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DISCREPANCY IN ARITHMETIC PROGRESSIONS

JIRf MATOUSEK AND JOEL SPENCER

1. RESULTS AND HISTORY

Let A be a family of subsets of a finite set Q. By a two-coloring of Q2 we shall
mean a map x:  — {—1,+1}. For any X C Q we define x(X) = > ¢ x(z). The
discrepancy of A is defined by

(1) disc(A) = min max [x(A)].

Let Q = {1,...,n}, which we denote by [n]. Let A denote the set of arithmetic
progressions on [n]. The discrepancy of this set system was investigated in 1964 by
K. F. Roth [7]. If we define the function ROTH (n) = disc(A), his result can be

written
ROTH (n) > en/4

for ¢ a positive absolute constant. That is, for any two-coloring x of the first n
integers there will be an arithmetic progression A on which the “imbalance” |y (A4)|
is at least cn'/4.

It is interesting that Roth himself did not believe his result to be best possible
and speculated that perhaps ROTH (n) = n'/?7°()_ Indeed a bound ROTH (n) =
O(vnlnn) follows by elementary probabilistic considerations. In the early 1970s
Sérkozi (see [3]) showed ROTH (n) < n'/3+t°(1) A breakthrough was given in 1981
by Beck [2] who showed ROTH (n) < en'/41n®/? n. Here we show

Theorem 1.1. ROTH (n) < Cn'/* with C an absolute constant.

In words, we show the existence of a two-coloring x of the first n integers so
that all arithmetic progressions A have imbalance |y(A4)| < Cn'/%. We remark that
the proof does not give a construction of y in the usual sense and is indeed not
satisfactory from an algorithmic point of view. The methods of §2 (see comments
in [5]) are such that we have not been able to obtain an algorithm that would
output this coloring x in time polynomial in n. Our proof involves variants of the
probabilistic method; we give [1] as a general reference. The technique of our proof
combines methods of [2], [5], [6].

Throughout the paper, we’ll use the symbols ¢, ¢/, etc. generically for denoting
absolute constants, and in order to limit the number of symbols, we reuse them
freely.
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2. ENTROPY

Let Aj,..., A, C Q. A partial coloring is a map x: @ — {—1,0,+1}. When
x(z) = 0 we call  uncolored, otherwise x is called colored. We define, for A C Q,
X(A) = >, cax(@). Our object will be to give a general condition under which
there exists a partial coloring x with the |x(A4;)| “small” and “few” 2 € {2 uncolored.

For any positive integer b define the b-roundoff function Ry(x) as that ¢ so that
2bi is the nearest multiple of 2b to x. In case of ties take the larger. Thus

Ry(z) =0 ifandonly if —b<ux <b,
(2) Ry(xz) >4 if and only if = > (2 —1)b,
Ry(x) < —i ifand only if =< —(2i—1)b.
Let X be any discretely valued random variable. We use the standard definition of
the entropy function H(X):

H(X) = Y —pilogy(pi)
where p; = Pr[X = ], the summation is over the possible values of X, and 0log, 0
is interpreted as 0. We shall use the following well-known facts about entropy:
e Entropy is subadditive, i.e., if X = (X1,...,X,), then H(X) < Y. | H(X;).
e When X takes on at most K values it has entropy at most log, K, the extreme
case being a uniformly chosen value from a K-set. Moreover ) ., —p;logy(p:)
< log, |I] for any subset of values of X.

e When X has entropy less than K it takes on some value with probability at
least 27K,

Let S,,, as standard, denote the sum of n independent random variables, each
uniform on {—1,4+1}. When x: @ — {—1,+1} is uniform and A C Q,|4| = n,
then y(A) has distribution S,,. Now we come to a key definition:

ENT(n,b) = H(Ry(Sp))-
With this definition we give our general criterion.

Lemma 2.1. Let S1,...,S, C Q with || = n and |S;| = n;. Suppose b;,e and
v < % are such that

> ENT(ni,b;) < en
i=1
and
e
(3) > ( ) < gn(i=e),
=0\
Then there is a partial coloring x of  with
IX(Si)| < bi for all i

and more than 2yn points x € Q) colored.

Proof. Consider the uniform probability space of all x: 2 — {—1,+1} and define
the random variable

L(x) = (Bo, (x(51)), - -, B, (X(50)))-
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By subadditivity of entropy
H(L) <Y H(Ry,(x(5:) = > ENT(ni,b;) < en.
i=1 i=1

Hence some value of L has probability at least 27" of being achieved. As all x have
probability 27" there is a set I of at least 21 =) colorings y so that if y1,x2 € T,
then L(x1) = L(x2)-

We naturally associate such colorings y with points on the Hamming Cube
{=1,+1}" (With Q ={1,...,n} associate x with (x(1),...,x(n)).) A theorem of
Kleitman [4] (basically an isoperimetric inequality) states that any I' C {—1,+1}"
of size bigger than le:o (7) with I < % contains two points at Hamming distance
(i.e., the number of different coordinates) at least 2{. (This is “best possible” as
I’ may be the set of all sequences with at most [ coordinates +1.) Thus there are
X1, X2 € I' at Hamming distance at most 2yn. Set
Then y is a partial coloring. The number of colored points is precisely the Hamming
distance which is at least 2yn. For each i the values x1(S;), x2(S;) have the same
b;-roundoff and therefore lie in a common open interval of length less than 2b. Thus

S;) — S
as desired. (|

for all z € Q.

< b;

We note that (3) holds for, say, v = 1 and ¢ = 0.2; this value will suffice for

our purposes. Also, we shall always use a bound on |x(S)| dependent only on |S|.
We'll use the lemma in the following simpler form.

Corollary 2.2. Let A be a family of subsets of an n-set §) consisting of at most
f(s) sets of size s. If b(s) satisfies

> F()ENT(s,b(s)) < %,

then there is a partial coloring x with |x(S)| < b(|S|) for all S € A and fewer than
half the points of () uncolored.

In applying Corollary 2.2 we need upper bounds on ENT(n,b). The correct
parameterization is b = A\y/n. Roughly S, is like y/nN where N is standard
normal so that ENT(n, A\y/n) should be like g(\) = H(Rx(NN)). Analysis gives
that g(\) = ©(A\2e=*"/2) for A large (i = +1 giving the dominant terms) while
g(\) = ©(In(A71)) as A — 0, the major contribution being p; = O(A~!) for
i = O(A™1). The following results are somewhat weaker and certainly not best
possible but have the advantage of holding for all n, A.

Lemma 2.3. There is an absolute constant ¢ so that ENT (n, \\/n) < G()\) where
we define

e/ if A > 10,
(4) G =4 ¢ if 0.1 <\ < 10,

cln(A7h)  if A <0.1.
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Proof (outline). We employ the universal bound
Pr[S, > 7v/n] < e T2,

Set g; = exp(—A2(2i — 1)2/8), i > 1, and go = 1 — 2exp(—A2/8). From (2)
pi,p—i < gi and po > go. On [0, 1] the function —z log, = increases to x = e~ and
then decreases. When A > 10, g; < e ! forall i > 1 and go > e ! so

ENT(n,A\/n) < —gology go + 2 Z —gilog, gi.
=1

This is a continuous function of A which is O(A2e=*8) or, giving ground, O(e~*"7).
When 0.1 < A < 10set I = {—100,...,4+100}. The contribution to ENT(n,b) from
i € I is at most log, |I| < 8. For i ¢ I certainly g; < e~ ! so

ENT(n,A\V/n) <8+2 ) —g;logy gi < 9.
1=101

For A < 0.1 set I = {i: |i] < A72°}. Again for i ¢ I we have g; < e~! and
ENT(n,\W/n) <logy(2A™ +1)+2 Y —gilogy gi <40In(A™")
ji|>A—20

by computation. O
We may now further reexpress Corollary 2.2.

Corollary 2.4. Let A be a family of subsets of an n-set ) consisting of at most
f(s) sets of size s. If b(s) = o(s)\/s where o(s) satisfies

(5) > F5)Glo(s) < £

then there is a partial coloring x of Q with |x(A)| < b(|A]) for all A € A and at
least half the points of € colored. O

With these bounds we can already give a result which is interesting in its own
right and may give significant insight into the somewhat technical computations to
come.

Theorem 2.5. There is an absolute constant ¢ so that the following holds for all
n,s. If Ay,..., A, CQ, |Q] =n and all |A;| < s, then there is a partial coloring x
of Q with less than half the points of Q uncolored and with

IX(Ai)] < e/s

foralll <i<n.

Proof. From Lemma 2.3 we may pick ¢ so that G(¢) < 0.2. Now apply Corollary 2.4.
O

The monotonicity of G allows a further generalization of Corollary 2.4. Suppose
A is a family of subsets of an n-set 2 which breaks into subfamilies consisting of
at most f(s) sets of size at most s. When (5) holds, the conclusion of Corollary 2.4
then holds. In particular, given any Aq,..., A, C {1,...,n} we have n sets of size
at most n, and we may pick ¢ so that G(¢) < 0.2. Then there exists a partial
coloring x of {1,...,n} with all |x(4;)| < cy/n and at least half the points colored.
This result was the core of [5].
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3. THE FIRST PARTIAL COLORING

Let A denote the family of arithmetic progessions contained in Q = {1,...,n}.
Here we show:

Lemma 3.1. There is a partial coloring of Q so that |x(A)| < en'/* for all A€ A
and at least half the points of Q are colored.

3.1. The decomposition. Let X = {x1,...,2;} be any set of integers with z; <
.-+ < xy. Define INT(X) to be the family of intervals—i.e., all sets {z,: i <u < j}
where 1 < ¢ < j < [. Now define CINT(X) (the canonical intervals on X) by
taking, for all powers of two, s = 2¢ < [, all sets {ZG—1)s+15 -+ Tjs} With js <.
That is, we split X into consecutive intervals of length s = 2, ignoring the “extra”.
The following observation is standard:

Lemma 3.2 (Decomposition lemma). Any A € INT(X) can be written as A =
B\C with C C B and with B and C both decomposable into disjoint unions of sets
in CINT(X) of different sizes.

Proof. With A = {ay:i <u<j}set B={z,: 1 <u<j}and C ={z,:1<

u < i — 1}. Take the binary expansion j = 201 +2% 4+ ... by > by > ---, of j.
Decompose B into the first 2" elements of X union the next 2°2 elements of X, . ..,
and do likewise with C. |

We can think of any arithmetic progression as a subinterval of an entire residue
class so that

A= |J U INTH{zem):z=i modd}].

1<d<n 0<i<d

We define the “canonical arithmetic progressions”

(6) C=C= |J | CINT{zen:x=i modd}].

1<d<n 0<i<d
Lemma 3.3. If x is a partial coloring of [n] so that
V(X) < b(1X])
for all X € C, then

(7) X(A) <2 > b(s)

5;8=2t<n
for all X € A. O

3.2. The coloring. For s = 2/ < n how many s-sets are in C,? We restrict
1<d< Zf_ll (otherwise the residue classes have fewer than s elements) and for
n

each d the s-sets are disjoint so there are at most 2 of them, giving an upper

bound of % of them. For s = 1 there are only n distinct singletons. Ignoring

asymptotically insignificant terms we’ll say that C, has at most n2s~2 sets of size

S.

Remark. For s ~ \/n we have ~ n sets of size s and Corollary 2.4 gives a partial
coloring with |y (A)| < en'/* for all such sets. We need to simultaneously color the
larger and smaller sets. To avoid a logarithmic term in applying (7) we’ll need a
slightly better bound on |x(A)| when |A| is not near /n.
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We parameterize s = 7/n so that we have n7~2 sets of size s. We'll assume for
convenience that /n is a power of two so that 7 = 2%, i integral. We set

b(ry/n) = \/Tvno(rv/n) where o(r/n) = {

1 ifr>1,
dr701 ifr < 1.

We claim that, for an appropriately large constant ¢, (5) is now satisfied. We need
to show

(8) ZT_QG(C/T_l) + ZT_2G(C/T_O'1) < %
T7>1 T<1

where 7 in the sums runs over integral powers of 2 and G is given by (4). We will
insist that ¢/ > 1 so that G(c'y) < G(y). Both 77 2G(77!) = O(7721In(7)) (7 large)
and 772G (77%Y) = O(t7 2 exp(—77%2/9)) (7 small) give convergent sums so we
find an absolute constant 1" for which

Z T2G(rY) + Z 2G(r7"h) < 0.1,
2T 7T

As lim, o G(x) = 0 we may now select ¢’ > 1 sufficiently large so that the finite
sum

Z 772G (er ) < 0.1,
T-1<r<T

yielding (8). Hence by Lemma 3.3 and Corollary 2.4 there is a partial coloring of
[n] with at least half of the points colored and with

) Ix(4)] <2 Zb(n/ﬁ) < 2dnl/4 27—1/2 4 270.4

T>1 T<1

for all A € A. As the bracketed sums both converge this gives Lemma 3.1.

4. NUMBER THEORY

Let X C {1,...,n} be an m-element set. Let s be an integer, 1 < s < n. For an
integer d, let U(d) denote the set of all x € X in residue classes modulo d for which
at least s elements of X lie in that residue class. We are interested in the quantity

U=>U(d)].
d

We can clearly restrict ourselves to the range 1 < d < n/s (for larger d, U(d) = 0).
Also, for each d, |U(d)| < m, and thus we get U < nm/s. This is tight for s = 1
but, for large enough s, the following theorem gives an improvement. The intuition
behind it is that while for some individual value of d, the members of X can be
distributed among very few residue classes modulo d only, such a distribution cannot
occur for too many values of d at once.

Set p = m/n. We have

Proposition 4.1. Suppose that 5/m < s < m. Then
U < c@\/ﬁ
s

for an absolute constant c.
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Lemma 4.2. For any pair d, d’ of distinct natural numbers, we have

< @U@ T
v@nvi) < HOEOH o]

Proof. A number x € U(d) N U(d’) can be specified by giving the number r =
|2/lem(dd’) | plus the residue classes of  modulo d and modulo d’, by the Chinese
Remainder Theorem. The number 7 can be chosen in at most [n/lem(d, d’)] ways,
and we note that U(d) may intersect at most |U(d)|/s residue classes modulo d,
and similarly for U(d'). O

Lemma 4.3. Let I C {1,2,...,n} be a set such that d > dy for all d € I, and
ged(d,d’) < M for all distinct d,d' € I. Suppose that d3/n < M < s%d%/(9mn).
Then

> U(d)] < 2m.
del

Proof. If not, add indices to I one by one until the sum first gets over 2m. Stopping
then would give a set I with the same assumptions where x = 3~ |U(d)| satisfies
2m < x < 3m. We use Inclusion-Exclusion:

Uu@

del

(10) m > >N U@ - > [U@nUd)).

derl d,d’el,d<d

By Lemma 4.2 and by the assumptions on I, we have

S v < 3 PO TN

2
d<d’ d<d’ 5
1 ’ M
n
<oz <Z|U(d)|> <7 + 1) :
del 0
The assumption on M implies nM/d3 > 1. Thus, from (10), we further get
x? 2nM 9Im2nM
m>x > 2m — >2m—m=m

=7 282 &2 s2d2

(using the upper bound on M in the assumption of the lemma), a contradiction. O

Proof of Proposition 4.1. We may suppose that m,n, s, p~! are all sufficiently large
(otherwise the claim is satisfied trivially). We fix a parameter ¢ = 5,/p. We let J
be the interval
J = [eﬁ, E}
s’ s
(we may also suppose that emn/s is an integer). We note that the d lying outside
the interval J only contribute at most emn/s = 5(nm/s)/p to U. Hence it suffices
to bound ), ;|U(d)|.

We want to partition the interval J into consecutive intervals Iy, Is, ..., I, in
such a way that Lemma 4.3 can be applied to each of them, giving the bound
> aer, [U(d)] < 2m. It remains to calculate how small k& can be made. If we denote
I; = [di,di11), then we have ged(d,d') < d;y1 — d; for any two distinct numbers
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d,d € I;. Thus, in order to apply Lemma 4.3, it is enough to have

d?
(11) di+1 — dz Z —Z,

n

s2d?
12 iv1 —di < ——.
(12) dit1 —d Imn

The upper bound (12) suggests we define the d;’s by the initial condition dy = en/s
and by the recurrence
de
Imn
One may check that with our choice of parameters, s2d?/(9mn) > 2, and therefore
div1 > d; + s*d?/(18mn). We need to check the validity of (11), but this follows
by calculation from the assumption s > 5y/m.

It remains to estimate the smallest k such that dy41 > n/s. Set a = s?/(18mn).
Then d;1+1 > d;(1 4 ad;). Given i, let us estimate the number j of steps needed so
that ClH_j > 2d;. We have ClH_j > dl(l + Oédi)j > dl(]adz), so j > 1/(20édz) suffices
for the doubling. Therefore, the first doubling (from d; to at least 2d;) needs

L _9m
2dia  se

n

~o(29)

S

steps. Then the successive doubling times decrease geometrically, until the ra-
tio of two successive members of the sequence of the d;’s exceeds 2. The num-
ber of remaining steps needed for reaching n/s after this happens is at most
log,((n/s)/d1) = logy(1/€). Therefore k = O((n/s)\/p +log(1/p)) = O((n/s)\/p),
and ), ; |U(d)] = O((mn/s),/p) as claimed. O

Remark. The set S = {1,...,m} gives a value U ~ mTZ = ™2p. Finding the
maximal value of U = U(n,m, s) is an intriguing problem we do not pursue here
but we conjecture that our Proposition 4.1 is not best possible.

5. THE END OF THE HUNT

Let X C [n], |X| =m = pn with n=3/* < p < 1. Our object is to find a partial
coloring x of X so that |x(X N A)| is small for all A € A and at least half the points
of X are colored. Once successful, we’ll apply this process iteratively beginning
with X = [n] (which we did in §3), resetting X to be the uncolored points, until
|X| < n'/4 at which time the remaining points may be colored arbitrarily.

Following (6) set

c=¢cx=J | CINT{zeX:2=1i mod d}].
1<d<n 0<i<d
For any A € A we may, as in §3.1, decompose AN X = B\C with C C B and

B, C both disjoint unions of sets of Cx of different cardinalities. Lemma 3.3 now
generalizes.

Lemma 5.1. If x is a partial coloring of X so that |x(Y)| < b(|Y]) for allY € Cx,
then

IX(ANX)<2)  b(s)

s=21

forall A€ A.
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Let f(m,s) denote the number of s-sets in Cx so that f(m,s) < s~1U with U
as in §4. We first apply the elementary bound

f(m,s) < %
Lemma 5.2. There is a partial coloring x of X with
(AN X)| < en'/*
for all A € A and with more than half the points of X colored.

Proof. We follow the proof of Lemma 3.1 precisely. For s = 7y/n we set

e s
b(rv/n) = \/777_10(7\/5) with o(7v/n) = {c’r‘o'l ii T i 17

Again we need (8) and the bound (9) is the same. O

We iterate this result, beginning at X = [n], resetting X to be the uncolored
points at each iteration, stopping when |X| < pon, with py a sufficiently small (as
determined later) absolute constant. This is a constant number of iterations (recall
the number of uncolored points is at least halved at each iteration) so together we
have a partial coloring x with |y(A)| < en'/* for all A € A and a set X of fewer
than pgn points uncolored.

Remark. Continuing this process until | X| < n'/* and then coloring the remaining
points arbitrarily would give a full coloring with all |y (A)| < en'/*Inn. Our “slight”
improvement of §4 will allow a slight improvement as X becomes smaller so that
the sum converges to O(n1/4).

Now fix X with |X| = pn, n=3/* < p < pg. We set b(1/n) = \/T/no(r/n)
with

701 if 7 < pl/5,
(13) o(Tvn) = qp if pl/o <1 <1,
T_lp ifl1 <7,

and set

mT 2 if 7 < p'/°,
f(ry/n) = {CmT—Q\/ﬁ if 7> pl/s,

which, by a slight weakening of Proposition 4.1, is an upper bound on the number

of 7y/n-sets in Cx.
We first claim that for p appropriately small

(14) m~! Zf(T\/ﬁ)G(G(T\/ﬁ)) <0.2

(we recall the convention from §3—7 in summation runs through integral powers
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of 2). We split the sum by the ranges of (13). As functions of p
> G = oY),

‘r<pl/5
> erAVBG(p) = 0w (p7 ),
pl/5<r<1
S et BGrp) < ¢ S 2 plIn T + In(pY) = O(/pln(p))
1<t =7

which are all o(p) so that (14) holds when py is picked sufficiently small.
We bound

271—1/42317(“/5)S Z 704 4 Z Tl/2p+ZT_l/2p~

r<pi/ p/s<r<t 1<
The first sum dominates and this is O(p*?°) as p — 0. We have shown:

Lemma 5.3. There are absolute positive constants po, ¢ so that if | X| = pn, p <
po, then there exists a partial coloring x so that |x(AN X)| < en'/*p*? for all
A € A and with at least half the points of X colored.

The exponent % clearly could be improved by more careful calculation but it
does not matter. We are done. Begin with X = [n]. Apply Lemma 3.1 and then
Lemma 5.1 until | X| < pon, then apply Lemma 5.3 until | X| < n'/* and then color
the remaining points arbitrarily. The final coloring x has

|X(A)| < cn1/4 +Zc/n1/4(p02—i)4/25 —|—TL1/4 < C*77’1/4
i=0
for all A € A and has no points uncolored.
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