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HILBERT TRANSFORMS AND MAXIMAL FUNCTIONS
ASSOCIATED TO FLAT CURVES ON THE HEISENBERG GROUP

ANTHONY CARBERY, STEPHEN WAINGER, AND JAMES WRIGHT

INTRODUCTION

Suppose for each x in R" y(x, t) is a smooth curve in R" with y(x, 0) =
x. For f € C;°(R"), we define the Hilbert transform and maximal function
associated to y(x, t) as

1
Hf(x) = p.v./_]f(Y(x, 1)

and
A f(x)= sup +[F1f(r(x, D))dt,
0<h<1

respectively.
We are interested in L? estimates for Hf and .# f. If y(x, t) satisfies an
appropriate curvature condition then

(1) WH A < AN s l<p<oo,
and
(2) 4 fll e < AN SN ps s 1<p<oo.

See [C1] and [CNSW].

We are interested in obtaining estimates (1) and (2) above for curves y(x, )
for which the curvature condition fails. There are a number of papers dealing
with this question if y(x, t) is of the form

3) y(x, ) =x+1I()

where I'(¢) is a fixed curve. See [CYWWA] or [CZ], for example.
In this paper we shall consider certain curves y(x, t) which are not of the
form (3). In fact these curves will be curves on the Heisenberg group, that is

we take a fixed curve I'(¢) in R’, and for x in R’ we set
y(x, ) =x-T"' (1)
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142 ANTHONY CARBERY, STEPHEN WAINGER, AND JAMES WRIGHT
where F'l(z) = -I'(¢), and
(X1 Xy, X3) - (V)5 Vs ¥3) = (X, + V15 Xy + Yy 5 X3+ V3 + 3(X, 7, — ¥, X))
Then .
-1
Hf(x) = pv. / ST
and i .
A f(x)= sup 4 [’ 1f(x-T7 (1))ldt
0<h<l1

where the multiplication is the Heisenberg group multiplication described above.
We shall take I'(¢) to be of the special form

T(t) = (¢, y(£), ty(t)), for t>0.

This allows one to write I'(¢) as

(4) I'(t)=6(t)v for t>0
where v = (1,1, 1) and
(5) 6(t) = diag(t, y(2), ty(2))

are not only linear transformations on R? , but are also automorphisms of the
Heisenberg group. It turns out that the appropriate curvature condition alluded
to above will be satisfied exactly when y”(z) does not vanish to infinite order
at 1 =0. So we shall be interested in the case y’(0) =0 forall j.

Our results are expressed in terms of the functional

ty" (1)
6 Alt) = .
(6) 0="r
Note that () transforms well under scaling. That is if y, ,(?) = ay(b1),
t)’” b(t)
A, ()= =~ = A(bt).
a.b Vé,b(t)

Main Theorem. Suppose for t > 0
L) = (¢, (1), t2(2))

with y(0) = y'(0) = 0, where y(t) is a convex curve in C3([O, 1]). Assume A(t)
is decreasing and positive on (0, 1].
Furthermore assume

. tﬂ.,(t) + _
(7 %1\1‘13 20 log" A(t) = 0.
Then
(8) I flle < COWNApe s l<p<Loo,

and if T(t) is extended for negative t to be an odd curve,
9) NH Sl < CONAlL> 1<p<oo.
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Remarks. The hypothesis of the main theorem seems rather technical, however
it is straightforward to verify the hypothesis in examples such as

y(t) =exp(~7), or y(t)=exp(—exp (7)), etc....

We will actually prove the theorem for curves I'(¢) = (¢, y(¢), ty(¢)) in a
slightly more general setting. That is we will take the group law in R’ to be

(X15 Xy X3) « (V15 V05 V3) = (X, + V5 X + V5, X3+ Y3+ B(X Y, — Y1 X))

where x = (x,, x,, X3), Y= (¥, V;,V3) € R® and B e R' with B #-1,and
consider y(x, t) = xI! (¢) with the above multiplication. However for general
B, we need to assume in addition that A(¢) tends to infinity as ¢ tendsto 0. It
will be evident that our proof does not directly apply to the case f = —1. Note
that for f = 0, we are in the setting of (3), y(x, t) = x — I'(¢) ; the Euclidean
translation invariant case. One reason for studying these more general curves is
that results for these curves easily imply results in R’ . More specifically when
B =1, we can use the diffeomorphism ¢(x,y, z) =(x, y, z+ xy) on R’ to
obtain L’ estimates for the Hilbert transform and maximal function associated
to the curves

PWx,y,2),)=(x—-t,y—y), z—2xy(1)).

This in turn implies that the estimates (1) and (2) hold for the plane curves

x,y,0)=(x—t,y—xy()

when y(¢) satisfies the hypothesis of the main theorem.

Since our basic operators do not commute with translations, the use of the
Fourier transform does not seem to be a viable tool as in [CYWWA] or [CZ].
Instead we use ideas developed in [NSW], [C2], [RS] and [CVWWW]. Also we
need to make use of a generalization of the space of homogeneous type as in
[CW], developed in [CVWW].

1. IDEA OF THE PROOF

We will only give the proof of the estimate for the maximal function. The
proof of the estimate for the Hilbert transform is similar. See [CVWWW],
where the necessary modifications in the argument are explained. We set

2—k+l

Mfx) =2 [ soe T oyt

Mf(x)= igglef(x)!-

It is not hard to see that .# f(x) < CM f(x) for f > 0, and hence it suffices
to show

IMAll < COIISl L l<p<oo.
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Let A4, denote 6(27%), and f(x) = f(4,x). Then
2-—k+l

M) =2 [* e e
2k
2
=/ fox -T2 0))de
1

= /2 (A4, x4, T 27 )t
1

-1
= fp xdu, (A4, x).
Here, for a test function g,

2
diy(g) = /] (47 T2 % 1))dt

2
- /1 g(T, (1))dt

where

T (t) = 4, 'T2 1) = (t

= (ta yk(t) > tyk(t)) N
Also for a Radon measure du,

frdu) = [ Sy duoy).
(More generally if du and dv are two Radon measures,
dvrdu(n) = [ [ £z-y)dvz)duty))

Let d u,: be the measure defined on test functions g by

y27*) y(z"‘w)
b _k ,t _k
y27F) 7 2

~1

. 2
dil(g) = /l 2(T; ().

The operation f — f*dpu, isthe adjoint of f— fxdpu, .
The essence of the proof of the main theorem is to show that

du, xdu, *dp, «du,
hasan L' density p, With a certain amount of L' smoothness. Note that
Sk * * * -1
In fact we shall show that du, »du, xdu, dy,: has a density p, and that
(1.1) P ="Pk1t Pr 2>

where for some ¢ >0

(1.2) [ 1969 = by s (0)ldx < CH
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whenever |y|| < &, and

(1.3) [ 10ea-2) = by s0ldx < CH

whenever ||y|| < A. Once we prove (1.2) and (1.3) we can follow the general
ideas of [C2] or [RS] to complete the proof of the main theorem.
Now if f is a test function,

du, *duk xdu, dﬂk ia)

/ / / / SIT(s) T (1) - T (w) - Ty (w))dsdtdudw.

As in [C2] and [RS], we will divide the region of integration into a number of
parts. In each part we will fix one variable and make a change of variables in the
other three. Suppose for example we are in a region where we fix ¢. Consider
the mapping

0,(s, u, w) =T(s)- Ty (1) - T, () - Ty (w)

which maps R’ into the Heisenberg group, and make the change of variables
(1.4) x=g,/s, u,w)

in the integral. The new difficulty that arises is that we have no uniform control
over the size of the derivatives of ¢,. So for example it becomes difficult to
estimate the size of sets on which the transformation (1.4) is one to one. Also

formally, one finds that the density p(x) is 1/ |J¢ (w,_l(x))l where J, denotes

t
the Jacobian of ¢,. Thus to estimate the smoothness of p(x), one would like
to have estimates on the derivatives of ¢, which are not available.
Our basic idea is to divide the cube

Q={(s,t,u,w)eR*|1<s,t,u,w<2}

into two parts. One part will have small area. On this part we will largely
follow the argument of [RS] and use the fact that the area of this part is small
to overcome the lack of uniformity in the control of the size of the derivatives
of ¢,. On the other part we make a suitable approximation to the Jacobian
of ¢, J% , so that we may directly calculate that the argument of [CVWWW]

applies.

2. THE MAIN ESTIMATE—SOME PRELIMINARY SPLITTING

We shall assume A(¢) tends to infinity as ¢ tends to 0. If A(¢) stays bounded
the proof is much easier for certain f, including # = 1/2. A monotonicity
argument is needed which is not valid for general f. Furthermore since we
are only concerned with what happens for ¢ small, we shall assume A(¢) is
arbitrarily large. We proceed to the proof of (1.1), (1.2) and (1.3) above.



146 ANTHONY CARBERY, STEPHEN WAINGER, AND JAMES WRIGHT

For a test function f
du, * du,: xdu, d,u,:(f)
- / FTL() -T2 (1) - T () - T (w)dsdtdudw
Q

= [ flo(s,t, u,w))dsdtdudw
o}

+/ flo(s, t, u, w))dsdtdudw
9,

=6,(/f) +6,(/).
Here
Q={(s,t,u,w)eIR4| 1<s,t,u,w<2},
Q, ={(s,t,u,w)e Q|max{s, t, u, w} = max{s, t}},
Q,={(s,t,u,w)e Q|max{s, t, u, w} = max{u, w}},
and '

o(s,t,u, w) =T (s) - T} (£)- T (u) T, (w)™".
We shall show that ©, has a density p, , satisfying (1.2). Note that

6,(f) =/Q flo~ (s, t, u, w))dsdtdudw

and so

0,() = [ 167y (0
= [ 1699167 Hax.

Thus p, ,(x) = pk’l(x_') and so (1.3) follows from (1.2). Therefore we shall
only prove (1.2).
We now divide Q, into four parts, O, = R,UR,UR;UR,,

R, ={(s,t,u,w)e Q,|max{s, t} =s, u<w},
R,={(s,t,u,w)e Q, | max{s, t} =s, w<u},
Ry={(s,t,u,w)eQ |max{s, t} =1, u<w},
and
R,={(s,t,u,w)e Q, |max{s, 1} =1, w <u}.
We will discuss in detail the contribution to ©, from integrating over R, .

The contributions from R,, R, and R, are treated similarly. Roughly the dif-
ference is that in treating R, and R, we fix t, 1 <t<2,and make a change
of variables x = ¢ (s, u, w) = ¢(s, t, u, w) from R’ to R*. In R, and R,
we fix s and consider the change of variables x = ¢ (¢, u, w) = ¢(s, t, u, w).
In R, and R, we make different approximations to the Jacobian of ¢,. Simi-
larly we use different approximations to the Jacobian of ¢ in R, and R,. It
will be clear what modifications to make in the Jacobians.
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We must now analyze

/ flo(s, t, u, w))dsdtdudw
Rl

= /2 {/ flo,(s,u, w))dsdudw}dt
T W 10))

R(t)={(s, u,w) eR’| (s, ¢, u, w) € R,}.

where

8'(f) = / F(o,(s, u, w))dsdudw.
R(t)

Clearly it suffices to show that ©' has an L' density p, such that 1.2) holds
uniformly in ¢.

3. THE BALLS
We begin by dividing R(¢) into three regions. We set
(3.1) P(s,u,w)=s—-w+ p(w—s+ 2t - 2u).

The significance of P, is the set where our approximation to J vanishes is

precisely when P, = 0. We should remark here that in the reglon where the
variable ¢ is the largcst (and thus we fix s) and w < u, the above polynomial
is

P(t,u,w)y=t—u+B(t—u)
which vanishes identically when g = —1. Therefore our approximation to J

will not hold in this region and so a different argument is needed in this case
Now let C be a large constant to be determined later. Set

—k
Q,‘c={(s,u,w)eR(t)Iw—u2C%%—u—)’
(3.2) @ :
and |P(s, u, w)| > C,l(z_ks)} ,
log A(2
(3.3) Qi={(s,u,w)eR(t)|w- _C—o%:r;)i)

and J%(s, u,w)# 0} s

and
log (2 % u)

: Q = -
(3 4) k {(s,u,w)eR(t)lw u>C ,1(2‘ku)

c
P(s,u,w) < and J (s, u,w)#0;.
| < S md ) }
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Let X denote the hypersurface

N Clogz(zk“"u)
A27%)
and Y denote the hypersurface
1
A27ks)”
Once we show the measure of the zero set of J 9, is zero, we shall have an
essential decomposition of R(t),

R(t)=QuQUQ.

|P(s, u, w)|=C

Our first type of ball is derived from a Whitney decomposition of Q,lc . Asin
Stein, [S], we find cubes O, , such that

(3.5) Q. =0, ,,

(3.6) diameter(Q, ,) = €2~

for a suitable €, >0,
"y,

(3.7) 7t < dist(center of Q, , , boundary of Q,lc) <27
There is a constant C so that no point is in
(3.8) more than C of the Q),. Here Q) is the

cube with the same center as Q,, and having a
side length twice as large.

Since Q,l( is bounded by a finite number of smooth hypersurfaces, it is clear
that
(3.9) for a given ¢, the number of cubes Q,, is at most Cc2®.

Our second type of ball will be contained in Qi .For p=(s,u,w)e€ Q,zc
and € > 0 small, set

|7, (p)I
3.10 —e—2 " _Ap),
(3.10) r,(p) CVZ(S)VL(w) (p)
|7, (p)|
3.11 —e——2 — Ap),
(3.11) ry(p) ey’,‘,(w)y;c(s) (p)
and
J
(3.12) ) = et P50,

Yy (W)7,(8)
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where
A(p) = (s — t)(w — u) dist(p, X) dist(p, Y).
We then form balls
D(py) = {(s, u, w) | sy —r (py) <5< 55+7,(Dy) s
(313) wo""z(Po)Swao-Hz(Po),
Uy —ry(py) Su<uy+ ry(py)} s

and the corresponding doubles

D™ (py) = {(s, u, w) | s, — 2r,(py) < 5 < 55+ 2r,(Dy) s
(3.14) wy — 2ry(py) < w < wy + 21,(py),

: Uy —2r;(py) Suu,+ 2r3(p0)}.

We define a third type of ball for Qi . For p e Qz , we set

|7, ()l
3.15 P —e——
(3.15) F,(p) eyﬁ(s)yi(w)A(p)’
|7, ()|
3.16 F —e— 07
(3.16) B(p) = € s AP),
and
|7, (p)|
3.17 F.(p) = € —2——A(p).
(3.17) Py(p) = € A)

If py=(sy, Uy, Wy) € Q,i , set
G(py) = {(s, u, w) | 55— F1(pg) <5 < 55+ F1(Py) 5
(3.18) wy — F(py) < w < wy + Fy(py)
Uy — F5(py) < u < ug+F3(py)}
and the corresponding doubles
G*(po) ={(s, u, w)| So — 27](1’0) <58 +2’~'1(po),
(3.19) Wy — 2Fy(py) < w < wy + 275(py)
Uy — 2F3(py) Su<uy+ 2F5(py)} -

If py = (S, thy> W,) € Q,, C 2, let

(3.20) B(py) = Q;,-
If p, e Qi , let

(3.21) B(p,) = D’ (py),
and finally if p, € Qz , let

(3.22) B(p,) = G (py)

149

So {B(p,)} covers all of R(t) except perhaps for a set of measure zero. We
shall prove that we can find a good partition of unity of R(#) subordinate to a
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subcollection of the balls {B(p)}, and that ¢, is one to one on each ball B(p).
Note that if ¢, is one to one on B(p) and y is supported in B(p),

/'/’(S, u, w)f(p,(s, u, w))dsdudw
-1 1
= —_ dx.
v, T

Thus we will have a contribution of

K(x) = (o] (x)) ——

17, (9, ()

to the density p,. In order to prove (1.2) we will have to estimate LK (x),
where L, = 5‘1—1 - ﬂxzz,%; , L, = [,372 + ﬁxlﬁs— and L, = 5‘1’% are left invariant

vector fields on the Heisenberg group. By left invariance we see that

a .
LK) = (KG9, =123
Since we know explicitly what K(x) is in the (s, u, w) coordinates, it will
facilitate matters to express the above differential operators in the (s, u, w)
coordinates. To do this let (s,, %,, w,) € B(p) be a point in the support of y
and consider the mapping

-1
f(s,u, w)y=9, (55, 4y, Wy) - @,(s, u, w)

which maps diffeomorphically a neighborhood of (s;, %,, w,) onto a neigh-

borhood of the identity of the Heisenberg group. Therefore the differential of

f -l d f _1) , maps the tangent space at the identity of the Heisenberg group

to the tangent space at (s,, ¥, w,) of R?. We are interested in the image of

the tangent vectors ‘.,—";f|y_0 , j=1,2,3, under the mapping d(f~'). By the
~ly=

chain rule we can express d(f ") (5"’;—_ y=0) as
J

iy o 8
(3.23) ((f Ve, (5,5’6—5) sy, 05/

where (f_l)' denotes the Jacobian matrix of f_1 , ¢ =1(1,0,0), e, =
(0,1,0) and e, = (0, 0, 1). Note that

d(f)(sy, Uy, wy) =dL -1 0d(9,)(sy, Uy, W)

where L - is the operation of left multiplication by x'= », l(so, Uy, Wy)
on the Heisenberg group. Therefore the Jacobian matrix for f at (s, 4, w,)
is
1 0 0 )
Z(sy, g, wy)=1| 0 1 0| 9,(sy, 1y, wy).
Bx, -Bx, 1
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Here (x,, x,, Xx;) are the coordinates for the point x = ¢,(s,, #,, w,) . Finally

we see that (f') =& ~! and so (3.23) may be expressed as
(3.24)
8 o0 0

(@ i
d(f™) (5;7|y=o)=<(3 )" (59> g w) ('&"ﬂ’a—w) |ty 1) €10
J

Let us write
1 1

det?(g”) = "; : (g,'j)

where g, is the (i, j) cofactor of the matrix & . Thus we will need estimates

on ft‘-'f? and the corresponding derivatives. In order to obtain these estimates
we first need a few lemmas.

(.?—l)* —

4. SOME LEMMAS

In this section we derive some consequences of the hypothesis on 4.
Lemma 4.1. Let C, and 6 be positive. If 1 <w <2 and

log/I(Z_ku)
0 S w—-u S Co—m)——

then
A2 u) < ¥ w).

Remark. Recall that we are assuming that A is arbitrarily large and therefore
we may assume that k is arbitrarily large in what follows.

Proof.
A(Z u 27k (2
2w 22 %w) / T
From (7)
27k 275 - A27%r)
A27kr) logA(27%r)

for k large enough and r < 2. Thus since u > for k large,
o8 A(z'ku) <26 /w ,1(2"‘r) o
A(27 w) u logA(Z r)
A2 7% u)
log A(2 % u)
The lemma follows by exponentiating the last inequality.

<26 (w—-u)<2C,0.

Lemma 4.2. Let 1 < w < 2, and assume w — u > Co%z;——) Then for k

large enough
V(W)

A2 %S4,
()_[( “u)]
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Proof. Since y,’c is increasing and A4 is decreasing, we may assume w — u =

22
COE%_——) Then

’

yk('ll))
& Ve (1)

= [T % 2 e ww - w

_ C -
> %A(Z W (w —u) = 2 logA(2 )
by Lemma 4.1 if k is large enough. The result follows now by exponentiating.
Lemma 4.3. Suppose 1 <w < 2. Then

e(w)
) 2 2/1(2 “w).
Proof.
7 (w) =/“’ %) 4,
Yew) Jo v (w)
But
(w) -k, d —k
)—/, A2 T25/1(2 w)w —r),
which implies
)’k( ) pae wyw=r)
yk(w) -
So w
V/’((w) S/ e-—%(w—-r)).(2_kw)dr
Ve(w) 0
2 ®
S———T—/ e dt
A2 *w) Jo
_ 2
A2 *w)

which proves the lemma.

Lemma 4.4. There are positive constants C, and C, sothatif 1<t<2 and

t
t —

<t+

A27kn) = A2k’
then
(4.1) < jg::g <G,
(4.2) C, < zg:::; <G,
(4.3) C < y’l‘—(z;kr—) <G,
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and
727"
(4.4) G <G
Yk (27%)
Proof. To prove (4.1) note that it suffices to prove
(=)
— 2 <
A (t + ﬁ)
for ¢t small. First by (7),
A1) /'+r<% A (0)
log———— =— ——do
s IO

).(t+ﬁ)
t+ 1
56/ v }ia—)-da
{ g

where J > 0 is small if ¢ is small. Since ﬂaﬂ is decreasing, we may estimate
the last integral by 1 and so

At) <

A(t+7(‘7)) -

if ¢t is small. Therefore it suffices to prove

Alt— 5
) <

Set s = A(t) and 5’ = A(t—g5) = 2(27'(s) (1= 1)) . We will show that
s’ < 2s which in turn implies (4.1). The estimate s’ < 2s will follow from the
estimate A~'(25) <A7'(s") or

e <7 (-1,
But from (7), ‘
A7N(s) _ o [F 1 1

— — ———do
A7 (2s) s XA (0) A (o)

> 1 / #1 do = 1

) s 0’2 - 20s
where > 0 is small if ¢ is small (hence s is large). Exponentiating this
inequality gives us

log

-k 1 1
< <]l=-—<]--
=€ <1 4(53—1 s

if § < % and s is large enough. This establishes (4.1).
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Ifr>s,
Yetn _ 12w 0w du
Y S YT
= / r,l(Z_ku)iuli < 2(r - A2 75s)
‘

log

A27%s) <cC
A27% ~

by (4.1) which implies (4.3). Next (4.4) follows from (4.1), (4.3) and the defi-
nition of A. Finally to prove (4.2) for r > s write

<8

yQ7F ) —y(27%s) = / ' 275 @ wdu <275 27 i - s).

Dividing by y(27%s) yields
A=k 1, ~n—k
My 7 C),
7(277s) 7(277s)
Then (4.2) follows from (4.3).
Lemmads. If1<u<s<2,

Ve (8) = 7, (u) > €7, (s)(s — u)
for some positive € .
Proof. We may assume 7, (1) > 1y, (s). Then

7 - = [ Y (dr

= IR Ndr > erl(u)(s - )

since we are assuming that A is bounded below. The proof is now complete
. / !/
since ¥, (1) > 1y,(s).

5. SOME ESTIMATES FOR THE JACOBIAN OF ¢,
AND APPLICATIONS TO r|, Iy, I3, F;, F,, AND F;

If a =(a,a,,a,;) and b = (b, b,, by) are two vectors in R®, then we
define [a, b] as the vector

[a, b]= (0,0, a;b, - b,a,).
With this notation
g, (s, u,w)=T(s) =T (6) + T (u) - T (w)
(5.1) + BT (s), =T () + T (u) = T (w)]
+ BI-T (1), T (w) = T (w)] + BT (), =T (w)].
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Recall from the end of Section 3 that J, (s,u,w)=detZ(s, u, w) where

1 0 0
GGs,u,w)y=1{ 0 1 0 ¢:(s,u,'w).
Bx, —-Bx, 1

Here x = (x, x,, x;) = ¢,(s, u, w) . A calculation shows

(5.2) Z(s,u,w)=
T (s) T () ~Ty(w)
( +BIT(5), T (s)] +BI(w), T (w)]  +BITi(w), rk(wn)
+2BIT4(s), —T (1) + T (w) = T (w)]  +2B[Ty(u), —Ty(w)]
and
do 71
(5.3) (s, u,w)=| 7.(s5) 7)) -y (w)
A C -D
where
(5.4) A= (57,(5) = B(7L(5) = 7.(5)) + 2B(=7, () + . (w) — ¥, (w))

- 2B(=t + u—w)y,(5),

(5.5) C=(up, (W) — Bluy,(w) — v, (w)) + 2B (wy, (u) — y, (w)),
and
(5.6) D = (wy, (w)) — B(r,(w) — wy (w)).

Using the formulas (5.3), (5.4), (5.5) and (5.6), a computation gives the
following lemma.

Lemma 5.1. For (s, u, w) € R(¢),

(5.7) 17, (55 u, )| < Cr(8)7(w),

(58) |20,)| < cHismw),

(59 | 200,)| < A +w),
and

(5.10) 5%(]%) < Cy (W), (s).

We now turn our attention to estimating J, from below.
1
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Lemma 5.2. For 1 < u < w < 2, there are three functions s,(u, w), s,(u, w)
and sy(u, w) such that for (s, u, w) € R(t),

[, (5, 1, w)] 2 €7, (8)7, (W) (w = w)ls = 5,Is = s,lls = 53]
for some € > 0.
Proof. For a fixed (u, w), u <w, consider

f(s) = J%(s, u,w).

Expanding (4.3) on the first column, we see that
f(s) = a(u, w)+ bu, w)y,(s) + (7 (w) = 7, () ((B = s (s) = (B + 1)y, (5)).
Consider the case f # 1. Then

FO\ oo
(5.11) (VL'(S)> = (7 (w) = 7, () [(/3 1) 2(1(2_,(3))].

Since ,
( s _ 1 2Rsaehs)
A27%s) A27ks) a2k

is arbitrarily small by (7) and the assumption that A is large, we see that
£'(s)/7,(s) is monotone and thus f'(s) has at most one zero, s, = s,(1, w),
and f(s) has at most two zeros, s, = 5,(u, w) and s; = s55(u, w). We will
assume that ' has one zero and f has two zeros with s, < §; < 55, otherwise
the proof is easier. From (5.11), we have

19 2 € (w) = 7, ()7 (9)ls = 5]
for some € > 0. Suppose s, < s <s5;. Then

()] = / ® f(rds

> e (w) - 7w [ Py - s)dr

> €(7(w) = 7, (W) (7 (85) = 7 ($))(s — 5,)
and so the conclusion follows from Lemma 4.5. Next suppose s, < s. Then as
before

A6 > ehtw) = 7w [ - 5,)dr
> (7L (w) — 7, (w)) /j,r YA (r — 5,)dr
> £ () = 7)) (7405) = 75 (252) ) (s = )

and so the conclusion follows from Lemma 4.5. The case s < s, is treated
similarly. When S = 1, one can consider

(75) = (52)
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Then one can estimate the coefficient b(u, w) from below and proceed as
above. This concludes the proof of the lemma.

Now by Fubini’s theorem we have

Lemma 5.3. The zero set of J p has measure zero.
t
We now obtain another estimate for J¢ from below on Q,l( .
t

Lemma 5.4. For (s, u, w) € Q,lc ,

T, (s, u, w)| 2 377 (W)IP(s, u, w)l.

Proof. Expanding (5.3), we see that for (s, u, w) € Q,lc R
Jo (5, 1, w) = =1 ()7 (W)P,(s, u, w)
(5.12) + O (G () () + 7, (W) + 7, (5)73, (w))
i !
N Ve (8) (w)
=y, ()Y (WP (s, u, w)+@ | L2}
Yr(8)7x (w)P( ) ( R
The last equality follows from Lemmas 4.2 and 4.3. Since |P(s, u, w)| >

C }T(_ZlTs) for (s, u, w) e Q,lc , the desired estimate follows if C is chosen large

enough.

One consequence of the lemmas in Sections 4 and 5 are certain estimates for
the functions r,, r,, r;, 7, ¥, and F;.

Lemma 5.5. Let 6 > 0. Then if € in the definition of r;, r,, ry, etc. is
sufficiently small, and p = (s, u, w) € R(¢),

(5.13) r(p) =F(p) 35(5—1)1(2_,&9),
. 1
(5.14) ry(p) = r3(p) = F,(p) < 6(w — u)m,
and for p € Qz ,
N 1
(5.15) F4(p) < 0(w — u)l(2"ks)'

Proof. The inequalities follow easily from (5.12). In particular for p € Q,
we have |F,(s, u, w)| < C/A(27%s) and so (5.12) shows |J, (p)| < ch;%”@%
which implies (5.15).
Lemma 5.6. There are positive constants C, and C, suchthatif p = (s, u, w) €
Q} and qe D’ (p),
G
VAT
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Proof.

1
1, (@) = J, (0)] = l/o VJ, (ta+ (1 -1)p)- (9 - p)dz

1
SCr,(p)/o '%le(rq+(l —0)p)|de

1
+Cr2(p)/0 I%J%(‘rq+(l - 1)p)|ldt

dt.

1
+Cry(p) /o 91, (za+ (1~ 0)p)

Using Lemmas 5.1, 5.5 and 4.4, we see that

dt < Cry(p)7, (5)7 (w)
< eld, )

for € > 0 small. Similar remarks apply to the other partial derivatives of J¢
and we conclude that

1
no) [ |29, e+ (1= p)

17, (@) = 7, ()] < 417, ()

which implies the desired result by taking C;, =1 and C,=3.
Lemma 5.7. There are positive constants C, and C, such that if p € Qi and
g€G(p),

Proof. The proof is similar to the proof of Lemma 5.6. We should note that
forp=(s,u,w)eQ3,

—k
Clog A27u)

v A(27%w)

and so by Lemma 4.2,
¥ (1) < Cyp(w).
Therefore from Lemmas 5.1, 5.5 and 4.4,
~ 6 ~ ! !
o) | 57, (0)| < RO (w)
<elJ, (o)l

for € > 0 small and for any g € G*(p). The rest of the argument is the same
as in Lemma 5.6.
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Consequently, from the proofs of Lemmas 5.6 and 5.7 we have the following
estimates. For p € Q,Z( and g € D*(p),

0

(5.16) 21, @|n@ < cl, @,
(5.17) =, (@)| rp) < €1, (@),
(5.18) o, @)|r3(p) < CIJ, (@)
Also for p € Q) and g € G*(p),

(5.19) =1, (@)| () < C1, (@),
(5.20) 21, @| ) <, (),
(5:21) 2 1@ 52 < C1J, @)

Lemma 5.8. There are positive constants C, and C, such that if p € Q,Z( and
g€ D*(p),

<C,, Jj=1,2,3.

<C,, j=1,2,3.

Proof. Let p = (s, u,w) and g = (s,, u,, w,). Since r;(p) < é(s — 1) by
(5.13), it is clear that C(s—1) < (s, —t) < C,(s—1) for some positive constants
C, and C,. Similar remarks apply to w —u, dist(p, X) and dist(p, ¥) and
therefore we can find constants C, and C, such that

c < 4@

1= Ap) = ©

for ge D*(p) if p e Q,2c and g G*(p) if pe Qi . Furthermore by Lemmas
5.5 and 4.4 we have similar estimates for the functions y,'c and y,'('. Now
applying Lemmas 5.6 and 5.7 completes the proof of Lemma 5.8.

To end this section we will collect some of the estimates proved so far and
put them in a form which will be useful in proving the estimate (1.2). Recall

that to prove (1.2) we need to have estimates on —4? 5# where 8;j is the
'
(i, j) cofactor of the matrix & introduced at the end of Section 3.
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Lemma 5.9. For p=(s,u,w)€Q,, C Q,'(,

(5.22) dft‘f;‘z;) <c2t, j=1,2,3,

(5.23) g“(p)% (dei?) (p)‘ <c2¥ yl,:"l((ss))zﬁ(w),
(524 a5 (g2 ) @) < ¥ [E 0.
and

(525) 8?5 (g ) @) < €2

Forp € D*(p,) C &2,

(5.26) 2 )| < Cm,

(3-27) g“(p)as (dei?) l dit”z i
(5.29) g,z(mc% (ag:—?) w) < o5 |25 0]
30 ditl%(p)l N .(17)/1(21 s)’

and

(5:31) g”(p)aiw (dei?>( )' p) dz )
And for p € G*(p,) C .

(532 a0l < Crgy

(53 8103 (37 ) )| < C5 55 [amp )]
(5.34) a0 < Cgy

(535) 220157 (77 ) ) < O35 [ )]
(5.36) s 0| < Crgy i

and

(537) 85035 (g ) @] < Coy | o @)
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Proof. Using (5.3) we may write

,,(p) = Cy(w) = Dy, (u),

8,,(p) = Dy, (s) — Ay, (w),
and

8,3(p) = Ay, (1) — Cy,(s)

where 4, C and D are written out in (5.5), (5.6) and (5.7). For p =
(s, u,w)€ R(t), we easily see that

(5.38) g, < Cr(srnw),  j=1,2,3.
However by examining g,,(p), we actually have the estimate

|2,3(P)] < Cy(8) (7 () + 7, (w)).
Therefore if p € Q,lc @] Qi ,

7e(8)7,(w)
5.39 < CATe—
( ) |313(p)| < A(Z_k’w)
In fact for p = (s, u, w) EQ}cUQi’
—k
w—u> Clog/l(Zk u)
A(27u)

and so Lemmas 4.2 and 4.3 imply (5.39).

Now using the estimate from below on det¥(p) = Iy, (p) for p € Q,I(
obtained in Lemma 5.4, together with (5.38), gives us (5.22). In fact for
p=(s,u,w)eqQ,,, |P(s,u,w)> €27 for some € > 0. With these ob-
servations, (5.23), (5.24) and (5.25) follow from a straightforward calculation,
using (5.38), (5.39) and Lemma 5.1. Also from (5.38), the estimates contained
in (5.26), (5.28), (5.30), (5.32) and (5.34) follow directly from the definitions
of r,, r,, ry, etc. Estimate (5.36) follows in a similar fashion from (5.39). Fi-
nally (5.27), (5.29), (5.31), (5.33) and (5.35) are consequences of the estimates
(5.16)-(5.21). This completes the proof.

6. THE ONE TO ONE PROPERTY OF @,

In this section we prove that ¢, is one to one on each ball E(p).
Lemma 6.1. Let A, B, C and X be vectors in R®. Then
det(4, B, [X, C]) =det([4, B], X, C)
and
det([4, X], B, C) +det(4, [B, X], C) +det(4, B, [C, X])=0.

Proof. The proof can be established by direct computation.

Lemma 6.2. ¢, is one to one on each B(p).
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Proof. We shall show that ¢,(s,, u,, w,) # ¢,(s,, u,, w,) for any two distinct
points (s,, u,, w,) and (s,, u,, w,) in B(p). We will further assume s, # s, ,
u, # u, and w, # w, . If two of the coordinates of the distinct points are the
same, the proof follows trivially from the convexity of y(¢). Now

¢t(sl ’ ul ) w]) - ¢t(sza u2, 'w2)
=@,(s, up, w) —9,(s,, uy, wy)

(61) + ¢l(s2’ ul ’ w]) - ¢t(52’ uza w])
+ ¢t(32, uz, 'U)l) - (01(52’ U, wZ)
=I+I1+111
where

I=T,(s;) - T,(s,)

6.2
(62) T BITL(5,) - To(s,), ~Ty (1) + Ty(uy) — Ty (w1,
(6.3) 1T =T (u,) - T (u,)
' T BIT, () - Ty (4y), ~Ty(53) + To(f) = Ty ()],
and
6.4) 11 =T, (w,) - T (w,)

+ ﬂ[rk(wz) - rk(wl) s _rk(sz) + rk(t) - rk(uz)]-

It suffices to prove I, IT and III are linearly independent, and hence it suffices
to show that det(/, I1, II1)#0. Let a(s,, $,, U,, U,, w,, w)=det(l, I, III).
Then of(s, s, u,, u,, w,, w,) = 0 and so we may write either

afs,, Sy, Uy, Uy, W, W,)

6.5 2 fa
( ) = — ’ %:(S’sz’ul’uz’wl’wz)ds

or
s, Sy; Uy, Uy, Wy, W,)
(6.6) 2 fa

= (8,8, u, u,, w , w,)ds.

s, 05,

Furthermore, af(s,, s,, u, u, w,, w,) =0 so

oa
5g—(s,s2, u,u,w,,w,) =0
1
and
da
E’)T(S"s’ u,u, w,,w,=0.
2

Thus we may use the reasoning establishing (6.5) and (6.6) to write o as a
double integral involving
8%a 8%a 9%a or 8%a
ds,0u,’ 0s0u,’ 8s,0u, ds,0u,
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After one more iteration we find
a(s;, 8y, Uy, Uy, W, wz)

(6.7) —i/ // 35 6ub dsdudw

where each of a, b and ¢ can be chosen to be either 1 or 2. Thus it suffices to
show that for some choice of (a, b, ¢)
PE
Wdet(l, II, III) 75 0
in B(p).
The computation of m%ﬁ—é det(I, 11, III) is quite tedious, but can be

somewhat simplified using Lemma 6.1. In order to express the result we use the
notation thatif a=2, a'=1 andif a=1, @’ =2, and similarly with » and
¢. Then we find

33
(6.8) = J, (555 Uy W)

+ B det([T(s,) — Tye(s,), Ti(s,), Ti(wy), —Tye(w,))

+ B det(Ty(s,), Ti(uy), [(T(w,), Ty(w,) — Ty (w,))).

det(I, I1, III)

More explicitly,
3
g9
0s,0u, 0w,
(6.9) =Jp (855 Up> W)
+ B (5,)(5, = 52) = (7 (5,) = e (S ) (e (1) — 7 (w,))
+ B (w,)(w, — we) = (7 (w,) = 7 (W )) (Ve (S,) = Vi ().
Choose a and ¢ so that s, <s, and w, < w,, i.e., if 5, <s, choose a =2,
and if 5, <s, choose a=1. Thenif pe Q, C Q,’(,

det(I, III, II1)

8> det(I, I1, IIT)|
(6.10) 35,0000, |~ 1 (525 > Wl + E,
where
(6.11) |E| < C diam(Q, )7, (s,)7; (w,)-

Recall that for any point p = (s, u, w) € Q,,,

|P(s, u, w)| > €27 for some € > 0.

Therefore according to Lemma 5.4,

-t
[, (5> 4y W)l 2 €27 1 (5,) 7 (w,)-
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Now if we choose €, in the definition of Q,, sufficiently small, (6.10) and
(6.11) imply det(I, I1,1I1)#0 on Q,,.
Next suppose p = (s, u, w) € !2,2c . Then we obtain from (6.9),

8 det(l, I1, IIT)| _
(6.12) 55,000, l =17, (5,5 4y, w)| + E
where
(6.13) |E| < Cy,(s,) 7w )(r, (p) + ry(D)).
By Lemma 5.8,

|E| < cy;c(sa)y,'((wc)(rl (5,5 Uy, W) +1y(8,, Uy, w,)).
Hence from the definitions of r, and r,, (3.10) and (3.11), we see that

8%de(I, 11, IIT)
0s,0u, 0w,

(6.14) #0

on B(p) if € in (3.10) and (3.11) is chosen sufficiently small. The same rea-

soning gives (6.14) on B(p) where p € Qi. This completes the proof that ¢,
is one to one on each ball B(p).

7. A PARTITION OF UNITY

We wish to find a sequence of points p,, p,, p;, ... in R(¢), balls B(p,),
B(p,), ..., and corresponding functions y,, ¥,, ... which form a suitable
partition of unity.

Lemma 7.1. There exists a sequence of points {p j} in R(t) such that except for
a set of measure zero (the zero set of J, )

(7.1) R(t) = UB(p)).

79 There is a constant C so that no point x is in more than C of
(7.2) the balls B(p;).

Moreover there exists nonnegative C™ functions v, such that
(7.3) support of y; C B(pj).
(7.4) 3 v, = 1, except on a set of measure zero.

(1.5 If p; € Q;, C Q.

-t
VYl <C2.
2
(7.6) If p; € Q,
oy, oy,
”_"Q Scl,“ﬁ <cL |
0s || oo rl(pj) ow rz(pj)
and 5
54, <
ou || e r3(p;)
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(1.1 b, € R},

Bl//j 1
——J <
Hm ATk

<C
- 7 (p;)

1 H%
== R |ewl,
<ct
L

”%
ou r3(pj)'

Lemma 7.1 follows from the next lemma.

and

Lemma 7.2. There exists a sequence of points p ; in Qi such that UD(p ;)= Qi
and every point is in at most C of the D*(p j) . Also there is a sequence of points

p; in Qi such that UG(p;) = Qi and no point is in more than C of the G*(pj).

Let us note that an analogous statement for the Qe,n is well known. The
proof of Lemma 7.2 follows the lines of a similar argument due to Sogge and

Stein [SS].
For >0 and p, = (sy, 4, wy) € Q? , set
Dt(po) = {(S’ u, w) ISO - 77’1(170) <s< s0+ ”rl(po)’
Wy — N1y (Dy) < W < Wy + nry(py)
uo - 77"3(170) <u< uo + ”r3(po)} 5

and for p, € Qi , let

G*(po) ={(s, u, w) |S0 - "il(po) <§s<$§,+ ﬂfl(po),
wo - ’7;2(170) <w< wo + ”fz(po) ’
Uy — nF3(py) < u < uy+ nf5(py)}-
Lemma 7.2 follows from the following covering lemma.

Lemma 7.3. . If n > 0 is sufficiently small, there exists a sequence {p j} in Qi
such that the D (p;) are disjoint, UD(p;) covers Qi and no point is in more
than C of the D*(p ). Similarly there exists a sequence {pj} in Qz such that

the G,(p;) are disjoint, UG(p;) covers Qi and no point is in more than C of
the G*(pj).

Proof. We shall just consider the first statement of the lemma. The second
statement is proved in a similar fashion. We will use Lemma 5.8 which asserts
that if ¢, and ¢, are in D*(p) for some p € Qi, then rj(ql) and rj(qz) are
comparble for j=1, 2, and 3. Taking this into account, we may use a Vitali
type procedure to select balls, D, (pj) , according to the size of the measure
of the D (p j) , and find a sequence of points {p}.} such that the D, (pj) are
disjoint and UD(p;) covers Qi . We claim that any point p is in at most C
of the D*(pj). Suppose p is in N of the D*(pj). Then by Lemma 5.8, we
have N disjoint rectangular parallelepipeds with volume = nr (p)r,(p)r;(p)
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contained in a fixed rectangle of volume at most Cr,(p)r,(p)r;(p) . Clearly this
puts a bound on N.

8. THE PROOF OF (1.2)—THE CONTRIBUTION FROM Q,lC

As was pointed out in Section 1, we must show
| stods, u, widsdudw = [ fx)p,(x)dx
R(1) R?
where for some € > 0 and constant C,
(8.1) 19 = p(e)dx < Cn

if |ly|| < A. We shall show for ¢ =1, 2, 3,
[ fo s u wpdsdudw = [ 10615
. 'k

where each p,” satisfies (8.1). In this section we consider the case ¢ = 1.
Recall from Section 7 that we have functions y, , such that supp(y, ,) C

QZ’n, Y¥ ,=1on Q,l(,and

(8.2) IV, - < C2*.

Then
/ flo,(s, u, w))dsdudw
oA

= Z/ Wy n(s,u, w)f(e,(s, u, w))dsdudw
f,n

-3 / Py () f(X)dx,
i,n

where .
¥, .9, (X))

PAREHN
Here we have used Lemma 6.2 to justify the above change of variables. Thus

ptl =Zpl,n'
£,n

To show (8.1), it suffices to show

(8.3) [ 100ae-9) = py )z < €27

pl’n(-x) =

(8.4) 1004523 = oy p(0)ldx < I
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In fact if (8.3) and (8.4) are both valid, then
[ 1ol - pi@ldx < 3 [ 10, 49 = py ()
e,n
<cY 3 min7, |yl

£20 <2
—¢ 20
C[ Z 2+l Z 2}
273 <yl 27¥> |yl
1/3
= Cly|l"

which gives (8.1) for o =1.
The proof of (8.3) is trivial as the left-hand side is at most

2/|pl,”(x)|dx=2/z//l)n(s, u, w)dsdudw
<2|Q;,| <27
We turn to the proof of (8.4). By writing

Py n(X-Y) =Py ol / 7700 ty)dt,
and using the chain rule, we find that

/ 0, n(x-y) —p ,,(x)|dx

1o}
(x-ty) — Bx, ;;’"(x-ty)'dxdt

3

op
t,n . i,n .
+|y2|/0 /l ix, (x-ty) + Bx, o, (x ty)ldxdt

+|y3|/0'/63

pl,n
X, (x-1y)

dxdt.

Replacing x -ty by x in the inner integrals, we find that

3
[ 10,45 9) = by p0ldx < IS [ 12,00, ) x)ldx
j=1

where
1s) 0
1= ax, PRy,
0 0
L= 6x2 +Bx '6x3
and
1)

167
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are the left invariant vector fields discussed in Section 3. Of the three terms, the
one corresponding to L, is the most difficult. To some extent this can be seen
because the coordinate x, is unbounded in the support of Pen- Therefore we
will restrict our attention to L, and in fact we will show

(8.5) [ 1Le, i < .

To prove (8.5) we will first make the change of variables x = ¢, (s, u, w). To
do this, let us define

Ve n(s> 4, w)

K(S u 'LU) m

Note that p, ,(x)=K(p, l(x)) . Formula (3.24) shows us how L, transforms
under the change of variables x = ¢, (s, u, w) and so we find

[ 1Lpe
= /|detf‘f(s, u, W& YVVK(s, u, w), e)|dsdudw.

Recall that J, (s, u, w) = detZ(s, u, w). By computing the first component
of (£7)'VK(s, u, w), we see that

dsdudw

[ 11200, 000 = [ [0, 02K

+f
/g13(S u, w)
=I+II+1I1I.

dsdudw

0K
81a(s, U, W)

dsdudw

Using (8.2), (5.22) and (5.23), we have
¢ g”
<
I'sc [2 /Q det?(p)\dp

&P g5 <det?) p)’ dp]

.
o
SCP%QJ+W ?@fwﬂ

AT
<cpt+1n<c.

The estimate for the second integral follows by integrating in s first and noting
that every w value is smaller than any s value in Q; -
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To estimate /7, we may use (8.2), (5.22) and (5.24) to see that

12 g12

+/Q_ glz(P)ga‘u' (ﬁ?) (p)ldp}

t,n

<c?¥|g; < c2

The estimate for 711 is the same as for /1. We simply use (5.25) instead of

(5.24). This completes the proof of (8.5) and so we have shown that ptl satisfies
(8.1).

9. THE PROOF OF (1.2)—THE CONTRIBUTION FROM Qi

Let {y,} denote the functions from Lemma 7.1 which are supported in the
rectangular parallelepipeds D* (D), p, € Qi. Then

/ flo,(s, u, w))dsdudw = /f(x)ptz(x)dx,
o

where
-1
91 20 = 5 Yelo (X))
We have to show
9.2) [ 1050 3) = pioldx <
for h < |y|.
We let |
IRACNE)
AP
and we shall show
9.3) / 19, -¥) = p,(0)ldx < Cry(p,)ry(p,)r(B,)
b NPy
(9.4) / P -) = Pl < €T,

where p, = (s,, 4,, w,), and y, is supported in D"(pt,) .
The proof of (9.3) is immediate since

ID*(P[)I < Cr](pg)rz(pg)rg,(pg)-
We turn to the proof of (9.4). As before let

w,(s, u, w)

K(S, u,w): m
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Then as in the proof of (8.4), we see that the left-hand side of (9.4) is dominated
by |lyll (I +II + III) plus simpler integrals, where
oK
I=|[|g,(s,u, w)—a—s— dsdudw ,

II= [ |g,(s,u, w)%% dsdudw,

and

IIT = | |g5(s, u, w)g% dsdudw.

Hence to show (9.4), it suffices to show

(9.5) I+ +1I1< c—’z—(f’,f)—.
A(27%s,)

Inequality (9.5) will follow from Lemma 5.9. First of all from (7.6), (5.27),
(5.29), (5.31) and Lemma 5.8, we have

I<C— /
r1(y) Jp*(n,)

I g
IIsC——/ 12(p)|dp,
@) Ip* Gz )] ar

&,(p) I
detZ(p)

and

313

Now using (5.26), (5.28), (5.30) and Lemma 5.8, we see that the above integrals

are each bounded by l—(’;‘_%‘)— and this gives (9.5). In the above analysis we used

the fact that the function 1(2_1‘.) does not change much in D*(p,). This
follows from Lemmas 4.4 and 5.5. This completes the proof of (9.4).
Inequalities (9.3) and (9.4) together imply for 0<d <1,

/lpe(xw)— P (x)ldx < D, ()"’ [z(—;(f’—k‘—)} yl°

é
< iyl [ Py ] d
D) LD, (P,)IA(27"s,)

é
1
<Clyl’ [ - }dp
Do) |1, (P)ry(p)A(275s)

20
5 R AQYAT 1 1%
< Clyll /D‘(ml(2 w) [[J(:(s, " 'w)[} {A(p)] dsdudw.
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Therefore

[ 16k 3) = pildx

. 26

~ 1
<C 5/ A2 kua yk(S))/k('lU) dsdudw
< I, 407w 17, (s, 0, w)l | |AGs, u, w)?

'yt 2%
1 1 Ye(8)7 (w)

<C "/ LAMAS dsdudw.
i @ (w—u)° |Als, u, w)|? [IJ,,,X(S, u, w)|

We used here the fact that for p = (s, u, w) € Qi ,
—k
log/1(2k u) >C lk
A27%u) A27%u)

if k is large enough. Now we do the s integration first and use Lemma 5.2 to
estimate J¢ from below and we obtain
t

w—-—u>C

2 2
[0k -3) = ploldx
1 3
<cC "/[ b dudw < cly
vl S Il
if § is sufficiently small. This concludes the proof of (9.2).

10. THE PROOF OF (1.2)—THE CONTRIBUTION FROM Qi’

Let {w,} denote the functions from Lemma 7.1 which are supported in the
rectangular parallelepipeds G* (p,)> p, € Qi . Then we have

[ ots, u, widsdudw = [ f0p] (x)dx
>
where

-1
o1 s W)

We must show

(10.2) [ 1o} 9) = plx)lax < cn,
for |yl < A.
We let |
_ v, (%)
AP

We wish to show

(10.3) / 12, (x - ¥) — p,(x)ldx < CF,(0,)%,(p,)F(,)
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and
(10.4) / 19,(x - ¥) = p,(x)ldx < ClylIF(p,).

Again (10.3) is trivial. Furthermore, in analogy with Sections 8 and 9, the
main work in proving (10.4) is the estimate

(10.5) I+ 11+ 111 < Ciy(p,),
where
0K
I= p)o—|dp,
G‘(pl) g]l( )6S
0K
11 = p dp,
G*(p)) $2P) gy
and
0K
111 = . gu(p)a—&]- dp
As in Section 9, we can use (7. 7) (5.33), (5.35), (5.37) and Lemma 5.8 to show
8,(p)
I<C 1 dp,
qm)Gwﬂmzw)”
I1<c— $12_(p)| dp,

fZ(pl) JG*,) det%
and
813
3([7[) G* ®,) det?(p) dp.

Finally using (5.32), (5.34), (5.36) and Lemma 5.8 gives us (10.5). This com-
pletes the proof of (10.4).

We now complete the proof of (10.2) in analogy with Section 9. From (10.3)
and (10.4), we see that forevery 0<d <1,

/G ) — Pl < C1G, )" Byl

HI < C——=

1 5
<l 6.0, LF1(D)F5(py) P

<yl /

Summing on £ gives us
3 3
[ 1o} = plx)lax

5| 7)) [
7, D)A®)

v (s)7(w)|”
J, (P)A(D)

20
‘}’k(s))’k( w)
7, )A(p)' .

dp

J —k
<cl’ [ e
Qk

5 1
< Clly /
Wl a |P(s, u, w)
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since for p = (s, u, w) € Q3 [P (s, u, w)| > C1(2‘ . Doing the s integral
first and using Lemma 5.2 to estimate J, from below now gives us (10.2) if
we choose J above to be sufficiently small This completes the proof of (1.2)

and (1.3).
11. THE L? BOUNDEDNESS OF . f

Let dv, be the measure which acts on a test function by

2—k+l

v (f) =2* /2 o

With the notation introduced in Section 1 we see that dv, is simply the measure

such that M, f(x) = f*dv,(x). Also in Section 1 we saw that the L’ estimates
for # f follow from

(1L.1) IM Sl < CllA L 1 <p<oo,
where M f(x) = sup|M, f(x)].
k>0

We will prove (11.1) by following the bootstrap argument in [NSW1]. That
is, we shall prove the following three lemmas.

Lemma 11.1. M is bounded on L*(R%).
Lemma 11.2. Suppose that for some p, < 2,

172
(Z IS, * dykf)
k

()

LPo LPo
then
”Mf”LPSCp“f”LPa Py <p <2
Lemma 11.3. Suppose that for some p, < 2,
M fll e < C, Il pro s
then
1/2 1/2
2
( |fie * dvy] ) (Z el )
k LP k LP
vy 1 o 1(1
for all p with <3 (P_o + 1)

The proof of Lemma 11.3 is given in [NSW1], and so we concentrate on the
proofs of Lemmas 11.1 and 11.2. We begin by recalling some known results.
Let

t 0 0
(11.2) S(t) = (o p(t) 0 )
0 0 ()

The convexity of y implies
(11.3) 167 (s < s/t
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if s<t. Wealsoput 4, = 6(2_") and note that

-1
(11.4) 14, Al < 1/2.

Let y € C°(R’) with fesw =1 and w(x) = y(—x). Set
1 -1 1 —1
¥, (x) = m'ﬂ(/‘ikﬂx) - MW(A;( X).

Then we have the following Littlewood-Paley inequality,

1/2
c]fwuj
k
See [CYWW].

Now let ¢ be a second C5’° function on R’ with >0, f[p=1,and
p(x) = p(—x). Set

(11.5) <Clfly, 1<p<oo.

LP

1 -1
9 (x) = m;?(Ak x),
and N f(x) =sup|f * ¢, (x)|. Then according to [CVWW],
k

(11.6) INAlp <G, 1<p<oo

Furthermore the argument in [NSW] proving Lemma 11.3 shows

1/2 1/2
@]ﬁ*mﬂ <Zﬂmﬁ
k 1% k 17

1 <p<2.Inviewof (11.6), (11.1) will follow from the inequality

(11.7)

b

su dv, —
k)lglf*( = 9]

< Gyl fll -
LP

Now

f*(de P )(x) = Zf* k+£*(d'/k ¢k)()

and so

1/2
(11.8) iliglf*(duk 9,)(x Z(Z|f*wk+,*(duk—¢k)|2) )

t \k>0

Set

1/2
2
G, f(x)= Z If* W, * (dv, — 9,)(x)] .
k>0
We shall show that for some € >0,

(11.9) 1G, 1,2 < C27 )£ 2.
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This will then prove Lemma 11.1. Then under the hypothesis of Lemma
11.2, using (11.7), we see

IG Al < C

Py
k>0

(Z |f*‘l'k+,|2)

L7
Now using (11.5), we obtain

G Al < Cp l1Lf 1l 2o
Interpolating with (11.9), we find

(11.10) G,y < C2= P fl,,,  py<p<2,

for some €(p) > 0. Summing on £ then completes the proof of Lemma 11.2.
Thus matters are reduced to proving (11.9). Let r,(¢) denote the standard
Rademacher functions, and set

T, J(xX) = S r(0f * ¥, (v, — 0)(x).
k

A standard argument shows that (11.9) will follow from

(11.11) 1T, Sl < €2~ A2
Let
Sef(x)=f* Yo, * ([dy, — 0,)(x).
We will show

(11.12) IISIi(Sj)* < oty =0li—k|

for some € >0 and J > 0. Here || - || denotes the operator norm on L*. A
similar but somewhat more complicated argument shows

(11.13) I(Sp)" S5l < 2~k

Then (11.12) and (11.13) imply (11.11) by the Cotlar-Stein lemma.
Note that

£, b\ * *
S8 f=fx(dv; —0)x ¥+ ¥ *x(dv = 0)),
where dv; is the measure defined by

2—j+l

dv;(g) =2 /2 g (1))t
Since the total mass of dv, and ¢, is bounded, we have

ISE(S))' I < CIE, 4y * Prpellr < €27

Jj+e
To verify the last inequality, we may assume j < k and note that since ¥ e
has mean value zero,

(RS A C/R] ¥, ()] 4, x|dx < C|4
by (11.3).

€lj—kl|

—(k=Jj)
k+lAj+l ” <C2
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Therefore it remains to show
(11.14) I1S,(S)"ll < €2
We shall first prove (11.14) when ¢ < 0. Note that
ISell < CI¥, ., % (v = 9l
As before since dv, — ¢, has mean value zero, we have
I¥eie * @y = @)l
<C [/na |4, x|dv, (x) + /Rg |4, X9, (x)dx

—k+1

—€lt|

k

<C2 / -1
2-—k

k+¢

-1

|4, L(0)ldt + Cll 4, A

1
—1 —1
—C /1 M AT (01 CLA Al
< Clldg, 4l < €2

Here we used the fact that the normalized curve I',_,(¢) is bounded for % <
t < 1. This proves (11.14) for £ < 0.
We now suppose £ > 0. Write
e
Sif = ¥ pxdv = [+¥  x0,
¢ ¢
= ka - Qkf
We shall show , ,
—€
IR SN2 < C2 I fll 2

. ¢ . . .
The estimate for Q) is easier. Since

(R)'Ryf(x) = f*¥,,, xdv, xdv; x¥,,,(x),
£\x ¢

IR R, fll2 < CIf *¥,,, *dv, *dv] ]| 2.
Let Rf(x) =f*x¥Y,, *duk*dv;:(x).
IRRS N2 = I *¥ye xdvy x dvg xdyy xdvg x ¥, |l 2
< CIY,,, xdv, xdy, xdv, xdvg ¥, Il f 1l 2

Therefore since

1/2 1/2 1/4

l £\ * 14 ——
IR N = II(R) Rl <|[RR|",
it suffices to show

I¥,,, *dv, »dv; xdv, xdv, ¥, Il < C27
for some € > 0. We know from Section 1 that

\Pk+l

< IR

xdv, * du,: xdy, * dl/;(x)

* * -1
=Y o oxdu xdu xdp xdp (A4, x)
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where ¥, , ,(x) =¥, ,(4,x) and dpy, is the normalized measure along the
curve I'(¢). Similarly we have

dv, xdv, xdv, xdvg ¥, ,(X)

=dp xdp xdp xdp * \Pk+t,k(Al:lx)‘
Also from Sections 3 to 10, we know that
du xdu xdp, xdu, = (p (%) + py_5(x))dx
where
[ 190159 = by (0l < CH
if ||y|| < h, and
[ 19620+ %) = e p)ldx < CH

if |ly|| < h. Therefore we may write

Y, *dy, *du,: xdv, x du,: *¥, .,
Vi xA+B+Y,
where
A=pp, *\Ilk+l,k(AI:lx)
and

-1
B =Yy i *Pr (A X)-

Thus it suffices to show

(11.15) 4]l < c27¢
and
(11.16) 1Bl < €27

We will prove (11.16). The proof of (11.15) is similar.
B= [ A4 5o 00y
= [P (4) o, 100y
- ﬁ [ ¥y A 0y

1 -1 -1 -1
- det 4, /[pk,z(Ak YA X) =Py (4 XYy, (»)dy
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since ¥, e has mean value zero. Therefore

1Bl

saig/mggwﬂfmﬂu?rA:n—%Ju?wuﬁdy
~ [ 1200 [ [ 1A'y -2) = oy sl

<C [ el 14 vIdy

<C [ WO 4 Ay dy

+C [ WOl 14 4, 1 dy

<Cc2,

The last inequality follows from (11.3) and this completes the proof of (11.16),
finishing the proof of the L? boundedness of . f .

NOTE ADDED IN PROOF

L? estimates for related, but different, singular Radon transforms were re-
cently obtained by A. Seeger using completely different methods. His article is

entitled L’-estimates for a class of singular oscillatory integrals, and appears in
Math. Res. Lett. I (1994), 65-73.

[CVWWA]

[CVWWW]
[CVWW]
[CZ]

[C1]
(&3]

[CNSW]

[CW]

[NSW]

[NSW1]

[RS]
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