is
less so, in the sense that to establish it, we must use some results from the rep-
resentation theory of quivers. In more detail, it follows from Gabriel’s theorem
[G, BGP] that a basis of PBW type of UT should be naturally parametrized
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by isomorphism classes of finite-dimensional “representations” of a quiver (the
Dynkin graph with a chosen orientation); moreover, Ringel [R] has made the
remarkable observation that the multiplication in UT and U* can be inter-
preted in terms of representations of quivers (over a finite field). (We give an
exposition of the representation theory of quivers in §§4,5.) Now the represen-
tations of fixed dimension of a quiver may be viewed as points of some vector
space with an algebraic group action so that two points are in the same orbit
precisely when the corresponding representations are isomorphic. The dimen-
sion of these orbits (or strata) can be computed explicitly (see §6) and this is
used in establishing Theorem 3.2 (see §7).

Notice the analogy between the definition of B and the definition of the new
basis for a Hecke algebra given in [KL1].

0.4. One of the main observations of this paper is that Ringel’s interpretation of
the multiplication in U™ can be reformulated in purely geometric terms, using
a “convolution” operation on complexes in the derived category of constructible
sheaves that are constant on the strata mentioned in 0.3 (over an algebraically
closed field). This allows us to use the theory of perverse sheaves.

Consider the Zariski closure of one of the strata mentioned in 0.3. One of our
results is a description of the local intersection cohomology of such a closure.
Namely, we prove (see §§9,10) that this local intersection cohomology vanishes
in odd degrees and that its Poincaré polynomial at any point in a lower stratum
is equal to a certain entry of the transition matrix between the basis B and a
basis of PBW type of U associated to the orientation. This shows that this
Poincaré polynomial is (in principle) computable. Notice the analogy between
these results and those of [KL2], which concerned Schubert varieties.

0.5. In §11 we consider the problem analogous to that in 0.4, for the “cyclic
quiver”; this corresponds to an affine Dynkin graph of type A. In this case it is
natural to restrict oneself to representations of the quiver that satisfy a certain
nilpotency condition, in order to have only finitely many isomorphism classes
of representations of a fixed dimension. We show that, in this case, the closures
of the corresponding strata are locally isomorphic to affine Schubert varieties of
type A.

0.6. The canonical basis B has a number of remarkable properties. One of
them is that the product of two elements in B is a linear combination of ele-
ments in B with coefficients in Nfv, v_l].

Another one is that B is well adapted to finite-dimensional representations
of U. Namely, let L, be a finite-dimensional simple U-module corresponding
to the dominant weight d and let x;, be a lowest weight vector for it. Consider
the subset of B consisting of all elements & € B such that £x;, # 0. We
will show in §8 that the elements &x, with & running through this subset
form a basis B[d] of L,. This is a canonical basis of L, that appears to have
extremely favorable properties. It gives rise to a canonical basis in any finite-
dimensional simple module of the corresponding semisimple Lie algebra that,
for type A, should be closely related to the basis in [DK].
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0.7. In 8.13 we give a purely combinatorial formula for dim L, , in the spirit
of a conjecture in [BZ]. An analogous formula holds for the individual weight
spaces of L;. We will show elsewhere that there is a canonical basis for the
space of invariants in the tensor product of three modules of form L,, and that
the dimension of this space is given by a purely combinatorial formula. (This
follows easily from the results of this paper.)
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1. NOTATIONS

1.1. Let v be an indeterminate, let 4 = Z[v, v™'] and let 4’ = Q(v) be its
quotient field. Let ~ : 4" — 4’ be the field automorphism (of order two) that
takes v to v ; it restricts to an automorphism of the ring 4. Given integers
N, M >0 we define

[N]!zﬁvh—-v_h [M+N]_[M+N]!GA_

o= €4, N | T DA

1.2. Let (a; j)l <i, j<n DE A symmetric, positive definite Cartan matrix. Let Q
be the free abelian group with basis {a, ..., a,}. Define an inner product
(,) on Q by (o, ;) =a;. Let R={a € Q|(a,a)=2}. This is a root
system whose set of simple roots is {a,, ..., a,}. Let R = {a € Rla =
chaj, ¢; € N}, R™ = —R". Any o« € R defines a reflection s, : 0 — Q,
z — z—(z,a)a. We write s, instead of 5, . Let W be the Weyl group of
R; it is the subgroup of Aut(Q) generated b§ the reflections 5, (1 <i < n).
Let /(w) be the usual length function on W with respect to the generators
{s;,...,8,}. Let v = #R" . Let w, be the unique element of W of maximal
length (= v ).

Let U be the Drinfeld-Jimbo quantized enveloping algebra corresponding
to (a, j). With the notation of [L1], this is the A'-algebra with generators
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E, F, Ki,Ki"'(l <1< n) and relations

-1
(al) KK, =KK, KK =1,
(a2) Kl_Ej = va’ijKi , KiFj — U‘aquKi ,
K -K™!
(@3) EF; _FjEi":Jz‘jﬁa
2 -1 2 _ . _
(a4) {EiEj—('v+v JE.EE +EE =0 ifa;=-1,
EE, = EE, 1fa,.j=0,
2 e | 2 .
(a5) {FIFJ—(’U-i—’U VEEF, +FF =0 ifa;=-1,
F,.Fj=FjFi 1faij=0.

Let U™ be the A'-subalgebra of U generated by the elements E; (1 <i<n);it
may be identified with the 4'-algebra defined by the generators E ; (1<i<n)
and relations (a4). Let U° be the A'-subalgebra of U generated by the elements
KK, l(1 < i < n); it may be identified with the A4’-algebra defined by the
generators K, Kl.”l(l < i < n) and relations (al). Let U (resp. U") be the
A-subalgebra of U (resp. U™ ) generated by the elements

EM=gVny, EM=FY/NY, K, K

1 1
(resp. EfN))for 1<i<n,N2>0.
Let = : U — U be the Q-algebra involution defined by
-1
(b) E,—E;, F—=F, K—Kk,
forall j and v —» v~'. This maps U™, U, U" into themselves.

1.3. For i€[l,n],let T,: U — U be the A'-algebra automorphism defined
in [L1,1.3]. Its inverse 7, ' is given by

]

-1 -1 ... .
Ej——>—KJ. F,, F,--EK,, K —K, ifi=j,

E,—E;,, F—F, K—K, ifa;=0,
-1 .
E,—-EE+v 'EE;, F,—-FF +vFF, K —KK, ifa;=-1.
We have the braid group relations:
—l =11 =1 =11 . _
(a) {Ti Tj—lTi~l=Tj—1]}_173 Hay=-1,
' =177 ifa;=0.

Let r,: U — U be the A'-algebra automorphism defined by

al a;; —
E —(-)“E,, F,—(-)™F,, K,—K,.
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Let T", : U — U be the composition Tl.'lri. We have
N~~~ 11 . ~ =~ —1 -1 .
T,TJT1=T, Tj T, 1fa,.j=—l, I.T, =T, TJ rr; 1fa,.j=0.
Hence
(b) I,T,T,=T,T.T, ifaiJ.:—l, T.T, =TT, ifal.j=0.
Just as in [L1,1.8(d)] we see that the following holds.

(¢)If 5, ---s; 1is a reduced expression in W and s, ---5;, (a;) = a. for
h I b =1k J

some j €[1, n] then T.l ~--Tik_l(Eik) = Ej.

1

1.4. There is a unique A’-algebra isomorphism ¥ : U = U°®® such that E —
E,F,—F,K,—K ' Wehave ¥T,=T7"¥ forall i.

2. DEFINITION OF THE SUBQUOTIENT .2 /v_l,S” oF U™ AND ITs Basis B

2.1. Let 2 be the set of all sequences i = (i;, ..., ,) in [1, n] such that
S; oS, =W

We shall regard 2 as the set of vertices of a graph X in which i =
(iys...,i,) and i = (i],..., 1) are joined if i is obtaining from i by

(a) replacing three consecutive entries 4, k, 2 in i (with q,, = —-1) by
k,h,k orby

(b) replacing two consecutive entries 4, kK in i (with q,, =0) by k, h.

For such joined (i, i), i.e., in case (a) (resp. (b)), we define a map R :N’ =
N’ as follows . This map takes ¢ = (¢y5...5¢,) € N’ to ¢ = (c; yeens c,',) €
N”, which has the same coordinates as ¢ except in the three (resp. two) con-
secutive positions at which (i, i’) differ; if (a, b, c) (resp. (a, b)) are the
coordinates of ¢ at those three (resp. two) positions, the coordinates of ¢’ at
those positions are

(b + ¢ —min(a, c¢), min(a, ¢), a + b —min(a, ¢)) (resp. (b, a)).

It is easy to check that R: is a bijection; its inverse is R: .

It is well known that

(c) the graph X is connected.

We now define a new graph X. The vertices of X are the pairs (i, ¢) €
& x N”. Two such pairs (i, c), (i’, ¢) are joined precisely when (i, i') are
joined in X and R:’(c) =c.

We have a morphism of graphs pr, : X - X, (i,c)—i . Thisisa covering
map between the corresponding 1-dimensional simplicial complexes.

2.2. Given i=(i|,...,i,)€&Z and c=(c,, ..., c,) € N we define
(a) E=ENT, (ENT T ED) - T,T, T, (EX).

L L

According to [L1,1.8, 1.13], for any i € £, the elements E; (c € N”) are
contained in U and form an A4’-basis of U". (We shall denote this basis
by B,.)
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Hence, given i, i € 2 and c e N”, we can write uniquely

’ ’
C c,c C
E =Y ¥%iE

cleN”
where y , EA

Proposition 2.3. Let i€ 2. (a) B; is a basis of U™ as an A-module.

(b) Let Z be the Z[v™"1-submodule of U* generated by the basis B,. Then
£, is independent of i € & . We denote it £ .

)Let n: ¥ - & /v'l_? be the canonical projection . Then n(B,) is a
Z-basis of & /v—lff , independent of i € & ;, we denote it B.

(d) Assume that i,i € & are joined in the graph X. For ¢, ¢ € N”, yic’,;'
is in Z[v_l]. Its constant term is 1 if ¢ = R:’(c) and is zero otherwise.

The proof is a refinement of arguments in [DL], where (a) (or a statement
very close to it) is proved; we shall reprove it here.

Assume that (d) holds. To prove that the objects defined in (b),(c) in terms
of i,i € & coincide, we may assume, in view of 2.1(c), that i, i are joined in
X in which case the desired statements follow immediately from (d). We can
now complete the proof of (a) as in [loc. cit.]. We must show that 4% = U".
It is enough to prove that, forany i, N, A% is stable under left multiplication
by EfN) . But if we choose (as we may) i € £ with first entry i, then 4% is
clearly stable under left multiplication by EfN) . Since 4.Z = AL by (b), we
see that (a) holds.

It remains to prove (d). Using the definitions and 1.3(b) we see that it is
enough to verify (d) under the assumption that » = 2. In the remainder of this
proof we shall therefore assume that n = 2. The case where a;, = 0 is trivial;
we shall therefore assume that a,, = —1.

In this case we set i= (1,2, 1), i =(2,1,2). We have

ENYC = B9l (B, E, - v 'E\E)EY = EOT(EO)T, Ty(EY)
where (a,b,c)eN . Let
- - b
D, = [b](—E,E, + v 'E,E,)".

Let (m, m', m") € N> be such that m' > m + m" . Using [L1, 1.6(b)] we
have

m)E(m —Em)Z’U (m"—k)(m' —k)E]m _k)(-—-’U)kaEém—

I
F’J*:

' = k) [m +m’ — k] =l e m' =k

m i

>
Il

0
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where

p=(m =k k) [m +m" —k

o ] gy~ R =m0 g LTz

is in v_'Z['v"] if kK <m" and equals 1 if k =m".
Similarly,

m n

(m) p(m') (m”) ~(m=k)(m'=k) [+ M = k] (m' k) (m+m" —k)

E, EE, '—'ZU [ m" E| D,E,
k=0

= v " i

—(m—k)(m' —k) [m +m" - k] Em’—k,k,m+m"—k
m

m
k=0
where

1

)

"
—(m=k)m =Ky [m+m —k —(m=k)(m'—m" —k - -
= (m=k)m k)[ m" ]ev (m=k)(m'—m )(1+v 70

is in v_lZ[v’l] if k<m andequals 1 if k=m.
Consider the family . consisting of the following elements of U™ :

) ) (m')
(e) EMEME™),

(m) (m") (m"")
&y E,E," E,
for various (m, m', m") € N® such that m' > m + m” where the elements
(m) p(m+m”) 2 (m"™) o (m") p(mam”) o (m)
E|"E, E" "=E, E Ey,

which are both of type (e) and (f), are considered only once. Let .#Z be the
Z[v—'] submodule of U™ generated by . . We have a bijection ¢ : ¥ = B;;to

’

an element (e) we associate E; " "™ ™™ and to an element (f) we associate

’ " !
Em -m,m,m

; The previous computations show that each element in & is

equal to the corresponding element of form Eia ks plus a linear combination
with coefficients in v~ 'Z[v™'] of elements of the form Eial’bl’cl with o' < b,
a+b=d+b',b+c=b"+c".

Hence # = % ,% isa Z[v™ 'J-basis of .# and the image of ¥ under
the canonical map #Z — A4 /v_l/% coincides with the image of B;. The
automorphism E, — E,, E, — E, of U™ leaves stable # , ./ , and takes A
onto .% and EX"¢ 1o ES°*¢ . Hence we have necessarily & = % = .#
and the images of B; and B, under /# — # Jv~'# coincide. We obtain
a bijection between B, and B, as follows: E; *2-¢ corresponds to Ei‘f"bl‘cl

precisely when they have the same image under ./ — .4 /v_'/% . This image
is then the same as that of an element y as in (e) or (f). Assume that y is
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as in (e). Then, as we have seen, we have (a, b,c)=(m, m", m' —m") and
similarly (a’, 4, ¢) = (m'—m, m, m"). Hence

(g) (@,b,c)=(b+c-min(a,c), min(a,c), a+b—min(a, ¢)).

Assume next that y is as in (f). Then, as we have seen, we have (a, b, ¢) =
(m' —m, m,m") and similarly (a’, d’, ¢') = (m, m", m' — m"). Hence (g)
holds again . This completes the proof of the proposition.

2.4. We now return to the setup in 2.1. Let Z be the set o{\ all morphisms of
graphs ¢ : X — X such that pr, oo = 1. We may regard 2 as the set of all

maps ¢ : & — N” such that R:’(q&(i)) = ¢(i') whenever (i, i) are joined in
X.
We define a map

(a) B—Z

as follows. To ¥ € B we associate the function ¢ : 2 — N” given by ¢(i) = ¢
where 7z(Eic ) = . From 2.3 it follows immediately that ¢ € 2.
For any i € 2, we have amap 2 = N’ defined by ¢ — ¢(i) and a bijection

(b) N’ - B

defined by ¢ — n(Eic ) € B. Their composition is a map Z — B. Itis clear
that this is the inverse of the map (a). Thus we have

Corollary 2.5. The map 2.4(a) is a bijection.

2.6. Let i, i be two elements of 2. We define a bijection R: :N” = N" as
the composition

R» Rb-1...R:
lp—l l11—2 I
where i=1i,i,,...,i = i’ is a sequence of vertices such that any two con-

secutive terms of this sequence are joined in X. (We use the connectedness of
this graph.) This bijection is independent of the choice of sequence: it is equal
to the composition of the bijection 2.4(b) (corresponding to i) with the inverse
of the bijection 2.4(b) (corresponding to i ).

2.7. Foreach d=(d,,...,d,) € N" we denote by U: the set of all elements
¢ € U* such that K& = v%¢K, forall i. The elements in U] are said to be
homogeneous (of homogeneity d). The subspaces U: (for various d) form a
direct sum decomposition of U* ; moreover, their intersections with U* form
a direct sum decomposition of U™ .

2.8. Let i € . We associate to i the sequence

12
(a) a,a,...,a"
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defined by ok = 5;8i, " Si, l(o;l.k) for k=1, 2,...,v. Thissequence contains
each root in R™ exactly once. We can write uniquely

n
ak=zpfaj, 1<k<v
J=1

where pf eN.
We now define a map g, : N” — N" by

v
c=(¢,C,...,¢,)—d=(d,,...,d,) where dj =Epfck.
k=1
The fibres of this map are finite. An element of N” in the fibre of x; over d
is said to have i-homogeneity d.

2.9. If i, i are joined in the graph X, one can check easily that X% = xi,R:' :
N” — N". Hence there is a unique map y : 2 — N" such that y(¢) = x;(6(1))
for any i € #° and any ¢ € 2. This map, composed with the map 2.4(a) gives
a map

(a) B —N".

2.10. If i € 2, the basis B, consists of homogeneous elements. The part of
this basis that is contained in U: corresponds under the bijection # : B, = B
to the inverse image of d under the map 2.9(a).

2.11. Let i=(i,,...,i,) €2 andlet i = (i, ..., i) be defined by s,'.j =
1

wys; W, . Then i’ € & . One verifies easily that for any k € [1, v] we
v—=j+1
have
A ce8S. 848080 S = w
=1 t—2 1 hh Tk ty—ks1 0
and
. S. e S 85808 (o =Q. .
=1 t—2 i7" ’u—k( ’:,/-k+l) Ik
Hence, using 1.3(c), we have

=1 lk=-2

It follows that

o~ o~ ~ -~ RS
Ty Ty T By ) =T T T ) = M T, T, ()
This identity shows that
Y(E) = E;
where ¢ = (¢|,...,c,) is related to ¢ = (¢;,...,¢,) by ¢; =¢,_,,,. In

particular, we have
(a) ¥(B,) = B,
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and
(b) Y(ZL)=2.

3. DEFINITION OF THE CANONICAL BASIS B
3.1. Applying ~: U* - U" to . we obtain a Z[v]-submodule .Z of U™.

Theorem 3.2. (a) The restrictionof n:.& — & /v_l_? defines an isomorphism
of Z-modules n' : ¥ NL = 3’/1}“'5’. Hence, if we set B = n'_'(B), then B
isa Z-basis of N Z.

(b) B is a Z[v ™ 'Vbasis of &, a Z[v}-basis of Z, an A-basis of U and
an A'-basis of U" .

(c) Each element of B is fixedby ~:U" - U™.

The proof will be given in 7.10, 7.11. We call B the canonical basis.
Proposition 3.3. ¥(B) =B.

By 2.11(b), ¥ maps . onto itself; it induces an automorphism of .# /v~ '.&
that maps B onto itself, as we see from 2.11(a). Clearly, ¥ commutes with
~:U—- U and with 7:.% — Z/v™'Z; hence it leaves stable . N.Z and
also B. The proposition follows.

3.4. Examples. In type A, , the basis B consists of the elements E im) , meN.
In type 4, , the basis B consists of the elements

(m) (m') (m"")
(a) E E;CE!”T

(m) p(m") (m"")
(b) E/E™)E!
for various (m, m', m") € N* such that m' > m + m" where the elements

(m) (m+m'’y o(m"") _ (m"') p(m+m"') (m)
E™E, E" ' =E," 'E, E)",

which are both of type (a) and (b), are considered only once. This follows from
the arguments in the proof of 2.3. In general, the basis B may contain non-
monomials; for example, in type A, (with generators E|, E,, E;, such that
E,, E; commute), it contains the element

(2) (3) (2) (3)
EVE\E,E, - EYE E, = E,E E,E{ — E|E,EY.

4. QUIVERS

4.1. The connection between the representation theory of quivers [G, BGP] and
that of quantized enveloping algebra has been first pointed out by Ringel [R]. We
shall recall some basic facts on quivers; we shall follow the methods of [BGP]
except for the fact that we shall use in an essential way the reduced expressions
for w,. Recall that the Dynkin graph of (g, ;) has [1, n] as set of vertices;
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i, j form an edge precisely when aq, ; = —1. Assume given an orientation £
of this Dynkin graph, i.e., a collection of arrows i — j, one for each edge i, j
in the Dynkin graph. Let F be a fixed field. Let MQ be the category of
“modules” of this oriented graph, or quiver. An object of MQ is a collection
of finite-dimensional F-vector spaces V; (i € [1, n]) and of F-linear maps
f; V= VJ defined for i — j. A morphism from this object to another object

v, f ;) is a collection of F-linear maps g, :V; — V! (i€[l, n]), such that

f:jg,. =g f; ; for all i — j. Then MQ is an abelian category in an obvious
way.

4.2. The dimension of V= (V, f,.j) is the sequence
dim(V) = (dim(V,), ..., dim(V})) € N".

For i € [1, n] let e; be the module defined by V, = F, V.= 0 for j #0. This
module is simple and any simple module is isomorphic to an e; for a unique
i.

4.3. Assume that i € [1, n] is a sink (resp. a source) of Q, i.e., that there is
no arrow [ — j (resp. j — i) in Q. Let Mi*Q (resp. M, Q) denote the full
subcategory of MQ whose objects are the (V,, f; j) such that @ ; fji P V-
V. is surjective (resp. €P; f; ; 2V, — @, V, is injective); in both cases, j runs
over the vertices of the Dynkin graph that are joined with i. The following
statement is easily verified.

(a) Let V be a module in MQ. We have V € ]MfQ (resp. Ve M, Q) if
and only if Hom,(V,e;) =0 (resp. Hom,,(e;, V)=0).

Let 5,Q be the orientation obtained from Q by reversing each arrow that
ends (resp. starts) at i; then / is a source (resp. a sink) of s5,Q.

Following [BGP] we define the “reflection functor” CDT P MQ — M 5.Q
(resp. @, : MQ — M:’sl.Q) by associating to an object (V,, f,,/) € MQ the
object (V. , fi) € Ms,Q defined by V;' = Ker(, f;; : B, V, = V), V, =
V, for h # i (resp. V,.' = Coker(@jf,.j V=@, V), Vh' =V, forh#1i), j
as above; the maps f;k, are the obvious ones. On morphisms, <I>:’ (resp. @ )
is defined in the obvious way.

l

4.4. Assume that / is a sink of Q. For any module V € MQ there is a
canonical exact sequence

(a) 0— @ & (V) —V—V(i)—0

where V(i) has i-component Coker(D,; f;; : ; V., — V) and its other compo-

nents are 0 ( j runs over the neighbors of i in the Dynkin graph). In particular,
(b) ® @ (V)=V ifandonlyif Ve M Q
and the restriction of <I>:r defines an equivalence of categories

(c) M'Q=M 5Q

!
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whose inverse is given by the restriction of ®; . If V& MfQ corresponds to
V'€ M 5,Q under (c) then

dim(V)=(d;,...,d,) and dim(V)=(d,,...,d)
are related by

(d) dia, +-- +d,

n

a,=s;(da,+--+d,a,)
(notation of 1.2).

4.5. Let M, M’', M" be modulesin MQ ; assume that the following conditions
are satisfied:

(a) M is isomorphic to M' @ M",

(b) any exact sequence 0 — M’ — M — M’ — 0 in MQ is split,

(c) there is a unique submodule of M that is isomorphic to M” and is such
that the quotient of M by it is isomorphic to M’ .

We express this by the notation M = M’ « M" . For example, in 4.4(a), we
have

(d) V= V(i) x ®; & (V).

Assume that i is a sink of Q, and that M', M” € M;LQ ; let W, M” be the
corresponding objects in M, s,Q (under 4.4(c)). Assume also that MeM 5,
satisfies M = M’ x M” . Then

() M € M; 5,Q and the corresponding object (under 4.4(c)) M € M:’ Q
satisfies M= M +M" .

The proof is standard, it is left to the reader.

4.6. Assume that | is a sink of Q and that V is an indecomposable module
in MQ, not isomorphic to e,. From 4.5(d) it follows that V isin M Q. It
also follows that 4.4(c) defines a bijection between the following two sets:

(a) the set of indecomposable modules (up to isomorphism) other than e; in
M,.’LQ and

(b) the set of indecomposable modules (up to isomorphism) other than e, in
M, 5Q.

(Note that e; is defined for both Q and 5,Q.) On the other hand, <I>;L(e,.) =0
(e, € MQ).

4.7. Assume that we are given an element i = (i;,,,...,i,) € & . For
1<k<v+1 weset Q = s,.k_l(...(sl.z(siIQ)...))). We assume that i, is a
sink of Q, for 1 <k <wv. (We then say that i is adapted to Q)If Visa
module in MQ ,k e [0, v],and k' €[1, k + 1] we set
Vi=@! . @0 (V) e MQ
k 2 1

k+1°

k' k - - — x7K
Vit o o) o (Ve M.



CANONICAL BASES ARISING FROM QUANTIZED ENVELOPING ALGEBRAS 459

In particular,
Vk+1 Wk _ Vk

We have
(a) V' =0.

Indeed, assume that V” is nonzero for some V. We may assume that V is in-
decomposable. From 4.6 it follows that V€ M'Q,, ®;Ve M;Q,, &V e
1

Mi‘: Q,, etc. Now using 4.4(d) we see that dim(V") = (d;, ..., d,) is related
to dim(V) =(d,,...,d,) by (d;al +---, d;an) =wy(d,a, +--- ,d,,). In
the left-hand side of this equality the coefficients are in N and not all are zero;
in the right-hand side the coefficients are in —N ; this is a contradiction.

4.8. In the setup of 4.7, let X, be a module in MQ, whose component at any
vertex # i, is 0; assume that 2 <k’ < k. Then
! - _ - P -

(a) the module P’ = <I>,.k, @ @ (X,) isin Mik,_le, .

Indeed, we can assume that X, = € - From 4.6 we see that P’ is inde-
composable. Let d = dimP' € Z" = Q. If P’ is not in M,.:, Q. then

-1
P’ =~ ¢, (again by 4.6) and then i, (dimP) € Z" = Q would have
-1

Lk -1
some strictly negative coordinate; on the other hand, this vector is equal to
s. s ---s. s. (a;), which has positive coordinates since s, s,
Y I ST ] i i T BV
s; s, s, 1isareduced expression in W . This contradiction proves (a).
k=2 k=1 ‘k
Now let 0 — M” — M — M’ — 0 be an exact sequence in MQ, such

that M' € M, Q.. Then
k' —1

(b) 0—><D;,_I(M") — @, (M —>d>,._k,_'(M') -0
is an exact sequence in MQ,,_,. This follows immediately from the “snake
lemma.”

Proposition 4.9. Assume that i € & is adapted to Q. Let V be an object in
MQ.
(a) We have a canonical filtration (in MQ)

1,1 1 1,v

v=v' ooyl ovirTi oV oo,

We have Vl’k_l/V"k = P, where
P = <I>,._ICI)I._2 -~~<D,.:_ (X,)
and X, = \A /Vk'k is a module in MQ, whose j-component is zero for any
Jj # i, . (Notation of 4.7.)
(b) We have

1. k=1

\ARARET L A
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for any k €[1, v]. Hence,
V=P x(Pyx(---xP)...).
(c) If k' < k, we have
Hom , (P, P/) =0
The proof will be given in 4.10, 4.11.
4.10. From 4.4(a) we have (for k € [1, v]) a canonical exact sequence in MQ,
(a) 00—V v L x, —o0

where X, is concentrated at the vertex i, . Applying 4.8(a) and (b) repeatedly,
we deduce that for any k' €[1, k] we have a canonical exact sequence

(b) O-—kak—>ka_l——>(Dl_(q);_l q)l— Xk—>0
k k' +1 k-1
4.11. We will show that
k' k=1 o = - - k' k
(a) v =q)ik,q)ik;*l '”q)ik_l(Xk)*V

forany k € [1,v], k' €[l, k]. For k' = k this follows from 4.5(d). Assume
that (a) is known for some k' < k, k' > 2; we shall deduce from this the
analogous statement for k' — 1, k by applying to it CDI.:, g In view of 4.5(e),
it is enough to verify that

k' k -
A% eEM, Q.
k' =1

and

OO D (X)EM Q.

The last inclusion follows from 4.8(a). Applymg 4.10(b) repeatedly, we see

that V¥°¥ is a submodule of V¥ K~! = v~ , which, by definition, is in

M; Q. ; hence so is any submodule of it. Thus, (a) is proved. We now take
k=1

k' =1 in (a) and we see that 4.9(a), (b) hold.
We now prove 4.9(c). Assume that Hom MQ(Pk , P,.) # 0 for some K <k.
Applying successively the functors <I> L , <I>+ and using 4.4(c), we

L

deduce that there exists a nonzero element ¢ € Hom (P, X,.) where

yee
)

P=0 & & (X,)eMQ.

This contradicts 4.3(a) since P € M,.+, Q, . This contradiction proves 4.9(c).
k

Proposition 4.12. We fix an orientation Q. The following hold.

(a) For any o € R™ there is a unique indecomposable module (up to isomor-
phism) denoted e € MQ such that dim(e ) = (d,,...,d,),a=da, + -+
d,a, ; any indecomposable module is isomorphic to e, for a unique o (Gabriel’s
theorem). In particular, we have e, =¢.-
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(b) There exists some i € & adapted to Q.

(c) There exists a total order o', o, ..., a" on R such that

Hom,, (e, eak/) =0
forany k' <k.

We first show that (b) implies (a). Let i be adapted to Q. From 4.6 we see
that for k €[1, v], CD,.-ICDZ e <I>;_l (eik) is an indecomposable module in MQ
of dimension (4|, ..., d,) where
(d) 8; 8, sy, (@) =dya; +---+d,a,

From 4.9(b) we see that any indecomposable module in MQ is of the form
above. Since any a € R is of the form (d) for a unique k € [1, v], we see
that (a) holds.

Note that (b) implies (c) by 4.9(c).

We now show that (a) and (c) imply (b). Consider a total order as in (c). It is
clear from the definition that e : is necessarily a simple module (hence o' =a i
for some i, € [1, n]) and that i, is necessarily a sink of Q. The sequencé

(a ), S (a3), .S; (a ), o' plays the same role for s; Q as o', ...,a" for
Q the mdecomposable modules in M, Q correspondmg to the terms of this

sequence are <I>lleaz, cees <I>,leay €, . (We use 4.6 and 4.3(a).) By the previ-
i

ous argument, we see that 5 (az) = where i, € [1, n] is a sink of s, Q.
Continuing in this way, we find a sequence (i,, I,, ..., {,) in [l, n] such that
i, is a sink of s; S S Q for 1 <k <v and s,.lsiz---s,.k_l(aik) = a" for
1<k<v.The last condmon implies that s; i,Si, S is a reduced expression
for w,. Hence (i, i,,...,i,) is adapted to Q and (b) holds.

Next we assume that our (oriented) Dynkin graph is embedded as a subgraph
of a larger (oriented) Dynkin graph and that the proposition is already known
for the larger graph. Clearly, the indecomposable modules for the smaller graph
may be identified with the indecomposable modules for the larger graph, which
are zero at vertices outside the smaller graph. Hence (a) for the larger graph
implies (a) for the smaller graph. Similarly, (c) for the larger graph implies
(c) for the smaller graph: we consider an order as in (c) for the larger graph
and we discard the roots that do not belong to the smaller graph. We find an
order as in (c) for the smaller graph. By an earlier part of the argument, (b)
for the smaller graph follows from (a) and (c) for the same graph. We can
choose the imbedding above so that the larger graph has the following property:
the longest element in the Weyl group is central. Thus, we have reduced the
general case to the case where w, is central in W . In this case, we can define
a Coxeter element ¢ € W (as in [BGP]) by ¢ = S; Si, Sy, where i ,...,1,

is a permutation of 1, ..., n such that i, — i, in Q implies j' < j. Then ¢
has even order 4 and ¢"/* = w,. For 1< k<v=nh/2 weset i, = ij where
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k=j (modn), 1 <j<n Itiseasyto check that (i,,...,1,) is adapted
to MQ. Hence (b) holds; as we have seen earlier, this implies that (a) and (c)
hold also. This completes the proof.

4.13. The previous proof shows that there is a 1-1 correspondence between the
sequences i € 2 that are adapted to Q and the total orders on R™ as in
4.12(c). This is obtained by attaching to i the ordering

(a) a,a ,...,«

: k
of R given by 58,08, () =a".

One can show that a sequence i € 2 can be adapted to at most one orien-
tation. (This follows from 4.14(b).)

4.14. Assume i= (i|,..., i) €Z isadaptedto Q. Let i = (i,, ..., i, ))&
be defined by s; = wosilwo— ! Then

(a) i isin £ and is adapted to 5, Q.

This follows from the proof of 4.12.

We now prove the following statement.

(b) If i —j in Q then a; precedes o, in the sequence 4.13(a).

Assume that o; precedes o ; in the sequence 4.13(a). If we had j =i, then

a; = o clearly precedes o; and we have a contradiction. Thus, j # i, . Then
i—jin silQ. The sequence 4.13(a) has the following form:

Oy eee s Oy ey Oy
if a; =0 and
ai.’ s Q) ta, .0, Q...

if a; = —1. The sequence analogous to 4.13(a) corresponding to i’ above is

Sil(az), sil(a3), s @), o
hence is of the form

s Qs e Oy

if a; =0 and

e Qs ey O +a;,... s Qs e
if a; = —1. In both cases we see that «; precedes o ; in the sequence analo-

gous to 4.13(a) corresponding to i . We can now repeat the previous argument
for i instead of i, etc. Eventually we find a sequence that begins with j and
we have a contradiction.

4.15. From 4.12(a) it follows that any indecomposable module in M/ Q remains
indecomposable over the algebraic closure of F and that, in fact, the classifi-
cation of (indecomposable) modules is independent of the ground field F .
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It also follows that there is a bijection ¢ — V_ between N” and the set
of isomorphism classes of objects in M€, where V_ is the direct sum of ¢,
copies of e« for k=1,...,v. (ak are as in 4.12(c) and ¢ = (¢;, ..., C,).)

We have dim(V,) = (d,, ..., d,) where

v n
(a) chak = Zdiai.
k=0 i=0

In particular,
(b) up to isomorphism, there are only finitely many modules in MQ of
specified dimension (€ N").

4.16. Let d=(d,,...,d,) e N". Let
E, = D Hom(F%, F%)

i—j
sum over all arrows [ — j in Q and let G, =[], GL, (F). The group G, acts

naturally on the F-vector space E; by (g;) : (f;;) — (g; fijgl._') . Any point
in E; may be regarded as a module in MQ of dimension d. Moreover two
points in E; define isomorphic modules if and only if they are in the same
G,-orbit. This gives a 1-1 correspondence between the set of Gj-orbits on E,
and the set of isomorphism classes of modules of dimension d in MQ. Let &,
be the orbit corresponding to the module V_ (see 4.15). Thus the G4-orbits on
E, have been indexed by the sequences ¢ € N” satisfying 4.15(a). Since there
are only finitely many such sequences we see that

(a) if F is algebraically closed, there is a unique open dense G,-orbiton E, .

By a well-known argument of Tits (see [BGP]) we have the following result.

(b) If F is algebraically closed and the G,-orbit & on E; corresponds to
an indecomposable module, then & is the unique open dense orbit.

5. MULTIPLICATION

5.1. In this section we shall assume that F = F PE: finite field with g elements.
Let Q be an orientation of the Dynkin graph. We fix a sequence i € &
adapted to Q; let o , ..., &’ be the corresponding total order on R* (see
4.13). Following Ringel [R], we define RQ to be the C-vector space with basis
(V) indexed by the isomorphism classes of objects in M Q with the C-algebra

structure given by
/ 1/
V . V = ng,vlyvuv
v

where g, y y~ is the number of submodules of V that are isomorphic to V"

and are such that the corresponding quotient module is isomorphic to V'. This
is an associative algebra with unit element (the 0 module). If i is a sink (resp.
a source ) of Q, we denote by R:’Q (resp. R, Q) the subspace of R spanned
by the V in M. Q (resp. M Q); it is easy to see that this is a subalgebra of

!
RQ . The following result is easily verified.
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(a) If i 1s a sink of Q, then CDI“.L : MI.+ Q = M; 5,Q defines an algebra
isomorphism R;Q = R 5,Q with inverse defined by ®; .
5.2. If i — j is an arrow in Q, we denote by €; the module defined by
Vi=F,V,=F,V,=0for h#1i,j , f;; = 1d. With the notation in 4.12(a),
we have ¢;; = ¢, ., . The following identities in RQ are easily verified.
J

al

(a) ee; =ee +e,;, ee;,=dgee, e =qgee,.,.
It follows that
2 2 2 2
(b) ee;—(g+1)eee +qee; =0, ee; - (g+ Dejee; +qgeje, =0.

5.3. Forany NeN and a€ R", let [N]]!=T]_, £=} and

™ — (v ~'eY e RQ.

«a

If Pe MQ is a direct sum of N copies of e ., then we have as in 4.9(a)

P=<I>;<I>;--~<Di_k (X)

where X is a direct sum of N copies of €, (in the appropriate category).

From the definitions in 5.1 it follows immediately that X = ([[V ]]!)_le{: ; DOW
using 5.1(a) we deduce that

P =™
in RQ.

Lemma 5.4. (a) The algebra RQ is generated by the elements e; (i €[1, n]).
(b) Let i = i,. The algebra R;Q is generated by the elements e, (J#1)
and e; (J— i).

Let ¢ € N” and let V. € MQ be as in 4.15. By 4.9(b) and 5.3 we have
V.=PP,---P, (productin RQ) where P, = ei(,f" X ; hence

© v = egf'” o) glie)

(12
(product in RQ).

Consider the partial order on N” defined by ¢’ < ¢” if either

(d) any coordinate of dim(V_) is < than the corresponding coordinate of
dim(V ) and these two vectors do not coincide or

(e) dim(V,) = dim(V_) and &, is contained in the Zariski closure of &,
(orbits as in 4.16 over the algebraic closure of F).

Let R’ be the subalgebra of RQ generated by the elements e;. We shall
prove that V_ is contained in R’ . We may assume that the analogous statement
for V. is already known whenever d<ec.

Using (c), we see that we may assume that V_ = e « for some k. We can
find A € [1, n] such that V_ is nonzero at 4 and such that for any arrow
h — k' in Q the linear map Sy (in the module structure of V) is zero. (We
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use the fact that the Dynkin graph has no cycles.) Let Y be the module whose
h-component is equal to the A-component of V_ and whose other components
are zero. We have a canonical injective morphism Y — V_ with cokernel Y.
It is clear that the product Y'Y in RQ is equal to V. plus a linear combination
of elements V, such that dim(V,) =dim(V,) and ¢ #c.

All these ¢’ satisfy ¢’ < ¢ ,since, by 4.16(b), &, is an open orbit. By the
induction hypothesis, we have V, € R’ for all such ¢'. It remains to show
that Y' and Y arein R. If Y’ # 0, this again follows from the induction
hypothesis. Hence we may assume that Y =0 and V.=7Y. Since V_ is
indecomposable, it is equal to e, , which is contained in R’ by definition. This
proves (a).

We now prove (b). Let R” be the subalgebra of R Q generated by the
elements indicated in (b). We have V_ € M;’Q if and only if ¢ = 0. Assuming
that ¢ = 0, we shall prove that V_ is contained in R”. We may assume that
the analogous statement for V is already known whenever ¢ <cand Cz,', =0.
Using again (c), we see that we may assume that V = e . forsome k > 1. Let
h,Y,Y' be as in the first part of the proof. We have Y’ AJI*Q; if moreover
h # i, we have also Y € MfQ and our earlier argument gives the desired
conclusion. Hence we can assume that the following condition is satisfied:

(f) for any A € [1, n] such that 4 # i and such that V_ is nonzero at 4
there exists some arrow 4 — A’ in Q such that the linear map Ju (in the
module structure of V_) is nonzero.

Since k > 1, the j-component of V_ is nonzero for some j # i. Using the
fact that the Dynkin graph has no cycles, we see that we can find such a j such
that, in addition, for any arrow j — A’ in Q, with A’ # i, the linear map map
fjh, (in the module structure of V_) is zero. From (f) it then follows that fji
(in the module structure of V_) is nonzero. Let Y be the submodule of V_
consisting of the j-component of V_ and its image under fﬁ (at the vertex i).
It is clear that this is well defined and that it belongs to M, Q. Let Y’ be the
corresponding quotient module. We have automatically Y’ € MfQ.

We again have that the product Y'Y in R;LQ is equal to V_ plus a linear
combination of elements V. such that c;l # 0, dim(V,) = dim(V_) and
¢ <ec.

By the induction hypothesis, we have V_ € R" for all such ¢’ . It remains
to show that Y’ and Y arein R”. If Y’ # 0, this again follows from the
induction hypothesis. Hence we may assume that Y’ = 0 and V. =Y. Since
V. is indecomposable, it is equal to € which is contained in R” by definition.
This proves (b).

5.5. We regard C as an A-algebra with v acting as multiplication by a fixed
square root q'/ 2 of q. Let Uq, U; be the C-algebras obtained from the A-
algebras U, U" by extension of scalars. Let z = (zy,...,2,) € Z" be such
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that z, — z ;=1 whenever i — j is an arrow in Q. Such z clearly exists.

5.6. Let U;’ be the subalgebra of U, generated by K, K ! forall i. Itis
isomorphic to the the group algebra of Z" . Let RQ = U: ®c RQ . This may be
regarded as an associative algebra containing U: and RQ as subalgebras, with
the commutation rule K,VK;' = ¢Z/%%/>V where V € MQ has dimension
d,,...,d,). Let U qZO = U;) ®. U; ; this may be identified with the subalgebra
of U, generated by U: and U; .

Proposition 5.7 (Ringel) [R]. There is a unique algebra isomorphism U, qzo — RQ
such that K, — K,, K”' =K', E, — K[’e,.

The formulas above define an algebra homomorphism: we must verify that
the relations 1.2(al),(a2),(a3), which define the algebra Uq20 , are respected; this
follows easily from 5.2(b). This homomorphism is surjective by 5.4(a). For any
d e N", we define U, N . C U * and RQ, in the same way as U+ was defined
in 2.7. These are ﬁmte d1mens1onal vector spaces (of the same dlmenswn) that
form a direct sum decomposition of U: and RQ. Tensoring with Uf we

obtain direct sum decompositions of U qZO and RQ into summands (indexed
by N™).

It is clear that our homomorphism respects these direct sum decompositions.
Its restriction to any summand is a surjective homomorphism between free mod-
ules of the same finite rank over U; hence is an isomorphism. The proposition
follows.

5.8. The inverse of the isomorphism in 5.7 may be restricted to RQ and thus

defines an imbedding of algebras I' : RQ — U, such that T'(e;) = ’E for
all je(l,n].

The following property of I' follows easily from the definition.

(a) If V € MQ has dimension (d, , ... , d,), then I (V) = K; 1% ... K g

where ¢ € U, .
Similarly, if i = i, , we have an imbedding of algebras r: RsQ — U, such
that T'(e;) = K; “E; forall j € [1, n], where 2| =z, for j # i and z; =

z;+ 2. (Note that (z'l s s z;) plays the same role for 5.Q as (z,,..., z,)
for Q.) Let p.: U — U be the algebra isomorphism defined by
l

z.=0.. a; iia =4, zl-{»—él -a,;
K,—K,, E,—(-D)"%0"%""WKVE, F - (=1 W VEK "
The same formula (with v = ql/ 2) defines an algebra isomorphism p; : U, —
U e With these notations we can state the following result.

Lemma 5.9. For any & € R 5,Q we have T, '(p,(I'(&))) = T(®] (&) where

Ti_1 isasin 1.3.



CANONICAL BASES ARISING FROM QUANTIZED ENVELOPING ALGEBRAS 467

We set v = ql/ z, Using 5.4(b) and 5.1(a) we see that the algebra R; s5,Q
is generated by the elements € (j#1i)and €; (i —j in 5,Q). Hence we
may assume that £ is one of these generators. Assume first that & = e where
a;; = —1. Then z;, = z;—1 and

D(@; (&) =T(e;,) =T(e;e; — eie;) = K; "E,K; “E,—~ K; “"EK; "E,

—z =2 -z -1
=-v YK K] “(~EE;+ v  EE)),

-1 —1 -z, —1 - ~1.,—-z;
T (pT'EN) = T; (p(K; VE) =T (—v “K; K; “E))
—Z. =2 —2Z, -1
= —v YK, VK *(~E;E;+v" E,E,)
as required. Assume next that & = e where q, ;= 0. Then

T(@®; (¢)) =T(e,) =K; 'E;,

-1 p. -z -Z.
T (p,(C'©)) = T, (p,(K; “E)) = K, "E,
as required. Finally, assume that & = e, =ee; —ee where i — j in 5Q.
Then z; = z; - 1 and
I(®; (¢))=T(e;) =K, "E,,

J
-1 - -z,=2 - -z —z,=2
T, (pT'(©)) = T, (p(K; " °EK; “E; - K] VEK;"°E)))
—1 —z,=2,,-2 —z. —-z;=2
=T; (p(K; " °K; (v VEE; —v " "E,E))))
= K.K; v 5T] (pEE,— v 'E,E))

=z, —z. z.41,,—1 -z
= K. J ! . L= . JFE.
KK v " KT 'E, = K; VE,

as required. The lemma is proved.
5.10. Let k €[1, v]. Asin 5.8, we have an algebra homomorphism I, : RQ,

— U, such that l"k(ej) =K.

i E; for j €[1, n] where Q, is as in 4.7 and

zf are defined inductively by zjl. =z, zf = zf" for k > 1,j # i,_,,
zf = zf_l +2for k>1,j=1i_,. Let k' € [1, k]. The following identity

holds in U e

- - - 12 7 T 7
rk’(q)ik, @, @ (e))=qa K Tik' LT (E

)

where 7, are asin 1.3, e; isregarded as an element of RQ,, f’ is an integer
k

I

and K' is a monomial in the K K ' This is proved by descending induction
on k', using 5.9 repeatedly.

For k' = 1, the last identity can be written in the form
(a) Tes) =g’ ZK’T,.I T, T, (E,)

k-2 W1
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where f' is an integer and K’ is 2 monomial in the K, K; ' . (Here, e« is
regarded as an element of RQ.) If V, € MQ are as in 4.15 and Eic e U (or
in U, ) are as in 2.2(a), we have (using (a) and 5.4(c))

(b) I(V,) = ¢“’KE e,

where f is an integer and K is a monomial in the K, K, ! , depending

on ¢ € N”. More precisely, if dim(V) =d = (d,,...,d,) and K(d) =
K7 5% . K% | then

n
(c) K =K(d)
as we see from 5.8(a).

5.11. The integers f. will be described in §7. Here we note only that they are

[
independent of ¢ and that they satisfy a certain identity, which we now explain.

Let c=(c,, ..., c,) € N be of i-homogeneity d. Let ¢, € N” be such that its
kth coordinate is ¢, and its other coordinates are zero. Let d = (dk e d,': )
be the i-homogeneity of ¢, . We have

v, = I“(Vcl . ~ch) = I‘(Vcl) . '-I'(ch).

Using 5.10(b) this can be written as
(a) KK (A)E = g™ K(@"E - ¢ K (@) E
Using the commutation formulas
’ k ’ /2 k ’ /
EX¥K(d)=q" K" )E* (k' < k)

where m,. , = 3, zidf‘ck,(ai, o ), we move all K-factors in (a) to the left

and we deduce /
f= Zf + 3 zdicu(a;, d).

k'<k;i
We now substitute ¢, /(o;, a” ) =3, a,,d; " and we obtain
(b) f.= chk + > auz,d, d
k k'<k:i,j

Lemma 5.12 (Ringel). Forany ¢,c,¢” in N’, g, , v, is, as a function of
q, given by a polynomial with integer coefficients in q .

For a proof, see [R].

6. DIMENSION OF ORBITS

6.1. In this section, unless otherwise specified, F 1is an algebraic closure of
a finite field F,. We again fix an orientation Q for our Dynkin graph, an
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i € & adapted to Q and we consider the positive roots ordered accordingly.
Let d,d’, d’ € N” be such that d =d’ +d”. We define a diagram of varieties

B ' ﬂ’ " ﬂ//
(a) Ed/xEdu<—E _’E _—)Ed

as follows. E,;, E; , E; are as in 4.16. A point of E" is by definition a point
(f;;)i—; of E, together with a d;'-dimensional subspace C; of F % for each
i € [1, n] such that f,(C;) c C; forany i — j in Q. The map B" is
the obvious one (forgetting the C,’s). A point of E' is by definition a point
(f;;» C;) of E” together with a collection of isomorphisms u; : F 4 C,
W FhC, = F% for i €1, n]. To this point we attach the point (fi)im;
of E; and the point (ﬂj)i—»j of E; by f:; = (/t;-')_lf,-j#:l, f:,' =l‘;f,~j(ﬂ;)_1
(the maps C; — C; and F 4 /C;— F 9 /C; defined by f; ; are denoted again
by f, ; ). This defines the map f. The map S’ is the obvious one (forgetting

the u, ;). The group G, x Gy x Gy (see 4.16) acts naturally on each of
the varieties in (a) so that the maps in (a) are compatible with this action. The
actionon Ey xE;. is as in 4.16 on the factors G, G, and G, acts trivially.
The action on E, is as in 4.16 on the factor G, and the other two factors act
trivially.

(b) The map B’ is a principal G, x G, fibration.

(c) The map B is a locally trivial fibration with smooth connected fibres of

dimension
Sdl+ 3 + Y dd + Y did]

i~
(d) The map B” is proper.

6.2. Now let &, be a G -orbit on E; and let &, be a Gy.-orbit on E;.
(notation of 4.16).

Let Z = B'(B_l(@’c/ X @.)). From 6.1(b),(c), we see that Z is a smooth,
connected variety of dimension
(a) dim Z = dim(4,) + dim(@,) + > _d;d; + ) _d;d].

i i—j

Now let &, be a Gy-orbiton E;.

It follows easily from the definitions 6.1, 4.5 that the following two conditions
are equivalent:

(b) Vﬁ = VC/ * VC” ;

(c) B restricts to a bijection Z =&,
(notation of 4.15). Hence, if (b) holds, we have

(d) dim(@,) = dim(@,) + dim(&,.) + Z did; +Y dd.

i—j
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In general, B”(Z) is a union of G,-orbits on E,. We shall write (&, &)
=> O, whenever ¢, is contained in B"(Z) . In this case, we have clearly

(e) dim(@,) < dim(&@,) + dim(G,) + Y _did; +) . did;.
i i—j
6.3. More generally, suppose that we are given d“ = (d{c ey d:f ) € N" and
¢, €N” (ke[l, ky]) such that dim v, = d* for all k. We say that
@ C o B,) = .
if there is a sequence ¢! , cz, cees ¢ of elements of N” such that ¢' = c,

o= %, and
(@;k s @ckﬂ) = ﬁck
for k €1, ky - 1].
Lemma 6.4. Assume that either condition 6.3(a) or condition (a) below is satis-
fied:

(a) VcEVcl*(ch*(~--*Vck0)...).

Then we have

ko
dim(&,) Zdlm(@)+2dd + 0y dd

h<k ;i h<k;i—j
with equality if (a) holds.

For k, =2 this is just 6.2(d),(e); the general case follows by applying repeat-
edly 6.2(d),(e).

6.5. We now take k, = v and assume that for any k €[1, v], ¢, has the same
kth coordinate as ¢ and all its other coordinates are zero. We then have the
following result.

Proposition 6.6.
. k ok h ok h ok
(a) dim(@)= Y did/+ ) did;+ > d/d
ki—j h<k;i h<k;i—j

This can be deduced from 6.4. The condition 6.4(a) is satisfied (see 4.9(b)).
Moreover, it is clear that dim(Eck) =i j dl d . Hence it is enough to show
that dim(ﬁ’ck) = dim(Eck) . But this is contamed in the following lemma, which
will be proved in 6.8.

Lemma 6.7. @’ is open in E

6.8. In the setup of 6.1, 6.2, let Z_ . . be the intersection Z N g"~'@,. All
the varieties considered above are naturally defined over F It follows easily
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from the definitions that

(a) The number of F q-rational points of Z, o,
5.1).

(In the last expression, the notation is relative to F 7 .) In particular,

(b) if &,V V. #0 then Z ~» is nonempty; hence (4, , ) = O,.

c,¢ ¢ ¢

o isequalto gy v, v, (see
€’ "¢ ¢

We now take ¢ , ¢’ to have all coordinates equal to 0 except the kth, which
is @', a" respectively. If p = (piC y eees p:), o = Z,-P,I-(a,-, then dimV, =
ap, dimV = a"p. From 5.3 it follows that gv“vc, Vo is zero unless ¢ =
¢’ +¢” in which case it is equal to [[a]]”'[[a']] '[[a + 4]], a polynomial in ¢
of degree a'a”. Since this holds for any g, we see from (a) that Z_ . is
empty unless ¢ = ¢ +¢’ in which case it is a variety of dimension a’'a” . If we

now take ¢ = ¢’ +¢”, we see that dimZ = dim¢&, + a’a” . Using the formula
6.2(a), we deduce

()  dim@, =dim@, +dim,. +a'a" ( 1+ pipf + prpf>
i

I—j

Since (ak R ak) =2 , We have —1 + Z,P,kp,k = Z
(c), we obtain

i—;P; p; . Introducing this in

(d) dim&, = dim&, +dim,. +24'a" Y p;p’.

i—j

We want to show that dim&, = dimE_. We do this by induction on a, the kth
coordinate of c¢. (Recall that the other coordinates are zero.) When a =1,
this follows from 4.16(b). We can assume that a > 1 and that our statement is
already known when a is replaced by a smaller number. Consider the identity
(d) with a=a' +4", a’ < a, a" < a. Using the induction hypothesis, we have

dim@, = iimE, + dimE_. +2d'a" Y p{p’.

i—j
We substitute dimE, = a*y i pl’.‘ pf , dimE_, = a” i pf pf ; we obtain
. ' "2 k _k .
dim&, = (a +a’) Zp,.pj = dimE_,
i—j
as desired. Lemma 6.7 follows; at the same time, Proposition 6.6 is proved.

Corollary 6.9. In the setup of 6.5, the codimension of the orbit &, in the vector
space E, is given by

(a) - dldi+ S dldf

h<ki h<k;i—j
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We must show that the sum of the expression (a) with the right-hand side of
the expression 6.6(a) is equal to dimE, . This sum is

k k h ok h ik k k
Yo didi+ Y didi+ Y did =Z(Zdi) (Zdj)
k;i—j h<k;i—j h<k;i—j i—j k k
=Y dd, =dimE,.
i—j
The proposition is proved.
6.10. In the setup of 6.5, assume that c;( e N’ (ke€][l,v]) satisfy dim Vc; =
dimV_ forall k and ¢, #¢, for some k. Let ¢ € N” be such that
(@ (@ Gy n ) = G

v

Using 6.4, we see that

dim(€, <dem(ﬁ)+2dd+ 3. dldy,

h<k;i h<k;i—j
dlm(@’)_Zdlm@’ )+ Y d'df + > dr d
h<k;i h<k;i—j
Substracting term by term, we obtain
(b) dim(&,) - dim(&@,) > Z (dim(g, ) - dim(&, )).

From 6.7 and from our assumption on ck we deduce that dim(@;k)—dim(é"c;) >
0 for all k, with strict inequality for some k. This, together with (b) implies

(c) dim(&) — dim(&,) > 0

6.11. We now show that the assumption (a) in 6.10 is a consequence of the
followmg assumption:

(a) f appears with nonzero coefficient in the product E E Eic v with
respect to the basis B, of U'.

From (a) it follows that the statement analogous to (a) is true when U™ is
replaced by U; for large enough g . Using the homorphism I' and the identity
5.10(b), we deduce that

(b) V. appears with nonzero coefficient in the product Vc: Vc; o -Vc; in the
algebra RQ (notations relative to F, .)

Using 6.8(b) repeatedly, we see that (b) implies condition 6.10(a).

7. A FORMULA FOR f,

7.1. In this section we assume that F is a finite field with g elements, that
Q is a fixed orientation of the Dynkin graph and that we have fixed i € 2
adapted to Q. By changing, if necessary, the numbering of the simple roots we
may assume that the following condition is satisfied:

(a) if { — j isan arrow in  then j < i.
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7.2. Let V be a module of dimension d in MQ. For each i €[1, n], let V*
be the submodule of V whose j-component coincides with the j-component
of V for any j € [1, i] and whose other components are zero; let V. be the
module in MQ whose i-component is the same as the i-component of V and
whose other components are zero. (The maps between the components of v,
are necessarily zero.) Thus we have a canonical exact sequence

i—1

0—YV

—V —V,—0

(where we set Vo= 0) and clearly, V' has exactly one submodule (resp. quo-
tient module) isomorphic to V'~' (resp. V,). We have vV, = ef(d')) in RQ.

From the definition of the multiplication in RQ, it follows that
((d,) ((dy) ((d,))
Vn'”VZVl:en ey et

1s equal to the sum of all modules of dimension d (one in each isomorphism
class) each appearing with coefficient one in the sum. In other words, if we set

e(d) = @) .. @) )

then

(a) ed)=)_V,

where ¢ runs over all elements of N” of i-homogeneity d.

7.3. We now consider the homomorphism I' (see 5.8), defined in terms of
zeZ" (see 5.5).

Recall that T'(e,) = K; “E, forall i. Wehave [[N]]! = ¢"¥~"*[N]!; hence
l-(e’g(lv))) _ qN(N—I)(Zz,—l)/4K'—-N:

; ’EfN). Hence we have

r,/2 (d,) d,_)) (d))
I'(e(d)) =g " K(d)E,"E, " ---E,
where K(d) = K; % ... K~ % (see 5.10(c)), and
(a) ra= Zdi(di = 1DQz,-1)/2-) dd,;z;.

i)
We now apply I' to the identity 7.2(a). Using 5.10(b), we obtain an equality
of the following form in U,:

(b) ¢ K@ESES L EW =3 K@) ES
C

where ¢ runs over all elements of N” of i-homogeneity d and the integers A
are independent of g. We can cancel K(d) in the identity (b). Moreover, since
(b) holds for all g, we must have a corresponding identity in U :

(d,) (d,_) (d)) Jo—rg €
(c) En En—lI '”Ell =ZU ‘Ei'

[
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Lemma 7.4. Exactly one exponent f —r, in the sum 7.3(c) is equal to zero.

We associate i € 2 to i as in 2.11. Assume the truth of the following
statement:

(a) EYE“ ). E) belongs to the basis B, of & (see 2.3(b)).

From 2.3(c) it follows that any element of the basis B, can be expressed as a
linear combination of elements in the basis B; with coefficients in Z[v_l] and
that exactly one of these coefficients has constant term 1. Applying this to the
element in (a), we see that the conclusion of the lemma holds.

It remains to prove (a). Using 2.11(a), we see that it is enough to verify that

(b) EWE® .. E% B,

From 2.8 we see that there exists a sequence /(1) < /(2) < --- < [(n) in
[1,v] and a permutation p of [1, n] such that
() Xy = Sinsiz o Sil(j—l) ail(/)
for all j €[l, n]. Using 1.3(c) it then follows that
T.T

WLy T, (B ) =Ey,
for all j€[l, n] and from the definition of B; we see that

@p)) (dyz) (@)
(d) Ey Epay Epmy €B;

From 4.14(b) we see that

(e) if i — j is an arrow in Q, then p_l(j) <p_l(i) .

Since EE; = E E, if i # j are not joined in the Dynkin graph, we see from
(e) and 7.1(a) that the factors in (d) can be rearranged so that the element in
(d) is equal to that in (b) and thus (b) holds. The lemma is proved.

Lemma 7.5. For any c € N” of i-homogeneity d we have

(a) Jo—rg=—9d(c)

where

s ==Y d'd+ Y dd.

h<k i h<k;i—j

It is enough to prove (a) for a (¢, d) under the following inductive assump-
tion: (a) holds when (c, d) is replaced by (¢’, d') such that at least one of the
conditions (b),(c) below is satisfied.

(b) Any coordinate of d' is < than the corresponding coordinate of d and
d #d.

(c) We have d' = d and the dimension of the orbit @, 1is strictly smaller
than that of &,.
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Let ¢, € N” be asin 5.11. Let df = (df s d,'f) be the i-homogeneity of
¢, - We can rewrite 5.11(b) as follows:

oS ¥ e T ddze ¥ dd

k'<k;j—j' k'<k; j—j' k'<k;i

From 7.3(a) we have

ry— Xk:rdk = Z (‘;i)(zzi -1)- Z (Cg)(zzi -1

i k,i
k k
-y ddz + > d;d;z
i—j ki;i—j
k' Gk k' k k k'
= > d; diQ2z;-1)- Y (d d;+d;d;)z,
k'<k;i k'<k;i—j

It follows that

fomram Xy mre) == X didi(z—z)+ Y d 4
k

k'<k;j—j’ k'<k;i
k k' k' k
@ =- ¥ didi+ ¥ dd]
k'<k;j—j’ k'<k;i

= —d(c) = =8(c) + Y_ &(cy)-
k

(We have used the equality d(c,) = 0.) Now (d) shows that if (a) holds for
each ¢, then it also holds for c¢. Using the induction hypothesis, we see that
we may assume that ¢ =c, for some k. In this case, the orbit &, is open (by
6.7). Hence for any ¢ # ¢ with the same i-homogeneity as ¢, we have

(e) dimg, < dimd,
and the induction hypothesis applies to ¢’ and gives
(f) fu = rg=—=0(c') = —codim&, < 0.

(We have used 6.9 and (e).) Hence in 7.3(c), all exponents of v (except possibly
for the single term corresponding to our fixed ¢) are < 0. Since in our case
d(c) = 0, we must only prove that f, —ry = 0. Assume that this is not so.
Then, in 7.3(c), all exponents of v, without exception, are different from 0.
This contradicts 7.4. The lemma is proved.

7.6. We can restate 7.3(c) taking into account 7.5 in the following result.

Proposition 7.7. We have

,) d,_) (d) _ -5(c) ¢
EXEST - EN =Y vTUK

c
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where the sum is taken over all ¢ € N” of i-homogeneity d and d(c) is the
codimension of the orbit &,.

7.8. As before,we associate ¢, , dt (ke[l,v])toc, d. Let

(a) E((¢)= E@")E@)---E@")
where

E@d) = E(d:>E<df‘..> --~E§df),
Write
(b) E((€) = S hES

where ¢ runs over the set of elements in N” of i-homogeneity d and h:, €A.
From 7.7 and the results in 6.10,6.11, we see that

(©) h;=1
(since d(c,) =0 forall k, by 6.7) and

(d) hy #0,c#¢ = dim(@,) < dim(&)).
It is clear that
(e) E((c)) = E((c))-
We can write
(f) E=S olE

where ¢ runs over the set of elements in N” of i-homogeneity d and wj € 4
are uniquely determined.

Proposition 7.9. We have w{ = 1; moreover, wy # 0, ¢ # ¢ implies dim(F,) <
dim(&,).
Using 7.8(e),(f), we see that
SR GE = B
cl cII cll

hence

c 7o ¢
(a) hcn = Z hsl wcn
o

for all ¢, ¢’ of i-homogeneity d. For such c, ¢’ we say that ¢’ < ¢ if either
c=c" orif ¢ # ¢’ and dim(@,) < dim(&,). From 7.8(c),(d) we see that the
matrix (hzu) is upper triangular (with respect to <) with diagonal entries equal
to 1. From (a) it then follows that the same must hold for the matrix (wzu .
The proposition is proved.
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7.10. In this and the following subsection we shall give the proof of Theorem
3.2. Let I be a finite partially ordered set and assume that for any i',iin I
we are given elements u, € A such that

g

(a) Z u;/ u::// = 61 ill

Ny
1

forall i/,iel,

(b) u,=1 foralliel
and

i/’ .1 .
(c) u; =0 wunlessi <.

Then the system of equations

i<
Vi’ < i with unknowns Z[' € Z['v_l] (i’ < i) has a unique solution such that
Z/ =1 foral i eI and Z, € v™'Z[v™'] for i’ < i. This can be proved
exactly as in [L3, p. 101].
7.11. We apply this in the case where I = xi_l(d) (see 2.8) for some d € N" .
We regard [ as a partially ordered set with the partial order ¢’ < ¢ defined in
the proof of 7.9. We take u;, in 7.10 to be wy . This satisfies 7.10(a) since

T :U" — U" is an involution. It satisfies 7.10(b),(c), by 7.9. We see that one
can solve uniquely the system of equations

[
(a) C:I = Z wz/ C:u
cll . C,SCHSC

with unknowns Cz, € Z['u_l], ¢ <c in I so that C: =1 forall c eI and
Ccc, € v“lZ[v_l] forall ¢ <c. For cel, let

(b) £ =Y GE

where, in the sum we take ¢ € I, ¢ <c. Let J be the family consisting of the
elements &° where c € xi_l (d) for various d € N". From (a) it follows that

(c) each element of J is fixed by .

Moreover, from (b) and the definition we see that J is a Z[v_l]-basis of .&
and that n(&€°) = 7z(Eic ) so that 7 applies J bijectively onto B . Using (c) we
see that .Z N.Z is precisely the free Z-module with basis J ,and that 3.2(a)

holds with B = J . The other statements of 3.2 also follow. Thus Theorem 3.2
is proved.

7.12. From 7.11(b) we see that B =1,(BNUj).
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7.13. We now define in RQ
(a) e((c)) = e(d")e(d®)---e(d")

where e(dk) is as in 7.2. We have

(b) e((e) = SRSV,

where 715, € C. From 5.12 it follows that, as a function of ¢,
(c) izz, is a polynomial in g with integer coefficients.
With the notation of 7.3 we have

T(e((c))) = T(e(d"))T(e(d*))---T(e(d"))
= ¢ *k@E@")---g**K(@)E@")

= q**"PK@)E((c))
where
=—rd+Zr 2t Z d djl.‘zja,.j
k'<k:i,j
k' Gk k k'
=— Y dden-n+ Y dj +d;d; )z
k'<k;i k'<k;i—j
k' Gk k' Gk kK Gk
+2 Y didiz,— Y didiz;- Y d;jdz
k'<k;i k'<k;i—j k'<k;i—j
Kk K Gk
>, didi+ ) d 4
k'<k;i—j k'<k ;i
= —d(c).
Thus
() T(e((e)) = "2 K(@E((0)).
On the other hand, we can rewrite 5.10(b) taking into account 7.5:
(e) I(V,) = ¢ %" K (@)E}.

Applying I" to (b) and using (d),(e), we obtain
g2 (@) E((c) Z B g OO g @)ES

Comparing this with 7.8(b), we obtain

) B = PO

(4
The left-hand side is an element of A4 evaluated at v = q'/ 2 while to the right
side we can apply (c). Since (f) holds for all g, we deduce that
(8) v —o(e)+ote h € A is a polynomial in v? with integral coefficients.
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Proposition 7.14. Let
wy = p OOl o € 4.
Then o5 is contained in Z[v*, v™*].

We set ,
B = v 70O € g

From 7.9(a) we deduce

o —26(c)+26(c')77c, 1<
(a) hgr = Zv hyw .

’
C

By 7.13(g), the matrix (h) and the matrix (v-za(c)na(c’)h—?

in Z[vz, U—Z]; moreover, these matrices are triangular with 1 on diagonal
(7.8(c),(d)). Hence, by (a), the matrix (wfj) must have the same properties.
The proposition follows.

) have entries

8. FINITE-DIMENSIONAL U-MODULES

8.1. Let d=(d,,...,d,) € N" and let I, (resp. J;) be the left (resp. right)

ideal in U™ generated by the elements Ef'“ e E:"“ )

Theorem 8.2. (a) The intersection BN 1, is an A'-basis of I,.
(b) The intersection BN J, is an A'-basis of J,.

The proof will be given in 8.6.

8.3. We may assume that the numbering of the simple roots is such that for
some ¢ € [1, n], we have a; = 0 whenever [ # j € [1, n] are both < ¢ or
both > t. We define a sequence

= (i), iy enns i)

by the requirement that i =r if 1 <r<n, i, =i, if ¥ =r"(mod n). Itis
known [B, Ex.2, §6, Ch. V] that i € 2. Although we do not need this here, we
note that i is adapted to the unique orientation for which {1, 2, ..., ¢} are
sinks and {t+1,¢+2,..., n} aresources. Let J; (resp.J; ) be the right ideal

d. +1
of U generated by the elements E;j'“ e E,d"Ll (resp. E;i™ ..., E,‘f"“ ).
It is clear that the intersection B; N Jd' is an A'-basis of Jd' ; this intersection

consists of all elements E; such that ¢=(c,, ..., c,) satisfies
(a) ¢;2d+1 for1<i<u.

Similarly, if j = (j,, j,, ..., J,) is the sequence defined by j, =n+1-r
if 1<r<n, j,=jnif r' = r(mod n) then j € & and the intersection
B,nJy isan A'-basis of J; ; this intersection consists of all elements E; such
that ¢’ = (c|, ..., c,) satisfies

(b) >d .., +1 forl<i<n-ut.

n—i+
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Hence

(c) the bijection N” = B, given by ¢ — Eic restricts to a bijection

{ceN|c, <d(1<i<t)} =B —(BNJ,).

and

(d) the bijection N” = B, given by ¢ — E restricts to a bijection

v, . ~ n
{ceN'|¢e;<d,_;,, (1<i<n-0)}=B—(BnJy).

8.4. Under the canonical bijections
(a) B=B, B=B5,
(the compositions of B= B = B, (resp. B= B = Bj ) , see 3.2(a)) the subset
B,NJy of B, corresponds to a subset B'(d) of B and the subset B, N Jj
corresponds to a subset B”(d) of B.
Lemma 8.5. (a)B'(d) is an A'-basis of Jj.

(b) B"(d) is an A'-basis of J; .

We shall only prove (a); the proof of (b) is the same (by symmetry). It is
clear from the definition that J, is stable under the involution ~ : U™ — U™.
Hence the elements a)zl € A (see 7.8) have the following property:

(c) if ¢ satisfies 8.3(a) and w # O then ¢ satisfies 8.3(a).

From the system of equations 7.11(a) we see, using (c), that

(d) if ¢ satisfies 8.3(a) and Czl #0 (see 7.11) then ¢ satisfies 8.3(a).

Hence, if ¢ satisfies 8.3(a), then the element &° of B'(d) (defined in 7.11(b))
is a linear combination of elements in B, ﬂJé ; hence, B'(d) is contained in Jd' .
This linear combination is given by a “unipotent” matrix; hence any element
of B,NJ, is a linear combination of elements in B'(d). Since B,N J, is an
A'-basis of Jy , it follows that B'(d) isan A’-basis of J;. The lemma is proved.

8.6. It is clear that J; = Jé + J:. Hence from 8.5 it follows that the union
B'(d) UB"(d) generates J; as an A'-vector space. Since this union is part of
the basis B of U™, 8.2(b) follows. It is clear that W(Jy) =1; (¥ asin 1.4).
Since ¥(B) = B, we see that 8.2(a) is a consequence of 8.2(b).

8.7. It is known that there is a simple U-module L; of finite dimension over

A’ with a nonzero vector X, such that F;x, = 0, K;x;, = v_d"xo for all i;
moreover ( L,, X, ) is unique up to a unique isomorphism.

Lemma 8.8. There is a unique isomorphism of Q-vector spaces ~ : Ly = L, such
that ux =uXx forall ue U, x € Ly and X, = x,. Its square is equal to 1.

We can consider a new U-module structure on L;: u € U acts in the
new module structure as % in the original module structure. In particular,
multiplication by v in the new module structure is multiplication by v~ inthe
original module structure. It is clear that the new module satisfies the defining
property of the original module; we use the uniqueness statement in 8.7 and the
lemma follows.
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8.9. Let Ly , = U+x0 =Ux, C L;. Let £ be the Z{v™']-submodule Zx,
of L. Let 1: % — % /v"lﬁ.i"fi be the canonical projection. From 2.3 we see
that

(a) for any fixed i € 27, the elements u(x,) (u € B;) generate £, as a
Z[v'l] module; their images t(u(x,)) form a subset B[d] of ..Z,/v_'i’; that
is independent of i.

Theorem 8.10. (a) The restriction of © : £ — .S’;/v—l_% defines an isomor-
phism of Z-modules ' : N4 = L /v' .

(b) Bld] = B[d] ~ {0} is a Z-basis of Z/v”'%,.

() If we set B[d] = t'~'(B[d]) then B[d] is a Z-basis of % NZ,.

(d) B[d] is a Z[v'])-basis of <, a Z[v}-basis of Z, an A-basis of L, ,
and an A'-basis of L.

(e) Each element of B[d] is fixed by ~ : Ly — L;.

(f) The map & — &x, defines a bijection B—"¥(B'(d)UB"(d)) = B[d].

It is known that the map U™ /1 = Ly, u — ux, is an isomorphism. Using
8.2 and its proof (8.6) we see that B — ¥(B'(d) UB"(d)) is mapped by the last
isomorphism bijectively onto an A'-basis Z of L, . Using 3.2, we see that the
elements of % are fixed by ~ : L; — L; and that they form a Z[v_‘]-basis
of ., a Z[v]-basis of ,7; and a Z-basis of .7 ﬂ.?; ; moreover, we see from
3.2 that 7’ defines a bijection Z = B[d]. It follows immediately that all the
statements of the theorem hold with B[d] = % .

8.11. We call B[d] the canonical basis of L. It is compatible with the decom-
position of L; into weight spaces. By specializing v to 1 we obtain a natural
(integral) basis in any finite-dimensional simple module of the corresponding
semisimple Lie algebra.

8.12. Let Z, be the subset of N’ x N” consisting of all pairs ¢= (¢, ..., C,),
¢ = (c; Y enees c,',) such that

(a) R)=¢,

(b) ¢, <d, forl<i<t,

(c) C;Sa'n—i+l for1<i<n-t

(R’; :N” — N” is as in 2.6. By definition, it is a “piecewise linear” function.)

Theorem 8.13. There is a canonical bijection B[d] = Z;. Hence dimL; =
#(Z,) .
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We have
B, =B - ¥(B'(d) UB"(d))
~B - (B'(d)UuB"(d))
(a) = (B-B'(d))n (B-B"(d))

(the first bijection is given by 8.10(f) and the second one by ¥, see 3.3).
The canonical bijections 8.4(a) restrict to bijections

B-B'(d) =B, - (B,nJ,),

B-B"(d) = B, (B,nJ).
Combining the bijections above we obtain a bijection between B, and the set
of all pairs (8', B”) € B,x B; such that g’ € B,—(B,nJ), B" € B;—(B,nJy),

and f(B’) = B" where f : B, = B, is obtained by composing the bijections
8.4(a). We now use the bijections 8.3(c),(d) and the theorem follows.

9. INTERSECTION COHOMOLOGY

9.1. In this section, F is an algebraic closure of a finite field F,. We fix an
orientation Q for our Dynkin graph, and we choose i € 2 adapted to Q.

Consider the partial order on N” defined by ¢’ <¢” if ¢, ¢’ have the same
i- homogeneity and &, is contained in the Zariski closure of &, (orbits as in
4.16).

9.2. We fix a prime number /, invertible in F. Given d € N", let Z; be
the vector space of Gl-valued functions on the set of Fq-rational points of
E, that are constant on the orbits of the group of Gy(F,) on E,(F)) (see
4.16) or, equivalently, on the set of F q-rational points of any G,-orbit on E;.
(The isotropy groups of the G, action are connected.) Let 7, be the function
that equals 1 on the F_ -rational points of (&,) and is zero elsewhere. These

functions form a Q,-basis of %, .

9.3. Let d,d,d” € N" be such that d = d' +d”. Assume given functions
f€eZy, [ € Zy. We define a function f = f x f' € %, as follows. We
consider the diagram of varieties

”

B . B 71
EdIXEd”‘_E _’E —'—’Ed

as in 6.1(a). We set

_ v HelB@) = (e, e"), BU(B'@) =e} vy
flor=3_ #Gy (E)HGy(F) JACOTACE)

’ "

e ,e
where ¢', e", e, é are F ,-rational points of E; , Ey , E,, E' respectively. The

operation f'xf" (convolution) defines an associative algebra structure on % =
D, Z, - Let us identify the fields Q, = C. We have a vector space isomorphism

(a) = RQ
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that takes the basis element y, to V_ (see 4.15). Using 6.8(a) we see that this
is an algebra isomorphism.

9.4. Let A be the group ring of 6; over Z. Let K; be the free A-module
with basis (yé) indexed by the G,-orbits (&) on E,. We may identify K,
with the Grothendieck group of the category of constructible, G,- equivariant
6, sheaves on E;, defined over F, 4> the basis element (yé) corresponds to the
constant sheaf Q, on the orbit (&), extended by O on the complement; the
Frobenius map acts as identity on the stalks at rational points of the orbit. Let
. be the intersection cohomology complex of the closure of &, in E; (with
coefficients in Q,) extended by zero on the complement of that closure , with
the Fq structure such that the Frobenius map acts as identity on the stalks
(= 6,) of its Oth cohomology sheaf at rational points of the orbit &,. We
associate to %, an element

(a) Ve= D Pyve €K,

¢’ =c

where p:, is the (formal) alternating sum of the eigenvalues (in (_)7 ) of the
Frobenius map on the stalks of the cohomology sheaves of &%, at any F, 7 ratio-
nal point of &, . (The sum is taken in A rather than in 6, .) We have pz =1.
We define p:, = 0 whenever the condition ¢’ < ¢ is not satisfied.

9.5. We now show that the convolution operation of 9.3 makes also sense in
the context of derived categories.

Consider again the diagram 6.1(a) with d, d', d" € N” suchthat d=d'+d".
Assume given two orbits &, C Ey, & C Eg . Let P = P, P = P
be as in 9.4. Then &' (resp. #")isa G, (resp. G, ) equivariant complex;
hence using 6.1, 6.2, there is a well-defined complex of sheaves P on E” such
that

Blt(ﬁ) — ﬁ*((@/ ®‘@//)'
(P is (up to shift) a simple perverse sheaf on E” defined over F,.) We define
a complex of sheaves on E; (defined over F ) by

P P = ﬂ:’ﬁ
As in 9.4, taking formal alternating sums of eigenvalues of Frobenius on stalks,
we associate to P, 2", P« P" elements p', p”, p'xp” in Ky, Ky, Ky
respectively. It is easy to see that p’, p” — p'xp” defines a A-bilinear pairing
* : Ky x Ky — K; and hence a A-bilinear pairing * : K x K — K where
K =3, K, . We thus obtain an associative algebra structure on K.
Since B” is proper, 2’ «P" above is a “pure complex.” From the theory of

pure complexes [BBD, 5.4.4, 5.3.9], it follows that for any G, orbit &, in E;
there exists a graded Q-vector space €, WCS with Frobenius action such that
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I n ~ A li A
(a) pxp" =5.50=> Gle, ¢, "),
C

where G(c, ¢’, ¢”) € A is the (formal) alternating sum over s of the eigenvalues
of Frobenius on 7,° and
(b) the eigenvalues of Frobenius on ‘Z’ are algebraic numbers all of whose

complex conjugates have absolute value qs/ 2,

9.6. There is a natural group homomorphism ! g" K — % that takes the basis

element y; to 7, and on coefficients is given by the ring homomorphism A —
6, that is the identity on 67 . It follows easily from the definitions that 1 g 18
a ring homomorphism.

If we replace ¢ by a power ¢°, K, . % become K., Z, and we have as
above a ring homomorphism Is K — 33’5 . On the other hand, we have a
ring homomorphism K — K that is the identity on each basis element and on
coefficients is given by the ring homomorphism A — A defined by raising to the
sth power on Q_; . Composing this with 1 s we obtain a ring homomorphism
K — %, . Thus we have infinitely many homomorphisms of K to the various
Z, (s=1,2,...). Using these, one can deduce various properties of K from
the corresponding properties of 7 .

9.7. Let U,, U; be the A-algebras obtained from U, U by tensoring with
A over A, where A is regarded as a A-algebra via the imbedding 4 C A that
takes v to q'/ 2 e 6; . Consider the ring homomorphism ~ : A — A that
takes each element in 6; to its inverse. The imbedding 4 C A considered
above is compatible with the involutions ~ : 4 — A, =~ : A — A. Hence
the ring involutions ~ : U — U, ~ : U" — U" extend to ring involutions
U, - U, U; — U; (u®a — u®a). (On the other hand, = is not
well defined on U, U; , see 5.5.)

For j€[l, n], let y;. be the unique element yé in the standard basis of K,
where d has the jth coordinate equal to 1 and the other coordinates equal to
0.

Proposition 9.8. (a) The elements y; (1 < j<n) generate K as an A-algebra.

(b) Let z=(z,,...,2,) € Z" be asin 5.5. There is a unique imbedding of
A-algebras T : K — U, such that
r() =K, E,
forall je[l,n].
(c) Let
S =Y d; -d)2z,-1)/2- Y dd,z,
i Yy
There is a well-defined A-linear map © : K; — U : such that
) =v""K(@e(),

for all & €K, where K(d) = K; 7% ... K%
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(d) If ¢ has i-homogeneity d, then
N A c
I(y)=v < “K@E €U,

where .4 J
K(d) =K 7% K

n
rg=y_di(d; - 1)(2z;,-1)/2-) dd,z,
i i—j
and 6, is the codimension of the orbit &,.

The analogous results for U, and RQ are contained in 5.4(a), 5.8 (see 5.7)
and 7.13(e). The proposition follows from those results by the method of 9.6.

9.9. Verdier duality induces a homomorphism D : K; — K, that is antilinear

with respect to the ring homomorphism ~ : A — A.
We have

(a) D)= rove
c¢'=<c
where r; €A and r; = g %9 d(c) = dim(&,) . Moreover,

- —d(c) ~
(b) D) =q 95

From the definition and from 6.1(b),(c),(d), we see that
(c) D' «¢&") = q"D(E)DE")
for &' € Ky, e K,  where m= -3, d;d;' - Z,._’j d;d;’ .
Proposition 9.10. For any £ € K; we have
(a) e(D(¢)) = 8(2).

When & = yj. is one of the algebra generators in 9.8(a), the identity (a)
is obvious: we have D(¢) =&, ©() = E G- It is then enough to verify the
following statement for general &: if (a) holds for some & € K,/ , & € K,

such that & =& « &, then it also holds for &.
Applying T’ to 9.9(c) and using the multiplicativity of I' we obtain

v K@O(D(E) = v K (d)eDE ) K@He(DE")
_ U2m+S(d')+S(d")+gK(d)W

(b) g=Y a,dd 'z,
i

(©) O(D(&)) = v?"+SSU-SWrEg g
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Similarly, applying T to & =& «&” we have

K @6 =" K)o K @HeE")
(d) =" @)oo ).

Hence , .
e(8) = LS+ )+g—S(d)8(€I)e(é//)'
Applying to this ~ , we obtain
Q) = v SWI-SU-e+SOg g ET.
Comparing this with (c), we obtain
(D)) = v2m+2S(d')+2$(d")—2$(d)+2g8—(€—).
It remains to show
(e) Sd)-S@)-s@d)y=m+g.
Using the definitions, we have
1 1/ ! N
m+g= Z 2z,-1)- ded; z; - Zd,d, ; Zdidj.
i—j Jj—i i—j

We substitute here

Zd,dj" z, =Y d d"

i—j i—j

Ed,d;’ ; Zd”d

j—’l l—"_]

and

and we obtain

myg=> 2z;-1)-> didz,-> d/d;z,

i—j i—j
This is clearly equal to S(d) — S(d') — S(d”). The proposition is proved.
9.11. Recall from 7.8(f) the following identity in U™ :

(a) E =Y wiEf
cl

where wﬁ: € A are uniquely determined. Let £€° € B be the unique element
such that

(b) £ =Y LE

(sum over all ¢ of i-homogeneity d) where {{ =1,

(c) ¢ ev'Zv [ ford #¢
(see 3.2).
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9.12. If we assume that

(a) wy#0 = ¢ <c
and
(b) w. =1

for all ¢, then by an argument almost identical to the one in 7.11 we see that
one can solve uniquely the system of equations

(c) 5= Y &7

C” :c'jc”jc
for all ¢ < ¢ with unknowns Z:, € Z[v—l], ¢ < ¢, so that Z: =1 forall ¢
and Z$ € v™'Z[v™'] for all ¢’ < c. Moreover, we have

=28
if ¢’ <c and
. C:/ =

otherwise. Now (b) certainly holds (see 7.9). The assumption (a) is also satis-
fied, as we shall see in the following subsection. We have the following result,
reminiscent of [KL2].
Theorem 9.13. (a) If 6., ¢ &, then { =0.

(b) If @. C @, then
C;:, — ,Ud(c )—d(c)p:’
where pg, is asin 9.4.
(c) (7)) = v&".
We set &° = 6(7). From 9.10 and 9.9(b) it follows that

—

(d) g =q e
From 9.8(c),(d), it follows that

8@y, =v "W Ef e U,
(notation of 9.8(c),(d)). Hence, applying © to 9.4(a), we have
() é,:’c — Z o S@—dy +r,pc, E-c/'

M 1

’
C

We have
~S) ~ Gy +rg== (d —d)(2z,-1)/2+) dd,z
. py

+ Zd,.(d,. -1)(2z,-1)/2-) _dd,;z; - 5,

=]
=S"dd, -,

i—j

= dimE, - J, = d(c¢).
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Thus, we can rewrite (e) in the form
f) & = Zvd(c 'S ES
cl

Applying ~ to (f) and taking into account (d) and 9.11(a), we obtain

"

Z v —d( )—Z CL) HE = 'U—Zd(C) Z 'Ud(c”)p:/IEic .
d ¢

It follows that

/

d(c )—d( c) c Ev——d(c )+d(c) :60 .

or, if we set

pz, d(c) d(c)pcc ,
that
c —
(g) } pcll = Z pzlwcu
cI

for all ¢”. Since the matrix (pzr) is upper triangular (with respect to <) with
1 on diagonal, the same must be true (by (g)) for the matrix (wz,) . Thus, we
see that 9.12(a),(b) hold so that the results in 9.12 are applicable. As in 9.12

we can write ,
c i
Cc/l = Z Cc/ wC”
cl
for all ¢”. Substracting this from (g), we obtain
(h) psu - Czll = Z(p:' el C:/)wzu
cI

for all ¢”. Let u = p — {5 . Since py, {5, @& vanish unless ¢ < ¢, and
w. =1 (see 9.12) we can deduce from (h) that
(i) ﬂ::u -_ /l:ll = Z /,t:l w:l!
¢ e’ =<c'=<e
forall ¢’ <ec.
We shall prove that

) per =0

for all ¢” < ¢ by induction on d(c)—d(c’) > 0. If c=c¢", then py = 1, {5 =
1, uor = 0. Assume now that ¢’ < c. We may assume that u& = 0 for all ¢’
such that ¢ < ¢ < c¢. Then the right-hand side of (e) is zero and therefore its
left-hand side is also zero:

(k) ﬂ:// - u_f:r/.
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By Gabber’s purity theorem [BBD, 5.3.4], ps,, € A is a (formal ) Z-linear

combination of elements of 6; that are algebraic numbers all of whose complex

conjugates have absolute value < ¢?©~4€)=1/2 " {sing this, together with

9.11(c) and the definition of pzu , we see that #2// € A is a (formal ) Z-linear
combination of elements of 'Q_; that are algebraic numbers all of whose complex
conjugates have absolute value < g~ 2 Thisis compatible with (k) only if both
sides of (k) are zero. Thus, (j) is proved. The theorem follows.

10. PUurITY

10.1. We preserve the setup of 9.1. We also fix ¢ € N” of i-homogeneity d.
For any k €[1, v] we denote by ¢, the element of N whose coordinates are
zero except for the k-coordinate that is the same as the kth coordinate of c.
Let d* € N" be the i-homogeneity of c,. Wehave V.=, V_ N compatibly
with the module structures We denote by ¥V, ; the i-component of V_ . We
identify ,_, ; ; Hom(V, . j) with E; by choosmg bases of each V. .. The
module structure of V corresponds to a particular element f = ( f; i) e E

Given two modules V, V' in MQ we denote H(V, V') = @, Hom(V;, V, ).
Let H(V, V') be the vector space consisting of all elements of H(V, V') that
are morphisms in MQ.

Lemma 10.2. (a) We have
dimHy(V,, V)=~ S didi+ 3 dld’.

h<kiioj B>k
(b) If h > k then
Hy(V, , V) =0.

() If h<k, then
dim Hy(V, , V. ) = - de +de

l—'j
We define a linear map
(d) H(V,,V)/H(V, ,V)—E,

as follows. To an element ¢ € H(V_, V) that restricts to ¢ : Vo, =V, for
any i, we associate the element (¢;;) € E; given by ¢, = ¢, f,, — f,; for
all i — j. This clearly factors through a map (d). It is also clear that (d) is
injective.

Let 7 be the image of the map (d). It is easy to see that f +.7 is exactly
the tangent space at f to the G,-orbitin E; passing through f. Hence dim.J
(or, equivalently, dim H(V_, V.)/Hy(V_, V) ) is equal to the dimension of that
orbit, which is given by 6.6.

We have obviously dim H(V,, V) =¥, , ;d/d’ and (a) follows.
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Now (b) is the same as 4.9(c). Next assume that # < k. Let
D, = dim Ho(Vc,, , Vck), . D,=dim HO(Vch , Vc,,)’
D, =dimHy(V, ,V,), Dy=dimHy(V, &V, ,V, eV,)

Then, by (b), we have D, = D, + D, + D,. Moreover, D,, D;, D, are given
by formulas that are special cases of (a). Hence we can find D, = D, —~ D, — D,
and we see that (c) holds in this case. Finally, if 2 = k, then (c) is a special
case of (a). The lemma is proved.

10.3. We have a direct sum decomposition E; = Eﬁ’k indexed by (&, k) €
[1,v]x[1,v] where

h,k
E;“ = @Hom(V, ;. ¥, )
i—j

Lemma 104. 7 (see 10.2) contains the subspace EB,,S k E;”k of E,.

It is enough to show that for any 4 < k, the map 10.2(d) restricts to an
isomorphism

h,k
(a) H(V, ,V,)[Hy(V, , V) = Eg'".

The map (a) is certainly injective, since 10.2(d) is injective. Using 10.2(c), we

see that the first space in (a) has dimension ), ; d:’dj'.c , which is clearly equal

to dim E:’k . Hence (a) must be an isomorphism and the lemma is proved.

10.5. For each ¢t € F”, we define an element A(?) € G, by the requirement that

its component in GL(V, ;) acts on the summand V;k as 1* times identity.

k—h

s 1

(a) In the action of G; on E;, A(¢) acts on the summand E:’k as ¢
times identity.

Note that f is contained in €, Eﬁ’k ; hence it is fixed by A(¢). Now I
is stable under the 1-parameter group A since it is the sum of its intersections
with the various E;' 'k that are stable. Hence there exists a linear subspace I
that is a complement of .7~ in E; and is stable under the 1-parameter group
4. Note that

(b) the action of the 1-parameter group 4 on 7 has all weights of the form
t—t, forsome s<0.

This follows from (a) and 10.3.

Proposition 10.6. Assume tnat f isan F q-rational point of the orbit &, in E,.
Let &, be an orbit whose closure contains &,. Let /T’}a be the stalk at [ of the
ath cohomology sheaf of the intersection cohomology complex of the closure of

@. . Then all eigenvalues of the Frobenius map on /7’}“ are algebraic numbers

all of whose complex conjugates have absolute value q* 2,

The proof has some similarity to a proof in [KL2]. We may assume that the
result is true when f is replaced by a rational point in an orbit of dimension
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stricly bigger than that of &,. Let " and A be as in 10.5. We may assume
that they are defined over F From the definition of .7 we see easily that
f+7" isatransversal slice in E to the G, -orbit of f, and from 10. 5(b) we see
that A defines a linear contraction of that shce to f. Nowany G,-orbit is stable
under A. Hence the intersection of f+.7  with the closure of @, is stable
under 4. Consider the cohomology sheaves of the intersection complex of this
intersection. The eigenvalues of Frobenius on its stalks at points other than
f have a property like the one asserted in the proposition, by the induction
hypothesis. We only have to show that they have that property at f. But
this follows from [KL2, 4.5(b)], where it is deduced from the hard Lefschetz
theorem of Deligne.

Corollary 10.7. (a) If a is odd, then #; =0.
E dlm%Za 2a _ ,Ud(c')—d(c)cc'

(c) In particular, v )_d(c)cc isa polynomial in v* with coefficients in N.

(d) All ezgenvalues of Frobenius on /"/ are equal to q° .
Let Céc =4 _d(c)Q . The equation
=3ty
cl!

(see 9.12) implies
Céc — Z v2d(c )=2d(c )CS' w;c

1"

c

where w':” isin Z[v?, v™?] (see 7.14). We want to show that

]

We may assume that this is known when c is replaced by any ¢’ with ¢ < ¢" <
¢’ and that ¢ < ¢ . Then the previous equation shows that

1.

Now Cé‘ involves only powers of v with exponent < d(c’) — d(c) — 1, while
de(c')—Zd(c)E

() £ ezp?, v’

(f) C;c _ de(c )_Zd(C)C;c’ c Z[’U2 , v—-2

involves only powers of v with exponent > d(c¢') —d(c) + 1.

This, together with (f) implies (e). From (e) and 9.13(b) we see that P: is a
formal Z-linear combination (in A ) of integral powers of ¢ . This fact, together
with 10.6, clearly implies (a) and (d); using again 9.13(b) we see that (b) holds
also. The corollary is proved.

10.8. The previous result shows that the coefficients pz in the identity

o ¢
Vo = ch e
c
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are (as elements of A ) formal Z-linear combination of integral powers of ¢ .
On the other hand, from 5.12 we see that the structure constants of the alge-
bra K with respect to the basis (yé) are (as elements of A) formal Z-linear
combinations of integral powers of g. From these two facts it follows that
(a) the structure constants G(c, ¢, c¢') € A of the algebra K with respect to
the basis ()7:) are formal Z-linear combinations of integral powers of ¢ .
Here

(b) Jude =Y Gle, ¢, ).
C

(See 9.5.) Now let Z(c, ¢, c¢’) € A be the structure constants of the algebra
U™ with respect to the basis £°. Thus

(C) gc gc” _ Z?(c, C, , c//)gc.
c
Applying the homomorphism I' to (b) and using 9.13(c), we have
(d) d(c )+d(c”)+S(d")+S(d") 'K ()& K u)g Z Gle, ¢, ) LA O+S@ g ’

where d, d’, d” are the i-homogeneities of ¢, ¢, ¢” respectively. Since
gc K(dll) - va(d/l)gc

we see from (c) and (d) that

with m=3, d,dj"zjau ,
(e) Zc,d,d)= vMG(c, ¢,
where
M=d(c)-d(c)-d(c")+Sd)-Sd)-S@d")-m

With this notation, we have the following result.
Theorem 10.9. (a) Any structure constant G(c,c ,c') € A of the algebra K
with respect to the basis (i}é) is a formal linear combination with integer, > 0
coefficients of integral powers of q .

(b) Any structure constant Z(c, ¢, ¢") € A of the algebra U* with respect to

the basis B (consisting of the elements &€°) is a linear combination with integer,
> 0 coefficients of powers of v with exponents of a fixed parity.

(a) follows immediately by combining 10.8(a) with 9.5(a),(b). Now (b) fol-
lows from (a) and 10.8(e).

Corollary 10.10. Let £ € B, let i €[1, n] andlet N € N. Write
EVg=5"M.&, EEM = M.&

(sum over &' € B) with M., Mé, € A. Then, for each &' € B, Mg is a
linear combination with integer > 0 coefficients of powers of v with exponents
of a fixed parity; the same holds for Mi, .

Indeed, EfN)
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Corollary 10.11. The action of EfN) on the U-module L, is given by a matrix
(with respect to the canonical basis B[d]) in which any entry (in A) is a linear
combination with integer > 0 coefficients of powers of v with exponents of a
fixed parity.

11. THE CYCLIC QUIVER

11.1. Consider the oriented graph with vertices {1, 2, ..., n} and oriented
edges n—->n—-1,n-1-n-2,...,3—-2,...,2—1,1—-n. Wecall it
the cyclic quiver. Then we can define a category of modules MQ associated
to this quiver just as in 4.1. As in 4.2, each module in M Q has a well-defined
dimension in N”. We shall be interested in the full subcategory M °0 of MQ
consisting of modules (V}, j;j) such that lefsz"'fn—l,n-z wnetfin VI —
V, is nilpotent. (This is equivalent to the condition that f,--- fn ne1finfor :
V, — V, is nilpotent.) Let k' < k be two integers. We define a module
V(k', k) € M°Q as follows. By definition, V(k', k), is the F-vector space
with basis {b(i, h)|k' <h <k, h=imod n} (1<i<n);we define a linear
map f; ,_, : V(K', k); = V(K', k),_, by f, ,_\(b(i,h) = b(i-1,h—1).
(Here, i — 1 is interpreted as » in the case where i =1 and b(i— 1,4 - 1)
is interpreted as 0 if A = k'.) It is clear that V(k', k) is an indecomposable
module in M°Q and that V(k', k) = V(k;, k,) if and only if k| = k' +mn,
k, = k+mn for some integer m . One can also verify that any indecomposable
module in M°Q is isomorphic to some V(k', k). The simple modules are
V(i,i) (1<i<n).

11.2. We can associate to our quiver some vector spaces E; with Gj-action
(d € N"), as in 4.16. Each point of E; defines a module in MQ. The
points of E; for which the corresponding module is in M °Q form a closed
subvariety Eg of E,, stable under G,. The action of G; on Eg has only
finitely many orbits (called strata); they are in 1-1 correspondence with the
isomorphism classes of modules in M %Q of dimension d; hence they can be
parametrized by sequences of positive integers (¢, ,) that specify how many

times an indecomposable module V(k', k) appears in a given module.
The following result is a common generalization of results in [L4, Z].

Theorem 11.3. The closure of any G, orbit in Eg is locally isomorphic to the
closure of an affine Schubert variety of type A, _, where N=d +---+d,.

The proof will be given in 11.4, 11.5.

114. Let d = (d,,...,d,) e N" andlet N =d,+---+d,. Let L be an
N-dimensional F((¢))-vector space. A lattice in L is a free F[[e]]-submodule
of rank N of L. We fix a sequence of lattices

’ZD’%D"'D“ZI
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in L such that £ D &%, dim(¥/¥ ) =d;, for i =1,...,n—1 and
dim(.Z, /e.#]) = d, . (Dimensions are always taken over F .)
Let Z be the set of all sequences
‘/[1 ) ‘%2 Deer D ‘/Zn

of lattices in L such that ./Z, D e#,, #, C .Z, forall i and dim.Z/#, = d,
forall i.

For example, the sequence .25 > .%; D --- D %, D& belongsto Z. It
is clear that Z is in a natural way a projective variety over F. We fix an
F-subspace P of .9”1 with a direct sum decomposition P = G};;l P, such that

dimP, =d;, £ =@]_P,® (D n 11 & F;) for i€[l,n].
Let Z' be the subset of Z defined by the condition
(a) M, ®P, =2 foralli.

It is clear that Z’ is an open dense subvariety of Z. An F-subspace M; of
-Z satisfies (a) precisely when it is the set of all vectors of the form

' i h
Z ¢:)j(p0j) + Z d’hj(phj) - Z pOj - Z € phj
i<j<n 1<j<n;h21 i<j<n 1<j<n;h>1
where p,; runs through Pj (h>1or h=0 and i< j), d)ﬁu : P}. — P, are
fixed F-linear maps defined for #>1 or /=0 and i < j and ¢;U. =0 for

large 4. (Note that the ¢2 ; are uniquely determined by .#; .)
The condition .#; D> .#,_, (for subspaces satisfying (a)) can be written in

terms of the coordinates qS; I ¢Z1 as follows:

(b) Sy =00 ¢y, (h21,2<i<n),

(©) $o, =0y by (2<i<j<n)

The condition that ./#, D e, can be written in terms of the coordinates ¢,l, i
¢, as follows:

(d) ¢;j=¢’;|¢;l,_]yj (h 22)’
(e) ¢ =y, (22),
(f) Sr =1y, (1)

Hence we may identify Z' with the space of all sequences of linear maps ¢2 I
P, — P, (h>1or h >0 and i < j) satisfying the relations (b)-(f) above.
(Note that the conditions &, C #; are automatically satisfied; they follow
from the conditions .#, D .4, > --- D #, D e#, .) From (b) we have

(v') B =00 10 122" Bon B, (R 1),
J J
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From (c) we have
' ; 41 - o
(C/) ¢:)j=¢£),i+l¢:;:i+2”'¢6j : (1 i<]J Sn)
Note that (b),(c) are equivalent to (b’), (c'). From (d) and (b’) we have

n n 1 ,2 -1
¢hj = ¢, 802003 " '¢gn ¢:—l,j (h22).
Hence (d) may replaced by the condition
n—1,h—1 n

1,2
¢;:j = (¢71¢02¢03 o '¢0n ) ¢,‘j (h 2 1)-
Similarly, (e¢) may be replaced by the condition
12 i—1 .
¢r1'j = ¢'1'1¢02¢03 T ¢(j)j (] > 2)-

Thus all variables can be expressed in terms of

n 1 2 n—1

P15 Poz> Po3> -+ > Pon

and the equations (f) are in terms of these variables the identities expressing

that (¢'l'l¢(])2¢§3 B ')hd);'l is equal to itself. Thus (f) is a consequence of
(b)-(e). Note that
n—1,h—1

2
() S = (61,802003 b0 ) B1 (B2 D).
For large h we have qb;:l = 0, and hence from (g) we see that the right-hand
side of (g) is O for large (h); it follows that ¢}, ¢p,0e; -~ Pnr : P, — P, is

n
nilpotent. We have thus defined an isomorphism of algebraic varieties between

Z' and the set of sequences

S0z B3+ -2 Gon - 1)

of linear maps P, - P ,P,—P,,...,P - P _,,P — P, respectively such
that ¢'l’l¢(l)2¢(2)3 ‘e d)gn— b, P, — P is nilpotent. But this set of sequences may be
clearly identified with Eg . Hence we have defined an isomorphism
(h) Z'=E,.
11.5. The group & of all F((¢))-linear isomorphisms L — L that map each
-Z, onto itself acts naturally on Z . It has finitely many orbits; the closure of
any orbit is an affine Schubert variety. We now give an explicit description of
the orbits.

If #4,>M,D - DM, isapoint of Z, we consider the linear maps induced
by inclusions:

A A4

and the linear map ./ #, — £, /#, induced by multiplication by ¢. The
collection of these maps clearly defines a module in M %Q. This gives a map
from Z to the set of isomorphism classes of modules in M°Q of dimension
d. The fibres of this map are called the strata of Z . They coincide with the
orbits of & on Z . It is clear that the intersections of the strata of Z with Z’
correspond under 11.4(h) to the strata of Eg described in 11.2. Since Z' is
open, dense in Z , we see that 11.3 follows.
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Now using [KL2] we deduce

Corollary 11.6. The local intersection cohomology of the closure of any stratum
of Eg vanishes in odd degrees. Its Poincaré polynomials are given by some of
the polynomials of [KL1] for an affine Weyl group of type A, _, .

11.7. Let E be an N-dimensional complex vector space with a given semisim-
ple automorphism s. Fix a nonzero complex number {. Let P be the vector
space of all endomorphisms & : E — E such that s¢ = {s. Let P, be the set
of all elements of P that are nilpotent. The centralizer of s in GL(E) acts
on P, with finitely many orbits (strata). If { is of infinite order, the strata are
known to enter naturally in the representation theory of the affine Hecke alge-
bra with parameter { (Deligne-Langlands conjecture). In this case, it follows
from [Z] that the closures of the strata are locally isomorphic to usual Schubert
varieties. In the case where {" = 1, it follows from 11.3 that the closures of
the strata are locally isomorphic to affine Schubert varieties. (The case n = 1
is treated in [L4].)

12. COMMENTS ON THE NON-SIMPLY LACED CASE.

12.1. The discussion in [R] applies also to the non-simply laced case. We
present an alternative approach, which is adapted to the point of view of or-
bits and perverse sheaves. Assume that we are given a connected simply laced
Dynkin graph and an automorphism 7 of it that keeps fixed at least one vertex.
Then 7 acts naturally on R* and its set of orbits may be regarded as the set
of positive roots R"* of a non-simply laced root system R’ . We choose an ori-
entation Q of our Dynkin graph with the property that  is invariant under
1. If d=(d,,...,d,) € N", we define 7(d) = (@y1ys - dymy) € N". (We
identify 1, ..., n with the vertices of the Dynkin diagram.)

Consider the vector space E; (asin 4.16) over F , an algebraic closure of the
finite field F,. We define an isomorphism 7:E; = E q as follows: if (f;;) is

a point of E,, its image under 7 is (f:j) €d,, where ij = fr(i),r(j) : Fo%0 -

F%u for any [ — j in Q. This isomorphism commutes with the standard
Frobeniusmapon E;, E a) (defined by raising the obvious coordinates on these
vector spaces to the gth power). Similarly, we have an obvious isomorphism
1:G, = GT( a0

Assume now that 7(d) = d. Then 7 : E; = E; is an automorphism of
finite order that commutes with the standard Frobenius map on E,. Hence the
composition of 7 with this standard Frobenius map is a new Frobenius map Fr
on E,. Moreover, the composition of 7: G, = G; with the standard Frobenius
map of G, is a new Frobenius map Fr on G,. The natural action of G; on
E, is clearly compatible with the new Frobenius maps. We now define Z,T (as

in 9.2) to be the vector space of all functions on E:' with values in (_2, that

are constant on the orbits of G: ". We define .Z" to be the direct sum of all
ﬁf where d is subject to 7(d) = d. We can define an algebra structure on
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Z" just as in 9.3 (using the new Frobenius maps instead of the standard ones).
Then Z" has a basis consisting of the characteristic functions of the various
orbits which are stable under Fr. These orbits are in 1-1 correspondence with
the functions R* — N that are constant on the orbits of 7 on R*, hence also
with the functions R* — N. From this algebra one can then recover the +
part of the quantized enveloping algebra corresponding to the non-simply laced
root system R’ just as in 5.7.

12.2. It is likely that most of the results of this paper extend to the non-simply
laced case.

13. COMMENTS ON FOURIER TRANSFORM

13.1. We preserve the setup of 9.1. In addition to the orientation Q, we con-
sider another orientation Q. Let S be the set of arrows i — j of Q such
that j — i is an arrow of Q' and let T be the set of arrows i — j of Q such
that i — j is an arrow of Q'. We shall denote by E;, Z;, %' the objects
defined like E;, Z;,Z but in terms of Q' instead of Q. We define

E, s = @ Hom(F*, F*)
i—j
sum over all arrows i — j in S and
E,r=® Hom(F%, F%)
i—j
sum over all arrows i — j in T. We have canonical isomorphisms
~ / ~ *
E;=E; s®K, 1, E;=E; s9FE 1,
which are compatible with the natural actions of G,. Let f be a function on
the set of rational points of E; with values in 6, . Its Fourier transform f is a

function on the set of rational points of E; with values in 6, defined in terms
of a fixed nontrivial additive character 6 : F, — Q, by

fle, +ey) =g ™52 3" g(e,, €)) fle] +e,)

’
€,6,

where e, e; , e, denote Fq-rational points of E; s E;,s s Eg 1 respectively
and (e, e;) is the canonical pairing E; s % E;,s — F. Themap f — [ is
compatible with the action of the group of rational points of G, ; hence we get
an isomorphism 7, = %’ . One can show that this is almost compatible with
the convolution operation on %, %" in the sense that

f/:\ " _ qZ,_,<d{d}'—d,'d!’>/2 ‘I*f'//
forany f e %, [’ € Zy+ , where [ — j runs over all arrows in S.

This explains why the algebra .7 is almost independent of the orientation
(it is really independent of the orientation if one takes its semidirect product
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with U‘? ). Moreover, Fourier transform does not preserve the characteristic
functions of orbits but it does preserve the characteristic functions of the corre-
sponding intersection cohomology complexes. This explains why U* has many
bases of PBW type, and one canonical basis B.

[BBD]
[BZ]
[BGP]

[B]
[DK]

[DL]
[G]
[KL1]
(KL2]
[L1]

[L2]
(L3]

[L4]

[R]
[Z]
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