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THE ANALOGUE OF THE STRONG SZEGO LIMIT THEOREM
ON THE 2- AND 3-DIMENSIONAL SPHERES

KATE OKIKIOLU

INTRODUCTION

Let S* denote the circle R/277Z and let P, denote the space of functions on
St spanned by {e™? : 0 < m < n}. Write P, for the orthogonal projection
L%(SY) — P,. For f € L*(S) let f, denote the n'" Fourier coefficient of f;

r —in@d_e
fuo= [ o g

For a function f on S! let [f] denote the operator multiplication by f.

The strong Szegd limit theorem. If the function f : S' — C has a logarithm
satisfying

> |ml [log f,,|* < oo,
mEZL

then

ot 5> Imllog frlog f_,,

27
logdet P, [f]P, = (n—i—l)/o log f(6)
meEZL

(0.1)

+ o(1) modulo 2wi  as n — oco.

This theorem was first proved by G. Szego [3] for positive functions f in the
class C'*® with a > 0. Conditions on f were relaxed by several people (see, for
example, [7] and [4]), until the sharp result above was obtained (see [2]).

Let us make a small technical remark. It is certainly true that for some contin-
uous functions f, (0.1) holds precisely, not just mod 2mi. It is not difficult to see
that the spectrum of P,[f]P, is contained in the closed convex hull of the image
of f. If this set does not contain the origin, then there is a branch of the loga-
rithm defined on it which can be used to define log f and log P, [f]P,. If we replace
log det P,[f] P, in (0.1) by tracelog P,,[f]P,, the resulting formula holds precisely.

We also remark that if we instead define P, to be the space spanned by {e?"? :
|m| < n}, then formula (0.1) holds if we replace the factor (n + 1) in the leading
order term by (2n + 1). In this paper, we will prove the analogue of this result on
the 2- and 3-dimensional spheres.
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For N =2,3,...,5" denotes the unit sphere in RN*!. For N fixed, let o denote
surface measure on SV, and let du = do/(c(S™)). Let { , ) denote the standard
inner product on L2(SY, du). For points z,y in SV, let d(z,y) denote the distance
between z and y on SV, i.e. the angle between z and y in RV F1,

Forn=0,1,2,..., let P, denote the space of polynomials of degree at most n on
RN+ restricted to SV, and let P, denote the orthogonal projection L2(S™,du) —
P,.; this is a spectral projection of A, the Laplace-Beltrami operator on SV. Let
d,, denote the dimension of P,; when N = 2, d,, = (n + 1), and when N = 3,
dy = 2(n+1)(n+2)(2n + 3).

Frequently in this paper, a polynomial on RY*! restricted to SV will simply be
called a polynomial on S™.

Let H'/2 = H'/2(SN) denote the Sobolev space of functions f on SV such that
the norm ||(I — A)Y/4f| 12 is finite.

Theorem 0.1. For N =2 or 3, if f € C(SN) N HY2(SN) is such that the closed
convex hull of the image of f does not contain the origin, then

tracelog P,[f]P, = dp /SN log f(z) du(x)
+ ay nN—l //S (logf(‘r) — 10gf(y))2 ) du(:c)du(y)

. — . d
Nysy sin® Tl d(x, y) sin® %

(0.2) +o(nN7h) as n — 0o,

where ag = 1/(4m), az =1/(32).

We remark that the assumption that f is continuous is technical, and one might
hope to remove it. One might also hope to remove the assumption on the image
of f, and expect (0.2) to hold whenever log f € H'/? (i.e. whenever the second
integral on the right hand side exists), even though this is not the case for the
analogue of the strong Szegs limit theorem on a multi-dimensional torus, as noted
in [10].

To show the relationship between formulas (0.1) and (0.2), we remark that the
second term on the right hand side of (0.1) can be written as

1% 27 (log £(8) — log £(9))® df d¢
8/0 /0 si

n2 9*7‘15 o2 21’

while the second term on the right hand side of (0.2) has the form given in (1.5).
It seems likely that formula (0.2) is also true on SY with N > 3; in (1.4) we write
down what the constants ay ought to be in general.

To put Theorem 0.1 in context we will describe some related results. Write Py,
for the space of spherical harmonics on S™ of degree precisely n, and Py, for the
orthogonal projection L?(S™,du) — Pny- Let B be a self-adjoint pseudodifferen-
tial operator of order zero on S which commutes with A. In [14], it is shown that
for a smooth function F' on R, trace F'(P,) BP()) has a complete asymptotic ex-
pansion in n. A weaker but more general result is proved in [8]: let A be a positive
self-adjoint elliptic pseudo-differential operator of order 1 on a smooth compact
N-dimensional manifold M without boundary. Let A\; < Ay < ... denote the
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eigenvalues of A, let Py denote the space spanned by the eigenfunctions of A with
eigenvalue at most A, and let Py denote the orthogonal projection L?(M) — Py.
Let B be a self adjoint pseudo-differential operator of order zero, for example mul-
tiplication by some smooth real function f, and write K = [—||B|, || B]|] C R.

Theorem. There exists an integer r and C > 0 such that if F' € C"(K) then

AN _
(e F(PABRY) — g [ Flole ) dsd | < COM 4 Dl lerc,
ao(z,§)<

where ag and by are the principal symbols of A and B.

Now let M be a manifold with density du, let {P,} be a sequence (or continuum)
of subspaces of L?(M, dpu), write P, for the orthogonal projection L?(M, du) — P,
and for a function f on M, write [f] for the operator multiplication by f. In this
situation, the “analogue of the strong Szegd limit theorem” would be a formula
giving the second order asymptotics of tracelog P,[f]P, for f in some class of
functions for which the operator log P,[f]F, is trace class. In a moment, we will
list some cases when such a formula exists. First, however, we remark that as a
general rule, if we know the second order asymptotics of

tracelog P,[f]Pn

for all sufficiently regular functions f which are sufficiently close to a constant
function, or if we know the second order asymptotics of

trace(P,[f]P,)", forall k=1,2,...

for all sufficiently regular functions f, then we can deduce the second order asymp-
totics of
trace F(P,[f]FPy)

for harmonic functions F' defined on a neighbourhood of 0, and all sufficiently small
and regular functions f. We will not try to make the above statement precise, but
examples of this idea can be seen in Proposition 0.2 and Section 3.

In the following cases, the second order asymptotics of tracelog P,[f]P, are
known: in [16] and [17], M = R with Lebesgue measure and P, is the space of
functions whose Fourier transform is supported on nf), where () is any fixed set
with sufficient regularity. (In this case, a complete asymptotic formula is known.)
In [1], [9] and [10], M is the flat N-dimensional torus with Lebesgue measure
and P, is the space of functions with Fourier series supported on nf), where € is
any set in RY satisfying certain weak conditions. In [4], M is the interval [—1,1]
with measure (1 — :102)”_1/ 2. and P, is the space spanned by the ultraspherical
polynomials of index v and degree at most n. In [6], M is a sufficiently regular
closed Jordan curve with arclength measure dy and P, is the space of polynomials
in the complex variable z of degree at most n. In [11], M is the interval [—1,1]
with Lebesgue measure and P, is the space spanned by the first n eigenfunctions
of a non-singular Sturm-Liouville operator.

One might ask what the second order terms of

tracelog P, [f]P, and  trace(P,[f]P,)"
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look like in all these cases. The answer to these questions was useful in proving
Theorem 0.1. In all the cases listed above, the second order term of trace log P, [f] P,
is quadratic in log f; more precisely, the second order asymptotic formula has the
form

trace log P,[f]P, = (dimP,) L(log f) + b, B(log f,log f)

+ lower order error,

where L is a linear functional (L(g) = the “average” of g), the constants b,, do not
depend on f and B(, ) is a bilinear functional. Perhaps there is a simple reason
why this should be true, but I am not aware of one. The reason that this is a
useful observation is that if the second order term of tracelog P, [f] P, exists and is
quadratic in log f, then there exist a priori second order asymptotic formulas for
trace(P,[f]P,)*. In the case of Theorem 0.1, it is possible to run this backwards;
to prove that these formulas for trace(P,[f]P,)* hold and then use them to deduce
the asymptotics of tracelog P, [f]P,.

Now we explain these ideas more fully. First we will derive a priori second order
asymptotic formulas for trace(P,[f]P,)* assuming that a second order term for
tracelog P, [f] P, exists and is quadratic in log f. We will also show how to write
the asymptotic formulas in terms of the integral kernels K, (x, y) of the projections
P,.

Notice that in terms of the integral kernels K, (x,y), we have

(0.3) trace P,[f]P, = /M Ky (z,z)f(x) du(x),

trace P,[f|Py[g]Py = / /MxM|Kn<x,y>|2f<x>g<y>du(w)du(y%

and, by using the reproducing property of K, (x,y),
(0.4) trace P,

fI = P,)[g]P,
- %//MXM Ko (2, 9)[(f(2) = f(y))(9(x) = g(y)) du(z)dp(y)-

The asymptotics of the above quantities can be calculated if we have sufficiently
good asymptotics for the kernel K, (z,y).

Proposition 0.2. Suppose W is a Banach algebra of functions on M with
W c L>(V), Iw = I llsos lew.

Suppose there exists a continuous linear functional L on W, a continuous bilinear
functional B(, ) on W x W, sequences of numbers an, by, ¢, and a neighbourhood
U of 1 in W such that for every f € U,

(0.5) tracelog P,[f]P, = an L(log f) + b, B(log f,log f) + o(cn) asn — oo.
Then for every g € W we have

an L(g) = trace P,[g|P, + o(cn),
(0.6) b, B(g,9) = %trace P,lg|(I — Pp)[g|Pn. + o(cn),
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SO

(0.7) trace log P,[f]P, = /MKn(x,x)logf(x)d,u(x)

* i//MXM|Kn(:c,y)I2(10gf(w)*logf(y))Qdu(w)du(y) + oen).

Furthermore, for k=2,3,...,
(0.8)

trace (P [f]Pn)"
k-1
= trace P,[f"]P, — Z%trace P.[f(I — P)[f* 9P, 4 o(cn)

j=1

/Km () du(z)

sz / /MXM WP (@) = F ) (@) = 77 () dp(x)dp(y)
+ o(cp).

Proof. To prove the proposition, fix g in W, write (0.5) with f replaced by 1 — tg,
and expand the function log, which occurs in both sides of the equation, as a power
series. Formulas (0.6) result from equating coefficients of ¢ and ¢2, and (0.3) and
(0.4) give (0.7). Equating higher powers of ¢ yields (0.8).

Now we give an outline of the proof of Theorem 0.1. Our strategy is to prove
that the key formula (0.8) holds (with ¢, = n™¥~1). Tt is an easier matter to deduce
(0.7) from (0.8), and to compute the second order asymptotics of the terms on the
right hand side of (0.7), thus proving the theorem. Here are some more details of
this plan: the two terms on the right hand side of (0.7) came from (0.3) and (0.4).
To compute (0.3) is easy since, for the sphere, K, (x,2) = dp; so

)

(0.9) Kne.)f () dule) = do [ f(a)da,
SN SN

We will begin in Section 1 by using known asymptotics of the kernel K, (z,y) to

obtain the second order asymptotics of (0.4). The result is

).
//SNX | (e WP (@) = fy)(g(x) — 9(y) du(x)duly)
-1 (f(@) = f)(g(z) — 9(y))
= own? //SNst ’ gs 2@ du(x)dp(y)

sin™ =1 d(x, y) sin

+ o(anl)7
where ay is defined below (0.2), and in (1.4) for N > 3.
In Section 2 we will obtain the second order asymptotics of
trace (P [f]P.)" as n — oo, for k=3,4,...,
for polynomials f. This is the key step and the most delicate. The asymptotic

formula which we will obtain is (0.8), which stated precisely in this context is as
follows.



350 KATE OKIKIOLU

Lemma 0.3. If f is a polynomial on SN, where N =2 or 3, then

k—1
trace (PLlfJPa)* = trace BalfHP — 3 < trace PolfI)(I - PP,
j=1

+ o(nN 1) as n — oo.

To prove Lemma 0.3, we will show that if f and fy are polynomials on S™, where
N =2 or 3, then

(0.10)  trace (P.[f]) (I — P.)[fo] = %trace P.[f)I — Py)[fo] + o(n™~1).

Combined with the identity

k—1

(Palf1P)" = Pulf¥1Pa = D (Palf1Y (I = Pa)[f*]Po,

j=1

this clearly proves the lemma. In fact we will prove a slightly stronger, linearized
version of (0.10): if fo,..., f; are polynomials on S¥, where N = 2 or 3, then

(0.11) Y “trace Pulfa,]. .. Pulfo, (I = Po)[fo] P

= trace Py[f1...fj|(I — Py)[fo]Pn + o(n™71),

where the sum is over o in the set of permutations generated by the cycle (1,..., 7).
It is clear that (0.11) implies (0.10).

The proof of (0.11) is based on the proof of the strong Szegd limit theorem (on
S1) by M. Kac; see [7]. We will take a moment to explain the approach. The
way Kac proves the theorem for functions f close to the constant function 1 is to
expand both sides of (0.1), first expanding log P,,[f]P, and log f as power series in
P,[1— f]P, and (1 — f) respectively, and then expanding f as a Fourier series. The
resulting two expressions are simplified using the fact that '™ #eimz = ¢il
and they are both eventually expressed in the form

Z Z le---mk(n)fml ---fmk

k=0 —oco<m1<ma<---<mg <oo

m1+m)x
2

for some coefficients ¢y, ...m, (n). Formula (0.1) is established by obtaining certain
bounds on these coefficients and by showing that for fixed myq, ..., myg, the coeffi-
cients ¢y, ...m, (n) coming from each side of (0.1) are equal, for n sufficiently large.
This final step amounts to a combinatorial identity of Hunt and Dyson, known

today as the Kac formula, which states that if mq,...,m; are real numbers, then
Z ( min{ 0, Mg, Mo, + Moy, -y Moy + Moy + -+ + Mg, }
g
— min{ 0, My, , Mo, + Moy, ooy Moy + Mgy + -+ Mg, _, } )
(0.12)

= min{0, m; +---+m; },
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where the sum is over ¢ in the set of permutations generated by the cycle (1,..., 7).

We return now to the proof of Theorem 0.1. To prove (0.11), we expand the
polynomial f in spherical harmonics. For this purpose we fix bases for the spherical
harmonics on SV, with basis functions Y, indexed by lattice points m. On S? the
lattice is Z? and on S? it is a sub-lattice of Z3. Having expanded f in spherical
harmonics, we simplify the resulting expression. The difficulty here which is not
present on S is that complicated coefficients result when one expresses the product
of two spherical harmonics as a linear combination of the basis spherical harmonics.
For the bases we use, the coefficients occurring in such linear combinations are
explicitly known. The perfect situation, from the point of view of performing
reductions analogous to those of Kac, would be if there existed a constant Fmi for
each pair of indices m; and m' such that for all indices m,

1
Yo, Ym = Y T Yint i
ml

i.e. if the operator [Ym,] acting on basis spherical harmonics corresponded to a
fixed linear combination of shifts in the index. Of course this is not the case, but
it turns out that in some precise sense, [Ym,] can be locally well approximated by
a fixed linear combination of shifts. This is made precise in Lemma 2.2.

Finally, in Section 3 we show how to extend the results of Section 2 for polyno-
mials f to functions f € C(SN)N H/2(SV), and then we show how to go from the
asymptotics obtained for trace (P,[f]P,)* to the asymptotics for trace log P, [f]Ph.
The methods in this final section are elementary and general.

Theorem 0.1 appeared in my thesis [10]. T would like to thank Alice Chang and
Tom Wolff for suggesting that I work on this problem.

1. SPHERICAL HARMONICS AND PROJECTION KERNELS

For N =23,... fixed,and n = 0,1,2,..., we let H,, = H,(IN) denote the space
of spherical harmonics of degree n on SV, which can be defined in several equivalent
ways. It is the space of restrictions to S¥ of homogeneous harmonic polynomials
on RV of degree n, the space of eigenfunctions of the Laplace-Beltrami operator
on SV with eigenvalue n(n-+N —1), and it is also P, ©Pp—1 = P,NP;-_ ;. We have
dimH,, = d,, — d,,—1; the dimensions of H,,(2) and H,(3) are 2n + 1 and (n + 1)?
respectively.

For details of the facts that follow, see [12]. The integral kernel of the orthogonal
projection L2(SN,du) — H,(N) will be denoted by Z,(z,y) = Z,(IN)(:C,y). By
symmetry, the kernels Z,(z,y) and K, (z,y) = Y. _o Zm(z,y) depend only on the

m=0
distance d(z,y). It will be convenient to define functions on [0, 7];

Zn(0) :Z(N)(e) = ZnN)(x,y),
Ko(0) =K (0) = KN (z,y), where d(x,y) = 6.

The generating function for the functions ZT(LN) is the Poisson kernel:

oo

1—1r2
ZT Zn0) = (1 —2rcosf + r2)(N+1)/2°

n=0
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Tt will also be useful to introduce functions P (0) defined by

oo 1
1.1 "PMN () = .
(1.1) ;T w (0) (1 —2rcosf +r2)*

e functions Pp"/(cos™ " x) are the standard wltraspherical polynomials. rom
The functions PV ! h dard ultraspherical poly Is.) F
the generating functions, one sees that
_2n+N-1
- N-1
KM (6) = P2 (9) + POV 9),

(1.2) A0 P{N=D2)(g),

Let N > 2 be fixed.
Lemma 1.1. If f,g € H'/?(SN), then

il /Ss K, ) 2(F(2) — F))(9(e) — 9(w)) dpa(a)du(y)
(1.3)

du(z)du(y) + o(n™™h),

— oy anl// (f (@) = Fw)(9(x) — 9(y))
S

vxsy sin? Tt d(z,y) sin? @

where

1 (o(SM))?

aN = N2 (F(%))Q - 8(27'{)N+1'

(1.4)

Writing fn, and g, for the orthogonal projections of f and g onto the space H,,,
another expression for the right hand side of (1.3) is given by

(15) //SNXSN (';(Iiv]\)[_ f(i))(g(x) _g(y)) dﬂ($)dﬂ(y)

“d(x,y) sin® 452

= Z Bm on fn (@) gm () dp(z),

m=1
where
(T(241))* (m41)(m43)...(mIN-1)
for N even Bm = 4(%—1)!(%)! (m+2)(m+4)..(m+N-2)> T U

T2+l m(m+2)...(m+N—-2)
(2D GrrD0nts). (miN-3) ™ 0dd,

(m+1)(m+3)...(m+N-2)°

(m+1)(m+3)...(m+N—2)
4 (m+2)(m+4). (m+N—3)> M odd.

(1.6) for N odd,

4 m(m+2)..(m+N-1) m even,
Bm =

In particular, for N = 3,

m+1

4(m + 1), m odd,

8 { 4m+1—-=12), m even,
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and for all N we have By, ~ 4m as m — oco. Furthermore, for all n and f € H'/?,

an [ K@@ - F)R @) < € e

where C is independent of n and f.

Proof. We will use elementary techniques and well-known asymptotic formulas. We
begin by proving (1.5).

For 0 < # < 7, define the sub-manifold My of SN x SN by My = {(x,y) :
d(z,y) = 6}. Let op denote surface measure on My. To begin with, suppose that
f,g € C>(SY) and write

F(6) = /M () — F@)(g(@) — 9(v)) ooz, ).

Suppose that h is any function in L°°[0, 7]. The co-area formula gives

Lo @) = F)a(@) — s(u)hdGe. ) do(a)doty)

_ @) —9@) ,
B /0 O/Mg |v(m y)d(x y)' ¢ 6( ,y)h(e)de

- > /O F(O)h(6) do

Now with respect to the measure

sin¥ 19 do

BT

the functlons h (0) and F(0) / sinV ! are square integrable. Since the functions
(0)/\/Zm(0), m = 0,1,2,..., form an orthonormal base for L*([0, x], dv(9)),
Parseval s formula gives

1 T ™ inN_l d T F 9
E/0 F(O)h(0)do = L)S—W/O h(e)ﬁ v (0)

1
V2T sinN T gdg = Jo

Now

1 s
L /0 2 (0)F (6) 6

V2
- //SNXSN Zin(d(z, ) (f(z) — FW)(g(x) — g(y)) do(z)do(y)

_ { ~2(0(S™))? [gn fin()gm (@) du(z), m # 0,
"2 (Ssn f(@)g(@) du(x) = fogo), m =0
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SO

1T OF@e)
\/_/0 smN 19 h(6) o

Zpn(6) v
N smN 1¢d¢ Z/ = Zun(0) MO 0.d0 /SN Jn(@)gun () dia(),

and hence
//SN on (f(x) = fFW)(g(x) — g())h(d(z, y)) du(x)du(y)
= 22 Onlh) [ fn(@)gn(a) dp(a)
m=1

where

B 2 / 1 Znl®
T Josin¥Tedo Jo © Zn(0)
Now [n fm(2)gm(x)dz is rapidly decreasing as m — oo. Since Z,,(f) attains its

maximum value at 0, the function 1—(Z,,(60)/Z,(0)) is bounded, vanishes at 6 = 0
and its first derivative also vanishes there. Using the bound

B (h) Yh(6) sinN =1 g db.

1Z50" | = = O(mN+2), m — oo,
we get
Zm(9) 2 0
1* = O —
Z(0) (m?) sin 5
S0

T _Zm(e) sin?V 1 =0O(m? sinV =1 @ sin? ¢
[0 2800310y 0y = 019 s B

Approximating the function 1/(sin” ! @ sin? ) by bounded functions in an appro-
priate fashion, we get (1.5) with the coeﬂiments B defined by

27 T Zn0), 1 db
’ Jo sinV o de /0 ( ) o

)
_ —4r /” Z!(0)cos dg 2N+ (T(2))* 77 (0)
0 (0) sin &
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and using (1.1) we see that

PV() = <m+2/\1> _ <m+N2)

m m
and
= Y 4 2Ar sin 0 cos ¢ do
P (0) = / . : 2 &2
mZ::OT ( ) 0 ((1 _ 7“6“9)(1 _ re—ze))k-i-l Sing T
T r(1+2) de 0
=2\ — =e
/ 1—r2)(1 —r/z) M1 7’ T
o (( )1 —r/z))
., df
=2\ Z Pty v §R/ (1+2)277F=,
7,k=0 &
where -
St =
k=0 (1 —w)+t?
ie.,
1 Tk+A+1) 1 T+
IOy B T(EE)T A
Equating powers of r, we get
FyV'(0) = o,
P (0) = 22ym-1, k>0,
Pii(0) = 229, k>0,
and, putting everything together,
m T m+N—1 T m+4+N+1
2N+ (m—i—NI—2)I ( (%—ﬂ—l))!gm)!2 )’ m even,
ﬁ _ 2 2
" ml (TN
2V et () m odd,

from which we get (1.6). We remark that 3, > 0 for all m > 0 and §,, ~ 4m as
m — 00, 50 (3 B [ |fm|?)'/? is equivalent to the norm [|(—A)Y4f|| 2.

We assumed so far that f, g € C>®(SN). For f € C®(SY), setting g = f in
(1.5), we have

|f(x) = f(y)I?
(18 //SNxSN sin’V— 1d( Y) sin2 M dp(x)du(y)
Z /S | fm(2)]? duu(2).

By standard arguments, the above identity and (1.5) hold for any f,g € H'/2,
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We now prove (1.3), and begin by showing that for N fixed, the projection kernels
K, (0) have the following asymptotics:

p(N-1)/2
(1.9) K,(0) = én— YR — cos((n+ N/2)0 —nN/4 — m/4)
sin ¢ sin 50
+ (97(N+3)/2+( —(N+1)/2 ) nN= 3/2 ent<O<m—ent,
O(n™), 0<6<cn?

Ka(0) = {

onN=1, wm—en t<0<m,
where c is a positive number and

2(NFD/2P(H 4 1)

7T1/2N! = 2v2an,

by =

where ay is defined in (1.4). In the interval 0 < 6 < en™!, this is just the trivial
bound on the kernel. As for the other intervals, from [13] (8.21.17) we have the
following:

2N2r(E 4+1)  (n+ N)! 01/?
(N+1)/2) (g} = 2 : N+l
Pn (9)_ NI ( + N+1)N/2 Sin(N+1)/29JN/2((n+ 2 )9)
0~ /20( N3/2) en 1 << —k,
(1.10) +
920(n ), 0<6<ent,
where ¢ and € are fixed positive numbers, and J,(z) is the Bessel function defined
by
2)e +1
Ja(z) _ (2/1) - / (1 _ t2)o¢—— izt dt.
la+2)I(3) /-
Now

O(]z]%), z—0,
1
3

1.11 Jo(2) = 3
(L1) ) <l> cos(z —ar/2—7n/4) + O(z72), z— 0.

=2

Combining these formulas, we get

oINHD2P (N 1) p(V-1)/2
Tl/2N! sin /2 g
+ N2 N=3/2) epTl<h<m—e,

Pé(N+1)/2) (9) _

cos((n + Nlyg — L)

and from this and (1.2) we get (1.9) in the range 0 < # < m —e. To get the
behavior of K, (f) in the range 7 — ¢ < 6 < 7, notice that if n is even then

P,gA)(ﬂ —-0) = P (0), and if n is odd then P (m—0) = —Py)(ﬁ). Hence

En(0) = (-1)" (BN (z—g) — PP (r —p)).
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Using the identity J/,(2) = (a/2)Jo(2) — Jat1(2) and (1.11), we get
Jo(z +w) — Jo(z — w)

O(lz|*Hfwl), 2Jw| < |z[ =0,
= <%) (cos(z +w — am/2 — /4) — cos(z —w — ar/2 — 7 /4))
+ O(jw|z—%), 2wl < |z — .

From this and (1.10), it is easy to deduce (1.9) in the ranges m —e < 0 <7 —cn~!

and T —en~! <0 <.
From (1.9) we get the asymptotics of the square of the kernel:

pN-1 (
sinV ! 6 sin® 16
+ (07 4 (= 0)" ) O™ ),
ent<0<m—ent
O(n2N), 0<8<ent,
KZ(G) = { (nzzv)_z ~ —1cn
O(n ), m—en P <
To prove (1.3), we saw in (1 8) that f € HY/2(SY) implies
I BT i) <
SN gN s1nN 1 0 sm2 =0

1
2

K2(0) = day— 1+cos((2n+ N)0 — nN/2 — 7 /2))

)

Let My and op be defined as above; My = {(z,y) € SN x SV : d(z,y) = 0} and
og is surface measure on My. By the co-area formula, for any integrable function
G on SV x SV we have

Jfo o taserie) = 7 [ 55

For f, g € HY?(SN) write
1

sin®V =1 6 sin? g

d9d9

F(o) = /M (@) — 1)) (g(x) — g(y)) doy.

Then F € L([0,7],df), and we have

//SNXsN | (2, 9) 2 (f(2) — £(u))(g(x) — g(y)) do(x)do(y)

N—1 en” !t T

- 4aNnN_1/OF%d9 - 40‘%( i F(e)d9+/_  F(0)do)
+ O =h /W F(0)cos((2n + N)§ — tN/2 — /2) df
0

T—enTt

+ O(nN’2)/ O+ (w0 TIF0)] b

-1 -

4 O(nQN)/Ocn IF(O)|0N+ do + O(nQN’Q)/ |F(8)|(m — 6) 1 db.

—en—1
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The first term on the right hand side is equal to

N-1 (f (@) = Fw)(9(x) — 9(y))
dann //sNst do(x)do(y).

sin™ 1 d(z,y) sin® —d(g’y)

It is not hard to check that each of the other terms is o(n’¥ 1) as n — oo, and that
(1.7) holds.

The rest of this section is devoted to describing the bases we will use for the
spherical harmonics on $? and $3, and stating explicit formulas for the coefficients
that arise when the product of two spherical harmonics is expanded in spherical
harmonics. We will be far more interested in these coefficients than in the formu-
las for the spherical harmonics themselves, which we only include for the sake of
completeness. All the formulas and the theory behind them can be found in [15],
Chapter 3.

The Euler angles (0,¢,v) with 0 < 6 <7, 0 < ¢ < 2w, 0 < ¢ < 47 are a
coordinate system for S3 defined by

0

55111@).

(9,¢,1/))H(cosgcosMTw,cosgsinMTw,singcos‘z’_—w,sin 5

2 2

Normalized surface measure is given by

sin@d@@ﬂ
2 o2m A’

For the familiar spherical coordinates (6, $) on S?, normalized surface measure is
given by
sin 6 df d¢
2 27
In both dimensions N = 2 and N = 3, the basis spherical harmonics will be
indexed by certain points in a lattice. Let

A(2) = 72,
A(3) = {(maqu) : meZ? p7q7m_p7m_qeven}7
Ao = {(m,p) : m€Z, p,m—peven}.

The letters m, p, q, with or without subscripts or superscripts will be reserved
for the coordinates of lattice points. We will always use the notation

m = (mvp)v my = (méupf) m’ = (méjpé) m' = (mlapl)

for points in A(2) or A,, and

m = (mapa Q)a my = (mfvpéu qé) m’ = (mévpev qé) m' = (mlvplv ql)

for points in A(3). Z(2), Z(3) and Z, will denote the “cones” of lattice points in
A(2), A(3) and A, given by
Z(2) = {(m,p) € AQ2) : [p| <m},
Z(3) = {(m,p,q) € AB) : Ipl,lg] <m},
L. = {(m,p) € As = [p[ <m}.
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Z(2) will index the basis of spherical harmonics on S? and Z(3) will index the basis
of spherical harmonics on S®. Moreover, {m = (m,p) € Z(2) : m = n } will index
the basis for H,,(2) (there are 2n + 1 points in this set), while {m = (m,p,q) €
Z(3) : m = n} will index the base for H,,(3) (there are (n + 1)? points in this set).

For each index m in Z(2) or Z(3), we will now give a formula for the basis
spherical harmonic Yy, on S2? or S respectively:

}/(p,m) (9’ ¢) =V 2m+1 t;r)nb(ov (bv 0)5
(112) YP(p,q,m) (95 ®, 1/}) = vm+1 t;;/;q/g(ev o, 1/))7

where for a point (m, p, q) such that (2m,2p,2q) € Z(3), we have
m _ —i(pop+ m
(1.13) thg(0,0,0) = e (Po+av) Ppy(cosf),

where

Pl(z) = ip'I<(m_P)!(m—q)!>%<1+z)L;q

pa (m+p)l(m + q)! 1—2z
- (m + £)1i% 1-2\°
P2 <m6>!<ep>!<eq>!( 2 )

and where the square root is chosen so that ((1+2z)/(1— z))(p+q)/2 is positive when

—1 <z < 1. P} is closely related to a Jacobi polynomial. We have || Y| 2 = 1.
We now describe the coefficients arising in the linearization of products of spher-
ical harmonics. We have

(1.14) Yo, Yin = > I (1) Yot 1m

m!

for coefficients Fﬁi (m) given by

P ) = [ Yoo (@Yo @) Vo () di(o).

We extend the definition of 1"%1 (m) to all m, m* € A(N) by setting it equal to 0,
unless m, m! + m € Z(N). By Cauchy-Schwarz we see that

1
Do ()] < [[Yin, [|
Now Y, Y is a polynomial on SV of degree at most m; + m, so Fﬁi (m)=0
unless m!' +m < my +m. By also considering the products Y, (7)Y ym(z) and

Y (%)Yt 1m(x), we find that

(1.15) FEi(m):O unless  |m —my| —m < m! <my.
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It can be seen from (1.12) and (1.13) that
for N = 2, Fﬂi (m)=0 wunless p'=p,
(1.16)
for N = 3, I‘mi (m) =0 wunless p'=p; and ¢' = q.

We will need more precise information about the coefficients Fmi (m), so here is
the explicit formula:
1
I, (m) = Fo(m)F; (m)Fy(m)

where
1/2
2mi1+1)(2m—+1
for N =2 Folm) = <%>
or N =2,
Fi(m) = C(ml,m,ml—i—m;pl,p,p1 +p)
By(m) = C(my, m,m* +m;0,0,0),
(1.17)
1/2
Fy(m) = (%)
for N =3, A
Fl(m) = 0(71’7’ 12+ ;%7§7p12+p)
Fy(m) = C(4,m mim 4 4 91td)

and the Clebsch-Gordan coefficient C(my,m, m' + m;p1,p,p1 + p) is given by

(my +m)!(mg —m?)! 1/2
(m1 4+ p1)l(m1 — p1)! )

C(m17m7m1 +m;p17pap1 +p) = <

x (2(m+m') + 1)1/2

y < (m +p)! (m—p+m1+p1)!(2m+m1+m1+1)!>1/2
(m+p+m!+p)! (m —p)! (2m +m' —my)!
: Ul —
. min{mi+m",m—p+ p1} (—1)°

x (=1)pr—m

| 1 _g)!
g sl(my +ml — s)!

(1.18)
(2m + 2m! — s)! (m—p+m!t+mg —s)!
Cm+mi+m!—s+1)! (m—p+m! —p; —s)!’
for (m,p), (m1,p1), (m* +m,p' + p) € Z.. (This formula can be found in [15],
(3.8.147).)

2. ASYMPTOTICS FOR trace(P,[f]P,)* WHEN f IS A POLYNOMIAL

In this section, we will prove (0.11) and hence Lemma 0.3. We will assume
throughout that the dimension N is equal to 2 or 3. To prove (0.11), by linearity we
need only consider the case when the functions fy, ..., f; are spherical harmonics,
i.e., we just need to prove that for any fixed my,...,m; € Z(N),

trace Pp[Ym, .. Ym;|(I = Pp)[Yim,) P
— Y _trace Py[Yin,, |- Pu[Yin, |(I = Po)[Yim,| Pn

Nfl)

= o(n as n — 00,
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where the sum is over ¢ in the set of permutations generated by the cycle (1,..., 7).
Now we have

(2.1)  trace Py [Ym,, |  Po[Ym, ] (I = Pn) [Ymo] P

J

Z <Pn [Ymgl]"'Pn [Ymgj] (I*Pn) [Ymo]Ym ) Ym>a

where for N = 2, the sum is over those m = (m,p) € Z(2) with m < n, and for
N = 3, it is over those m = (m,p,q) € Z(3) with m < n. Clearly each term in
the sum is bounded by 2[|Yin /oo - - [[Ym, [|co, S0 at first glance we see that (2.1) is
O(n"). We can easily do better; by (1.15), (I—P,,)[Ym,]Ym = 0 unless mo+m > n.
(Recall the notation: mgy = (mg,po) or (Mo, po,qo).) Since the number of indices
m with n —mg <m < nis O(nV 1), we see that (2.1) is O(n¥~1).

Similar remarks apply to trace P,[Ym, ... Ym;](I = Py)[Ym,]. We have

trace P, [Ym, -+ Ym,] (I = Pn) [Ym,]
— Ztrace Py [Ym, |- Pa [Ymaj] (I = Pn) [Yin,]

(2'2) - Z ( <Pn [le "'ij] (prn) [Ymo]Ym ’ Ym>

= SR W 1+ Pa Wi, | (1 = P2} Wi Y+ Yo ).

where the sum is over those m € Z(N) with n —my < m < n. Our goal is to prove
that this expression is o(n’¥~1) as n — oco. So far we know that it is O(nV~1). To
see where the cancellation occurs, we first express each of the operators [Yim,] as a
linear combination of “shifts”. By (1.14) we have

2 £
(2.3) Vin,Yen = Y T (m) S™ Vi,

m?
where S™° denotes the shift operator:

sz Yo — { Yintam if méJr.m € I(N),
0 otherwise,
and where the sum is over m* € A(N). In fact, by (1.15) and (1.16), Fmi (m)=0
unless [m’| < my, p* = p; and, in the case N = 3, ¢* = go. The set of m’ for which
these conditions are satisfied is finite—that is to say, for m, fixed (2.3) holds where
the sum is over a finite set of indices m’; a finite set which does not depend on m.
To compute the expression
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we expand each operator [me] in terms of shift operators. We get

<Pn [le "'YmJYmo]Yma Y >
= Z Fm( 24 +mj+m0+m)~~~ij(mO+m)sz(m)

m
mO,....mJ

x (PyS™ g™ em YY)
= > aAmeemimm) (P, 5™ 5™ Vi L Vi),

.....

m9,....mJ

where Ami::::ﬁj:mz (m) is defined to be the product of I'’s in the second line and

the sums are over those indices m?, ..., m/ lying in a fixed finite subset of A(NN),

which depends on my, ..., m; but not on m. Similarly,
<Pn [le ! "ij] P, [Ymo]Ym ; Ym>
0 m mv mo
Z Aml, ,mg,mo( )<P S -8 ]PnS Ymv Ym>7

<Pn [Yma ]Pn [Yma.][Ymo]Ym ) Ym>
1 J
= Y AR () (P ST Py ST ST Vi Vin ),

mO,....mJ

<Pn [Ymal]Pn [YmU]]Pn [Ymg]Ym; Ym>
= Z Aﬁaii 7$U] ﬁo( )<PﬂSmal"'PnSmaanSmOYmaYm>'

mO,...,mJ
These sums are all over a fixed, finite set of indices m?,...,m/. Consider the
expression

(2.4)

> (A&:..:ﬁ = (m) (P, §™ -+ S™ (I = P,) S™ Yin , Yin)

= Y AR e (m) (B[S P [S™] (1= P) [S™ ] Yin Yim) )

o

where the first sum is over those m with n — mg < m < n. If one sums this over

m? ... mJ then one gets (2.2); so in order to prove that (2.2) is o(n™ 1), we just
need to show that (2.4) is o(n™~1) for fixed m", ..., m7. For the rest of this section
we will assume that m°, ..., mj are fixed.

Notice that if §™' ... gm’ gm" Ym # 0, then none of the shifts S™" takes the
index m*~! +--- + m/ + m® + m outside the indexing set Z(NV), and

gm' ... gm/gm’y _ gm'+-4m/4+m’y

On the other hand, if gm' ... gm’ gm’ Y = 0, then one of the shifts S™ must take

an index m‘~!+- - -+m’+m°+m outside Z(N), and we have Ami:::::mjﬁz (m) = 0.
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0

Thus if Aﬁi::“’mj’m

.., 1M, 1M

(m) # 0, then §™" ... 5™ gm’y £

(P, ™ 5™ 5™ Y Vi) = (B, S Ftmlimly oy
{1 ifm'+---4+m/ =0 and m < n,

0  otherwise,

and
(g™ .gm pogm’yl ) = (Smitetml pogmty oy,

We can interchange a shift with a projection as follows:

12

S™ P, = P, S™:
hence
Pn Sm1+“‘+mj Pn = Panl—‘,-w‘-i—mj-i-n Sml-‘r'”-‘rmj
= n+min{0, mt+---+mJi} ks + +m]7
and
(gmittml pogm®yr oy
(1 ifm®+ - 4 m! =0and m <n+minf0, m' +--- +m'},
N 0 otherwise.

Similarly, if A7 100 (m) £ 0, then §™7' ... ™7 9™ ¥, £ 0, and by pass-

yeeey Mg, IMQ

ing all projections to the left of all shifts we get
(B [S™7] -+ Pu[8™7][8™] Yim , Yin )
1 ifm°+---+m/ =0
= and m < n + min{0, m7, m° +m°2, ..., m° 4+ -+ m7-1},
0  otherwise,
(P, [S™ ]+ Py [S™7] Py [S™] Yin » Yim )-
1 fm®+--4+ml =0
= and m < n + min{0, m7, m° +m°2,...,m7 4+ -+ m%},

0 otherwise.

Putting all this together, we see that (2.4) is equal to 0 unless m® + - -- + m’ = 0,
when it equals

(2.5)

1 i .0
3 {Aazz::ﬁj;&(m)(Xmgn<m> — Xpenemin{omi st (1))

{m:n—mo<m<n}

m°l,...,m% m°
= Y AR e (M) (X tmingo, me et 4o omes 13 ()
o

- Xmgn-l-min{O,m”l,...,m°1+»»»+mﬁj}(m)) }7
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where X denotes the indicator function. We must show that this is o(nV 1) as
n — o00.
For N=2or 3, and 0 </ < j, write
I3
[y(m) = Ty, (m),

— Aml,m,mj,m0 (m)7

miy,...,mjy,mMo

o

)
o 0
Ag(m) = AT, (m),
)

= > A,

{meZ(N):m=n}

AZ(n) = Y A(m).

{meZ(N):m=n}

We have |A(m)], |A, (m)| < [[mo||s - - - || Moo, 50 AZ(n) and AZ(n) are O(n™V1).
The expression (2.5) is equal to

3 b))
E { A (m)Xn-i-min{O,ml-‘rvvv-‘rmj}<m§n(m) - E A (m)
n—mo<m<n o
X Xn-{-min{O, mol, ... .mol+4-4m% }<m<n4+min{0, m71,...m71+...4+mi—1} (m) }
We write this as

AE (n) Z { Xn+min{0,m1+“‘+m1}<m§n (m)

n—mo<m<n

- E Xn-i—min{O,m”l,...,m”l—i-w-l-m"j}<m§n+min{0,m”l,...,mal—i-w-l—maj1}(m)}
o

+ Z { (Az(m) - AZ(n))Xn-i-min{O,ml-i-vvv-i-mj}<m§n(m)

n—mo<m<n

= > _(A¥(m) - A%(n))

X Xnerin{O, mo1,...m°1+--4+m?i }<m<n+min{0, m1,....,m71 4---+mi—-1} (m) }
= () + (II).
We will examine (I). Now, m® +--- +m? =0, so |m; + -+ + m;| < mog, and

Z { Xn+min{0,m1+~~~+mj}<m§n(m)

n—mo<m<n

- E Xnerin{O,m"l,...,m"1+---+maj}<m§n+min{0,m"l,...,m"1+~~~+m°j1}(m)}
o
= min{0,m' +--- +mI} + E (min{ 0, m?,...,m7 +--- +m?1}

o
— min{0, m"l,...,m‘71+~~~+m"j}) =0,

by the Kac formula (0.12), so term (I) is equal to 0. Clearly, to show that (II) is
o(n¥N~1), it suffices to show the following:
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Lemma 2.1. For any permutation o of 1,..., 7, we have

Z |AZ(m) — A%(n)] = o(n”71) as n — oo.

{m:n—mo<m<n}

Proof of Lemma 2.1. We will show that

(2.6) | AZ(n) — Az(n)| = o(n™M7h) as n — 0o
and
(2.7) sup |A¥(m') — AZ(n)| = o(n™ 1) asn — oo.

{no:n—mo<m’<n}

Write M = mg+---+m; +2. For any function F': A — C define the oscillation
of Fat m € A to be

wrp(m) = sup{| F(m') — F(m)|:m' € A, jm —m’| < M}.
It is easy to see that the oscillation of a product satisfies the Leibniz rule:
wra(m) < wp(m)[|Glle + [[Floo we(m).

We will see that (2.6) and (2.7) are a consequence of the following:

Lemma 2.2.
Z wr,(m) = o(n™71) as n — oo.

{m:m=n}
To show that this indeed implies (2.6) and (2.7), first note that
A(m) = Fo(m(o) +m)--- r; (m(j) +m),

where for 0 < ¢ < j, m() € A(N) is a fixed index. Since I'y is bounded, Lemma
2.2 and the Leibniz rule imply that

(2.8) Z wa(m) = o(n™¥71) as n — o0.

{m:m=n}

Similarly, if o is fixed then A,(m) = To(m® +m)---T;(mY) + m), where for
0<¢<j,m® € Ais a fixed index. Now lmyg)], |m®| < M, and the functions T
are bounded. We have

| AZ(n) — A%(n)|
< Y |Fo(mg) +m)---Tj(mg) +m) — To(m® + m)---T;(m") + m) |
{m:m=n}
J
< CZ Z wrz(m) = O(TLN_l) as n — o0,
£=0 {m:m=n}

which proves (2.6).
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We will prove (2.7) when N = 3; the case N = 2 is similar. Let n—mg < m < n,
so [n—m| < M — 2. We want to bound |A*(m) — A¥(n)|. The cases n —m even
and n —m odd are slightly different. We have

|A%(m) — A%(n)]

- Y am) - Y A

{m’:m’'=m} {m’:m’'=n}
- 2 pappere)y 1AM p,q) — An, p, q)| if n — m even,
T Zpempaerey [Amp+1,g+1) = An,p.q)|  if n—m odd.
< Y walm) = oV,
{m’:m’'=n}
by (2.8).

Proof of Lemma 2.2. Without loss of generality £ = 1. The number of indices

m € A(N) with m = n and wa(m) # 0 is O(n¥~!). Define the “reduced cones”
It for 0 <t <1, by

I'3) = {m=(m,p,q) € Z(3) : Ipl,|q| < tm},
7'(2) = {m=(m,p) € Z(2) : |p| < tm},
I! = {m=(m,p) €L : |p| <tm}.
For N =2 or 3 and any fixed t < 1, we have

(2.9) sup wr,(m) = o(n™") as n — oo.
{meZIt(N):m=n}

(This is not true with ¢ = 1.) This easily implies Lemma 2.2. To prove (2.9) from
(1.17), we see that I'; is a product of bounded functions Fy, F1, and F», and clearly

sup  wp,(m) = o(n™1) as m — oo.
{meZ,:m=n}
Write
C(m17m7m1+m;plap7pl +p) if (map)ez-*a
F(m,p) = .
0 if (m,p) € Ax \ Zs.
p
p=m I
s2n p=im
A II:It
Q,
snn—=Mp|n+M 2n m
\
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Using the Leibnitz rule for the oscillation, it is not hard to see that (2.9) will
follow if we show that

(2.10) sup wrp(m) = o(n™h) as n — oo,
{m=(m,p)€Zt:m=n}

for any fixed t < 1. Fix t < 1 and pick s with 0 < s < 1 and s? > t. Define the
rectangle of lattice points Q,, by

Q, = {(m,p) €L, : sn <m < 2n, |p| < s*n}.

To prove (2.10), we will show that for n sufficiently large, there is a function G,
defined on
Q={(z,y) eR?*:5 <y <2, [a] <57,

such that
(2.11) I IVGh|lloo is uniformly bounded over n

and
F(p,m) = Gn(2,2)+0(n") on Q.

That this does indeed prove (2.10) is easily seen, for we can pick n sufficiently large
so that if m = (m,p) € Z! and m’ = (m/,p’) € A, is such that |m —m’| < M, then
m,m’ € Q,, and hence

|[F(p,m) = F(/,m')] < |Gn(2,2) = Gu(%,25)[ + O(n™")

n’n

< YYIVG,| [lse + O(n71).

To show that such functions G,, exist, we examine the expression for the Clebsch-
Gordan coefficient, (1.18):

1
(m+p)! (mp+03)!(2m+04)!}2
(m+p+ec) (m—p! (2m+cs)

10 — — 1) .- (m — _
XZCH(S)(m ptcec—s+1)---(m—p+ecs—s+cr)
= 2m+4cg—s+1)---(2m+cs— s+ cy)

Fivm) { om -+

where c1,...,c10,c11(8) are constants with c7,cg > 1. This expression for F'(p,m)
is a product of two factors. The factor involving the sum can be written as

1
(2m+4cg—cio+1)---(2m+cs+c9)

J(p,m)

where J is a polynomial. We notice that

1
(2m+4cg—cio+1)---(2m+cs+cy)

= (2m)~ % (14 0(m™1)).

The factor involving the square root is

m(C4*65+1)/2(m +p)762/2(m — p)63/2(1 + O(mil))
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on { (p,m) : |p| < sm}. Absorbing constants into J gives
F(p,m) = m®2(m+p)*?(m —p)™*J(p,m)(1 + O(m™"))

on {(p,m):|p| < vm}, for constants ci2, ¢13, c14, and since F'(p, m) is uniformly
bounded on Z,, we get

F(p,m) = m®2(m + p)*(m — p)**J(p,m) + O(m™!).
Define G,, on Q by
Ginl, ) = e e ersyen (y 4 ) (y — 2)°4 J(n, ny).

Then F(p,m) = Gn(2,2) + O(n™') on Q,, and we just need to show (2.11).
Clearly

Yy (y +x) (y — )M

and

|V (y2(y 4 2)72 (y — x))|

are uniformly bounded above and below on Q. Since J,,(z,y) = J(nz,ny) is a poly-
nomial on Q of degree at most the degree of J, there is a constant ¢y independent
of n such that

[V Inlle < collTnlloo

on Q. Hence there is a constant ¢ independent of n such that
[IVGarllle < cllGnlloo-

Now F is uniformly bounded on Z, so G,, is bounded by a constant ¢’ independent
of n on

1
EQH = {(%a %) € Q:(z,y) € Qn}-
Since any point of Q is at most \/5/ n from a point of %Qn, we get
VGl oo < clGulloe < (¢ + 2] VGl |0
and hence (2.11).

3. ASYMPTOTICS FOR tracelog P,[f]P, WHEN f € C(SN)n HY/?(SN)

For N = 2 or 3 fixed, let W be the space C'(SN )N H'Y/?(SN) with norm | - ||w =
- Mz + 1 e
In this section we will extend the key result of Section 2 to functions f € W.

Lemma 3.1. If f is a function in W and 0 < j < k < 0o, then

trace (Po[f])’ (I = Po)[f* /)P0 — % trace P [f/)(I = Po)[f* P,
= O(anl) as n — 0o.

Furthermore, we will prove the following:
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Lemma 3.2. If f € W is such that the closed convex hull of the image of f does
not contain the origin, then

tracelog P,[f]P, = trace P,[log f]|P,

+ %trace Py [log f](I — P,)[log f]P, + o(n™71).

Combined with (0.3), (0.4), (0.9) and (0.10), this completes the proof of Theorem
0.1.

In the proofs of these two lemmas, we will make frequent use of the following
definitions and facts which can be found in [5] on page 187.

Proposition. Let (M,du) be a finite measure space. For an operator T on
L?(M,dp), with integral kernel K (x,y), and an orthonormal base zx, k = 1,2,...,
of L?>(M,du), the Hilbert-Schmidt norm of T is

2

i = (/] MIK(w,y)Izdu(fc)du(y)>1/2 _ (i ||Tzk|§)1/.
x k=1

IT|| will denote the operator norm of T
If Ty and Ty are Hilbert-Schmidt, then T1T is trace class,

[trace TiTo| < ||T1|l2]|T2l2,

and
trace 111> = tracel>Th.

If Ty is bounded and Ty is Hilbert-Schmidt, then T1Ts is Hilbert-Schmidt and

I Tal2 < [T1[[[T2]]2-

Proof of Lemma 3.1. Write

0(f) = 26k f) = = trace (PulA)(T = P[P

t}z(f) = t}z(]vkaf) = W trace Pn[f]](jfpn)[fkij]Pn

(3.1)

We want to prove that for all j < k fixed and f € W, we have

(3.2) () — %t;(f) = o(1) as n — o0o.

From Section 2, we know that this holds when f is a polynomial on S™V. Using the
remarks above (1.8), it is easily seen that W is a Banach algebra, so the Stone-
Weierstrass theorem implies that the polynomials on S™ are dense in W. We will
show that if || f||w, |lg|lw < M, then for a =0, 1,

(3:3) th () —ta(9)l < € M f —gllw,
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where C' is independent of M and n. A simple argument then gives (3.2) for all

few.
To prove (3.3), we have

VP = P2 < [1PalF) = [F1Pl
1/2
_ ( /I |Kn<:c,y>|2|f<sc>f<y>|2du<x>du<y>) < OV fl e,
Mx M

so for functions f and g in W, we have

1Pa[fI(I = Po)lla < [|PalfIPa[g)(I = Po)ll2 + [1PalfI(I = Po)lgl(I = Pu)l2
< e lPalgl( = Po)llz + [lgllz=IPalf1(T = Po)ll2-

By induction we see that if fp € W for 1 < ¢ < 5, then

J
1Palfr--- 1T = Palla < D IPLfel(T = Pa)ll2 [T 1 fllz=
(3.4) =1 k£l
< Ca NN el g [T Il
=1 k£

From this we see that
[Palfr-- 51 = Po)ll2 < CnN =02 fillw -l 5w,

and it || f]lw, llgllw < M then

nN e (F) = th(9)]
‘trace Pulf? — ¢'|(I — P)[f*77]P, + trace P, [¢°|(I — P,)[f*7 — Qk_j]Pn‘

< NPalf = allf7 4+ U = Po)ll2ll(T = Po)[f* 7] Pall2
+ Palg’I(I = Po)ll2ll( = Pa)[f = gl[f* 77 4 4+ gF T P2
< OnMIMEY|F = gl

The case @ = 0 can be proved in a similar way.

Proof of Lemma 3.2. By a simple scaling argument, Lemma 3.2 is is equivalent to
the following:

Lemma 3.2". If f € W and ||f||cc <1, then
tracelog P,[1 — f]P,, = trace P,[log(1l — f)]P,
+ %trace P,llog(1 — £)](I — Py)log(1 — f)]Py + o(n™N7h).
Proof of Lemma 3.2. Let t° and t! be defined as in (3.1). We have

103G ks )] < Clk = 5) 11521 F 122
(3.5) [t ks )| < Chlk =) IFIEZ2N 120

A A
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where C' does not depend on j,k or f. To see this, by (3.4) we have
(= P 1Palla < Cn =D FIETY fll o,

SO

| trace(Pu[f1) (I — Pa)[f* 7] Pu |
LAY Palf1 = Pa) 2 (1 = Po) (£ 1P |I2
CnN =tk = DI N 72

The proof of the second inequality is similar.
Now the operator norm of P,[f]P, is bounded by || f|/cc, S0 since || f|lcc < 1, we
have

N (G ks ) |

IANIA

tracelog P,[1 — f]P,, — trace P,[log(1 — f)] P

= i%( — trace(P,[f]P)* + tracePn[fk]Pn)
..
= ZE trace(P,[f])! (I — P,)[f* P,
=1 " j=1
— V- 1§:lk 1150 k; f)
= A n ]a
k=1 j=1
and
trace Py, [log(1 — f)](I — P,)[log(1 — f)] P,
— ZZ——trace P, [f1(I — P,)[fY]P.
1=
]oo 1 k—1 1 .
= 313 ) trace PP PP,
k=2 " =1
00 1k 1 1
= 23732 5 trace Polf)(I = P)[f*)P,
ki
N ) ) 1k 1 1
= ZEZ_ .77k f
k=2 47:1]
so

| trace log P,[1 — f]P,, — trace P,[log(1l— f)]P,

_ %t Pullog(1 — f)](I — Py)[log(1 — f)] P, |
0o 1 k—1 1
< a6k ) — S Gk |
_ j:l

By (3.2), (3.5) and the dominated convergence theorem we see that this final ex-
pression is o(nV 1) as n — oo.
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