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VECTOR BUNDLES AND SO(3)-INVARIANTS
FOR ELLIPTIC SURFACES

ROBERT FRIEDMAN

INTRODUCTION

Beginning with Donaldson’s paper on the failure of the i-cobordism theo-
rem in dimension 4 [5], the techniques of gauge theory have proved to be highly
successful in analyzing the smooth structure of simply connected elliptic sur-
faces. Recall that a relatively minimal simply connected elliptic surface S is
specified up to deformation type by its geometric genus p ¢ (S) and by two rela-
tively prime integers m, , m, , the multiplicities of its multiple fibers. Here, if
pg(S) = 0, a surface S such that m, = 1 for at least one i is rational, and thus
all surfaces S with p,(S) =0 and m, =1 are deformation equivalent and in
particular diffeomorphic. Moreover, if pg(S) =1and m =m, =1, then §
is a K3 surface. In all other cases, S is a surface with Kodaira dimension one.

Our goal in this paper is to prove the following result, which completes the
smooth classification of elliptic surfaces:

Theorem. Two possibly blown up simply connected elliptic surfaces are diffeomor-
phic if and only if they are deformation equivalent. More precisely, suppose that
S and S’ are relatively minimal simply connected elliptic surfaces. Suppose that
S has multiple fibers of multiplicities m, and m,, with 1 < m < m,, and that

S' has multiple fibers of multiplicities m; and m),, with 1 <m; < m,. Let §
be a blowup of S at r points and S" a blowup of S’ at r' points. Suppose that
S and S’ are diffeomorphic. Then r =r' and pg(S) = pg(S') , and moreover:
o ! ’
(i) prg(S) >0, then my =m, and m, =m,.
(i) If pg(S) = 0, then S is rational, ie. m; = 1, if and only if S’ is
rational if and only if m|, = 1. If S and S’ are not rational, then
m, =m| and m,=m,.
There is also a routine generalization to the case of a finite cyclic fundamental

group. The statements in the theorem that r = ¥’ and pg(S) =p g(S') are easy

consequences of the fact that S and S’ are homotopy equivalent, and the
main point is to determine the multiplicities. Before discussing the proof of the
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theorem in more detail, we shall review some of the history of the classification
of simply connected elliptic surfaces:

Theorem 0.1 [10]. There is a function f(m,, m,) defined on pairs of relatively
prime positive integers (m,, m,) such that f is symmetric and finite-to-one
provided that neither m; nor m, is 1, with the following property: Let S and
S’ be two simply connected surfaces with p g(S) = 0. Denote the multiplicities
of the multiple fibers of S by m, , m, and the multiplicities for S' by m/, m,.
7 . . li li

If S anf{ S" are diffeomorphic, tl}en f (ml., m,) = f(m,, my). Moreover, let
S and S be blowups of S and S° at r points. Then:

(i) Every diffeomorphism y: S — S’ pulls back the cohomology class of an
exceptional curve on S" to + the cohomology class of an exceptional
curve on §'.

(ii) Every diffeomorphism y: S — S pulls back the cohomology class of a
general fiber on S’ to a rational multiple of the cohomology class of a
general fiber on S .

(iii) If S and $' are diffeomorphic, then f(m,, m,) = f(m}, m,). O

The function f(m,, m,) was then determined by S. Bauer [2] (the case
m, =2 is also in [10]):
Theorem 0.2. In the above notation,

2 2
f(m,, m,) = (m1—1)3(m2—1)_1‘ o

For the case p R (S) > 0, there is the following result [11]:

Theorem 0.3. Let S and S’ be two simply connected surfaces with pg(S) >
0. Denote the multiplicities of the multiple fibers of S by m,, m, and the
multiplicities for S' by m\, m,. If S and S’ are diffeomorphic, then m,m, =
mym,,. Moreover, let S and S’ be blowups of S and S’ at r points. Then:

(i) Every diffeomorphism w: S — S’ pulls back the cohomology class of an
exceptional curve on S’ to + the cohomology class of an exceptional
curve on S. i

(ii) Except possibly for p,(S) = 1, every diffeomorphism : S — S pulls
back the cohomology class of a general fiber on S’ to a rational multiple
of the cohomology class of a general fiber on S .

(iii) If S and S’ are diffeomorphic, then m,m, =m\m,. O

The crux of the argument involves calculating a coefficient of a suitable Don-
aldson polynomial invariant y,(S). In fact, it is shown in [11] that y.(S) can
be written as a polynomial in the intersection form g and the primitive class
k¢ = k such that the class of a general fiber [f] of S is equal to m m,x,
and that, for ¢ sufficiently large, the first nonzero coefficient of this polynomial
is given as follows: let n = 2¢ — 2pg(S) —1 and d = 4c - 3pg(S) -3. If
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7.(8) = YW q gix?  then a, =0 for i >n and

4p = g\
The proof of this statement involves showing that the moduli space of stable
vector bundles V' with ¢,(V) =0 and c,(V') = ¢ fibers holomorphically over
a Zariski open subset of a projective space, and that the fiber consists of m m,
copies of a complex torus. It is natural to wonder if the techniques of [11] can
be pushed to determine some of the remaining terms. However, it seems to be
difficult to use the vector bundle methods used in [11] to make the necessary
calculations, even in the case of no multiple fibers. Thus, it is natural to look
for other techniques to complete the C™ classification of elliptic surfaces.

Using a detailed analysis of certain moduli spaces of vector bundles, Morgan
and O’Grady [21] together with Bauer [3] were able to calculate the coefficient
a,_, in case p g(S) =1 and ¢ = 3. The calculation is long and involved for
the following reason: the moduli spaces are nonreduced, not necessarily of the
correct dimension, and (in the case of trivial determinant) the integer ¢ is not
in the “stable range”. The final answer is that, up to a universal combinatorial
factor, a,_, = m,m2(2mfm§ - mf - mg) . From this and from the knowledge
of m m,, it is easy to determiné the unordered pair {m,, m,}. In addition,
the calculation shows that the class of a fiber of S is preserved up to rational
multiples in case p,(S) =1 as well (the possible exception in (ii) of Theorem
0.3 above), provided that not both of m, and m, are I.

Simultaneously with the research of this paper, Morgan and Mrowka [20]

have independently determined the second coefficient a,_, for all S such that
p,(S) =1, for the case of the SU(2)-invariant y.(S). The answer is that, up
to combinatorial factors,
ot = P (mym3) (0, (S) + 1) — my — m3).
From this, it is again easy to see that the diffeomorphism type of S determines
the unordered pair {m,, m,} in case p,(S) > 1. The proof of this formula
uses the knowledge of a, , for the case of p g(S ) = 1, together with the gauge
theory gluing techniques developed by Mrowka in [22], to determine the co-
efficient a, |, for p g(S ) > 1. Since the first draft of this paper was written,
Kronheimer and Mrowka [17] conjectured a general formula for the SU(2)
Donaldson polynomial of an elliptic surface with p, > 0 and verified this for-
mula in the case of no multiple fibers. Subsequently Fintushel and Stern verified
the formula of Kronheimer and Mrowka in general. Their proof, which does
not use algebraic geometry or the results of [20], [22], gives another proof of
the main theorem in this paper for the case pg > 0.

In the proof given here of the main theorem, we shall use the following results.
Aside from standard techniques in the theory of vector bundles, and the gauge
theory results that are described in the book [11], we use only the results of this
paper and of [11] to handle the case pg(S) > 0. In case pg(S) =0, we use the
results in this paper and in [11], as well as the calculation of Bauer described in
Theorem 0.2 in case m;m, = 0mod 2. In case m;m, = 1 mod 2, our proof
does not depend on Bauer’s results.

a (m,m,)
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Next we outline the strategy of the argument. Following a well-established
principle [7], [15], we shall work with SO(3)-invariants instead of SU(2)-
invariants since these are often much easier to calculate. Moreover, in case
by =1 a good choice of an SO(3)-invariant can simplify the problem that the
invariant depends on the choice of a certain chamber. Thus we must choose a
class w € H 2(S ; Z/2Z) to be the second Stiefel-Whitney class of a principal
SO(3)-bundle, although it will usually be more convenient to work with a lift of
wto Ae H 2(S; Z) . One possible choice of a lift of w would be the class x,
the primitive generator of Z* -[f], or perhaps ¢,(S), oreven [f]. All of these
classes are rational multiples of [f], and they do not fundamentally simplify
the problem.

Instead we shall consider the case where A is transverse to f, more specifi-
cally where A-x = 1. Of course, we shall need to choose A to be the class of a
holomorphic divisor as well in order to be able to apply algebraic geometry. As
we shall see in Section 1 of Part I, we can always make the necessary choices and
the final calculation will show that the answer does not depend on the choices
made. Note that A is well defined up to a multiple of x, and that the choices
A and A -k correspond to different choices for w? = p mod 4. Finally, as we
shall show in Section 2 of Part I, in case b; (S) =1 or equivalently p g(S) =0,
there is a special chamber % (w, p) which is natural in an appropriate sense
under diffeomorphisms.

With this choice of A, the study of the relevant vector bundles divides into
two very different cases, depending on whether m,m, = 0mod 2 or mym, =
1 mod 2. In the first part of this paper we shall collect results which are needed
for both cases and show how the main theorems follow from the calculations
in Parts II and IIl. In Part II, we shall consider the case where A-x =1 and
m,m, = 0 mod 2. In this case, m, say, is even (here we do not observe the
convention that m, < m,). Since A- f= m m,A -k, a vector bundle V with
¢,(V) = A has even degree on a general fiber f. At first glance, then, it seems
as if we are again in the situation of [8] and [11] and that there is no new
information to be gained from the Donaldson polynomial. However, it turns
out that the asymmetry between m,; and m, appears in the moduli space as
well. In this case, the moduli space again fibers holomorphically over a Zariski
open subset of a projective space. But the fibers now consist of just m, copies
of a complex torus. We then have, by an analysis that closely parallels [11], the
following result (Theorem 4.1 of Part II):

Theorem 0.4. Let w and p be as above, and set

d=-p=3p,(S)+1) and n=(d—p,S))/2.
Suppose that y,, ,(S) is the Donaldson polynomial for the SO(3)-bundle P
over S with wy(P) = w and p,(P) = p where ifpg(S) = 0 this polynomial
is associated to the chamber % (w, p) defined in Definition 2.6 below. Then,

assuming that m, is even and writing Yw. p(S) = Zi‘i{f] aiqug_Zi, we have, for
all p such that —p > 2(4p,(S)+2), a;=0 for i>n and
d! 7,(S)
a, = m(mlmz) £ m,.
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In particular, the leading coefficient contains an “extra” factor of m, . Using
this and either [11] in case pg(S) > 0 or [2] in case pg(S) = 0, we may then
determine {m,, m,}. Note that in case p,(S) = 0 and one of m , m, is
1, then it cannot be m, since m, is even. Thus m, = | and the leading
coefficient does not determine m, (as well it cannot).

Finally, in Part III we shall discuss the case where A-k =1 and m m, =
I mod2. If mm, = 1mod 2, then vector bundles ¥ with ¢, (V) = A have
odd degree when restricted to a general fiber, and the general methods for study-
ing vector bundles on elliptic surfaces described in [8] and [11], Chapter 7, do
not apply. Thus we must develop new techniques for studying such bundles,
and this is the subject of Part III. Fortunately, it turns out that this moduli prob-
lem is in many ways much simpler to study than the case of even degree on the
general fiber. For example, as long as the expected dimension is nonnegative,
for a suitable choice of ample line bundle the moduli space is always nonempty,
irreducible, and smooth of the expected dimension. Moreover a Zariski open
subset of the moduli space is independent of the multiplicities, and from this
one can show easily that the leading coefficient of the Donaldson polynomial
for the corresponding SO(3)-bundle is (up to the usual combinatorial factors)
equal to 1. At first glance, this rather disappointing result suggests that no new
information can easily be gleaned from the Donaldson polynomial. However,
this suggestion is misleading: in some sense, the structure of the moduli space
allows the contribution of the multiple fibers to be localized around the multiple
fibers, enabling us to calculate the next two coefficients in the Donaldson poly-
nomial. By contrast, in the case of trivial determinant, the moduli space for a
surface with two multiple fibers of multiplicities m, and m, looks roughly like
a branched cover of the corresponding moduli space for a surface without mul-
tiple fibers. A further simplification is that we can work with moduli spaces of
small dimension, for example dimension two or four. Using the vector bundle
results, we shall show (Corollary 6.4 and Corollary 9.5 of Part III):

Theorem 0.5. Let S be a simply connected elliptic surface with two multiple fibers
of multiplicities m, and m,, with mm, = 1 mod 2. Let w € HZ(S; Z/27)
satisfy w -k = 1. Suppose that Yw,p(S) IS the Donaldson polynomial for the
SO(3)-bundle P over S with w,(P) =w and p,(P) = p where if P (S) =0
this polynomial is associated to the chamber & (w , p) defined in Definition 2.6
below.

(i) Suppose w and p are chosen so that the expected complex dimension
of the moduli space —p — 3P (S)+1) is 2. Then for all ¥ € H)(S; Z),

Yo p(S)(E, D) = Z7 + (mym))(p,(S) + 1) = m| — my)(Z-x)’.

(i) Suppose w and p are chosen so that the expected complex dimension
of the moduli space —p — 3(pg(S) +1) is 4. Then forall X € Hy(S; Z),

S)E, Z, %, %) =3 +6C,(E)E )
+(3C - 2G,)(Z-K)*,

yUJ,P
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where
2 2 2 2 4 4 4 4
=(mmy)(p,(S)+1)—m;—m;; C,= (mlmz)(pg(S) +1)-m; —m,.
Here C,| is the second coefficient of the degree two polynomial.

Note that the final answer has the following self-checking features. First, it
is a polynomial in ¢4 and xg. If pg(S) =1 and m; = m, = 1, so that §
is a K3 surface, then the term (X -x) does not appear. This is in agreement
with the general result that Yw, p(S) is a multiple of a power of gg alone. If
)/ g(S) =0 and m, = 1, then the answer is independent of m,, since in this
case all of the surfaces S for various choices of m, are diffeomorphic. In fact,
we shall turn this remark around and use the knowledge of y,, (S) for p . = 0,

=1 and m, arbitrary, to determine y, ,(8) in general

The techniques used to prove Theorem 0. 5 should be capable of further gen-
eralization. For example, these methods should give in principle (that is, up to
the knowledge of the multiplication table for divisors in Hilb" S) the full poly-
nomial invariant in case m; and m, are odd. One might make a conjectural
formula for Yw, p(S) in general along the lines suggested by Kronheimer and
Mrowka in [17]. In our case the formula should conjecturally read as follows: let
7,(Z) be the Donaldson polynomial 7, p(S)(Z, ..., %) for w =Amod2 or

w =A—x mod 2 and p chosen so that w?= pmod4 and —p—3x(F;) = 2t,
so that the complex dimension of the moduli space is 2¢. It follows from
Proposition 1.1 below that y, depends only on ¢. Then the natural analogue
of the conjectures in [17] is the conjecture that

Z Vz(z (qs) (cosh(m,m,(x - ):)))Pg“
() cosh(m, (k - X)) cosh(m, (k - X))’

t>0

It essentially follows from Theorem 0.5 that this formula is correct through the
first three terms, including the case p . = 0 where the quotient is not given by a
finite sum of exponentials, and it is likely that a further extension of the methods
in Part III and the knowledge of the multiplication in Hilb" S can establish the
general formula. This formula has also apparently been established by Fintushel
and Stern in case p g > 0. Finally we should add that many of the techniques
used in Part III also have applications to the SU(2) case.

NOTATION AND CONVENTIONS

All spaces are over C, all sheaves are coherent sheaves in the classical topol-
ogy unless otherwise specified. We do not distinguish between a vector bundle
and its locally free sheaf of sections. Given a subvariety Y of a compact com-
plex manifold X , we denote the associated cohomology class by [Y].

If V is a rank two vector bundle on a complex manifold or smooth scheme
X, we shall frequently need to consider the first Pontrjagin class of adV,
which is clz(V) — 4c¢,(V). We will denote this expression by p,(adV). We
shall occasionally and incorrectly use the shorthand p (ad V), for an arbitrary

coherent sheaf V', to denote ¢ (V) de, (V).



VECTOR BUNDLES AND SO(3)-INVARIANTS FOR ELLIPTIC SURFACES 35

PART I. PRELIMINARIES

Let us describe the contents of Part I. In Section 1 we discuss the possible
choices for w = w,(P) up to diffeomorphisms of S and show that there is
always a generic elliptic surface for which w is the mod 2 reduction of a holo-
morphic divisor. There is also a discussion of certain elliptic surfaces which
can be constructed from S. In Section 2 we introduce a class of ample line
bundles which we shall use to define stability and which are well adapted to the
geometry of S. Section 3 explains the meaning of stability of a vector bundle
V with respect to such a line bundle: stability is equivalent to the assumption
that the restriction of V' to almost every fiber is semistable. Finally, in Section
4, we show how the main results concerning Donaldson polynomials lead to
C* classification results.

1. PRELIMINARIES ON ELLIPTIC SURFACES

Let S be a simply connected elliptic surface with at most two multiple fibers
of multiplicities m, < m,. Here we shall allow m, or both m, and m, to
be one. Let [f] denote the class in homology of a smooth nonmultiple fiber of
S. There is a unique homology class xg = k such that [f] = m m,k, and «
is primitive [11]. Let P be a principal SO(3)-bundle over S with w,(P) =w
and p,(P) =p. Note that w? = p mod 4. We shall be concerned with bundles
P such that w-xkmod2 = 1. In this section, we shall show that, modulo
diffeomorphism, the choice of w is not essential. Indeed, we shall prove that,
given a class w, there is a diffeomorphism w:S — S’, where S’ is again
a simply connected elliptic surface with two multiple fibers of multiplicities
m, and m,, such that y/*xsl = kg and such that there exists a holomorphic
divisor A with w = y*[A] mod 2. Thus we may always assume that w is the
reduction of a (1, 1) class. We begin with an arithmetic result, which is not in
fact needed in what follows but which helps to clarify the role of the choice of
w modulo diffeomorphisms. In the arguments below, we shall sometimes blur
the distinction between H,(S) and H 2(S) using the canonical identification
between these two groups.

Proposition 1.1. Let S be a simply connected elliptic surface.

(i) Suppose that m m, = 1 mod 2, and let a € Z/AZ. Then the group of
orientation-preserving diffeomorphisms y: S — S such that v ([f]) =
[f]1 acts transitively on the set of w € HZ(S 3 Z)2Z) such that w -k =1
and w* = amod 4.

(ii) If mym, =0mod 2 and a € Z/4Z, then there are at most three orbits
of the set {w € H2(S; Z)2Z):w-x =1 and w? = a mod 4} under the
group of diffeomorphisms of S which fix k.

Proof. Let L be the image of H,(S — 7z~ '(D)) in H,(S), where D is a small
disk in P' which we may assume contains the multiple fibers and no other

singular fiber. Thus L C (K'L), and in fact L has index m;m, in (K‘L). Let
@ be an automorphism of the lattice H,(S; Z) fixing k. Thus by restriction
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¢ induces an automorphism of (K?'L). The method of proof of Theorem 6.5
of Chapter 2 of [11] shows that there is a diffecomorphism y , automatically
orientation-preserving, inducing ¢ provided that ¢(L) C L and that ¢ has
real spinor norm one.

Clearly we may write L = Z[f]® W , where W is an even unimodular lattice.
Moreover (KJ') = Z-x ® W , with the inclusion L C (k) the natural inclusion
given by [f]=m m,k. If W' denotes the orthogonal complement of W in
H,(S;Z), then wt = span{x, x} for some class x with x-x = 1. Given
a mod 4, we can always assume after replacing x by x+x that x*=amod4.
Now it is easy to describe all automorphisms of H,(S; Z) fixing x: choosing
an isometry t of W, ¢ is given by

oK) =kK;

p(a) =1t(a) +L(a)k, a€eW,;

p(x)=x+cxk+ B.
Here ¢ is an arbitrary homomorphism W — Z and B is the unique element of
the unimodular lattice W such that —f -a = £(7(a)) for all a« € W . Further-
more ¢ = — BZ /2. It is clear that every choice of 7 and £ (or equivalently )
produces an automorphism ¢, and that ¢(L) = L if and only if m m, divides
¢ or equivalently f. If x' is another class such that x'-x = 1 mod 2 and
(x’)2 = x” mod 4, we can write x’ = nx+bk+ 8, where 8 € W . Since we only
care about x’ mod 2, we may assume that n = 1. Note that 2b+ /32 = 0 mod 4

and thus b = BZ/Z mod 2.

First assume that m,m, is odd. Then since f = m;m,p mod 2, we may
assume that B is divisible by m;m,. Choosing t = Id and £, c in the
definition of ¢ as specified by B gives ¢ such that ¢(x) = x' mod 2. As ¢
is unipotent, it is easy to see that ¢ has spinor norm one, i.e. that ¢ is in the
same connected component of the group of automorphisms of the quadratic
form of H,(S; R) as the identity. Thus there is a diffeomorphism y realizing

Q.
Next suppose that 2|m m,. In fact in this case the class x defined above

is fixed mod 2 by every isometry ¢ as above which satisfies ¢(L) = L: Since
m,m,|B and ¢ = ﬂ2/2 mod 2, it follows that ¢(x) = x mod 2. Now let x’
be a class with x -k = 1 mod 2 and (x')* = x> mod 4. We may assume that
x" # x . First consider the case where x’ = x +bx +a and b = 0 mod 2. Thus
we may replace x' by x + a. By assumption o’ =0mod 4. We may assume
that a is primitive (otherwise o = O mod 2 or « is congruent to a primitive

nonzero element mod 2). Replacing a by a+ 2, where g € W, replaces
o? by o’ + 4(a-p)+ 4,82 . Since o is primitive, it is easy to see that there is a
choice of f so that (a+ 2,8)2 = 0. Thus we may assume that o is primitive

and that o’ = 0. The group SO(W) is a subgroup of the automorphism group
of L. Every element of SO(W)", the set all elements of SO(W) with spinor
norm one, is realized by a diffeomorphism. Moreover an easy exercise shows
that SO(W)" acts transitively on the set of primitive a € W with o’ =0.
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Thus the set of all possible x + a, with a # 0, is contained in a single orbit
under the diffeomorphism group.

In case x' = x + k + a with o’ = 2 mod 4 , an argument similar to that
given above shows that we may assume that o’ =2 and that every two classes
X, =Xx+K+a, and X, = x+Kx+a, with af = 2 are conjugate under the group
of diffeomorphisms of S which fix k. Thus there are at most three orbits in
this case. O

The following result is really only needed in the case where m,m, is even,
since in case m,m, is odd we can appeal to (i) of Proposition 1.1 above.

Proposition 1.2. Let S be a simply connected elliptic surface and w be a class
in H2(S; Z/2Z) with w -k = 1. Then after replacing S with a deformation
equivalent elliptic surface, we may assume that there is a divisor A on S with
A=wmod2 and A-x =1, and such that all singular fibers of S are irreducible
rational curves with a singular ordinary double point, i.e. S is nodal.

Proof. Fix a nodal simply connected elliptic surface with a section B such
that p (B) = p,(S). Using [11], § is deformation equivalent through ellip-
tic surfaces to a logarithmic transform of B at two smooth fibers, where the
multiplicities of the logarithmic transforms are m, and m,. Fix one such
logarithmic transform S, and let y: S — S, be a diffcomorphism preserving
the class of the fiber. Using this diffeomorphism, we shall identify S and §,.
Let A be an element in HZ(S; Z) whose mod 2 reduction is w and such that
A-x = 1. We shall show that, by further modifying the complex structure on
S, we may assume that A is of type (1, 1).

Given A, we have the image i ([A]) € H2(S; &), where i, is the map
induced on sheaf cohomology by the inclusion Z C & . The set of all complex
structures of an elliptic surface on S for which the associated Jacobian surface
is B and which are locally isomorphic to S is a principal homogeneous space
over H 1(]P’1 ; #), where & is the sheaf of local holomorphic cross sections
of B ([11], Chapter 1, Theorem 6.7). Moreover there is a surjective map
H'(S; &) = H'(B;&,) — H'(P'; &) ([11], Chapter 1, Lemma 5.11). Thus
given a cohomology class n € H 2(S; &), we can form the associated surface
S" and consider the element i/ ([A]) € H 2(S"; Ogn) = HX(S; ) .

Lemma 1.3. In the above notation, il([A]) = i, ([A]) + m,m,n.
Proof. This presumably could be proved by a rather involved direct calculation.
For another argument, note that the map HZ(S; gs) — H 2 (S; ) defined by

1+ 1, ([A]) - 1,([A]) — mm,n
is holomorphic, since it arises from a variation of Hodge structure. The argu-
ment of Lemma 6.13 in Chapter 1 of [11] shows that i"([A]) — i, ([A]) — m, m,n
lies in the countable (not necessarily discrete) subgroup H L' R‘n*Z) of
HZ(S; gs)=H l(]P’1 ; Rln*ﬁs) . This is only possible if the image of the map is
contained in a single point, and since the image contains the origin the map is
identically zero. O
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Returning to the proof of Proposition 1.2, since H 2(S; ) 1s divisible, there

is a choice of 7 so that i ([A]) = 0. For the corresponding complex structure,
[A] isthen a (1, 1) class. O

Finally we shall describe a way to associate new elliptic surfaces to S which
generalizes the construction of the Jacobian surface. Suppose that S is an

elliptic surface over P'. Let n = Speck be the generic point of P!, where k =
k(]P'l) is the function field of the base curve, let # = Speck , where k = k(Ph
is the algebraic closure of k, and let S” and S,7 be the restrictions of S to
and 7. Thus S,, is a curve of genus one over k.

Given an algebraic elliptic surface with a section 7#: B — P! , it has an
associated Weil-Chatelet group W C(B) [4], which classifies all algebraic elliptic
surfaces S whose Jacobian surface is B. As above we let Bn be the elliptic
curve over k defined by the generic fiber of B. By definition W C(B) is the
Galois cohomology group H'(G, B, (k)), where G = Gal(k/k) and B, (k) is
the group of.points of the elliptic curve Bn defined over k. There is an exact
sequence

0 - I(B) —» WC(B) — @ H,(n"'(t); @Q/2) - 0.
e
The subgroup I(B) corresponds to algebraic elliptic surfaces without multiple
fibers whose Jacobian surface is isomorphic to B, and the quotient describes the
possible local forms for the multiple fibers. Thus if £ € WC(B) corresponds
to the surface S, then S has a multiple fiber of multiplicity m at ¢ € P if
and only if the projection of ¢ to H, (n_l(t); Q/Z) has order m.

The surface S is specified by an element & of WC(J(S)), where J(S) is the
Jacobian surface associated to S . Let us recall the recipe for £ [25]: we have the
curve S,, and its Jacobian J (Sﬂ) defined over k. The curve S,7 is a principal
homogeneous space over J (S,’) , and thus defines a class & € WC(J(S)), by
the following rule: let o be a point of Sﬂ. Given g € Gal(k/k), the divisor
g(o) — o has degree zero on S,_’ and so defines an element of J (Sﬁ) , which is
easily checked to be a 1-cocycle. The induced cohomology class is &.

For every integer d there is an algebraic elliptic surface J d(S ), whose re-
striction to the generic fiber #n is the Picard scheme of divisors of degree d
on the curve S,. Thus J%(S) = J(S) and J'(S) = . We claim that, if §
corresponds to the class £ € WC(J(S)), then J d(S) corresponds to the class
d¢ . Indeed, using the above notation, if ¢ defines a point of S_, then do is
a point of J d(S,_,). Thus, the corresponding cohomology class is represented
by d(g(o) — o) and so is equal to d¢. In particular, if S has a multiple
fiber of multiplicity m at ¢, then J d (S) has a multiple fiber of multiplicity
m/ged(m, d). Of course if m|d then the multiplicity is one. Finally note that
J(S) is the Jacobian surface of J*(S) forevery d and that p (J*(S)) = p,(S).

Ideally we would like there to be a Poincaré line bundle &, over S xp1J d(S )
such that the restriction of %, to the slice Sxp {4} is the line bundle of degree
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d on the fiber of S over n(1) corresponding to A. In general this is too much
to ask. However such a bundle exists locally around every smooth nonmultiple
fiber: if X is the inverse image in S of a small disk D in P! such that all fibers
on X are smooth and nonmultiple, and X, is the corresponding preimage in
J d(S) , then there is a Poincaré line bundle over X x, X,. There is also an
analogous statement where we replace a small classical open set in P' with an
étale open set. The proof for this result is essentially contained in the proof of

Theorem 1.3 of Chapter 7 in [11]. Another construction is given in Section 7
of Part IIL.

2. SUITABLE LINE BUNDLES

Suppose that we are given a class w € HZ(S ; Z/2Z) with w-xmod2 =1
and an integer p with w? = p mod 4. Choose once and for all a complex
structure on S for which there is a divisor A with w = Amod 2. Let ¢ be the
integer (A2 — p)/4. The principal SO(3)-bundle P over § with w,(P) = w
and p,(P) = p lifts uniquely to a principal U(2)-bundle P’ over S with
cl(P') = A and cz(P') = ¢. Moreover, by Donaldson’s theorem, if g is a
Hodge metric on S corresponding to the ample line bundle L, we can identify
the moduli space of gauge equivalence classes of g-anti-self-dual connections
on P with the moduli space of L-stable rank two vector bundles V' over S
with ¢, (V) =A and ¢,(V)=c.

We shall also have to make a choice of the ample line bundle L. If p g(S) >
0, then the resulting Donaldson polynomial invariant does not depend on the
choice of L, whereas if p .(S) =0, then the invariant depends on the chamber
containing c¢,(L) [15], [16]. We then make the following definition [24]:

Definition 2.1. A wall of type (A, c) is a class { € Hz(S; Z) such that { =
A mod 2 and , X

A" —4c<{ <.
In particular there are no such walls unless A*—4c<0. Clearly this definition

depends only on Amod2 = w and p = A? - 4¢, and we shall also refer to
walls of type (w, p).
Now suppose that pg(S) =0, i.e. that b;(S) =1. Let

Q. ={xe H(S;R): x" > 0}.

Let W¢ = QN (C)L. A chamber of type (A, c¢) (or of type (w, p)) for S is
a connected component of the set

Qg —U{WC : { is a wall of type (A, CI), ¢ <c}.

For the purposes of algebraic geometry, walls of type (A, ¢) arise as follows:
let L be an ample line bundle and let ¥ be a rank two bundle over S with
¢,(V) = A and c,(V) = ¢ which is strictly L-semistable. Let & (F) be a
destabilizing sub-line bundle. Thus there is an exact sequence

0-O(F) -V -O(-F+A)®1,—0,
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where I, is the ideal sheaf of a codimension two local complete intersection
subscheme. Thus R
V)=c=—-F +F-A+{(Z).

Since £(Z) is nonnegative, we can rewrite this as

-F’+F-A<c.
Moreover ) 5 5 s

(2F —A)" =—4(-F" + F-A)+ A" <A" —4c,
so that we can rewrite the last condition by
AY - 4c < (2F — A~

Using the fact that L- F = (L-A)/2, we have

L-2F -A)=0,

and so by the Hodge index theorem (2F — A)2 < 0, with equality holding if
and only if 2F — A = 0 (recall that S is simply connected). This case cannot
arise for us since A-x =1 and thus A is primitive. In particular { = 2F — A
is a wall of type (A, ¢). Of course, it is also the cohomology class of a divisor,
and thus has type (1, 1). It then follows easily that, if L, and L, are two
ample line bundles such that ¢,(L,) and c¢,(L,) lie in the interior of the same
chamber of type (A, ¢), then a rank two vector bundle V' with ¢,(V) = A and
¢,(V') =c is L, -stable if and only if it is L,-stable.
With this said, we can make the following definition:

Definition 2.2. Let ¢ be an integer, and set w = A mod 2 and p = A’ —4c. An
ample line bundle L is (A, c)-suitable or (w, p)-suitable if, for all walls { of
type (A, ¢) which are the classes of divisors on S, we have sign f-{ =sign L-{.

Remark. (1) Suppose that { is a (1, 1) class satisfying C2 > 0. It follows
from the Hodge index theorem that if {-f > 0, then {-L > 0 as well. Thus
we can drop the requirement that { 2<0.

(2) In our case { = Amod 2 and thus {-x = 1 mod2. It follows that
{-x # 0 and thus that {- f # 0. Thus the condition {- f # 0 (which was
included as part of the definition in [11]) is always satisfied in our case.

(3) In case b2+ (S)=1, L is (A, c)-suitable if and only if the class x lies in
the closure of the chamber containing ¢ (L).

Lemma 2.3. For every c, (A, c)-suitable ample line bundles exist.

Proof. Let L, an ample line bundle. For n > 0,let L, = L, ® G¢(nf). It
follows from the Nakai-Moishezon criterion that L, is ample as well. We claim
thatif n > —p(L,- f)/2, then L, is (A, c)-suitable.

To see this, let { =2F — A be a wall of type (A, ¢) with

A —4c<i®<o.
We may assume that a = {- /> 0, and must show that {-L > 0 as well. The

class ac,(L,) — (L, - f){ is perpendicular to f. Since f 2 — 0, we may apply
the Hodge index theorem to conclude:

0> ac,(Ly) - (Ly- )¢ = a° Ly = 2a(Ly- N)(Ly-§) + (Ly- H1C.
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. 2 2
Using the fact that {* > A” — 4c = p, we find that

a(Lg) C

L 3t > gp Lo D)

L, C—Z(
Thus
L -C=(Ly-O)+n(l-f)> (L )= (L - f)

=-2(Ly-N(a- ) > 0.
Thus L, is (A, c)-suitable. O

In the case where b;’ (S) = 1, we have the following interpretation of (A, ¢)-
suitability.

Lemma 2.4. Suppose that pg(S) =0. If L, and L, are both (A, c)-suitable,
then c (L) and c,(L,) lie in the same chamber of type (A, c). Thus there
is a unique chamber % (w, p) of type (A, c) which contains the first Chern
classes of (A, c)-suitable ample line bundles. Conversely, if L is ample and
c,(Lye €(w, p), then L is (A, c)-suitable.

Proof. Let L, and L, be (A, c)-suitable. Since p g(S) = 0, every cohomology
class is of type (1, 1). Thus if { is a wall of type (A, c), then

signL -{ =signf-{=signL,-(.

This exactly implies that ¢,(L,) and ¢,(L,) are not separated by any wall ({ )yt

Conversely suppose that ¢ (L) € €(w, p), where & (w, p) is the unique
chamber containing the first Chern classes of (A, c)-suitable ample line bundles.
This means in particular that L-{ # 0 for every { of type (A, ¢). The proof
of Lemma 2.4 shows that ¢,(L) + N[f] € €(w, p) for all sufficiently large N .
Thus, for all { of type (A, ¢),

signL-{=signL-{+ Nsignf-(.

Since f-{ #0, signL-{+ Nsignf-{ =signf-{ forall N > 0. Thus
signf-{=signL-{,and L is (A, c¢)-suitable. O

Lemma 2.5. Suppose that pg(S) 0. The chamber % (w, p) is the unique
chamber of type (w, p) which contains k in its closure. Thus every diffeo-
morphism w of S for which y*x = +k satisfies y'&(w, p) =+F(y w, p).
More generally, if S and S’ are two elliptic surfaces with p,=0 and y: S — S’
is a diffeomorphism such that y*kg = *k, then u/ %(w p)=+%(y*w, p).
In particular if S is not rational and w:S — S is a diffeomorphism, then
' &w,p)=xF(y w,p).

Proof. Let % and %, be two distinct chambers which contain «k in their
closures. Let { be a wall separating % and ?5”2 We may assume that {-x >0
forall x € ] and {-x <0 forall x € %,. Thus 0 < {-k <0,sothat {-k =0
However this contradicts the fact that {-x # 0. Thus there is at most one
chamber containing x in its closure. We have seen in the proof of Lemma 2.3
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that, for all ample line bundles L and integers N > 0, ¢,(L)+Nx € € (w, p).
Thus « + (1/N)c,(L) € €(w, p). It follows that x indeed lies in the closure
of #(w, p), so that Z(w, p) is the unique chamber with this property.
Thus if w is a diffeomorphism of S for which y*x = £k, then +x lies
in the closure of y*%(w, p). Clearly, if & is a chamber of type (w, p),
then y*% is a chamber of type (w w, p). It follows that y*"&(w,p) =
+%&(y*w, p). The statement about two different surfaces S, S’ is proved
similarly. To see the final statement, we use [10] to see that every diffeomor-
phism y:S — S satisfies y/'.xsl = +k¢ provided that S is not rational. O

Definition 2.6. The chamber described in Lemma 2.4 will be called the suitable
chamber of type (A, c¢) or of type (w, p) or the (A, c)-suitable or (w, p)-
suitable chamber.

3. THE GEOMETRIC MEANING OF SUITABILITY

The goal of this section is to describe the meaning of (A, ¢)-suitability. Given
the bundle ¥ on S, it defines by restriction a bundle V|f on each fiber f.
Our main result says essentially that V is stable for one, or equivalently all,
(A, c)-suitable line bundles L if and only if V|f is semistable for almost all

f

It will be more convenient to use the language of schemes to state this result.
As in Section 2, let k(IP") denote the function field of P' and let k(P') be the
algebraic closure of k(lP’]). Set n = Spec k(]P’]) and 7 = Speck(P'). Thus 7
is the generic point of P'. Let S,, =S xp1 11 be the generic fiber of z and let

S,7 =S xp 1. Here S" is a curve of genus one over the field k(IP’l) and S,_,

is the curve over k(P') defined by extending scalars. Let V,, and V,, be the
vector bundles over Sn and S,_7 respectively obtained by restricting V' . We can
then define stability and semistability for V,7 and V,; for V,l , a destabilizing

subbundle must also be defined over k(IPl). Trivially, if V, 1s unstable (resp.
not stable) then Vﬁ is unstable (resp. not stable). Thus if Vn is stable, then Kl
is stable as well.

Lemma 3.1. Vn is semistable if and only if Vn is semistable.

Proof. We have seen that, if V,, is not semistable, then V,7 i1s not semistable.
Conversely suppose that V,7 is not semistable. Then there is a canonically
defined maximal destabilizing line subbundle of Vo which thus is fixed by every

element of Gal(k(P') /k(lP"). By standard descent theory this line subbundle
must then be defined over k(P'). Thus V. is not semistable. O

Remark. 1f Vﬂ is strictly semistable, it is typically the case that V,7 is actually
stable.

Lemma 3.2. In case A-k = 1, the bundle v, is semistable if and only if it is
stable.



VECTOR BUNDLES AND SO(3)-INVARIANTS FOR ELLIPTIC SURFACES 43

Proof. First assume that m m, = 1 mod 2. In this case Vﬂ has odd fiber

degree, and so there are no strictly semistable bundles over k(P'). Hence, if
V,, is semistable, then by Lemma 3.1 Vﬁ is semistable and therefore stable.

Thus V” is stable by the remarks preceding Lemma 3.1.

In case m;m,; = 0 mod 2, suppose that Vﬂ is strictly semistable. Thus there
is a line bundle on S, of degree m,m,/2. There would thus exist a divisor D
on § with D- f =m;m,/2. Since f = m m,x, this possibility cannot occur.
Thus V" is stable. O

Here then is the theorem of this section:

Theorem 3.3. Let V be a rank two vector bundle on S with ¢,(V) = A and
¢,(V)=c andlet L bea (A, c)-suitable ample line bundle. Then V is L-stable
if and only if the restriction V, of V to the generic fiber S, is stable.

Proof. First suppose that V' is L-stable. Let F" be a subbundle of V,, of rank
one. Then there is a divisor F on S such that g(F) restricts to F, and an
inclusion & (F) — V. Hence there is an effective divisor D and an inclusion
Os(F 4+ D) — V such that the cokernel is torsion free. Since F, is a subbundle

of V,’ , the divisor D cannot have positive intersection number with f. As D

is effective it is supported in the fibers of # and so F and F + D have the
same restriction to the generic fiber. We may thus replace F by F + D. Then
V@ (F) is torsion free. Hence there is an exact sequence

0-O(F)—=V ->04A-F)®1, -0,
where Z is a codimension two subscheme of S. Thus
A’ —4c < (2F - A
Since V is L-stable, L-(2F —A) < 0. It follows from Definition 2.2 and (2) of
the remark following it that f-(2F —A) <0 as well. Thus deg F,7 < deg V,’ /2,
which says that Vn is stable.

Conversely suppose that V,, is stable. Let &¢(F) be a sub-line bundle of V',

where we may assume that V/@(F) is torsion free. Reversing the argument
above shows that f-(2F —A) < 0 and therefore that L-(2F —A) <0 as well.
Thus V is L-stable. O

Corollary 3.4. Let V be a rank two vector bundle on S with ¢,(V) = A and
¢,(V) = c. Then the following are equivalent.

(i) There exists a (A, c)-suitable ample line bundle L such that V is L-
stable.

(i1) V is L-stable for every (A, c)-suitable ample line bundle L.

(i) ¥, is stable.

(iv) V, is semistable.

(v) The restriction Vln*’(t) is semistable for almost all t € P'.

(vi) There exists a t € P' such that n~'(t) is smooth and the restriction
Vln'l(t) is semistable.
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Proof. By Lemmas 3.1 and 3.2, (iii) and (iv) are equivalent, and by Theorem
33 (1) = (iii)) => (ii). The implication (ii) == (i) is trivial. The
implication (iv) = (v) follows from the openness of semistability in the
Zariski topology in the sense of schemes, and the implication (v) = (vi) is
trivial. To see that (vi) = (iv), suppose that V;7 is not semistable. Then a
destabilizing sub-line bundle extends to give a sub-line bundle over the pullback
of S to some finite base change of P'. Thus Vln_l(t) is unstable for every
t€P' such that n_l(t) is smooth, and so (vi) = (iv). O

Remark. In case A-x = 0 mod 2, there can exist strictly semistable bundles
on S,, of degree A- f. There are examples of rank two bundles ¥ on S
with ¢ (V) = A and v, strictly semistable such that V is either stable, strictly
semistable, or unstable (cf. [10]).

4. DONALDSON POLYNOMIALS AND THE MAIN THEOREMS
As above we let S denote a simply connected elliptic surface with p g(S) >

0. Fix w = Amod2 and let p be an integer satisfying w? = pmod4.
For pg(S) > 0, there is the Donaldson polynomial y, p(S) corresponding
to the SO(3)-bundle P with invariants w and p. Here for simplicity we
shall always choose the orientation on the moduli space which agrees with the
natural complex orientation. The polynomial y, ,(S) is invariant up to sign
under self-diffeomorphisms ¥ of S such that y*w =w. If p g(S) =0, then
we have the distinguished chamber #(w, p) which contains x in its closure.
We shall then use y,, ,(S) to denote the Donaldson polynomial for S with
respect to the chamber & (w, p), again with the orientation chosen to be the
complex orientation. Since w % (w, p) = +& (v w, p), the invariant Y. p(S)
is again natural up to sign under orientation-preserving self-diffeomorphisms
which fix w and x up to sign (and thus for all orientation-preserving self-
diffeomorphisms which fix w if S is not rational). Of course, there are only
finitely many choices for w, so that there is a subgroup of finite index in the
full group of diffeomorphisms fixing x which will also fix w.

Lemma 4.1. For every choice of w and p, Y, p(S) liesin Qlqg, kg]. Moreover,
if for some choice of w and p, Yw, p(S) does not lie in Q[q], then every dif
feomorphism w from S to another simply connected elliptic surface S’ satisfies
vKkg = tKg.

Proof. The set of automorphisms of H,(S; Z) of the form y, , where y is a
diffeomorphism satisfying v, (k) = x, y w =w, and ¥y, ,(S) =7, ,(5),
is a subgroup of finite index in the group of all isometries of H,(S; Z) pre-
serving K, by [10], Part I, Theorem 6, and [11], Chapter 2, Theorem 6.5. Thus
by [11], Chapter 6, Theorem 2.12, yw’p(S) € Qlgg, kg]. Moreover k is the
unique such class. The last statement of the lemma is then clear. O

Next let us discuss the effect of blowing up. Suppose that p: S - S is
the r-fold blowup of S, and let the exceptional classes in H,(S) be denoted by
e ,...,e, . Likewise let S’ be another simply connected elliptic surface and let
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p 1§ — S’ bethe r-fold blowup of S’, with exceptional classes e; Y eens e; If
w: S — & isadiffeomorphism, then w*e; =+e; for a uniquely determined j,
by [10], Part I, Theorem 7, and [11], Chapter 6, Corollary 3.8. It follows that,
if w' e H*(S';Z/22) is of the form (p')*w, for some w), € H*(S'; 2/2Z),
then there is a w, € H*(S; Z/2Z), such that y*w' = p w, . Finally, we shall
need the following extension of [11], Chapter 6, Theorem 3.1:

Proposition 4.2. Let w, € H 2(S; Z/2Z) andlet p: S — S be the r-fold blowup

of S. If b;’ (S) = 1, assume moreover that y bty p is defined with respect to

some chamber & . Let € be a chamber of type (w,, p) on HZ(S s R) such
that @ contains p*% in its closure. Then
|p*H2(S ;L) =

yp'wo,p wy,p

where if b; (S) =1, the polynomial Ywy,p is defined with respect to the chamber
& .

Here, in case pg(S) = 0, the chamber % does not in general determine a

unique chamber & on S . However the conclusion of the proposition implies

in particular that the value of y p*uwy,p O1 classes in p*Hz(S; Z) is independent

of the chamber for $ of type (p*w,, p) which contains % in its closure.

This result follows from standard gauge theory techniques [11]. It can also
be proved in our case via algebraic geometry, using the blowup formulas for
instance in [10]. Since it does not appear with an explicit proof in the literature,
we shall outline a proof in the only case that concerns us, where the chamber
% contains the first Chern class of an ample line bundle. We shall just write
down the argument in the most interesting case, where p g(S) = 0. We shall
also assume here that the moduli spaces have the expected dimension for all
choices of p’ > p. The arguments given here can easily be extended to handle
the case where p <« 0, and with a little more effort will also cover the general
case.

By induction we may assume that p: S — S is the blowup of S at a single
point p. Let E be the exceptional curve and e be its cohomology class. We
shall usually identify HZ(S) with its image in H? (S) under p*.Let & bea
chamber for S of type (p*wo, p) containing % in its closure and let { be

a wall for 2. Then { = ' + ae, where (' € HZ(S; Z) and a € Z (in fact
2|a since { = Amod 2). After possibly reflecting in e, which is realized by an
orientation-preserving diffeomorphism r, of S, we may assume that a > 0:
Indeed, r:,‘ switches the two possible chambers corresponding to +a, and so, if
7, and y, are the two invariants corresponding to the two choices of chambers,
then r,y, = y,. Since r,|H,(S; Z) is the identity, it suffices to prove the result
for either chamber. So we can assume that a > 0.

Since % isin the closure of & , if x € &, then x-{' = x-{ > 0. Conversely,
if we start with an ample line bundle L on S such that ¢,(L) € &, then for
all N> 0, Nc¢ (L) — e is the first Chern class of an ample line bundle L, on

S. Moreover (Nc¢,(L)—e)-{ > N(c,(L)-¢') > 0. It follows from this that
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¢,(Ly) liesin &, and if ¢,(L) is in the interior of & then c (L) is in the
interior of < .

Consider rank two vector bundles ¥ on § with ¢,(V) = p"A and ¢,(V) =c.
Set V = (p*f/)vv. Then V is a rank two vector bundle on S with ¢, (V) =
A and ¢,(V) < ¢,(V), where equality holds if and only if ¥ = p*V. The
arguments of the proof of Theorem 5.5 in Part II of [10], which essentially just
depend on the determinant of ¥ being a pullback, show the following. There
is a constant N, depending only on L and c, such that, for all N > N, if
V is L, -stable then V is L-semistable, and conversely if V' is L-stable then
vV is L, -stable. Moreover the map V p*V defines an open immersion of
schemes from the moduli space of L-stable rank two vector bundles on S with
¢, =4 and ¢, = ¢ to the corresponding moduli space for S and ¢ = PrA.

To evaluate the Donaldson polynomial on $ on a collection of classes of the
form p*a, represent a by a smoothly embedded Riemann surface C on S
which does not pass through p, the center of the blowup, and choose a theta
characteristic on C. This choice leads to a divisor D on the moduli space. By
definition ¥ lies in D if and only if the Dirac operator coupled to the ASD
connection induced on C has a kernel. From this it is clear that ¥ lies in D.
if and only if V lies in the corresponding divisor on the moduli space for §
of bundles with ¢, = A and ¢, = ¢,(V) < c. An easy counting argument then
shows that, if d is the dimension of the moduli space for S and we choose
Cl , ..., C,; in general position and general theta characteristics on C;, then
¥V lies in the intersection D, n- ﬂDC if and only if ¥ = p*V and V lies in
the corresponding intersection for the moduli space of S. As #(D. - ﬂDC )

calculates the value y . "y, p([C I, ..., [C,]), it is then clear that

Ip*Hz(S; Z)=7,, , O

yp * Wy, P
Assuming Theorems 0.4 and 0.5, we can now prove the main theorem of this
paper, which we restate as a series of results.

Theorem 4.3. Suppose that S and S' are two simply connected elliptic surfaces
with p,(S) = p,(S') = 1. Suppose that neither S nor S’ isa K3 surface. Let S

and S be two blowups of S and S', and let y: S — S’ be a diffeomorphism.
Identify H2(S; Z) with its image in HZ(S'; Z) under the natural map, and
similarly for H(S'; Z). Then vikg = tkg.

Proof. Arguing as in Corollary 3.6 of Chapter 6 of [11], we see that it suffices
to show that some Y, p(S) actually involves kg. If m m, = 1 mod 2, then
the coefficient of ;c; in y, (S) for the choice of p given in Theorem 0.5 (i)

corresponding to the two-dlmensmnal moduli space, is 2m m§ ml m2 This

number is zero if m = m, =1, in which case § isa K 3 surface. Otherwise

2.2 . 2 .
2mim; — mf ~ m§ > 0. Thus the coefficient of Kg is nonzero.

If m;m, =0 mod 2, then the expected dimension of the moduli space is 4c—
A*—6 = A* mod 2. Moreover A-kg =1 and K¢ = (2m,m,—m,—m,)k . Since
exactly one of m,, m, is even, A-K; = 1 mod 2. Thus by the Wu formula
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A’ = 1 mod 2, and the dimension of the moduli space is odd. It follows that
every nonzero invariant must involve x . Since nonzero invariants exist by
Theorem 0.4 or more generally by Donaldson’s theorem on the nonvanishing
of the invariants, there are choices of p for which y,, ,(S) actually involves
Kg. O

Theorem 4.4. Suppose that S and S’ are two elliptic surfaces with pg(S) =
pg(S') > 1 with finite cyclic fundamental group and multiple fibers of multiplic-
ities {m,, m,} and {m\, my}, respectively, that S and S’ are two blowups of
S and S', and that § and S’ are diffeomorphic. Then {m,, m,} = {m}, m,}.
Hence S and S’ are deformation equivalent.

Proof. As in [11] we can reduce to the simply connected case. Using Theorem
0.3, we know that m,m, = m’lm'2 and that, if y: S — §’ is a diffeomorphism,
then vy, (H,(S; Z)) = HZ(S'; Z) under the identification of H,(S; Z) with a

subspace of H,(S;Z) and likewise for S'. Fix a class w € H*(S'; Z) with
w-Ky = 1. Thus

Vyow p(SIHNS Z) = £y, (S)Hy(S'; 2)
under the natural identifications. Moreover y*w - K¢ =w-Kg = 1. Thus the
Donaldson polynomial invariants for the minimal surfaces S and S’ for the
values y*w and w respectively are equal. If m m, = m m, =1mod 2, then

2 2 2 2 1.2 1\2 r\2 1,2
(pg(S) + l)mlmz -m -m,= (pg(S) + 1)(m1) (mz) - (ml) - (mz) .
Thus 2 2 2 12
i ! i
mm,=mm, and m;+m;=(m) +(m,) .
It follows that (m, + m,)* = (m| +m})® and so m, +m, = m| +m}. We can
thus determine the elementary symmetric functions of m, and m, from the
diffeomorphism type, and hence the unordered pair.
If mm, = m'1 m'2 = 0 mod 2, then, assuming that 2|m,, it follows from
Theorem 0.4 that we can determine m,m, and m,. Thus, we can determine
m, aswell. O

Theorem 4.5. Suppose that S and S’ are two nonrational elliptic surfaces with
finite cyclic fundamental group and with p,(S) = p, (S') = 0 with multiple fibers
of multiplicities {m,, m,} and {m', m}}, respectively, that S and S’ are two
blowups of S and S', and that S and S’ are diffeomorphic. Suppose further
that mm, =0mod 2. Then m\my=0mod 2, and {m , m,} = {m}, m,}.

Proof. We may again reduce to the simply connected case. Note that every
diffeomorphism y from § to $' sends the subspace H*(S'; Z) to H*(S; Z).
Choose a class w € H2(S'; Z/2Z) with w-kg = 1. We must have w'&w, p)
=+%(y w, p), by Lemma 2.5. As in the preceding argument, we are immedi-
ately reduced to comparing the Donaldson invariants for the surfaces § and S’ .
Let us first show that m,m, = 0 mod 2. First note that the two-dimensional
invariant corresponds to —p = 5 > 4 = 2(4p,(S) + 2). Thus we are in the
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stable range and can apply Theorem 0.4 to conclude that the leading coefficient
of yw’_S(S) = m, . Since § is not rational, m, > 1. Butif m'lm'2 =1 mod 2,
then by (i) of Theorem 0.5 the leading coefhicient of yw,_S(S') is 1, a contra-
diction. Hence m'l m'2 = 0O mod 2 and the leading coefficient of yw’_S(S') is
just m'z. It follows that m, = m'2 and, by Bauer’s result (Theorem 0.2), that
(m? = 1)(m3 = 1) = ((m})* = 1)((m})* = 1). Thus m, = m} as well. O
Theorem 4.6. Suppose that S and S’ are two nonrational elliptic surfaces with
finite cyclic fundamental group and with P (S) = (S') = 0 with multiple fibers
of multiplicities {m,, m,} and {ml , mz} respectzvely, that S and S' are two
blowups of S and S’ , and that S and S are diffeomorphic. Suppose further
that mym, = 1 mod 2. Then m! m2 =1mod?2, and {m, m,} = {ml, mz}.
Proof. As before we pass to the simply connected case. If m/1 m'2 = 0 mod
2, then by Theorem 4.5 m m, = Omod 2 as well, a contradiction. Thus

m'lm'2 = 1 mod 2. Using (i) and (ii) of Theorem 0.5, we see that the Donaldson
polynomials determine the quantities

A=mimi—m —mi+1=(m —1)(m;—1);
4 4 4 4 4 4
B=mm,—m —m,+1=m —1)(m,—1).

We must show that 4 and B determine {m,, m,} provided that both m,
and m, are greater than one. This is just a matter of elementary algebra: let
o, = mf+m§ aéld g, = mfmé Then o, and o, are the elementary symmetric
functions in m| and m§_ and thus determine {mf, m%}. As m, and m, are
positive the knowledge of {mf , mé } determines {m,, m,}.
To read off g, and g, from 4 and B, note that if 4 # 0 then
B
A
Thus 20, = B/4+ A~ 2 and 20, = B/A — A provided that 4 # 0. Now
A =0 if m or m, is one, and otherwise 4 > 1. Thus, provided neither of
m, or m, isone, A and B determine g, and g,. O

2 2 2 2 2 2
=(my+ 1)(my+1)=mm;+m +m; + L

PART II: THE CASE OF EVEN FIBER DEGREE

In this part, S shall always denote a simply connected elliptic surface over P!
with multiple fibers of multiplicities 2m, and m,, where m, is odd, and such
that there exists a divisor A on § with A-f = 2m,;m,, the minimum possible
value. We shall describe certain moduli spaces of stable vector bundles V' over
S such that ¢ (V) and A have the same restriction to a general fiber. We then
apply this study toward a partial calculation of the corresponding Donaldson
polynomial invariants of S. Aside from quoting a few results from Part I, Part
IT can however be read independently. On the other hand, we draw heavily on
the book [11], and many arguments which are very similar to arguments in [11]
are sketched or simply omitted. Roughly speaking, the new ingredients in the
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proof consist of the algebraic geometry of certain elliptic surfaces associated
to S, which have a single multiple fiber of multiplicity two and are birational
to double covers of rational ruled surfaces. The vector bundle parts of the
argument run more or less parallel to the arguments in [11], with a few new
cases to analyze.

The outline of Part II is as follows. With notations and assumptions on
S as above, there is an associated surface J"1"2(S) defined in Section 1 of

Part I. The surface J™"2(S) fibers over P' and the fiber over a point ¢ lying
under a smooth fiber f of S is J™1™2(f), the set of line bundles of degree
m,m, on the fiber f of S. The surface J™™2(S) has an involution defined by
2 e JM™(f) = G, (AlS) ®A~'. The quotient of J™"(S) by this involution is
birational to a rational ruled surface F, , and we describe the geometry of the
double cover in detail. In Section 2, we describe the rough classification of stable
bundles ¥ on § with ¢/ (V)= A. To each such bundle there is an associated
bisection C of J™™(S) which is invariant under the involution, and so defines
a section of the quotient ruled surface. In Section 3, we show that for general
bundles V', V is determined up to finite ambiguity by the section of the ruled
surface and the choice of a certain line bundle on the associated bisection C of
J™™(8) . Thus, a Zariski open subset of the moduli space fibers over an open
subset of the linear system of all sections on a certain rational ruled surface,
and the fibers are a number of copies of the Jacobian J(C) of the bisection

C of J™™(S). It is here that the asymmetry between 2m, and m, becomes
apparent: the number of connected components of the fiber is just m,. The
reasons for this are explained following Lemma 2.4. Finally, in Section 4 we
calculate the leading coefficient of a Donaldson polynomial invariant and show
that it contains an “extra” factor of m, . This calculation seems to be in general
agreement with work of Kametani and Sato [13].

1. GEOMETRY OF CERTAIN ELLIPTIC SURFACES

We fix the following notation. Let #n:S — P' be an elliptic surface with
two multiple fibers F, ~and F, of multiplicities 2m, and m,, where
ged(2m,, m,) = 1. We ‘shall further assume that the reductions of the mul-
tiple fibers are smooth and that all other singular fibers are reduced and irre-
ducible with just one ordinary double point. In other words, .S is nodal in the
terminology of [11]. Let kg = k € HZ(S; Z) be the unique class such that
2m,m,k = [f], where f is a general fiber of n. Finally we shall assume that
there is a 2m m,-section A, i.e. a divisor A, not necessarily effective, with
A-f =2m;m,, or equivalently A-x = 1. By [11], there always exist such nodal
elliptic surfaces. In particular S is algebraic.

We shall be concerned with the associated elliptic surface J™"(S) defined
in Section 1 of Part I. By the discussion there, J™!"™2(S) has exactly one multiple

fiber of multiplicity two, above the point of P! corresponding to F2ml . We

shall denote this fiber by F,. Moreover, given the 2m, m,-section A, there is

an involution of J™™(S) defined on the generic fiber S, by A= ¢ (A)®
n

A~ . Since J™™(S) is relatively minimal, this involution on the generic fiber
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extends to an involution on J™™2(S), which we shall denote by :. The data of
J™™:(S) and the involution 1 do not depend on A, but only on the restriction
of A to the generic fiber. A line bundle which has the same restriction as A
to the generic fiber differs from A by a line bundle which is trivial on the
generic fiber and thus is a multiple of k. Up to twisting by a line bundle
which is divisible by 2, the only possibilities are then A and A — k. Replacing
A by A — k replaces A? by A? — 2 and thus changes A’ mod 4. Of course
A? =1 mod 2 since

A-Kg=2mm,(p, + 1)~ 2m, —m,=1mod 2.
Let us determine the fixed point set of 1.

Lemma 1.1. The fixed point set of 1 consists of a smooth 4-section together with
two isolated fixed points on F,.

Proof. The fixed point set of an involution on the smooth surface J™1™2(S)
must consist of a smooth curve together with some isolated fixed points. For a
smooth nonmultiple fiber f, there are four divisors A such that 24 = f. Thus
there is a component of the fixed point set which is a 4-section of J™1"(S).
Every other curve component of the fixed point set has trivial restriction to
the generic fiber and (since the curve component is smooth) cannot meet the
4-section. Since all fibers are irreducible, there can be no other component, and
the remaining fixed points are isolated.

Let us consider the possibilities for isolated fixed points away from F,. In
an analytic neighborhood of a nonmultiple fiber, there is a section of the elliptic
fibration. Using this section to make the local identification of J™™2(S) with
J 0(S) , and since the group of local sections is divisible, it is easy to see that,
after a translation, we can assume that 1 corresponds to the involution x — —Xx.
Direct inspection shows that this involution has no isolated fixed points, even
at the nodal fibers. To handle the multiple fiber, the explicit description of a
neighborhood X of a multiple fiber shows that after a base change of order two,
say X — X , we can assume that there is a local section of X . The induced map
from the central fiber of X to the central fiber of X corresponds to taking the
quotient by a subgroup of order two. After a translation we can further assume
that the pulled back involution on X is given by x — —x. Since inverses
commute with translations by a point of order two, the restriction of 1 to F,
again has four fixed points. Two of these lie on the 4-section (recall that a 4-
section can meet F, in at most two distinct points) and the remaining two are
isolated. O

Thus there are two isolated fixed points of : on F,. If we blow these up
and then take the quotient, the result will be a smooth surface F mapping to
P' whose fibers are smooth rational curves except over the point corresponding
to F, (Figure 1). Over this point, the fiber is a curve 9, + 2e +9,, where ?,
and v, are the images of the exceptional curves, ¢ is the image of F,, and we
have (O,l)2 =-2 and ¢ = -1 , 0, -e=0,-e=1 and 9, -0, =0. In particular
we may contract e and then either 9, or ?, to obtain a rational ruled surface
F, . We shall fix notation so that ?, is the curve we contract and the resulting
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surface is F, . However, as we shall see, it is important to keep in mind the
symmetry between 9, and ?,. Contracting d, instead corresponds to making
an elementary modification of F, and thus replacing it by F,, . As we shall
see, the symmetry between 9, and 0, corresponds to the choice of either A or
A-k.

The branch divisor B’ on the blowup F of F, is of the form B +0, +9,,
where B is a smooth 4-section which does not meet v, or 9, and hence B-e¢ =
2. Thus if we use the basis {g, f, ?,, ¢} for Pic(F), where o is the negative
section of F, and f is the class of a fiber, viewed as curves on F, it is easy
to see that

B =40+ (2k +1)f — 4e - 20,

for some odd integer k and that
B+0,+0,=40+ (2k +2)f — 6e - 20,,

which is indeed divisible by 2. Note that we cannot say a priori that B is
irreducible. However it cannot be a union of a 3-section and a section, since
there are no sections of J™™(S). In particular B-¢ > 0. Thus if 9, is the
proper transform of the fiber on F, , and we assume that the negative section
o does not pass through the point of the original fiber that was blown up, so
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that ¢ -9, =0, then 2k + 1 > 4N, or equivalently
k > 2N.

The same conclusion holds by a similar argument if ¢ does pass through the
point that is blown up.

It is now easy to reverse this procedure. Begin with F, and blow up a point
in a fiber. Then blow up the point of intersection of the exceptional curve with
the proper transform of the fiber. The result is a nonmiminal ruled surface F
with a reducible fiber of the ruling of the form d, + 2¢+9,, where 9, is the
proper transform of the fiber, v, is the proper transform of the first exceptional
curve, and e is the second exceptional curve. Choose a smooth element B in
the Jinear system |40 + (2k + 1)f — 4e — 20,|, if any exist, where o is the
negative section of F,, and f is a fiber. The double cover of F branched along
B + 9, + 0, is then an elliptic surface with a multiple fiber of multiplicity 2,
bisections corresponding to the pullbacks of sections of F, , and an involution
1.

Let us calculate p,(J™"(S)) = p,(S) in terms of F and B. The canonical
bundle of F, is given by KFN = —20 — (N + 2)f. Thus, recalling that 2, is
the proper transform of the first exceptional curve and that e is the second, we
have

Ky=-20—(N+2)f+0,+2e
As for the branch locus B 40, +0,, we have
B+0,+0,=2Q20+ (k+1)f—3e—0,).
By standard formulas for double covers,
HY(J™™(S) 3 K ymymy(5)) = H (F; Gp(Kyg + 20 + (k + 1)f — 3¢ —0,)).
Now, using the calculations above, we have
Ke+20+(k+1)f-3e-0,=(k-N-1)f~-e
Recalling that f is linearly equivalent to ?, + 2¢ +0,, it is clear that
k-N-1, ifk-N>2,
0, otherwise.

Rk =N 1)f—¢) = {

Nowif k— N <1,since k > 2N wemusthave N<1.If N=1, then k=2
and so k — N — 1 =0 in this case as well. If ¥ =0, then £ = 0. In this case
B =40+ f—-4e—20,=40+0 —2¢—0,, and it is easy to see that the effective
curve ¢ — 0, — ¢, which is the proper transform of the unique element of ||
passing through the point of the fiber which is blown up, satisfies

(0—0,—¢)- (40 + f —de—20,) = —1.

Thus |B| has the fixed component ¢ — 9, — ¢, which is a section, and this case

does not arise. So in all cases we have hO((k ~N-1)f-e)=k-N-1.
Thus we may summarize this discussion as follows:
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Lemma 1.2. With notation and conventions as above,
P, (S)=p,(J"(S) =k -N—-1. O

In particular, suppose that p g(S) = 0. Since k > 2N, and the case k =
N = 0 has been ruled out above, the only possibilities are N =0, k=1 or
N =1, k=2. Thus F is the blowup of either F, or F,, and of course the
two cases are elementary transformations of each other. Thus we may assume
that k =2 and N =1 in this case. Moreover the negative section of F, does
not pass through the exceptional point in the blowup.

2. CLASSIFICATION OF STABLE BUNDLES

We let S be a nodal elliptic surface over P! with exactly two multiple fibers
of multiplicities 2m, and m, and let A be adivisoron § with A-f =2m m,.
Fix an integer c¢. In this section we shall study rank two vector bundles V' with
¢,(V)=A and ¢,(V)=c. We shall also let w =Amod2 and p = A’ —4c.

First recall the following standard definition from Part I:

Definition 2.1. An ample line bundle L on S is (A, ¢)-suitable or (w, p)-
suitable if for all divisors D on S such that —D*+D-A < ¢, either f -(2D-A) =
0 or

sign f- (2D — A) =sign L. (2D — A).

The following is Lemma 2.3 of Part I:
Lemma 2.2. For all pairs (A, ¢), (A, c)-suitable ample line bundles exist. O

With this said, here is the rough classification of rank two vector bundles V'
with ¢,(V) = A and c,(V) = ¢ which are stable with respect to a c-suitable
line bundle L.

Theorem 2.3. Let L be (A, c)-suitable, and let V be an L-stable rank two
vector bundle with c¢,(V) = A and c,(V) = c. Then there exist:

(i) A smooth irreducible curve C and a birational map C — C C J™™(S),
where C is a bisection of J™"™(S) invariant under the involution 1;
(i) A divisor D on T, the minimal desingularization of the normalization
of C xp S, such that D - f = m m,, where f is a general fiber of
T — C, and moreover D has the same restriction to the generic fiber
of T as the divisor induced by the section of J™ "™ (T) corresponding to
the map C — J™™(S);
(iii) A codimension two local complete intersection Z and an exact sequence

0 (D)—» V'V ->G.(vVA-D)®I, -0,

where v: T — S is the natural degree two map.

Moreover the bisection C and the double cover T are uniquely determined by
the bundle V , and D is determined by the bundle V and the choice of a map
C — J™™(S). Finally, every rank two vector bundle V with ¢ (V)= A and
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¢,(V) = ¢ satisfying (i)-(iii) above is stable with respect to every (A, c)-suitable
ample line bundle L. :

Proof. First suppose that V' is L-stable. It follows from Corollary 3.4 of Part I
that the restriction of V' to the geometric generic fiber of # is semistable. More
precisely, let n = Speck(P') and let # = Speck(P'), where k(P') denotes the
algebraic closure of k(lPl) . Let V, denote the pullback of V' to the curve
Sﬂ which is the geometric generic fiber of n. Then V; is semistable. By the
classification of rank two bundles on an elliptic curve, Vﬂ =L, ®L,, where
each L, is a line bundle over Sﬂ of degree m;m, and L, ® L, corresponds

to the restriction of A to S, - The Galois group Gal(k(]P’l)/k(IPl)) permutes
the set {L,, L,}. This action cannot be trivial, since otherwise L; would be

rational over k(]Pl) and then S would have an m, m,-section. Thus the fixed

field of the subgroup of Gal(k(P') /k(lP")) which operates trivially on {L,, L,}

defines a degree two extension of k(IP’) , corresponding to a morphism C — p'.
Setting T to be the minimal resolution of the normalization of C x,: .S, there
is a section of J™"™(T) defined by L,, say. The image of this section in
J™™(S) is then the bisection C. By construction C is invariant under the
involution 1. Let v: T — S be the natural degree two map.

The inclusion L, — V,7 induces a sub-line bundle &.(D) — v*V , which
we may assume to have torsion free cokernel. Since L, # L, it is clear that
this sub-line bundle is unique. The quotient is then necessarily of the form
(v’ A-D)®1,.

It remains to prove that every V satisfying the above description is indeed
L-stable. It follows from (iii) that | & is an extension of two line bundles of
degree m,m, and is therefore semistable. Again using Corollary 3.4 of Part I,
V is L-stable. O

Next we discuss the meaning of the scheme Z and the bisection C. The
following is the analogue of Lemma 1.11 in Chapter 7 of [11] and is proved in
exactly the same way:

Lemma 2.4. Let [ be a smooth fiber of m and let g be a component of u_l( .
Then SuppZ N g # D if and only if V|f is unstable. In particular, if v is not
branched over f, so that u“l( f)=gUg', then SuppZ N g # @ ifand only if
SuppZﬂg' #J. O

Next we turn to the section C. Since C is invariant under 1, its proper
transform on the blowup of J™™(S) at the two isolated fixed points of 1 is
the pullback of a section A’ of F, which in turn induces a section 4 of F N
We shall use throughout the notation and conventions of the previous section.
Notice that the section 4’ meets the reducible fiber either along 0, or 0,, the
two components of multiplicity one. Here 4'-9, =1 and 4’0, =0 if 4 does
not pass through the point of the corresponding fiber of F, which was blown
up, and A'~02 =1 and A/-D] = 0 in the remaining case. Since the branch locus
of the map J™""™(S) — F consists of B+0, +9,, we see that A’ always passes
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through the branch locus over the point corresponding to F, . Of course, this is
also clear from the picture on J™"2(S) : since C is abisection, C-f =2 and
therefore C-F, = 1. It follows that C is smooth at the point of intersection

with F,, that the intersection is transverse, and that the natural map C — P!
is always branched at the point corresponding to F,. A similar statement will

hold for the map C — P'. This fact is the fundamental difference between the
case studied here and the case of trivial determinant studied in [8] and [11].

Since A4’ always meets d, or ,, it follows that the inverse image of 4’ in
the blowup of J™™2(S) always meets exactly one of the two exceptional curves,
and in fact meets it transversally at one point. Thus the inverse image of 4’ is
the proper transform of C, and therefore

(C) =2(4) +1.

Let us consider the section 4 of F, in more detail. Either 4 = o or
A € |a + (N + s)f| for a uniquely specified nonnegative integer f. Moreover
either 4 does not pass through the point on F, which is the image of the

exceptional divisor, in which case 4'-0, = 0, or it does, in which case 4", = 1.
The following lemma relates the odd integer A’ — 4c = p to the invariants of
V.

Lemma 2.5. With notation as above, denote by the exceptional point the point
of ¥y which is blown up under the morphism F — F, . Then, if we set p =
p,(adV) = A’ - 4c,

4k —6N+1+20(Z)+ 4, if A = o does not pass through
the exceptional point;

4s +4k —2N +1+24(Z)+ 6, if A€o+ (N +s)f| does not pass
through the exceptional point

4k —6N — 1 +24(Z)+ 0, if A = o passes through
the exceptional point;

4s +4k —2N — 1+ 20(Z)+ 3, if A€o+ (N +s)f| passes through
the exceptional point.

Here & is a nonnegative integer which is zero if the map C — P is not branched
over any point corresponding to a singular nonmultiple fiber of n: S — P

Proof. Since ¢i(v*V) = 2¢2(V) = 2A° and ¢,(v"V) = 2¢,(V) = 2¢, it will
suffice to work with v*V . Clearly
(' V)==D+D-v'A+(Z).
Thus
2dc - A%y = (2D — v*A)’ + 4¢(2).
Now we can write
2D-v'A=D-(v'A-D),
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where both D and v*A — D naturally correspond to sections of J™™2(T).
In fact, if @: J™™(T) — J™™(S) is the obvious map, then the bisection C
satisfies ¢"C = C, + C,, where C,; and C, are sections of J™"(T) cor-
responding to the divisors D and v*A — D on T. An argument essentially
identical to the proofs of Claims 1.17 and 1.18 in Chapter 7 of [11] shows that
there is a nonnegative integer J such that

~(2D - A = —(C, - C,)* +26.
Moreover § = 0 if the map ‘C — P' is not branched over any point corre-
sponding to a singular nonmultiple fiber of 7: § — P! . Thus we must calculate
(C, - C2)2. But, using the fact that C, is a section of J™"2(T), we have
2
(C)" = =21 + p,(S)) = =2(k = N).
Moreover C, + C, = ¢"C. Thus

(C, - C,)* = 2(C) +2(C) = (C, + C,)*
= -8(k — N)-2(C)°
= 8(k— N)—4(4) -2.

Clearly we have

—-N, if A = o does not pass through the exceptional point;
N +2s, if A € |0+ (N +5s)f| does not pass through
( A')2 _ the exceptional point;
-N-1, if A = o passes through the exceptional point;
N+2s—1, if A€|o+ (N +s)f]| passes through
the exceptional point.

Putting these formulas together gives the statement of the lemma. 0O

Using Lemma 2.5, the inequality k > 2N and the fact that if N = 0 then
k > 1, whereasif N =1 and k = 2 then the section g does not pass through
the exceptional point, we can easily deduce the following slight strengthening
of Bogomolov’s inequality in our case:

Corollary 2.6. We have the following inequality for —p :
4pg(S) —2N+5, if A= o does not pass through
the exceptional point;
4p,(S)+2N +5, if A€ |o+ (N +s)f| does not pass through
-p > the exceptional point;
4p g(S) — 2N + 3, if A= o passes through the exceptional point;
4pg(S)+2N+3, if A€o+ (N +s)f| passes through
the exceptional point.
In all cases —p > 2pg(S) +1, and 1fpg(S) =0, then —p>3. O
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3. A ZARISKI OPEN SUBSET OF THE MODULI SPACE
Our goal in this section is to prove the following theorem:

Theorem 3.1. Let V be an L-stable rank two bundle on S . Suppose that

(i) The associated bisection C of J™™(S) is smooth, or equivalently that
C = C, and the image of C in F is not the proper transform of ¢ ;
(ii) The map C — P' is not branched at any point corresponding to a sin-
gular fiber of m_or at the multiple fiber of odd multiplicity m, ;
(iii) The scheme Z on the associated double cover T is empty, and thus
there is an exact sequence

0— @ (D)= V'V > @ (v°'A- D) — 0.

Then V = v 0. (D + F) = v,0.(v'A - D). In particular V is uniquely deter-
mined by the associated section A of ¥, and the divisor D on T . Finally V
is a smooth point of its moduli space, which is of dimension —p —3x(&) at V.

It is clear that the conditions above are equivalent to assuming that 4’ meets
the branch locus B transversally, and that no point of intersection lies over a
point of P’ corresponding to a singular nonmultiple fiber or to the multiple
fiber of multiplicity m,, and that Z = &.

The proof of Theorem 3.1 will proceed along lines very similar to the proof
of Theorem 1.12 in Chapter 7 of [11], and we shall simply sketch some of the
details.

Let A4 be the section of F, corresponding to A'. By assumption A # 0.
Let r be the nonnegative integer such that 4 € |0 + (N + r)f|. If the section
A does not pass through the exceptional point of the blowup, then

(A)-(B+0,+0)) = (6 + (N +7)f)- (40 + 2k +2)f — 6 — 20,) = 4r + 2k + 2.

Of these points, one corresponds to the intersection A4’ - 9, , and so the branch
divisor of the map T — S is (4r+2k + 1)f, where f is a general fiber of 7.
This divisor is even since f is divisible by 2, and we set G = (4r+2k+1)f/2.
Likewise, if A does pass through the exceptional point of the blowup, then

(A)-(B+0,+0,) = (6 +(N+7)f—0,—¢)- (40 + (2k +2) f — 6e — 20,) = 4r+2k.

In this case we set G = (4r+ 2k — 1)f/2. Let F be the branch divisor in T,
so that "G = F. Thus F = (4r + 2k + 1)f or (4r + 2k — 1)f. For future
reference, let us also record the genus of C':

Lemma 3.2. Let C satisfy (i) and (ii) of Theorem 3.1. Then

2(0)={

Proof. The map C — P' is branched at A’-(B+ol +0,) = 4r+2k +2 points if
A does not pass through the exceptional point, and 4r + 2k points otherwise.
The lemma now follows from the Riemann-Hurwitz formula. 0O

2r+k, if A does not pass through the exceptional point;
2r+k — 1, if A passes through the exceptional point.

Now detv, @.(D) =v,D—-G. Clearly v,D and A have the same restriction
to the generic fiber. Arguing as in Chapter 7, (1.20) of [11], there is an injective
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map
v,O (D+F)—V.
Set W = v,&.(D + F). Our goal will be to show that W = V. Preliminary

to this goal we shall analyze W and the map W — V. As a divisor class
detW =v,D—- G+ 2G = v, D+ G. In addition there is an effective divisor

E such that (det W)_l ®detV = I, (E). Thus detW = A— E and E has
trivial restriction to the generic fiber, so that E is a union of fibers (possibly
including the reductions of the multiple fibers). Moreover v, D =A-G - E.

Set E' = v"E. We have D+1"D = v*'v,D = v"A~ F — E’, and therefore
1"D=v*"A- D~ F — E'. We can thus write

W=v,0,(D+F)=v,0,(v"A-D~E).

Using the fact that there is a surjection from v*W to Gr(v'A-D - E'), we
conclude that there is an exact sequence

0— Gp(D)—»v'W - &, (vV'A-D-E') - 0.

Comparing this sequence to the defining exact sequence for v*V and arguing
as in (1.24) of Chapter 7 of [11], we may conclude:

Lemma 3.3. Let Q=V/W. Then v'Q = [2,/0(-E)1® G, (v"A-D). O
Our goal now is to prove the following:

Lemma 3.4. In the above notation, E' = 0. Thus Q =0 and V = W =

v,0.(D+F) where vD=A-G.

We begin with the following construction. Let e be a component of the
support of E', and write E' = ae + E”, where E” is effective and disjoint
from e and a > 0. If e is not the multiple fiber of multiplicity m, on T,
then either v is unbranched over e or e is a smooth fiber. In either of these
cases v induces an isomorphism from e to v(e) = f, and we shall identify
v(e) with e. In the remaining case ¢ = le is the multiple fiber of multiplicity

m, and v is an €tale double cover. There is then the following analogue of
(1.25) of Chapter 7 of [11]:

Lemma 3.5. There is a subsheaf Q, of v,Q which is isomorphic to
(i) &,(—(a-1)e+v'A—-D), viewed as a sheafon v(e) = f, if e # le ;
(i1) A line bundle on F2m1 such that
V0,20, (—(a-— DF, + v'A-D),

in case e = le )
Proof. The argument in case e # F,, runs as in (1.25) of Chapter 7 of [11]. If
e=F_ , then v"Q contains the subsheaf

Qy = [Or(~(a—1)e)/Fp(-ae)l ® Fp(v"A - D),
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which is a line bundle on F, . The vector bundle v,Q; is a rank two vector
1
bundle on F2ml with deg(v, Qg) = m m, . Consider the rank two vector bundle
v'v,Q, on F,, . Its determinant is 0\ ®1" Q) = (Qy)®* (recall that ¥*A—D is
fixed under the involution) and there is a surjective map v'v, Q(') — Q(') . Thus
there is an exact sequence
0— Qy—v'v,0y— 0y — 0.

It follows that v*v, Qé is semistable and is either Q(') ® Q(') or the nontrivial

extension of Qy by Q. On the other hand, v,Q, is either a direct sum of
line bundles, say Q, ® Q, for two line bundles Q,, or a nontrivial extension

of a line bundle Q) by Q,. In the first case we must have V*Qi = Q6 and
in the second V*Qo = Q('). In either case there is a subbundle Q, of v, Q as
desired. O

To prove Lemma 3.4, we shall assume that £ ! # 0 and derive a contradiction.
Again, the argument will be very similar to the argument given in [11]. It will
suffice to show that dim Extl(QO , W) < 1. We also have that

Ext'(Q,, W)= H'(W @ Fy(e) ® 0 ).
The case where e does not lie over the branch locus of C — P' follows exactly

as in [11]. The case where e is a smooth fiber in the branch locus also follows
by these methods provided we can show that R' p.9r(2D~ v*A) has length one
at the point of C corresponding to e . This is a local calculation, which we shall
leave to the reader; it uses the fact that A’ meets the branch locus transversally
and can in fact be deduced from the global argument in [11], proof of Lemma
1.19 of Chapter 7.

There remains the new case, where ¢ = le . In this case, the natural map

W=v,0,A-D-E)— uﬁFm (v"A—-D—aF,)

is surjective, as one can see from applying the surjective map v, to the exact
sequence

Oq(yT(V*A_D_E'_Fm‘) — @, (V'A-D-E') - &, (v"A~D~aF, )~ 0.

1

It follows that W|F, =v.@. (vV'A—D —aF_ ). Thus
2m, * le m,

H(W ® Oy(F,, )® 0y ') = HO(V*ﬁFMl (vV'A-D-aF, )8 F(F,, )®Q; )
=H(v, (@, ('A=D~aF,)ev'EyF,,)ev 0y )= HO(ﬁFMI ),
where we have used the fact that v*Q, = ﬁle (v'A-D—(a~- 1)F,, ). Hence
dimExt'(Q, W) = (W @ F(F,, )® 05 ') = |

as desired. O

We see that we have proved all of Theorem 3.1 except the statement about
the smoothness of the moduli space, which follows from:
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Lemma 3.6. Suppose that V = v, @ (D + F) as above. Then V is good, in the
terminology of [8]. In other words, HZ(S; adV)=0.

Proof. It suffices to show that dim Hom(V, V' ® K) = hO(KS) . Now
Hom(V, V @ Kg) = Hom(V, v, (ﬁT(U*A -D)® u*KS))
=Hom(v"V, &,(v"A- D) ® v"Ky).
Using the defining exact sequence for v*, there is an exact sequence
0— H' (V' K) - Hom(v'V , Gp(v* A-D)ev"Ky) — H (@, (v A-2D)av " Ky).

Since K is a rational multiple of the fiber and v"A — 2D is nontrivial on the
generic fiber, the term HO(ﬁT(u*A - 2D)®v'Ky) is zero. Thus

dim Hom(V, ¥V ® K,) = h°(v"Ky).

Using the isomorphism HO(V"KS) = HO(KS) GBHO(KS(—G)) , it suffices to show
that H*(K4(~G)) = 0. Now

Ki=0,((k—N-=-2)f+(2m ~ 1)F2ml + (m, — l)sz).

Also G = (2r+ k +£1/2)f. Thus it suffices to observe that the lineér system
(=N —2r-2+1/2)f+ (2m, - 1)F2ml + (m, - l)szl

is empty. O

Next let us describe the subset of the moduli space consisting of bundles
V' which satisfy the hypotheses of Theorem 3.1. We begin by reversing the
procedure outlined above. Fix the section A, which is generic in the sense of
Theorem 3.1: it meets B transversally and no point of intersection corresponds
to a singular nonmultiple fiber or to the multiple fiber of odd multiplicity. The
section A’ determines the bisection C = C, and thus a double cover v: T — §
together with an elliptic fibration p: T — C and a divisor D, well-defined
on the generic fiber. Moreover by construction v, D, and A have the same
restriction on the generic fiber, and thus differ by a multiple of x . It is easy to
see that changing D, by a sum of fiber components on T replaces v,D, by an
arbitrary even multiple of x . Thus we may assume that we have v, D, =A-G
or v,Dy=A-k —G. Itis an exercise in the formulas of the preceding section
to see that we have

A’ =2(4)* + 1 mod 4.

Additionally
2N + 1 mod 4, if A does not pass through
24 + 1= { the exceptional point;
2N — 1 mod 4, otherwise.

Thus the symmetry between the possibility that A does or does not pass through
the exceptional point, which is essentially the choice of blowing F down to F,
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or Fy,,, reflects the choice of A or A —x, which in turn reflects A% mod 2,
or equivalently the dimension of the moduli space mod 2.

Having made one choice for a line bundle D, on the double cover 7', where
D, is specified on the generic fiber of T and satisfies v,Dy =A-G, or v, D, =
A — k — G, the possibilities for D are given by the next lemma.

Lemma 3.7. Given the double cover T — S, the set of all D whose restriction to
the generic fiber equals D\, and which satisfy v,.D =A-G,or v D=A-k -G
is a principal homogeneous space over Pic’' T, which in turn is an extension
of the Jacobian J(C) by a cyclic group of order m,. Moreover this principal
homogeneous space is nonempty for exactly one of the two choices for v, D above.

Proof. By the remarks preceding the lemma, there exists a D, with v, D, =
A-G,or v.D,=A-k — G, and only one of these possibilities can hold. If
D has the same restriction to the generic fiber as D and v, D = v, D, then
D — D, has trivial restriction to the generic fiber and v, (D — D,) = 0. The first

condition says that D — D, is of the form p AR (aF, +bF ' +cF " ) where
Fm is the multiple fiber of multiplicity m, lying above F,, - and F Fm
are the two multiple fibers of multiplicity m, lying over F,, . We may further
assume that 0 < a <m, and that 0<b<m,, 0<c< m2 Here A is a line
bundle of degree d on C. Thus

v,(D—-Dy) =df + 2aF,,, + (b+0)F,

It is easy to see that this divisor is trivial if and only if d = 0, a = 0, and
b = —cmod m,. Thus, there is a natural identification of the set of all D
(given the fixed divisor D) with J(C) xZ/m,Z. O

We now assume that A4 is not the negative section of F, and write 4 €

|o + (N +r)f| where r > 0. The dimension of the linear system A’ is then
equal to n, where

_ { N +2r+1, if A does not pass through the exceptional point;
"\ N+2r, otherwise.
We also let g = g(C) be the genus of the bisection C, as given in Lemma 3.2.
Note that '
4r+ N+ k +1, if A does not pass through the exceptional point;
n+g= .
4r+ N+ k -1, otherwise.

In both cases, comparing this with the formula for —p given in Lemma 2.5 and
using the fact that 1+p,(S) =k — N, we see that
-p—3x(O) = g+n.

Note finally that the moduli space will be nonempty provided that —p >
4pg(S) + 2N + 3. Since pg(S) =k—-N-1>N -1, the moduli space will be
nonempty as long as

=D 2 6p,(S) +5.

Arguing as in Theorem 1.14 of Chapter 7 of [11], we obtain the following:
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Theorem 3.8. Let p be an odd negative integer, and choose w € H*(S; Z/2Z)

such that w = Amod 2 or w = A -k mod 2, and that w* = pmod4. Let
L be a (w, p)-suitable ample line bundle on S. Let 9 = M(S, L; w, p)
denote the moduli space of L-stable rank two bundles on S with w,(V) = w
and p,(adV) =p. Then for all p such that —p > 6pg(S) +5, M contains a
nonempty Zariski open subset M corresponding to vector bundles V satisfying
the hypotheses of Theorem 3.1. The set M is smooth of dimension —p—3x(&) .
Moreover, there is a holomorphic map from M to a Zariski open subset U C P"
and the fibers are isomorphic to m, copies of a complex torus of dimension
g. O

In fact, arguing as in [8], the component M is also Zariski dense. However
we do not prove this result as we do not need it; the arguments in the proof of
Theorem 4.3 show that any other components of 9 do not contribute to the
leading coeflicient of the Donaldson polynomial.

Let us finally consider the case where p,(S) =0 and —p =3, the case of a
moduli space of expected dimension zero. In this case wefix N =1 and k =2,
and the negative section does not pass through the exceptional point. The Chern
class calculations of Lemma 2.5 show that we must have £(Z) =6 =0 and 4
must be the negative section ¢ of F,. Note that ¢ - (B + 9, +9,) = 2, and
the intersection must be transverse since ¢ cannot split into a union of two
sections in the double cover. Thus C = C — P' is branched at two points,
so that C = P' again. Assuming as we may that the multiple fiber of odd
multiplicity does not correspond to a branch point, we see that the arguments
of Theorem 3.1 go through to show that there are exactly m, vector bundles V'
whose associated section is ¢ . (Here, in case the intersection point of ¢ with
B corresponds to a singular nonmultiple fiber, we must use the more detailed
analysis of [8], (5.12) and (5.13), to see that the section ¢ and the line bundle
on T determine V' .) Each of these is a smooth point of the moduli space, by
a slight modification of the proof of Lemma 3.6 (in this case G = f/2 and
Ks=0Ou(-f+(2m ~ 1)F2ml + (m, — l)sz) ). Summarizing, then:

Theorem 3.9. In case pg(S) = 0, the moduli space corresponding to —p = 3
consists of m, reduced points. O

4. CALCULATION OF THE LEADING COEFFICIENT

Fix w and p with w? = pmod4, and let M = M(S, L; w, p) denote
the moduli space of L-stable rank two bundles on § with w,(V) = w and
p,(adV) =p. Let d be the (complex) dimension of 90:

d { 4r+ N+ k +1, if A does not pass through the exceptional point;

" l4r+ N+k—1, otherwise,
where the section 4 € |0 + (N + r)f]. With this notation we see that 2n =
d-p g(S) and that g = d — n. Finally let us recall from Lemma 2.4 of Part I
that in case p g(S ) = 0 there is a unique chamber of type (w, p) which contains

K in its closure, called the (w, p)-suitable chamber. We can now state the main
result of Part II:
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Theorem 4.1. For p g(S) >0, let Y, p(S , B) be the Donaldson polynomial corre-
sponding to the SO(3)-bundle P over S with w,(P) =Amod 2 and p,(P) =p

and B is a choice of orientation agreeing with the usual complex orientation
for m. If pg(S) =0, let Y, p(S, B) be the corresponding Donaldson polyno-

mial for metrics whose associated self-dual harmonic 2-form lies in the (w, p)-
suitable chamber. Then, writing y,, (S, B) as a polynomial in xg and qg,

say v, p (S, B) = E[d{f}a q;rcg =2 we have, for all p with —p > 2(4pg +2),
a, —Ofor i>n and

We first remark that the assumption that —p > 2(4p R +2) implies that 91 is
nonempty and contains a smooth Zariski open subset as described in Theorem
3.8. Indeed —p is an odd integer greater than 8p ¢ +4,andso —p > 8pg +5>
6p + 5. Thus we are in the range of Theorem 3.8.

Let X=X, w.p denote the Uhlenbeck compactification associated to 9t [6],
[11]. The orlentatlon of 9M induces a fundamental class of X . There is a
u-map H,(S) — H? (o), which roughly speaking is given by taking the slant
product with the class —p,(P)/4, where P is the universal SO(3)-bundle over
S x M. If P lifts to a holomorphic bundle 7 over S x 9, then p (P) =
012(7) —4c¢,(7") = p,(ad?”). The classes pu(a) € HZ(DJI) extend uniquely
to classes in H° (X), which we shall also denote by u(a). The Donaldson
polynomial is then defined by taking cup products of the u(a) and evaluating
on the fundamental cycle of X .

Arguing as in [11], it is a combinatorial exercise to deduce Theorem 4.1 from
the following:

Theorem 4.2. Let u denote the p-map associated to the Uhlenbeck compactifica-

tion X of M. Then, using the complex orientation to identify sz( X;2)=27Z
we have, for all p with —p > 2(4p, + 2) and for all T € H,(S),

w( o= i L, e
(d-n)'2mmy)" "my(X-kg) ", fm=n

Here the factor (2m1m2)p 55 appearing in Theorem 4.1 arises from the fact
that u(f)" = (2m,m,)"u(x) and that d — 2n = p,(S).

In order to prove Theorem 4.2, we shall introduce geometric divisors which
will represent the cohomology class u(f). Fix a smooth fiber f. Then there
are exactly four line bundles 6 of degree m,m, on f such that 6®2 =(ﬁ’f(A).
Each line bundle 6 corresponds to a point of intersection of f with the branch
divisor B C F. If V is a rank two vector bundle over S with ¢ (V) = A, then
V) e (6)_' is a vector bundle over f with trivial determinant. Thus by the
Riemann-Roch theorem x(/; (V|f) ® (8) ') =0.

For each integer ¢, fix a (A, c)-suitable line bundle L. Given an integer
b < c, we define oM, to be the moduli space of L-stable rank two bundles V'



64 ROBERT FRIEDMAN

with ¢ (V) = A and ¢,(V) =b. Given f and 6 as above, define the divisor
Z,(f, 0) asa set by:

0 -1
Z(f,0)={Vem h(f; Ve )#0}.

A calculation with the Grothendieck-Riemann-Roch theorem as in the proof of

Proposition 1.1 in Chapter 5 of [11] shows that we can use the divisors .Z,(f, 6)

to calculate the u-map. More precisely, since the f; are disjoint, suppose that,

for all choices of » > 0 the intersection

-?c—b(fil > gil)n T n‘?;—b(ﬁn_b’ Bin_b) =0,

that ﬂ:; 1 Z.(f;, 6;) = J is compact and is contained in the Zariski open sub-
set M of 9, and that the Z (f;, §,) meet transversally along J. Here by
Corollary 2.6, 9M__, = & if b > (-p — 3)/4 and so it is enough to check the
above for 0 < & < (—p — 3)/4. In particular we must have n > b for all
b < (—p — 3)/4. Then we can define u([X])|J and arguments along the lines

of the proof of Theorem 1.12 in Chapter 5 of [11] show that
Yo ) ysooos £y [E], oo, [ED) = (REDI)

Thus, Theorem 4.2 is a consequence of the following:
Theorem 4.3. Suppose that —p > 2(4pg +2). Let f,,..., f, denote distinct

general fibers of mn, and for each i choose 0, a line bundle on f; with 01.2 =
ﬁf(A). Then:

(1) For all t > n and for all choices of b > 0, the intersection
Z o, 0,0 NZ (.0, )=@.

(i) If t > n, then ﬂﬁzl.?c(fi, 0,) = &, and moreover ﬂ:;l,?'c(fi, 6,) is
compact and is contained in the Zariski open subset M of 9. The
intersection is transverse and is a fiber J of the map M — U C P".

(i) If X is a smooth curve in S, then the restriction of u([X]) to each of the
m, connected components of J is equal to (X f)-[O], where © is the
theta divisor of the component.

We begin by determining the set-theoretic intersection of the Z (f;, 6,).
Recall that we have associated to V' the section 4 and the scheme Z on the
double cover 7. The following is straightforward:

Lemma 4.4. Let V € M. Then V € Z(f, 0) if and only if either the section
A" of F corresponding to V meets B transversally at the point corresponding
to 6 or SuppZﬂu_l(f) 0. 0O

For the rest of the argument, we shall not worry about the case where the
sections pass through the exceptional point, since this can be handled by sym-
metry. Arguing as in [11], Lemma 2.7 of Chapter 7, for a general choice of
fibers f,,..., f, and line bundles 6, on f;, and, for all s < r, setting H,
to be the hyperplane of sections in |o + (N + 5)f| passing through the point

corresponding to 6,, then H, Nn---NH, 42541 = {4} and the intersection of
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more than N + 2s + 1 of the H, is empty. In particular, this means that the
Jf; are chosen so that the negative section ¢ does not meet the branch divisor

at any of the f;. Thus if V' is a bundle whose associated section A is the

negative section ¢ of F, and V lies in the intersection ﬂ§=,.?;( f;>6,), then
Supp Z meets the preimage in 7" of f; forall i.

A counting argument as in the proof of Proposition 2.9 of Chapter 7 in [11]
then establishes (i) and (ii) of Theorem 4.3, at least set-theoretically, except
possibly for those V' such that the corresponding section of F,, is the negative
section. Likewise, arguments identical to the proof of (2.6) in Chapter 7 of [11]
show that the intersection of the divisor Z_(f;, #,) with the Zariski open subset
M is reduced, so that the intersection in (i1) of Theorem 4.3 is transverse. Thus
the only new case to consider is the possibility that the section associated to V
is the negative section. We shall briefly outline the argument in this case; it is
here that we must assume that —p is sufficiently large. In particular, recalling

that
o _d-p,  —p-4p, -3
2 2 ’
and that we may assume that b < (—p — 3)/4, the condition —p > 2(4pg +2)

insures that

8p,+3
n-benp P3P Pet?

4 4 4

8p +4 8p, +3
> g _ g .
273 7 >0

Thus the intersection in (i) of Theorem 4.3 is not over the empty collection
of divisors Z__,(f;, 6,), i.e. the intersection is always contained in a divisor

Z _,(f,0).

Given ¢ general fibers f, ..., f,, we can assume that they do not correspond
to intersections of the negative section ¢ with B +9, +9,. Now let V' be a
bundle whose associated section is ¢ . Suppose further that cz(V) =c—b and
that V' lies in the intersection Z, b(f, , 0, )ﬂ NZ__ (f K ) for t>n.

We claim that, if 0 < b < (—p — 3) /4 then -p < 4p, + 2N 2 It clearly
suffices to assume that t =n. Let v: T — S be the double cover corresponding
to 0. Then v is not branched over the f,. Writing V"V as an extension

0@ (D)—- V'V -E&.(vA-D)®l, -0,

we have by Lemma 2.5 that —p = —p,(ad V' )+4b = 4k—6N+1+2((Z)+6+4b.

Moreover Supp Z must meet each of the two components of u_'( f;) for i =
1,...,t. Thus £(Z) > 2n — 2b. But we also have

2n=d—pg:—p—4pg—3
=4k -6N+1+20(Z)+6—-4k-N-1)-3+4b
=-2N+2+24(Z)+J + 4b.
Thus 2n > -2N+2+4n—-4b+ 6 + 4b and so 2n < 2N — 2. This says that
—p§4pg+2N—2.
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On the other hand, 2(4pg +2)= 4pg +4(k - N) > 4pg +4N > 4p, + 2N -2.
Thus with our assumptions on p there can be no bundle ¥ in the intersection
with an associated section equal to ¢ . Taking b > 0 establishes (i) in the case
where the section associated to V' is ¢. Taking b = 0 shows that no bundle
with associated section o lies in the intersection nf‘:x Z.(f;»6,) if t >n. This
establishes (1) and (ii).

Finally, to prove (iii) of Theorem 4.3, we must determine u([X])|J, where
J 1is a fiber of the map M — U. The argument again closely parallels that of
[11], Chapter 7. A fiber of M — U determines and is determined by a generic
double cover T — §. There is a divisor D, on T such that every V in the
fiber is of the form v, @ (D, + F) ® p*4, for a line bundle 1 € Pic’ C. Fix
a smooth holomorphic multisection X of 7z, transverse to the double cover
T — S. Let ¥ be the inverse image of X under v. There is a commutative
diagram

¥y X, 3

| E

c — P,
Let Z be the Poincaré bundle over Pic’ C x C. Let E be the divisor on ¥’
induced by D, + F . Then there is a universal bundle over Pic’ C x T of the
form
(1d xv), [n;@z, (E)® (1d x p‘)gﬂ] .

Here n,: Pic’ C x £ — %' is the second projection. The Chern classes of 7
only depend on the numerical equivalence class of E. Moreover, p,(ad7}) =
p(ad 7 ®q;l) for every line bundle 4 on X, where g,: Pic’ Cx X — X is the
projection. This has the effect of replacing ;. (E) by & (E)® v* 1. Replacing
X by 2X, replaces deg E by 2deg E . Thus we can assume that deg E is even,
and then after twisting by an appropriate A we can assume that degEF = 0. So

as far as the Chern classes are concerned we may as well assume that £ = 0,
and we need to calculate

p,(ad(ld xv),(Id x p)" ).
Now since cohomology commutes with flat base change, we have
(Id xv),(Id xp)" P = (Id xn)" (Id x g), P.
Thus we need to find
p,(ad(ld xn)"(Id xg), ) = (I1d xn)"p,(ad(1d x g),P).

Let us first calculate p,(ad(Id xg), %) . A straightforward calculation using e.g.
Lemma 2.14 of Chapter 7 of [11] shows the following:

Lemmad4.5. Let f: X — Y be adouble cover with X and Y smooth, and let T
be the line bundle on Y defining the double cover, so that T® = O, (B), where
B is the branch locus of f. If D is a divisor on X, then

p,(ad £.@, (D)) = ¢,(Y)* = (£.D)* +2£.(D?). O
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Applying this in our situation, with X = Pic’ C x C and f=1dxg, we
see that T is the pullback of a divisor on C and thus cl(’I‘)2 = 0. So we
are left with calculating (in the sense of cycles) (Id xg),% and (Id x g)*[?]2 .
Also, as in the proofs of (2.15) and (2.16) in Chapter 7 of [11], (Id xg),&# =0
and [#]) = —2r][8]Ur;x, where x is the class of a point in C, @ is the
theta divisor on Pic’ C , and r,,r, are the first and second projections on
Pic’ C x C. Thus

2(Id x g),[2]* = 2(1d xg), (-2r] [ U 13 x)
=—4p[[B]Up,y,

where p,, p, are the first and second projections on Pic’ C x P' and y is the

class of a point on P'. It follows that -p,(ad7;)/4=q/OUg"y.

Hence the slant product of —p,(ad?;)/4 with [X] is (degn)-[©]. Since
degn = (X- f), we have now established (iii) of Theorem 4.3. This concludes
the proof of Theorem 4.3 and thus of Theorem 4.1. O

PART III: THE CASE OF ODD FIBER DEGREE

In this part, S shall denote a simply connected elliptic surface with at most
two multiple fibers, of multiplicities m; and m,, where one or both of the m;
are allowed to be 1. We shall study stable rank two vector bundles V' on §
such that det V- f is odd, where f is a general fiber of S. Thus necessarily the
multiplicities m; and m, are odd as well. As we shall see the case of odd fiber
degree is fundamentally different from the case of even fiber degree and is in
many ways simpler. Our goal will be to give a description of the moduli space of
stable rank two bundles with odd fiber degree and then to use this information
to calculate certain Donaldson polynomials. Before stating the main results of
Part III, recall that, for an elliptic surface S, J d(S) denotes the elliptic surface
whose general fiber is the set of line bundles of degree d on the general fiber
of S.Let we H 2(S; Z/2Z) be the mod 2 reduction of a divisor class A such

that A- f is odd. Given an integer p = A’ mod 4 , define the rational number
t by the formula
-p —3x(F) = 2t.

We note in fact that ¢ is an integer: By the canonical bundle formula for an
elliptic surface,

K =O4((p, — V)f + (m = YF, + (m, = DF,),
where F, are the reductions of the multiple fibers. As m, and m, are odd,
KS~AEpg— 1 mod 2.

By the Wu formula, A= p, -1 mod 2 as well. Hence

4c— A = 35(85) = —p — 31(F) = 0 mod 2.
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Thus —p — 3x(&) = 2t is even. It is in fact the expected dimension of the
moduli space M, = M(A, ¢) of stable rank two vector bundles V' with ¢, (V) =
A and c,(V) = c, where stability is with respect to a suitable ample line bundle.
We shall prove the following theorem:

Theorem. Let 9, be the moduli space of stable rank two bundles V' on S (with
respect to a suitable ample line bundle) with

detV-f=2e+1 and 4c,(V)—c (V) =-3x(T,) =2t

Then for all t>0, M, is smooth and irreducible and is birational to Sym'J¢*($).

Let us outline the basic ideas behind the proof of this theorem. Standard
arguments show that, for a suitable choice of an ample line bundle L on S,
a rank two vector bundle V' with ¢,(V)- f = 2e + 1 is L-stable if and only
if its restriction to a general fiber f is stable. A pleasant consequence of the
assumption of odd fiber degree is that there is a unique stable bundle of a given
determinant of odd degree on each smooth fiber f. Using this, it is easy to show
that there exists a rank two vector bundle ¥}, whose restriction to every fiber f
is stable, and that ¥, is unique up to twisting by a line bundle. The bundle ¥} is
the progenitor of all stable bundles on S, in the sense that every stable rank two
vector bundle is obtained from V], by making elementary modifications along
fibers. Generically, this involves choosing ¢ smooth fibers f; and line bundles
A, of degree e+1 on f;. These choices define the birational isomorphism from

the moduli space to Sym’ J**'(S).

For w, p, and ¢ as above, let Yw. p(S) be the corresponding Donaldson
polynomial, where if p ¢S) =0, 7, ,(5) is the polynomial for the (w, p)-
suitable chamber defined in Part I, Definition 2.6. By Proposition 1.1 of Part
I, Yw. p(S) depends only on p or equivalently ¢ and we will denote it by
7,. It follows from the theorem above that y, # 0 for all £ > 0, and that
7o = 1. More generally one can show that the “leading coefficient” of y, in the
sense of [11], Chapter 7, is always 1, although we shall not do so in this paper.
Given the above analysis of stable bundles, the main problem in computing the
remaining terms in the higher Donaldson polynomials y, is to fit together all
of the various possible descriptions of stable bundles into a universal family
whose Chern classes can be calculated. This is easier said than done! Even in
the case where .S has a section, the construction of the universal bundle for
the four-dimensional moduli space, which just involves well-known techniques
of extensions and elementary modifications, is already quite involved. We shall
therefore proceed differently, and try to describe the moduli spaces and Chern
classes involved up to contributions which only depend on the analytic type of
a neighborhood of the multiple fibers. But we shall not try to analyze these
contributions explicitly. Instead we shall repeatedly use the fact that an elliptic
surface with p . = 0 and just one multiple fiber is a rational surface, and thus
its Donaldson polynomials are the same as those for an elliptic surface with
P, = 0 and with a section, or equivalently no multiple fibers. Thus if we
know these, we can try to interpolate this knowledge into the general case. We
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shall use this idea twice. The first application will be to calculate the invariant
7, - Here the moduli space is precisely J el (S) and a lengthy calculation with
the Grothendieck-Riemann-Roch theorem identifies the divisor corresponding
to the pu-map up to a rational multiple of the fiber, which depends only on
the multiplicities. Appealing to the knowledge of the invariant for a rational
surface enables us tc determine this multiple. Of course, it is likely that the
exact multiple could also be determined by a direct calculation. In order to
calculate the polynomial y,, we shall use a variant of this idea. In this case, the
divisor corresponding to the u-map is essentially known from the corresponding
calculation in the case of y, . However what changes is the moduli space itself:
the presence of multiple fibers means that the birational map from the moduli
space to Hilb* J eH(S) is not a morphism, and the actual moduli space differs

from Hilb® J "“(S) in codimension two. Thus while the divisors are known,
their top self-intersection is not. Again using the rational elliptic surfaces, we are
able to determine the discrepancy between the self-intersection of the u-divisors

in Hilb> J e+1(S) and in the actual moduli space. The methods used here are
in a certain sense the analogue in algebraic geometry of gluing techniques for
ASD connections.

Although the actual arguments are rather involved, the main point to empha-
size here is that the coefficients of the Donaldson polynomial are quite formally
determined by the knowledge of the polynomial for a rational surface. It is natu-
ral to wonder if the techniques in this paper can be pushed further to determine
7, for all ¢. I believe that this should be possible, although one necessary and
so far missing ingredient in this approach is the knowledge of the multiplication
table for divisors in Hilb" J°*'(S).

Here is a rapid description of the contents of Part III. In Section 1 we describe
some general results on rank two vector bundles on an elliptic curve. In Section
2 these results are extended to cover the case of an irreducible nodal curve of
arithmetic genus one. In Section 3 we give the classification of stable bundles
on an elliptic surface S and prove the theorem stated above. In Section 4 we
specialize to the case of a surface with a section. Our purpose here is twofold:
First, we would like to show how many of the results of the preceding section
take a very concrete form in this case. Secondly, we shall make a model for a
piece of the four-dimensional moduli space which we shall need to use later. In
Section 5 we calculate the two-dimensional invariant y, in case S has a section.
This calculation has already been done by a different method in Section 4 and
will be redone in full generality. However it seemed worthwhile to do this special
case in order to make the general calculation more transparent. The next three
sections are devoted to calculating y, in general. The outline of the argument is
given in Section 6. We construct a coherent sheaf which is an approximation to
the universal bundle over the moduli space, over a branched cover 7 of S. We
determine its Chern classes via a lengthy calculation using the Grothendieck-
Riemann-Roch theorem, which is given in Section 7. The necessary correction
terms are identified via the results in Section 8. In Sections 9 and 10 we deal
with the invariant y,. Once again the outline of the calculation is given first
and the technical details are postponed to Section 10. We conclude with an
appendix which collects some general results about elementary modifications.
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PRELIMINARIES FOR PART II1

Let V' be a coherent sheaf on a smooth projective scheme. Recall that we
denote by p,(ad V) the expression cf(V) —4c, (V). Given a vector bundle V',
we shall need to know how p,(ad V') changes under elementary modifications.
Recall that an elementary modification is defined as follows. Let X be a smooth
scheme and let D be an effective divisor on X, not necessarily smooth, with
i: D — X theinclusion. Let L be aline bundle on D. Then i L is a coherent
sheaf on X, which we shall frequently just denote by L. Suppose that V;, isa
rank two vector bundle on X and that ¥, — i, L is a surjective homomorphism.
Let V be the kernel of the map V' — i, L. Then V is again a rank two vector
bundle on X (and in particular it is locally free). We call V' an elementary
modification of V. The change in p, is given as follows:

Lemma. Let X be a smooth scheme and let D be an effective divisor on X,
not necessarily smooth. Let L be a line bundle on D and V| a rank two vector
bundle, and suppose that there is an exact sequence

0—-V — Vb—»hL—»O,
where i: D — X is the inclusion. Then

p(adV) —p,(ad V) = 2¢,(V;) - [D] + [D]2 —4i /(L)

Proof. The proof follows easily from standard formulas for ¢ (V) and ¢,(V),
cf. [12]or [9]. O

Next we will recall some properties of the scheme Hilb* S , where S is an al-
gebraic surface. In general, we denote by Hilb" S the smooth projective scheme
parametrizing O-dimensional subschemes of S of length »n. There is a univer-
sal codimension two subscheme .2 C S x Hilb".S. We may describe the case
n = 2 quite explicitly. Let H be the blowup of S x S along the diagonal D
and let D be the exceptional divisor. There is an involution 1 of H whose
fixed set is D. We claim that the quotient H /1 is naturally Hilb% S . Indeed,
if D,, and D,, are the proper transforms in S x H of the subsets

]D)U={peS><S><S|7T1(P)=7fj(P)},

then 2 = D, + D, is a codimension two subscherae of S x H which is
easily seen to be a local complete intersection. Thus it defines a flat family
of subschemes of S and so a morphism 7n: H — Hilb>S. It is easy to see
that the induced morphism H/1 — Hilb’ S is an isomorphism. The projection
Z — Hilb> S is a double cover which identifies 2 with H .

Given o € H,(S), we can define the element D € Hz(Hilb2 S) by taking

the slant product with [Z] € H* (S x Hilb’ S ). If for example a = [C] where
C is an irreducible curve on S, then D, is represented by the effective divisor
consisting of pairs {x, y} of points of S such that either x or y lieson C.

The inverse image n"D_ € H Z(H ) is the pullback of the class | ® a+a®1 €

H 2(S x ). There is also the class in H 2(Hilb2 S) represented by the divisor
E of subschemes of S whose support is a single point. Since 7 is branched
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over E, the class [E] is divisible by 2 and n*[E] = 2D. Using this it is easy
to check that the map a — D_ defines an injection H,(S) — H 2(Hilb2 S) and
that H’(Hilb’S) = H,(S) ® Z-[E/2]. The multiplication table in H(Hilb>S)
can be determined from the fact that H is the blowup of S x S along the
diagonal and that the normal bundle of the diagonal in S x .S is the tangent
bundle of S: we have

p!=30"’; Dl-E=0;, D E'=-8();
D,-E'=-8(c,(S)-a);  E*=8(c,(S) ¢, ().

Finally we need to say a few words about calculating Donaldson polynomi-
als. Let M be a closed oriented simply connected 4-manifold with a generic
Riemannian metric g, and let P be a principal SO(3)-bundle over M with
invariants w,(P) = w and p,(P) = p. There is a Donaldson polynomial

Yw,p(S) defined via the moduli space of g-ASD connections on P, together

with a choice of orientation for this space. If b; (M) > 1, then this polynomial
is independent of g, whereas if b; (M) =1 then it only depends on a certain

chamber in the positive cone of H 2 (M; R). If M =S is acomplex surface, A
is a holomorphic line bundle such that w = ¢,(A) mod 2 and g is a Hodge met-
ric corresponding to an ample line bundle L, then there is a difftomorphism of
real analytic spaces from the moduli space of g-ASD connections on P to the
moduli space of L-stable rank two vector bundles V' on § with ¢,(V) = A and

(V)= (A2 —p)/4. We denote this moduli space for the moment by 9t. We
shall always choose the orientation of the moduli space of g-ASD connections
which agrees with the natural complex orientation of 91.

If 9 is smooth, compact, and of real dimension 24 and there is a universal
bundle 7 over § x 9, then the slant product with —p,(ad7”)/4 defines

a homomorphism u from H,(S) to Hz(fm). In general we can define the
holomorphic vector bundle ad 7~ even when the universal bundle 77 does not
exist. To see this, note that there is always a universal P'-bundle 7: P(7") —
S x 9, and taking 7, of the relative tangent bundle gives ad 7" . Thus given

a class £ € H,(S), we can evaluate ;t(Z)d on the fundamental class of 9
and this gives the value Yw. p(}:, ..., 2). For the applications here, since the
moduli spaces always have the correct dimension and in particular are empty
if —p—3x(%) < 0, the moduli spaces of complex dimension zero and two
are compact. For the four-dimensional moduli space, we can calculate Yw.p
by choosing an appropriate compactification of 9. For the purposes of gauge
theory, there is the Uhlenbeck compactification. For the purposes of algebraic
geometry, there is the Gieseker compactification 9. Following O’Grady [23],
the divisors u(X) extend naturally to divisors v(X) on 9%, which we shall
continue to denote by u(X). If there is a universal sheaf 7 on the Gieseker
compactification, then the u-map is again defined by taking the slant product
with —p,(adZ”)/4 . In general, for holomorphic curves £ (which would suffice
for the applications here) we can use determinant line bundles on the moduli
functor. For a general X € H,(S), we can define u(Z) for the moduli spaces
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that arise here (where there are no strictly semistable sheaves) as follows: there
exists a universal coherent sheaf & over S x U, where U is the open subset of
an appropriate Quot scheme corresponding to stable torsion free sheaves with
the appropriate Chern classes. Thus we can define an element of H 2(U ) by
taking the slant product with p,(ad&’). As 9 is a quotient of U by a free
action of PGL(N) for some N, Hz(ﬁ) = H2(U) , and this defines u(X) in
general.

We can now evaluate u(Z)d on the fundamental class of 9. By recent
results of Li [18] and Morgan [19] the result is again Yw.p - Strictly speaking,
their results are stated with certain extra assumptions. However, the cases we
will need here involve the following situation: all moduli spaces are smooth of
the expected dimension and there are no strictly semistable torsion free sheaves.
Under these assumptions, the proofs in e.g. [19] go over essentially unchanged.

1. REVIEW OF RESULTS ON VECTOR BUNDLES OVER ELLIPTIC CURVES
We recall the following well-known result of Atiyah [1]:

Theorem 1.1. Let V be a rank two vector bundle over a smooth curve C of
genus 1. Then exactly one of the following holds:

(1) V is a direct sum of line bundles;,

(ii) V is of the form & ® L, where L is a line bundle on C and & is the
(unique) extension of @ by @ which does not split into the direct sum
O-®0;

(iii) V is of the form & ® L, where L is a line bundle on C, p € C, and
Z, is the unique nonsplit extension of the form

Oﬁﬁc—ngpﬁﬁc(p)—ﬂ). O

We shall not prove Theorem 1.1 but shall instead prove the analogous state-
ment in the slightly more complicated case of a singular curve in Section 2.

Corollary 1.2. Let V be a stable rank two bundle over a smooth curve C of
genus 1. Then degV is odd, say degV = 2e + 1. Moreover, for every line
bundle 2 of degree e +1 we have dimHom(V , ) =1, Hl(VV ®A) =0, and
there is an exact sequence

O—-u—-V-41-0,

where p is a line bundle of degree e on C, uniquely determined by the isomor-
phism
u®A=detV,

and the surjection V — A is unique mod scalars.

Proof. Clearly, if V is stable we must be in case (iii) of the theorem. Con-
versely, suppose that V' is as in (iii). We shall show that V' is stable. It suffices
to show that 97) is stable. Let M be a line bundle on C of degree at least
detyp/Z = 1/2 such that there is a nonzero map M — .9‘;. Clearly degM <1
and degM =1 if and only if M = &.(p). Since degM > 1/2, degM =1
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and M =&, (p). But then 5‘; is the split extension, contradicting the definition
of ‘?p. Thus 91; is stable.

Now let V' be a stable bundle of degree 2e + 1, so that there exists a line
bundle L of degree ¢ on C with V = 9; ® L. Then, if 4 is a line bundle of
degree e + 1, we have an exact sequence

0 — Hom(L®&,.(p), 4) — Hom(V , 2) — Hom(L, A) —» H (A®L™' ®,.(-p)).

If A=L®0.(p), then by assumption there exists a surjection V — 4. If ¢,
and ¢, are two nonzero maps from V' to 4, then for every p € C there is
a scalar ¢ such that ¢, — cep, vanishes at p, and thus defines a map V —
A ®.(—p). By stability this map must be zero, so that ¢, = cp,. Thus the
surjection is unique mod scalars.

If A#L®0F.(p), then i® L™ ®.(—p) is a line bundle of degree zero on
C which is not trivial. Hence H'(A® L' ® @.(-p)) =0, and Hom(V', 1) =
Hom(L, A). Moreover Hom(L, 1) = HO(L_1 ® A) has dimension one since

deg(L.1 ®A) = 1. Thus there is a nontrivial map ¥ — A4, which is unique mod
scalars. If it is not surjective, there is a factorization V — A®.(—q) C 4, and

this contradicts the stability of ¥ . Lastly we see that H' (V@A) = H ! (L™ ! ®4),
and this last group is zero since deg(L_1 ®A)=1. 0O

We can generalize the last statement of Corollary 1.2 as follows.

Lemma 1.3. Let C be a smooth curve of genus one.

(i) Let V be a stable rank two vector bundle over C and suppose that
degV =2e+ 1. Let d > e+ 1, and let 2 be a line bundle on V
of degree d. Then dimHom(V, ) = 2d — 2e — 1, and there exists
a surjection from V to A. Conversely, with V as above, let A be a
line bundle such that there exists a nonzero map from V to A. Then
degl>e+1.

(ii) Suppose that V = L, ® L, is a direct sum of line bundles L; with
degV =2e+1 and degL, < e <degL,. Let A be a line bundle on C
with d = degA > degL,. Then dimHom(V', 1) = 2d—2e—1, and there
exists a surjection from V to A. Conversely, if A is a line bundle and
there exists a surjection from L, & L, to A, then either degA > degL,
or A=1L, or A=L,. If A=1L,, then dimHom(V, 1) = 2d - 2e,
where d = degL, = degi.

Proof. We shall just prove (i), as the proof of (ii) is simpler. Let 4 be a line
bundle on C of degree d > e + 1. We may assume that degA > e + 1, the
case degd = e + 1 having been dealt with in Corollary 1.2. There is an exact
sequence 0 - L, - V — L, — 0, where degL, = ¢ and degL, = e+ 1.
Thus there is an exact sequence

0— HL,' ®4) = Hom(V, A) » HY(LT' ® ) » H'(L;" ® 4).
We have deg(L;' ®4) =d —e > 0 and deg(L,' ®2) =d —e—1> 0. Thus

H'(L;'®4) =0, dimH*(L'®4)=d—e, and dimH(L;'®3)=d—e—1.
So dimHom(V ', A1) = 2d —2e— 1. To see the last statement, let Y be the set of
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elements ¢ of Hom(V', A) such that ¢ is not surjective. Then Y is the union
over x € C of the spaces Hom(V', A®&.(—x)), each of which has dimension
at most 2d — 2e — 3. So the dimension of Y is at most 2d — 2e¢ — 2. Thus
Hom(V, A) — Y is nonempty, and every ¢ € Hom(V, ) — Y is a surjection.
The final statement of (i) is then an immediate consequence of the stability of
V. o

For future use let us also record the following lemmas:

Lemma 1.4. Let C be a smooth curve of genus one and let ¢ be a line bundle on
C of degree zero such that &2 #0. Let V be a stable rank two vector bundle
on C. Then Hom(V,V ®&)=0.

Proof. Since degV = deg(V ® &) and both are stable, a nonzero map between
them must be an isomorphism, by standard results on stable bundles. However

det(V@lé) =detV® é®2 # det V', and so the bundles cannot be isomorphic.
Thus there is no nonzero map from ¥V to V®¢&é. 0O

Corollary 1.5. Let F C X be a scheme-theoretic multiple fiber of odd multi-
plicity m of an elliptic surface, and let F be the reduction of F. Let V be
a rank two vector bundle on ¥ whose restriction V to F is stable. Then
d;lrpc Hom(V, V) = 1 and every nonzero map from V to itself is an isomor-
phism.

Proof. Let £ be the normal bundle of F in X. Thus & has order m. For
a > 0,let aF denote the subscheme of X defined by the ideal sheaf &, (—aF).
Thus F = mF and there is in general an exact sequence

0-¢"— ﬁ(au)r — O — 0.

Tensor the above exact sequence by Hom(V,V) = V' ® V and take global
sections. This gives an exact sequence

0 — Hom(V, V ®¢& %) - Hom(V|(a+ 1)F, V|(a+ 1)F) —» Hom(V|aF , V|aF).

For a = 1 we have dim.Hom(V|F, V|F) = dimi Hom(V, V) = 1. For
1<a<m-1, & is a nontrivial line bundle of odd order. Thus by Lemma
1.4 Hom(V, V ® ¢™%) = 0. It follows that the map

Hom(V|(a+ 1)F, V|(a+ 1)F) —» Hom(V|aF, V|aF)
is an injection, so that by induction dim; Hom(V|(a + )F, V|{(a+ 1)F) < 1.

On the other hand multiplication by an element of HO(@ r) = C defines a
nonzero element of Hom(V|(a + 1)F, V|(a+ 1)F). Thus

dim. Hom(V|(a + 1)F, V|(a+ 1)F) =1 foralla<m -1,
and in particular dim, Hom(V|mF, VimF)=1. O

a+1)

2. THE CASE OF A SINGULAR CURVE

Our goal in this section will be to show that the statements of the previous
section hold for rank two vector bundles on singular nodal curves C. Let C
be an irreducible curve of arithmetic genus one, which has one node p as a
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singularity. Locally analytically, then, ﬁ’c’ » = Cllx, yl/(xy). Let a: C — C
be the normalization map, and let p, and p, be the preimages of the singular
point on C. We begin by giving a preliminary discussion concerning torsion
free sheaves on C.

Definition 2.1. A torsion free rank one sheaf on C is a coherent sheaf which
has rank one at the generic point of C and has no local sections vanishing on
an open set. It is well known that every torsion free rank one sheaf on C is
either a line bundle or of the form a L, where L is a line bundle on C. For
example, the maximal ideal sheaf of the singular point p of C is a L, where
L = &s(-p, — p,), where p, and p, are the preimages of p in C . Here the
line bundle L has degree —2 on C. We define the degree of a torsion free
rank one sheaf F on C by deg F = x(F). By the Riemann-Roch theorem on
C, degF is the usual degree in case F is a line bundle, whereas for F =a_ L,
an easy calculation shows that y(F) = degL + 1. (Note that, in case p,(C)
is arbitrary, we would have to correct by a term p,(C) — 1, which is zero in
our case, to get the usual answer for a line bundle.) It is easy to check that,
if F is a rank one torsion free sheaf on C and L is a line bundle, then
deg(F ® L) =degF +degL.
Lemma 2.2. If F, and F, are torsion free rank one sheaves on C, then so is
Hom(F,, F,), and

deg Hom(F,, F,)
_ { deg F, — deg F, if one of the F, is a line bundle,
~ | deg F, —degF, + 1, if neither F| nor F, is a line bundle.
Finally if degF, > degF, and neither is a line bundle, then the natural map
from Hom(F,, F,)® &, , to Homﬂc,p(mp, m,) Is surjective, where m, is the
maximal ideal of ﬁc, ’

Proof. The proof is clear if F, is a line bundle. Thus we may assume that F;
1s of the form a,L for a line bundle L on C. First assume that F, is a line
bundle. An easy calculation shows that

Hom(F,, F))=a,(L™' ®Gx(-p, —p,)) ® F,.

This is just the local calculation Hom o, (a*ﬂfcv 2> Zc.p,) =m,,where m  isthe
3P ’ ’

maximal ideal of & , and the isomorphism is canonical. Thus Hom(F,, F,)
is again a torsion free rank one sheaf and
degHom(F,, F,) = —deg L+ 1 -2+ degF, = degF, — deg F.
Now assume that F; =a, L, and F, =a,L,. Again using a local calculation

H omﬁc'p(a*(ﬁ’c, 0> 4.9 ,) = a0 ,, where the isomorphism is also canonical,

it is easy to check that Hom(a,L,, a L,) = a*(Ll_l ®L,),andso Hom(F,, F,)
is again a torsion free rank one sheaf. Moreover

deg Hom(F,, F,) =degL, —deg L, + 1 = deg F, —deg F; + 1.

To see the final statement, again writing F, = a,L, and F, = a,L,, we
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have Hom(a,L,,a,L,) = a*(Ll_1 ® L,). Moreover the global sections of
Lx_l ® L, separate the points p, and p,. It is then easy to see that the map
Hom(F,, F,) ®é’c’p — Homﬁc‘p(mp, mp) = ﬁC,p is surjective. O

Lemma 2.3. Let F be a torsion free rank one sheaf on C. If degF > 0, or
if degF = 0 and F is not trivial, then hO(F) = degF and hl(F) =0. If
degF <0, orif degF =0 and F # @,., then hO(F) =0 and hl(F) =degF.
Proof. If degF > 0 and F is not @., then the claim that hO(F ) =degF is
clear if F is a line bundle and follows from ho(a*L) =degL+1 incase L is
a line bundle of degree at least —1 on C 2 P' . In this case, since by definition
degF = x(F) = h°(F), we must have h'(F) = 0. The proof of the second
statement is similar. O

Next let us consider extensions of torsion free sheaves. The maximal ideal

m,, has the following local resolution, where we set R=0. :
-2 ROR-RO®R—-m, -0,
where the maps R & R — R @& R alternate between (a, ) — (xa, yf) and
(a, ) — (ya, xB). A calculation shows that Ext;(mp , m,) has length two.
More intrinsically it is isomorphic to &x(~p, — p,)/G(—2p, — 2p,) . Thus as
an R-module,
Ext;(mp ,m,) = R/ﬁlp ,

where R is the normalization of R and , = mpR. We can describe the R-

action on Ext}e(mp , m,) more invariantly as follows: multiplication by r € R
gives an endomorphism m,—m,, and hence an action of R on Ext}z(mp , mp) .
We leave to the reader the straightforward verification that this action is the
same as the action on Ext;(mp ,m,) implicit in the isomorphism Extk(mp ,m,)
= ﬁ/ﬁlp given above. There is an induced action of the invertible elements
R* on (Ext;{(mp, m)) - 0)/C" = P'. Since R* acts trivially, this induces
an action of R*/R* = C* on (Ext}((mp ,m)) —0)/C". It is easy to see that
there are three orbits of this action: an open orbit isomorphic to C* and two
closed orbits which are points in P! , corresponding to the case of an element
1 5 1

ee€ ExtR(mp , mp) such that R.e # ExtR(mp , mp) .

Given an element e € Ext}z(mp , mp) , denote the corresponding extension of
m, by m, by M,. Note that two extensions M,, M, such that e, ¢’ lie in

the same R"-orbit are abstractly isomorphic as R-modules, via a diagram of the
form

0 > my M, > m, 0
S
0 m, M, m, 0,

where r € R* is such that re = ¢'.
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Lemma 2.4. M, is locally free if and only if the image of e in
(Ext;(mp ,m)— 0) ok

is not a closed orbit of R.
Proof. Consider the long exact Ext sequence

1 1
Hompg(m,, m,) = Extp(m , m ) — Extp(M,, m).

We see that Ext;(Me , m,) contains as a submodule Ext}{(mp , mp) /R-e. Thus

if R-e # Ext}z(mp , mp) , then Ext;(Me , mp) # 0 and so M, is not locally free.
Conversely suppose that the image of e does not lie in one of the closed orbits.
Since every two extensions in the same orbit are abstractly isomorphic, it will
suffice to exhibit one locally free extension of m, by m,. However we have the
obvious surjection R& R — m, given above, and its kernel is easily seen to be
isomorphic to m, again. 0O

We leave as an exercise for the reader the description of the extensions cor-
responding to the closed orbits.

Let us also note that, using the resolution above, a short computation shows
that Ext}((mp , R) = 0. Thus there is no locally free R-module M which sits
in an exact sequence

0O-R—- M- m, — 0.

Globally, we have the following:

Lemma 2.5. Let n be a positive integer and let 6 be a line bundle of degree one
on C. )
(i) There is a unique rank two vector bundle V, s on C such that detV, ;=
J and such that there is an exact sequence

0—>F—>V;,’5—>F'—>O,

where F and F' are torsion free rank one sheaves of degrees n and
1 — n respectively, and F and F' are not locally free.
(ii) Let G be a torsion free rank one subsheaf of V, ;. Then ejther degG <

—n or G is contained in F .
(iiil) The vector bundle V, s is indecomposable for all n and § and V,s=

Vo s ifandonlyif n=n" and § =¢'.

Proof. To see (i), let F and F’ be the unique torsion free rank one sheaves
of degrees n and 1 — n respectively which are not locally free. Let us evaluate

Extl(F ", F). From the local to global Ext spectral sequence, there is an exact
sequence

0— H'(Hom(F', F)) - Ext'(F', F) —» H*(Ext'(F', F)) - 0.
Now x(Hom(F', F)) = deg Hom(F', F) = hi°(Hom(F', F)), since
deg Hom(F', F)=2n>0
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by Lemmas 2.2 and 2.3. So H'(Hom(F',F)) = 0. Thus Ext'(F', F) =
H O(Extl(F ", F)). Moreover, the set of all locally free extensions is naturally a

principal homogeneous space over H O(ﬁc’f /@) = R*/R" . On the other hand,
from the exact sequence

0-—»@’2%@’8—»@’5/@2—»0,

we have a natural isomorphism Pic’ C = H(@} /&%) = R*/R" . Let 9: R*/R"
— Pic’ C be the coboundary map; it is an isomorphism. Given e € Ext’(F ', F)
= HO(Extl(F ", F)), let V, be the extension corresponding to e. A straight-
forward exercise in the definitions shows that, for r € R,

detV,,=0(r)®detV,.

From this it is clear that there is a unique extension V) P with determinant & .
Next we prove (i1). Let G be a torsion free rank one subsheaf, possibly a
line bundle, of ¥V, , such that degG > —n. We have an exact sequence

0 — Hom(G, F) —» Hom(G, ¥, ;) — Hom(G, F').

Moreover Hom(G, F') = H (Hom(G, F')). First suppose that either degG >
1 —n or that G is locally free. The torsion free sheaf Hom(G, F') has degree
either 1 —n —degG or 2 — n — degG, depending on whether G is or is not
locally free. In any case it has degree < O and is not locally free, so that
HO(Hom(G, F')) =0, by Lemmas 2.2 and 2.3. So every such G is contained
in F. In the remaining case where degG = 1 —n and G is not locally free,
then G = F'. Since Hom(F', F') = k", every nonzero homomorphism from
F' to itself is an isomorphism. Thus the exact sequence defining V, s would
be split, contrary to assumption. Hence this last case is impossible. ’

To see (iii), let G be a torsion free rank one subsheaf of degree at least
1 —n such that V, ;/G is torsion free. Then by (ii) G = F. This clearly
implies that ¥, ;= V. 5 if and only if n=n" and 6 = ¢ and that V.5 18
mdecomposable ]

Theorem 2.6. Let C be an irreducible curve of arithmetic genus one, which has
one node as a singularity. Let V be a rank two vector bundle on C and suppose
that degdetV =2e + 1. Then V is one of the following:
(i) A direct sum of line bundles;
(i) L®F_, where L is aline bundle of degree e, x € C is a smooth point,
and & is the unique nontrivial extension

0O —F, = Oux) - 0;

(i) L®V, 5, where L is a line bundle of degree e and V, s is the rank
two vector bundle described in Lemma 2.5. In this case, the subsheaf
L®F , where F is the subsheaf in the definition of V, 5, is the maximal
destabilizing subsheaf.
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Proof. Clearly we may assume that deg V' = 1. By the Riemann-Roch theorem,
hO(V) # 0. Thus there is a map &, — V. If this map is the inclusion of a
subbundle, then V is given as an extension

0—-0. -V —-0G.(x)—0

for some smooth point x € C. Either this extension splits, in which case we
are in case (i), or it does not in which case we are in case (ii).

Now suppose that the map & — V' vanishes at some point. Thereisa largest
rank one subsheaf F of V contamlng the image of &, and degF =n > 0.

The quotient V/F = F' is torsion free. If F is a line bundle, then so is F’,
since locally Ext}a(mp , R) = 0. In this case (F')°1 ® F has degree 2n—-1>0,

so that the extension splits and V is the direct sum of F and F'. Hence
we are in case (i). Otherwise F and F' are not locally free. It follows that
V=1V, , for 6 = detV, and we are in case (iii). The last statement in (iii)
then follows from the last paragraph of the proof of Lemma 2.5. O

Finally let us show that a statement analogous to Lemma 1.3 continues to
hold for the case of a singular curve.

Lemma 2.7. Let C be an irreducible nodal curve of arithmetic genus one.

(i) Let V be a stable rank two vector bundle over C and suppose that
degV =2e+1. Let d > e+ 1, and let A be a torsion free rank one
sheafon V ofdegree d. Then dimHom(V , A) = 2d —2e—1, and there
exists a surjection from V to A. Moreover, if A is a line bundle on C
such that there exists a nonzero map from V to A, then degl >e+ 1.
Finally, if d =e+ 1, then H' (V' ®2)=0.

(i) Suppose that V = L, @ L, is a direct sum of line bundles L; with
degV =2e+1 and degL, < e <degL,. Let A be a rank one torsion
free sheaf on C with d = degA > degL,. Then dimHom(V, 1) =
2d — 2e — 1, and there exists a surjection from V to A. Moreover, if A
is a rank one torsion free sheaf on C such that there exists a surjection
from V to A, then either d = degA > degL, or A=L, or A= L, and
dimHom(V, A) = 2d — 2e.

(1) Suppose that V = L@V, , for some n, where L is a line bundle of
degree e and that L, is the subsheaf L ® F of V of degree e + n
corresponding to the subsheaf F of V, s In the definition of V, s and
that L, is the quotient V/L,. Let /1 be a rank one torsion free sheaf
on C with d = degi > degL, = e + n. Then dimHom(V, A1) =
2d — 2e — 1. Moreover, if there exists a surjection from V to A then
either degA > e +n or A= L, and dimHom(V, ) = 1.

Proof. The proof of (i) and (ii) follows the same lines as the proof of Lemma
1.3, with minor modifications, given Lemmas 2.2 and 2.3. Let us prove (iii)
in the case where A is not locally free (the proof in the other case is slightly
simpler). By definition there is an exact sequence

0—L,»V—L =0,
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where L, and L, are not locally free and degL, =e+n, degL, =1-n+e.
There 1s a long exact sequence

0 — Hom(L,, A) — Hom(V, 1) — Hom(L,, 4) — Extl(Ll , 4).
Moreover, by the long exact sequence for Ext, we have an exact sequence
0— H'(Hom(L,, A)) — Ext' (L, 2) — H (Ext'(L,, 4)).
Since degHom(L,,A)=d—-e+n+1<0 and Hom(L,, A) is not locally free,
Hl(Hom(L1 ,4)) = 0 by Lemma 2.3. Moreover Ho(Extl(L1 ,A) = C*. We
claim that the composite map Hom(L,, 1) — Extl(Ll ,A) — HO(Extl(L1 , 4))
is surjective. Since degL, > degu, the map Hom(L,, 1) —» Homg(m,, m,) =
R is onto the quotient R/n“np by the last statement in Lemma 2.2. Thus
the image of the map Hom(L,, i) — I—IO(Ext‘(Ll , 4)) contains the orbit
R-EC Ext}e(mp , mp) , where & is the extension class. Since V is locally free,
this orbit is all of Ext}z(mp, mp) by the proof of Lemma 2.4, and so the map
Hom(L,, ) — H*(Ext'(L,, ) is onto. It follows that
dimHom(V', 1) = Hom(L,, 4) + Hom(L,, A) — 2
=d-(e+n)+1+d-(1-n+e)+1-2=2d —2e~-1.

Let us finally consider the case when there is a surjection from ¥ to 4. Let
the degree of A be d +e. Thus there is a surjection from V, 5 t0 1® L,

which is of degree d. Let G be the kernel of the map V.s— A®L™'. Then
degG =1 —d. By Lemma 2.5(ii), either 1 —d < —n or G C F. Thus either
d >e or A= L, . In the last case, there is a unique surjection from V' to L,
mod scalars, by the proof of Lemma 2.5(iii). O

3. A ZARISKI OPEN SUBSET OF THE MODULI SPACE

Let n: S — P' be an algebraic elliptic surface of geometric genus p g(S ) =
p,- We shall always assume that the only singular fibers of 7 are either ir-
reducible nodal curves or multiple fibers with smooth reduction. Denote the
multiple fibers by F, and F, and suppose that the multiplicity of F; is m,.
We shall assume that the multiple fibers lie over points where the j-invariant of
S is unramified. We denote by J(S) the associated Jacobian elliptic surface
or basic elliptic surface. For an integer n, J"(S) denotes the relative Picard
scheme of line bundles on the fibers of degree n (see for example Section 1
in Part I). Hence J(S) = J°(S) and S = J'(S). If n is relatively prime
to m m,, then J "(S) again has two multiple fibers of multiplicities m, and
m,. We always have pg(J”(S)) =P, - If A is a divisoron S, we let f-A
denote the fiber degree, i.e. the degree of the line bundle A on a smooth fiber
f. Let Pic'S denote the set of vertical divisor classes, i.e. the set of divisor
classes spanned by the class of a fiber and the classes of the reductions of the
multiple fibers. With our assumptions Pic' S = Z - x , where m myk = [ (see
also [11], Chapter 2, Corollary 2.9). Clearly Pic'S is the kernel of the natural
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map from PicS to the group of line bundles on the generic fiber. In general
let n = Spec k(]P’l) be the generic point of P' and let 7 = Speck(P'), where
k(P') is the algebraic closure of k(IP>1 ). Let Sn be the restriction of S to 7

and S,7 be the pullback of Sn to 7. Define V,7 to be the restriction of V to
S,’ and similarly for V.-

Definition 3.1. An ample line bundle L on S is (A, c)-suitable if for all divisors
D on S such that —D*+ D-A <c,either f-(2D—-A)=0 or

sign f - (2D — A) =signL- (2D — A).

Given the pair (A, c), we set w = Amod?2 € HZ(S; Z/2Z) and let p =
A* - 4c. Thus (A, ¢) and (A, ¢’) correspond to the same values of w and p
if and only if A" = A+2F for some divisor class F and ¢’ = c+A-F+F 2 An
easy calculation shows that the property of being (A, c)-suitable therefore only
depends on the pair (w, p), and we will also say that L is (w, p)-suitable.

We have the following, which is Lemma 2.3 in Part I
Lemma 3.2. For all pairs (A, ¢), (A, ¢)-suitable ample line bundles exist. O

Definition 3.3. Let A be a divisor on S and ¢ an integer. Fix a (A, c¢)-suitable
line bundle L. We denote by (A, ¢) the moduli space of equivalence classes
of L-stable rank two vector bundles V' on § with ¢,(V)=A and ¢,(V) =c.
Here V| and V, are equivalent if there exists a line bundle &¢(D) such that V]
is isomorphic to ¥,®7¢(D) . In particular, since det V|, = detV,, the divisor 2D
is linearly equivalent to zero, and in fact V| and ¥, must be isomorphic since
there is no 2-torsion in PicS. As the notation suggests and as we shall shortly
show, the scheme 9M(A, ¢) does not depend on the choice of the (A, c)-suitable
line bundle L.

Given a divisor A on S and an integer ¢, we let w = Amod2 and p =
A’ — 4c. The moduli space M(A, c¢) only depends on w and p and we shall
also denote it by M(w, p).

Now fix an odd integer 2e + 1. We shall consider rank two vector bundles
V' such that the line bundle detV has fiber degree 2e + 1. However, it will
be convenient not to fix the determinant of ¥ . In this section we shall show
that the moduli space M(w, p) is smooth and irreducible, and shall describe a
Zariski open and dense subset of it explicitly. The basic idea is to show first that
there is a largest integer p, such that 9(w, p,) is nonempty and that there is
a unique element in M(w, p,) , corresponding to the bundle V. For all other
p < p,, the bundles in M(w, p) are obtained by elementary modifications of
V, along fibers. Let us begin by recalling the following result (Corollary 3.4 in
Part I):

Theorem 3.4. Let V' be a rank two bundle with detV = A and c,(V) = c.
Suppose that detV has fiber degree 2e + 1. Let L be a (A, ¢)-suitable ample
line bundle, and suppose that V is L-stable. Then there exists a Zariski open
subset U of P' such that, if f is a fiber of m corresponding to a point of U,
then f is smooth and V|f is stable. Conversely, if there exists a smooth fiber
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f such that V|f is stable, then V is L-stable for every (A, c)-suitable ample
line bundle L. O

Next we show that there exist bundles satisfying the hypotheses of Theorem
3.4:

Lemma 3.5. Let 6 be a line bundle on the generic fiber Sﬂ of odd degree 2e+1.
Then there exists a rank two vector bundle V such that the restriction of detV
to S,, is 6 and such that there exists a smooth fiber [ for which the restriction
V|f is stable.

Proof. Let A be a line bundle on S restricting to J on Sn' Fix a smooth
fiber /. By Theorem 1.1 there exists a stable bundle E on f with determinant
equalto Aj|f. Let H be aline bundle on S such that deg(H|f) > e+1. Then
by Lemma 1.3 there is a surjection from E to H|f, and thus E is given as an
extension

0— (H™' @A)I/) = E = (H|f) = 0.

This extension corresponds to a class in H l( fi(H ®-2 ®Ay)|f) . We would like
to lift this exact sequence to an exact sequence on S . Of course, we can replace
A, by Aj+ Nf for an integer N and get the same restriction to f. It suffices
to show that, for some N, the map

H'(S; H* @A ® Gy(Nf) — H'(f; (H| /) ©A)
is surjective. The cokernel of this map is contained in
HAS; H @A, 0 0((N-1)f) = H'(S; H @A, @ O(-N + 1)) @ K)".

Clearly H(S; H ®A;' ® F,(-N+1)f)®K) =0 if N> 0, and thus there
is an extension on S inducing E. O

Note. We could also have proved Lemma 3.5 by descent theory.

Before we state the next lemma, recall that a stable vector bundle V' on
S is good if H 2(S; ad V) = 0. This means that V' is a smooth point of the
moduli space, which has dimension —p,(ad V)-3x(&) at V. Thus the content
of the next lemma is that the moduli space is always smooth of the expected
dimension.

Lemma 3.6. Let V be a rank two bundle on S such that the restriction of V to
the generic fiber is stable. Then V is good.

Proof. By Serre duality, H*(S;adV) = 0 if and only if H’(adV ® K{) = 0.
A section ¢ of Ho(ad V ® Kg) gives a trace free endomorphism of Vﬂ (since
K has trivial restriction to the generic fiber). But v is simple, so that ¢ has
trivial restriction to the generic fiber. Hence ¢ = 0. O

Lemma 3.7. Let V| and V, be rank two bundles on S whose restrictions to
the generic fibers are stable and have the same determinant (as a line bundle on
S,, ). Then there exists a divisor D on S, lying in Pic'S, and an inclusion
V., ® @4(D) C V,. Moreover for an appropriate choice of D we have an exact
sequence

0-V,®0y(D)—-V,—-Q—0,
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where Q is supported on fibers or reductions of fibers and the map V, ® @¢(D) —
V, does not vanish on any fiber.

Proof. By assumption ¥, and V, have isomorphic restrictions to S”. An
isomorphism between these extends to give a map V, ® @¢(D,) — V, ®F(D,),
where D, have trivial restriction to the generic fiber. Twisting gives a map
p:V,® ﬁS(D') — V,, where D’ has trivial restriction to the generic fiber. By
construction ¢ is an isomorphism on the generic fiber, so ¢ is an inclusion.
The determinant dety is a nonzero section of det V1_1 ® ﬁS(—ZD') ®detV,,

which restricts trivially to the generic fiber. Thus det V_1 ®F (-2 D')®det v, =

Os(3;n,F;+nf), where the F; are the multiple ﬁbers f is a general fiber and
n;, n are > 0. Here Q has support whose reduction is the sum of the F; for
which n, # 0 plus some smooth fibers. If ¢ vanishes identically on a fiber or
fiber component F, then it factors:

V@D CV,® 0D +F)—V,.

So after enlarging D’ to a new divisor D we can assume that this doesn’t
happen. Thus D is as desired. O

Corollary 3.8. Let V, and V, be two rank two bundles on S with the following
property: for every curve F whzch is a reduced fiber or the reduction of a multzple
fiber, the restriction of V, to F is stable. Then there exists a divisor D € Pic' S
such that V, =V, ® 0, (D)

Proof. Find a nonzero map ¢: V, ® &¢(D) — V, which does not vanish on
F for every F the reduction of a fiber, via Lemma 3.7. Forall F, V| ®

O¢(D)|F and V,|F are stable bundles of the same degree and p|F isa nonzero
map between them Thus ¢|F is an isomorphism for all F and so ¢ is an
isomorphism as well. O

Corollary 3.9. Suppose that V,, is a rank two vector bundle satisfying the hypothe-
ses of (3.8): the restriction V|F is stable for every reduction F of a fiber compo-
nent. Let A =detV, and c = c,(V,). Then M(A, c) consists of a single reduced
point correspondzng to the bundle V Thus necessarily p (adV,) = =3x(%).

Proof. If V' is another such, V' =V, ® @4(D), and so V' and ¥, are equiv-
alent. By Lemma 3.6 ¥ is good. Thus 9(A, c) is a single reduced point.
Moreover the dimension of MM(A, c) is —p,(adV;) — 3x(&5) = 0, and so
p,(adV,) = 37(%). O

Next we establish the existence of such a V. Before we do so let us pause
to record the following lemma.

Lemma 3.10. Let
0=V, =V,—» Q-0
be an exact sequence of coherent sheaves on S, where V| and V, are rank two

vector bundles and Q = i, M where i: F — S is the inclusion of a reduced fiber
or the reduction of a multiple fiber, and M is a torsion free rank one sheaf on
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F . Then:
(i) We have the following formula for p, (adV,):
deg(V,|F
p,(adV,)=p (ad V) + 4(degM - _g_(i_l.l__))
deg(V,|F
=p,(adV)) + 4(degM- %ﬂ))

(ii) If we define Q' by the exact sequence
0-v' -v' -0 -o,
then V' =V, ® (detV)™" isatwist of V, and Q' = Ext'(Q, &) is of

1
the form i M " where M' is a torsion free rank one sheaf on F with
degM' = —deg M . Finally M is locally free if and only if M' is locally

free.

Proof. The first equality in (i) follows from the lemma on elementary mod-
ifications stated in the section on preliminaries in the introduction if M is
locally free, with minor modifications in general. To see the second, since

detV, = detV, ® @y(F) and F’ =0, we have
deg(V||F) = deg(det V||F) = deg(det V,|F) = deg(V,|F).

To prove (ii), note that, after trivializing the bundles ¥, in a Zariski open
set U, the map V|, — V, is given by a 2 x 2 matrix 4 with coefficients in &,
and so the dual map corresponds to the matrix ‘A . A local calculation shows
that Q' = i, M’, where M’ is a torsion free rank one sheaf on F, where F
is locally defined by det4, and that M’ is locally free if and only if M is
locally free. To calculate degM’, use the formula in (i) for degM’, noting
that p,(ad¥,’) = p,(ad¥;) and that deg(V,’|F) = —deg(V}|F). Putting this
together gives

4degM' =p,(ad V) — p,(ad V,) — 2deg(V}|F)
=—4degM. O
Using the above, we shall show the following:

Proposition 3.11. Given a line bundle 6 on S,' of odd degree, there exists a rank
two bundle V;; on S such that the restriction of detV; to S, is o and such
that the restriction V|F is stable for every reduction F of a fiber component.
The rank two bundle V, is unique up to equivalence: if V| is any other bundle
with this property, then there exists a line bundle &@¢(D) such that V; 2V, ®
@s(D). Moreover p,(adVy) > p,(ad V') for every rank two bundle V such that
the restriction of detV to S,7 is 0 and such that there exists a smooth fiber f for
which the restriction V'|f is stable, with equality if and only if V = V,® @¢(D).
Proof. Begin with V' such that det VIS" = J and such that there exists a smooth
fiber f for which the restriction V|f is stable. Such V' exist by Lemma 3.5.
If there exists an F such that V|F is not stable, then there is a torsion free
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quotient Q of V|F such that degQ < (deg(V|F))/2. Define V' by the exact
sequence
0>V -V ->0-0,

where we abusively denote by Q the sheaf i, Q, where i is the inclusion of F
in §. Using (i) of Lemma 3.10,

deg(V|F ))
— )
Thus p,(ad V' > p,(ad V). If V' satisfies the conclusions of Proposition 3.11,
we are done. Otherwise repeat this process. At each stage p, strictly increases.
But p, is bounded from above, either from Bogomolov’s inequality or using
the fact that the dimension of the moduli space is always —p, — 3x(F) >
0, by Lemma 3.6. Hence this process terminates and gives a V| as desired.
By Corollary 3.8 ¥ is unique up to twisting by a line bundle, and the final
statement is clear from the method of proof. O

py(ad¥) = p,(ad V') + 4(deg 0 -

Next we shall interpret the proof of Proposition 3.11 as saying that every
stable bundle V' is obtained from ¥}, by an appropriate sequence of elementary
modifications.

Definition 3.12. Let V' be a rank two vector bundle on S whose restriction to
the generic fiber is stable. Let F be a fiber on S and Q be a torsion free rank
one sheaf on F, viewed as a sheaf on S. A surjection V — Q is allowable if

2deg Q > deg(V|F).
Thus if deg(V|F) = 2e + 1, then degQ > e + 1. If W is defined as an
elementary modification
0-W-V-0-0,
then we shall say that the elementary modification W is allowable if the sur-

jection V' — Q is allowable. It then follows from Lemma 3.10 that, if W is
an allowable elementary modification of V', then p,(ad W) < p,(ad V).

Let Q be a rank one torsion free sheaf on a fiber F, viewed also as a sheaf
on S, and let d = degQ. It is an easy consequence of Lemmas 1.3 and 2.7
that if ¥V — Q is allowable and deg(V|f) = 2e + 1, then d > e and either
dimHom(V, Q) = 2d — 2e — 1 or dimHom(V, Q) = 2d —2¢ and Q is a
uniquely specified rank one torsion free sheaf on F .

With this said, we have the following:

Proposition 3.13. Let § be a line bundle on S, and let 'V be a stable rank
two bundle on S such that the restriction of detV to S, is 0. Then there is
a sequence V,, V|, ..., V, =V such that V, , is an allowable elementary
modification of V; for i=1,...,n—1. Moreover 2n < p,(adV;,) — p,(ad V).
Finally if V is obtained from V, from a sequence of allowable elementary mod-
ifications then dimHom(V', V) = 1.

Proof. The construction given in the proof of Proposition 3.11 is the following:
Begin with V. If V' # V), then there is a fiber F, a rank one torsion free sheaf
Q on F, and an elementary modification

O—»V’—»V—»Q—»O,
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where degQ < deg(V|F)/2.If V' # V;, » we repeat the process. So, noting that

V = V¥ ®detV and using the notation of Lemma 3.10(ii) it will suffice to show
that the dual elementary modification

00—V 'e®detV — (V') ®@detV — Q' ®@detV — 0

is allowable, since then we have obtained V as an allowable elementary mod-
ification of (V)Y ®@ det ¥ . But we have degQ’ = —degQ by Lemma 3.10(ii),
and so

deg(Q' ®detV) = —degQ + deg(V|F)
S deg(;/IF )

Thus the surjection (V') @ detV — Q' ® detV is allowable. The statement
about the number of elementary modifications follows since an allowable ele-
mentary modification always decreases p, by a quantity whose absolute value
is at least 2.-

Finally let us show that dim Hom(V", ¥})) = 1. Since dim Hom(V;, V) =1,
it is enough by induction on the number of elementary modlﬁcatlons to show
the following: suppose given an exact sequence

where degQ > deg(V;|F)/2. Then Hom(V,, V) — Hom(V,, V}) is an iso-
morphism. For simplicity we shall just give the argument in case Q is locally
free on F. In any case Hom(Q, V})) = 0 since Q is a torsion sheaf and the
cokernel of the map is

Ext'(Q, V) = H(Ext'(Q, V) = H(Q" ® (V,|F)) = Hom(Q, V,|F).

Since V,|F is stable and degQ > deg(V;|F)/2 = deg(V;|F)/2, this last group
is zero. O

Putting all this together, we shall describe a Zariski open subset of the moduli
space. Let us first observe that the moduli space (A, ¢) is always good and
of dimension

4c - A = 35(F) = —p - 31(T).

As we have seen in the introduction, this dimension is always an even integer
2t . Now suppose that ¢ is a line bundle on the generic fiber Sn of odd degree.
Then there exists a divisor A on S which restricts to J and A is determined
up to a multiple of k. Mod 2, the only possibilities are A and A+x . Note that
(A+K)2 = A’ +2(A-x) = A% +2 mod 4. Thus if we also fix A> mod 4, there is a
unique choice of w = A mod 2. Fix an integer ¢ > 0 and let —p = 2t+3x(F) .
There is then a unique class w € H 2(S ; Z/27Z) with w? = p mod 4 such that
w is the mod two reduction of a divisor A which restricts to J on S” . Given
é and ¢, we shall denote the corresponding moduli space by 91, . The following
theorem is a more precise version of the theorem stated in the Introduction:
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Theorem 3.14. In the above notation, M, is nonempty, smooth and irreducible,
and is birational to Sym' J etl (S). More precisely, there exists a Zariski open and
dense subset U of 9M, which is isomorphic to the open subset of Sym'’ J¢*1(S)
consisting of t line bundles 4, ..., A, of degree e + 1 lying on smooth (and
reduced) fibers of m such that the images n(A;) are distinct points of P', where
we continue to denote by n the projection from J e“(S) to P.

Proof. Let us describe the set U . Given the line bundle é on Sn , let degd =

2¢e + 1. If f is a smooth fiber and A is a line bundle of degree e + 1 on f,
the restriction Vj|f sits in an exact sequence

where 4 ® A = . Once we have fixed 4, the surjection V| f — A is unique
mod scalars.

Now fix ¢ distinct smooth fibers f, ..., f, and line bundles 4, of degree
e+1 on f;. Let Q; be the sheaf A, viewed as asheafon S andlet 0 =, Q,; .
We shall consider the set of vector bundles V' described by an exact sequence

0—V —V,—Q—0.
The set of all such vector bundles V' is clearly parametrized by the open subset
U of Sym' J”’(S) consisting of ¢ line bundles 4,, ..., 4, lying on smooth

(reduced) fibers of # such that the images 7n(4,) are distinct points of P'. For
such a bundle V , we also have

p(adV) =p,(ad V) - 2t

We shall first construct a family of bundles parametrized by U (more precisely,
we shall construct “universal” bundles over the product of S with a finite cover
of U), thereby giving a morphism from U to 9, which is easily seen to be
an open immersion. Finally we shall show that U is in fact dense in 97, .

Step I. Let U be the open subset of Sym’ J¢*'(S) described above, and let U
be defined as follows:

U={(,...,2) € (JT(S) : {#,..., 4} e U}

We shall try to construct a universal bundle 7 over S x U as follows. Let
Z < S x U be defined by

Z={,{A,...,4}) €SxU: forsome i, n(p) =x(4) }.
Thus given a point u = {4,,...,4} €U,

(Sx{up)nZ =[]f; x {u}),

i=1
where f; is the fiber corresponding to 4,. Clearly 2 is a smooth divisor in

S x U . Analogously, we have the pulled back divisor ZcSxU.Infact, Z
breaks up into a disjoint union of divisors Z,, where for example

Z = (Sxp JH(S) x IS,
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and the other .2~’, are defined by taking the fiber product over P! of S with the
" factor of J e“(S )". Thus each .?‘ fibers over U and the fiber is an elliptic

curve. Let p;: Z, — S xpu J JT(S) be the projection. Over S Xp VTS,

there is a relative Poincaré bundle &%, . Actually, &, , really Just exists

locally around sufficiently small neighborhoods of smooth nonmultiple fibers of

e“(S) or in irreducible étale neighborhoods w: %, — J”I(S) of smooth
nonmultiple fibers, but we will write out all the arguments as if there were a
global bundle. We shall return to this point in Section 7. So we should really
replace U by U, defined by

Uoz{(xl, ,xt) E%Ot:('//(xl), ey V/(x[))e U}

We can define the divisors j on S x (7 as well. Thus we have p; %, |, which
is a line bundle on _'“Z’ By extension, we can view p; 7 .1 as a coherent sheaf
on S x U

Lemma 3.15. For every i, there is a line bundle £, on (70 with the following
property: There is a surjection

V - @(pl e+1 ®n;°5ﬂi) ’

and the surjection is unique up to multzplymg by the pullback of a nowhere van-
ishing function on Uj, .

Proof. We have

Hom(r}Vy . D) 0 2,.,) = H'((n [@p: )

:H( O,GBR m,, (n V) ®p;97’e+l)).

By base change and Corollary 1.2, the sheaf R nz*((nl V)" ® p:g’eﬁ) is a

line bundle on UO , which we denote by .?,._' . Choosing a nowhere vanishing
section of é’ - gives an element of :

PP

Hom(xV, "

Vo £1 P @1, %) = H (U an,(( ) @07, e m,2)))

=H’ (UO;.,?_ ®_Z)=H (UO;@’OO).

!

Since the .?: are disjoint, we can make such a choice for each i to obtain the
desired surjection. 0O

Note. We shall essentially calculate ./ in Section 7.
Making a choice of a surjection from 7} o to GB, l(/) i1 ® n;_?[) gives

a rank two vector bundle 77 over S x U deﬁned by the exact sequence

e+l

0—»%——»7{V—>@(p19 ®7‘t,§ﬂ.)
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Thus there is a morphism UO — 9M,. It is easy to see that this morphism
descends to a morphism of schemes U — 91, whose image is the set of bundles
described at the beginning of the proof of Theorem 3.14. Clearly the morphism
U — M, is injective. By Zariski’s Main Theorem it is an open immersion. This
concludes the proof of Step 1.

Step II. Now we must show that the open set U constructed above is Zariski
dense. To do so, we shall make a standard moduli count which essentially shows
that the closed subset 9, — U may be parametrized by a scheme of dimension
strictly smaller than dim 9%, = 2. Consider the set of all allowable elementary
modifications of a fixed vector bundle ¥’ with deg(V'|F) = 2e+1. Thus there
is a reduced fiber or the reduction of a multiple fiber, say F, and a rank one
torsion free sheaf Q on F with degQ =d > e+ 1. By Lemmas 1.3 and
2.7, there is a surjection from ¥’ to Q, and the set of all such has dimension
2d —2e—1 or 2d — 2e. Let V be the kernel of such a surjection. By Lemma
3.10,
p,(ad V') = p (ad V) + 4d — de - 2.
Thus the number of moduli of all V is
—p,(ad V) = 3x(F;) = —p,(ad V') — 3x(F,) + 4d — de — 2.

On the other hand, for d and V' fixed, the above construction depends on
2d — 2e parameters. If F is generic, there is one parameter to choose F .
Next, either dim Hom(V' ,0)=2d—-2e—-1 or 2d — 2e, and in this last case
Q is fixed. Taking the homomorphisms mod scalars, the number of moduli is
either 2d —2e —2 or 2d —2e — 1. In the first case the choice of Q is one more
parameter, but not in the second case. Thus we always get 2d—2e¢—1 parameters
for the choice of the sheaf Q and the surjection ¥’ — Q. Adding in the choice
of F gives 2d —2e moduli. For the above construction to account for a Zariski
open subset of the moduli space, we clearly must have V' a general point of
its moduli space, F a general fiber, and 2d — 2e > 4d — 4e — 2. It follows that
d < e+ 1, and hence since d > e that d = e + 1. Arguing by induction, we
may assume that V' is obtained from J} by performing successive elementary
modifications along distinct fibers F, which are smooth and nonmultiple and
with respect to line bundles x4, on F, of degree exactly e + 1. In this case V'
is in the open set U described above. O

Notation 3.16. Given a line bundle é on Sn and a nonnegative integer ¢, we

let 9, be the moduli space defined prior to (3.14) of equivalence classes of
stable bundles V' with —p (ad V') = 2t + 3x(&) , such that w, (V') is the mod
two reduction of a divisor A with A|Sﬂ = 0. Thus M, depends only on J and

t. Let ﬁ, denote the Gieseker compactification of 97, .

4. THE CASE WHERE S HAS A SECTION

In this section, we shall assume that there is a section o on S, so that
m, = m, = 1. In this case, o’ = —(1 +pg(S)). Our goal is to give a very
explicit description of the set of stable bundles on S such that detV has the
same restriction to the generic fiber as o. Thus detV = ¢ + nf for some
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integer n. We begin with a lemma on various cohomology groups which will
be used often.

Lemma 4.1. Let S be an elliptic surface with a section o . Let P, = pg(S).

(i) For all integers a, ho(—a +af)=0.
(11) For all integers a,

h'(=o+(p, +1-a)f) = {
(ii1) For all integers a,

hz(——a+(pg+l—a)f)={

0, a>0,
—-a+1, a<O.

a-1, a>2,

0, a<l.

Proof. Clearly ho(—a +af) =0 for all integers a. Likewise
Ron*ﬁs(—a +af)=0

for all a. In addition Rzn*é’s(—a +af) =0 for all a since m has relative
dimension one. Thus, from the Leray spectral sequence, we see that

H'(@y(-0+(p, +1-a)f) = H'(R'n,E5(~0 + (0, + 1 - a)[)),

H(@y(~0+(p, +1-a)f) = H (R'n,85(~0 + (b, + 1 - a)[)).
Thus we must determine the sheaf R'n*é’s(—a +,+1- a)f) on P'. Now
Rln*ﬁs(—a +p,+1-a)f) = Rln*@’s(—a) ® ﬁn,l(pg + 1 —a). To calculate
Rln‘é’s(—a) , we use the exact sequence

0—-Gy(~0)— s — G, —0.
Taking the long exact sequence for Rin‘ gives Rln*é’s(—a) > R‘n‘@’ , and,
by e.g. [11], Chapter 1, (3.18), Rln*é’s = é’l,.(—pg -1). So
R'7,0(~0 + (p, + 1 — a)f) = Gp(-a),

and (i1) and (ii1) follow from the usual calculations for P'. O

Next we shall determe the unique stable vector bundle ¥, (up to equivalence)
which satisfies —p,(ad V) = 3x(F) .
Proposition 4.2. Let S be a nodal elliptic surface with a section o .
(1) If pg(S) is odd, set k = (1 +pg(S))/2. Then there is a unique nonsplit
extension
0~ &5k ) — Vy = Eglo —kf) — 0,
and detV =0, —p,(adV,) = 3x(&), and the restriction of 'V, to every
fiber is stable.
(1) If pg(S) is even, set k = P (8)/2. Then there is a unique nonsplit
extension 0 — @¢(k f) = Vy — Og(o—(k+1)f) = 0,and detV = o~ [,
-p(ad Vy)) = 3x(&), and the restriction of V; to every fiber is stable.
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Proof. We shall just consider the case where p R is odd; the other case is identi-

cal. First note that H'(S; Og(—0+2kf)) = H'(-0+ (P + 1)f) has dimension
one, by Lemma 4.1(ii). Thus there is a unique nonsplit extension up to isomor-
phism. Clearly det}, = ¢ and —p,(ad V) = 4k — o’ = 3(1+p,). Finally we
claim that the restriction of V|, to every fiber is stable. It suffices to show that
the restriction of ¥, to every fiber f is the nontrivial extension of ﬁf(p) by
ﬁf , where p is the point ¢ - f. Thus we must consider the restriction map

H'(S; Oy(~0 + 2k [)) = H'(f; Og(—a + 2k N f).

Its kernel is H'(S; (-0 + (2k — 1)f)) = H'(S; Fs(~0 + p,f)). Again by
Lemma 4.1(ii) this group is zero, so that H l(S ;0(—=0 + 2kf) —
H'(f; Os(—0 + 2k f)|f) is an injection and hence an isomorphism since both
spaces have dimension one. It follows that V| is stable for every f and is

thus the unique bundle up to equivalence satisfying the hypotheses of Coroliary
38. O

The bundle ¥, (with a slightly different normalization) has been described
independently by Kametani and Sato [13].

Let us now consider the case where V' is a stable bundle with —p,(ad V) —
3x(@) =2t>0.

Proposition 4.3. With S as above, let V be a stable rank two vector bundle over
S such that detV = o + nf for some n and —p (adV) —3x(F) = 2t.

(). If p, is odd and we set k = (1 +p,)/2, then, after twisting by a line
bundle of the form O¢(af), there exist an integer s, 0 <s <t, and an
exact sequence

0= Ok —5)1) = V = Oya+(—k+5-0)f) @1, — 0.

Here Z is a codimension two local complete intersection subscheme of
length s. Moreover the inclusion of @g((k —s)f) into V is canonically
given by the map n'n V — V. If ¢: Os(af) — V is a sub-line bundle,
then ¢ factors through the inclusion g((k —s)f) =V .

(i) If p o IS even and we set k =p R /2, then, after twisting by a line bundle
of the form &g (af), there exist an integer s, 0 < s < t, and an exact
sequence

0-0((k=5)) =V 0o+ (-k-1+s-1)f)®1, = 0.

Here Z is again a codimension two local complete intersection sub-
scheme of length s. Finally the inclusion of O ((k —s)f) into V is
canonically given by the map ="z, V — V, and every nonzero map
Os(af) =V factors through O ((k —s)f).
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Proof. We shall just write down the argument in case p B is odd. By Proposition
3.13, possibly after twisting, V' is obtained from J}{, by a sequence of r < ¢
allowable elementary modifications. In particular ¥ may be identified with a
subsheaf of V[, and detV = o—rf. There is the map from & (kf) to V;, and
clearly the image of the subsheaf Z¢((k —r)f) lies in V. Of course, the map
@s((k —r)f) — V may vanish along a divisor, but this divisor must necessarily
be a union of at most r fibers. Thus there is an integer ¥ with 0 < u <r and
an exact sequence for V' of the form

0-0s((k—r+u)f) =V -0y (c+(-k-uf)el, —0.
Using the condition that —p,(ad V) — 3(pg + 1) = 2¢ gives
M(Z)+ak—r+u)+(1+p,)—2r=3(1+p,) =121
Solving, we get
—r+2u+28(Z)=1t.

Let s = £(Z). Twisting the exact sequence by &¢(bf), where b = u+£(Z)—t,
gives a new exact sequence (where we rename V' by V ® @ (bf))

0— Ok —5)f) =V = o+ (—k+s—1)/)®1, — 0.

Clearly s = ¢(Z) > 0 and since 2s = t+r —2u with u > 0, r < ¢, we

have s < t. This gives the desired expression of V' as an extension. Since the
restriction of this extension to the generic fiber is not split, the map

R'n,(Og0+(~k +s— 1)) ®,) —» R'n,8((k — 5)f)

is injective. Thus 7,V = n,@¢((k—5)f) = Op(k—s) and themap n'n,V — V
is just the inclusion &g((k —s)f) — V. Finally if &¢(af) — V is nonzero then
nosaf) = n V =n0((k—s)f) is nonzero as well, and the last assertion of
the proposition is then clear. 0O

There is an analogue of Proposition 4.3 for Gieseker semistable torsion free
sheaves:

Proposition 4.3’ . With S and k as above, suppose that V is a rank two torsion
Jree sheaf with ¢ (V) =A =0 +nf for some n and c,(V') = c such that V is
Gieseker semistable with respect to a (A, c)-suitable line bundle. Suppose that
-p,(adV) = 3x(&) = 2t. Then the restriction of V to a general fiber of S
is stable, and after twisting by O¢(af) for some a there are zero-dimensional
subschemes Z, and Z, of S, not necessarily local complete intersections, an
integer s with 0 <s <'t, and an exact sequence

0=Os(k=s)N@l, =V o+ (-k+s-0f)el, -0
ifpg=2k—l is odd, and
0=k -)N®I, =V =0+ (-k-1+s-0f)®l, =0

if p, =2k is even. Moreover £(Z))+£(Z,) =s.
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Proof. The double dual ¥¥Y of V is a semistable rank two vector bundle.
Thus it is stable and fits into an exact sequence as in (i) or (ii) of Proposition
4.3. Now (4.3') follows from manipulations along the lines of the proof of
Proposition 4.3. O

Next let us consider when an extension as in Proposition 4.3 can be unstable.
For simplicity we shall just write out the case where p e is odd.

Proposition 4.4. Suppose that p g = 2k — 1 is odd and that V is an extension of
the form

0-O(k—5) )=V >0+ (-k+s-0)f)®I, >0,

where £(Z) =s. Let s, be the smallest integer such that ho(@’s(s0 fiel,)#0.
Thus 0 < s, <s,and sy =0 ifand only if s = 0. If V is unstable, then the
maximal destabilizing subbundle is equal to G¢(o — af), where

t+k—(s—s)<ast+k.

Thus if s = s, the only possibility is Tg(c — (t+ k) f).

Proof. The maximal destabilizing subbundle has a torsion free quotient.
Clearly, it restricts to ¢ on the generic fiber, and thus must be of the form
O¢(o —af) for some integer a. Using the exact sequence

0-Og(oc—af) =V -0C(a-t)f)®1, =0,
where Z' is a codimension two subscheme, and the fact that
,(V)=k—-s+s=k
=a—t+4(Z),
we see that a < ¢t + k. On the other hand, there is a nonzero map from

(0 —af) to Og(oc +(—k +s —1)f) ® I, and thus a nonzero section of
Oy((~k+s—t+a)f)®1,. Thus

~k+s—t+a>s,,
or in other words a > t+k —~(s—s,). O

Corollary 4.5. With assumptions as above, suppose that Z = &, so that V is
an extension

0—-0¢kf)=V —-O(c—(k+1)f)—0.

Then V is stable if and only if it is not the split extension. In this case we
can identify the set of all nonsplit extensions with Sym' o, and an extension V
corresponding to {p,, ..., p,} € Sym’ o has unstable restriction to a fiber f if
and only if p, € f for some i.

Proof. As we are in the case s = 0 of Proposition 4.4, if V' is unstable then the
destabilizing line bundle is @¢(o — (k + 1) f), which splits the exact sequence.
Conversely, if the sequence is not split, then V' is stable.
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The set of nonsplit extensions of &¢(o—(k+1)f) by Fg(kf) is parametrized
by PH'(@y(~0 + (2k +1)f)) . By Lemma 4.1
H' (Oy(~0 + 2k + 1) /) 2 H(R'n,04(—0 + 2k + 1)) = H (B ; (1)) .

Moreover PH 0(]P’l 3 Op (1)) = Sym'’ ¢ by associating to a section the set of points
where it vanishes. This says that the extension V' restricts to the split extension
on a fiber f exactly when the corresponding section of &i(f) vanishes at the

point of P' under f. O
Next we analyze the generic case where £(Z) =¢.

Proposition 4.6. Suppose that p . = 2k — 1 is odd and that V is an extension of
the form

0-O((k-t)f) =V =COa-kf)®I, -0,
where £(Z)=1>0.

(i) A locally free extension V as above exists if and only if Z has the
Cayley-Bacharach property with respect to | + (t — 2) f|.

(ii) Suppose that sy =1t or t—1 in the notation of Proposition 4.4, and that
SuppZ No = D. Then dimExt (Fg(o —kf)®1,, O((k— 1)) =1.
A locally free extension exists in this case if s, =1t.

(iii) Suppose that Z consists of t points lying in distinct fibers, exactly one
of which lies on o . Then dimExt'(@y(a —kf)®L,, Og((k—1)f))=1.
A locally free extension exists in this case if and only if t = 1.

(iv) If sy <t—1, for example if Z contains two distinct points lying on the
same fiber, then V is unstable.

(v) If sy=1t, then V is stable if no point of Z lies on o . Likewise if t = 1
and Z C o, then V is not stable.

Proof. The long exact sequence for Ext gives
H'(=0+ 2k —1)f) = Ext' (G0 - kf) ® I, , Os((k ~ 1)) —
— H@,) - H (=0 + (2k — 1) /).
By Lemma 4.1(ii)
H'(-o+(2k-1)f)=0.
The map Ho(é’z) — H*(—o + (2k — t)f) is dual to the map

H'(@g(0 +(t=2)1)) = H'(F,)
defined by restriction. Thus (i) follows by definition. As for (ii), since SuppZn
o= and HO((?S(U-i-(t—Z)f)) = Ho(ﬁs((t—2)f)) under the natural inclusion,
clearly H%(@(o + (1 —2)f) ® I,) = H(((t - 2)f) ® I,)). By assumption
H@((t-2)/)®1,) = 0, so that the map H((o + (t - 2))) — H(@,)

is an inclusion. But ho(ﬁs(a +(-2)f))=t-1 and ho(c?’z) = t. Thus the
cokernel has dimension one. It is clear that if s, =¢ and Z is reduced, then
it has the Cayley-Bacharach property with respect to | + (¢ — 2)f|. A more
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involved argument left to the reader handles the nonreduced case. Thus a locally
free extension exists. This proves (ii), and the proof of (iii) is similar.

To see (iv), note that if 5, < -1, theu there is a section of Z((1—1)f)®1, .
Consider the exact sequence

0 — (~0+(2k=1)[) = Hom(@g(o—(k+t=1)[), V) = Fs((t-1) )®I, — 0.

Since Hl(ﬁs(—a+(2k— 1)f)) = 0 by Lemma 4.1, the section of &¢((1—1)f)®1,
lifts to define a nonzero homomorphism from &g(o —(k+t—1)f) to V. Thus
V' is unstable.

Finally we must prove (v). The bundle ¥V is stable if and only if its restriction
to a general fiber f is stable. Let f be a fiber not meeting Supp Z . Then there
is a natural map Ext'(@’s(a —-kfyel,, ok -t)f)) — Ext‘(ﬁf(p) ) =

H 1(ﬁ’f(—p)) . This fits into an exact sequence
H @ (-p)) = Ext' (@(o = kf) @ 1, Os((k =t = 1)) —
~ Ext' (G5(0 —kf)® 1, Og((k — 1)) = H (G (-D)).
Since H’(@/(~p)) =0 and
h' (@ (-p)) = dimExt' (@0 — k) @1, , O((k - 1)) =1,
by (ii) and (iii), 1t will suffice to show that
dimExt (G(o —kf) @ L, , O((k —t—1)f)) > 1

if SuppZ No # &. Now since Hl(ﬁs(—-a + 2k —-t—-1)f)) =0 by Lemma
4.1, Ext' (@0 - kf)® I,,0((k — t — 1)f)) is dual to the cokernel of the
restriction map HO(@’S(U +(t-1f) - Ho(é’z). Since s, = t, by definition
K(@((t-1)f)®1,)=0. Thusif SuppZ No =@, then H(F(a + (1 —1)f))
and H'(@((t—1)f)) have the same image in H°(#,) and H (G, ((t—1)f)) —
H°(@,) is injective. As both H’(&((t —1)f)) and H’(&,) have dimension

z
t, the map between them is an isomorphism and the cokernel is zero. It follows

that V' restricts to a stable bundle on f. Likewise, if t=1 and Z C o, then
clearly the map HO(@’S(U-J— (t—-1)[)) — HO(@’Z) cannot be surjective, and so the
cokernel is nonzero. Thus V restricts on f to an unstable bundle for almost
every fiber f, so that V' is unstable. O

Let us give another proof for Proposition 4.6(v). Using Proposition 4.4 we
know that the maximal destabilizing line bundle, if it exists, must necessarily
be of the form &¢(o — (¢ + k)f). There is an exact sequence

0 — By(—0 + 2k f) — Hom(@g(a — (t + k) f), V) = E(t/)®I, =0,

and V' is unstable if and only if the nonzero section of & (tf) ® 1, liftsto a
homomorphism from &¢(o—(t1+k)f) to V. The nonzero section of Z¢(tf)®1,
defines an exact sequence

0= Oy —Otf)@l, — Q0.
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Here if Z consists of points z, on distinct fibers f;, then Q = @ié’f‘(—zi).

The coboundary map from Ho(ﬁs(tf) ®l,) to Hl(@’s(—a + 2k f)) is given
by taking the cup product of the nonzero section with the extension class &
in Extl(ﬁs(tf) ®1,,0,—0+2kf)) corresponding to V. It is easy to see by
the naturality of the pairing that this is the same as taking the image of £ in
Ext’ (O, Og(~0+2kf)) = Hl(@’s(—a + 2k f)) using the above exact sequence.
Taking the long exact Ext sequence and using the fact that H 0((9’5(—U+2k N =
0, there is an exact sequence

0 — Ext' (Q, Fy(~0 + 2k f)) = Ext' (O(tf) ® I, , O(—0 + 2k [)) —
— H'(@y(—a + 2k ))).

Since dimExt (@, (tf)®1,, O(~0o+2kf)) = 1, we see that & — 0 if and only
if Ext'(Q, @,(—o+2kf)) # 0. So we shall show that Ext'(Q, @(~a+2kf)) =
0 if and only if the support of Z does not meet o .

First consider the case where Z consists of points z; on distinct fibers fi
Then Q = EBI@’II(—Z,.) , and standard arguments (cf. [11], Chapter 7, Lemma
1.27) show that Extl(@’fl(—zi) ,Og(—0 +2kf)) = Ho(é’fl(zi —p;)), where p, =
J;Na. This group is then zero unless zZ,=p;. :

We shall briefly outline the argument in the case where Supp Z is a single
point z supported on a fiber f (the proof in the general case is then just a
matter of notation). In this case Q = (&(tf) ® 1,)/F = 1,/1,,, where I,
is the ideal of the nonreduced subscheme ¢f. Moreover the assumption that
s, = t implies that ¢ is the smallest integer s such that x* eI, , where x is
a local defining function for the fiber f. Our goal now is again to prove that
Ext'(Q, d(—a +2kf)) =0.

Now the sheaf Q has a filtration by subsheaves whose successive quotients
are

Qn = IZ n Inf/[Z n I(n+l)f = (IZ mInf + I(n+l)f)/1(n+l)f’
for 0 < n <t—1. Itis easy to see that each such quotient is a torsion free
rank one ¢,-module contained in 1, /1, ;= &,. Thus it is a line bundle
on f of strictly negative degree, necessarily of the form @’f(—anz), unless

(IZm]nf+I(n+l)f)/1(n+l)f =L /1,01 in other words 1,00 A1 =1,

In this case, in the local ring of z we would have x" = A+ gx""" , where x is
a local defining function for f and 4 € I, . But then 4 = x"(1 — gx), so that
x" e I, , contradicting the fact that x' is the smallest power of x which lies
in I, . Hence Q, §@f(—anz) with g, > 1.

A standard argument with Chern classes shows that

n+1

t—1 t—1
Q) =1[z]=) c,(Q,)=-) degQ,,
n=0

n=0

where ¢,(Q), ¢,(Q,) are taken in the sense of sheaves on S and degQ, isin
the sense of line bundles on /. Thus degQ, = —1 forall n and Q, = ﬁf(—z) .
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It follows that Ext‘(Q" , Og(—o+2nf)) = Ho(ﬁf(z—p)) where p = onNf. This
group is zero if z # p and is nonzero otherwise. Thus Ext'(Q, Os(—o+2nf)) =
0if z#p and Ext'(Q, @(—o +2nf) #0 if z=p.

We shall now reverse the above constructions and try to find a universal
bundle in the case where the dimension of the moduli space is 2 or 4. For
simplicity we shall just consider the case where p B is odd.

The two-dimensional invariant. Let 901, denote the moduli space of equivalence
classes of stable rank two bundles V' for which —p,(ad V') - 3x(&d) = 2. Thus
9, is compact. Since p B is odd, we may fix the determinant of V' tobe o—f.
Our goal is to show the following:

Theorem 4.7. M, = S. Moreover there is a universal bundle 77 over S x S,
and

p,(ad?)/[E] = (2(0 - ) = 2p,(f - E))f — 4(f - Z)o — 4%.
Thus, as —4u(X) = p,(ad?")/[Z], we have

2
w@ =2+, - (-2

Proof. 1t follows from Propositions 4.3 and 4.6(v) and Corollary 4.5 that if V

is stable with —p (ad V) = 3x(&;) = 2 and ¢,(V) = o — f, then either there is

an exact sequence

Oéﬁs((k—l)f)—»V—»é’s(a——kf)@mq—vo

with m ” the maximal ideal of a point ¢ ¢ o or there is a nonsplit exact
sequence
O-—»@’S(kf)—% V—-0Oa+(-k-1)f)—0.

In this case the set of all nonsplit extensions is isomorphic to o . Thus the
moduli space 9, is made up of § — o, together with a copy of o. To glue
these two pieces, we shall construct a universal bundle over S x S by taking
extensions and then making an elementary modification. To this end, let D
be the diagonal in § x §. Consider the extension 7 over S x S defined as
follows:

0-mO(k-1)N@n,L - # —n,0c—kf)® I, — 0.

Here, using the relative Ext sheaves and standard exact sequences we should
take

g—l

Il

Ext:tz(n;(ﬂ’s(a kN @Iy, 1;0((k - 1)1))
=7, (det Ny ® n,0(—0 + (2k — 1)f))

= 1,,(Op(~(p, = Nf) @ 1,05(—0 +p,[)
Os(—a + f).

With this choice of .¥, we find that

Ext' (n]@(0 — k) @Iy, 1,0k - 1)) @ 1}.7) = H

°(@,)
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and that the unique nontrivial extension is indeed locally free. This defines 7,
and an easy computation gives

C](W) = ﬂ;(a’ - f) + TZZCI(_?);
p,(@d# ) =2n,(—o+ 2k = 1)f) - ny(c — f) = 4[D] +--- ,
where the omitted terms do not affect the slant product.
The restriction W of 7 to the slice S x {g} is the unique nontrivial exten-
sion of Fg(o —kf)®m, by Fg((k —1)f). By Proposition 4.6(v) W is stable

if and only if g does not lie on ¢ . To remedy this problem, we shall make an
elementary modification along S x o . Note that, if W is given as an extension

O—»ﬁs((k—l)f)—aW—»ﬁs(a—kf)®mq—>0,

where g € o, then the maximal destabilizing sub-line bundle of W must be
(0 + (=k — 1) f) by Proposition 4.4 and thus there is an exact sequence

0-0O(c+(~k-1)f) =W —(kf)— 0.

It follows that n, Hom(#'|(S x 0), n;G¢(k f)) is a line bundle .# and the
natural map
Y i (n0gkf)® ny M)

is surjective. Thus we can define 27 by taking the associated elementary mod-
ification. By construction there is an exact sequence

0-7 -% — i‘(n;ﬁs(kf)®7r;./l)—>0.
Moreover for each g € o there is an exact sequence
0—-0Oykf)—71S x{q} - O(a +(-k-1)f)— 0.

Thus by Corollary 4.5 Z7|S x {q} 1is stable provided that this extension does
not split. We state this fact explicitly as a lemma, whose proof will be deferred
until later:

Lemma 4.8. In the above notation, the extension for 7°|S x {q} does not split.

Assuming the lemma, the restriction of 2 to each slice is stable and thus 77
defines a morphism from S to the moduli space 90, . It is clear that this mor-
phism is a bijection between two smooth surfaces and is thus an isomorphism.
Moreover, by the lemma on elementary modifications,

p(@d?’)=p,(adZ’) + 2¢,(# ") - [S x a] + [S x 0']2 - 4i*cl(n;ﬁs(kf) ® n;/{).
Plugging in for ¢,(#") and p,(ad%") gives
p,(@d?) =2n] (=0 + (2k — 1) f) -7, (a — f) — 4[D}
+2n (0~ f)-my0 —4n (kf)-myo+--,

where as usual the omitted terms do not affect the slant product. Thus collecting
terms and taking the slant product gives

—4u(X) =2(0-2)f = 2p,(f-Z)f - 4(f-Z)g — 4%,
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as claimed in the statement of Theorem 4.7. This concludes the proof of The-
orem 4.7. O

Proof of Lemma 4.8. We shall use the criterion (A.4) of the Appendix and the
discussion following it to see that the extension does not split. Given ¢q € o,
let W =%|S x{q}. We need to show:

(i) Hom(@(a + (-k = 1)f), Os(kf)) =0

(ii) The map (coming from the usual long exact sequences)

Rn,, (7[00 —kf)® Iy ® n;Fg(—a + (k + 1) )
=R, (7}0,(f) @ I) = R'n,, 7} (Os((k = 1) f) ® Fg(—0 + (k + 1) 1))
= R'n,, 7 (Og(~0 + 2k f))
vanishes simply along o .

(iil) H 1(ﬁs( f)®m,) is independent of ¢, and is nonzero only if p e =0.
Moreover H’(Gy(—a + 2kf)) =

(iv) At each point of o, the map
H' (@y(~0 +2kf)) = H' (Oy(kf) ® Ts(—0 + (k + 1)) = H' (=0 + 2k + 1)f)
induced by the map

H' (Oy(—0 +2kf)) = H (W ©Fy(~0 + (k + 1)/))
followed by the natural map
H' (W @0 (~0 + (k+ 1)f)) = H' (Ou(kf) ® Tg(—a + (k + 1) 1))
is injective.

The statement (i) is clear. To prove the statement (ii), we shall calculate
Rlnzt(W ® (g + (—=k — 1)f)) by an argument similar to the second proof
of Proposition 4.6(v). By base change R nz*(n*ﬁ Nely) = .i’ is a line
bundle on S. From the definition of " and .Z the sheaf Ext (n,ﬁ (e

, T, O, (= a+2k f))®L is the trivial line bundle. A global sectlon induces the
map .S”l - R' nz*nlﬁ (0 +2kf) ®.%Z . The cokernel of this map is a subsheaf

of Rlnz*(W ®0F(—0 +(k+1)f)). To determine where the map vanishes, use
the exact sequence

0— 7 - n,0(f)® I, — P — 0.

Here the map 7,.%, — n,0,(f)®1;, is the natural one and a calculation in local
coordinates shows that it vanishes simply along D = S xS C §xS. It follows
that, up to a line bundle pulled back from the second factor & = @, (~D). Thus
2 is up to sign a Poincaré bundle.

Now Ext’(@(f)em, , @y(~o+2kf)) =0 since H*(Fg(—o+(2k—1)f)) =0
Thus Extiz(n;ﬁs(f)ébln , M}Os(—0+2k[)) = 0 and there is an exact sequence
Ext, (#, ;0= + 2k ) = Ext, (n,65(f) ® I, 1 05(~0 + 2k ) —

— R'n, 70 (0 +2kf) — Extiz (P, 1Oy~ + 2k [)) — 0.
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It follows from the naturality of the pairings involved that the image of the map
Ext, (1;0(/) & Iy, 7,05(~0 + 2k [)) = R 7, 1, (0 + 2k /)

is, up to a twist by the line bundle .#’, the image of ..

Note that the restriction of £’ ® nOy(—0 + 2kf) to n;I(q) c D, where
¢ is any point except the singular point on a singular fiber, is ﬁf(p —gq), where

f is the fiber containing ¢ and p = fNo . Ignoring the possible double points
of D, we have by standard arguments

Ext, (1,05(f) @ Iy, 1,65(—0 + 2k f)) = 7, (P © m,05(~0 + 2k )
Ext, (1;05() & I, 1,05(~0 + 2k ) = R'7, (P ® 7, 85(0 + 2k [)

(where " means that the dual is taken as a line bundle on D). Thus
1, (P oG (~0+2kf)) =0 and R'n, (P"@n;@(~0c+2kf)) is supported
on o. To calculate its length, we have (again ignoring the double points of D
which will not cause trouble) an exact sequence

0 — @, (D-n o+n,(2k ) — Op(D+7; 2k f)) — Op(D+7, (2k f))|n;aND — 0.
Now njgND =S via n, and under this isomorphism &, (D+ x| (2k f))|njoN
D =& (o +2k/f). The map

R'n,,@, (1} (2kf)) = R°n,,0,(D + n}(2k/))

is an isomorphism, since the induced map on H® s for the restriction to each
fiber of 7, is an isomorphism. Using the exact sequence

0— @y (n}(—0 +2kf)) = Op(n;(2k f)) — T2k f) — 0,
it follows that the image of Ronz*é’D(n:(Zkf)) = Ronz*ﬁD(D + 1 (2kf)) in

R°n,, 8, (D + 7 (2k ))|7a N D = Og(a + 2k f)
is just the image of & (2kf) in &g(o + 2k f). Thus this map vanishes simply
along ¢, and its cokernel, which is
R'n,,@,(D - n}o +7,2kf)) = R'n, (P @ n[@y(-0 + 2k /),
is a line bundle on o . It follows that the map of line bundles
Ext, (1;05(/) & I, 1,05(~0 + 2k ) ® Z — R'ny 1, 05(0 + 2k f) © F

vanishes simply along ¢, so that we are in the situation of (A.4): the cokernel
contributes torsion of length one.

To see that the above is exactly the torsion in Rlnz*(WczoﬁS(—a +(k+1)f))
follows from (iii), as in the discussion after (A.4). To see (iii), use the exact
sequence

0—-s(f)®em, = Fg(f) - C, —0.

The long exact cohomology sequence shows that H 1(é"s( fHem JEH ! (@s(f)).
It is easy to see that this last group is zero if p g > 0 and has dimension one if
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p,=0 (and in any case its dimension is obviously independent of ¢ ). Finally
H 2(@3(—0 +2kf)) =0 by Lemma 4.1. Thus we have identified the torsion in

Rlnz*(W ® F¢(—0 + (k + 1)f)), compatibly with base change.
We finally need to check that the induced map

H'(Oy(~0 +2k[)) = H' (@4(~a + 2k + 1) f))
is injective. But this map is induced from the composition of the map of sheaves
Og(—0 +2kf) > W®Fg(—0 +(k+1)f)

together with the map W ® @¢(—0 + (k + 1)f) — Og(—0 + (2k + 1)f). This
composition is then a nonzero map from &g(—0 +2kf) to Oy(—a + (2k+1)J)
and so fits into an exact sequence

0 — Gg(~0 +2kf) — Ts(~0 + (2k + 1)f) — F(-p) — 0.

Since H*(@,(~p)) =0, the map H'(@y(~0+2k[)) = H' (F5(—0 +(2k+1)/))
is injective. Thus the extension class for 77|S x {q} is nonzero, and we are
done. O

The four-dimensional invariant. We again assume that p B is odd and list the
possible types of extensions for a stable bundle. The generic case (Type 1) is
where there exists a codimension two subscheme Z with £(Z) = 2 and an
exact sequence

(Type 1) 0-C((k-=2))—=V —=Cyc-kf)®l, —0.
Other possibilities (Types 2 and 3 respectively) are

(Type 2) 0 — Fg((k—1)f) = V = Fs(o + (~k — 1)) @m, — 0;
(Type 3) 0= Oykf) =V = Oylo+(—k —2)f) = 0.

Here m, is the maximal ideal of a point ¢ . Finally there is also the case where
V' is not locally free. In this case the double dual of V' fits into an extension

0O ((k-1)f) = V" -+ (-k-1)1) =0

which must be nonsplit if ¥ is to be stable, in which case V"V is just a twist of
V, . One possibility is that V' is given as the unique non-locally free extension
of &g(o + (—k —1)f)®m, by Fg((k —1)f) as in the second exact sequence
above. The remaining possibility (Type 4) is that V' is given as an extension

(Type 4) 0—-Cs((k-1)f)®m, -V —>T(c+(-k—-1)f) - 0.

For a fixed g, the set of all such extensions is parametrized by a P!, one point
of which correspond to a ¥ such that V" is unstable.

Our goal here is to give a very brief sketch of the following, where we use the
notation of the introduction for divisors on HilbS:
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Theorem 4.9. The moduli space M, of dimension 4 is isomorphic to Hilb’ S,
and for all T € H,(S),

W) =D, - ((f-D)/2E,

where, setting o, = u,(X) to be the class computed by the u-map for the two-
dimensional invariant,

a,=Z+(—(0-2)+ (p, + D(f-2)/2) [+ (f-Z)o
=a,+ ((/-2)/2) .

Thus an easy calculation using the multiplication table for Hilb> § gives the
following:

Corollary 4.10. In the above notation,

12 =3 + 60, - NENS D) + [Blog + Py — 1) = 8(p, - D] D).

We shall not give a complete proof of Theorem 4.9 here, but shall outline
the argument and prove some statements which will be used later. In Sections
9 and 10, we shall prove a more general statement which will imply Theorem
4.9.

We begin as before by analyzing the generic case, Type 1. Let Z be a
codimension two subscheme of S with £(Z) = 2. Let D_ be the effective

divisor of Hilb>S which is the closure of the locus of pairs {z, z,} where
z, € 0. Then arguing as in the proof of Proposition 4.6(i)-(iii), we see that

1, if Z ¢ Sym®¢ C Hilb>S,

. 1
dimExt (Fg(a —kf)1,, O((k -2)f)) = { 2, otherwise.

Incase Z ¢ D_, the unique extension class mod scalars corresponds to a locally
free extension. If Z € D, — Sym2 o, then the unique nontrivial extension is

not locally free. If Z € Sym2 o, then there exist locally free extensions.

Next we must analyze when a locally free extension is stable. Let & be the
irreducible divisor in Hilb* S corresponding to the divisor § x, § C S xS
Equivalently

2 ={Z cHi'S |’ @y el,) =1}

The divisor & is smooth, although S xS is singular at the finitely many pairs
of points (x, x), where x is a double point of a singular fiber. One way to see
this is as follows. The divisor S xp1 .S has ordinary threefold double points at
the singularities. Moreover it contains the diagonal D C S xS, which is smooth
and passes through the double points. It is well known (and easy to check) that
the blowup of a threefold double point (xy — zw) along a subvariety of the
form (x—z, y—w) gives a small resolution of the singularity. Thus the proper
transform of § xpi S in the blowup of S x S along D is smooth, and 9 is
the quotient of this proper transform by an involution whose fixed point set is
smooth (it is D). Thus & is smooth.
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Lemma 4.11. Let V be a vector bundle given by an extension
0-04((k-2)f)=V =0O4c-kf)®l, -0,

where £(Z) = 2. Then V is not stable if and only if either Z € Sym’ g
or Z € @D. If Z € &, then the maximal destabilizing sub-line bundle is
Os(0 + (—k — 1)f) and there is an exact sequence

0— g0 + (k- 1)f) =V = Fg((k - 1)f)®m, — 0.

Here q = z, + z, — p, where f is the unique fiber containing Z = {z,, z,},
p = o N f, and the addition is with respect to the group law on [ (if f is
singular and Supp Z meets the singular point then q is the singular point as
well). If Z € Sym2 o — 9, then the maximal destabilizing sub-line bundle is
O(a—(k+2)f).

Proof. If Z ¢ D_, then we have seen in Proposition 4.6(v) that V' is unstable
if and only if Z € &, and in this case the destabilizing sub-line bundle must
be &¢(a + (—k — 1) f) by Proposition 4.4. The quotient is torsion free and by
a Chern class calculation it must be Z((k —1)f) ® m_ for some point g. To
identify the point ¢, let us assume for simplicity that Supp Z does not meet
the singular point of a singular fiber, we can restrict the two exact sequences for
V' to the fiber f containing Z . From these we see that there are surjective
maps V|f — ﬁf(p -z,-2,) and V|f — ﬁf(—q). Since degV|f =1, it splits
and the unique summand of negative degree is thus ﬁf(p -z, —2Z,) ¥ cﬁ’f(—-q) .
It follows that ¢ = z, + z, — p. The case where Supp Z contains the singular
point of a singular fiber is similar.

If Z € D,, then since V is locally free Z € Symza. Arguments as in
Proposition 4.6 then show that V' is unstable. If moreover Z ¢ &, then
the maximal destabilizing sub-line bundle is @¢(o — (k + 2)f) by Proposition
44. O

Our next task will be to construct a universal sheaf 2 over Hilb> S -D, . We

begin by finding a sheaf % as follows: let Z C S x Hilb? S be the universal
subscheme, and consider the relative extension sheaf Ext:tz(nrﬁs(a -kf)®

I, n[@((k — 2)f)). Since H'(@y(—0 + (2k —2)f)) = 0, there is an exact
sequence

0— Extiz(n;(?s(a —kN)®I,, 0k -2)f) —
— ROn,,Ext (1040 - kf) ® I, 1, ((k - 2) ).
Over the complement of Sym2 o, Extiz(nfﬁs(a -kNHel.,, n;é’s((k -2)1)

is a line bundle on Hilb*S — Sym2 o which we denote by & ~! and thus there
is a coherent sheaf 7~ defined by

0— 7Ok =-2))®F =W — 100 —kf) @1, — 0.

However, if Z € &, then #'|Sx{Z} is not stable, and if Z € D, then Z"|S x
{Z} is neither locally free nor stable. We shall first study #7|.S x (Hilb2 S-D,),
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and shall denote this for simplicity again by %" . There is a unique point
q =z, +2z,—p such that Z’|S x {Z} maps surjectively to &g((k —1)f) ®m,,
and so we expect to be able to make an elementary transformation along & .
Indeed, since dimHom(&(o + (—=k ~ 1)f), Z'|S x{Z}) =1 forall Z € 7,
there are line bundles .#] and .%, on & and an exact sequence

0— n,Gg(o+(—k-1))®n,F, - #'|SxD — n’{zﬁ’s((k-l)f)m;%@? -0,
where % is the set
{(g,2,,2))eES*xpuD |qg=2z+2z,-p}.

It is easy to check from the definition that % is smooth and that the map
¥ — & is an isomorphism. Thus we may define 7” by the exact sequence

0—»7—»%——»i*nfﬁs((k—l)f)(@n;_%@(?—»o,

where 1/ is the inclusion of S x & in § x (Hilsz — D, ). We then have the
following:

Proposition 4.12. The sheaf 7 is a reflexive sheaf, flat over Hilb* S — D, . The
restriction of 7 to each slice S x {Z} is a stable torsion free sheaf, which is
locally free ifand only if Z ¢ .

Proof. By (A.2) of the Appendix, 7~ is reflexive and flat over Hilb* S — D,.

For each Z € &, if V, is the restriction of 77 to the slice S x {Z}, there is
an exact sequence

0-((k-1)f)em, =V, > (a+(-k-1)f) =0,

by (A.2) again. If Z ¢ & then V, = 7'|S x {Z} is locally free and stable.
Thus we need only check that the double dual of V, , for Z € &, is the unique
nonsplit extension of &g(g + (=k — 1)f) by &¢((k — 1)f), which will imply
that V" is up to a twist the stable bundle V.

To verify that the double dual of ¥/, is a nonsplit extension amounts to the
following: the extension class corresponding to V, lives in

Ext' (@(0 + (k= 1)f), Gs((k - 1)) ®m) = H' (@y(~0 + 2k f) ®m,),

and we must show that its image in H 1(é’s(—a + 2k f)) is nonzero. To do this
we shall use the result (A.4) of the Appendix. Let M =& (g — (k +1)f) and
L=06(k~-1)f). Clearly Hom(M, L) = 0. By the definition of %" there is
an exact sequence

0—n0(~0+2k-1))on,& - # en|M ' —r0(f)®1, — 0.
By Lemma 4.1 R'nz*n;@’s(—a+(2k -Df)= Rznzinrﬁs(—a+(2k— Df)=0.
Thus

Rn, 7 enM ' R'n, (B[N ®1,).
To analyze R'nzt (n@4(f) ® 1), use the exact sequence

0~ mT5(f) ® Iy — mT(f) = Oy ® mTg(f) — 0.
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It is easy to check that Rlnz‘nz‘@s(f) =0 if p, > 0, and is a line bundle if b, =
0. Clearly Rlnz*(é’z®nfﬁs(f)) = 0. Thus the torsion in Rlnz*(nfﬁs(f)@)lz)
is the cokernel of the map between two rank two vector bundles on Hilb’ S

Rn,,7}0,(f) — R'n,, (0, ® n,0,(1)).
Since & is a smooth divisor, by using elementary divisors for the vector bundle
map we can describe this cokernel by describing what it looks like at the generic
point. It is a simple exercise in local coordinates to identify the determinant of
the vector bundle map with a local equation for & at the generic point. Thus
the torsion in Rlnz*W®n’;M ~! is aline bundle on 2 , which is identified with
the torsion in R' 7, (1105(f)®1,) . Similar statements hold via standard base
change results if we restrict to a first order neighborhood of &', where torsion
is to be interpreted in the sense of (A.4)(ii) of the appendix.

Next, let
Z={z,,2,} €D

and let W be the extension corresponding to the restriction of 7 to the slice
S x {Z}; we must identify the corresponding extension class, i.e. the image of
the one-dimensional vector space H' (Os(f)®1,) in H ! (M '®Lem ;) and

its further image in H'(M ™' ® L). Using the two exact sequences

0O WeM ' M '®Leom, —0,

0-O(-0+Q2k-1)) = WeM ' -a(Nel, -0,

we see that the composite map &, — F¢(f) ® I, is nonzero and gives the
nontrivial section. Now the quotient of Fs(f) ® I, by T is T(—-z, — z,).

Thus there is an induced map M~ '® L®m . @’f(—zl — z,) which must factor
through the natural map M~' ® L& m =& (-0 +2kf)@m, - O(-p—q).
(Here as usual p = g N f.) As the induced map é’f(—p —-q) — ﬁf(-—zl - z,)

is nonzero, it is an isomorphism, and we recover the fact that ¢ =z, +z,—p.
Using the commutativity of

0 — oNHel, —— Iyf) o, -0
I | 1|
0 —— ﬁf(—zl -z,) —— ﬁf » O, 0,

we also see that the image of H'(é’s(f)®lz) in Hl(ﬁf(——zl —z,)) is the same
as the image of H%(@,) in H'(@(-z, - z,)).
There is a commutative diagram

H'(Og(~0 +2kf) @m ) —— H'(Fs(—0 + 2k /)

l l

H'(@(-2,-z) —=—  H'@(-p-q) —— H (@(-p)).
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Moreover the map H 1((?S(—a +2kf)) - H l(é’f(—p)) is an isomorphism. So
the problem is the following: does the image of H° (@) in H ! (O (-2, = z,))
map to zero in H'(&@,(~p))? The image of H’(&,) in H'(&(~z, — z,)) is
dual to the image of Ho(ﬁf) in H° (@’f(zl + z,)), giving a section vanishing
at z; and z,. On the other hand the kernel of the map Hl(c?f(—p -q)) —

H'(@,(-p)) is dual to the image of the map H°(&,(p)) —» H'(&,(p + q)),
and the corresponding section of ﬁf(p +g) vanishes at p and ¢ . So the only

way that this can equal the image of Ho(ﬁz) is for z, or z, toequal p, i.e.
Z € D,. Conversely, if Z ¢ D_, then the image of the extension class in

H l(M ' L) is not zero. Thus the double dual of the restriction of 7 to
S x {Z} is a nonsplit extension and so it is stable. O

This is as far as we shall go in this section in calculating the four-dimensional
invariant. But let us sketch here how to obtain the full formula in Theorem
4.9. We will. prove a more general statement in Section 10, where we will use
Proposition 4.12.

First, to deal with the fact that dimExt'(@,(c — kf) ® I, Fs((k - 2)/))
jumps along Sym2 o, blow up Symza inside Hilb’>S. Let the exceptional
divisor be G. After blowing up, we can assume that the extension is not locally
trivial along G . There is thus a universal extension of torsion free sheaves %~

over S x BlsymzaHilsz . Now make an elementary modification along & ,

replacing unstable Type 1 extensions with Z € & — Sym2 o with stable Type 4
extensions. Next make an elementary modification along D_, replacing unstable
Type 1 extensions with Z € D_ with Type 2 extensions; this also fixes some
of the unstable Type 4 extensions. Finally make an elementary modification
along G to replace the remaining unstable extensions with Type 3 extensions.
At this point every member of the family is a stable torsion free sheaf, and
the induced morphism to ﬁz blows G back down again to Symza. The
morphism Hilb> S — 5)72 is then an isomorphism. Keeping track of the Chern
classes gives the formula in Theorem 4.9.
Finally, we state a general conjecture:

Conjecture 4.13. If S has a section, then the map of Theorem 3.14 extends to
an isomorphism Hilb'S — 91, .

If the conjecture is true, then the method of test surfaces used in the proof
of Lemma 9.2 can be used to show that the u-map is given by the following
formula (where we use the notation introduced in the section on preliminaries

for Part III for divisors in Hilb‘S as well):
wE) =D, - ((f D/2E,
where
=X+ ((=(0-Z)+(p, — 1+ 0)(f-£)/2)f+(f-T)o
=a, + (- D((/-5)/2)f.
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5. CALCULATION OF THE INVARIANT FOR DIMENSION TWO
AND NO MULTIPLE FIBERS

Our goal in this and the following three sections will be a complete calculation
of the Donaldson polynomial invariant Yw.p in case —p — 3x(F;) = 2. In
this case, the moduli space is compact of real dimension four and complex
dimension two, and may be identified with the algebraic surface J "“(S) . We
shall begin with the case where S has a section ¢ and ¢ = —2. We have
already described how to calculate the invariant in this case in the last section.
However, we shall give another method for doing so here, since it will serve to
explain the construction in the general case.

To describe the u-map, we begin by describing a universal bundle over S'.
Recall that every bundle V' with —p,(ad V) —3x(&;) = 2 is obtained from the
fixed bundle ¥V} by a single allowable elementary modification. For convenience
we will look at the case where e = —~2. Thus we shall normalize ¥, to have

detV,- f=-3 and
—p,(ad V) = p = ¢, (V)" = 4cy(Vy) = 3(1 +p(S)).

As V, is well defined up to twisting, so that we can assume that ¢, (V;) = —30
if p,(S) is odd, and ¢, (V) = —30 + fif p,(S) is even. (Here we could use
the explicit description of ¥, from the preceding section, or use the congruence

p=1+p, mod 4 to see that these choices always give cl(VO)2 =pmod4.) We
shall just consider the argument in case p ¢ is odd. Setting ¢ = ¢,(V,), we have

4c — (—30)2 =3(1+p,) and thus

3
c= —‘2-(1 +pg)

If V isstable, with —p,(ad V) = 3(1+p g)+2 , then there is an exact sequence
0—-V — Vb - Q0-0,

where Q is a rank one torsion free sheaf on a fiber f with degQ = —1 and
det V- f = -3, and conversely every such V' is stable. We need to parametrize
such sheaves Q as a family over S x .S, where the first factor should be viewed
as the surface and the second as the moduli space. To do so, let =, and =,
be the projections of S x § to the first and second factors, let D denote the
diagonal inside S x S and let D = § x,1 S be the fiber product. Thus D is a
Cartier divisor, which is not however smooth at the images of pairs of double
points. At such a point D has the local equation xy = zw, and thus D has
an ordinary double point in dimension three. The diagonal D is of course
contained as a hypersurface in D, but this hypersurface fails to be Cartier at
the singular points of D. Let &% = I/I,,. In local analytic coordinates, &
looks like
(x-z,y—-w)R/(xy — zw)R

near the double point, where R =C{x, y, z, w}. We claim that the sheaf &
is flat over .S (the second factor). Indeed there is an exact sequence

0—Iy/1,— &, — &, — 0.
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Moreover &, is obviously flat over S and @, is flat over § since D is a local
complete intersection inside S x S. Thus & is flat over S also. Given g € S
denote |, ! (9) by &, , where we shall identify &, with the corresponding
torsion sheaf on S. If ¢ is not a singular point of a nodal fiber, then gaq =
é’f(-q), where f is the fiber containing ¢ and we have identified &(—q)
with its direct image on .S under the inclusion. If ¢ is the singular point of a
singular fiber, then in local analytic coordinates 9”q is given by

(x-z,y-—w)R/(xy - zw, z, w)R= (x, y)C{x, y}/(xy)C{x, y}.

Thus globally ﬁq is the maximal ideal of ¢, in other words it is the unique
torsion free rank one sheaf of degree —1 on the singular fiber which is not
locally free.

Fix as above V| to be a stable rank two vector bundle on S of fiber degree
-3 such that the restriction of ¥} to every fiber is stable. Thus as we have seen

in Corollary 1.2 and Lemma 2.7(i), dimHom(V;,, &) = ho(%v ®%,)=1 and
h' (VOV ®%,) = 0. It follows via flat base change as in the proof of Lemma 3.15
that 7, ((n] VO)V ® P) is a line bundle on S. We let .Z denote the dual line
bundle. Thus
Hom(n}V,, # ® 1;.2) = H'(S x §; (n}V,)" @ P ® 1,.%)

= H'(S; n,, (7} V)" ®P)© F)

=H'(S; 27 0%) = H'(S; &)
Thus there is a nonzero map anb - P n;.S” , essentially unique, and its

restriction to each fiber 7, ! (gq) is also nonzero. We may then define a universal
bundle 7" by the exact sequence

0—»7’—»7:?%—»9’@7[23—»0.

Lemma 5.1. The sheaf 7' is locally free and its restriction to each slice S x {q}
is a stable rank two vector bundle V, with —p,(adV,) — 3x(F) = 2. The
resulting morphism S — 9M, is an isomorphism.

Proof. There is an exact sequence

Thus V, is locally free for all ¢ and so is 2. By construction ¥, has sta-
ble restriction to every fiber except the one containing ¢. Thus V, is stable.
The statement about p (ad V) is clear. Finally, examining the description of
Proposition 3.13, we see that the map S — 91, is a bijection. Since M, is
smooth, the map is therefore an isomorphism. 0O

We now turn to calculating the Chern classes of 2. By the lemma on
elementary modifications,

p,(ad?"') — p,(ad 7" V,) = 2¢,(V;) - D + DY - 4i,c,(P ® 1,.Z),
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where i: D — S x § is the inclusion. Here the sheaf % @ n,.% fails to be a
line bundle exactly at the singular points of D, which does not affect the Chern
classes ¢, and c,. Thus we can simply define i ¢, (¥ ® n,.-Z) to be the unique

extension of the class i,¢, (% ® 1,.% |D,,) - Next we claim:

Lemma 5.2. In HX(Sx S), we have [D]= f®1+1® f.

Proof. Let C be a Riemann surface embedded in S, and consider ([C]®[x])U
[D], where x is a point of S. This is the same as #((C x {x})N D), where the
points are counted with signs. Clearly this intersection is the same as #(CN f).
A similar argument holds for ([x]® [C])N[D]. Thus [D] and f®1+1® f
define the same element of H 2(S xS). O

It follows that, up to a term not affecting the slant product,
p,(ad?") —p,(adn’V,)) = ~60 @ f +2f ® f — 4i,c,(P ® n,.2L).

Next we must calculate the most interesting term in the expression for p,(ad 7"
above, the term ¢,(# ® n;.? ), viewed as a coherent sheaf on D. As far as ¢,
is concerned, we can ignore the singularities of D. Thus

(Z® n;_?]Dreg) = ¢, (Ip/Ip|Dygy) + n,¢,(Z)
—[D] + 7, ().

Here [D] is viewed as a divisor on D, . However the unique extension of
i,[D] to an element of H4(S x §) is clearly again [D], where we now view D
as a codimension two cycle on § x §. Now let a = ¢, (& _1) €H 2(S) . Then

e (@) =ii"(1®a)
=i (Hu(l®a)=[DU(l®a)
=fQa+1Q[f-al]

Thus up to a term which does not affect the slant product, i,75¢, (&~ H=fea.
To calculate this term, we shall use the following lemma: ‘

Lemma 5.3. a = cl(_iﬂ'l) =-30— %(pg +1)f.

Proof. We shall apply the Grothendieck-Riemann-Roch theorem to calculate
the Chern classes of

=71, (7V) ©P).
We have

ch((n,), (7] V)" ® P)) Todd S = 7,, [ch((n;VO)V ® P) - Todd(S x S)].

Now H I(VOV ® Q) = 0 for all Q a torsion free rank one sheaf on a fiber f,
so that (m,),(n}V,)" @ P) = ,,((x}V;)’ © P) = " and the left-hand side
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above is just ¢, (& _’)ToddS. Now we can also multiply by (Todd S)’l to get
(&) =m,, :ch((n:VO)V ® P) - Todd(S x S)]«(ToddS)_l
=7,, :ch((n‘; V,)" ® P)-Todd(S x S) - n;(ToddS)“]
=, [ch((x} V)" ® P) - 7} Todd S]

=, [eh(z] V)" - 7} Todd S - ch(gv)] :

using the multiplicativity of the Todd class. Moreover

(%) = 26,(%
2

ToddS=1- g )f+(p + 1)[pt].

ch(V,")=2—c,(V;) +

=2+30—-6(1 +pg)[pt]

and

So
n]‘ch(’VoV)-n’;ToddS=2+3a®1—(pg—l)f®1+N[pt]®1,

where

2_ —5p,+1
N=B o - 2, -1 = R
using the fact that ¢ = —3(1 +0,)-
Next we compute ch % = ch( l)/I )=chIj —chl,. Now I, =0 (-D),
so that ch ], = 1—[D]+[D]2/2—-~ . As for chI, we have chl =1-ch&y.

Applying the Grothendieck-Riemann-Roch formula to the inclusion j: D —
Sx S gives ch@y = j, ((Todd Np/sx s) ) where Ny ¢ s is the normal bundle
of D in § x §, and so is equal to the tangent bundle 7 on D. Thus

chﬁD=j*((1 - (—p———lf+(1 +p,)pt]) )

2
-1
e e )

(p

= [D] +

-1
£ )J;f— (1+p,)J,[ptl.

Collecting up the terms through degree 3 (which are the only ones which will
contribute) gives

p —
chZ = [D]—ﬂ—[]D]-— 3
Putting this together, we see that o is the degree one term in
D p,— 1.
w4300 1 -, - 7@+ Npue - @1 - L - 2L g,

Recalling that D= f® 1+ 1 ® f and that [D] /2= f ® f, we must apply =,,
to

. (P, =D, f=3(a®1):[D]+(p, —1)(f®1)-[D]-3(0®1)-(f@f)+ N[pt]® f).
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The result is then
~(p,-1f-3f-30+p, - f+Nf=-30+(N-3)f,
as claimed. O
The above lemma thus implies that
—4i,c (P on, L) =4[D]-12f 0 - 10, + 1)/ ® f.

Putting this together gives (neglecting all terms which do not affect the slant
product)

p,(ad?”) = —-6(c® ) +(~10p, —8)f® f — 12/ ® 6 + 4[D] +--- .
We may finally summarize our calculations as follows:

Lemma 5.4. In the above notation, using the bundle 7" to identify oM, with S
and denoting by 1’ the corresponding p-map, we have

44 (3) = [—6(a %)+ (~10p, — 8)(f-z)]f— 12(f - %) + 45.

Thus 1/ (2)" = (5 + (g~ D(/-D). O
At first glance, this formula looks quite different from the previous formula
—4u(Z) = (2(0-3) - 2p,(f - E)f ~ 4(/ - E)o — 4%.

However, the surface S (viewed as the moduli space) has an involution 1,
coming from taking x — —x on each fiber using o as the identity section.
This involution corresponds to viewing S as the double cover of a rational
ruled surface as in [11], Chapter 1. Since S has only nodal singular fibers, it
follows that on Hz(S), 1 fixes 0 and f andisequal to —Id on the orthogonal
complement {f, a}l . It is then an easy exercise to see that for a general X
we have

F(2) = -Z+2[(0 D)+ (p, + V(DS +2(/ Do

Applying 1 then exchanges u(X) and x'(X). Clearly this discrepancy arose
as follows. In the general scheme for identifying the moduli space implicit in
Theorems 3.14 and 4.7 we used not & but its dual. However it was technically
slightly simpler not to make this choice in the Riemann-Roch calculation above.
Thus the identifications of the moduli space differ by :.

6. THE CASE OF MULTIPLE FIBERS

Having done the rather tedious calculation in the preceding section in case
S has a section, we must now move on to deal with the case where S has
multiple fibers. Fortunately, it will turn out that much of the calculation in this
case exactly follows the pattern of the previous calculation. Before getting into
the nitty-gritty, let us fix notation. Let n: S — P' be a nodal surface with at
most two multiple fibers of odd multiplicity. Fix a divisor on the generic fiber
S,7 of odd degree 2¢ + 1. Let V, be a rank two vector bundle on S with
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¢,(Vy) = A and c,(V;) = ¢, whose restriction to the reduction of every fiber is
stable. Thus 4c — A” = 3(p, + 1) and so

A’ +3(p, + 1)

C= —mMm—.
2

We would like to construct a universal bundle using J° ' (S). Unfortunately,
this is not in general possible, and we shall instead use a finite cover. Thus
we fix an elliptic surface T together with a map T — S, such that T has a
section. We may further assume that 7T is obtained as follows: choose a smooth
multisection C of n, for example a general hyperplane section of S in some
projective embedding. For C sufficiently general, we may assume that C meets
the multiple fibers transversally and that the map C — P' is not branched at
any points corresponding to singular nonmultiple fibers of 7. Then set T to
be the normalization of § xp C. It follows that the only singular fibers of T
lie over singular nonmultiple fibers of S, and that 7 has a section o . If d is
the degree of C — P', then at the point of p! lying under the multiple fiber F,

of multiplicity m;, C — P' is branched to order m, at exactly d/m; points.
Let ¢: T — S be the natural map and p: T — C be the elliptic fibration,
so that we have a commutative diagram

T 2. 8§

’| |

c —— P.
Now we can state the main result of this section:

e+1

Theorem 6.1. There exists a vector bundle % over S x T with the following
properties:

(i) The restriction of ¥ to each slice S x {p} is a stable rank two vector
bundle V with detV =A~ f and —p,(adV) - 3x(&) = 2.
(i) The morphism T — 9, induced by 7 has degree d .
(i) If @a: Hy(S) — H(T) is the map induced by the slant product with the
class —pl(adf)/4, then, setting 6 = [A],
- 4i(Z)
= [52 —(1+p,) =4 +2)* (1 +p,) +2+c(e, m,) +c(e, mz)](f-).“.)df

—4(e+2) (9 0-0)f-I)f-4e+2) (9L -0)f+2d(5-Z)f
+4(f-Z)p"d —8(e+2)(f-X)g +4¢°Z,
where c(e, m;) depends only on m; and e and on an analytic neighbor-
hood of the multiple fiber, and not on S or Py and where c(e, 1) =0.

We shall defer the proof of Theorem 6.1 to the next two sections. The
constant c(e, m;) in fact might depend a priori on the particular choice of
the multiple fiber. However, as we shall see from Theorem 6.3, the choice of
the fiber and of e does not matter. Let us begin with a calculation of u(}:,)2 :
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Lemma 6.2. With notation as in Theorem 6.1, we have
164(2)° = 16d(2)* + 16d(p, — 1 — ce, m,) —c(e, my))(f - T)".
Thus as [t(Z)2 = du(Z)z, we have
u(®’ = ()’ + (0, — 1 -cle, m) —cle, m))(f %)’
= (m;m))’(p, — 1 - c(e, m,) — cle, my))(x - 2)°,

where K is the primitive class such that m m,x = f .
Proof. This is a tedious calculation. O

Theorem 6.3. With notation as in the statement of Theorem 6.1, we have

1
cle,m)=-1+—.

1

Proof. By symmetry it suffices to consider i = 1. Choose a general nodal
rational elliptic surface S, with a single multiple fiber of multiplicity m, .
We can assume that an analytic neighborhood of the multiple fiber in S, is
analytically isomorphic to a neighborhood of F, in §, which is possible since
we assumed that the multiple fibers did not lie over branch points of the j-
function of S. Since m,|2e+1, there exists a divisor A on S, with A-f = 2e+
1. Thus we may use S, to calculate c(e, m,). Now setting p . = 0 and m, =1
in the formula of Lemma 6.2 gives the coefficient of (x - 2)2 in the Donaldson
polynomial: it is (ml)z(—l —c(e, m,)). On the other hand, S is orientation-
preserving diffeomorphic to a rational elliptic surface S, with a section, by
a diffeomorphism y which carries x to the class of a fiber. Using Lemma
2.5 of Part I, this diffeomorphism must then carry a (w, p)-suitable chamber
for S, toa (y*w, p)-suitable chamber for S,- The Donaldson polynomial
for S, and a (w, p)-suitable chamber is then sent under w" to the % the
Donaldson polynomial for S, and a (w*w, p)-suitable chamber. Normalizing
the orientations so that the leading coefficients agree (these are both (}:2 )), the
coefficients of (rc-Z'.)2 must agree also. We have already calculated the coefficient
of (k ~Z)2 for S| (by two different methods): itis —1. Thus

2
(m) (=1-c(e,m))=-1.
Hence c(e, m)=-1+ l/mf , as claimed. O

Thus we get the formula for ;1(}2)2 stated in (1) of Theorem 0.5 of the Intro-
duction:

Corollary 6.4. The two-dimensional Donaldson polynomial is given by the for-
mula :

1 1
HE = )+ 0mmy) (g = 14 1= — 4 1= =

1 m,
=+ [(mm)’ (0, + 1) - m; - my](x-2)*. O

)(x - 5)°

For future reference we note the following lemma:
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Lemma 6.5. If f denotes the general fiber of M, = J e“(S) — P, then
WZ)-f=2(f-2).

Proof. Tt suffices to calculate ji(X)- f, where j is as defined in Theorem 6.1(iii)
and here f denotes a general fiber on 7. But using the formula in Theorem
6.1(iii) gives

AE)-f==([-D)2e+1)+2(e+2)(f-2)-(f-Z)=2(/-%). O

7. PROOF OF THEOREM 6.1: A RIEMANN-ROCH CALCULATION

We return to the notation of the preceding section. Our goal in this sec-
tion will be to approximate the universal bundle by a coherent sheaf which is

essentially an elementary modification of n;VO, where V| is as described at

the beginning of the preceding section and =; denotes the " projection now
on S x T. We have the map ¢: T — S of elliptic surfaces covering the map
p:C— P' of the base curves. Let I' be the graph of ¢ in SxT andlet H be
the graph of the composition y: T L, L 1725 S, where we view ¢ tem-
porarily not as a curve in T but rather as a morphism. Let D = Sxu T C SxT
and let D be the normalization of D. Let i: D — S x T be the natural map.
The singularities of D are of two types. The first type consists of points (p, gq)
where ¢(g) = p and p and g are the singular points on a nodal fiber. At
such points D has an ordinary double point as in the case where S has a sec-
tion. The second type of singularity is along a multiple fiber F;. At a point

of P! lying under F,, the map C — P! is branched to order m; . Thus, in
local analytic coordinates x, y, z, w on S x T the divisor D has the local
equation x™ = z™ _ If R is the local ring of D at such a point and R is its
normalization, then the inclusion R C R is given by

C{X,y,Z,'w}/(xm'—Zm')‘-ﬂ@C{X,y,’w},
k

where the map from R to the k™ factor in the direct sum is given by setting
z=Cx for ¢ = ¢¥™ =™ 1t follows that /i is an immersion of schemes.

Let FI = (p"l(F’.) and let E; be a component of FI There is thus an induced
map v;: E; — F; which is étale of degree m,. We also have maps D — T and
D — D. Clearly D and D are flat over T (note that D is smooth away from
the images of pairs of double points). The calculations above for R and R
show that the scheme-theoretic fiber of D ata point g € E, is F; as a multiple
fiber and that i @} restricted to this fiber is v, & .

Since a section cannot pass through a singular p'oint of a fiber, the graph H
avoids the double point singularities of D . Denote also by H the pullback of
H to D. Then H is a Cartier divisor on D. Define a torsion sheaf on Sx T,
supported on D, by the formula

P = i,0p(~T + (e +2)H).

This notation does not define % near the double points of D, butas H does
not pass through the double points and D = D in a neighborhood of the double
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points we can just glue & to I./I, atthe double points. Equivalently we could
just take the push-forward of the restriction of i, @;(-I'+ (e +2)H) to D, .
Finally we shall let 7, and 7, denote the first and second projections on Sx 7.

Lemma 7.1. The sheaf n,,((n] Vo)v ® P) is a line bundle on T, whose dual is
denoted & . Moreover

R'm,, (7}V) ® P) =0.

Proof. Letting h: D — T and j: D — S x S —% S be the natural maps, it is
clear that

1, (T V) @ P) = h (V)" ® Op(-T + (e + 2)H)).

So we must check that the restriction of (j* VO)V®@’D(——F+(6’+2)H ) to each fiber
of h has i° =1 and A' = 0. The only new case is the case corresponding
to a multiple fiber. In this case the restriction to the fiber is (v, VO)V ® L,
where L is a line bundle of degree e + 1 on E;. The degree of v Vy is
m,(degV/m,) =2e+ 1 and vV, is stable since it is the pullback of the stable
bundle V|F,. Thus by Corollary 1.2, H° (E;; (v] V;))v ® L) has dimension one
and H'(E;; v}V,)"®L)=0. O

Thus arguing as in the case of a section there is a unique nonzero map (mod
scalars)

7{; - PR n;_‘?f .

Unfortunately, if there are multiple fibers this map is no longer surjective. We

shall return to this point in the next section. Our remaining goal in this section
is to calculate & :

Lemma 7.2. With &' = m,, (] V}))V ®P) and & = [A], we have

~$2
(&= [‘%— : :pg —(e+2)’(1+p,)]df - (e+2)(p"8-0)f +9"5-2(e+2)0.

Proof. As before we shall apply the Grothendieck-Riemann-Roch theorem to
find cl(nz*((nr VO)V ® P)): it is the degree one term in

nz*(n’; ch VOV . n; Todd S -ch i*ﬁb(—r + (e +2)H)).
We have

2
chV) =2-6+ (5 ;2C>[pt],

where J = [A], and
ToddS = 1+ 2/ +(1+p,)lptl,

where
= (py ) -
& m, m,



116 ROBERT FRIEDMAN

Thus the product of the first two terms above is 7} (2—J + rf + M[pt]) , where

6%~ 2¢

M = 5

+2(1+p,) - %(2e+ ).

Since we have

[ 8]

2 2
2 0°—4c o 3 0
0" —2¢c= 5 +—2-—-—~2-(1+Pg)+—2—,

we can rewrite this as

6 s r

M=T+Z(1+p8)—2(2e+l)'

Next we must calculate chi, @5 (~T"+(e+2)H). Again using the Grothendieck-

Riemann-Roch theorem, and setting G = —I" + (e + 2)H for notational sim-

plicity, we have, at least in the complement of the double points of D,
chi,@;(G) = i,[ch&y(G) - (Todd Ni)_l] ,

where N, is the normal bundle to the immersion ;. Now ch@(G) =1+ G+

G* /2+---. As for N,, locally near the multiple fiber F;, D is the union of
m; sheets, and so

N, =@y(D — (m, - 1)B, — (m, - 1)B,),
where B, = F, x F,. It follows that
D—(m,—1)B, - (m,—1)B,
3 +

-1

(ToddN,) ™' =1 -

and so

2
¢hi, @p(G)=D+G—1i, (D = (m; - 1)321 —(my — I)Bz> +1, (GT)
—i*(G'(D—(m' - I)ZB1 — (m,— I)Bz)) e

So we must take the degree three term in the product of the above expression
with n;(z —d+rf+ M[pt]) and then apply =,, . First, a calculation along the
lines of Lemma 5.2 shows that

[Dl=f®1+d(1Qf),

where f denotes either the class of a fiberin S or T, depending on the context.
The degree three term above is then a sum of three terms: 7| + T, + T, where

T,=M(ptl®1)-D,
T,=-G-(61)+G-(rf®l)

—%i (D—(m,—1)B,—(m,—1)B))- (-6 ®1+rf®1),

T, = i,‘(G2 -G-i'D+ (m, = 1)(G-B)) + (m, = 1)(G- B,)).
Let us now apply n,, to these terms. First
n, T, =n, (Md)[pt]® f = (Md)f.
To calculate n,,T,, first note the following, whose proof is an easy verification:
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Lemma 7.3. For every a € HZ(S),
m,,F-a®l)=9"a;
n,(H-a®1l)= (¢ a-0)f. O
So the terms involving G in &, 7T, give
—(e+2)(¢p6-0)f+9 S+ (e+2)r(p f-0)f—r9"f
=—(e+2)(¢p°0-0)f+¢ 6+ (e+ Drdf,

where we have used ¢* f =df. i
To handle the terms involving B;, note that i ,[B,] = m[F, x F;]. Also

[F,]=(1/m,)f and F, consists of d/m; copies of f (the fiber on T) so that
. d . d
(F, x F] = (m—?)f®f; LB =S .
Also i,D =D*=2d(f® f). Thus

—%i*(D —(m; = 1)B, = (m,~ 1)B)) = -3 (— + ——) (f® /).

The product of this term with f ® 1 is zero, and we are left with the product
with —é ® 1, which contributes

d(2e2+1) <L+_1_)f,

mg m,

Combining these, we see that

1y, T, = —(e+2)(9'6-0)f + ¢ 6+ (e + L)rdf + dﬁizii) (717 ’ miz) 4

We turn now to the term 7,, 7. We have G’ = (e+2)2H2 - 2(e+2)H.1“+I‘2 .
To calculate 7,, applied to these terms, we shall use the following lemma:

Lemma 74. (i) m,,i, H' = m,,i,T” = —d(1+p,)f.
(i) =,,i, H-T'=0.
Proof. To see (i), note that we have an exact sequence

0= Nrp = Nrysur = N; = 0.
Also (T%)5 = ¢,¢, (N /p) > where ¢: T — D is the inclusion. Now
¢, (Nr/p) = € (Npysxer) — €1 (V)
= ¢ (n]TgIl) — (D - (m, — 1)B, — (m, — 1)B,)|T
=9 (rN)—(fe1+d(1® ) -T = (m, — 1)(B,-T) — (my — 1)(B,-T))
1 1 dim,-1) d(m,-1)
=[—d(pg+l—;n———>—<2d— nlil _ 2 )]f

1 My m,
= —d(pg +1)f.
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Thus 7z2‘i*1"2 = —d(1+p,)f. A similar calculation handles nz*i*Hz. The
proof of (i) is an easy calculation. O

Thus
7,,G" = ~d(p, + (e +2)" + 1)f ~ 2(e + 2o

The remaining term is —n,, (G- (D —(m, — 1)B, — (m, — 1)B,)). We have seen
in the course of the proof of Lemma 7.4 that

n, I -(D—(m, - 1)B, — (m, - 1)B,)

*

o1
— 7, H- (D~ (m, — 1)B, — (m —1)B>=(—+—)df.
2 1 1 2 2 ml m2
Thus
11
7,.G- (D — (m, - 1)B, — (m, — 1)B,) = d(e + 1) (m_+m_) 7
1 2
In all then,

nz*T3=d[—(pg+ De+2°+1)—(e+1) (mi‘+miz>]f—z(¢+2)a.

Combining terms, we have

_ 5% 14p
R e

as claimed. This concludes the proof of Lemma 7.2. O

~(e+2)(14p,)|df ~(e+2)(¢"8-0) [ +9"5-2(e+2)a,

8. PROOF OF THEOREM 6.1: CONCLUSION

We keep the notatign of the two previous sections. We begin by constructing a
“universal bundle” 7~ over Sx T . Begin with the morphism 7|V, - #@n,.%

defined in the previous section, and let v be the kernel. By construction 7~
is locally free away from (F, x F}) Il (F, x F,). There is an exact sequence:

07 >mVy>Pen? ~d ad,—0,

where &, is supported on F; x F‘I Now Fl is a disjoint union of d/m, fibers
of T. Let & =&, @, and let ¢ denote the total Chern polynomial. Then

(7)) =7lcVy) - c(PonyZ) " - c(@)
Thus if we let njc(Vp) - (P ® n;fZ)_l =14x +Xx,+--, then
(7)) =x,+¢,(@);
(7)) —4c,(7) = X} - 4x, — 4¢c,(@).

Now we claim that Theorem 6.1 is a consequence of the following two results:
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Theorem 8.1. There exist integers q(e, m;) such that
¢,(@) = dq(e, m)[F; x f].

Here the integer q(e, m;) depends only on an analytic neighborhood of F, and
e but not on S or p,(S).

Theorem 8.2. The coherent sheaf ¥ is locally free.

Proof that Theorems 8.1 and 8.2 imply Theorem 6.1. Let us consider the restric-
tion of 7 to a slice S x {g}. In all cases this restriction is a vector bundle V
whose restriction to every smooth fiber f of S not equal to the fiber containing
9(q) is Vy|f. Thus the restriction of V' to such a fiber f is stable, and so V
is stable by Theorem 3.4. Now if ¢(q) does not lie on a multiple fiber, there is
an exact sequence
0=V —-V,—-Q—0,

where Q is the direct image of the line bundle on f corresponding to the
divisor (e +2)w(q) — ¢(q), which has degree e + 1. Thus ¢ (V) =A~ f and
p,(adV) = p,(adV,) — 2. This establishes (i) of Theorem 6.1. Note also that
the map g — (e + 2)w(q) — ¢(q) defines a rational map from 7T to Je“(S)
(which in fact is a morphism) and the map 7 — 9, factors through the map
T — J"“(S), compatibly with the identification of a dense open subset of
J eH(S) with a dense open subset of 9, given in Theorem 3.14.

Next let us calculate the degree of the induced morphism 7" — 9, . Fix a

general smooth fiber f of S, a line bundle L on f of degree e + 1 and a
vector bundle V' which is uniquely specified by an exact sequence

0=V —-V,—-iL->0,

where i: f — S is the inclusion. We shall count the preimage of V in 7. If f
is general, then T — S is unbranched over f and the preimage of f consists
of d distinct fibers f|, ..., f,. Moreover ¢ restricts to an isomorphism from
f; to f for each i. The image of f, under y is a single point p, € f
corresponding to the point ¢ N f;. Now clearly there is a unique point g; € S

such that
L=07,(e+2)p, - (q,)).

Thus the preimage of V' consists of d distinct points, and so the map 7 — 90,
has degree d . i

Lastly we must calculate p,(ad?”). We begin by calculating n;c(VO) .
o(Pon, )" . Here nlc(V,) = 1+n}d+n]c[pt]. As for the term c(P@n,.7),
we clearly have ¢, (P ® 1,.%) =D = (f® 1) +d(1 ® f). On the other hand,
with the notation of Section 7 we may apply the Grothendieck-Riemann-Roch
theorem to the immersion i: D — .S x T to obtain

ch(P @ n,.F) = i, [ch@y((e + 2)H — T)(Todd N,) ' - 7 ch .Z)].
A calculation similar to those in Section 7 shows that this is equal to

D—(m, — 1)B, — (m, —~ 1)B
1 21 2 2+__.}’

i,|[1+(e+2)H-T - nja-
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where a = ¢ (- "l) has been calculated in Lemma 7.2, and further manipula-
tion gives

- 26,(P ®1,.L)
=—2[D) +2[(e+2)H-T - mya - [D] - d < - i +1- —)(f@ n)-

m
Recalling that njc(V}) - ¢(# ® n;,?)_l =1+x,+x,+---, we have
(I+x, +x, + )(1+[D]+c2(g’®n2£ﬂ))_1+7z o+m; ,clptl.
Thus x, = n;6 — [D] and
x, = wiclpt] — 716 - [D] + [DY — ¢,(P ® 1,.2).
A calculation then shows that

4x,=m,p (ad V) + 21,8 - [D] + [DY — 4(e + 2)[H] + 4[T] + 4mya - [D]
(1-l+1——)d(f®f)

2
Xy —

There are correction terms b(m;) = 1 — 1/m; depending on the multiple fibers.
Now '

p,(ad?7) = x; — 4x, — 4c,(@)
n,p,(ad V) + 276 - [D] + (D) — 4(e + 2)[H] + 4[T] + 4n5a - [D]
+4(b(m,) —q(e, m))/m +b(m,) —qle, my)/m,)d(f® f),
where the terms b(m;), q(e, m;) depend only on an analytic neighborhood of
the multiple fiber and are both 0 if m, = 1. Let ,

cle, m;)=4(b(m;) —qle, m)/m,).

Taking the slant product of this expression with [Z], using the fact that [[']\[X]
= ¢"Z and [H]\[Z] = (¢*X-0)f, and plugging in the expression for a given
by Lemma 7.2 gives the final formula in Theorem 6.1(iii). O

Proof of Theorem 8.1. Choose an analytic neighborhood X of F,. We may
assume that X fibers over the unit disk in C. Then qf’(X ) consists of d/m,
copies of X , which is the normalization of the pullback of X by the map from
the disk to itself defined by z = w™ . Restrict ¢ and V;, to this local situation,
and let D now denote the fiber product inside X x X and D its normalization.
We can similarly define the codimension two subsets I' and H . Let us examine
the dependence of the terms V;, and &((e +2)H —T) on the various choices.

First, suppose that V, and Vg are two different choices of a bundle over
X whose determinants have fiber degree 2e + 1 and whose restrictions to the
reduction of every fiber are stable. Then det V| ® (det VO')’l has fiber degree
zero. On the other hand, from the exponential sheaf sequence

H'(X;&,) - PicX —» H(X; Z)
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and the identification H 2(X L) H 2 (F;; Z) = Z, it follows that the group of
line bundles of fiber degree zero is divisible. Thus there is a line bundle L on
X such that det V;)' = det(}V, ® L). The proof of Corollary 3.8 shows that VO'
and V;® L differ by twisting by a line bundle pulled back from the disk, which
is necessarily trivial. Thus ¥y, 2V, ® L.

The remaining choice was the choice of a section ¢ of X . _Given two such
choices o, and o,, we have two divisors H, and H, on D, and two line
bundles @;((e+2)H, —T') and &;((e +2)H, —T'). Their difference is the line
bundle ﬁD((e+2)(H -H,))). The restriction of O5((e+2)H;~T) to each fiber
f of the map D — X over g € X is the line bundle ag ((e +2)p;, — q) , where
p; = 0,Nf and we can identify the fiber over ¢ with the ﬁber on X containing
g via ¢. Let ¥: X — X be the inverse of the map given by translation by the
divisor of fiber degree zero (e +2)(g, —0g,) —¢, (L), where L is the pullback to
X of L. Thus ¥~ '(q) = g+ (e+2)(p, —p,)—A, where g € f and 4 is the line
bundle L|f. Now Id x'¥ acts on X x X, preserving the divisor D and acting
as well on the normalization D . Clearly the line bundles s ((e+2)H,-T®@n|L
and (Id x¥)'@j((e + 2)H, — T') have isomorphic restrictions to each fiber of
the map D — X . Thus they differ by the pullback of a line bundle L' on X.
Thus we have an isomorphism

(1d x¥)" (7] V' ®i,((e+2)H,~T)) = (n]V,)" ®i,8,((e+2)H,~T)@n| Lon, L'

and a similar isomorphism when we apply Ronzt . Lastly every map =" Ve —
[,0p((e +2)H, —T') which corresponds to an everywhere generating section of
the line bundle 7,, Hom(n|V,, i,@;((e + 2)H, —T')) under the natural map

n;nz*Hom(nIVO, i,0p((e+2)H, —T)) — Hom(n 1 Vo, 1.0p((e+2)H, —T))

is determined up to multiplication by a nowhere vanishing function on X .
It now follows that, up to twisting by the pullback of the line bundle L' on
X, we may identify the map n; ¥, — i,@;((e + 2)H, —T), up to a nowhere
vanishing function on X and up to twisting by the pullback of a line bundle
on X, with the pullback under (Id x¥)" of the corresponding map from n; A
to i,0p((e +2)H, —T'). In particular the cokernels of these maps, viewed as
sheaves supported on F, x E,, have the same length. But the lengths of the
cokernels are exactly what is needed to calculate ¢,(&,), in the notation of the
beginning of this section. Thus we have established Theorem 8.1. 0O

Remark. We could easily show directly by a slight modification of the proof
above that the integers g(e, m;) defined above are independent of e.

Proof of Theorem 8.2. We begin with the following (see also (A.2)(i)):

Lemma 8.3. The sheaf ¥ is reflexive.

Proof. Since 7 is a subsheaf of the locally free sheaf n,Vy, it is torsion free.

Thus it will suffice to show that every section 7 of Z defined on an open set
of the form W — Z , where W is an open subset of S x T and Z is a closed
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subvariety of W of codimension at least two, extends to a section of 7" over
W . Now locally (after possibly shrinking W ) 7 is given by an exact sequence

0— W'IW—bﬁ;, - [,O|W.

Now viewing the section 7 as a section of ﬁ,f, over W — Z , it extends as a
section of (?;, by Hartogs’ theorem. Let 7 be the unique extension. Then the
image of % in i, &p|W vanishes on D — Z, which is nonempty. Clearly then
it is zero. Thus the extension 7 defines a section of 7” extending 7, so that
7" is reflexive. O

Returning to the proof of Theorem 8.2, let U = Sx T —(F, x F)—(F, x F,).
By Lemma 8.3, 7" is a reflexive sheaf which is locally free on U. We claim
that 7 is everywhere locally free. The problem is local around each point
(x,y) of F;x F, Since 7 is reflexive, it will suffice to show the following:
each point y of Fl has a neighborhood .#* such that 7|(S x #)N U has an
extension to a locally free sheaf over S x./".

Let T, =T ~ F, — F,. Clearly T}, is the inverse image of J**'(S)— F, - F,
under the natural morphism from 7 to J”](S) . The restriction of 7, to
S x T, is a bundle over S x T}, in the sense of schemes since it is the restriction
of a coherent sheaf over S x 7'. Thus it induces a morphism of schemes from
T, to 9, . If we denote the points of 9, corresponding to multiple fibers
by F, and F, again, then it is easy to see that the map of Theorem 3.14
extends to an embedding J**'(S) — F, — F, — 9, — (F, UF,). Thus the map
T, — M, — (F, U F,) is proper. This map extends to a rational map from
T to 9, . After blowing up T, there is a morphism from the blowup T to
9, . The image of y - T, must clearly lie inside the two elliptic curves in
9, corresponding to elementary modifications along F, or F,. Since there
are no nonconstant maps from P! to an elliptic curve, every exceptional curve
on 7 is mapped to a point, and the map T, — M, extends to a morphism
®: T — 9, . Clearly the morphism ®: 7' — 9, identifies 9, with Je“(S).

Given y € Fi, choose a neighborhood N, of ®(y) in 9M, such that there
exists a universal bundle over §'x N, and let .#" be the component of &' (Ny)
containing y . Thus there is a universal vector bundle " over S x.# . By con-
struction #7|S x (# —F,) and 7°|S x (#" - F,) have isomorphic restrictions to
every slice Sx {z}. Thus n, Hom(#", 7) is a torsion free rank one sheaf on
A, which is thus an ideal sheaf on .#" if .#" is small enough. We may assume
that n, Hom(¥%", Z )N —{y} is just the structure sheaf. Choosing an every-
where generating section of n, Hom(%#", 7°)|# —{y} gives a homomorphism
Y|Sx (A —{y}) = Z|Sx (A4 —{y}). This homomorphism is an isomorphism
over S x (# - F,) and is nonzero at a general point of S x (/' = {y})NE)).
As both % and 7 are vector bundles away from F,x (/' n I:“i) whose re-
strictions to every smooth fiber of S in every slice are stable, it follows that
Y|Sx (N —{y}) = Z|S x (& —{y}) is an isomorphism in codimension one.
Since both sheaves are reflexive, they are isomorphic. Finally %" and 7 are
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two reflexive sheaves which are isomorphic on the complement of the codimen-
sion two set S x {y} C S x ", so they are isomorphic. Thus 7 is locally
free. O

9. THE FOUR-DIMENSIONAL INVARIANT

Our goal in this section will be to calculate the four-dimensional invariant.
What follows is an outline of the calculation. Let 9, denote the moduli space
of Gieseker stable torsion free sheaves on S of dimension four. As we have
seen, 91, is smooth and irreducible and birational to Hilb? J e“(S) . In fact,
we shall begin by establishing a more precise statement. Let Y, C Hilb? j¢*! S
be the subset of codimension two consisting of subschemes of J e“(S) whose
support has reduction contained in the multiple fiber F; on J "”(S) . Clearly
Y, has two components: one component is just Sym2 F,, the closure of the
locus of two distinct points lying on F;, and the other is a P'-bundle over
F, corresponding to nonreduced subschemes whose support is a point on F;.

There is a similar subscheme Y,.' of ﬁz , consisting of torsion free sheaves V
on S such that either ¥ is not locally free and the unique point where V 1is
not locally free lies on F; or V' is a bundle obtained from ¥}, up to equivalence
by taking two elementary modifications along line bundles on F;. We claim:

Lemma 9.1. The isomorphism defined in Theorem 3.14 from a Zariski open
subset of Sym2 J e+1(S) to an open subset of M, extends to an isomorphism
Hilb’* J*(S) - Y, - Y, - M, - Y| - ¥, .

Let us remark that, in case there are multiple fibers, the birational map above

does not extend to a morphism. This follows from the identification of the
function d(e, m,) below, and can also be seen directly as follows. The moduli

space ﬁz Qontains the set of nonlocally free sheaves, which is a smooth Pl
bundle over S. The corresponding subset of Hilb* J e+1(S) is the image of
the blowup of J*!(S) xp1 J +1(S) along the diagonal (which is not a Cartier
divisor) under the involution. It is easy to see that this image is not normal
along the image of F, x F; if m; > 1.

There is an isomorphism H’(Hilb’ J**'(S) - Y, - Y,) @ H*(W, - ¥, - Y;),
so that by restriction we can view u(X) as an element of

H(Hilb” 77 (S) - ¥, - Y,) = H*(Hilb’ J*'(S)).

Denote this element of Hz(Hilb2 Je“(S)) by 4 (Z). In fact, it is easy to
identify this element: let o, = 4,(X) € J "’“(S) be given by the u-map for the
two-dimensional invariant, and set

a, =a, + (fzz)f

Then we have the following formula:
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Lemma 9.2.

W (Z) = D, - (—féﬁE.

Now af is just the value of the two-dimensional invariant, which we shall

write as (22) + C,(k - 2)2 , where C| = mfmi(pg +1) - mf ~ mg . Thus

o) =ay+ (/D) f)
=al +2(f-3)°
=) +(C, +2m’md)(x - £)°,
where we have used Lemma 6.5 to conclude that «, - f = 2(f-X).

Thus a routine calculation with the multiplication table in Hilb? J"“(S)
gives:

Lemma 9.3.
=3 + 60,2 (k- B)
+ [3¢T - @, + 1) + 12)mym3 + 8(mimy + mym)| (- D). 0

/

1(Z)

Of course, this is a calculation on Hilb* J e“(S) , not on M,. To get an
answer on ﬁz , we shall argue that the above formula must be corrected by
terms which only depend on the multiplicities of the multiple fibers and not on

Dy
Lemma 9.4. There exist a function d(e, m;), depending only on e and an an-
alytic neighborhood of the multiple fiber F, in S, with the following properties:
(i) d(e, 1)=0.
(i) u(2)* = '(©)" = mimyd(e, m)+d(e, my)(x-2)"
We can now complete the proof of (ii) of Theorem 0.5 in the Introduction:
Corollary 9.5. For all £ € H,(S; Z),
7(S)(E, 2, 2, 5) =3 +6C,(Z)(E k)’ + (3C] - 2C,)(=-x)*,
where
2 2 2
C, = (mfmz)(pg(S) + 1) —mj —my;
4 4 4 4
C, = (mm,)(p,(S) + 1) —m —m,.
Proof. We must calculate 7,(S)(Z,Z,X,Z) = ;1(2)4. By Lemma 9.4, the
coefficients in ,u(}?.)4 of (}:2)2 and of (22)(2'16)2 agree with the corresponding
coefficients of ,u'(Z‘.)4 , and these are calculated in Lemma 9.3. It also follows
from Lemmas 9.3 and 9.4 that the coefficient of (x - ):)4 in /1(22)4 is given by
3C,2 -2+ 1+ 12)m?m; + 8(mfm; + m‘;m;) + m?m;(d(e , my)+d(e, my)).

To calculate d(e, m;), take as before S to be a rational surface with a multiple
fiber of multiplicity m, . In this case, arguing as in the proof of Theorem 6.3,
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the coefficient of (x -2)4 is the same as the coefficient of (x-X)* for the rational
surface with no multiple fibers. To calculate this coefficient, we apply Lemmas

9.3 and 9.4 with m; = m, = 1 and p, = 0, to see that /1(2)4 = u'():.)4 and
thus that the coefficient of (x -}:)4 1s 3— 14416 = 5. Now taking p . = 0 and
m, arbitrary and m, = 1 in the above formulas gives C;, = —1 and

5=3(=1)" = 14m] + 8(m’ + m}) + mid(e, m,).

Thus m‘;d(e, m;)=2- 8mf + 6m‘11 , OT

2 8
dle,m)=———+6.
)=
Plugging this into the expression above for the coefhicient for (x - 2)4 in the

general case gives
3C - (2p, + 1) + 12)mim} + 12m}m} + 2m} + 2m}
2 4 4 4 4
=3C| - 2((pg + )ymm, —m; —m,).

We may write this answer more neatly as 3C 12 - 2C,, where

2 2 2 2
Ci=mmy(p, +1)—m) —my;

4 4 4 4
C=mmyp,+1)—m; —m,. O

10. PrROOF OF LEMMAS 9.1, 9.2, AND 9.4

In this section we shall give a proof of the remaining results from the previous
section.

Proof of Lemma 9.1. The lemma asserts the existence of an isomorphism from
Hilb® J e“(S) -Y, -7, to ﬁz - Yl' - YZ’ extending the isomorphism given in
Theorem 3.14. The isomorphism of Theorem 3.14 is defined on the open set
U of Hilb*J e“(S) consisting of pairs of points {z,, z,} such that z, and
z, lie in distinct fibers, neither of which is singular or multiple. We must show
that the map extends over the set of pairs {z,, z,}, where z, and z, lie in
distinct fibers, one or both of which may be singular or multiple, as well as over
the set of pairs Z where either Z is nonreduced but the support of Z does
not lie in a multiple fiber or where Z = {z,, z,} with z, and z, lying in the
same nonmultiple fiber.

Let us first consider the case where z, and z, lie in distinct fibers. As in
Section 7, choose an elliptic surface T — C with a section such that C is a
finite cover of P’ , generically branched except below the multiple fibers and T
is the normalization of S x, C. Let ¢: T — S be the natural map. There

is also the map ¢, . : T — J”l(S) defined by £, ie. if g € T, f is the

+1°
fiber containing qeand p=fno,then ¢, (q) = ﬁf((e +2)p — gq). We have

constructed a universal bundle %° — S x T in Section 7 for the choices of w
and p corresponding to the two-dimensional invariant. Let U c T x T be the
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open set of pairs of points (y,, y,) such that ¢(y,) and ¢(y,) lie in different
fibers. Let W; be the pullback of " to S x U via the natural projection of
SxU c SxTxT onto the first and second factors. We also have the coherent
sheaf & on S x T defined at the beginning of Section 7. Let &' be the
pullback of & to S x U defined by the projection of S x T x T to the first
and third factor. Thus given a point (y,, y,) € U, the restriction of 71 to
the slice through (y,, y,) is an elementary modification of ¥}, along the fiber
containing ¢(y,) and the restriction of P’ 1o the slice through (V15 y,) 1s the
direct image of a line bundle of degree e+ 1 on the fiber through ¢(y,). Thus,
leting 7, denote the projection S x U — U, =, (%" ® %) is a line bundle
on U, whose inverse we denote by %’ . Define 7, as the kernel of the natural
map 7, —» % ®.%'. The proof of Theorem 8.2 shows that 7, is a vector
bundle whose restriction to each slice S x {(y,, y,)} is stable. The induced
map U — 9, then descends to a map from the open subset of Hilb> J e“(S)
consisting of points lying in distinct fibers to 9, . (In fact, the proof shows that
this morphism extends to a morphism defined on the complement of the divisor
E of nonreduced points together with the proper transforms of Sym2 F, and
Sym’ F, .)

Next we must extend the morphism over the points of Hilb® J (S) corre-
sponding to points lying in the same nonmultiple fiber and nonreduced points
whose support does not lie in a multiple fiber. In order to do so, we will need
the model for elliptic surfaces with a section constructed in Section 4. Let Z
be a point of Hilb? JeH! (S) such that Supp Z lies in a single nonmultiple fiber
f, and let X be a small neighborhood of f mapping properly to a disk in-
side P'. Thus there is a biholomorphic map from X to a neighborhood of
the corresponding fiber in the Jacobian surface J(S), and we may further as-
sume that the image of Supp Z does not meet the identity section ¢ under this
map. Now the results of Section 4, after tensoring by &, (eo), give a rank two
vector bundle VO' over X whose restriction to every fiber is stable of degree

2e + 1 and a rank two reflexive sheaf 7 over X x (HilbzX - D,), flat over
H = Hilb> X — D , whose restriction to each slice is an elementary modification
of VO' . Let ¥, denote as usual the bundle on S whose restriction to every fiber
is stable. Then as in the proof of Theorem 8.1 there is a line bundle L on X
such that VX 2V, ® L.

The sheaf 7;® 7L has the following property. Let & C X x H be the set

# ={(x, z,, z,) | n(x) = n(z,) for some i }.

Let p be a point of H and U a small neighborhood of p, which we can
identify with a neighborhood of Z € Hilb® Je“(S) . We can assume that U is
a polydisk. There is a proper map II: (X x U) - % — (D, x U) — %' induced
by n: X — D,, where D, is the disk which is the base curve of X and

e+1

B'={(t, z,, z,) | t = n(z,) for some i }.

By construction the restrictions of 7 ® n:L and n;‘VO to each fiber of II
are isomorphic stable bundles on the fiber, which is reduced (possibly nodal).
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Thus ROI'I*Hom(W0 ® n;L, n;V,) is a line bundle ¥ on (D, x U) — ZB'.
Both 7;® n;L and n;V, extend to coherent sheaves on X x U. Therefore
ROI'I*Hom(% @ n;L, n|V,) = F extends to a coherent sheaf on D, x U,
which we shall continue to denote by ¥ . Replacing F by its double dual if
necessary, we can assume that it is reflexive, and thus since its rank is one that
it is a line bundle. Since by assumption every line bundle on D, x U is trivial,
R°TI,Hom(Z; ® nL, | V,) is a trivial line bundle on (D, x U) -~ &', and
we can thus choose an everywhere generating section. This section corresponds
to a homomorphism from 7j ® L to n V, over (X x U) — % which is an
isomorphism on every fiber. It follows that we can glue Z; ® L to n’; V, over
(X xU)—-&Z. Since {X xU, (SxU)—-FH} is an open cover of S x U whose
intersection is (X x U) — % , we have constructed a coherent sheaf on S x U,
flat over U. In this way we have extended the morphism from UNU over all of
U. So the morphism U — ﬁz extends over all the points Z € Hilb? J"“(S)
such that 4 ¢ Y, UY,. Clearly its image is exactly 9, — ¥, - ¥,. O

Proof of Lemma 9.2. We shall show that the divisor u'(X) which is the natural
extension of the restriction of u(X) to Hilb? J**! (S)—Y, - Y, to adivisor on
Hilb® J7¢7(S) is equal to D, —((f-£)/2)E . Recall that H(Hilb? 77 (8)) =
H*(JY(S)) @ Z - [E/2]. Also, given a point y € J'(S), there is an in-
duced morphism z7,: B, JH(S) — Hilb? J°'(S) defined on J*'(S) - {}
by 7,(x)={x,y}. If E, is the exceptional divisor on Bl, Je“(S) , then it is
easy to see that T;Da =a forall ae H 2(J ”'(S)) (where we have identified
H,(J**'(S)) and H*(J°*'(S)) and identified H*(J*'(S)) with a subspace of
H 2(Bly Jet! (S))). Also r;[E 1= 2[E ], which can easily be checked by going up
to the double cover of Hilb? J¢*!(S) which is the blowup of J**'(S) x J**!(S)
along the diagonal. Similarly, suppose that ¢: T — S is a finite cover as usual
and consider the morphism ¢, ,: T — JY(S) defined by £, ie. if g€ T,
f is the fiber containing ¢ and p= fNa, then ¢, ,(q) = ((e+2)p—q).
Suppose that y is a general point of J el (S) (and so does not lie on a multiple
or singular fiber) and let (p;'l(y) = {y;,...,y;}. Then there is an induced
map ©: T~ {y,, ..., ,} — Hilb’ J**'(S), and clearly we have t°D_ = ¢ .
In particular the map 7" is injective on the subspace H,(J +1(S)), and we can
determine y'(X) provided that we know t*x'(Z) and p'(Z)lEy . Note finally
that the image of 7 and Ey are contained in Hilb’ J"“(S) - Y, -Y,, so that

we can calculate the y-map by finding a universal family of coherent sheaves
on Sx(T—-{y,,...,y,;}) and over S x Ey.

To find such a family, begin with the bundle %~ over S x T . We know that
X)) = go; +1@, > where ji is the natural y-map defined on 7 and a, = u(%) is
the u-map for the two-dimensional invariant. Fix a general fiber f of S and
a point y € J”'(S) corresponding to a line bundle A of degree e +1 on f.
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Let f,, ..., f; bethe fiberson T lying above f and y,, ..., y, the points of
T corresponding to 4. We shall perform an elementary modification along the
divisor f x T with respect to the line bundle nfll. This will run into trouble

along y,, ..., y,, so that we will restrict to Sx(T—{y,, ..., y,;}). The upshot
will be a family of stable torsion free sheaves on S x (T —{y,, ..., y,;}) such
that the induced morphism 7 —{y,,...,y,} =M, is 7.
First let us calculate
Hom(7'|S x (T — 02N U ) N nr}L).

If V, is the restriction of 7" to the slice S x {t}, then V, is an elementary

modification of V| either at a fiber different from A or along f with respect

to a line bundle A’ of degree equal to degA but with A’ # A. It follows
that the map Hom(V}, 1) — Hom(¥,, A) defined by the inclusion V, C ¥} is
a map between two one-dimensional spaces by Lemma 1.3(i), and its kernel

is H((*')"' ® ) = 0. Thus Hom(¥,, 4) = Hom(¥,, 1) and the induced map
Ronz‘nr(%\’@l) — R07zz*(%~|S><(T—-{yl ,..-» ¥y1) ®n}A) isan isomorphism.
As Ronz*n’;(VO\’ ®4) is the trivial line bundle, there is a unique homomorphism
mod scalars from 27|S x (T - {y,, ..., y,}) to m;A and its restriction to each

slice is the corresponding nonzero homomorphism on the slice. Let W; be the
kernel, so that there is an exact sequence

0= = IS x (T ={yy, .o vg}) = 7.

Note that the right arrow fails to be surjective over the slice S x {t} only
if ¢(¢) € f, and in this case it vanishes at one point. Thus by (A.5) 7; is
reflexive and flat over T—{y,, ..., y,}, and is a family of torsion free sheaves
parametrized by 7 —{y,, ..., y,}. The restriction of W; to a general fiber in
every slice is stable, and thus 7 is a flat family of stable torsion free sheaves.

Clearly the corresponding morphism to 91, is 7.
Next we claim that

p,(ad?;) =p,(ad?7) - 2d(f® f)+ -,

where the omitted terms do not affect the slant product. Indeed the defining
map 7|S x (T — {y,,...,v;}) = 74 is surjective in codimension two, so
that in calculating p,(ad 7;) we can in fact apply the lemma on elementary
modifications as if the map were surjective. Now the lemma gives

p(ad?) =p,(ad?) +2¢(7)-(f®1) - 4i,(A®1)-(f® 1)

Using ¢,(7") = njc,(Vy) - [(f®1)+d(1® f)] and plugging in gives the claimed
formula for p,(ad 72) . Thus
—(p(ad Z)\E)/4 = —(p,(ad Z')\E)/4 +d(f - E) /2
=9, (a)+ ((f-2)/2)0,,,(f)

= 9o(@),
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and the pullback of 4'(Z) to T — {¥,»...»y;} under t is just q);H(az). It
follows that u'(X) = DO[2 + aE for some rational number a.

To determine the coefficient of E in u'(Z), fix a general fiber f of S
and a line bundle A of degree ¢ + 1 on f, which corresponds to a point
y € J*''(S). The set of points of Hilb> J**'(S) whose support is {y} is a
curve Ey ~ P! | We shall construct a universal sheaf 7, over S x Ey and show
that —(p,(ad Z7)\X)/4 = (f-Z).

Begin with 7 which is obtained from ¥} by a single elementary modification
along A. Thus V|f = A® u with degd =e+ 1 and degu = e. By Lemma
1.3(i)) dimHom(¥ , A) = 2 and there is a unique nonzero homomorphism
from V to A which is not surjective, indeed which vanishes exactly at the point
corresponding to the degree one line bundle A ® ™" . Identify P(Hom(V, A))
with P' (and with Ey). There is a general construction [9] of a universal
homomorphism ®: [V ® 7,8, (—1) — n;A. Thus we can define 7, to be its
kernel:

0-7,— n:V@n;ﬁpx(——l) — n;l.

By (A.5) in the Appendix, 7, is reflexive and flat over P!, and is a fam-
ily of torsion free sheaves, which are locally free except for the point of P!
corresponding to the nonsurjective homomorphism. The restriction of 7 to a
general fiber in every slice is stable, so that the restriction of 7 to each slice is a
stable torsion free sheaf. The induced map to 9, is easily seen to be one-to-one
with image Ey . We may again calculate p,(ad 7;) by the lemma on elementary
modifications, noting that ¢, (n]V & 1,8,(—1)) = njc,(V) + 215¢,(Gp (—1)) :

p,(ad7]) = n;pl(ad V) + 2(7ztc1(V) + 27z;cl @p(-1))-(fel)- 41'*7zl'cl (A).

The only term which matters for the slant product is the term 47c, (Opi (—1)) -
(f®1). Thus

W(E)-E,=~(1/H4(-1)(f-I) = (f-2).
Bearing in mind that E-E, = -2, it follows that the coefficient of E in u'(X)

is —(f-Z)/2. So putting this all together gives the final answer for u'(Z) in
Lemma 9.2. O

Proof of Lemma 9.4. The basic idea of the proof is similar to the idea of the
proof of Lemma 9.1. Fix an analytic neighborhood X of the multiple fiber F,
as usual. Let X, be the corresponding subset of Je“(S) . Then X = Hilb? X,
may be identified with an analytic open subset of Hilb? J"”(S) which is a
neighborhood of Y;. Under the birational map Hilb? J”](S) ——3 ﬁz , the
open set X corresponds birationally to an open set X' which is a neighborhood
of Yi'. Moreover X - Y, & X - Yi'.

Now let S, be another nodal elliptic surface containing a multiple fiber of
multiplicity m; and let X, be an analytic neighborhood of the multiple fiber.

Let A, be a divisor on S, of fiber degree 2e + 1 and let VO' be a rank two
vector bundle whose restriction to every fiber is stable. We suppose that X,
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is biholomorphic to X and identify them. We may then define X, and Xa
analogously. There are also closed subsets of X, and X corresponding to Y,

and Yi’ , which we shall again denote by Y, and Yi' . Of course X, =X under
the identification X; = X . The main claim is then the following:

Claim 10.1. There is a biholomorphic map X, = X' which is compatible with
the isomorphisms

Xo— ¥/ =X, - Y, =X-Y,2X -V
Proof. For emphasis, we will write 91,(S) for the moduli space for S, and
similarly 9,(S,) for the moduli space for S,. We shall glue X, to 3,(S)-Y;
along X —Y;, and show that the result maps to 9,(S), compatibly with the
inclusion Mt,(S) — ¥; C M,(S). This will define a proper morphism from X;
to X' of degree one which is an isomorphism in codimension one, and thus is

an isomorphism by Zariski’s Main Theorem. .
We must show that the inclusion 91, (S)~— Yi' C 9M,(S) extends to a morphism

from X; to 9,(S). It suffices to do so locally around each point of X . Given

an arbitrary point p € X:) ,let UcC Xg be an open neighborhood of p which
is biholomorphic to a polydisk, so that PicU = 0, and such that there exists
a universal sheaf 7;; over §; x U. Denote again the restriction of 77 to
X, xU=XxU by 7Z;. Letting as usual V|, denote the rank two bundle on
S whose restriction to every fiber is stable, we have seen that there is a line
bundle L on X such that V;® L = V. Now view U~ Y] as an open subset of

X-Y, c Hilb® X . As in the proof of Lemma 9.1 we have the locus & C X xU
which is the closure of the set

{(x, z,, z,) | m(x) = n(z,) for some i }.

The set & is a closed analytic subset both of X x U and of S x U. The two
sets (SxU)—% and X xU cover S xU and their intersection is (X xU)-% .
We shall show that there is an isomorphism of the restriction of 7; ® nl'L to
(X xU) - Z with n[V.

Let IT: (X x U) =% — (D, x U) — &' be the projection, where D, is the
base of X and, as in the proof of Lemma 9.1,

gl={(t, z,, z,) | t = n(z;) for some i }.

By construction, the restriction of 7 ® n;L to the reduction of every fiber
of Il is stable, and hence isomorphic to the restriction of 7t;‘V0 to the fiber.
Consider R()I]'Hom(WU ®@n, L, n;V,). By base change and Corollary 1.5 for
the case of a multiple fiber, this is a line bundle on (D, x U) - %&'. On the
other hand, both Z;®n|L and 7, ¥, extend to coherent sheaves on X x U, so

that ROII*Hom(WU ®n L, n’;%) also extends to a coherent sheaf on D, x U.
Arguing as in the proof of Lemma 9.1,

RN, Hom(Z; @ ni L, 7} Vy)|(Dy x U) — B’
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is a trivial line bundle and we may choose a section of Hom(Zy ® n{L, n;Vp)
which generates the fiber at every point. This section then defines an isomor-
phism from 7 ® n{L to n;V, over (X x U) — % . Thus we may define a
coherent sheaf over S x U, flat over U, which by construction is a family of
stable torsion free sheaves on . This sheaf defines a morphism from U to
ﬁz(S) which is the desired extension. Doing this for a neighborhood of every

point of Xg defines the extension over all of Xg .o

We return to the proof of Lemma 9.4. The proof will now follow from
standard arguments. We have the moduli spaces Hilb® Je“(S) and M, (S)
for S and corresponding moduli spaces Hilb? J"“(SO) and ﬁz(SO) for S .
There are also the divisors u'(X) on Hilb? Je“(S) and u(X) on ﬁz(S), as

well as the corresponding divisors uZ,(ZO) and p,(X,) for S,. Here X € H,(S)
and X, € H,(S,). Fixing a choice of F;, we have the open sets X = X, and

X =X;.
Claim 10.2. If Z- f=X,- f, then
£ (D)HY(X) = 4 ()| H (X).

Proof. Clearly X is the quotient of the blowup BI, (X, x X,) of X, x X,
along the diagonal under the natural involution. Thus HZ(X) injects into
HZ(BIA(Xe x X,)), and it suffices to prove that the pullbacks of 4 (Z) and
,u'(ZO) to HZ(BIA(Xe x X,)) agree. Now HZ(BIA(Xe x X,)) 1is generated over
Q by the class of the exceptional divisor, classes dual to [f]®pt and pt®[f],
and H'(X,)® H'(X,). If D, +aE is a divisor in H*(Hilb> J°*'(S)), then the
pullback of D_+ aE to H*(BL(X, x X,)) depends only on «- f and a. By
Lemma 9.2, u'(Z) = D, - ((f-Z)/2)E, where a,- f=a,-f=2(f-2). A
similar statement holds for #'(Z,) . Thus

1 (DHYX) = 4 (Z)IHA(X). O

We have the birational map X --» X'. After blowing up, we can resolve
the indeterminacy and make this map a morphism. Let X be such a blowup.
Thus there are morphisms p: X — X and p': X — X'. Since X and X'
are isomorphic in codimension one, p and p’ have the same exceptional set,
which we may assume to be a union of smooth divisors |J, E;. As we may
assume that p, say, is given by a series of blowups, the cohomology classes

of the E; are independent. Moreover we have a splitting H 2(X) ~H 2(X') @
@,Z-[E,]. Here the map H*(X) — H*(X') is explicitly given by restriction
from Hz(X) to HZ(X -U,E) = HZ(X' —Y,), together with the isomorphism
HY(X - Y) = H*(X'). We can also glue X to 9, along X', to obtain a
scheme 9t which dominates both ﬁz and Hilb? J"“(S). Clearly we again
have a splitting Hz(ifn) =H 2(ﬁz) @€, Z-[E,], and this splitting is compatible
with the splitting of H 2('5{) under the restriction maps. Using the commutative
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diagram

H*(Hilb? 77 (S)) —— H*(9) H M, e®,Z-[E)]

l | l

H*(X) —— H'X) —— H'X)e®,Z-[E,],

we see that given & € H*(Hilb® J**'(S)), the pullback of & to H>(St) can
be written in the form & + 2. a,[E;], where &' is the pullback of a class in
H 2(ﬁz) and the integers a; only depend on C]HZ(X).

For notational simplicity we shall just write down the argument for Lemma
9.4 under the assumption that there is only one multiple fiber F,; the gen-
eral case follows by working with both fibers. In this case, we may identify

2(H'lb2 JHI(S)) and Hz(_z) with subspaces of Hz(‘.ﬁt). By construction
we have u'(Z) = u(Z) + 2. a,[E;], where the a; only depend on u'(Z)le(X) .

Thus .
4 4 4 —j i
u =i @' == 3 (D (Cats),

j=1 i
where the term ), a,[E;] only depends on u'(Z )|H2(X) Clearly, for j > 1,
the terms u'( 4 -7 (2 a,lE; 1)’ likewise only depend on the restriction of u'(X)
to Hz(X) . By Claxm 10.2, the restriction of 4'(Z) to H* (X) depends only on
(- f). Hence u()* — 4'(X)* depends only on (f-X), e, and an analytic
neighborhood X of the multiple fiber and is homogeneous of degree four in X.
Thus we can write it as d(e, m)(f - 2)4 for some rational number d(e, m,)
depending only on the analytic neighborhood X, where d(e, 1) = 0. Doing
this construction for both multiple fibers, we see that

w(®)' - 4@ = mimy(d(e, m)) +d(e, m))(x-2)°,

as claimed in Lemma 9.4. O

APPENDIX: ELEMENTARY MODIFICATIONS

In this appendix, we consider the following problem (and its generalizations):
let X be a smooth projective scheme or compact complex manifold, let 7 be
smooth and let D be a smooth divisor on 7. Suppose that 7Z  is a rank two
vector bundle over X x T, and that L isaline bundleon X. Let i: X xD —
X x T be the inclusion, and suppose that there is a surjection 7~ — i*n;L
defining 77 as an elementary modification:

07 »% —inL—0.

ForteT,let W,=%'|X x{t} and V,=Z"|X x {t}. If O is a reference point
of D, then there are two extensions

0—- M- — L —0;

0—-L—> V0 — M — 0.
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In particular the second exact sequence defines an extension class & €
H 1(M ) L). We want a formula for £ and in particular we want to know
some conditions which guarantee that £ #0.

Proposition A.1. Let 8 be the Kodaira-Spencer map for the family % of vector
bundles over X, so that 0 is a map from the tangent space of T at 0 to
Hl(Hom(WO, W,)). Let 8/t be a normal vector to D at 0. Then the image
of 6(0/0t) in HI(M_l ® L) under the natural map Hl(Hom(WO, W) —
H'(Hom(M, L)) = H' (M~ ® L) is independent mod scalars of the choice of
d/0t and is the extension class corresponding to V.

Proof. Since W, is given as an extension, there is an open cover {U;} of X
and transition functions for W, with respect to the cover {U,} of the form

_ A %
A= < Y )
ij 0 'uij

Letting ¢ be a local equation for D near 0, we can then choose transition func-
tions for 7Z° of the form 4, ;= A; ;T tB; ;- With these choices of trivialization,
a basis of local sections for 77 on U, x T is of the form {e,, te,}. Thus the
transition functions for Z” are given by

1 0 T 1 0

If B, ;= (‘; 3) , then a calculation shows that the transition functions are equal

to
T ta t2b>_(1u~ 0) '
(o ) 22)=( 0)eu,

Here c¢ is a matrix coefficient which naturally corresponds to the image of B, ;
in Hom(M , L). The proposition is just the intrinsic formulation of this local
calculation. O

Note. The proof shows that, if the extension does split, then we can repeat the
process, viewing V| again as an extension of L by M . Either this procedure
will eventually terminate, creating a nonsplit extension at the generic point of
D, or 77" was globally an extension in a neighborhood of D.

Let us give another proof for (A.1) in intrinsic terms which, although less ex-
plicit, will generalize. There are canonical identifications H' (Hom(W,, Wy)) =
Extl(Wo, W,) and Hl(Hom(M, L)) = Extl(M, L). For simplicity assume
that dim T = 1. Note that if we restrict the defining exact sequence for 7 to
X x C, where C is a smooth curve in T transverse to D, then the sequence
remains exact (since T orf(R/ tR, R/sR) =0 if ¢t and s are relatively prime
elements of the regular local ring R). Thus we can always restrict to the case
where dim7 = 1. Now SpecC[¢]/ (tz) is a subscheme of 7', and we can re-
strict 7" to SpecC[t]/(tz) to get a bundle 7,. The bundle 7, is naturally an
extension
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and the associated class in Extl(Wo , W,) is the Kodaira-Spencer class. The
natural map Extl(W0 , Wy) — Ext' (M, L) is defined on the level of extensions

as follows: given an extension 7, of W, by W,,let &€ be the preimage of M
in #_, so that there is an exact sequence

0-Wy—-& - M-0.

Given the map W, — &, the quotient & = (8 ® L)/W,, where W, maps
diagonally into each summand, surjects onto M by taking the composition of
the projection to & with the given map & — M . The kernel is naturally L.
Thus # is an extension of M by L, and it is easy to see that # corresponds to
the image of the extension class for %, under the natural map. Finally note that,
since W, — L is surjective, there is a natural identification of ¥ = (£®L)/W,
with & /M where we take the image of M under the map M — W, — & .

On the other hand, restricting the defining exact sequence for 77 to
Spec C[?]/ (t2 ) gives a new exact sequence

O-L—-Z—-%,—-L—0.

If we set & to be the image of 7, in 7, then it is clear that & is the inverse
image of M C W, under the natural map. Now there is an isomorphism
7;/L = & , and it is easy to see that this isomorphism identifies ¥}, with &/M
under the natural maps, compatibly with the extensions. Thus the extension
of M by L defined by ¥V}, has an extension class equal to the image of the
extension class of 7, in Ext'(M , L) under the natural map.

With this said, here is the promised generalization of (A.1):

Proposition A.2. With notation at the beginning of this section, let %%~ be a rank
two reflexive sheaf over X x T, flat over T, let D be a reduced divisor on T,
not necessarily smooth, and let i: D — T be the inclusion. Suppose that L is a
line bundle on X and that Z is a codimension two subscheme of X x D, flat
over D. Suppose further that % — i*n;‘L ® I, is a surjection, and let 7 be
its kernel:

07 - -+ i*n;L®Iz — 0.

Then:
(i) 7 is reflexive and flat over T .
(ii) For each t € D, there are exact sequences
O-MeIl, -W,-L&l,—0,
0-LeIl,—-V,-MeI, -0,
where Z is the subscheme of X defined by Z for the slice X x {t} and

Z' is a subscheme of X of codimension at least two.
(iii) If D is smooth, then the extension class corresponding to V, in

Extl(M ® I, , L ®1,) is defined by the image of the normal vector
to D at t under the composition of the Kodaira-Spencer map from the
tangent space of T at t to Extl(W,, W,), followed by the natural map

Ext'(W,, W) - Ext (M ® 1, ,L&l,).
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Proof. First note that 77 is a subsheaf of 77" and is therefore torsion free.
Given an open set U of XxT and a closed subscheme Y of U of codimension
at least two, let s be a section of 77 defined on U — Y. Then s extends to
a section § of Z” over U since 7 is reflexive. Moreover the image of § in

H° (UND; L®1;) vanishes in codimension one and thus everywhere. Thus §
defines a section of 77 over U, and so 7 is reflexive. That it is flat over T
follows from the next lemma:

Lemma A.3. Let R bearing and t an element of R which is not a zero divisor.
Let I be an (R/tR)-module which is flat over R/tR. For an R-module N, let
N, be the kernel of multiplication by t on N .

(i) For all R-modules N, Torl (I, N)=I®g,g N, and Tor (I,N)=

forall i>1.
(i1) Suppose that there is an exact sequence of R-modules

O0-M,-M —-1-0,
where M, is flat over R. Then M, is flat over R as well.

Proof. The statement (i) is easy if 7 = R/tR, by taking the free resolution
0—-RZHR— R/tR— 0.

Thus it holds more generally if I is a free (R/tR)-module. In general, start with
a free resolution F* of I. By standard homological algebra (see e.g. [EGA], III,
6.3.2) there is a spectral sequence with E, term Torf(F ¢, N) which converges

to Torp + q(I , N). The only nonzero rows correspond to p = 0, 1 and the
row for p = 1 is the complex F® ® R/tR N,. Since I is flat, this complex
is exact except in dimension zero and is a resolution of I ®, /IR N,. Since
Fi@yN=F1 ®g g (N ®g R/tR), the flatness of I over R/tR implies that the

row for p =0 is exact except in dimension zero. Thus Torf (I, N)=1®,4 It &N,
The second statement now follows since, for every R-module N, the long ex-
act sequence for Tor defines an isomorphism, forall i > 1, from Torfz(M2 , N)

to Tor,H(I N)=0. O

Returning to (A.2), let us prove (ii). There is a surjection W, - L ® I, and
the kernel of this surjection is a rank one torsxon free sheaf on X, which 1s thus
of the form M ® I, for some subscheme Z' of X of codimension at least
two. Now there is an exact sequence

Tor (i, ] L&l  Oxiy) = Vi= W, = Lol —0.

In the Tor, term, the first sheaf is an &,

ond is an &)-module. Using (i) of (A.3) identifies Tor(]?“’(i‘n,'L®I , ﬁXx{l})
with L ® I, . Thus we obtain the exact sequence for V.

Finally, the identification of the extension class in (iii) is formally identical
to the second proof of (A.1) given above and will not be repeated. O

-module, flat over D, and the sec-
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Next we shall give some criteria for when the extension is nonsplit. The
simplest case is when the Kodaira-Spencer map is an isomorphism at 0. In
this case we can check whether or not the extension is split by looking at the

map Extl(W,, w,) — Extl(M ®1, ,L®I,). Thus the problem is essentially
cohomological. A similar application concerns the case where 7T is the blowup
of a universal family along the locus where the sheaves are extensions of L® 1,
by M®I,. . Inour applications, however, we shall need a more general situation
and will have to analyze some first order information about the family 7" . For
simplicity we shall assume that dim 7 = 1, with ¢ a coordinate. It is an easy
consequence of (A.3)(i) that the general case can be reduced to this special case
by taking a curve in T transverse to D.
Proposition A.4. In the notation of (A.3), let #, be the restriction of # to
Spec C[t}/ 2. Suppose that

(i) Hom(M®I, ,L®I,)=0.

(1) The map from

Ext' (M@ L, , 7)/tExt' (M ® I, , %)

to Extl(M ® 1, , #,) induced by multiplication by t has a one-dimen-
sional kernel. ’
Then we may identify the kernel with a line in Extl(M ® 1, , W,), and if the

image of this line in Ext'(M ®Il,,L®l,) is C-¢ then the corresponding
extension class is &.

Proof. From the first assumption dim Hom(W,, W) = 1. Thus if 6 is the
Kodaira-Spencer class, there is an exact sequence

0—Ext' (M®I, , W,)/C-0 - Ext (M®I, ,%,) —Ext' (M®I,,W,).
Multiplication by ¢ induces the natural map
Im(Ext' (M ® I, 7)) CExt' (M ® L., W,) » Ext' (M ® L., W,)/C- 6.

If this map has a kernel then clearly 6 € Im(Extl (M®I, ,%,)) and the kernel

is C- 6. The image of the kernel in Extl(M ®1I, ,L®1I,) is then just the
image of the Kodaira-Spencer class. 0O

Here is the typical way we will apply the above: suppose that 7 is locally
free and that Z' = @. Then Ext'(M ® 1, , %)= R'n, (¥, ® a;M""). Sup-
pose in addition that 7 is globally an extension:

0—‘7tl,?l -—»W—»nl%®1;/ -0,
where % C X x T is flat over T . Thus there is a map

Rz, (7). ® Iy ® AM™) s R'n, 1l (L oM

)

whose cokernel sits inside Rlnz*(W ®@m M ~!). A similar statement is true
when we restrict to Spec C[¢]/ (t2 ). Now suppose that

dmH'(X; oM 'al,)
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is independent of ¢. Then the sheaves R'm,, (1% ® I, ® afM~") and

R 7‘2*”’;(-?1 oM™ l) are locally free and compatible with base change, by [EGA],
III, 7.8.3, 7.8.4, 7.7.5, so if we know that the map between them has a determi-
nant which vanishes simply along D then the same will be true for the restric-
tions to Spec C[#]/(¢*) . The image in Rlnz*(Wébn;M =Y is the direct image of
a line bundle % on D. Furthermore suppose that dim H' (X ; LM - ®ly)

is independent of . Then R’z (n].% ®ly ®n M 1) is locally free and com-
patible with base change. If it is nonzero suppose further that
Rn,a}(ZeM ')=0.

Thus the torsion part of Rlnz*(W em M _1) is just Z and the restriction of
Z to SpecC[t]/ (tz) gives the kernel of multiplication by ¢ as in (ii). We can
then take the map from the torsion part of Rlnzt(W @M “1)0 , hamely the
image of H'(Z @ M™"),to H'(L® I, ® M™') = Ext'(M, L® I,,) and this
image gives the extension class.

We will also need to consider a slightly different situation. Suppose that Z~
is a rank two vector bundle on X x T', E is a smooth divisor on X and L
is a line bundle on E x T. Let j: Ex T — X x T be the inclusion and let
®: 7 — j,L be a morphism. We may think of ® as a family of morphisms
parametrized by 7 . In local coordinates @ is given by two functions f, g
on E x T, whose vanishing defines a subscheme Y of E x T. Away from the
projection 7,(Y) of Y to T, @ defines a family of elementary modifications
which degenerates over 7n,(Y) at the points of Y.

Proposition A.5. Let ®: %" — j L be a morphism as above and suppose that the
cokernel of ® is supported on a nonempty codimension two subset Y of Ex T,
necessarily a local complete intersection. Suppose further that, for each t € T,
the codimension of YN (X x{t}) in X x{t} isatleasttwo if YN(E x {t}) # D.
Let 77 be the kernel of ®. Then 7 is a reflexive sheaf, flat over T, and its
restriction to each slice X x {t} is a torsion free sheaf on X .

Proof. The proof of (A.2)(i) shows that 7 is reflexive. As for the rest, the
problem is local around a point of Y. Let R be the local ring of X x T at
a point (x,t), R the local ring of T at ¢, and S the local ring of X x {t}
at (x,t). Let u be the local equation for £ in X x T. Then locally ®
corresponds to a map R® R — R/uR, necessarily given by elements f, g €
R/uR. Lift f and g toelements f, g € R. Then (u, f, g)K is the ideal of
Y in R, and Y has codimension three in X x 7. Thus u, f, g is a regular
sequence, any two of the three are relatively prime, and necessarily dimR > 3.

The kernel M of the map R® R — R/uR given by (a, b) — af + bg is
clearly generated by (—g, f), (u, 0), and (0, u). These three elements define
a surjection R® R@® R — M . The kernel of this surjection is easily calculated
tobe R-(u, g, —f). Thus there is an exact sequence

0—-R—-R®R®R- M - 0.
This sequence restricts to define
SoSoSeS—>Me,S—-0.
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Here the image of S in S®&S& S isequalto S-(u, g, —f), where we denote
the images of u, f, g in S by the same letter. By hypothesis, not all of u,
S, g vanish on X x {¢t} and so this map is injective. By the local criterion
of flatness M is flat over R’ . Finally we must show that M ® g S 1s a torsion
free S-module. By hypothesis «, g, —f generate the ideal of a subscheme of
SpecS of codimension at least two and thus u# does not divide both f and g
in §. Given h € S with h # 0, suppose that hm = 0 for some m e M ®,S.
Then there is (a, b,c) € S®S @S such that h(a,b,c)=a(u, g, —f). We
claim that u|a. To see this, let n be the largest integer such that «"|h. Then
u"|hb = ag and likewise u"|af. Since at least one of f, g is prime to u,
u"|a. But then 4" '|au = ha, so that ula. If a = ud’, then o = ha' and so
hb=ha'g and b =d'g. Likewise c =a'(—f). Thus (a, b,c)=ad'(u, g, —f)
and its image in M ®, S is zero. It follows that M ®, S is torsion free. O

Let us finally remark that we can calculate the class p,(ad7”), in the above
notation, by applying the lemma on elementary modifications given in the in-
troduction, since @ is surjective in codimension two.
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