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0. INTRODUCTION

0.1. Compactifications of moduli problems. Initial statements of moduli prob-
lems in algebraic geometry often do not yield compact moduli spaces. For example,
the moduli space M, of nonsingular, genus g > 2 curves is open. Compact moduli
spaces are desired for several reasons. Degeneration arguments in moduli require
compact spaces. Also, there are more techniques available to study the global ge-
ometry of compact spaces. It is therefore valuable to find natural compactifications
of open moduli problems. In the case of M, there is a remarkable compactification
due to P. Deligne and D. Mumford. A connected, reduced, nodal curve C' of arith-
metic genus g > 2 is Deligne-Mumford stable if each nonsingular rational component
contains at least three nodes of C'. E, the moduli space of Deligne-Mumford stable
genus g curves, is compact and includes M, as a dense open set.

There is a natural notion of stability for a vector bundle E on a nonsingular
curve C'. Let the slope u be defined as follows: p(E) = degree(E)/rank(E). E is

slope-stable (slope-semistable) if
(1) u(F) < (<) WE)
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for every proper subbundle F' of E. When the degree and rank are not coprime, the
moduli space of slope-stable bundles is open. Uc(e, ), the moduli space of slope-
semistable bundles of degree e and rank r, is compact. An open set of Uc(e,r)
corresponds bijectively to isomorphism classes of stable bundles. In general, points
of Uc(e, ) correspond to equivalence classes (see section (1.1) ) of semistable bun-
dles.

The moduli problem of pairs (C, E'), where E is a slope-semistable vector bundle
on a nonsingular curve C, cannot be compact. No allowance is made for curves that
degenerate to nodal curves. A natural compactification of this moduli problem of
pairs is presented here.

0.2. Compactification of the moduli problem of pairs. let C be a fixed
algebraically closed field. As before, let M, be the moduli space of nonsingular,
complete, irreducible, genus g > 2 curves over the field C. For each [C] € M,,
there is a natural projective variety, Uc(e, r), parametrizing degree e, rank r, slope-
semistable vector bundles (up to equivalence) on C. For g > 2, let Uy(e, r) be the set
of equivalence classes of pairs (C, E), where [C] € M, and E is a slope-semistable
vector bundle on C' of the specified degree and rank. A good compactification, K,
of the moduli set of pairs Uy(e, r) should satisfy at least the following conditions:

(i) K is a projective variety that functorially parametrizes a class of geometric
objects.
(i) Ug(e,r) functorially corresponds to an open dense subset of K.
(iii) There exists a morphism 1 : K — E such that the natural diagram com-
mutes:

Ugle,r) —— K

I I
My, —— M,
(iv) For each [C] € M, there exists a functorial isomorphism
n(IC)) 2= Uc(e, r)/Aut(C).

The main result of this paper is the construction of a projective variety Uy(e,r)
that parametrizes equivalence classes of slope-semistable, torsion free sheaves on
Deligne-Mumford stable, genus g curves and satisfies conditions (i-iv) above.

The definition of slope-semistability of torsion free sheaves (due to C. Seshadri)
is given in section (1.1).

0.3. The method of construction. An often successful approach to moduli con-
structions in algebraic geometry involves two steps. In the first step, extra data is
added to rigidify the moduli problem. With the additional data, the new moduli
problem is solved by a Hilbert or Quot scheme. In the second step, the extra data
is removed by a group quotient. Geometric Invariant Theory is used to study the
quotient problem in the category of algebraic schemes. In good cases, the final
quotient is the desired moduli space.

In order to rigidify the moduli problem of pairs, the following data is added to
(C,E):

(i) An isomorphism CV ! = HO(C,wl?),

(ii) An isomorphism C" = H°(C, E).
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Note we is the canonical bundle of C. The numerical invariants of the moduli
problem of pairs are the genus g, degree e, and rank r. The rigidified problem
should have no more numerical invariants. Hence, N and n must be determined
by g, e, and r. Certainly, N = 10(2g — 2) — g by Riemann-Roch. It is assumed
HY(E) = 0 and E is generated by global sections. In the end, it is checked these
assumptions are consequences of the stability condition for sufficiently high degree
bundles. We see n = x(E) =e+r(1 —g).

The isomorphism of (i) canonically embeds C' in P¥ = PJ. The isomorphism
of (ii) exhibits E as a canonical quotient

C"®0Oc — FE — 0.

The basic parameter spaces in algebraic geometry are Hilbert and Quot schemes.
Subschemes of a fixed scheme X are parametrized by Hilbert schemes Hilb(X).
Quotients of a fixed sheaf F' on X are parametrized by Quot schemes Quot(X, F).
The rigidified curve C' can be parametrized by a Hilbert scheme H of curves
in PV, and the rigidified bundle E can be parametrized by a Quot scheme
Quot(C,C™ @ O¢) of quotients on C. In fact, Quot schemes can be defined in
a relative context. Let Uy be the universal curve over the Hilbert scheme H. The
family of Quot schemes, Quot(C,C" ® O¢), defined as C' «— P varies in H is
simply the relative Quot scheme of the universal curve over the Hilbert scheme:
Quot(Uyg — H,C"™ ® Oy, ). This relative Quot scheme is the parameter space of
the rigidified pairs (up to scalars). The Quot scheme set up is discussed in detail
in section (1.3).

The actions of GLy4+1(C) on CN*! and GL,(C) on C" yield an action of
GLN41 X GL,, on the rigidified data. There is an induced product action on the
relative Quot scheme. It is easily seen the scalar elements of the groups act trivially
on the Quot scheme. Uy(e,r) is constructed via the quotient:

(2) Quot(UH — H, C"® OUH)/SLN-i-l X SLn

There is a projection of the rigidified problem of pairs {(C, E') with isomorphisms
(i) and (ii)} to a rigidified moduli problem of curves {C' with isomorphism (i)}.
The projection is G Ly 41-equivariant with respect to the natural GL y.1-action on
the rigidified data of curves. The Hilbert scheme H is a parameter space of the
rigidified problem of curves (up to scalars). By results of Gieseker ([Gi]) reviewed
in section (1.2), the quotient H/SLy1 is My. A natural morphism Uy (e, ) — My
is therefore obtained. Gieseker’s results require the choice in isomorphism (i) of at
least the 10-canonical series.

The technical heart of the paper is the study of the Geometric Invariant Theory
problem (2). The method is divide and conquer. The action of SL,, alone is first
studied. The SL,-action is called the fiberwise G.I.T. problem. It is solved in
sections (2) - (6). The action of SLyy; alone is then considered. There are two
pieces in the study of the SLy 41 action. First, Gieseker’s results in [Gi] are used in
an essential way. Second, the abstract G.I.T. problem of SLy1 acting on P(Z) x
P(W) where Z, W are representations of SLy1 is studied. If the linearization is
taken to be Op(z) (k) ® Op(w)(1) where k >> 1, there are elementary set theoretic
relationships between the stable and unstable loci of P(Z) and P(Z) x P(W). These
relationships are determined in section (7). Roughly speaking, the abstract lemmas
are used to import the invariants Gieseker has determined in [Gi] to the problem at
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hand. In section (8), the solution of fiberwise problem is combined with the study
of the SLy1-action to solve the product G.I.T. problem (2).

0.4. Relationship with past results. In [G-M], D. Gieseker and I. Morrison
propose a different approach to a compactification over Wg of the universal moduli
space of slope-semistable bundles. The moduli problem of pairs is rigidified by
adding only the data of an isomorphism C" — H°(C, E). By further assumptions
on E, an embedding into a Grassmannian is obtained

C — G(rank(E), H*(C, E)*).

The rigidified data is thus parametrized by a Hilbert scheme of a Grassmannian.
The GL,-quotient problem is studied to obtain a moduli space of pairs.

Recent progress along this alternate path has been made by D. Abramovich,
L. Caporaso, and M. Teixidor ([A], [Ca], [T]). A compactification, P, ., of the
universal Picard variety is constructed in [Ca]. There is a natural isomorphism

v:FPye— Ugle,1).
This isomorphism is established in section (10). In the rank 2 case, the approach of
[G-M] yields a compactification not equivalent to Uy(e,2) ([A]). The higher rank
constructions of [G-M] have not been completed. They are certainly expected to

differ from Uy (e, r).

0.5. Acknowledgements. The results presented here constitute the author’s 1994
Harvard doctoral thesis. It is a pleasure to thank D. Abramovich and J. Harris for
introducing the author to the higher rank compactification problem. Conversations
with S. Mochizuki on issues both theoretical and technical have been of enormous
aid. The author has also benefited from discussions with L. Caporaso, I. Morrison,
H. Shahrouz, and M. Thaddeus.

1. THE QUOTIENT CONSTRUCTION

1.1. Definitions. Let C' be a genus g > 2, Deligne-Mumford stable curve. A
coherent sheaf E on C'is torsion free if

Vz € C, deptho,(E;) =1,
or equivalently, if there does not exist a subsheaf
0—-F—F

such that dim(Supp(F)) = 0. Let
q
c=Ja
1

where the curves C; are the irreducible components of C. Let w; be the degree of
the restriction of the canonical bundle we to C;. Let r; be the the rank of E at the
generic point of C;. The multirank of E is the g-tuple (r1,... ,7¢). E is of uniform
rank r if r; = r for each C;. If E is of uniform rank r, define the degree of FE by

e=x(E) —r(l—g).
A torsion free sheaf F is defined to be slope-stable (slope-semistable) if for each

nonzero, proper subsheaf
0—-F—F
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with multirank (si,... ,sq), the following inequality holds:

X(F) X(E)
3
? Sisn - Sire
respectively,

ELEETE
Yisiwi — Xiriwi)
The above is Seshadri’s definition of slope-(semi)stability in the case of canonical
polarization. In case E is a vector bundle on a nonsingular curve C, the slope-
(semi)stability condition (1) of section (0.1) and condition (3) above coincide. A
slope-semistable sheaf has a Jordan-Holder filtration with slope-stable factors. Two
slope-semistable sheaves are equivalent if they possess the same set of Jordan-Holder
factors. Two equivalence classes are said to be aut-equivalent if they differ by an
automorphism of the underlying curve C.

For g > 2 and each pair of integers (e, r > 1), a projective variety Uy(e,r) and
a morphism

n:Ugye,m) — M,
satisfying the following properties are constructed in Theorem (8.2.1). There is a
functorial, bijective correspondence between the points of Uy(e, ) and aut-equiva-
lence classes of slope-semistable, torsion free sheaves of uniform rank r and degree
e on Deligne-Mumford stable curves of genus g. The image of an aut-equivalence
class under 7 is the moduli point of the underlying curve.

Uy(e,r) and n will be constructed via Geometric Invariant Theory. The G.I.T.
problem is described in sections (1.2-1.7). The solution is developed in sections (2-
8) of the paper. Basic properties of Uy (e, r) are studied in section (9). In particular,
the equivalence of U, (e, 1) and P, . is established in section (10.3).

1.2. Gieseker’s construction. We review Gieseker’s beautiful construction of

M,. Fix a genus g > 2. Define:
d=10(2g — 2),
N=d-g.
Consider the Hilbert scheme H, 4 v of genus g, degree d, curves in PY. Let
Hy C Hga,N

denote the locus of nondegenerate, 10-canonical, Deligne-Mumford stable curves of
genus g. H is naturally a closed subscheme of the open locus of nondegenerate,
reduced, nodal curves. In fact, H, is a nonsingular, irreducible, quasi-projective
variety ([Gi]). The symmetries of PY induce a natural SLy1(C)-action on H,.
D. Gieseker has studied the quotient H,/SLy41 via geometric invariant theory.
It is shown in [Gi] that, for suitable linearizations, Hy/SLn41 exists as a G.I.T.
quotient and is isomorphic to E.

1.3. Relative quot schemes. Let Uy be the universal curve over H,;. We have
a closed immersion
Uy — Hy x PN
and two projections:
p:Un — Hg,

v:Uy — PV,
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Let Oy be the structure sheaf of Uy. The Grothendieck relative Quot scheme is
central to our construction. We will be interested in relative Quot schemes of the
form

(4) QUOt(:u : UH - Hg7 c" & OU7 V*(OPN(l))v f)a

where f is a Hilbert polynomial with respect to the p-relatively very ample line
bundle v*(Opx~(1)). We denote the Quot scheme in (4) by Q4(x,n, f).

We recall the basic properties of the Quot scheme. There is a canonical projective
morphism 7 : Qg(u, n, f) — Hy. The fibered product Qg (u, 7, f)x g, Ug is equipped
with two projections: '

0: Qg(,ua n, f) XH_q UH - Qg(,ua n, f)a
¢ Qg(p,n, f) xm, Ug — Un
and a universal §-flat quotient
(5) C"® Ogxu ~¢"(C"® Oy) — & — 0.
Let £ be a (closed) point of Qq(i,n, f). The point m(§) € Hy corresponds to
the 10-canonical, Deligne-Mumford stable curve Uy (¢). Restriction of the universal
quotient sequence (5) to Ur(e) yields a quotient
C"® OUn(g) — gf —0
with Hilbert polynomial
f(t) = x(& © Ov,, (1))-
The above is a functorial bijective correspondence between points £ € Qq(p, n, f)
and quotients of C" ® Oy, ., 7(§) € Hy, with Hilbert polynomial f.
1.4. Group actions. Denote the natural actions of SLy11 on Hy and Ug by:

U x SLyy1 —2— Uy

J,#Xid l#
Hyx SLyy1 —2— H,
Also define: _
fi: Uy x SLys1 "% Hy x SLyi1 % Hy,

TXid

T Qqg(p,n, f) x SLyy1 — Hg x SLy1 A Hy.

There is a natural isomorphism between the two fibered products

(Qqg(ptm, f) X SLnt1) X, Un =~ Qq(p,m, f) Xm, (U x SLy+1),

where the projection maps to H, are (7, ) and (7, ) in the first and second prod-
ucts respectively. The inversion in the definition of [z is required for the isomorphism
of the fibered products. There is a natural commutative diagram

U x SLyi1 —2— Uy

J7 L

H, _ H,

where
— id X1 a
ay - UH X SLNJrl z_zr)w UH X SLNJrl st UH
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We therefore obtain a natural map of schemes over C:

0:(Qg(p,n, f) x SLyy1) Xu, Un — Qqg(u,n, f) Xu, Un.

By the functorial properties of Q4(u,n, f), the p-pull-back of the universal quotient
sequence (5) on Qg4(p,n, f) x g, Un yields a natural group action:

Qg(,uanvf) X SLN+1 - Qg(ﬂ,n,f)-

Hence, the natural SLy -action on Hy lifts naturally to Qq(u,n, f). There is a
natural SL,(C)-action on Q4 (1, n, f) induced by the SL,,(C)-action on the tensor
product C" ® Opy. In fact, the SLyyi-action and the SL,-action commute on
Qg¢(pt,m, f). The commutation is most easily seen in the explicit linearized projec-
tive embedding developed below in section (1.6). Hence, there exists a well-defined
SLyy1 X SLy-action. For suitable choices of n, f, and linearization, a component
of the quotient Qg (p,n, f)/(SLy+41 X SLy) will be Ugy(e, 7).

1.5. Relative embeddings. Following [Gr]|, a family of relative projective em-
beddings of Q4(u,n, f) over Hy is constructed. Since the inclusion

Qg(ll,n, f) X H, Ug — Qg(Mﬂ%f) X PN
is a closed immersion, the universal quotient £ can be extended by zero to Qg (1, 1, f)
x PN, Let
Op : Qgu,n, ) x PY — Qg(p,n, f)
be the projection. The universal quotient sequence (5) induces the following se-
quence on Qg (u,n, f) x PV:
0—-K—=C"®0qgxpy — & — 0.

Since £ and Ogypn~ are Op-flat, K is fp-flat. By the semicontinuity theorems for
fp-flat, coherent sheaves, there exists an integer t, such that for each ¢ > t, and

each £ € Qq4(p, 1, f) :

(6) W' (PY, K¢ ® Opn (1)) = 0,

(7) h(PY, & ® Opn (1) = f(t),

(8) h'(PY, € © Opx (t)) = 0,

(9) C"® H°(PY,0pn (1)) — H' (PN, & @ Opn (t)) — 0.

The surjection of (9) follows from (6) and the long exact cohomology sequence. For
each t > t,, there is a well defined algebraic morphism (on points)

it : Qg n, f) — G(f(t), (C" @ H (P, Opn (1)))")
defined by sending £ € Qq(1,n, f) to the subspace
HO(PY & @ Opn (1))* C (C" @ HO(PY,0pn(1)))*.
By the theorems of Cohomology and Base Change, it follows from conditions (6-8)
there exists a surjection
C" @ HO(PY, Opx (1)) © Og = 09, (C" © Ogpw (1) — Op.(€ © Opx (1)) 0,

where 0p.. (£ ® Opn (t)) is a locally free, rank f(t) quotient. The universal property
of the Grassmannian defines i; as a morphism of schemes. It is known that there
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exists an integer tg such that for all ¢ > tg, the morphism 7 X ¢; is a closed
embedding:
™ x iyt Qg f) — Hy x G(f(1), (C" @ HO(PY, Opn (1)))")-

The morphisms 7 X i, t > tg(g, n, f), form a countable family of relative projective
embeddings of the Quot scheme Qg4 (u, n, f) over Hy.

1.6. Gieseker’s linearization. Since the Hilbert scheme Hg, n is the Quot
scheme

Quot(PY — Spec(C), Opn,0pn(1), h(s) =ds — g+ 1),
there are closed embeddings for s > s4:
iyt Hagn — G(h(s), H'(PY, Opx (s))).
By results of Gieseker, an integer 3(g) can be chosen so that the SLy;-linearized
G.LT. problem determined by £ has two properties:

(i) Hy is contained in the stable locus.
(i) Hy is closed in the semistable locus.

In order to make use of (i) and (ii) above, we will only consider immersions of the
type L.

For each large ¢, there exists an immersion:
ist 1 Qqu,n, f) — G(A(3), H' (PN, Opn (3)))x G (£ (1), (C"®H (P, Opn (1)))").
By the Pliicker embeddings, we obtain

h(3) f(t)

dei: Qo(un, f) = P(\ H'PN,0p~(3)") x P(\ (C" @ H (PN, Opn (1))
The fact that the SLy41 and SLy-actions commute on Qg4(u,n, f) now follows
from the observation that these actions commute on C" @ H°(PY, Opn (1))*.

1.7. The G.I.T. problem. Let C' be a Deligne-Mumford stable curve of genus
g > 2. For any coherent sheaf F' on C, it is not hard to see:

(10) X(F@we) =x(F)+ (D siwi) -1,
1

where (s1,...,84) is the multirank of F ([Se]). Equation (10) and the slope in-
equalities of section (1.1) yield a natural correspondence

(C,E) — (C,E @ wk)

between slope-semistable, uniform rank r, torsion free sheaves of degrees e and
e+ 1t(2g — 2). Therefore, it suffices to construct Uy(e,r) for e >> 0.
The strategy for studying the G.I.T. quotient

Qg(:u’ n, f)/(SLNJrl X SLn)

is as follows. First a rank r > 1 is chosen. Then the degree e > e(g,r) is chosen
very large. The Hilbert polynomial is determined by:

(11) fer(t) =e+7r(1l—g)+r10(29 — 2)t.

For [C] € Hg, fer(t) is the Hilbert polynomial of degree e, uniform rank r, torsion
free sheaves on C' with respect to Opn~(1). The integer n is fixed by the Euler
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characteristic, n = fe (0). As remarked in section (0.3) of the introduction, n will
equal h(C, E) for semistable pairs. Let

f(gu T, 6) = tﬁ(gv n= fe,r(0)7 fe,r)
be the constant defined in section (1.5) for Qg4 (i, fe,r(0), fe.r). A very large t >
t(g,r,e) is then chosen. Selecting e and t are the essential choices that make the
G.I.T. problem well-behaved. Finally, to determine a linearization of the SLy 41 X
SLy,-action on the image of js:, weights must be chosen on the two projective
spaces. These are chosen so that almost all the weight is on the first,
h(3)
(12) P(\ H(PY,0px(5))).

Since SL,, acts only on the second factor of the product, the weighting is irrelevant
to the G.I.T. problem for the SL,-action alone. The SL, action is studied in
sections (2)-(6). Since SLy41 acts on both factors, the weighting is very relevant
to the SLy4+1- G.I.T. problem. General results of section (7) show that in the case of
extreme weighting, information on the stable and unstable loci of the SLy1-action
on first factor can be transferred to the SLy41-action on the product of the factors.
Gieseker’s study of the SLy1-action on the first factor (12) can therefore be used.
In section (8), knowledge of the SL, and SLy41 G.I.T problems is combined to
solve the SLy 41 x SL,, G.I.T. problem on Qg(u, n, f).

2. THE FIBERWISE G.I.T. PROBLEM

2.1. The fiberwise result. The fiber of 7 : Q4(u,n, f) — Hy over a point [C] €
H, is the Quot scheme

Qy(Cyn, f) = Quot(C — Spec(C), C" @ Oc, we, f).
For large t, the morphism i; embeds Q4(C,n, f) in
G(f(t),(C" @ Sym"(H°(C,wE)))").

The embedding ¢; yields an SL,-linearized G.I.T. problem on Q4(C,n, f). Before

examining the global G.I.T. problem for the construction of Uy (e, r), we will study
this fiberwise G.I.T. problem. The main result is:

Theorem 2.1.1. Let g > 2, r > 0 be integers. There exist bounds e(g,r) > r(g—1)
and t(g,r,e) > t(g,r,e) such that for each pair e > e(g,r), t > t(g,7,¢) and any
[C] € Hy, the following holds:

A point £ € Qq(C,n = fer(0), fer) corresponding to a quotient

C"®0c—FE—0

is G.I.T. stable (semistable) for the SLy-linearization determined by i; if and only
if E is a slope-stable (slope-semistable), torsion free sheaf on C and

Y:C"® H(C,0c) — H(C,E)
is an isomorphism.

P. Newstead has informed the author that a generalization of this fiberwise G.I.T.
problem has been solved recently by C. Simpson in [Si]. A slight twist in our
approach is the uniformity of bound needed for each [C] € H;. The proof will be
developed in many steps.
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2.2. The Numerical Criterion. Stability for a point ¢ in a linearized G.I.T.
problem can be checked by examining certain limits of & along 1-parameter sub-
groups. This remarkable fact leads to the Numerical Criterion. The most general
form of the Numerical Criterion is presented in section (7.2). A more precise version
for the fiberwise G.I.T. problem is stated here.

Fix a vector space Z with the trivial SL,-action. In the applications below,

Z = Sym! (H(C,wl).

Consider the linearized SLy-action on G(k, (C" ® Z)*) obtained from the standard
representation of SL,, on C™. Let £ € G(k, (C"® Z)*). The element £ corresponds
to a k-dimensional quotient

pe : C"® Z — Keg.

Let 7 = (v1,...,v,) be a basis of C™ with integer weights W = (w(v1), ... ,w(vy)).
For combinatorial convenience, the additional condition that the weights sum to
zero is avoided here. The representation weights of the corresponding 1-parameter
subgroup of SL,, are given by rescaling: e; = w(v;) — >, w(v;)/n. An element
a € C" ® Z is said to be T-pure if it lies in a subspace of the form v; ® Z. The
weight, w(a), of such an element is defined to be w(v;). The Numerical Criterion
yields:

(1) € is unstable if and only if there exists a basis T of C™ and weights w with
the following property. For any k-tuple of T-pure elements (a1, ... ,ay) such
that (pe(a1),. .. ,pe(ax)) is a basis of K¢, the inequality

Z w(:i) < Z w(}ja‘)

i=1 j=1

is satisfied.

(2) € is stable (semistable) if and only if for every basis T of C™ and any noncon-
stant weights w the following holds. There exist U-pure elements (a1, ... ,ax)
such that (pe(a1),. .., pe(ar)) is a basis of K¢ and

w(:i) > (>) Z w(]jj)_
1 J=1

n

2

See, for example, [N] or [M-F].

2.3. Step I. The instability arguments will use the following lemma.

Lemma 2.3.1. Let g > 2, r > 0, e > r(g — 1) be integers, [C] € Hy. Suppose
£ € Qy(Con= fer(0), fe,r) corresponds to a quotient

C"®0c — E —0.

Let U C C™ be a subspace. Let (U @ H°(C,O¢)) =W C H°(C,E). Let G be the
subsheaf of E generated by W. For any t > t(g,e,r) the following holds: if

dim(U) _ h°(C,G @ wl)
> )
n fer(t)
then € is G.I.T. unstable for the SL,-linearization determined by i;.

(13)
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Proof. Let u = dim(U). Inequality (13) implies 0 < u < n. Let ¥ be a basis of
C" such that (vy,...,v,) is a basis of u. Select weights as follows: w(v;) = 0
for 1 <i <wand w)=1foru+1<i<n We now use the Numerical
Criterion for the SL,-action on G(fe,-(t), (C"®Sym!(H°(C,w{’)))*). The element
& corresponds to a quotient

Yt C" @ Sym'(HY(C,w)) — H°(C,E @ wd') — 0.

Suppose (aq, ... ,af, .(+)) is a tuple of v-pure elements mapped by Pt to a ba-
sis of HY(C,E ® wl?"). All a;’s have weight 1 except those contained in U ®
Sym!(H®(C,w)) which have weight 0. The number of a;’s of weight 0 is hence
bounded by h%(C, G ® w’). Since

fe,r(t)

Zn: w(v;) %o ho(C, G @ wi™) < w(ay) ,
=1 n n fe,r(t) j=1 fe,r(t)
the Numerical Criterion implies £ is unstable. |

Proposition 2.3.1. Let g > 2, r > 0 be integers. For each pair e > r(g — 1),
t > t(g,r,e) and any [C] € Hy, the following holds:
If € € Q4(C,n = fer(0)fer) corresponds to a quotient
C"®0c — E — 0,
where 1 : C" @ H°(C,O¢) — H°(C, E) is not injective, then & is G.I.T. unstable
for the S L, -linearization determined by i;.

Proof. Suppose 1 is not injective. Let U @ H°(C,O¢) be the nontrivial kernel of
1. The assumptions of Lemma (2.3.1) are easily checked since W = 0 and G is the
zero sheaf. £ is G.I.T unstable by Lemma (2.3.1). O

3. COHOMOLOGY BOUNDS

3.1. The bounds. In order to further investigate the fiberwise SL,-action, we
need to control the first cohomology in various ways.

Lemma 3.1.1. Let g > 2, R > 0 be integers. There exists an integer b(g, R) with
the following property. If E is a coherent sheaf on a Deligne- Mumford stable, genus
g curve C such that:

(i) E is generated by global sections.
(ii) E has generic rank less than R on each irreducible component of C.

Then h*(C, E) < b(g, R).

Proof. Since w¢ is ample and of degree 2g — 2, there is a bound ¢(g) = 2g — 2 on
the number of components of C'. Since E is generated by global sections and has
bounded rank, there exists an exact sequence:

qR
@Oc—)EHT—)(),
1

where Supp(7) has at most dimension zero. Hence
h'(C,E) < qR-h'(C,0c).
Since h'(C,O¢) =g, b(g, R) = (29— 2)Rg+ 1 will have the required property. O
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Lemma 3.1.2. Let g > 2, R > 0 be integers. Let E be a coherent sheaf on a
Deligne-Mumford stable, genus g curve C' satisfying (i) and (i) of Lemma (3.1.1).
Suppose F' is a subsheaf of E generated by global sections. Then
IX(F)| < [x(E)| + b(g, R).
Proof. By Lemma (3.1.1), h!'(C,F) < b(g, R). Therefore, —b(g, R) < x(F). By
Lemma (3.1.1) applied to E,
X(F) < h°(C,F) < h°(C, E) < x(E) +b(g, R) < [x(E)| +b(g, R).

The result follows. |

Lemma 3.1.3. Let g > 2, R > 0, x be integers. There exists an integer p(g, R, X)
with the following property. Let E be any coherent sheaf on any Deligne-Mumford
stable, genus g curve C satisfying (i) and (i) of Lemma (3.1.1) and satisfying
X(E) = x. Let F be any subsheaf of E generated by k global sections:

(14) C*®0Oc — F —0.
Then for allt > p(g, R, x) :

(i) hY(C,F @ wi") =0.

(ii) C* @ Sym!(H°(C,wd)) — H°(C, F @ wi¥) — 0.

Proof. Let C = Ji C;. Let w; be the degree of wc restricted to C;. Let (s1,... ,sq)

be the multirank of F. By (10) of section (1.7), the Hilbert polynomial of F' with

respect to wlco is:

X(F @ wl) = x(F) + (Z siw;) - 10¢.

By Lemma (3.1.2), |x(F)| < |x| + b(g, R). Also
0<s; <R, 1<q<29—-2, 1<w;<29—2.
Therefore the data g, R, and x determine a finite collection of Hilbert polynomials

{fla ceey fm}
that contains the Hilbert polynomial of every allowed sheaf F'.
The morphism (14) yields a natural map ¢ : C¥ — HO(C, F). Let
im(y) =V c H(C,F).
We note that (14) can be factored:
CFQ0c - V®0Os— F —0.

Since (ii) is surjective if and only if the analogous map in which C* is replaced by
V is surjective, we can assume

k< h%(C,F) <h°(C,E) < |x|+b(g, R).

Suppose F' is a coherent sheaf on a Deligne-Mumford stable, genus g curve
satisfying:

(a) F is generated by k < |x| + b(g, R) global sections: C* @ Oc — F — 0.

(b) F has Hilbert polynomial f (with respect to w(?).
Then there exists an integer (g, k, f) such that for all £ > #(g, k, f) :

(i) RY(C, F @wi) =0.

(ii) C* @ Sym!(H°(C,wl)) — H°(C, F @ wi¥) — 0.
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The existence of £(g, k, f) follows from statements (8) and (9) of section (1.5) applied
to the Quot scheme Qq(u, k, f). Now let

p(g, R, x) = maz{ t(g,k, f;) | 1 < k < x|+ b(g, R), 1 <j <m}.
It follows easily that p(g, R, x) has the required property. |
3.2. Step II. We apply these cohomology bounds along with the Numerical Cri-

terion in another simple case. First, two definitions:
Define R(g,r) = (29 —2) + 1. If E is a coherent sheaf on C with multirank (r;)
and Hilbert polynomial f. , with respect to w?, then by (10) of section (1.7),

Zriwi =r(2g9 — 2).

Therefore, r; < R(g,r) for each 1.
If E is a coherent sheaf on C| there is canonical sequence

0—71—FE—FE —0,
where 7 is the torsion subsheaf of E and E’ is torsion free.

Proposition 3.2.1. Let g > 2, r > 0, e > r(g — 1) be integers. There exists a
bound to(g,r,e) > t(g,r,e) such that for each t > to(g,r,€), and [C] € H, the
following holds:

If £€Qqy(C.n= fer(0),fer) corresponds to a quotient

(15) C"®0Oc — E — 0,

where ¥ (C" @ H(C,0¢)) N HY(C,7g) # 0, then & is G.LT. unstable for the
S Ly, -linearization determined by i;.

Proof. Let U C C™ be a 1 dimensional subspace such that
(U @ H(C,00)) =W C H(C,7R).
Let G be the subsheaf of E generated by W. For all ¢,
RO(C,G @ wd) < h(C, 15 @ W) = KO(C, TR).
By Lemma (3.1.1),
WO(C, i) < KO(C, B) =

X(E) +h'(C,E) < fe,r(0) + b(g, R(g, 7))
There certainly exists a tg (g, T, e) >

(9,7, e) satisfying Vt > to(g,7, €),

i
.+(0) + b(g, R(g, )
n 2>t For(D) '

The Proposition is now a consequence of Lemma (2.3.1). O

4. SLOPE-UNSTABLE, TORSION FREE SHEAVES

4.1. Step IIIL. Propositions (2.3.1) and (3.2.1) conclude G.I.T. instability from
certain undesirable properties of points in Qg4(C,n, fe.r). In this section, G.I.T.
instability is concluded from slope-instability in the case where v is an isomorphism
and E is torsion free. The case where ¢ is not an isomorphism (and E is arbitrary) is
analyzed in section (5) where G.I.T. instability is established. The above results (for
suitable choices of constants and linearizations) show only points of Q4(C,n, fe )
where 1 is an isomorphism and F is a slope-semistable torsion free sheaf may be
G.I.T. semistable. The G.I.T. (semi)stability results are established in section (6).
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Proposition 4.1.1. Let g > 2, r > 0 be integers. There exist bounds e1(g,r) >
r(g—1) and ti(g,r,e) > t(g,r,€) such that for each pair e > e1(g,7), t > t1(g,7,€)
and any [C] € Hy, the following holds:

If £€€Qqy(Cin= fer(0), fer) corresponds to a quotient

C"®0¢c — E — 0,

where ¢ : C" @ H°(C,0¢c) — HY(C,E) is an isomorphism and E is a slope-
unstable, torsion free sheaf, then & is G.I.T. unstable for the SLy-linearization
determined by 4.

4.2. Lemmas and the proof. The proof of Proposition (4.1.1) requires two Lem-
mas which are used to apply Lemma (2.3.1). First a destabilizing subsheaf F' of
E is selected. F determines a filtration: W = H(C, F) c H°(C,E). H°(C,E) is
identified with C™ by 1. Let U = «~}(W). If F is generated by global sections,
the vanishing theorems of section (3) can be applied. Riemann-Roch then shows
the conditions of Lemma (2.3.1) for U, W follow from the destabilizing property
of F' (Lemma (4.2.2)). In fact, the vanishing argument is valid when F' is generi-
cally generated by global sections. Lemma (4.2.1) guarantees that a destabilizing
subsheaf F' generically generated by global sections exists if E is of high degree.

Lemma 4.2.1. Let g > 2, r > 0 be integers. There exists an integer e1(g,r) >
r(g — 1) such that for each e > e1(g,7) and [C] € Hy the following holds:

If E is a slope-unstable, torsion free sheaf on C with Hilbert polynomial fe , (with
respect to wéo), then there exists a monzero, proper destabilizing subsheaf F of E
and an exact sequence

(16) 0—-F—F—71—0,
where F is generated by global sections and Supp(t) has at most dimension zero.

Proof. Since FE is slope-unstable, there exists a nonzero, proper destabilizing sub-
sheaf,
0—F — E.

Let C be the union of components {C;} where 1 < i < ¢, and let (s;), (r;) be the
multiranks of F', F/. Since F is torsion free and F' is nonzero, the multirank of F is
not identically zero. Since the Hilbert polynomial of E is f ,, we see (by section
(3.2)) R(g,7) = (29 —2) + 1 satisfies Vi r; < R(g,r). F can be chosen to have
minimal multirank in the following sense. If F’ is a nonzero subsheaf of F with
multirank (s}) such that 3j s} < s; , then F’ is not destabilizing. Let F be the
subsheaf of F' generated by the global sections H°(C, F). Since F is destabilizing:

BCF) = x(F) > x(B) - (52 ) = e rl—a) - (755 )

Hence if e > r(g — 1), h°(C,F) > 0 and F is nonzero. We now assume e >
r(g — 1). Let (3;) be the nontrivial multirank of F. The sequence (16) has the
required properties if and only if (5;) = (s;). Suppose 3j, 3; < s;. Then F is not
destabilizing, so
— > Bw;
X(F) < (e+r(l—g))- (m) :
We obtain

i (22 e (B2)



A COMPACTIFICATION OVER M, OF THE UNIVERSAL MODULI SPACE 439
The last inequality follows from the fact
0< ZEiwi < Zsiwi <r(2g9 —2).
Since F is generated by global sections, Lemma (3.1.1) yields
h*(C,F) < b(g,R(g,7)) = b.
We conclude,
(C,F) < b+ h(C, F) - (M) .
Since h°(C, F) = h°(C, F) and

r°(C, F) >

(6259(1_25)> | <r<2gl 2)) <

e(g,r) = b(g, R(g,7)) - (r*(29 — 2)*) + (g — 1)
has the property required by the lemma. O

we obtain the bound

Hence

Lemma 4.2.2. Let g > 2, r > 0, e > e1(g,r) be integers. There exists an integer
t1(g,r,e) > t(g,m,e) such that for each t > t1(g,r,¢e) and [C] € Hy, the following
holds:

If £ € Qg(Cyn = fer(0), fer) corresponds to a quotient

C"®0¢c — E — 0,

where E is a slope-unstable, torsion free sheaf on C, then there exists a nonzero,
proper subsheaf

0—-F—FE
such that
hO(C, F) - hO(C, F @ wi)
n fenr(t)
Proof. Let t1(g,7,e) > p(g,R(g,7), x = fer(0)) be determined by Lemma (3.1.3).

Take F' to be a nonzero, proper, destabilizing subsheaf of F for which there exists
a sequence

(18) 0—-F—F—71—0,

(17)

where F is generated by global sections and Supp(r) has dimension zero. Such
F exist by Lemma (4.2.1). Since F is a subsheaf of F and is generated by global
sections, Lemma (3.1.3) yields for any ¢ > t;, h'(C, F ® w?) = 0. By the exact
sequence in cohomology of (18), h'(C, F @ w{?*) = 0. Let (s;) be the (nontrivial)
multirank of F. We have

WO(C,F @ wd) = x(F) + (D siwi)10t,

fer(t) = X(E) + (29 — 2)10¢.
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We obtain
X(E) - fer(t) = X(B) - h°(C, F @ we™)
=X(F) - 7(2g = 2)10t — X(E) - (O _ siw;)10t > 0.
The last inequality follows from the destabilizing property of F. Hence
X(F) _ 1(CF©ws)
X(E) fer(t)
Since h°(C, F) > x(F) and x(E) = n, the lemma is proven. O

We can now apply Lemma (2.3.1).

Proof. [Of Proposition (4.1.1)] Let e1(g,7) be as in Lemma (4.2.1). For e > e1(g,7),
let t1(g,r, e) be determined by Lemma (4.2.2). Suppose t > t1(g,r,e). Let F be
the subsheaf of E determined by Lemma (4.2.2). Let U C C" = ¢~ (HY(C, F)).
Since 1) is an isomorphism, dim(U) = h°(C, F). Let G be the subsheaf generated
by the global sections H°(C, F'). Certainly

RO(C, F @ wi) > h(C,G @ w™).

Lemmas (4.2.2) and (2.3.1) are now sufficient to conclude the desired G.I.T. insta-
bility. 0

5. SPECIAL, TORSION BOUNDED SHEAVES
5.1. Lemmas. As always, let n = f,,(0) = x(E). If
Y :C"® H(C,0c) — H(C, E)

is injective but not an isomorphism, then h'(C, E) # 0. We now investigate this
case and conclude G.I.T. instability for the corresponding points of Q4(C,n, fe.r).
The strategy is the following. Since H!(C, E) is dual to Hom(E,wc), the latter
must be nonzero. In Lemma (5.1.1), the kernel of a nonzero element of Hom/(F,w¢)
is analyzed to produce a very destabilizing subsheaf F of E. Lemma (2.3.1) is then
applied as in section (4). In order to carry out the above plan, the torsion of F
must be treated with care.

For any coherent sheaf E on C, let 0 — 7 — E be the torsion subsheaf. E
is said to have torsion bounded by k if x(7g) < k. Let R(g,r) = r(2g — 2) + 1 as
defined in section (3.2).

Lemma 5.1.1. Let g > 2, r > 0 be integers. There exists an integer ex(g,r) >
r(g — 1) such that for each e > es(g,r) and [C] € Hy, the following holds:
If E is a coherent sheaf on C with Hilbert polynomial fe. (with respect to w{?)
satisfying
(i) K (C,E) #0,
(ii) E has torsion bounded by b(g, R(g,r)),
then there exists a nonzero, proper subsheaf F of E with multirank (s;) not identi-
cally zero such that
(i) F is generated by global sections,
(i
X(F) —blg, R(g,m))  _ x(E)

1.
S sion r2g-9)
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Proof. Since by Serre duality H'(C, E)* = Hom(FE,wc), there exists a nonzero
morphism of coherent sheaves:

c:F — we.

We have 0 — o(F) — w¢, where o(E) # 0. Since we is torsion free, o(FE) has
multirank not identically zero. Note

X(o(E)) < h%(C,0(E)) < h°(C,wc) =g.
Consider the exact sequence:
0—-K—FE—o(E)—D0.
Since x(K) = x(E) — x(o(E)),
X(K) = X(E) — g.

Fore > r(g—1)+g, x(K) > 0 and K # 0. Let F be the subsheaf generated by
the global sections of K. x(K) > 0 implies F' # 0. Let b = b(g, R(g,r)). We have

X(F) > h°(C,F) =b=h"(C,K) —b> x(K) —b>x(E) —b—g.

Fore > r(g—1)+2b+ g, x(F) > b. Now assume e > r(g — 1) + 2b + g. By the
bound on the torsion of E, F' is not contained in 7. Let (s;) be the multirank of
F. Since F is not torsion, the multirank is not identically zero. In fact, since o(F)
has multirank not identically zero,

0< Zsiwi < r(2g — 2).
We conclude

Bt > (o). ()

(X%g_ —2b2>_ g) ' (ré(gzg ;>2) 1) '

For large e depending only on g and r,

(BB (G ) B

We omit the explicit bound. O

An analogue of Lemma (4.2.2) is now proven.

Lemma 5.1.2. Let g > 2, r > 0, e > ex(g,r) be integers. There exists an integer
ta(g,r,e) > to(g,r,€e) such that for each t > ta(g,r,e) and [C] € Hy, the following
holds:

If € € Q4(Con = fer(0), fer) corresponds to a quotient

C"®Oc — FE — 0,
where E is a coherent sheaf on C' satisfying
(i) ¥ : C"® H°(C,0¢) — H°(C, E) is injective,

(i) h'(C,E) #0,
(iii) E has torsion bounded by b(g, (R, g,T)),
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then there exists a nonzero subspace W C 1/}(0” ® HY(C, Oc)) generating a non-
zero, proper subsheaf 0 — G — E such that

dim (W) - hO(C, G @ w)
n f e,r (t)
Proof. Let F be the subsheaf of E determined by Lemma (5.1.1). Let

(19)

W =im() N H°(C, F).
Since
h(C, E) < x(E) + b(g, R(g,7)),
and v is injective,
dim(W) > h°(C, F) — b > x(F) — b.
Note by condition (ii) on F' in Lemma (5.1.1), dim(W) > 0. Let
t > p(g, R(g,7), X = fe.r(0)).
Since F' is generated by global sections,
W (C, F@ws) =0
by Lemma (3.1.3). We have

W(C,F @ wd) = x(F) + (D siwi)10t,

fer(t) = x(E) +r(2g — 2)10¢.
We compute
(X(F) = b) - fer(t) = x(B) - B°(C, F @ wg™)
= (x(F) = b) - (29 — 2)10t — x(E) - (O _ siw;)10t — b - x(E)
>7(2g —2)- () siwi) - 10t — b- x(E).

The last inequality follows from condition (ii) on F in Lemma (5.1.1). If also

t>b-x(E)=0b(g,R(g,7r)) - (e+7(1—g)),
then
x(F)—b o hY(C, F @ wi)
X(E) Jer(t)

Let G be the subsheaf of F' generated by W. Since dim(W) > x(F) —b, n = x(E),
and

hO(C, F @ w) > B°(C, G @ w),

the proof is complete. O
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5.2. Step IV.

Proposition 5.2.1. Let g > 2, r > 0 be integers. There exist bounds es(g,r) >
r(g—1) and ta(g,7,€) > to(g,r, €) such that for each pair e > ea(g,r), t > ta(g,7,€)
and any [C] € Hy, the following holds:

If £€Qqy(C.n= fer(0),fer) corresponds to a quotient

C"0c—FE—0
where h'(E,C) # 0, then & is G.L.T. unstable for the SL,,-linearization determined
by it.
Proof. Let ex(g,r) be given by Lemma (5.1.1). For e > es(g,7), let ta(g, 7, e) be
given by Lemma (5.1.2). Let
Y :C"® H(C,0c) — H(C, E)

be the map on global sections. If 1) has a nontrivial kernel, £ is unstable by Propo-
sition (2.3.1). We can assume 1 is injective. Note that ém(¢) has codimension
less than b(g, R(g,7)) in H°(C, E). If 0 — 7 — E is a torsion subsheaf such that
h(C,7) = x(7) = b(g, R(g,7)), then

im(v) N H(1,C) # 0.

In this case, since t > to(g,r,e),  is unstable by Proposition (3.2.1). We can
assume FE has torsion bounded by b. We now can apply Lemma (5.1.2). Let
W C im(¢) be determined by Lemma (5.1.2). Let U = ¢~ Y(W). Since ¢ is
injective, dim(U) = dim(W). Lemmas (5.1.2) and (2.3.1) now imply the desired
G.I.T. instability. O

6. SLOPE—SEMISTABLE, TORSION FREE SHEAVES

6.1. Step V. Let g > 2, r > 0 be integers. Let
e > mam(el(g, 7’), 62(9,7")),

> maz(to(g, T, 6)7 tl(ga T, 6), t?(gv T, 6))
be determined by Propositions (2.3.1, 3.2.1, 4.1.1, 5.2.1). We now conclude the
only possible semistable points in the SL,-linearized G.I.T. problem determined
by
it Qg(Cin = fer(0), fer) = G(fe,r(t), (C" @ Sym! (H®(C,we)))*)

are elements & € Q,(C,n, fc ) that correspond to quotients
C"®0¢c — E — 0,

where
Y:C"® H°(C,0c) — H(C,E)

is an isomorphism and F is a slope-semistable, torsion free sheaf. In order for
¢ to be semistable, ¢ must be injective by Proposition (2.3.1). Surjectivity is
equivalent to h'(C, E) = 0. By Proposition (5.2.1), 1 must be surjective. Since
¥ is an isomorphism, F must be torsion free by Proposition (3.2.1). Finally, by
Proposition (4.1.1), E must be slope-semistable. We now establish the converse.



444 RAHUL PANDHARIPANDE

Proposition 6.1.1. Let g > 2, r > 0 be integers. There exist bounds e3(g,r) >
r(g—1) and t3(g,r,e) > t(g,r,€) such that for each pair e > e3(g,r), t > t3(g,r,€)
and any [C] € Hy, the following holds:

If £€€Qqy(Cin= fer(0), fer) corresponds to a quotient

C"®0¢c — E — 0,

where
Y:C"@ H(C,0c) — H(C,E)

is an isomorphism and E is a slope-stable (slope-semistable), torsion free sheaf,
then € is a G.I.T. stable (semistable) point for the S L, -linearization determined by
it.

6.2. Lemmas. For the proof of G.I.T. (semi)stability, the fundamental step is
the inequality of Lemma (6.2.2) for every subsheaf F' of F generated by global
sections. Note this is the reverse of the inequality required by Lemma (2.3.1).
Lemma (6.2.2) follows by vanishing, Riemann-Roch, and the slope-(semi)stability
of E when F is nonspecial. In case h'(C, F) # 0, an analysis in Lemma (6.2.1)
utilizing Hom(F,w) # 0 yields the required additional information. The Numerical
Criterion of section (2.2) and Lemma (6.2.2) reduce the stability question to a
purely combinatorial result established in Lemma (6.2.3).

Lemma 6.2.1. Let g > 2, » > 0 be integers. Let q be an integer. There exists
an integer es(g,r,q) such that for each e > e3(g,7,q) and [C] € Hy, the following
holds:

If E is a slope-semistable, torsion free sheaf on C with Hilbert polynomial fe ,
(with respect to wl?) and

0—-F—F
is a nonzero subsheaf with multirank (s;) satisfying h*(C, F) # 0, then:

(20) XF)ta _ _xE)

> siwi r(2g —2)
Proof. Since h'(C, F) # 0, there exists a nontrivial morphism

o:F — we.

Consider the subsheaf 0 — o(F) — we where o(F) # 0. By the proof of Lemma
(5.1.1), x(o(F)) < g. Consider the exact sequence
0—-K—F—o(F)—0.
If K =0, then
X(F) +4
——— < .
S siwi g+q
Therefore, if
e>r(g—1)+r(29—2)(g+q+1),

the case K = 0 is settled. Also, the case x(F) < g is settled. Now suppose K # 0
and x(F) — g > 0. We have x(F) — g < x(K). Let (s}) be the nontrivial multirank
of K. Since o(F) is of nontrivial multirank we have:

0< Zséwz < Zsiwi <r(2g —2).
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We obtain:
<Xgii;ig> . <T(;;29 ;)2) 1) : (Xgii;z‘g> ' (%Zi)
< S

Using the slope-semistability of E with respect to K, we conclude:

Xg;i;z‘g : <T(§9(E)2)) . (r(ié; 2)2; 1) '

It is now clear, for large e depending only on g and r and g, the inequality (20) is
satisfied. |

Lemma 6.2.2. Let ¢ > 2, r > 0. Let b = b(g,R(g,7)). Let e > es(g,7,b) >
r(g—1). There exists an integer t3(g,r,e) > t(g,r,e) such that for eacht > t3(g,r, e)
and [C] € Hy, the following holds:

If € € Q4(Cyon = fer(0), fer) corresponds to a quotient

C"®0¢c — E — 0,

where E is a torsion free, slope-semistable sheaf on C and 0 — F — FE is a nonzero,
proper subsheaf generated by global sections, then
RO(C, F) < h(C, F @ w¥")
no Jer()

If E is slope-stable,
hO(C, F) - h(C, F @ w)
n fer(t)
Proof. Suppose t > p(g, R(g,7),x = fe,r(0)). Let (s;) be the nontrivial multirank

of F'. Since F' is generated by global sections, the vanishing guaranteed by Lemma
(3.1.3) yields

hO(C,F @wi") = x(F) + (D siwi)10t.
The Hilbert polynomial can be expressed:
fer(t) = X(E) +r(2g — 2)10t.
First consider the case where h!'(C, F) = 0. Then h°(C, F) = x(F). We compute
X(F)  fer(t) = x(B) - h*(C, F @ we)
= X(F) - 7(29 — 2)10t — x(E) - () _ siw)10t < (<) 0,
where F is slope-stable, (slope-semistable). Hence
hO(C, F) _ xX(F) < (<) hO(C, F @ wi)
x(B)  x(B) T fer(t)
Since n = x(F), the nonspecial case is thus settled. Now suppose h'(C, F) # 0.
Lemma (6.2.1) now applies to F. We compute
)

(X(F) +0) - fer(t) = x(B) - h°(C, F @ wg™)
= (X(F) +b) - 7(2g — 2)10t — X(E) - (O _ siwi)10t + b - x(E)
<= siwi)-r(2g —2)- 10t + b- x(E).
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Fort>b-x(E)=b-(e+r(l—g)),
X(F) +b _ h(C,F @ wi)
x(E) fer(t) '

Since h°(C, F) < x(F) + b,

The proof is complete. O
We require a simple combinatorial lemma.
Lemma 6.2.3. Let n > 2 be an integer. Let
Wi <We <...<W,, Wi <W,
be integers. Let {a;}, {0} be rational numbers such that

(i) X1 8=
(i) Vi<m<n-—1, ZT,@ < () ZTO@.
Then:

n

iﬁi'Wi > (>) Zai'VVi-
1

1

Proof. Use discrete Abel summation:
n n n—1 m
D BWi= (B Wu- > ((Z Bi) - (Winga — Wm))
i=1 i=1 m=1 1
n n—1 m n
SED SRS o (VST REANERA) B we
i=1 m=1 1 i=1

The middle inequality follows from (i) and (ii) above. O

6.3. Proof of Proposition (6.1.1).

Proof. Let es(g,r) = es(g,r,b(g, R(g,7))) be determined by Lemma (6.2.1). For
e > e3(g,r), let ts(g,r,e) > p(g, R(g,7),x = fer(0)) be given by Lemmas (6.2.2)
and (3.1.3). We will apply the Numerical Criterion to the linearized SL,-action on
G(fer(t),(C" ® Sym'(H*(C,we)))").
The element & corresponds to the quotient:
Pt C" @ Sym'(HY(C,w?)) — HY(C,E @ w') — 0.
Let 7 = (v1,... ,v,) be a basis of C™. Let (w(vy),...,w(v,)) be weights satisfying
wvr) <w(ve) < ... <w(vy), wlvr) < w(vy,).

To apply the Numerical Criterion for (semi)stability, an fe .(t)-tuple of T-pure
elements of C" ® Sym!(H°(C,wl?)) projecting to a basis of H*(C, F ® w?) and
satisfying the weight inequality (2) of section (2.2) must be shown to exist.

For 1 < i < n, let F; denote the subsheaf of E generated by w(@;zl v; ®
H°(C,O¢)). By the surjectivity guaranteed by (ii) of Lemma (3.1.3),

21 Pt v; @ Sym!(C, HY(w)) — H°(C, F; @ wdt) — 0.
J Y c c

j=1
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Define for 1 <i <n, A; =h(C, F; @ w?).
The required f ,(t)-tuple (a1,az,...,ays, () is constructed as follows. Select
elements

(a,...,aa,) € v1 ®@ Sym'(H°(C,wd))
such that (¢*(a1),...,%"(aa,)) determines a basis of H°(C, F; @ w’*). Select
(A, 41, ,04,) € v2 @ Sym!(H(C,wd))
such that (¢'(ay),...,9¥"(aa,)) determines a basis of H(C, Fx ® w’). Continue
selecting
(aAiJrlv s aaAi+1) € Vi1 ® Symt(HO(Ca wé’o))
such that (¢*(a1),... 9" (aa,,,)) determines a basis of H°(C, Fj11 ® w?). Note
that if A; = A1, then (¢'(a1),...,v¥%(aa,)) already determines a basis of
HOY(C, Fit1 ® wi) and no elements of v;11 ® Sym!(H°(C,w{’)) are chosen. This
selection is possible by the surjectivity of (21).
Let a1 = Al/fe,r(t) and Q; = (Al - Aifl)/feyr(t) for 2 S ) S n. We have
n .feyT(t)

o) — w(ay)
Zaz (v3) JZ:; fe,r(t)'

=1

Let 8; = (1/n). Note
Zﬁi = Zai =1.
1 1

Let 1 <m < n — 1. Since 1 is an isomorphism, m < h°(C, F,,,). Suppose F,, # E.
Then Lemma (6.2.2) yields

m A,
22 Do) Ltm
(22) — <(9) 0
If F,,= E, then A,, = f.,(t) and the inequality (22) holds trivially (m < n — 1).
So for all 1 <m < n —1, we have

S8 < () ) e

1

n n n fe,r(t)
w(v; w(a,;
S Y ) > (@) Yawle) = Y ol
= " 1 1 j=1 Jer(t)
By the Numerical Criterion, £ is G.I.T. stable (semistable). O

6.4. Step VI. Only one step remains in the proof of Theorem (2.1.1). It must be
checked that strict slope-semistability of E implies strict G.I.T. semistability.

Lemma 6.4.1. Let g > 2, r > 0 be integers. There exists an integer e4(g,r) such
that for each e > es(g,r) and [C] € Hg, the following holds:
If E is any slope-semistable, torsion free sheaf on a C' with Hilbert polynomial

fer (with respect to wé?t) and 0 — F — E is a nonzero subsheaf with multirank

(s;) satisfying
X(F) _ x(E)
(23) Yosiw;  r(29—2)
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then
(i) hY(C,F) =0.
(ii) F is generated by global sections.
Proof. Suppose F' is a nonzero subsheaf of E satisfying (23). If e > es(g,7,0),

by Lemma (6.2.1), h*(C,F) = 0. Now let z € C be a point. We have an exact
sequence

— 0.

0—-mzF — F —
My

Since F' is torsion free and C' is nodal, it is not hard to show that

F
di 2. .
im <m$F> <2-R(g,7)

Since (F/myF) is torsion, m,F has the same multirank as F. Also

X(mmF) > X(F) —2R.

By (23),
X(maF) +2R - x(E)
> siw; r(2g —2)
If e > e3(g,7,2R), h*(C,m,F) = 0 by Lemma (6.2.1). In this case F is generated
by global sections. We can therefore choose es(g,7) = e3(g,r,2R). O

Proposition 6.4.1. Let g > 2, r > 0 be integers. There exist bounds e4(g,r) and
ta(g,r,e) such that for each pair e > ea(g,r), t > ta(g,7,€) and any [C] € Hgy, the
following holds:

If £ € Qg(Cyn = fer(0), fer) corresponds to a quotient

C"®0c— E — 0,

where

Y :C"® H(C,0c) — H(C, E)
is an isomorphism and E is a strictly slope-semistable, torsion free sheaf, then £ is
a G.LT. strictly semistable point for the SL,-linearization determined by iy.

Proof. Since £ is G.I.T. semistable for e > e3(g,7) and ¢ > t3(g,r, e), it suffices to
find a semistabilizing 1-parameter subgroup. If e > e4(g,r), then, for any nonzero,
proper semistabilizing subsheaf 0 — F — E, we have h°(C, F) = x(F) and F is
generated by global sections. It is now easy to see that the flag 0 ¢ H°(C, F) C
H°(C, E) with weights {0, 1} determines semistabilizing data for large t > t4(g, 1, ).

|

We have now shown for the bounds:
e(g,r) = max{e;(g,r) | 1 <i <4},

t(g,r,e) = max{t;(g,r,e) | 0 <i <4}
the claim of Theorem (2.1.1) holds. This completes the proof of Theorem (2.1.1).
By Lemma (6.4.1), each slope-semistable, torsion free sheaf E on C with Hilbert
polynomial f., appears in Qg (C, fe.r(0), fe.r)° for e > e(g,7), t > t(g,7,€). It is
now clear the SL,-orbits of Q4(C, fe.(0), fe.r)¥° correspond exactly to the slope-
semistable, torsion free sheaves on C with Hilbert polynomial f. ,.
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6.5. Seshadri’s construction. In [Se], C. Seshadri has studied the SL,-action
on Qq(C,n = fe,(0), fe,r) via a covariant construction. For e >> 0, he finds a
G.I.T. (semi)stable locus that coincides exactly with the G.I.T. (semi)stable locus
of Theorem (2.1.1). These results appear in Theorem 18 of chapter 1 of [Se] for
nonsingular curves and Theorem 16 of chapter 6 for singular curves. The collapsing
of semistable orbits is determined by the Zariski topology. Seshadri shows that

(i) If E; is a flat family of slope-semistable, torsion free sheaves on C' such that
the Jordan-Holder factors of Ey.o are {F}}, then the Jordan-Holder factors
of Ey are also {F;}.

(ii) If E is a slope-semistable, torsion free sheaf on C' with Jordan-Holder factors
{Fj}, then there exists a flat family of slope-semistable, torsion free sheaves
FE; such that:

Eizo = E, Eog@Fj .
j

Statement (ii) is proven by constructing flat families over extension groups. It
follows from these two results that the points of our quotient

Qy(Con = fe,r(0), fer)?®/SLn
for e > e(g,r), t > t(g,r, e) naturally parametrize slope-semistable, torsion free
sheaves with Hilbert polynomial f., up to equivalence given by Jordan-Holder
factors.

7. TWO RESULTS IN GEOMETRIC INVARIANT THEORY

7.1. Statements. Let V, Z, and W be finite dimensional C-vector spaces. Con-
sider two rational representations of SL(V):

¢: SL(V) — SL(Z),
w: SL(V) — SL(W).

These representations define natural SL(V)-linearized actions on P(Z) and P(WW).
There is an induced SL(V)-action on the product P(Z) x P(W). Since

Pic(P(Z) x P(W)) = Z & Z,

there is a 1-parameter choice of linearization. For a,b € N7, let [a,b] denote the
linearization given by the line bundle Op(z)(a) ® Opw)(b). Subscripts will be used
to indicate linearization. Let

pz: P(Z) x P(W) = P(Z)

be the projection on the first factor.

Proposition 7.1.1. There exists an integer ks(C,w) such that for all k > kg:
7 (P(2)%) C (P(Z) x P(W))j -

Proposition 7.1.2. There exists an integer kss(C,w) such that for all k > kgg:
(P(Z) x P(W))ii C o7 (P(2)%%).

D. Edidin has informed the author that Proposition (7.1.1) is essentially equiv-
alent to Theorem 2.18 of [M-F].
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7.2. g-stability. Let A\ : C* — SL(V) be a l-parameter subgroup. Let dim(V) =
a. Tt is well known there exists a basis T = (v1,...,v,) of V such that A takes the
form

A(t)(vl) =t . Vi, te C*
Denote the tuple (eq,... ,eq) by € The exponents satisfy the determinant 1 condi-
tion, Y i, e; = 0. Let [e| = max{|e;|}. For the representation ¢ : SL(V) — SL(Z),
there exists a basis Z = (21, ... ,2p) such that ¢ o X takes the form

CoA(t)(zj) =t .z, tecC™.

Again, 2?21 f; = 0. The pairs {v,2} and {Z, f} are said to be diagonalizing data
for A and ¢ o A respectively.

Let [2] € P(Z) correspond to the one dimensional subspace of Z spanned by
z # 0. By the Mumford-Hilbert Numerical Criterion, [z] is a stable (semistable)
point for the (-induced linearization on P(Z) if and only if for every 1-parameter
subgroup A : C* — SL(V), the following condition holds: let {Z, f} be diagonalizing
data for (o A and let z = Z_Z;‘:l &; - zj, then there exists an index j for which &; # 0
and f; <0 (f; <0).

Let ¢ > 0 be a real number. The point [z] is defined to be g-stable for the (-
induced linearization if and only if for every 1-parameter subgroup A : C* — SL(V)
the following condition holds: let {7, e} and {Z, f} be diagonalizing data for A and
CoXandlet z = 2221 & - zj, then there exists an index j for which &; # 0 and
fi < —q-[e|l. For ¢ > 0, let P(Z)% denote the g-stable locus for the (-induced
linearization.

Proposition (7.1.1) will be established in two steps:

Lemma 7.2.1. There exists ¢(¢) > 0 such that P(Z)1% = P(Z)".
Lemma 7.2.2. For any q > 0, there exists an integer kqs(q,w) such that for all

k> kqs:
Pz (P(2)7) C (P(Z) x P(W))fj -

Lemmas (7.2.1) and (7.2.2) certainly imply Proposition (7.1.1).

7.3. Proofs of Lemmas (7.2.1) and (7.2.2). Let U be a finite dimensional Q-
vector space. Let L = {I;} be a finite set of elements of U*. The set L is said to be
a stable configuration if
VO#ueU, i lj(u)<0.

If W= (uy,us,...,uq) is a basis of U, define a norm | |z : U — QZ° by

k

|ulz = max{|vi|}, where u= Z%ui.
1

Lemma 7.3.1. Suppose L = {l;} is a stable configuration in U. Let u be a basis
of U. Then there exists ¢ > 0 depending upon L and © such that

(24) VO#ueU, Fi li(u) <—q-|ulz
Proof. Let U C Ur = U ®q R. Suppose there exists an element 0 # u € Ur and
a decomposition L = L' U L" satisfying:

(i) Vie L', I(u) =0.

(i) vl e L”, I(u) > 0.
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Since the locus {z € Ur | VI € L/, I(z) = 0} is a rational subspace and the locus
{z € Up |Vl € L", I(z) > 0} is open, there must exist an element 0 # @& € U
satisfying (i) and (ii). Since L is a stable configuration in U, such 4 do not exist.
It follows

VO#u€eUr, Ji li(u) <O0.

Let S be the unit box in Ur: S = {u € Ur | |ulz = 1}. Define a function g : S — R~
by
g(s) =min {l(s) |l € L}.

The function g is continuous and strictly negative. Since S is compact, g achieves
a maximum value —m on S for some m > 0. The bound ¢ = m/2 clearly satisfies
(24). |

Proof. [Of Lemma (7.2.1)] The proof consists of two simple pieces. First, a basis ©
of V is fixed. By applying Lemma (7.3.1), it is shown there exists a ¢ > 0 such that
the stability of [z] implies the g-stability inequality for all 1-parameter subgroups
of SL(V') diagonal with respect . Second, it is checked that this ¢ suffices for any
selection of basis.

Let T = (v1,...,v,) be a basis of V. Let

U={(e1,...,eq) | eiEQ,Zei=O}.
1

There exist linear functions {ly,...,l;} on U and a basis Z = (21,...,2) of Z
satisfying the following: if A : C* — SL(V) is any l-parameter subgroup with
diagonalizing data (U, €), then the diagonalizing data of o\ is (Z, (I1(€), ... ,ls(€))).
Let {L1,...,Lp} be the set of distinct stable configurations in {l,...,l;}. That

is,forall 1 < J< B, Ly C{l,...,lp} and L; is a stable configuration in U. Let
= (uy,...,uq—1) be a basis of U of the following form:
u = (~1,1,0,...,0), ... , ug_1 = (=1,0,...,0,1).

Note [e] < a - [e|z for € € U. By Lemma (7.3.1), there exists gy > 0 such that (24)
holds for each stable configuration L;. Let

1 )
¢=_" min{qs}.

Suppose [z] € P(Z2)%. Let z = Zl{ &;zj. By the Numerical Criterion, the stability
of [z] implies the set {l;]§; # 0} is a stable configuration in U equal to some L ;. For
any l-parameter subgroup with diagonalizing data (7, €), the diagonalizing data of
CoXis (Z,(l1(e),...,lp(e))). By (24), we see there exists an [; € Ly such that

li(€) < —qs - lela < —q- €.

Suppose ¥’ is another basis of V. Then, up to scalars, there exists an element
v € SL(V) satisfying v(v) = 7’. It is now clear that

€M E), (@), - 1(e)))

is diagonalizing data for ¢ o A where A\ has diagonalizing data (¥’,€). Since the
set {l1,...,lp} is independent of 7, the above analysis is valid for any 1-parameter
subgroup. We have shown that [2] € P(Z)%°. O
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Lemma 7.3.2. Let w : SL(V) — SL(W) be a rational representation. There
exists an M, > 0 with the following property. Let A : C* — SL(V) be any 1-

parameter subgroup. Let (T,€) and (W, h) be diagonalizing data for X and w o \.
Then |h| < M, - |e].

Proof. Let T be a basis of V.. Let U be as in the proof of Lemma (7.2.1). There exist

linear functions {l1,...,l.} on U and a basis W = (w1,... ,w.) of W satisfying the

following: if A : C* — SL(V) is any 1-parameter subgroup with diagonalizing data

(T, €), then the diagonalizing data of w o X is (w, (I1(€), ... ,l.(€))). Choose M, so
vy, |l;(e)] < M, - |el.

As in the proof of Lemma (7.2.1), the set of linear functions does not depend on 7.
The proof is complete. O

Proof. [Of Lemma (7.2.2)] It is clear that if an element [z] € P(Z) is g-stable for
the ¢-induced linearization, then [2*] € P(Sym*(Z)) is kg-stable for the Sym*({)-
induced linearization. Let M, be determined by Lemma (7.3.2) for the representa-
tion w. Let kys = M,,/q. We check for k > kys,

pz' (P(2)1%) € (P(Z) x P(W)jqy-
The linearization [k, 1] corresponds to the embedding;:
P(Z) x P(W) — P(Sym*(Z) @ W),

[2] x [w] — [2F ® w].

Let [2] € P(Z)? and [w] € P(W). Let A : C* — SL(V) be any l-parameter
subgroup. Let € be the diagonalized exponents of . Let (E*,?*) and (w, h) be
the diagonalizing data of Sym*(¢) o A and w o A. Since [2¥] is kg-stable for the
SymPF(¢)-induced linearization, there exists an index p satisfying:

(i) The basis element z;; has a nonzero coefficient in the expansion of [2%].

(ii) fr < —kq-[e] <=M, - [e|.
Let w, be any basis element that has a nonzero coefficient in the expansion of w.
Note z;, ® w, is an element of the diagonalizing basis z* ® w of

(Sym*(() @ w) o A

having nonzero coefficient in the expansion of z* ® w. The exponent corresponding
to 2, ® w, is simply f,; + h,. Since

|| < [R] < M., - Jel,

condition (ii) above implies the exponent is strictly negative. By the Numerical
Criterion, [z¥ x w] is stable. The lemma is proven. O

7.4. Proof of Proposition (7.1.2). Let ¢ : SL(V) — SL(Z) be a rational repre-
sentation as above. An element [2] € P(Z) is (e1, ... , e,)-unstable for the (-induced
linearization if there exists a destabilizing 1-parameter subgroup A : C* — SL(V)
with diagonalizing data (7,€): if (%, f) is diagonalizing data for ¢ o A and z =
SV &; - 25, then & # 0 implies f; > 0. Let P(Z)?UN < P(Z) denote e-unstable
locus.

From the Numerical Criterion, every unstable point is e-unstable for some a-tuple
e=(e1,...,eq). We need a simple finiteness result:
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Lemma 7.4.1. Consider the (-linearized G.I.T. problem on P(Z). There exists a
finite set of a-tuples, P, such that

U P@)*N =p(2)"V,
ecP

Proof. We first show that P(Z)?Y" is a constructible subset of P(Z). Fix a 1-
parameter subgroup A : C* — SL(V) with diagonalizing data (7,€). Let (%, f) be
diagonalizing data for ( o A. Let H be the projective subspace of P(Z) spanned by
the set {z;]f; > 0}. Certainly H C P(Z)°UN. Since every 1-parameter subgroup

of SL(V') with diagonalized exponents € is conjugate to A, we see the map
k:SL(V)x H—P(2)
defined by:

is surjective onto P(Z)U¥.

The unstable locus, P(Z)YY | is closed. Also, P(Z)YY is the countable union of
the P(Z)°UN. Over an uncountable algebraically closed field, any algebraic variety
that is countable union of constructible subsets is actually the union of finitely
many of them. Therefore a finite set of a-tuples, P, with the demanded property
exists in the case C is uncountable.

There always exists a field extension C — C’ where C’ is an uncountable alge-

braically closed field. By base extension,
CC’ : SL(;/(V XRc CI) — SLC/(Z Xc C/)

Since C is algebraically closed, it is easy to see that the C-valued closed points of
Pc/(Z ®c C')UN are simply the points of Pc(Z)¢YN. Hence, the assertion for C’
implies the assertion for C. This settles the general case. O

Proof. [Of Lemma (7.1.2)] Let P be determined by Lemma (7.4.1) for the repre-
sentation (. Let M, be determined by Lemma (7.3.2) for the representation w. Let
N¢ satisty
Vee P, N¢>|[e.

Let kss = M,, - N¢. Suppose k > kgg. For each element

[2] x [w] € P(Z)VN x P(W),
we must show that [z ® w] is unstable for the SymF*(¢) ® w-induced linearization
on P(Sym*(Z) @ W). Since [z] € P(Z)UV, there exists an € € P such that [2]
is e-unstable for the (-induced linearization on P(Z). Let A : C* — SL(V) be
a l-parameter subgroup with diagonalized exponents € that destabilizes [z]. Let
(%, f) and (w, h) be diagonalizing data for o A and wo \. Let z = Zli & - zs and
w = Y70+ w; be the basis expansions. Since A destabilizes [z], we see
(25) E£0 = f,>0.

A diagonalizing basis of Sym”(¢) o A can be constructed by taking homogeneous
monomials of degree k in Z. Denote this basis with the corresponding exponents
by (z*, f *) Then z* ® w is a diagonalizing basis of

(Sym*(¢) @ w) o A.
We must show that every nonzero coefficient of the expansion of z* ® w in the basis
Z* ®W corresponds to a positive exponent. Suppose the basis element z%. @ w; has a
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nonzero coeflicient. The element z}. must correspond to a homogeneous polynomial
of degree k in those z; for which & # 0. Therefore, by (25), the exponent fZ is
not less than k. The exponent corresponding to 2} ® wy is f2 + he. Since

|he| < |h| < M, - |6, < M, - N¢ = k,
foo+he > 0.
The proof is complete. O

8. THE CONSTRUCTION OF Uj(e, )
8.1. Uniform rank. Define
Qg(/% N, fe,r) C Qq(tts s fe,r)

to be the subset corresponding to quotients
C"®Oc — FE — 0,

where F has uniform rank r on C. Certainly Q;(,u,n,feyr) is SLyy1 x SL, -
invariant.

Lemma 8.1.1. Qp (i, n, fe,r) is open and closed in Qg4(p,n, fe.r). (Qy(1,n, fer)
is a union of connected components.)

Proof. Let k : C — B be a projective, flat family of Deligne-Mumford stable genus g
curves over an irreducible curve. Let £ be a k-flat coherent sheaf of constant Hilbert
polynomial f., (with respect to wét}B). Suppose there exists a b* € B such that
Ep has uniform rank r on Cp» = C. Let {C;} be the irreducible components of C.
Since k : C; — B is surjective of relative dimension 1, each C; contains a component
of C. Since the function 7(z) = dimy.)(€ ® k(z)) is upper semicontinuous on C;,
there is an open set U; C C; where r(z) < r. It follows there exists an open set
U C B such that Vb € U, the rank of & on each component of Cp is at most r.
If 30’ such that & is not of uniform rank r, then (by semicontinuity) 3¢ so that
r(z) is strictly less than r on an open W C C;. For b in the nonempty intersection
U Nk(W), ranks of & are at most r on each component and strictly less than r on
at least one component. By equation (10) of section (1.7), & can not have Hilbert
polynomial fe,. Thus Vb € B, & has uniform rank 7. The Lemma is proven. [

8.2. Determination of the semistable locus. Select e > e(g,r) and t > (g, r, e).
As usual, let n = f. -(0). Let
h(s)
Z= |\ H'(P",0px(3))",
fe,r(2)
W= A (C"oH(PY,0pn~(t))".
Consider the immersion
h(3) fe,r(t)

Jai s Qp(pn, fer) = P\ H'PN,0px(5)))xP( /\ (C"@H (PN, Opn~(1)))")

defined in section (1.6). Recall 5 is the linearization determined by Gieseker. There
are three group actions to examine. In what follows, the superscripts {S’,5S'}
will denote stability and semistability with respect to the SLyi-action. Similarly,
{8”,58"} will correspond to the SL,-action, and {S,SS} will correspond to the
SLyy1 X SLy-action.
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The strategy for obtaining the desired SLyy1 X SLy-semistable locus is as fol-
lows. Consider first the SLy.1-action. For suitable linearization, it will be shown
that Q; (i, n, fe,r) is contained in the SLyiq-stable locus and is closed in SLy41-
semistable locus. This assertion is a consequence of Gieseker’s conditions on H,
((i), (i) of section (1.6) ) and the results of section (7). Next, Ugy(e,r) is defined
as the G.I.T. quotient of Qf (u, n, fer)®S by SLy i1 % SLy. Ugyle,r) is a projective
variety. Finally, in Proposition (8.2.1), it is shown that the SL,, and SLy11 x SL,,
semistable loci coincide on Qy(u,n, fe ). Similarly, the stable loci coincide. The
results on the fiberwise G.I.T. problem now yield a geometric identification of the
stable and semistable loci for the SLy41 x SL,- G.I.T. problem.

By Propositions (7.1.1) and (7.1.2), an integer k > {kg/, kss'} can be found so
that:

(26) p7 (P(2)%) C (P(Z) x P(W))iL 4,

(27) (P(Z) x P(W))55, C p5' (P(2)5).

By (i) of section (1.6), H, C P(Z)5". Now (26) above yields

(28) Hy x P(W) C (P(Z) x P(W))i 4.
Therefore,
(29) Qy (1, fer) C (P(Z) x P(W))i ;-

By (i) of section (1.6), H, is closed in P(Z)%5". Hence H, x P(W) is closed in
pgl(P(Z)SS,). By (27) and the projectivity of Q (i, n, fer) over Hy:

Q4 (1,1, fer) is closed in (P(Z) x P(W))ﬁfll]
Since

(P(Z) x P(W))5%) € (P(Z) x P(W))iy,

it follows that
(30) Qp (1, for)iion is closed in (P(Z) x P(W))5%;-
We define

Ug(e,r) = Qg(%nafe,r)ﬁfl]/(SLN-i-l X SLy).

By (30), Uy(e,r) is a projective variety.
We now identify the locus Qj (x, 7, fem)ﬁfl]' Certainly

Q;(,Uv n, fe,r)ﬁc,1] C Q;(Na n, fe,r)[sk,l]a

Q;(/b n, fe,r)[slfl] C Q; (Na n, fe,r)ﬁfl] .

In fact:

Proposition 8.2.1. There are two equalities:
Q;(:uvna fe,r)[sl;,u = Qg(u, n, fe,r)ﬁg,qa

Q;(M7 n, feﬂ‘)ﬁfl] = Q; (H’a n, fe,T)ﬁcA,gl] :
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Proof. We apply the Numerical Criterion. Let
¢*: SLyy1 x SL, — SLxy1 — SL(SymF(Z)),
w SLN+1 X SLn — SL(W)
denote the two representations. Let £ € Qj (u, 7, feyr)[skljl]. Recalling the morphisms
defined in section (1.5),
J5.4(8) = (w(£), 41 (E))-
Let A: C* — SLyy1 x SL, be a nontrivial 1-parameter subgroup given by
)\1 . C* — SLNJrl,
X C* — SL,.
Let {m;} be a diagonalizing basis for (¥ o A\ with weights {w(m;)}. Let {n;} be
a diagonalizing basis for the C* x C* representation w o (A1 X A2). Let wq(n;)
and we(n;) denote the weights of the induced C* representations w o (A1 x 1) and
wo (1 x Az). The weights {w(n;)} of the C* representation w o A are given by
w(n;) = wi(n;) + wa(n;). Finally let {m;} and {@;} denote the elements of the
diagonalizing bases that appear with nonzero coefficient in the expansions of (&)
and i4(€). There are three cases.

(1) My = 1. Since £ is a stable point for the SL,-action, there is a 7; with

wa(7;) < 0. We see
w(m; @) = w(m;) + w1 () + wa (7)) = wa(7;) <0
for any m;.

(2) A2 = 1. By (29), £ is a stable point for the SLy;i-action. Hence there exists

a pair m;, m; so that
w(m; @ ;) = w(m;) +wi (1) < 0.

(3) M1 # 1, A2 # 1. Since ¢ is a stable point for the SL,-action, there is a 7;
with wa(7;) < 0. By (28), (7(§) ®7i;) is a stable point for the SLy41-action.
Hence there exists an element 77; so that

’w(mi) + wy (ﬁj) < 0.
Therefore,
w(m; @) = w(m;) +wi (M) + w2 (7;) < 0.
By the Numerical Criterion, £ € Q;(u,n, feﬂ")ﬁc,l]' The proof for the semistable

case is identical. O

By Theorem (2.1.1), we see the points of Q;(u, n, fe,r)[b;ci] correspond exactly to
quotients
C"®0Oc — FE — 0,
where F is slope-semistable, torsion free sheaf of uniform rank r on a 10-canonical,
Deligne-Mumford stable, genus g curve C' C PV and

Y :C"® H(C,0c) — H(C, E)
is an isomorphism. Similarly for Qj (2, n, fe,T)[S,C71_].
We now examine orbit closures. Suppose & € Q(u,n, fe,r)[slfl] lies in the
SLyn11 X SLy-orbit closure of £ € Q;(u,n, fe7T)5fl]. Let

y=(,72): A—={p} — SLn1 x SL,
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be a morphism of a nonsingular, pointed curve such that

Lim._p(1(2) - €) = €

It follows that

Lim.—p(n(z) - 7(£)) = m(£).

Since Hy C P(2)%, m(€) lies in the SLyy1-orbit of 7(£). After a possible base
change, we can assume 7; extends over p € A to

i Ap — SLyta.
Since QF (Un (), 1, fe,r) is projective,

I A — {p} - Q;(Uﬂ'(f)anv fe,r)

defined by u(z) = y2(2) - € extends to A,. Let € = Lim,_,(72(2) - €) = u(p). By
considering the map

ﬂ' 1 AP - Q;(H‘anu fe,r)
defined by

we obtain

Fi(p) - & =71 p(p) = Lim.—p(11(2) - 12(2) - €)
= Lim.—p(v(2) - §) = 3

We have shown the SLyi-orbit of £ meets the SL,-orbit closure of . If &, ¢
correspond to a slope-semistable, torsion free quotients E, E on C, C C PV,
certainly C, C' must be projectively equivalent. The elements of the SLy1-orbit
of € that lie over C' are simply the images of E under automorphisms of C. Now
from section (6.5), we conclude two semistable orbits ¢ and £ are identified in the
quotient Uy (e, r) if and only if

and the corresponding semistable, torsion free quotient sheaves E, E have Jordan-
Holder factors that differ by an automorphism of C'. We see:

Theorem 8.2.1. Uy(e, r) parametrizes aut-equivalence classes of slope-semistable,
torsion free sheaves of uniform rank r and degree e on Deligne-Mumford stable
curves of genus g.

Finally, since
Qs fer )iy — Hy — M

is an SLyy41 X SL,— invariant morphism, there exists a map

n:Ug(e,r) — M,.
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9. BASIC PROPERTIES OF Ug(e,r)

9.1. The functor. Let Uy(e,r) be the functor that associates to each scheme S
the set of equivalence classes of the following data:
(1) A flat family of Deligne-Mumford stable genus g curves, u:C — S.
(2) A p-flat coherent sheaf £ on C such that:
(i) € is of constant Hilbert polynomial fe, (with respect to we)g).
(ii) £ is a slope-semistable, torsion free sheaf of uniform rank r on each fiber.

Two such data sets are equivalent if there exists an S isomorphism ¢ : C — C’ and
a line bundle L on S so that £ = ¢*(€') @ u*L.

Theorem 9.1.1. There exists a natural transformation

ou :Ug(e,r) — Hom(x,Ug(e,r)).

Uq(e,r) is universal in the following sense. If Z is a scheme and ¢z : Uy(e,r) —

Hom(x, Z) is a natural transformation, there exists a unique morphism «y : Ug(e, )
— Z such that the transformations ¢z and vy o ¢y are equal.

Proof. Let e > e(g,r). Let p:C — S and £ on C satisfy (1) and (2) above. Note
,u*(wé(;s) is a locally free sheaf of rank N +1 = 10(2g — 2) — g + 1. Since &; is
nonspecial for each s € S, . (€) is locally free of rank n = f..(0). Choose an open
cover {W;} of S trivializing both p, (wé?s) and p(€). Let V; = u~1(W;). For each

i, we obtain isomorphisms:

(31) Cc'* e Ow, = N*(wé9S)|Wz‘

These isomorphisms yield surjections:
CY* @ Oy, = p* pu(we)s)
C"® Oy, = ps(€)

The first surjection embeds V; in W; x PY. By the universal property of the Quot
scheme Qg (t, 1, fe,r) and the second surjection, there exists a map

(bi Wi — Q!](M?nafe,r)-
For t > t(ga T, 6), ¢’L(W’L) - Qg(:uﬂ n, fE,T)‘[S];:Sl]' On the overlaps WZ N Wja ¢’L and (bj
differ by a morphism

10
v, = wesslv, = 0,

\/i"gVi‘)O-

W; N Wj — PSLN+1 x PSL,
corresponding to the choice of trivialization in (31) and (32). Hence there exists a
well defined morphism

¢: 8 —Ugyle,r).
The functoriality of the universal property of the Quot scheme implies ¢ is func-
torially associated to the data £ and p : C — S. We have shown there exists a
natural transformation
ou Ug(e,r) — Hom(x,Ug(e,r)).

Suppose ¢z : Ug(e,r) — Hom(x, Z) is a natural transformation. There exists a
canonical element of 6 € Uy(e,)(Q5 (1, n, fe,r)[slfl]) corresponding to the universal
family on the Quot scheme. The morphism

¢2(6) : Qy(uon, fer)iyy — Z
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is SLy41 X SLp-invariant. Hence ¢z(8) descends to v : Uy(e,7) — Z. The two
transformations ¢z and ~yo ¢y agree on §. Naturality now implies ¢z = yo¢y. 0O

By previous considerations, there are natural transformations

tr:Ug(e,r) = Ug(e +11(29 — 2),7)

given by £ — £ @ w}, /s- By Theorem (9.1.1), these induce natural isomorphisms

ti:Ug(e,r) — Ugle +rl(29 — 2),7).
The arguments in the above proof imply a useful lemma:

Lemma 9.1.1. Let p: C — S be a flat family of Deligne-Mumford stable, genus
g > 2 curves. Let € be a p-flat coherent sheaf on C. The condition that & is a
slope-semistable torsion free sheaf of uniform rank on Cs is open on S.

Proof. Suppose &g, is a slope-semistable sheaf of uniform rank r on Cs, for some
s0 € S. There exists an integer m such that

(i) h' (& @ wg',Cs) =0 for all s € S.

(ii) & ® wg' is generated by global section for all s € S.

(iil) degree(&s, ®wgz0) > e(g,r).
It suffices to prove the lemma for £ ® wé”/ g Let fe, be the Hilbert polynomial
of £ ® wgn/s. By the proof of Theorem (9.1.1), there exists an open set W C S
containing sp and a morphism

oW — Qg(,u,n = fe,r(o)vfe,r)

such that £ ®wg”/ g is isomorphic to the ¢-pull back of the universal quotient. Since
P(s0) € Q5 (1, m, fe7T)[5;cSl] and the latter is open, the lemma is proven. O

9.2. Deformations of torsion free sheaves and the irreducibility of Uy(e, ).
We study deformation properties of uniform rank, torsion free sheaves on nodal
curves.

Lemma 9.2.1. Let p : S — Spec(C[t]) be a p-flat, nonsingular surface. If £ is
a p-flat sheaf on S such that the restriction E/tE = &y is torsion free, then & is
locally free.

Proof. Let z € p~1(0). Since S is a nonsingular surface, the local ring Og . is
regular of dimension 2. Consider the Og .-module &,. Since £ is p-flat, ¢ is a &£,-
regular element. Since & = £/t is torsion free, depthog (£.) > 2. We have the
Auslander-Buchsbaum relation ([M]):

proj. dimos , (£.) + depthog (E2) = dim(Os,.) = 2.

We conclude proj. dimog . (£.) = 0. Hence &, is free over Og, .. It follows that &
is locally free. O

Lemma (9.2.1) shows that it is not possible to deform a torsion free, non-locally
free sheaf on a nodal curve to a locally free sheaf on a nonsingular curve if the de-
formations at the nodes have local equations of the form (zy—t) C Spec(Clz, y, t]).
However, the next lemma shows such deformations exist locally if the deformations
of the nodes have local equations of the form (zy — ?). In Lemma (9.2.3), it is
shown these local deformations can be globalized.
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Lemma 9.2.2. Let S C Spec(Clz,y,t]) be the subscheme defined by the ideal
(vy —t2). Let i : S — Spec(Cl[t]). Let ¢ = (0,0,0) € S. There exists a u-flat sheaf
E on S such that Eixo is locally free and & = m¢, where me is the mazimal ideal
defining ¢ on Sp.

Proof. There exists a section L of u defined by the ideal (x — ¢,y —t). Let £ be the
coherent sheaf corresponding to this ideal. We have the exact sequence:

(33) 0-&— 05— 0 —0.

Since Og 1is torsion free over CJt], so is £. & is therefore p-flat. Since Op is
p-flat, sequence (33) remains exact after restriction to the special fiber. Hence
&y = me. O

Lemma 9.2.3. Let C be a Deligne-Mumford stable curve of genus g > 2. Let B
be a slope-semistable torsion free sheaf of uniform rank r on C. Then there exists
a family p: C — Ao and a p-flat coherent sheaf € on C such that :

(1) Ag is a pointed curve.

(2) Co=C, Vt#0 C: is a complete, nonsingular, irreducible genus g curve.

(3) Eo X E, Vt£0 & is a slope-semistable torsion free sheaf of rank r.

Proof. Let z € C' be a node. Since F is torsion free and of uniform rank r, it follows
from Propositions (2) and (3) of chapter (8) of [Se]:

(34) Ez = éocz 2 é my,
1

a,+1

where m, is the localization of the ideal of the node z. To simplify the deformation
arguments, let C be the field of complex numbers. Let B(d) C C? be the open ball
of radius d with respect to the Euclidean norm; let B(d;,ds) C C? be the open
annulus. Disjoint open Euclidean neighborhoods, z € U, C C, can be chosen for
each node of C satistying:

(i) U, is analytically isomorphic to B(d,) N (zy = 0) C C2.

(il) Elv. = @) Ov. @ D, 1, m..
Let V, C U, be the closed neighborhood of radius d,/2. Let W = C \ UV,. A
deformation of C' can be given by the open cover:

{W X A0} U {Defz|z S Cns}7
where Def, (to be defined below) is an open subset of
B(d.) x Ao N (my—t*=0) C C*x A
containing (0,0,0). Def, is a local smoothing at the node z. Define
d, d,
?,?4’62) X Ng N (CC’IJZO) C C2><A0.
Note B(r,s) is the annulus. Let p denote the projection to Ag. For €, > 0 (small

with respect to 8,) and |¢| < 8, it is not hard to find an isomorphism 7y, commuting
with p:

KZ_B<

Y. : K, — D, C B(d,) x Ao N (zy —t* =0)
such that

(35) B(%)x&o N D=0
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and v, extends the identity map on the locus ¢ = 0. Such a 7, can be constructed
by considering the holomorphic flow of an algebraic vector field on (xy — t* = 0).
The space
B(d,) x Mo N (zy —t>=0) \ D,

is disconnected. Let Def, be the complement of the component not containing
(0,0,0). The isomorphism 7, determines a patching of W x Ay and Def, along
K, ~ D, in the obvious manner. The constructed family satisfies claims (1) and
(2) of the lemma.

Ey can be extended trivially on W x Ag to Elw. E|k. is trivial by condition
(ii). By Lemma (9.2.2), m, can be flatly extended to a line bundle L, on Def,.
By (35) and the construction of Lemma (9.2.2), L, can be assumed to be trivial on
D,. By patching

@ODefz S¥ @ Lz
1

a,+1

along K, ~ D, £ can be defined such that & = E and & is locally free. Indeed,
such a patching exists for ¢ = 0 by condition (ii). The patching can be extended
trivially along K, since

Kz = Kzﬂg:() X AO.
Now condition (3) follows by Lemma (9.1.1). For a general ground field, the étale
topology must be used. O

Proposition 9.2.1. Uy(e,r) is an irreducible variety.

Proof. Consider the morphism 7gs : Qf (1,7 = fe,-(0), fem)ﬁfl] — H,. By Propo-
sition (24) of chapter (1) of [Se], the scheme

m55((C) = Qg(Cim, fo,r)%*

is irreducible for each nonsingular curve C, [C] € Hy,. Since the locus H) C H,
of nonsingular curves is irreducible, W;é(Hg) is irreducible. By Lemma (9.2.3),
ﬂgé(Hg) is dense in Q) (,m, fe7T)[é;csl]. Finally, since there is a surjective morphism

Q; (H’a n, fe,T)ﬁc:gl] - Ut](ea T)u

we conclude Uy (e, r) is irreducible. O

9.3. The normality of Uj(e,1). We need an infinitesimal analogue of Lemma
(9.2.1). First, we establish some notation. Let

R = C[[z,y]][e]/(xy — €, %),

Let A= R/eR = Cl[z,y]]/(xy). Let m = (x,y) be the maximal ideal of A. There
is a natural, flat inclusion of rings Cle]/(e?) — R. For a Cle]/(e?)-module M, let
x€ denote the M endomorphism given by multiplication by e.

Lemma 9.3.1. There does not exist a Cle]/(e?)-flat R-module E such that
E/eE=m

as A-modules.
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Proof. Suppose such an F exists. Let
a:E — E/eE =S m.
Let e, e, € E satisfy a(e;) = x and a(e,) = y. We obtain a morphism
B:ReR—FE

defined by £(1,0) = e, and §(0,1) = e,. Since € is nilpotent, 5 is surjective by
Nakayama’s Lemma. We have an exact sequence

0—-N—-R®R—FE —0.

Since E and R @ R are Cle]/(¢?)-flat, N is C[e]/(e?)-flat. Hence, there is an ezact
sequence

(36) 0—eN—-NIN

obtained by tensoring 0 — (¢) — Cle]/(e?) = Cle]/(e?) with N. Since 3((y,0)) €

eE, there exists an element n = (y + ef(z,y), eg(z,y)) in N. Consider zn € N:
wn = (vy + exf(x,y), exg(z,y)) = (e(1 + xf (x,y)), exg(z, y)).

Note exn = 0. By the exactness of (36), there exists an i € N satisfying en = zn.
Since R @ R is flat over Cle]/(€?), any such 7 must be of the form

m=(1+af(x,y)+ef(z,y), zg(z,y) +ei(z,y) ).
Since aoB(M) = w+2%f(x,y) # 0in m, 7 cannot lie in N. We have a contradiction.
No such E can exist. O

To prove Ug(e,1) is normal, it suffices to show Q}](u,n = feyl,feyl)[sksl] is
nonsingular. The nonsingularity is established by computing the dimension of
Q}](u,n, f671)5fl] and then bounding the dimension of the Zariski tangent space
at each point. The Zariski tangent spaces are controlled by a study of the differen-
tial dmgg, where wgg is the canonical map

TSS - Q;(Nanu fe,l)ﬁc:gl] - Hg-
Lemma 9.3.2. Q}(p,n = fe1(0), fe,l)[b;csu s nonsingular.

Proof. Consider the universal quotient sequence over Q}] (,m, f&l)ﬁfl],
0—=F—=C"®0gssxy — & — 0.

Let € € Q;(u,n, f671)5fl] be a closed point and let C' = Uy g). § corresponds to a
quotient

(37) 0—=F—=C"®0c — & — 0.

There is a natural identification of the Zariski tangent space to Q;(C, n, fe1) at &
Te(Qq(Cym, fe1)) 2= HO(C, Hom(Fe, &)

(see [Gr]). If K (C, Hom(F¢,E)) = 0 and the deformations of

(38) C"®0c — & —0

are locally unobstructed, then £ is a nonsingular point of Q;(C,n, fe1). If & is
locally free, the deformations of (38) are locally unobstructed. Sequence (37) yields:
(39)

0— Hom(f,’g, 55) — Hom(C" ® O¢, &) — Hom(}}, &) — Ml (55, &) — 0.
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Since @1(55, &) is torsion and
hl(C, HO’I”I’L(C" ® O¢, 55)) =n- hl(C, 55) =0,
we obtain h!(C, Hom(F¢, E)) = 0.
From (34), at each node z € C, & is either locally free or locally isomorphic

to m,. Let s be the number of nodes where & ., = m,. Using (39), we compute
X(Hom(Fe,&)) in terms of s:

X(Hom(Fe, &)) = —x(Hom(&, E)) + x(Hom(C" ® Oc, &)) + x(Ext' (&, &)).

It is clear x(Hom(C" @ O¢,&)) = n?. Let A = Cl[z,y]]/(zy) and m = (z,y) C A
as above. It is not hard to establish:

(40) Exty(m,m) = C%

(41) OﬂAgHomA(m,m)HCHO
where 7 is the natural inclusion. Since Ext' (E¢, &) is a torsion sheaf supported at
each z € C where &, = m, with stalk (40),
X(Bat' (&, &)) = 2s.
There is a natural inclusion
0— Oc¢ - Hom(Ee,E) — § — 0.

Since & is of rank 1, ¢ is a torsion sheaf supported at the nodes where & is not
locally free. At these nodes, § can be determined locally by (41). Hence

X(Hom(E,E))=1—g+s.
Summing the Euler characteristics yields:
RO(C,Hom(Fe, &) =g—1—s+n*+2s=n*—1+g+s.

If C is a nonsingular curve, & is locally free on C. The above results show that
¢ is a nonsingular point of Q}(C,n, f1). Thus dim(Q,(u,n, fe,l)[sjfl]) =n? -1+
g+ dim(Hy).

Let € € Q;(,u, n, feyl)ﬁfl] be a closed point with the notation given above. We
examine the exact differential sequence:

_ dm
0 — Te(rgs[C)) — TE(Q;(MTL, fe,1)[sif1]) =3° Ty (Hy).

Recall H, is nonsingular. By Lemma (9.3.1) and the surjection of Ti¢(H,) onto
the miniversal deformation space of C,

dim(im(dngs)) < dim(Hgy) — s
(s is the number of nodes where & is not locally free). By previous results:
dim(Te(rg4[C])) =n? — 1+ g+ s.
It follows:
(42) dim(Te(Qy (1., fe1)ih)) < (0> =1+ g+ s) + (dim(Hy) — 5)
= dim(Qé(u, n, fe,l)ﬁfl])'

Equality must hold in equation (42). ¢ is therefore a nonsingular point of
Q;ly(ﬂanvfe,l)ﬁfl]' O
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As a consequence, we obtain:

Proposition 9.3.1. Uy(e, 1) is normal.

10. THE ISOMORPHISM BETWEEN Ug(e, 1) AND Py,

10.1. A review of m In this section, the compactification of the universal Pi-
card variety of degree e line bundles, P, ., described in [Ca] is considered. Let e
be large enough to guarantee the existence and properties of m and Ug(e,1). A
natural isomorphism v : P, . — Ug(e, 1) will be constructed.

We follow the notation of [Ca], [Gi]. A Deligne-Mumford quasi-stable, genus g
curve C' is a Deligne-Mumford semistable, genus g curve with destabilizing chains
of length at most one. Let ¢ : C' — C; be the canonical contraction to the Deligne-
Mumford stable model. For each complete subcurve D C C, let D¢ = C'\ D.
Define:

kp = #(D N D°).
Let we,p be the degree of the canonical bundle we restricted to D. Let L be a
degree e line bundle on C. Denote by Lp the restriction of L to D. Let ep be the

degree of Lp. L has (semi)stable multidegree if for each complete, proper subcurve
D C C, the following holds:

(43) ep—e- <2‘;C‘D2) (<) < kp/2.

Consider the Hilbert scheme H, .y of degree e, genus g curves in PM, where
M =e—g+ 1. In [Gi], it is shown there exists an open locus Zy. C Hg e m
parametrizing nondegenerate, Deligne-Mumford quasi-stable, genus g curves C' C
PM satisfying:

(i) hY(C,0c(1)) = 0.

(ii) Oc¢(1) is of semistable multidegree on C.

In [Cal, P, is constructed as the G.I.T. quotient P, . = Z; ./SL41 (for a suit-
able linearization). P, . is a moduli space of line bundles of semistable multidegree
on Deligne-Mumford quasi-stable curves (up to equivalence) compactifying the uni-
versal Picard variety.

The construction of the isomorphism v : P, . — Uy(e, 1) proceeds as follows.
If L is a very ample line bundle of semistable multidegree on a Deligne-Mumford
quasi-stable curve C, then 1, (L) is a slope-semistable torsion free sheaf of uniform
rank 1 on Cy. This is the result of Lemma (10.2.1). The map v is constructed by

globalizing this correspondence. There is a universal curve
Uz — Zge x PM.

A deformation study shows Z; . and Uz are nonsingular quasi-projective varieties
([Ca], Lemma 2.2, p.609). There exists a canonical contraction map ¢ : Uz — U}
over Zg .. The map 1 contracts each fiber of Uz over Z, . to its Deligne-Mumford
stable model. U7 is a flat, projective family of Deligne-Mumford stable curves over
Zge. Let L = Oy, (1) and € = ¢,(L). In Lemma (10.2.6), £ is shown to be a
flat family of slope-semistable torsion free sheaves of uniform rank 1 and degree e
over Zy .. Care is required in establishing flatness. The argument depends upon
Zariski’s theorem on formal functions and the criterion of Lemma (10.2.5). By the
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universal property of Uy(e, 1), € induces a map vz : Zy . — Ug(e,1). Since vz is

SLpr41-invariant, a map v : Py . — Ug(e, 1) is obtained.

It remains to prove v is an isomorphism. Since Uj(e, 1) is normal by Proposi-
tion (9.3.1), it suffices to show v is bijective. Surjectivity is clear. Injectivity is
established in section (10.3).

10.2. The construction of v. Multidegree (semi)stability corresponds to slope-
(semi)stability in the following manner:

Lemma 10.2.1. Let C be a Deligne-Mumford quasi-stable curve. If L is a very
ample, degree e line bundle on C' of (semi)stable multidegree, then E = 1. (L) is a
slope-(semi)stable, torsion free sheaf of uniform rank 1 and degree e on Cs. Also,
if L is of strictly semistable multidegree, then E is strictly slope-semistable.

First we need a simple technical result. For each complete subcurve D of C,
define the sheaf Fp on C' by the sequence:

00— Fp—L— Lpc—0.

Fp is the subsheaf of sections of L with support on D. In fact, Fp is exactly the
subsheaf of sections of Lp vanishing on DN D¢. Therefore degree(Fp) = ep — kp.
Note by Riemann-Roch, x(Fp) = degree(Fp)+ 1 — gp, where gp is the arithmetic
genus of D. We obtain,

(44) ep = X(Fp)+gp —1+kp.

Lemma 10.2.2. Let C' be a Deligne-Mumford quasi-stable curve. Let L be a very
ample line bundle of semistable multidegree. For every complete subcurve D C C,
R4, (Fp) = 0.

Proof. A fiber of 1) is either a point or a destabilizing P'. By inequality (43)
and ampleness, the restriction of L to a destabilizing P! is Op1(1). Let P be a
destabilizing P! of C. There are five cases:

(i) Pc D, PND=0. Then Fp|p =0.

(i) Pc D¢, PN D # (. Then Fp|p is torsion.

(111) PcD,PNnD¢= (. Then FD|p = Op(l)

(iv) PC D, #|PNn D¢ =1. Then Fp|p = Op.

(v) PC D, #/ PN D¢ =2. Then Fp|p = Op(-1).
In each case, h'(P, Fp|p) = 0. The vanishing of h'(P, Fp|p) and the simple char-
acter of ¢ imply R4, (Fp) = 0. |

Proof. [Of Lemma (10.2.1)] Let C'* be the union of the destabilizing P1’s of C. By
Lemma (10.2.2), R'¢.(Fc1) = 0. Since each destabilizing P in C? is of type (v) in
the proof of Lemma (10.2.2), Fei|p = Op(—1). It follows that ¢.(Fc1) = 0. By
the long exact sequence associated to

0— Fcr — L — Lgic — 0,

it follows E = t,(Lcae). Since Leae is torsion free on C'¢ and the morphism
C'¢ — C, is finite, E is torsion free. Certainly, F is of uniform rank 1.

Let 0 — G — FE be a proper subsheaf. Let D, C Cs be the support of G.
If Dy, = Cs, the inequality of slope-stability follows trivially. We can assume Dy
is a complete, proper subcurve. Let D = ¢~1(D,). D C C is a complete, proper
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subcurve. It is clear that G is a subsheaf of . (Fp) with torsion quotient. Therefore,
it suffices to check slope-(semi)stability for 1. (Fp). Certainly

h%(Cs, 4 (Fp)) = h°(C, Fp).
By Lemma (10.2.2), R'4.(Fp) = 0. Thus by a degenerate Leray spectral sequence
([H], Ex. 8.1, p.252),

h'(Cs,9.(Fp)) = h*(C, Fp).
Hence x(Fp) = x(¢«(Fp)). Similarly x(L) = x(¢«(L)). Inequality (43) and
equation (44) yield:

29p —2+k
(x(Fp)+gp —1+kp) — (x(L)+g—1)- (%) (<) < kp/2.
After some manipulation, we see
F L
wp,C 29 —2
The above results yield
x(¥«(Fp)) 9 < x(¥«(L))
wp,,C, 29 —2

Hence, 1. (L) is slope-(semi)stable. The final claim about strict semistability also
follows from the proof. O

Let ¢ : Uz — U5, L = Oy, (1), and € = ¢.(L) be as defined in section (10.1).
We now establish that € is flat over Z, .. The vanishing of R, (L) is proved by
Zariski’s theorem on formal functions in Lemma (10.2.4). The flatness criterion of
Lemma (10.2.5) is then applied to obtain the required flatness.

First we need an auxiliary result. Let [C] € Z, 4 and let P C Uz be a destabi-
lizing P! of C. The conormal bundle, N3, of P in Uy is locally free (P, Uy are
nonsingular). Recall a locally free sheaf @ Op1 (a;) on P! is said to be non-negative
if each a; > 0.

Lemma 10.2.3. Nj is non-negative.

Proof. Let Ty and T’z denote the tangent sheaves of Uz and Z 4. Let p: Uz — Z. 4
be the natural morphism. There is a differential map

dp : Ty — p*(Tz).
Restriction to P yields a (non-exact) sequence
0—Tp —Tulp — p*(Tz)|p.
Certainly, p*(Tz)|p = @ Op. We obtain a map

a:NpH@OP.

Let P C P be the locus of nonsingular points of C'. Since the morphism p is
smooth on ]5, alp is an isomorphism of sheaves. Since Np is a torsion free sheaf,
o must be an injection of sheaves. It follows easily Np is non-positive. Hence Np
is non-negative. O

In fact, an examination of the deformation theory yields Nj = Op(1)®&Op(1)®I
where [ is a trivial bundle. We will need only the non-negativity result.

Lemma 10.2.4. R, (L) = 0.
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Proof. Let ¢ € U, It suffices to prove
R4, (L)¢=0
in case ¢ is a node of stable curve destabilized in Uz. Let m be the ideal of (.
1~1(m) is the ideal of the nonsingular destabilizing P = P!. Let P, denote the
subscheme of Uy defined by v~!(m™) =2 ¢~1(m)". Let L, be the restriction of L
to P,. By Zariski’s Theorem on formal functions:
RY4W.(L) = "™ HY(P,, Ly).

Since completion is faithfully flat for noetherian local rings, it suffices to show for
each n > 1, h*(P,, L,) = 0. As above, denote the conormal bundle of P in Uz by
N}. Since the varieties in question are nonsingular, there is an isomorphism on P:

m" 1t /m™ = Sym™ 1(N}).

Since the pair (C, L¢) is of semistable multidegree and P is a destabilizing P*,
L; = Op(1). Hence hl(Pl,Ll) = 0. There is an exact sequence on P, for each
n>2:

0—m"'/m"®L, — L, — L,_1 — 0.
There is a natural identification
m" " /m™ @ L, = Sym™ Y (N}) @0, Op(1).
From the non-negativity of N (Lemma (10.2.3)), we see
R (P, m" ' /m" ® L,) = 0.
By the induction hypothesis
hY*(Pn,Lp_1) = h'(Py_1,Ln_1) = 0.
Thus h'(P,, L,) = 0. The proof is complete. |

Lemma 10.2.5. Let ¢ : By — Bg be a projective morphism of schemes over A. If
F is a sheaf on By flat over A andV i > 1, R'¢.(F) =0, then ¢.(F) is flat over
A.

Proof. We can assume A and Bs are affine and By = P’f32. Let U be the standard
k + 1 affine cover of Bs. There is a Cech resolution computing the cohomology of
F on Bj:

(45) 0— H°B,,F)— C°(U,F) — C'(U,F) — ... - CFU,F) — 0.
Since Ri¢.(F) = 0 for i > 1, the resolution (45) is exact. Since F is A-flat, the Cech

modules C7 (U, F) are all A-flat. Exactness of (45) implies H%(B1, F) = ¢.(F) is
A-flat. a

Lemma 10.2.6. & is a flat family of slope-semistable, torsion free sheaves of uni-
form rank 1 over Z, q4.

Proof. By Lemmas (10.2.4) and (10.2.5), & is flat over Z. 4. Let [C] € Z.,. We
have a diagram:

c <y,

(46) lwc lw

Cs —— U;
ic,
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If ig, (€) = Yo (i¢ (L)), then the proof is complete by Lemma (10.2.1). There is a
natural morphism of sheaves

Ve tie, (€) = Yox(ic(L))-

We first show ~¢ is a surjection. Since, by Lemma (10.2.1), 1« (i&(L)) is a slope-
semistable torsion free sheaf of degree e, Yoy (i (L)) is generated by global sections.
There is a natural identification

H(Cs, e (ic(L))) = HO(C, Oc(1)).

By the nondegeneracy of C' and the nonspeciality of Oc (1), H°(C, Oc(1)) is canon-
ically isomorphic to H°(P™ Opw(1)). These sections extend over Uz and thus
appear in i, (€). Therefore, ¢ is a surjection.

Since v is an isomorphism except at destabilizing P'’s of U, the kernel of v¢ is
a torsion sheaf on C;. Flatness of € over Z, , implies x(ig, (£)) is independent of
[C] € Z¢,4. By Lemma (10.2.1), x(¢c«(i&(L))) is independent of [C] € Z. 4. Over
the open locus of nonsingular curves [C] € Z, 4, ¢ is an isomorphism thus:

(47) x(ic, (€)) = x(Yo«(ic(L))).
By the above considerations, (47) holds for every [C] € Z. ,. Hence, the torsion
kernel of v must be zero. ¢ is an isomorphism. The proof is complete. O

By combining Lemma (10.2.6) with Theorem (9.1.1), there exists a natural
morphism vz : Z., — Ug(e,1). Since vz is SLpsqi-invariant, vz descends to

v: Py. — Ug(e,1). Certainly v is surjective. Since Ugy(e, 1) is normal, v is an
isomorphism if and only if v is injective. The injectivity of v will be established in
section (10.3).

10.3. Injectivity of v. Let C be a Deligne-Mumford quasi-stable genus g curve.
Let D C C be a complete subcurve. A node z € D is an external node of D if
z € D°. P C D is a destabilizing P! of D if P is a destabilizing P! of C. A
destabilizing P! of D is external if PN D¢ # @. Let D denote D minus all the
external destabilizing P1’s of D.

(C, L) is a semistable pair if C' is Deligne-Mumford quasi-stable and L is a very
ample line bundle of semistable multirank. The semistable pairs (C, L) and (C’, L")
are isomorphic if there exists an isomorphism 7 : C' — C’ such that v*(L') 2 L. A
complete subcurve D C C is an extremal subcurve of the semistable pair (C, L) if

equality holds in (43):
we,D
—e- : = kp/2.
e <2g - 2) v/
The semistable pair (C, L) is said to be mazimal if the following condition is sat-
isfied: if z € C is an external node of an extremal subcurve, z is contained in a
destabilizing P1. Let ¢ : C — C; be the stable contraction. By Lemma (10.2.1),
¥«(L) is a slope-semistable, torsion free sheaf of uniform rank 1. Let J(1.(L)) be
the associated set of slope-stable Jordan-Holder factors.
(C,J) is a Jordan-Holder pair if C is a Deligne-Mumford stable curve and J is a
set of slope-stable, torsion free sheaves. As before, the Jordan-Holder pairs (C, J)

and (C’,J') are isomorphic if there exists an isomorphism v : C — C” such that
V)
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Lemma 10.3.1. Let (C, L), (C', L") be mazimal semistable pairs. If (Cs, J (¢« (L)))
and (CL, J(WL(L")) are isomorphic Jordan-Holder pairs, then (C,L) and (C',L’)
are tsomorphic semistable pairs.

Proof. Consider a Jordan-Holder filtration of E = 1,(L) on Cs:
O=FCFE CE,C...CE,=FE.
Let A; = Supp(E;). For each 1 <i < n,

X(E:) _ X(E)
wAth 29—2.

By the proof of Lemma (10.2.1), we see the B; = 1)~!(A;) are extremal subcurves
of (C,L) for 1 < i < n. As before, let Fp, be the subsheaf of sections of L with
support on B;. From the proof of Lemma (10.2.1), it follows E; = ¢, (Fp,). For
1 S ) S n, let Xz = Ai\Ai,1 and Y; = BZ\B1,1 We see S’U,pp(EZ/Ezfl) = Xl
If z € X, is an internal node of X;, z is destabilized by ¢ if and only if (E;/E;_1)
is locally isomorphic to m, at z. If z € X; is an external node, then there are two
cases. If 2 € A;_1, then v =1(2) X P! ¢ V;. If 2 € A, then ¢~ 1(2) @ P! C V.
These conclusions follow from the maximality of (C, L). It is now clear C and the
Jordan-Holder factor F;/F;_; determine YZ completely. Also, the YZ are connected
by destabilizing P*’s. We have shown (Cs, J) determines C' up to isomorphism. We
will show below in Lemmas (10.3.2-10.3.3) that Ly, is determined up to isomorphism
by E;/E;_1. Since the Y; are connected by destabilizing P'’s, the isomorphism class
of the pair (C, L) is determined by the line bundles Ly . This completes the proof
of the lemma. O

Lemma 10.3.2. There is an isomorphism . (Ly.) = E;/E;_1.

Proof. We keep the notation of the previous Lemma. Certainly Supp(Fp,/Fp,_,) =
Y;. Let p; be the divisor B;—1 NY; C Y;. Let ¢; be the divisor Bf NY; C Y;. Since
the points of p; lie on destabilizing P'’s joining Y; to ¥;_; and the points of ¢; lie on
destabilizing Plg joining Y; to Y;11, we note p; Ng; = (. There is an isomorphism
Ly, = Fy, ® Oy, (p; + ¢;). Since there is an exact sequence:

O_>FY1' - (FBi/FBi—l)_)pi_)()?

we see
Fy, = (FB,/Fp,_,) ® Oy, (=pi).

Thus
Ly, = (Fp,/Fp,_,) ® Oy, (¢)-

Since B; is an extremal subcurve of C' and the pair (C, L) is maximal, we see ¢;

lies on external destabilizing P1’s of Y;. Hence Ly, is isomorphic to (FBi/FBFl)Yi.
We have an exact sequence on Y;:

0— IYl ® (FB'L/FBZ'—I) - (FBi/FBi—l) - (FBi/FBi,l)Yi — 0.

Let P be an external destabilizing P! of ¥;. If P meets B;_; then P C B;_;. Thus
each such P meets Bf. It is now not hard to see Iy ® (F,/Fp,_,) restricts to
Op(—1) on each such P. Therefore, by familiar arguments,

"/}*((FBz/FBwl)YI) = w*(FBi/FBi—l)'
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By Lemma (10.2.2), R'4.(Fp, ,) = 0. Hence
(/8 (FB-L/FB-L—I) = (U)* (FBI)/w* (FBi—l)) = Ei/Eifl'
Following all the isomorphisms yields the lemma. |

Lemma 10.3.3. Let (C,L) be a semistable pair. Let D C C satisfying D = D.
Then Lp is determined up to isomorphism by ¥.(Lp).

Proof. Let D' be the union of the destabilizing P'’s of D. Note all these P'’s are
internal. Let D’ = D\ D! and denote the restriction of ¢ to D’ by v¢’. Consider
the sequence on D:

0—Ip®Lp—Lp— Lp — 0.
Since Ips ® Lp restricts to Op1(—1) on each destabilizing P! of D, we see

Thus ¢, (Lp) 2. (Lp) 2. (Lp). Since ¢’ is a finite affine morphism,
By *(W(Lp)) — Lp — 0.

Let 7 be the torsion subsheaf of ¢’ *(¢,(Lp-)). Since § is generically an isomor-
phism and Lp/ is torsion free on D', we see

Lp = (" *(¢u(Lp))/7).
We have shown that Lp, is determined up to isomorphism by ¢.(Lp). It is clear
that Lps determines Lp up to isomorphism. O

Let p:Ze g — m be the quotient map. Let ¢ € m It follows from the results
of [Ca] (Lemma 6.1, p. 640) that there exists a [C] € Z, . satisfying:

(i) p([C]) = ¢.

(ii) (C,L = O¢(1)) is a maximal semistable pair.
Let ¢ : C — Cjs be the stable contraction. Let E = 1, (L). Let J be the Jordan-
Holder factors of E on Cs. From the definition of v, v(¢) is the element of Ug(e, 1)
corresponding to the isomorphism class of the data (Cs, J). By Lemmas (10.3.2-
10.3.3), the isomorphism class of (C, L) is determined by the isomorphism class of
(Cs, J). Therefore v is injective. By the previous discussion, v is an isomorphism.

Theorem 10.3.1. There is a natural isomorphism v : Py . — Ug(e, 1).
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