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SINGULAR INTEGRAL OPERATORS
WITH ROUGH CONVOLUTION KERNELS

ANDREAS SEEGER

1. INTRODUCTION

The purpose of this paper is to investigate the behavior on L'(R%), d > 2, of
a class of singular convolution operators which are not within the scope of the
standard Calderén-Zygmund theory.

An important special case occurs if the convolution kernel K is homogeneous of
degree —d. Suppose that Q € L'(S?~!) and

(1.1) /SH Q(0)d0 = 0;

here df denotes surface measure on the sphere. Then it is easy to see that for
f € C5°(R?) the principal value integral

(12) Taf(x) = pv. / Qy/ly)lyl~f (- v) dy

exists for all z € R%. Calderén and Zygmund [1] used the method of rotations
to show that if Q@ € L'(S971) and if the even part of € belongs to the class
Llog L(S9~1), then T extends to a bounded operator on LP(R%), 1 < p < co.

Proposition. Suppose that Q € Llog L(S*') and suppose that the cancellation
property (1.1) holds. Then Tq extends to an operator of weak type (1,1).

In two dimensions this result was previously obtained by Christ and Rubio de
Francia [3], and, under a slightly stronger hypothesis, by Hofmann [6]. In [2], [3] a
weak type (1,1) inequality was also proved for the less singular maximal operator

Mof(z) = supr / Q1) (& - v)|dy.
r>0 ly|<r

in all dimensions, again under the assumption 2 € Llog L. It is conceivable that
a variant of the arguments in [3] for the maximal operator could also work for the
singular integral operator; in fact, in unpublished work, the authors of [3] obtained a
weak type (1, 1) inequality in dimension d < 7. However their arguments—if applied
to the singular integral operator—lead to substantial technical difficulties and no
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proof has been known for the higher-dimensional cases. In this paper we develop
a different and conceptually simpler method, based on a microlocal decomposition
of the kernel (cf. (2.2) below). Incidentally this method also gives a new proof of
the weak type bounds for Mgq.

The proposition is a special case of a more general theorem concerning translation
invariant operators T with rough convolution kernels K € &’. We assume that K
is locally integrable away from the origin, so that

(1.3) (Tf.9) :‘//gtwf@DKXx—fndydx

for all f,g € C>*(R?) with disjoint supports. Clearly T extends to a bounded
operator on L2(RY) if and only if the Fourier transform K belongs to L>(R%).
Introducing polar coordinates = = r8, r > 0, § € S? !, we shall assume a weak
regularity condition for r — K(rf). However only size conditions will be imposed
in the 6 variable.

In order to formulate our assumptions let

2R
(1.4) Va(6) = /R K (r0)[r9=" dr
and
(1.5) V(o) = ]S;;% Vr(0).

Moreover, for a > 2 let

2R
(1.6) n(a) = sup /Si/R K ((r — 5)8) — K(r0)[r4~" dr do.

R>as

We shall always assume the Dini-condition

(1.7) /200 n(a)@ < oo.

a

Theorem. Suppose that T is as in (1.3) and that K € L>(R?). Suppose that (1.7)
holds and that V € Llog L(S?'). Then T is bounded in LP, 1 < p < co; moreover,
T is of weak type (1,1).

Note that for the operators in (1.2) we have n(a) = O(a™!) and V = ¢|Q|.

Therefore the Proposition follows from the Theorem.

Remarks. (i) It may be more natural to impose an integrability condition on Vg,
uniformly in R, rather than on the maximal quantity V. Indeed the hypothesis
V € Llog L can be replaced by

Sw/ Va(0)(1 + A(Va(0)/|[Vall1))d6 < oo
R Jgd-1
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for some nondecreasing function A : [1,00) — (0, 00) satisfying

/°° da <
1 ala) o

A(t) =log' ™ (2 + 1), or
A(t) = log(2 + t) log(2 + log' % (2 + 1)), etc.

Typical choices for A are

(ii) Without the assumption Q € Llog L(S%!) even the L? boundedness of
Tq may fail. This was pointed out by Calderén and Zygmund [1]. However if
Q € L1(S91) is odd, then Tg, is bounded on LP, 1 < p < oo (see [1]). Presently it
is not known whether a weak type (1,1) inequality holds in this case.

In §2 we shall give the main estimates needed to prove the Theorem. The formal
proof is contained in §3.

The following notation is used: For a set £ C R? we denote the Lebesgue
measure of E by |E|. For a set A € S9! we also write |[A] = [, df. The Fourier
transform of f is denoted by f, the inverse Fourier transform of f is denoted by
F~Lf]. Given two quantities a and b we write a < b or b 2> a if there is a positive

constant C', depending only on the dimension, such that a < Cb. We write a = b if
a<banda b

2. MAIN ESTIMATES

Let {H;} be a family of functions with
supp H; C {x: 2772 < |z < 2772}

We assume that the H; are differentiable in the radial variable and that the esti-
mates

(2.1) sup suprétt (E)IHJ-(TG) < My
0<I<N j or

hold uniformly in 6 and r. Convolution kernels of this type come up in a dyadic
decomposition of the kernel of the operator defined in (1.2), if Q € L>(5971).

We shall be interested in estimates for Hj x 3" bg where each bg is a building
block in a Calderén-Zygmund decomposition, supported in a cube @, and where
the sidelength 25(@) of @ is small compared to the diameter of supp H j; say by a
factor of ~ 27%.

For s > 3 let &® = {e?} be a collection of unit vectors with mutual distance
> 2757194~ guch that for each § € S9! there is an e with |0 —e3| < 27571
It is easy to see that we may construct disjoint measurable sets £ C S9! with
es € E, diam(E3) <27 and |J, E5 = S?71. Then clearly

card(€®) ~ 25041,

Let
H: (z) = Hj(x)xes(z/|z]).
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A further decomposition will be based on the observation that the Fourier transform
Hz, is concentrated near the hyperplane perpendicular to e;.

Fix a parameter x, such that 0 < x < 1. Let ¢ € C§°(R) be supported in [—4, 4]
such that ¢(t) =1 for t € [-2,2]. Define P? by

P3(€) = (27 e3) /I€]).
Our basic splitting is
(2.2) Hj =T5+ (H; = TI)

where
s = Z Py x H;,.

Lemma 2.1. Let 9 be a collection of cubes Q with disjoint interiors. Define
L(Q) = m if 27! < sidelength(Q) < 2™ and let Q,, = {Q € Q: L(Q) = m}. For
each Q let fo be an integrable function supported in Q satisfying

/ fol@)ldz < alQ].

Let F,,, = ZQeQm fq. Then for s >3

2
HZFi*Fj_S 2
j

< OPol27° 0" a Y | folh
Q

In our application of Lemma 2.1 the functions fg will be the basic building blocks
which arise in a Calderén-Zygmund decomposition at height ca. Note however that
for this part no cancellation condition for fq is assumed.

Lemma 2.2. Let Q be a cube of sidelength 27=° and let by be integrable and
supported in Q; moreover, suppose that [ bg = 0. Then for N > d+1 and 0 <e <1

I(Hj =T5) % bolly < Cn [Mo27* + My 25T EIM g ||y

where Cn does not depend on j or Q.

It is important to keep track of how the estimates depend on 9y since we
shall apply the lemmas in a situation where this norm is large and depends on s
itself. The bounds in Lemma 2.2 are not best possible, but this is irrelevant for our
purpose.

Proof of Lemma 2.1. We use an orthogonality argument based on the following
observation. Given s > 3, each ¢ # 0 is contained in at most C25(4=2+%) of the sets
Sllpp]SE where C' only depends on d. In fact by homogeneity it suffices to check
this for £ € 471, If £ € supp I/DE N S9! and ¢* is the hyperplane perpendicular to
&, then

(2.3) dist(es,+) < 2750,
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Since the mutual distance of the e¥ is bounded below by ¢/27% there are at most
'25(d=245) of the 2 satisfying (2.3). This implies the observation.

We apply Plancherel’s theorem, the Cauchy-Schwarz inequality and then Plan-
cherel’s theorem again to obtain

2 —_~ —_—— 2
HZF§*FJ-_S = (27r)d/2HZP§ZHJVFJ_
J v g
—_—— 2
(24) < T N omy 2 | N T, By
v J

- oren TS
v

For fixed v write

H i H:, % Fj_
j=—o00

/ Fyo(@) Fyos (2) da

+2 Z Z /HS « Hy, + Fy_(x) Fj_(x) dz

Jj=—001i=—00

where L’[\;;(:E) = H—;V(—x)

Next observe that H?, = H;, is for i < j supported in a rectangle R}, centered
at 0 with d — 1 short sides of length 277510 and one long side of length 29110, the
long side being parallel to 3. Since the measure of E? is bounded by C2~(¢—1)
we have

| Hp |1 S D271

for all 7 and consequently
1S, * Hy lloo < [ Hj, ool HE [l S MG273%272(0=0),

~

Therefore, since the cubes @ are disjoint,

|H3, « Hj xFy—s(x)| + 2‘H;V * ZHZ, * Fl-_s(x)‘

i<j
S [9370] 279d2™* / Z|Fz s(y)ldy
Jl/ i<j
S ) VD SR IS
Qﬁ(w-{-;j:)#@
S D22 Nay " N Q)
% L(Q)=i—s
QN(z+R: )0

[90)22 77427 oz + 2R3, |
[m0]22—s(2d—2)a

IZANRZAN
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for all z € R?. This finally implies that
Z H Z —s § [Mo)2027 (4= card(e?) Z | Fi—sllh
J
S[Mo?a27 DN [Fy
J

SMPa2™ @Dy | fola
Q

and the asserted inequality follows from (2.4). O

Proof of Lemma 2.2. Let 3 € C*(R%\ {0}) be supported in {¢ : 1/2 < [¢] < 2}
such that Y, 8%(27%¢) = 1 for all £ # 0. Let Ly, be defined by Li(¢) = B(27%¢).
Consider the multipliers

mik(€) = B27FE)(1 — P3(€)Hy, (6);

then

H;j —T5 = ZZS’: mSk] L.

Since diam(Q) < 277% and ||V Lg|1 < 2F we obtain using the cancellation of bg
(2.5) 1774 [m3s] = Li % bally < I~ m5y] [l min{1, 25797} [bg .-

(1-r)gs

Let ¢%, be the invertible linear transformation with €% e5 = 2k=¢ e and ¢k y =

SV -V

2ky if <y, es) = 0. It is straightforward to check that
108 [Li(1 = P2)(€5,)]ll2 < Ca

for all multi-indices «. Therefore Z;(l — ]/DE ) is an L' Fourier multiplier with norm
independently of k, s and v. Consequently

(2.6) IF = mlh S IH, [l S 27 Dm,.

In order to get a better bound for large k£ we estimate ﬁj\y and its derivatives using

integration by parts. Note that 1 — Ps(ﬁ) =0 if |(&,e5)| < 275=R)|¢|. Therefore
if 0 € B and if £ € supp(1 — PS) and |¢] ~ 2%, then [(0, )| > 27502k Now

T, = [ xes(®) [ H0)e @ drds
:/XES()(wg /aNH (r0)e= "€ =1 gy g,

Hence we obtain the size estimate

Im3k(€)] < CnMy | Ej 20 =)= =RIN
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uniformly in £. A similar calculation applies to the derivatives of mj’,j Differentiat-
ing L/[JS\V yields additional factors of r ~ 27 in the above integral and differentiating

6(2_’“-)]35 yields additional factors of 25(1=%)27%_ Since |E5| < C27°(4~1) we see
that

Hag[mjl;(2k>]”2 < CamNQ—s(d—l)(2s(l—n)_|_2j+k)|oz\2—N(j+k—s(1—n))

for all multi-indices o with |a| < N. Therefore if N > Ny > d/2

IF mll S ) o imss 2]l
(2.7) ol <Ny
< mN2—s(d—1)2—N(j+k—s(1—fi))(2(j+k)N1 +2s(1—n)N1).

Finally by (2.5), (2.6)

(2.8) Yo IF T mE] L bolln S Mo2 1 fbg ||y
k<—j+s(1—¢)

and by (2.7) with Ny =d, N >d+1

> IF T mik] « Li x bgl s
(29) k>—j+s(1—¢)

< SnNz—s(d—l)2—s(n—s)N [25(1(1—5) + 25(1(1—/@)} HbQ”l

If we sum over v and note that card(€*) < 25(¢=1 then (2.8) and (2.9) imply the
statement of the lemma. O

3. PROOF OF THE THEOREM

Clearly the L? boundedness for 1 < p < oo follows from the weak type (1,1)
estimate and the assumed L? boundedness, by a duality argument and the Mar-
cinkiewicz interpolation theorem (see [7]). Therefore given A > 0 we have to verify
the inequality

(3.1) {z eR?: |Tf(2)| > A} < ANTIf]lss

where

da

A=Rl+ [ @5+ [ VO 1o, VOV a8

here log, s =logs if s > 1 and log, s = 0 where 0 < s < 1. Then by assumption
A < 0.

Given f € L'(R?%) we shall use the Calderén-Zygmund decomposition of f at
height o« = A/A (see Stein [7]). We decompose

f=9g+0 :g+ZbQ
Q
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where [|g]lcc < ., |lglli S | f]l1, each bg is supported in a dyadic cube @ with
sidelength 25(@) and the cubes @ have disjoint interiors. Moreover ||bg|1 < @|Q)|
and ) o Q| < a |f|li. For each Q let Q* be the dilate of Q with same center
and L(Q*) = L(Q) + 10, and let E = JQ*. Then also

1Bl < a7 HIfll = AN fa-

Finally, for each @, the mean value of bg vanishes: [bg = 0. We shall use a variant
of Calderén-Zygmund theory due to Fefferman [5] and modified by Christ [2].
As in standard Calderén-Zygmund theory we have the estimate for the good
function g
ITgll3 < 1707 2 llgll3 < Allgllallgllee < AXlglly

and by Tshebyshev’s inequality

{z e R [Tg(2)| > A2} < 4A72|Tgl3 < 44X glls £ AN £

~

Therefore the proof of the Theorem is reduced to the estimate
(3.2) }{xeRd\E: |Tb(z)| >)\/2}| < ANTYH| £

Note that the expressions Thg(z) are well defined for almost all z € R%\ E since
we assume that K is locally integrable away from the origin.

We now introduce a dyadic decomposition of the kernel. Let 8 € C§°(R4) be as
in the previous section (supp 8 C (1/2,2), 3", B2(27%¢) =1 for all ¢ > 0). Define

Kj(x) = (277 |a]) K ().

For m € Z let

Bn= Y bo.

L(Q)=m

Then observe that the support of the functions K * B;_ is contained in E if s < 3.
Therefore, in order to verify (3.2), it suffices to prove that

(3.3) ){x eRY: DN K Bj(x)| > A/2}‘ S AT

s>3 j

We now decompose the kernels K; in the spherical variables according to the size
of V; moreover, we introduce a regularization in the radial variable.
Let
6 = [100(d + 2)]7*

and let
D? = {9 S Sd_l : V(G) < 265||VHL1(S¢1—1)}.

Let ¢ € C§°(R) such that [ ¢(t)dt = 1 and such that ¢(¢) = 0 if [¢| > 270, Then

(3.4) K;=Hj + R; + 5
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where
$3(r6) = B(2770)[K(0) — [ K(p)2%716(2%70( ~ p))dp],
R(r9) = 5(27n)xso,0:(6) [ K(p9)2*96(2% 7 (r = ).

Hj(r.6) = B2 r)xor (6) [ K(p0)2 027 = p))dp.

Observe that H vanishes if x| ¢ [2/72,277?] and that for 2972 <r < 2772 § € D*,

8 2r 3 N
r(G) H (r,0)| < 2oty / K (p0)|p™ dp < 2027 || V| L1 (ga-r).
r/2

That is, for fixed s > 3 and for all N, the family {H}} satisfies the assumption
(2.1) with
(3.5) My = On Vg1 (sa-1y27 V)
where C'y does not depend on V or s. We now decompose
Hi =T+ (Hj —T3)

exactly as in (2.2), except that this time the operator H; itself depends on s. The
decomposition (2.2) depended on a parameter 0 < k < 1; we may now choose
k=1/2.
We have split
ZZKJ « Bj_s(x) = I(z) + I1(z)
s>3 j

where

= Z ZF; * Bj_s(x)

s>3 j
and

z) =3 Y [Hf =I5+ RS + 8] % B;_4(a).
s>3 j
Now by Tshebyshev’s inequality
(o e R [30N K« Byoulw)| > A2}
36 >3 j
(3.6) S}{xeRd [I(z)| > A4} + [{z e R : |II(z)| > \/4}|
< 16AT?| I3 + 4N 111

By Lemma 2.1 and (3.5) with N = 0 we have

[Z H ZF;? * Bj_s 2}2

>3 j

S VI (sa-1y [2(25(454-&—1)&2 ||bQ||1)1/2:|2
Q

s>3

1713

IN

—
w
EN|
~—
2

< A% bgll S AXIfl;
Q
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here we could sum the geometrical series since 46 + k — 1 < —1/4.
Next we apply Lemma 2.2 with N = 5(d + 1), € = 1/4 and obtain

(3.8)
H ZZ Fs *Bj . /S ZA2(N+2)65(2—55 +2s(d—(m—a)N))ZHBj_sHl
s>3 j 5>3 J
S Allflls

now we have used that (N+2)6+d—(k—¢)N < —(d+1)/4and (N+2)6—e < —1/8.
It remains to estimate the sums involving R? and S;. Observe that

IR < / / r4=tdr d </ V(0)do
Sd=1\Ds J2i V(0)>2%¢|| V|1

and therefore

| X

s>3 j

S Zl\lell/ 0) card({s € N: 2°* <[V (0)/|[V]}1}) d¢

2J+1

LAY B [ V()0
s>3 j

V(0)>2°|[V]x

< / V(6)(1+1og, (V(O)/[V]1))d0 S [lballs
Q
< Allflh.

Finally ||S:]l1 < supg [|Vr[[1 and for s > 10/6

2]+1
sl < [ [ / p)0) — K (r)[r"=dr 9 [2°° (227 p)|dp
2i
< 265 3
Therefore
(DIPIE R §
s>3 j
S Y DB sHlsupHVRHuwd 1)
0<s<10/6 J
(3.10) + > Y B lhm(7?)
s>10/6 J
o0 da
S Jsup IVallgisan + [ 001 bl
R 2 a 0
S Al fll-

Now by (3.8), (3.9) and (3.10)

(3.11) [1I]lv < Al

~
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and the desired weak type inequality (3.3) follows from equations (3.6), (3.7) and
(3.11). O

We conclude by proving the remark following the statement of the Theorem.
We have to change the definitions of the functions H? and R in (3.4). Let C' =
supp ||Vr|1 and for j € Z

D3 ={0€ S Vo1 (0) + Vas (0) + Varr (8) < 2272°C1.

In the present setting we define H; and R as before but with D*® replaced by
D?. The estimate (3.9) is changed to

|3 858,

s>3 j

1

S UBj-alr Y /V Vasto (6) d6

s>3 j o=—17 Vaita ()>2%C

1
£l ZSI}P Z /V Vaive (0) df

5>3 T =1 2j+o (9)>2§SC

A

A

1 1
S U E sz 30 [ Vo @A 0)/C)a0

> da
S [ i s [ Va0 AVR(0)/Chas

The other estimates remain essentially unchanged; in various instances one replaces
[VIl1 by supg ||Vl
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