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ON RIEMANN-ROCH FORMULAS FOR MULTIPLICITIES

ECKHARD MEINRENKEN

1. INTRODUCTION

Let (M,w) be a compact Kéhler manifold, and let 7 : L — M be a holomor-
phic line bundle over M with Hermitian fiber metric h. (L,h) is called quantiz-
ing if —2miw is the curvature of the canonical Hermitian connection on L. Let
H'(M,O(L)) be the ith cohomology group for the sheaf of germs of holomorphic
sections. By the Riemann-Roch formula of Hirzebruch and Atiyah-Singer [4], the
Euler number

(1) Eul(L) := Z(q)idimHi(M,O(L))

is equal to the characteristic number
(2) Eul(L) :/ Td(M) Ch(L),
M

where Td (M) is the Todd class and Ch (L) = el“l the Chern character. Recall that
if L is “sufficiently positive”, in particular if one replaces L by some sufficiently
high tensor power, all the cohomology groups with ¢ > 0 are zero by Kodaira’s
vanishing theorem, so in this case (2) gives a formula for the dimension of the space
H°(M,O(L)) = Tpoi(M, L) of holomorphic sections.

Let G be a compact, connected Lie group that acts on M by Kéahler diffeomor-
phisms ® : G x M — M, with an equivariant moment map J : M — g*. Suppose
also that & lifts to Hermitian bundle automorphisms of L — M, according to the
rules of geometric quantization. The corresponding virtual representation of G on
S (—1)* H{(M,O(L)) may then be regarded as the “quantization” of the classical
action ®. Its character x is the element of the representation ring R(G) defined by

(3) x(g) = (—=1)'tr(g|H' (M, O(L))).

From the equivariant Riemann-Roch formula of Atiyah-Segal-Singer [3, 4], one has
an expression for x(g) as the evaluation of certain characteristic classes on the
fixed point set M9 = {x € M|g.x = z} (which is a K&hler submanifold of M):
Let Ch9(LIMY) = cr(g)~! Ch(L|M?9), where cL(g) € St is the (locally constant)
action of g on L|M9. Denote by N9 the normal bundle of M9 in M, by F(NY) its
curvature, and let

3

(4) DY(N¥) = det(I — (g*) e~ 2= FV))
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where g% is the automorphism of N9 defined by g. Then

®) xo)= [ FEpa

By a theorem of Guillemin and Sternberg [16], there are also Riemann-Roch
formulas for the multiplicities of the irreducible components of the above repre-
sentation, at least if certain regularity assumptions are satisfied. Let T' C G be a
maximal torus, and g = t® [t, g] the corresponding decomposition of the Lie alge-
bra. Choose a fundamental Weyl chamber t} C t* C g*, let A* C t* be the integral
lattice, and A% = ANt} the dominant weights. For a given lattice point € A%,
let V,, denote the corresponding irreducible representation with highest weight s,
and define the multiplicity N(u) by the alternating sum

(6) N(p) =3 (~1) dim (V;; ® H'(M,O(L))) .

K3

Suppose that p € A% is a regular value of .J, or equivalently that the action
of the isotropy group G, on J~'(u) is locally free. If the action is in fact free,
the reduced space M, = J~'(u)/G, is a smooth symplectic manifold, and it is
well-known that it acquires a natural Kahler structure, together with a quantizing
line bundle L,. The main result of [16] is that the multiplicity of p in T'pe (M, L)
is equal to the dimension of the space I'y0;(My, L,,), so in particular N (u) is given
by the Euler number of L, if L is sufficiently positive:

Theorem 1.1 (V. Guillemin, S. Sternberg [16]). If the action of G, on J~(u) is
free, and if L is sufficiently positive,

(7) N = [ Td(4,)Ch (L)
MIJ'

The “physical” interpretation of this theorem is that reduction and quantization
commute.

In practice, one is often dealing with situations where the action is only locally
free. In this case, the reduced space is in general just an orbifold (or V-manifold) in
the sense of Satake [21], which means (roughly) that it is locally the quotient of a
manifold by a finite group. Moreover, the reduced line bundle is in general just an
orbifold-bundle, that is, at some points the fiber of L,, is not C, but its quotient by a
finite group. Guillemin and Sternberg conjectured that in this case, the right hand
side of (7) has to be replaced by the expression from T. Kawasaki’s Riemann-Roch
formula for orbifolds [20]. It was proved by R. Sjamaar [22] that this assertion is
true if L is sufficiently positive, and if L, is an honest line bundle. In fact, his
approach also covers the truly singular case where p is not even a regular value,
by using Kirwan’s partial desingularization procedure to reduce it to the orbifold
case. On the other hand, the condition that L, be a genuine line bundle is rather
restrictive.

Moreover, the proofs of Guillemin-Sternberg and Sjamaar rely heavily on com-
plex geometry arguments, while Theorem 1.1 also makes sense for the non-Kéahler
case. In fact, for every quantizable symplectic manifold M, one can define x(g)
as the equivariant index of the Spin®-Dirac operator ;ﬁ associated to L — M. The
construction of ;ﬁ involves some choices, for instance the choice of a compatible
positive almost complex structure on M, but the index does not depend on that,
and is again given by (5).
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It is the aim of the present paper to give a different proof of the Guillemin-
Sternberg conjecture (for p a regular value), which covers both the orbifold- and
the non-Kahler case.

The method we use is motivated by recent work of V. Guillemin [13], who used
localization techniques from equivariant cohomology to establish the connection
between the multiplicity formula (7) and a certain formula for counting lattice
points in polytopes. This formula is known to be true in various interesting cases,
and for these gives a new proof of (7) without using complex geometry techniques.

We will also use equivariant cohomology, but in a slightly different guise. The
main idea is to consider the rescaled problem, where we replace

(8) w~mw, L~ L™ J~ md, p~ mpu

for m € N. Let N(™) A% — Z be the corresponding multiplicity function.

Our starting point will be the equivariant Riemann-Roch formula, but in a form
due to Berline and Vergne [6], involving equivariant characteristic classes. By a sta-
tionary phase version of the localization formula of Jeffrey-Kirwan-Witten [19, 25],
we pass from equivariant characteristic classes to (ordinary) characteristic classes
on the reduced spaces. This leads to the desired multiplicity formula for N (™) (mpy),
up to an error term O(m~°).

Since the multiplicities are integers, one easily finds that the error term is zero
for large m. To investigate the general dependence of N (™ (mpu) on m, we use
a different expression for N(™ (mpu) via the number of lattice points in certain
polytopes. If J(M) is contained in the set of regular elements of g*, in particular
in the abelian case, this analysis turns out to be sufficiently good to show that the
above error term is zero for all m.
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2. STATEMENT OF THE RESULT

In order to state the result, we have to give a more precise description of the
reduced space and its singular strata. Suppose that p € A% is a regular value of
J. Recall first the shifting-trick to express M, as a reduced space at the zero level
set: Let O = G.u be the coadjoint orbit through p, equipped with its usual Kirillov
Kahler structure, and let O~ denote O with the opposite Kéahler structure. The
action of G on O is Hamiltonian, with moment map ¥ the embedding into g*. Then
M = M x O~ is a Kéhler manifold, and the diagonal action of GG is Hamiltonian,
with moment map J = J — W. There are canonical identifications

(9) M, = T~} ()/G,y = J7H(0)/G = T~1(0)/G.

By Kostant’s version of the Borel-Weil-Bott theorem, one also has a natural quan-
tizing bundle & — O, and the irreducible representation V), corresponding to u gets
realized as the space of holomorphic sections of Z. (The higher order cohomology
groups H*(O,O(E)) vanish.) The tensor product L := L ® Z* quantizes M, and
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there is an isomorphism

(10) H'(M,0(L)) =V @ H'(M,0(L)).

Hence N(u) = Eul(L), which is the quantum counterpart of the shifting-trick.

Using the shifting-trick, it is enough to consider the case p = 0. The reduced
space My inherits a natural Kahler structure from M (see [16]), and the reduced
bundle Ly = (L|J71(0))/G yields a quantizing orbifold-line bundle. Note however
that Lo need not be an honest line bundle, not even over the smooth part of Mj.
Sections of an orbifold bundle are defined as coming from invariant sections for the
local orbifold charts, so all sections of Ly have to vanish at points were the fiber is
not C.

Let us regard P = J~%0) as an orbifold-principal bundle over My = J~Y0)/G.
Following [20, 12], we introduce

(11) P={(z,9)lzx € P, gx=x}CPxQaG,

and its quotient ¥ = P/G under the locally free action h.(z,g) = (h.z, hgh™!).
The projection of P to the second factor descends to a locally constant mapping

(12) 7: % — Conj(G)

to the set of conjugacy classes. For g € G, let (9) = Ad(G).g denote the correspond-
ing conjugacy class, and ¥ its preimage under 7. There is a natural identification
Y, = P9/Z,, where P9 = M9NP is the fixed point manifold and Z, the centralizer
of g in G. Since the fixed point set M9 C M is a Kahler submanifold, and the action
of Z, on MY is Hamiltonian with the restriction of J serving as a moment map,
this makes it clear that ¥ is a Kéhler orbifold (with several components of different
dimensions). Note that this Ké&hler structure does not depend on the choice of the
representative for (g). Observe also that X, = M.

The collection of bundles (L|PY)/Z, defines a quantizing orbifold line bundle
Ly, — 3. As above, let c1(g) € S be the locally constant action of g on L|PY,
denote by ¢ : & — S the function defined by the ¢z (g)’s, and let Ch*(Lyx) be
the cohomology class defined by

(13) Ch¥(Ly) = c5' e¥®

where wy; is the Kéahler form on X.
Consider now the natural mapping f : ¥ — M, sending G.(x,9) — G.z. In a
local orbifold chart, the tangent space to X at G.(z, g) is isomorphic to

T.(M9NJH0))/T(Z,.2),

while the tangent space to My at G.x is T,,(J~1(0))/T%(G.x). From this, it is easy
to see that f is a K&hler immersion. Let Ny — ¥ be the normal bundle of this
immersion, and denote by ¢* the automorphism of Nx|E, induced by the action of
g. Then the collection of differential forms

(14) det(I — (g%) e~ (V).

where F(Ny) is the curvature of Ny, defines a characteristic class D*(Ny).

Finally, for each connected component ¥; of 3, let d; be the number of elements
in a generic stabilizer for the G-action on the corresponding component P,, and
ds, : ¥ — N the function defined by the d;’s.
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For general values pn € A%, let 3, L, etc. be defined by means of the shifting-
trick. The main result of this paper is the following.

Theorem 2.1 (Multiplicity Formula). If i € A% is a regular value of J, the mul-
tiplicities N™ (mp) are for m >> 0 given by the formula

Td(2,) Ch™ (LE

If the image of the moment map, J(M), is contained in gy, (the set of reqular
elements of g*), one may set m =1 in this formula:

1 Td(Z,)Ch™(Ls,)
N(M):/ZHE DEH(NEM) )

(16)

In particular, this is the case if G is abelian.

Remarks. (1) Comparing the right hand side of (16) to Kawasaki’s Riemann-Roch
formula for orbifolds [20], the theorem says that N(u) is equal to the Euler number
of the orbifold-bundle L, — M,,. In particular, N(u) is zero if the fiber of L, over
the smooth stratum of M, is a nontrivial quotient of C.

(2) Let A = J(M) Nt which is a convex polytope by a result of Guillemin-
Sternberg and Kirwan, and A* C A the set of regular values. By the Duistermaat-
Heckman theorem [9], the diffeotype of the reduced space M, (and of course also
of ¥,,) does not change as y varies in a connected component of int(t}) N A*, and
the cohomology class of the symplectic form w,, varies linearly. In particular, the
symplectic volume Vol(}M,,) is a polynomial on these connected components. If the
action of G, on J~!(u) is free, so that ¥, = M,,, the right hand side in (16) is equal
to a polynomial as well, since all that varies is the Chern character Ch(L,,) = e“*.
In the orbifold case, the behaviour is slightly more complicated: For p € A% in any
given connected component of int(A*), and any connected component ¥, ; of ¥,

(17) Ch> (L, )| Epj = pulgs) co(g; ) e™n,

where g; € G, represents 7(3,,;), and p, : G, — S! is defined by p,(exp(§)) =
218 Hence, the right hand side of (16) is of the form

(18) N(p) = Zpu(gj)q(gjl)pj(u),

where the p; are polynomials of degree & dim(Z,, ;).

(3) Since Ch ((L™)mu) = €™+, the right hand side of (15) is a polynomial in m
if the G,-action on J~!(u) is free. In the orbifold-case, this is not true in general
since

(19) ChPr (LE )| Spj = pulgy)™ cnlgy )™ em=n.

Definition 2.1 (Ehrhart [11]). A function f : N — C is called an arithmetic poly-
nomial, if for some k£ € N, all the functions

(20) qj(m):f(kmij)vjzov"'akfla

are polynomials. k is called the period of f.
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Equivalently, f is an arithmetic polynomial if and only if it can be written in
the form

k—1
(21) Flm) = Y exp(2ri ) pu(m),
=0

where the p; are polynomials. Taking k such that g* = e for all (g) € 7(X,), the
right hand side of (15) clearly has this property.

(4) Our proof of Theorem 2.1 does not really use the assumption that M is
Kahler. Everything will be derived from the equivariant Riemann-Roch formula
(3), which is of course valid in much more general situations. Suppose for instance
that M is an arbitrary compact symplectic manifold, equipped with a Hamilton-
ian G-action, and that these data are quantizable. Then one can always choose
a compatible, invariant almost Ké&hler structure, and replace the virtual space
S (=1)* Hi{(M,O(L)) with the index space of the Spin®-Dirac operator associated
to L — M (see [7, 13]). As an immediate consequence of the Berline-Vergne for-
mula for the character, Theorem 3.1 below, the multiplicities N(u) defined in this
way do not depend on the choice of the almost Kahler structure or of the quantizing
line bundle L.

(5) Suppose that M is an almost complex manifold, L — M an Hermitian line
bundle with connection, and w defined by w = ﬁF (L). Suppose G actson L — M,
preserving the connection, and let J be the corresponding moment map. Even if
w is degenerate, it is still true that the action of G,, on J~!(p) is locally free if 4
is a regular value of J, and one can form a reduced space (M,,w,). In general,
there is no natural ‘reduced’ almost complex structure on M,,, but our proof will
show that Theorem 2.1 is true for this setting, provided one replaces T'd(M,) by
ku(Tdg(M)jg) (the notation will be explained below).

Example . Let M = CP(2), equipped with the Fubini-Study Kéhler form wpgg.
Let G = S act by

e (201211 20] = [€%20: €792 1 2.

This action is Hamiltonian, and has a moment map

RN 1 el 1

J([z0 : 21t 22]) Sl + [ + [l

The dual of the tautological line bundle serves as a quantizing line bundle L. We
also consider the tensor powers L™, which are quantizing line bundles for M (™) =
CP(2), with symplectic form w™ = mwpg. By Kodaira’s vanishing theorem,
HY(M,O(L™)) = 0 for all i > 0, m € N. If we identify the spaces [y, (M, L™)
with the homogeneous polynomials of degree m on C3, the representation of S!
is induced by the action €'®.(z, 21, z2) = (€/®29,e 21, 29) on C3. The isotypical
subspace of 'y (M, L™) corresponding to the weight | € Z is, for [ > 0, spanned
by

I .m—I1 I+1 m—1—2 I+r _r .m—1—2r
202y 29 2129 N 22

with r = [mT*l] For [ <0, the roles of zy and z; are reversed. Thus

m—|l .
e
0 otherwise

)

foralll € Z, m € N.
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On the other hand, the image of the moment map J(™ = mJ is the interval
—m < p < m, with critical values at —m, 0, m. If 0 < [I| < m, the level set
(mJ)~1(I) consists of two orbit type strata: On the set where 2z # 0, the action is
free, and on the set where zo = 0, the stabilizer is Zs = {e, g}. Hence, the reduced

space M, I(Lm) is an orbifold with a Zs singularity (the “teardrop-orbifold”), and E&m)

consists of two connected components: a copy of M I(Lm) and a copy of the singular
point.
Using the Duistermaat-Heckman theorem [9], it is easy to compute the sym-

plectic volume of M,Sm), with result fwf]”’ = (m — |u|)/2 for |u| < m. For the

Todd number of the Zy teardrop orbifold one has [ Td(M{™) = 3/4 (this can be
seen for example by writing down Kawasaki’s Riemann-Roch formula for the trivial

bundle). Therefore, the contribution of Mﬁm) to (16) becomes
m m w(m)
P = [T R =34k = 2
i

For the singular point, we have the multiplicity d, = 2, and the action of g on the
normal bundle Ny is multiplication by (—1). Hence

1

AU =5 (- (1)t =1

Since crm(g™!) = (—=1)™ and p;(g) = (—1)!, this gives
N () =3/4+ (m— [I])/2+ (1) /4 =1+ [(m ~ |i)/2]

for |I| < m, in agreement with the above calculation.

Note that for m — |I] even, the fiber of L]* at the singular point is C, whereas for
m — || odd it is C/Zy. This means that for m — |I| odd, all holomorphic sections
of L® have to vanish at the singular point. Again, this fits with the above explicit
formulas.

3. SOME EQUIVARIANT COHOMOLOGY

We start by reviewing Cartan’s model for equivariant cohomology, following
Berline and Vergne [6]. Let M be a compact manifold, G a compact Lie group,
and ® : G x M — M a smooth action. Denote by Ag (M) the space of G-invariant
polynomial mappings o : g — A(M), that is, o(£) depends polynomially on ¢ and
satisfies the equivariance property

(22) 0(Adg(§)) = ©g-1(a(£))-

The elements of Ag(M) are called equivariant differential forms, and the space
A (M) is preserved under the equivariant differential

(23) dg : Ac(M) — Ag(M), (dgo)(§) = d(o(€)) + 2mi(u(én)o(8))-

Here, &)y denotes the fundamental vector field, i.e. the generating vector field of
the flow (¢, p) — exp(t&).p.

Equivariance together with Cartan’s identity for the Lie derivative, Ly = ty o
d + d o1y, implies dﬁ = 0. The cohomology H¢ (M) of the complex (A (M), dq)
is called the equivariant cohomology. One can show that if the action of G on M
is locally free, the pullback mapping A(M/G) — A(M)S, = — Ag(M) gives rise

hor
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to an isomorphism H(M/G) — Hg(M). After choosing a principal connection on
M — M/G, the inverse is induced on the level of forms by the mapping

(24) Ac(M) — A(M)G — .A(M)G ~ A(M/G)

hor

given by substituting # times the curvature in the g-slot, followed by projection
onto the horizontal part (for a proof, see [10]).

For what follows, it will be necessary to relax the polynomial dependence on
& to analytic dependence, possibly defined only on some neighborhood of 0 € g.
We will denote the corresponding space of equivariant forms by A& (M), and the
cohomology by H&(M).

Suppose now that V — M is a G-equivariant Hermitian vector bundle over M,
with fiber dimension N. Let A(M,V) be the bundle-valued differential forms, and
Ag(M,V) their equivariant counterpart. For each G-invariant Hermitian connec-
tion V : A(M,V) — A(M,V), the moment map p € Ag(M,End(V)) of Berline
and Vergne is defined by

(25) 1(&).0 = €0 — Ve, 0,

where o — £.0 denotes the representation of g on the space of sections. Geometri-
cally, p(€) is the vertical part (with respect to the connection) of the fundamental
vector field &y on V. Let F(V) € A%(M,End(V)) denote the curvature of V. The
equivariant curvature is then defined by

(26) Fo(V,8) = F(V) + 2mip(E),

and it satisfies the Bianchi identity with respect to the equivariant covariant de-
rivative Vg = V + 2mie(€ar). Suppose now that A — f(A) is the germ of a
U(N)-invariant analytic function on u(N). Then f(Fy) € Ag(M) is dg-closed, and
one can show that choosing a different connection changes f(Fy) by a dg-exact
form. The corresponding cohomology classes are called the equivariant character-
istic classes of V — M. If the action on M is locally free, one can choose V in
such a way that p = 0, which shows that the mapping H&(M) — H(M/G) sends
the equivariant characteristic classes of V to the usual characteristic classes of the
orbifold-bundle V/G.

The following characteristic classes will play a role in the sequel:

(a) The equivariant Chern character, defined by

@7) Chg(V.€) = tr(es F+9).

In the above geometric quantization setting, V = L is a line bundle, and for the
equivariant curvature one has 5= Fy(V, &) = w + 27i(J,§), thus

(28) Chg(L, €) = e~ +2mil7.€),
More generally, if g € G acts trivially on the base M, one defines
(29) ChI(V,€) = tr((g™1)Y eawFaV:8))

where g¥ € T'(M,End())) is the induced action of g. In the line bundle case, this
is simply cr,(g71) Chy(L, &) where cr,(g) € S* is the action of g on the fibers.
(b) The equivariant Todd class,
s Fa(V.§)
— 2r = 8\ ">
(30) Tdy(V,€) = det (1 Sgeaoy oy )
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The Todd class of a complex manifold is defined as the Todd class of its tangent
bundle.
(c) The class

for g € G acting trivially on M.

All of this also makes sense for symplectic vector bundles, since the choice of a
compatible complex structure reduces the structure group to U(n), and any two
such choices are homotopic.

We now turn to the equivariant Hirzebruch-Riemann-Roch theorem, in the form
due to Berline and Vergne [6]. Let M be a compact complex manifold, equipped
with a holomorphic action of G, and let L — M be a G-equivariant holomorphic
line bundle. Define the character x € R(G) as in (3).

Theorem 3.1. For £ sufficiently close to zero,
(32) W) = [ Tdy(0.6) Cho(L.0).

More generally, if g € G, one has for all sufficiently small £ € €, the Lie algebra of

the centralizer Z, of g:

TdP(Mgug) Chg(Lqu7§)
33 et :/ : ,
(33) x(ge) » DI(ND,€)

where MY is the fized point set and N9 — MY its normal bundle.

To be precise, Berline and Vergne have shown how to rewrite the equivariant
Atiyah-Segal-Singer index theorem for Dirac operators in this style, with the equi-
variant fl—genus appearing on the right hand side. This formula, however, implies
the above theorem in the same way as the usual Atiyah-Singer Index theorem leads
to the Hirzebruch-Riemann-Roch formula; see [7], p. 152 for the calculations.

Let us now suppose that (M, w) is a Hamiltonian G-space, such that 0 is a regular
value of the moment map J : M — g*. (We do not necessarily assume that w is
nondegenerate.) Let My = J~1(0)/G be the symplectic quotient, 7 : J=1(0) — M,
the projection and ¢ : J~1(0) — M the embedding. Consider the mapping
(34) i Ho(M) — H(M,),
given by composing pullback to J~*(0) with the mapping H&(J~1(0)) — H(Mp).
On the level of forms o € A¢ (M), the form 7*k(o) is by definition equal to the
horizontal part of t*o(5=df), where 6 € A'(J~1(0),g)¢ is some connection.

Let d¢ be the measure on g corresponding to the normalized measure on G. The

following version of Witten’s localization theorem [25] is due to Jeffrey and Kirwan
[19] (see also Duistermaat [8] and Vergne [24]).

Theorem 3.2. Let 0 € Ag(M) be a dg-closed equivariant differential form. Then
the integral

(35) f(&) = /M o(£) e t2mi (19)

defines a tempered distribution on g. Its Fourier transform

f(a) = / F(€) e (8 g
g
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is equal to a polynomial near o = 0, with value at o = 0 given by

(36) f) =3 /M w(0) €.

where d is the number of elements in the generic stabilizer for the G-action on

J10).

Unfortunately, this theorem is only true for polynomial equivariant differential
forms, and cannot be applied to the case 0 = Tdy(M) € A&(M). We will instead
use the following stationary phase version. Let o € A& (M) be dg-closed, and let
A € C5°(g) be a cutoff-function, with (&) defined for £ € supp(A), and A =1 in
a neighborhood of 0. Consider the integral

(37) | ] a@o@entrm oo,
g

Since €™ is simply a polynomial in m, all contributions to the integral which

are not O(m~°°) come from a neighborhood of the critical set of the phase function
2mim(J,€)
e .

Stationarity in the g-direction gives the condition J = 0, and stationarity in the
M-direction the condition d(J, &) = 0, or £ = 0 since the action on J~1(0) is locally
free.

Theorem 3.3. For m — oo,
(38) / / A(E)o(&)emwt2mille) g = / k(o) €™ + O(m™>).
g /M d Ju,

Proof. Since 0 is a regular value of J, there exists a G-invariant ball U around
0 € g* and a G-equivariant diffeomorphism ¢ : J=1(0) x U — J~1(U), such that
¢*J = pra is projection onto the second factor. Let x € C§°(U) be equal to 1 near
0. Using the mapping ¢ and the stationary phase theorem, the above integral is
equal to

/ / ¢ o (eI dE + O(m ™),

where X = J71(0) x U. Since X retracts to J—1(0), there exists a form 7 € A%(X)
such that ¢*o — pI‘lL o = dg7. By Stokes’ theorem,

/ X dg7(€) M) = _/ (dgx) T(€)e™WH2mHIE) = O(m =)
X X

because dgx = 0 near 0, so we can replace ¢*o by pr3t*o. Similarly, there exists
a G-invariant form 3 € A!'(X) such that ¢*w — prim*wy = d3, and such that the
pullback of 3 to J~1(0) is zero. Since

—d(¢"J, &) = ¢ 1(€m)w = 1(x )" w = 1({x)dB = du(€x) B,

we know that ¢({x)0 = —(, &), and therefore p := 4+ («,0) is basic on X. In
particular, dgp = dp. Since emd _1isa dg-exact polynomial in m, we may replace
by (7 wotd(e.0)) i the integral. We hence find that the integral is equal

*
equ w

to
dim G A * m(w*w0+<a,d9+2ﬂ'i£))d dad O(m~—).
mine [ ] [aex@woee £dadg + O(m™>)
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Here, dg denotes the (vertical) volume form on the fibers of J~1(0) — My, corre-
sponding to the canonical identification T (fiber) = g by means of the G-action.
Now apply the stationary phase theorem (see e.g. [18], Theorem 7.7.5) to the
a, E-integral, the relevant phase function being e2™#™{®€) Since e™(*49) is simply
a polynomial in «, the stationary phase expansion terminates after finitely many
terms, and the result is

oo

mr*wo . o, d0) .
/Jl(o) ‘ TZ:O 27Tm (Z & Dad ) vo(§)e 49 dg + O(m=>)

£=0
a

0

= / " (em“’o)L*a(LdH) dg + O(m™).
1(0) 2w

Since L*U(%d@) gets wedged with dg, only its horizontal part, which by definition of
k is kK (0), contributes to the integral. The result (38) now follows by integration
over the fiber; the factor 1/d appears since this is the volume of a generic fiber. O

4. THE STATIONARY PHASE APPROXIMATION

In this section, we will prove the first part of Theorem 2.1. By the shifting-trick,
it is sufficient to consider the case u = 0. The idea is to substitute the expressions
from the equivariant Hirzebruch-Riemann-Roch Theorem 3.1 for (™) in

(39) N (0) = / X (h)dh,
G

and apply the localization formula, Theorem 3.3. For this, we need to know what
happens to the equivariant Todd class of M under the mapping (34):

Lemma 4.1. Let

ad(€)
(40) Ja(§) = det (W)
be the Jacobian of the exponential mapping exp : ¢ — G. Then
(41) K(Tdg(M)jg) = Td (Mo).

Proof. Identify the vertical subbundle of T'J~1(0) with the trivial bundle g, and the
symplectic bundle g & I'g (where I is the complex structure of M) with gc. Then
G(TM) =7 (T M) & gc.

Since the equivariant Todd class of gc is just j_l this shows that x(Tdg(M)) =
Td(My) k(i3 ), q.ed. O

We will now consider the contribution to (39) coming from a small Ad-invariant
neighborhood of a given orbit (¢) = Ad(G).g. Let 0 € C*°(G) be an Ad-invariant
cutoff-function, supported in a sufficiently small neighborhood of (¢g) and equal to
1 near (g). Consider the integral

(12) Iyfm) = [ o™ ).

Since (33) only holds for £ € ¢, we want to replace this integral by an integral over
Zg. (Of course, this step is void in the abelian case.)
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Let v C g be the orthogonal complement of ¢ with respect to some invariant
inner product (or, more intrinsically, the annihilator of (g*)? = €*). For k € Z,, let
k* denote the action of k£ on t.

Lemma 4.2. Let f € C*(G) be Ad(G)-invariant, with support in a small neigh-
borhood of Ad(G).g. Then, for a suitable Ad(Z,)-invariant cutoff-function & €
C3°(Zy), supported near e € Zy and identically 1 near e,

(13) [ aan= [ pigk)aet(r = k) a(h) ak
Zg
(For a proof, see e.g. [10].) Using the lemma, we find that
(44) Iy(m) :/ 5(k)x"™ (gk) det(I — (g k)7) dk.
Zg
Replacing this with an integral over the Lie algebra £, and using (33) gives
_ TdE(Mgag)Ohg(Lm|Mga§) &Nt
15) 1yom)= [ [ RSt R e - (oo ()t

with A(¢) = &(ef). Let kg : Hy, (M9) — H(Z,) be the mapping defined by (34),
with M replaced by M9 and G by Z,. By Lemma 4.1,

(46) Kg(Ch{ (L™ M?)) k4 (je) = ChE(Lg)mg-

For x € P9 = M9N J~0), let vpr(x) := {Epr(2)|€ € v} = . Then

(47) Ni(z) = Nx(y) @ tm(z) @ Irm(x) = Nx(y) @ v,

where y = G.(z,g). But D{(rc,£) = det(I — (ge%)), hence

(48) kg(DY (N, €)) = kg (det(I — (g€)7)) D¥(Nx)|Z,.

With these preparations, we apply Theorem 3.3 to the integral (45), and obtain
11 Td(%;)Ch™ (L) _

4 I — . J pI) oo

(19) om =3 [y + O™

the sum being over the connected components of ¥,. Summing over all contribu-
tions, we get (15) up to an error term O(m~°). As we remarked above, the right
hand side of (15) is an arithmetic polynomial as a function of m. But if f : N — Z
is an integer-valued function with lim,, . (f(m) —p(m)) = 0 for some polynomial
p, then f(m) = p(m) for large m. This shows that the error term is zero for large
m, and finishes the proof of the first part of Theorem 2.1.

5. COUNTING LATTICE POINTS

To prove the second part of Theorem 2.1, i.e. that we can set m = 1, all we have
to show is that m — N (™) (myu) is an arithmetic polynomial.

Theorem 5.1. Suppose that J(M) C gy.,. Then the function m — N (mpy) is
an arithmetic polynomial for all p € A% .

Before we prove this, we convert the computation of the multiplicities into a
problem of counting lattice points. The next steps are based on work of Guillemin-
Lerman-Sternberg [14] and Guillemin-Prato [15], except that we replace their use
of the Atiyah-Bott Lefschetz formula with the equivariant index theorem, since we
do not want to assume isolated fixed points. Consider the action of the maximal
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torus T C G, with its moment map JT equal to J followed by projection to t*. The
following is a special case of (5):

Proposition 5.1. Let £ € t be generic in the sense that the zero set of £nr is equal
to the fized point set of the T-action. Then

w+27ri(J]:,£>

(50) Z/ det(I —e’ﬂF‘(NF’f))7

the sum being over the fized points manifolds of the T C G-action, Nx the corre-
sponding normal bundles, and Jr the constant value of J on F.

Although the left hand side of (50) is an analytic function of £, the individual
summands on the right hand side have poles. Since they are not in Lj,_, they do
not a priori define distributions on t. This problem can be fixed as follows [§]. By
using the splitting principle (or simply a partition of unity on F) if necessary, we
can assume that Nx splits into a direct sum of invariant line bundles N} 7y NE
Let o’z be the weight for the T-action on N}, that is, e € T acts by the character
exp(2mi(c’ 7=.§)). BEach ax determines an orthogonal hyperplane in t; let C' be any
fixed connected component in the complement of the union of all these hyperplanes.
If we replace £ by £ —in in (50), with n € C, the terms on the right hand side
are analytic for all £. It is therefore possible to regard (50) as an equality of
distributions, with the summands on the right hand side defined as a limit for
n—0in C.

Let us now first discuss the abelian case, i.e. assume that G = T is a torus.
Denote by F'(NJ) the components of the curvature. By expanding

det(I — e~ SNz —imy—1

into its Taylor series with respect to F (N ), we can write it as a finite sum

s -, F(Ny
(51) det(I — e 2= FtNE=im)y— Z Ps( 2 7 ( f)) )
SGNT — wz(a}.,ﬁ—zm)sj
where for all s = (s1,...,s;), ps is a polynomial. We now invoke the “polarization

trick” used in [14, 15]. For each a’z, write

j J if (a-,n) >0
9 i _ ) QF  UAQET
52 °r { —ay i (az,n) <0

for any, hence all, n € C. Let 1§ = 0 if &) = o'y, 1 otherwise. Then

27rz (Jr— Zl s]a]__,f in)

(53) Z Z cr, s _ e,gmmpgﬂm)w

F seNr j

with
(54) er = (—1)kme / Td(F) “pa(F (N5), .. . F"(N5)),
_7_-

where kr o =) l?sj is the number of sign changes.
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For given F, s, write (a', ... ,a") for the list of d]]‘_-’s, appearing with respective
multiplicities s;. Since
o0
(55) (1 _ 6—27Ti<aj7£—i7]>)—1 — Z 6—271'1'([]- aj7£—i7]>,
lj:()
we get
(56) X(eg) = ZC]—" s Z 2Tz =) (i +17)a’ &)
F,s lez

(the sum over ZY := {l € ZV : I; > 0} is a well-defined periodic distribution).
Comparing this to

(57) X(e5) =Y N(u)etmims)
nEA
yields
(58) N(u) =Y crBrs(Jr—pn—> 1)
F,s

where the partition function £ s(v) is the number of solutions k € ZV of 3" kja’ =
v, kj Z 0.

Starting from this expression, we will now show that N (my) is an arithmetic
polynomial. We have to replace w by mw, p by mu and J by mJ. Since c(;-nz isa
polynomial in m, it is sufficient to show that the number of integer solutions of

(59) m(Jr—p) =Y (I +1)al, I; >0,

is an arithmetic polynomial as a function of m. Let us write v = Jr — p, and
consider A = (a',... ,a") as a Z-linear mapping Z~ — ZP, where p = dim(T). We

are thus looking for integer solutions of
(60) my = Al [; > l‘?.
We will need the following

Theorem 5.2 (Ehrhart [11]). Let L be a lattice, with underlying vector space Lg =
L®zR, and A C Ly a lattice polytope, i.e. a polytope whose vertices are all lattice
points. Then, for all r € N, the counting function

m
(61) fim) = #(=an)
is an arithmetic polynomial, with period r.

Let now ¢ € R be any solution of Az = v. The general solution of Az = mv
is thus given by the affine plane E,, = mxo + ker(A). Let r € N be the smallest
number such that the vertices of the polytope A := E,. N Rﬂf are lattice points. If
1 =0, the set of solutions of (60) is the intersection A N ZY, so the number of
solutions is an arithmetic polynomial by Ehrhart’s theorem. If I° # 0, let A; be
the face of A defined by x; = 0, and let A’ be the union of all A; for which [ = 1.
Then the solution set of (60) is

LN YARSRLYNIY 8
T T

and this gives again an arithmetic polynomial by Ehrhart’s theorem. This proves
Theorem 5.1 in the abelian case.
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Suppose now that G is nonabelian, but that J(M) is contained in the set of
regular elements, g;., = G.int(t}). We will show how this reduces to the abelian
case. By the symplectic slice theorem [17], Yy = J~*(int(t})) is a symplectic (but
not necessarily Kéhler) submanifold of M, and is in fact a Hamiltonian T-space,
with the restriction of J serving as a moment map. The above assumption implies
that Yy is a closed submanifold, and M = G xp Y. The restriction Ly = L|Y}
yields a quantizing bundle for Y. Consider the expression

(62) Y (e%) = / +Tdt(n,g) Chy(L4,€).
Y
We claim that this is of the form

(63) Z N/ 27rz (1, £)

REA

where N'(u) # 0 for only finitely many lattice points, and N'(u) = 0 unless p €
J(Y3)NA C A% Indeed, one can check directly that y(e®) comes from a function
on T, given near any point g € T by the formula (33), and then repeat the above
analysis. (One can also pick a T-invariant almost Kéhler structure on M, and
then realize x(ef) as the equivariant index of the Spin®-Dirac operator associated
to LY, — Yy.)

Lemma 5.1. For all € A%, N(pn) = N'().

(m)(

Since we know that N’ my) is an arithmetic polynomial, this will finish the

proof of Theorem 2.1.

Proof. Let us go back to the formula (50) for the character. Notice that the Weyl
group W = Ng(T)/T acts on MT by permuting the connected components, and
that M7 consists of its portion in Y, and the W-transforms thereof. Let F C Y,
be a connected component of M?. The normal bundle Nx of F in M splits into
its part in Y, N% := Ny N TY,, and the symplectic orthogonal complement of
TY,|F, which is canonically isomorphic to the trivial bundle g/t. The weights for
the T-action on g/t are of course simply the positive roots § € t* of G. Therefore,
by taking the trivial connection on g/t,

det(I _ e—ﬂFe(N}Uf)) — H (1 _ 6_27Ti<575>) det(l _ e—%Ft(N}:vf)),
B6>0

w+27ri<J_7: w(E))

1
&y —
X(e )_ —27i w— / ’

w;/[/ [1ps0(1 — em2miifwi f;v F det(I — ez PN ()

We can apply the localization formula to the sum
w+27ri<J_7:,£>

Z /fdet IT—e 2= (N,F’f)),

FCYy
this time in the opposite direction, and find that it is equal to the above expression
X' (€%).
Hence

X/(e )
[gso(1 — e2min @)

X(e) ="
weWw
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But

H(l — e 2B (O)) = det(w) e 2w (E)=6.) H(l — e 2milBA)y
£B>0 B>0
where 6 = %Z s=0 /2 is the magic weight. Weyl’s character formula hence shows
that
2mi{w(6+p)—6,8)

X(e) = 30 N'n) 3 detlw) gy = 2 V) xule)

;J«EA*+ weW MEA*+

where Y, is the character of the irreducible representation corresponding to p. This
proves N(u) = N'(p). O

Remarks. (1) If J(M) ¢ g7, it is still possible to derive a formula for N (u) sim-
ilar to (58), following part II of Guillemin-Prato [15]. However, this formula
involves an additional “shift”, so that (60) gets replaced by an equation of
the form

Al=mv+o,1; > l?.

In general, the number of integer solutions of such an equation is not an
arithmetic polynomial for all m € N, even though this is true for large m.

(2) On the other hand, Theorem 5.1 does not require that p is a regular value
of J. Even in the singular case, it is therefore sufficient to prove multiplicity
formulas under the assumption m >> 0.
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ABSTRACT. A theorem of Guillemin and Sternberg about geometric quanti-
zation of Hamiltonian actions of compact Lie groups G on compact Ké&hler
manifolds says that the dimension of the G-invariant subspace is equal to
the Riemann-Roch number of the symplectic quotient. Combined with the
shifting-trick, this gives explicit formulas for the multiplicities of the various
irreducible components. One of the assumptions of the theorem is that the
reduction is regular, so that the reduced space is a smooth symplectic mani-
fold. In this paper, we prove a generalization of this result to the case where
the reduced space may have orbifold singularities. The result extends to non-
Kabhlerian settings, if one defines the representation by the equivariant index
of the Spin¢-Dirac operator associated to the quantizing line bundle.
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