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UNIVERSAL CHARACTERISTIC FACTORS
AND FURSTENBERG AVERAGES

TAMAR ZIEGLER

1. INTRODUCTION

Averages of the form

1 N &k '
(1) N | F{ED
n=1j=1

were first introduced by Furstenberg [Fu77] in his ergodic-theoretic proof of Sze-
merédi’s theorem on arithmetic progressions in sets of positive density in Z. Fursten-
berg proved the following theorem:

1.1. Theorem (Furstenberg). Let X = (X% B, u,T) be a measure-preserving sys-
tem (m.p.s.). Let A be a set of positive measure, and f = 14. Then
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The theorem above ensures that there exists an integer n, so that for a set of
points x of positive measure the points =, T"x, ..., T*"x are in A, and corresponds
to the existence of an arithmetic progression of length k + 1 in sets of positive
density in Z.

The L? limiting behavior of the averages in () is governed by a natural series
of “factors” of the measure-preserving system X. The factor corresponding to
arithmetic progression of length 3 (the case where k is 2), the Kronecker factor,
was described in [Fu77]. The factor corresponding to arithmetic progressions of
length 4, an inverse limit of 2-step nilflows, was studied by Conze-Lesigne [CL84],
[CL87], [CL88], Furstenberg-Weiss [FuW96], and Host-Kra [HKO01], [HK02], and
hinted to the nature of the complete series. The complete series of factors was
described by Host—Kra [HK05], and independently, though somewhat later, by the
author. We give an equivalent characterization of the series of factors described
in [HKO05], and provide a different construction for these factors. Although there
are some similarities between the constructions (for example, both start out with
the Furstenberg structure theorem [Fu77]), the definition of the factors and the
bulk of the construction are significantly different. In particular, we do not use the
Gowers uniformity norms [G01], which are fundamental in the approach of Host
and Kra to this problem (and in the works of Gowers [G01], and Green—-Tao [GT04]
on problems of a similar nature). The averages studied in the paper are of a special
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kind, but the techniques developed can be used in analyzing other multiple averages
(e.g. averages along a polynomial sequence, or cubic averages).

Let X = (X° By, ux,Tx) be a probability measure-preserving system; i.e.,
(X0 Bx, ux) is a measure space, and Tx is a measure-preserving transformation.
‘When there is no confusion we will omit the subscript X. For a measurable function
f we write T'f for the function Tf(x) = f(Tx). By ergodic decomposition it will
suffice to study the limit of () with the additional hypothesis of ergodicity. The
nature of the limit will depend on mixing properties of the system. The maximal
degree of mixing relevant is weak mizing; indeed in this case Furstenberg has shown
in [Fu77):

1.2. Theorem (Furstenberg). If X is weak mizing, then

| NoE A 20x) k
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For a general ergodic system X the averages in equation () need not converge
to a constant function. Indeed, if the system X is not weakly mixing, there exists
a nontrivial eigenfunction ¢. If T4 (z) = Mp(x), then

T"? ()T~ (z) = ¥(x)

for all n; thus
1N
& 2 T @) Ty () = ().
n=1

By the above equation, the set of limiting functions contains the algebra spanned
by eigenfunctions —the Kronecker algebra. The Kronecker algebra determines the
“Kronecker factor” Z where Z° is a compact Abelian group, Bz the (completed)
Borel algebra, 7z the Haar measure, and the action of Tz is given by translation
by an element o € Z9, i.e. Tyz = 2+ . Let 7 : X — Z be the factor map. It
is not surprising that an Abelian group factor should come up when studying the
relations between z,T"x, T?"x, as the projections of these points on the Abelian
group factor w(x), w(z) + na, w(x) + 2na form an arithmetic progression: 7(z) =
2(m(x) + na) — (w(z) + 2na). It turns out that this “constraint” imposed by the
Kronecker factor is the only “constraint” on the triple x, 7", T?"z, so that in a
manner to be made precise, the Kronecker factor is “characteristic” for the limit of
the averages + SN H(Tra)g(T? ).

Let X be a measure-preserving system (m.p.s.). Let Y be a homomorphic image;
i.e., we have a map 7 : X° — YO with 77 'By C Bx, mux = py and Ty = 7Tx.
Then Y is a factor of X, X is an extension of Y, and abusing the notation we write
m: X — Y for the factor map. A factor of X is determined by a T'x-invariant
subalgebra of L>(X). The map 7 induces two natural maps 7 : L*(Y) — L?(X)
given by 7*f = fomr, and 7, : L*(X) — L*(Y) given by m.f = E(f|By) (the
orthogonal projection of f on 7*L2(Y')). The notion of “characteristic factors” was
first introduced in a paper by Furstenberg and Weiss [FuW96]. We fix an ergodic
invertible m.p.s. X.

1.3. Definition. Let Y be a factor of X. Let k be a natural number, (a1, ...,ax)
be distinct nonzero integers. The system Y is characteristic for (ai,...,ay) if for
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The system Y is a k-characteristic factor of X if it is characteristic for any k-tuple
of distinct nonzero integers.

It is in this sense that the Kronecker factor is characteristic for calculating the
limit of the averages + 25:1 f(T"x)g(T?"x). We now define a universal charac-
teristic factor:

1.4. Definition. Let Y be a factor of X. The system Y is a k-universal character-
istic factor (u.c.f.) of X if it is a k-characteristic factor of X , and a factor of any
other k-characteristic factor of X.

For the averages + ZnN=1 f1(T"2) fo(T?"x) f3(T3"x), the Kronecker factor does
not suffice. Let ¢ be a second-order eigenfunction, i.e., Ty = 1, where 1 is an
ordinary eigenfunction, that is, 7% = Ay. Then one can check that

T (@)T*" o> ()T p(x) = ()

for all n; thus

(2) *ZT" H@)T*e ™ (@) T = ().

Let Y be a factor of X that is characteristic for (1,2, 3). Equation (2] implies that
the algebra generated by all second-order eigenfunctions is a subset of L>=(Y"). It
is natural to conjecture that the algebra generated by the second-order eigenfunc-
tions determines a factor that is characteristic for (1,2, 3). Furstenberg and Weiss
presented the following counterexample. Let

X= (115 / (1) =

Consider the system X where X = N/I', Bx the (completed) Borel algebra, ux
the unique measure invariant under translations by any element of the group N, and
Tx is given by Tx gI' = agl for some a € N acting ergodically. This system has no
second-order eigenfunctions, but there are relations between gI", a?gI", a>"gT", a>"gT’
not coming from the Kronecker factor: in N/T', gI' is determined by a"gT’, a®"gT",
3ngT. This system can be viewed as a circle extension of the Kronecker fac-
tor which is a 2-dimensional torus, and the action of Tx on T2 x S! is given by
Tx(2,() = (2 + a,0(2)¢) (the function o(z) is called the extension cocycle). The
projection of the points gI',a"gI', a®"gT", a®>"gT" on the Kronecker factor will form
an arithmetic progression, but as gI' is a function of a”¢I', a®?gI", a®"gI" the points
9T, a™gT, a®"gT, a®*gI" will not be independent on the fibers over the Kronecker
factor. This fact translates to a restriction on the extension cocycle o(z) known as
the Conze—Lesigne equation. (This equation is analyzed in [CL84], [CL87], [CLSS],
[Le84], [Le87], [Le9d], [FuW96], [HKO1], [HK02], [Me90], [R93].) In particular any
factor that is characteristic for (1,2, 3) will contain functions other than first-order
and second-order eigenfunctions.
In general, if N is a k-step nilpotent group (Ngy1 = 1), I' < N, then = € N/T
is determined by a"x,a"z, a®*tHng Tt is natural to ask whether these are
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the only constraints; i.e., do all the constraints on the points x, T"x, ..., T*+ng
come from a k-step nilpotent factor?

1.5. Definition. A nilsystem consists of a space X on which a nilpotent group N
acts transitively preserving a measure px, and a transformation Tx which acts by
translation by a group element a: Txx = ax. A special case is when N is a k-step
nilpotent Lie group, I'" a cocompact lattice, X = N/I" (a nilmanifold), and px the
unique measure invariant under translation by elements of N. We call this a k-step
nilflow. A k-step pro-nilflow is an inverse limit of k-step nilflows.

We prove the following theorems:

1.6. Theorem. Let X be an ergodic measure-preserving system. Then there exists
a unique k-universal characteristic factor of X. If m : X — Y is a factor map,
and W(X),W(Y) are k-universal characteristic factors of X, Y, respectively, then
7 induces a map between W (X) and W(Y).

If we denote by Y;(X) the k-u.c.f. of X, then one obtains an inverse series of
factors ... = Y3 (X) = Vi1 (X) — ... = Y1 (X).

1.7. Theorem. Let X be an ergodic measure-preserving system, and let Yi(X)
be the k-universal characteristic factor of X. Then Yi(X) has the structure of a
(k — 1)-step nilsystem, more specifically a (k — 1)-step pro-nilflow.

1.8. Theorem. Let X be an ergodic (k — 1)-step pro-nilflow. Then Y;(X) = X.

The proof of Theorem [[7is by induction: assuming that the k-u.c.f. is a (k—1)-
step nilsystem, one reduces the problem of determining the (k+ 1)-u.c.f. to the case
where the system X is a circle extension of a (k — 1)-step nilsystem. If the points
z,T"z,... T D"z are independent on the fibers over the k-step nilsystem, then
the k-step nilsystem would suffice, i.e., would be k-characteristic. Otherwise one
would get a restriction on the extension cocycle. The main difficulty is using this
restriction to construct a nilpotent group acting transitively on X.

As a corollary we get the ergodic theorem recently proved by Host and Kra
[HKO05].

1.9. Corollary. Let X be an m.p.s. Let k be a natural number, a1, ...,a € Z, and
fiy-oos fx € L®(ux). Then the averages

1 N k
3) = S ILHma)

n=1j=1
converge in L?(ux).
By Theorem [T in order to have L?(ux) convergence of the averages in (), it
is enough to prove an L?(ux) convergence theorem for k-step pro-nilflows. Con-
vergence in L? for pro-nilflows follows from convergence for nilflows. For nilflows

one has a.e. convergence ([P69], [Sh96], [LO5]). An explicit description of the limit
is given in [Le89] for the case k = 3, and in general in [Z05].

2. UNIVERSAL CHARACTERISTIC FACTORS

We start by proving the existence of universal characteristic factors (Definitions

[[3] and [T4]).
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2.1. Lemma. Let X be an ergodic m.p.s. Let Y1,Y5 be k-characteristic factors of
X. Then there exists a k-characteristic factor of X, which is a factor of both Y1,Y5.

Proof. Let P,(Q denote the orthogonal projections onto L?(uy, ), L*(i1y,) (seen as
subspaces of L?(ux)) respectively, and let m; : X° — Y2 for i = 1,2 denote the
factor maps. Then P? = P* = P (same for Q). We show that (PQP)"™ converges
strongly to a selfadjoint projection operator W: P is a projection; thus P < I and

((PQP)*z,z) = (PQPxz,QPz) < (QPz,QPz) = (PQPx,1).

Inductively, the sequence (PQP)™ is a decreasing sequence of operators; thus
((PQP)™x, x) converges for all . The sequence (PQP)"x is a Cauchy sequence as
[(PQP)"z — (PQP)™z||* = ((PQP)*"z,z) + ((PQP)*"xz,x)

~9 <(PQP)<"+m>x, z> 0.

Let W = lim,, o (PQP)". Then W2 =W = W*. If Wx = z, then Px = PWx =
Wx =z, and

PQxz = PQPzx=PQPWx =Wz =z = ||Qz| = |z|| = Qx = =.

It follows that W(L?(X°, Bx, ux)) = L*(X°, D, ux) for D = 7 ' (By,) N7y ' (By,).
We show that W(L?(ux)) is a k-characteristic factor of X. For all m:

N

: 1 a1n apn
NIEHOONZITI foo T f
n=

N
— lim SO TU((PQPY™ ) . T (PQP)™ ),
=1

N—oo N
n

and the desired conclusion follows by letting m — oc. O

2.2. Corollary. Let X be an m.p.s. There exists a unique k-universal characteristic
factor of X.

Proof. This follows by Zorn’s lemma. O

The advantage of looking at all k-tuples (rather than focusing on a specific one) is
that k-u.c.f.s are functorial; any morphism of measure-preserving systems induces
a morphism between their k-universal characteristic factors, as will be shown in
Corollary 241 (This may also be true for characteristic factors of a specific scheme.)

2.3. Lemma. Let V be the algebra generated by partial limits of the sequences
{% 25:1 T fy L T fi ), where f; € L®(ux), and ag,...,a € Z are distinct
nonzero integers. Then V determines the k-universal characteristic factor of X.

Proof. Let W(X) be the k-u.c.f. Obviously V' C L*(uw(x)). We show that the
factor determined by V' is a k-characteristic factor of X. Let f; L V. Then for any
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g € L>®(ux),
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2.4. Corollary. If 7 : X — Y is a factor map, and W(X),W(Y) are k-u.c.f. for
X, Y, respectively, then 7 induces a map between W (X) and W(Y).

2.5. Universal characteristic factors for k£ = 1,2. Let X be an ergodic m.p.s. If
the system is totally ergodic, i.e., if every nonzero power of Tx is ergodic, then the
ergodic theorem applies to the average in question, and the limit is a constant, so
that the characteristic factor can be taken as a trivial system. Otherwise one needs
to take into account the algebra generated by functions that are invariant under
T% for some m. The existence of such functions corresponds to having as a factor
the cyclic group Z/mZ with the action  — z + 1 (mod m). All such factors can
be taken into account by a “pro-cyclic” group factor, the group being the inverse
limit of finite cyclic groups. This group with the transformation z — z + 1 will
then represent the 1-u.c.f. of X. The 2-u.c.f. of X coincides with the first block
in Furstenberg’s structure theorem (see [Fu77]) and is referred to as the Kronecker
factor. The system Z is a Kronecker system (or an almost periodic system) if Z°
is a compact abelian group (a 1-step nilpotent group), Bz is the (completed) Borel
algebra, pyz is the Haar measure, and the action of T is given by Tzz = z + «
for some o € Z° The Kronecker factor is the maximal almost periodic factor.
Equivalently, Z is the Kronecker factor of X if the eigenfunctions of Tx span
L?(uz) (thought of as a subspace of L?(ux)).

2.6. Remark. If the system X is weak mixing, i.e. has no nontrivial eigenfunctions,
then the Kronecker factor is trivial (and Yy (X) is trivial for all k).

2.7. Isometric extensions The notion of characteristic factors was motivated by
Furstenberg’s structure theorem [Fu77]. Furstenberg’s idea was to relativize the
notion of weak mixing to a weak mixing extension and to define the complementary
notion of a compact extension (or isometric extension). Let X be an ergodic m.p.s.,
and let Y be a factor. Consider the ring L*°(uy) as a subring of functions on
X. A subspace V C L%(ux) is a finite rank module over L® (uy) if there exist
finitely many functions ¢, ..., @k, such that any function f € V can be expressed
as f = Zle a;(y)p;i(x). We say that X is an isometric extension of Y if L?(ux)
is spanned by finite rank Tx invariant modules over L*°(uy ). It can be shown
that in this case X is isomorphic to a skew product X' where X = Y x M,
where M = G/H is a homogeneous compact metric space, pux: = py X myyr,
where mj; is the unique probability measure invariant under the transitive group
of isometries G, and the action of Ty is given by T'x:(y, m) = (Tyy, p(y)m), where
p: Y% — G. We denote Tx: by Ty,,, or if there is no confusion, just 7,. For
example, a Kronecker system is an isometric extension of a point. Define the nth
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iteration of p, p(™ : Y* — G by T (y,m) = (T™y, p(™ (y)m); then p(™) satisfies a
1-cocycle equation for the action of Z on functions from Y to G:

p(n+m) (y) — p(n) (Tmy)p(m) (y)
Since p(™ (y) is determined by p(*)(y) we shall focus on p(y) = p)(y) and refer to
it as the extension cocycle (or just cocycle). Abusing the notation we denote the
system X’ by Y x, G/H. For more details see [Fu77] or [Zi76].

2.8. Let X1, X5 be m.p.s. and let Y be a common factor with 7; : X? — YO for
i = 1,2 the factor maps. Let uy, , represent the disintegration of ;1 x, with respect
to Y. Let px, Xy px, denote the measure defined by

bx, Xy NXz(A) = //J‘th Xy H’me(A)dﬂY
for A € Bx, x Bx,. The system
(X? X ngBX1 X BXz?NX1 Xy ﬂxzﬂTX1 X TX2)
is called the relative product of X; and X5 with respect to Y and is denoted
X1 Xy X2.
2.9. Let X be an ergodic m.p.s., Y a factor and 7 : X — Y the factor map.
Consider the subspace of L?(ux) spanned by all finite rank Tx-invariant modules

over m* L (uy). This subspace will be defined by some factor Y between X and

Y. The system Y is called the mazimal isometric extension of Y in X. For some
Il €N, let X' = (X°Bx,ux,T%), and let Y’ = (Y% By, uy,T,). Then the
maximal isometric extension of Y’ in X’ is Y’ = (Y°, By, py, Til/)

2.10. Let X;, ¢ = 1,...,k, be measure-preserving systems, and let Y; be corre-
sponding factors, and 7; : X? — Y0 the factor maps. A measure v on I1Y,? defines
a joining of the measures on Y; if it is invariant under Ty, X ... x Ty, and maps

onto vy, under the natural map IIY; — Y;. Let v be a joining of the measures on
Y;, and let pux, ,; represent the disintegration of px, with respect to Y;.
Let 1 be a measure on I1X? defined by

w= /ﬂan X... X :LLXkayde(y17"'7yk)'

Then p is called the conditional product measure with respect to v.
The following is shown in [Fu77, Theorem 9.5]:

2.11. Theorem (Furstenberg). Let X, Y;, v, p be as in ZI0. Assume each X;
has finitely many ergodic components. Let Y; be the mazimal isometric extension
of Y in X;, 7 : X; — Y; the projection. Then if F € L?(u) is invariant under
Tx, x...xTx,, then there exists a function ® € L2(H1A/;,H19i), so that

Fl@r,...ay) = O (@), .., walwn).

2.12. Group extensions. A special case of an isometric extension X — Y is when
the homogeneous space M from 27 is equal to G, i.e. X =Y x, G, where G is a
compact group. In this case we say that X is a group extension of Y.

2.13. Lemma. Suppose X is an ergodic isometric extension of Y so that we can
express X =Y x, G/H. Using the function p, we can define a group extension
Y x,G. Then G and H can be chosen so that the extension Y x, G is an ergodic
group extension.
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Proof. [FuW96, Lemma 7.2]. O

2.14. Lemma. Let X =Y x, G be an ergodic group extension of Y, and let W be
an intermediate factor between X and Y. Then X is a group extension of W.

Proof. [FuW96, Lemma 7.3]. O

2.15. Let Y be an ergodic m.p.s., G a compact metrizable group. Let Y x, G be
a group extension. We can parameterize Y° x G, replacing (y,g) with F(y,g) =
(y, f(y)g) for some measurable function f : YO — G. Let p'(y) := f(Ty)p(y) f(y) " .
Then the systems Y x, G, Y x, G are isomorphic, and p, p’ are called equivalent
cocycles or cohomologous cocycles. If p is equivalent to the identity cocycle, then p
is a Y -coboundary (or just coboundary when there is no confusion). If p is equivalent
to a constant cocycle, then p is a Y'-quasi-coboundary (or quasi-coboundary).

2.16. If p takes values in a closed subgroup H of G, the extension Y x, G will not
be ergodic (any function on H\G will be invariant). By the foregoing discussion if p
is equivalent to a cocycle taking values in a closed subgroup H, then the extension
Y x, G will not be ergodic.

2.17. Theorem (Mackey). Let p : Y9 — G be a measurable cocycle. There exists
a closed subgroup M < G, unique up to conjugacy, so that:

(1) p is equivalent to a cocycle p' taking values in M, i.e.,
p'(y) = f(Ty)p(y)fy)~" € M.

(2) Any ergodic T,y -invariant measure on Y° x G, extending p1y, has the form
py X mpry for some coset My, and the ergodic T),-invariant measures are
obtained by applying F~1 (defined in 2I5)) to the ergodic T,y -invariant mea-
sures. The group M is called the Mackey group of the extension Y x, G.

2.18. Lemma. Fori = 1,2, let Y; be an ergodic m.p.s., let X; =Y; x,, G be group
extensions, and let M; be the associated Mackey groups. Let m; be the projection
mi: X, — Y. Let S X1 — Xo be an isomorphism inducing an isomorphism of Y1
to Ya, and suppose Sm1 = w3 S. Then My and Ms are conjugate.

Proof. The transformation .S maps the ergodic components of the group extension
Y; x,, G onto those of Y3 x,, G. Each ergodic component is determined by a
right coset M;y; for v; € G; thus S induces a map from ¢ : M;\G — M>\G that
commutes with the action of G from the right. Thus ¢ is a G-isomorphism, and
therefore My and M are conjugate. O

3. ABELIAN EXTENSIONS

3.1. Notation. We use additive notation for abelian groups with the exception of
the group S' = {¢ € C : |[¢| = 1}, which will play a special role in the future. In
particular, if p, p’ are equivalent cocycles (defined in the foregoing section) taking
values in an abelian group G, then there exists a function f : Y% — G such that

p(y) = f(Ty) +p'(y) — f(y).

3.2. Let G be a compact abelian group. Then Y x, G is an abelian extension. In
this case the Mackey group defined in the foregoing section M is unique. Let

M+ ={xeG:x(g) =1forall ge M}
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be the annihilator of M. If p is equivalent to a cocycle taking values in M, then
X o p is a coboundary for all x € M and

M+ ={xe@G:xopisacoboundary}.

3.3. Proposition. Let Y x, G be an abelian extension, and let M be the Mackey
group of this extension. Let f € L*(puy x mg) be s.t. for all x € M+,

[t 9xtg)amats) =0
for a.e. y €Y. Then f is orthogonal to the space of T),-invariant functions.

Proof. [FuW96, Lemma 9.2]. O

3.4. Notation. Denote Uy = d-dimensional unitary matrices, C(Uyg) the center of
Uy (scalar matrices), and P : Uy — PU,; = Uy/C(U4) the natural projection. For
U,V € Uy denote by [U, V] the commutator of U, V; ie., [U, V] =UVU V-1

We need the following lemma:

3.5. Lemma. Let H be a compact abelian connected group, and A : H — Uy a
measurable function. If P o A is a homomorphism, then A(H) is a commuting set
of matrices.

Proof. Let g,h € H. Suppose [A(h), A(g)] = 0I. If v is an eigenvector of A(h) with
eigenvalue ~, then

A(h)A(g)v = 5A(g) A(h)v = 75 A(g)vs

thus A(g)v is an eigenvector of A(h) with eigenvalue vd. This implies that A(g)*v
is an eigenvector of A(h) with eigenvalue v§*; thus § is a root of unity of order < d.
Denote by Cyg the group of order d! roots of unity. Then the commutator set

{[A(h), A(9)|}n,gen C Cal.
Fix g. The function h — [A(h), A(g)] is a measurable homomorphism to Cq 1,
[A(h1 + h2), A(g)] = [cA(h1)A(h2), A(9)] = [A(h1), A(9)][A(h2), A(g)],

therefore continuous, and as H is connected, it is trivial. O

3.6. Theorem. Let Y be an ergodic m.p.s., and let W =Y X, H be an ergodic
extension by a connected abelian group. Let F: Y9 x H x H — S' be a measurable
function. Let o1(y, h1),02(y, h2) : YO x H — S be measurable functions. Suppose

F(Ty, h1 + p(y), ha + p(y))
F(yv hlv h2) .

Then for i = 1,2 there exist measurable functions g;,G; : Y° — S such that

oi(y,h) = gi(y) 7Gigv(vy(y};)h)) :

o1(y, h1)oz(y, he) =

Proof. We construct the following systems: for i = 1,2, let X; = W x,, S and
X = X3 Xy Xs5. Let ux be defined as the conditional product measure relative to
the diagonal measure on Y° x Y0, The function

(4) F(y,hi,ha, G, G) = Fly, ha, ha)( ' G
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is invariant under Ty, and therefore by Theorem [Z.11]it is measurable with respect
to Y7 x Y5 , where Y; is the maximal isometric extension of Y in X; for i = 1,2.
Isometric extensions are spanned by finite rank modules (see 27). Thus

F(yvh17h27<17<2) = Z <Ql)j1 (y7 hl7<1)7¢j2' (y7h27<2)>7

where

—

Tx, 1/); (ya hlaCl) = Ujl(y) wjl (y’hl’cl)a

TX2 @;2 (y7h27Ci) = 2( ) ¢2 (y,hZ,CZ)

and U} (y), U7 (y) are d; x d; unitary matrices. Substituting the Fourier expansions:

7/}1 (yahlaC1 :Zw}k yvhl)Cf,
7/) yahQaCQ ijk y7h2

in equation (@) we get that for k = —1 there exists j such that @[1]17_17& 0. Apply
T, to get

— —

(y’ hl) 7/1] -1 (TW(ya hl)) _]1(y) w]l',—l (y7 hl)
For simplicity we drop the indices:

—

(5) o=y, h) ¥ (Tw (3, 1) = Uy) ¥ (y, h).

For each y consider the distribution of J (y,h) in the fiber over y, and look at
the vector space spanned by the support of this distribution. Call this V,,, so that
V, C C4 and Vp, = U(y)V,. Since U(y) is unitary, dim Vy, = dimV,,; thus by
ergodicity, dim V,, = d for a.s. y. For each y choose a basis for C? s.t. Vy, is spanned
by the first d elements. As the transformation matrix is a function of Yy, we may
assume d = d. ~

Denote by 1 the projection of 1 on PV, and by U the projection of U on PU,.
Thus:

& (Tw(y. b)) = U(y) v (y, h).
Consider the group extension W x5 PUy. Then

W(T3 (g, h)) = U™ () (y, h).

For fixed y, {¢(y,h)}hen spans the space, so whenever Ti} (y,h) = (T"y,h +
p™(y)) is close to (y,h) (by ergodicity this happens for a generic y, and is inde-
pendent of h), U™ (y) is close to the identity. This implies that the foregoing group
extension is not ergodic, and furthermore, the Mackey group is trivial. Thus for
some projective unitary matrix function M:

(6) M(Tw(y. h)) = U(y)M(y, h).
Also for any A/, . .
M(Tw (y, h+ 1)) = U(y)M(y, h + 1)

Thus
M= (Tw (y, h+ h)M(Tw(y,h)) = M~ (y,h + K )M (y, h).
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By ergodicity
M=y, h+ )M (y, h) = A(W),
for all #', a.e. (y,h). By Fubini’s theorem there exists hy such that

(7) M(yvh) = M(y7 hO)Ail(h - hO)v

for a.e. (y,h). The function A(h') is a homomorphism of H:

(y,h)

(s o+ )My, bt 1) M (y, )

AW + 1) (yoh+ ' + 1)

(y,h+ h/ + h//)

A(WHAW).

M
M

Mfl
M71

Recall P : Uy — PUy is the natural projection. We can find a measurable function
A:H — Ugsothat PoA= A and

A(H) c P"YA(H).

Then by Lemma B3] A(H) is a commuting set. Substituting equation (7)) in equa-
tion ([B) we get

M(Ty, ho) A (h+ p(y) — ho) = M(Ty,h+ p(y))

Thus
Uly) = M(Ty, ho) A~ (p(y)) M~ (y, ho)
(8) U(y) = M(Ty, ho) A(—=p(y)) M~ (y, ho)d(y),

where d(y) is a scalar matrix. As A(H) is a commuting set, it is simultaneously
diagonalizable:

(9) A(h) = N"'D(h)N.
Therefore

U(y) = M(Ty,ho)N~'D(=p(y))NM " (y, ho)d(y)-
Denote M'(y) = M(y, hg). Substitute U(y) in equation (H):

oy, NM'"Y(Ty) ¥ (Ty,h+ ply)) = D(—p(y)dy) NM' " (y) ¥ (y,h).
Now each coordinate gives us the desired result. (I

3.7. Remark. If H in Theorem is not necessarily connected, but the cocycle p

is cohomologous to a constant: p(y) = L ;?;f;), then we do not need to use Lemma

B3] and the result holds as for some scalar matrix d(y) : Y° — S1,

Alp(y)) = Alef(Ty) [ (y) = A(F(Ty)) A() A7 (F(y))d(y).
Now diagonalize A(c) : A(c) = UDU~! and substitute in equation ().
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3.8. Theorem. Let Y = (Y° By,uy,Ty) be an ergodic m.p.s. Fori = 1,...,k
let Y, = (YO By, py,T%). Let W =Y x, H be an ergodic group extension, where
H is a connected abelian group, and let W; =Y; X i) H (notice that Ty, = T;V)
Let v be a joining of the measures on Y;, and let u be a measure on UW} that
is the conditional product measure with respect to v. Let F : UW? — S be a p
measurable function. Fori=1,...,k, let o; : W° — S' be measurable functions,
and denote by w: WO — YO the projection. Suppose p a.e.

k
HU(Z)(w) _ F(TWlwl,...,TWkwk).
i ¢ ! F(wl,...,wk)

Then there exist measurable functions g;, G; : Y — S such that

10 o) = (o)) PG,

Proof. The proof is similar to the proof of Theorem B.6l For ¢ = 1,...,k let
Xi = Wi %o, S1. Let X be the system with X = HXZQ, px the conditional
product measure with respect to v, and Tx = Tx, X ... x Tx,. The function

(11) Flwy, Gy ywi, G) = Fwi, . owi) ¢ G

is invariant under Tx. Proceeding as in Theorem we find that equation (I0Q)
holds on the ergodic components of T};,. As Ty is ergodic, T}, has finitely many
ergodic components. Let ¥; be an ergodic component of T}.. The ergodic compo-
nents of T}, which project onto Y, are determined by the Mackey group M; which
is a closed subgroup of H. As Ty, has finitely many ergodic components, M; is of
finite index in H, but H is connected, therefore has no closed subgroups of finite
index. Therefore the ergodic components of T}, are of the form Y; x H. (I

3.9. Corollary. Let Y be an ergodic m.p.s., X =Y x, H an ergodic abelian ex-
tension where either H s connected or the cocycle p is cohomologous to a con-
stant. Suppose there exists a measurable family of measurable functions {fu}uemn,
fu: Y% x H— S such that

0(y7h+ u) _ fu(TX(y’ h))

a(y,h)  fuly,h)
Then there exist measurable functions g : Y° — S* and F : Y x H — S' such that
G(Tx(y, h))
oy, h) =9(y)—~——~"-
(y,h) =9(y) Gl )

Proof. Make the coordinate change: hy = h + u; hy = h. Then
fu(% h) = f(y7u7 h) = f/(ya h + u, h) = fl(ya hla h2)

and
fu(Ty,h+ p(y)) = f'(Ty, ha + p(y), ha + p(y))-
Now apply Theorem O

3.10. Lemma. Let Y = Z x, H be an ergodic abelian extension of Z, and F :
ZYx H— 8, g: 7% — S' measurable functions such that
Ty F(z,h)
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Then there exists x € H, and k: Z° — St such that
F(z,h) =k(2)x(h).
Proof. Take the Fourier expansion of F:
F(z,h) = Zkz(z)Xz(h)
Then for all i,
ki(Tzz)xi(h)xi(p(2)) = g(2)ki(2)xi(h).

Ergodicity of Tz implies that |k;(z)| is constant a.e. The fact that |F| = 1 implies
that there exist an ¢ for which |k;(z)| # 0. If there are two such indices i, j, then

Xi

—(p(2))

X
is a coboundary. As Ty is ergodic, x;/x; = 1 (otherwise the Mackey group of the
extension Z X, H is not H). O

3.11. Notation. Let (X7, B1), (X3, B2) be measure spaces. Denote
B(XY, X9) = {f: XY = X7, f measurable}.

3.12. Lemma. Let Y = Z x, H be an ergodic abelian extension of Z, (X, pu)
a measure space, and let © — f,(y) be a Borel measurable function from X to
B(Y?,SY). Suppose for all z € X there are functions g.(z), F.(y) € B(Y?,S!)

such that
(12) o) = ) T

Then there is a p measurable choice of g.(z), Fy(y).

Proof. Endowed with the L? topology, B(Y?, S!) is a Polish group. Let B(Z°,S!)
be the closed subgroup of B(Y?, S1) of functions that depend only on the z coordi-
nate, and let f — f be the natural projection onto B = B(Y", S')/B(Z°, S!), with
the induced topology. By a theorem of Dixmier ([BK96], Theorem 1.2.4) there is a
measurable section s : B — B. Equation (IZ) implies that

F Ty Fy(y)

fe(y) = DA

Define ¢ : B — B by o(f) =Ty f/f. If o(f) = ©(g), then for some function h(z),
Tyg(y)

L(y)

= h(2).

By B0 this implies that up to multiplication by a function of z, 5 belongs to a

countable set; thus ¢ is countable to one. By Lusin [Lu30] ¢(B) is a measurable
set and there is a measurable function ¢ : p(B) — B s.t.

Now if B B

then _
- ~ Ty F,
fo=pot(fa) = ==
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The composition
gives a measurable choice of F;, and g, is measurable as a quotient of measurable
functions. O

3.13. Remark. If g,(z) € B(Y?, %) (g, is constant), then the same proof works to
give a measurable choice of g, F.

3.14. Notation. We write f ~ g if f/g = const.

3.15. Lemma. Let X =Y x, H be an ergodic abelian extension of Y. Let o :
YO x H — S be such that for all w € H there exists a measurable function f, :
YO x H— S' and a constant \,, such that
oy h+u) _\ fuTx(yh))

a(y, h) Y fulyh)
Then there exists a measurable family of measurable functions {fy}uem, a measur-

able family of constants {\, }uch satisfying the above equation, and a neighborhood
U of zero in H such that

fu1+u2 (yv h) ~ fuz (yv h + ul)ful (yv h);
)‘u1+u2 = )‘ul)‘u2

(13)

whenever uy, ug, U1 + ug € U.

Proof. By Remark B13] we may assume that the families {f, }uem, and {A\, tuen
depend measurably on u. Using equation ([I3) we get

o(y,h+uy +uz) \ Tx fuy+us (Y, h)
oy.h) T fuw (. h)
— 2\ TXful(yah+U2) TXfuz(ya h)
e fur (y, h+ UZ) fus (y, h)

This implies that
Juitus (Y5 )
Jus (y,h+ U2)fuz (y, h)
is an eigenfunction of T'x and that

Ay Aug
)‘u1+u2

is an eigenvalue. Let Z be the Kronecker factor of X, 7 : X% — Z9 the projection
map, let N parametrize Z, and let ¥)n(y, u,)(2) be a character of Z s.t.:

fu1+u2 (y, h)

14 ~ N (uy ) © T(Y, B
( ) fu2(y7h+u1)fu1(y,h) N(u1,uz) (y )
and

Ay Aug
(15) R (@)
ultuz

Any two characters taking the same value on « are the same. Therefore ¥y,
is symmetric, i.e.,

uz)

wN(ul,uz) = wN(umuﬂ'
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We now show that ¥y, u,) satisfies a 2-cocycle equation:
fu1+u2+u3 (yv h)
y? h + U1 + Uz)fu1+u2 (y7 h) ’

~ fu1+u2+u3 (ya h) .
fu2+u3 (y7 h+ ul)fu1 (yv h)

w U1 TU2,u3 o7 7h’ ~
N(ui+ ) (y,h) fug(

zbN(ul,u;_;-i-ue,) © ﬂ(y, h)

Thus

(¢N(u1+uz,u3) O 7r(y, h))fug (y, h+wuy + u2)ful+u2 (y, h)

~ (wN(ul,u2+u:g) © 7r(y, h))fu2+u3 (ya h+ ul)fm (yv h)-
Dividing both sides by
Jur (Y 1) fus (Y5 b+ ur + u2) fu, (y, b+ ua)

we get

Jur+us (Y, )
fur (Y, ) fus (9, b+ u)

fuotus (y, h + 1)

Jus(Yy b+ uy) fus (Y, b+ up +ug)
Combining the above equation with equation (4],

(¢N(u1+u2,u3) © 71—(yv h))

~ (¢N(u1,u2+u3) o ﬂ—(y7 h))

(16) wN(u1+u2,u3)wN(u1,u2) = q/}N(u],uz+u3)wN(ug,ug,)'

As u — f,, is a measurable function, fu,(y), fu,+u, (y) are close in measure for
small uq, most ug, and the same goes for fu,(y, h), fu,(y,h + u1). Therefore the
expression in equation (I4) is close (in measure) to f,, (y, h). But N; # Ny implies
that

[, = ¥l = V25
thus by equation (), ¥n (u;,us) = U (uy) for ur € U’ a neighborhood of zero in H,
ug € A a set of positive measure. The set A — A contains a neighborhood of zero
U"”. Let U =U' NnU". Take any ui,us,u; +ug € U, and find an element us € A
such that usz + us € A. Then by (L6

-1
N u1,u2) = VR ) VR (s i) O ()
For u € U, denote

fU(yv h) = ('@[JN(U) © W(ya h))fu(y7 h)»
and ~
Ay = )\qu;,}u) ().

By equations ([Id)), if u1,us,u; +ue € U, then

(17) f~u1+u2(y, h) Nfuz(yah+u1)fu1(ya h)
By equation ([IH), if u1, ue,u1 + ug € U, then
(18) 5‘u1+u2 = 5‘u15‘u2' U

3.16. Lemma. Let H be a torus (possibly infinite dimensional) and let X =Y x,H
be an ergodic abelian extension of Y. Let o : Y° x H — S be such that for all
u € H there exists a measurable function f, : Y° x H — S! and a constant A, such
that

olyhtu) | fulTx(s.h)

(19) o) T Rl k)
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and Ny, and f, depend measurably on u. Then there is a closed subgroup J < H
such that H/J = T™ and such that if w : H — H/J is the natural projection, then
there exists a function & : Y? x (H/J) — S such that

F(Tx(y, h))

F(y,h)
Proof. By Lemma BI85 the functions f,, can be chosen such that A, is multiplicative
in a zero neighborhood U in H. The neighborhood U contains Ji, a closed connected

subgroup of H, such that H/.J; = T'. Restricted to .Jy, A, is a character. Thinking
of H (measurably) as H/.J1 x J; with coordinates (hg, j) the above equation becomes

2 owh) O Rwh)

where u € Jy. This is the same as

Apu0(ysho j +u) £ (Ty, b+ p(y))

o(y,h) = a(y,(h))

21 =
(21) )\j_la(y, h) fuly, )
Applying Corollary and replacing Y with (Y x H/J;) and H with J; we get
_ N T,F(y,h)
1 — Zpt \H )
)‘j U(yv hOv]) - U(ya hO) F(y, ]’L)
or
, . T,F(y,h)
o(y,ho,j) = Ajo(y,h A
( 0 ) J ( 0) F(y, h)

Now for j in the kernel of A we have A\; = 1. The image of X is S*; thus if ker A is
J, then H/J = T+, O

3.17. Remark. The group H is a compact connected abelian (metrizable) group
and therefore has countably many closed subgroups J such that H/J is a finite-
dimensional torus.

3.18. Remark. If H is any connected compact abelian group (not necessarily a
torus), then J; in the foregoing proof is not necessarily connected. By the same
proof we will get that o is cohomologous to a cocycle lifted from a product of a
finite torus and a totally disconnected compact abelian group.

3.19. Lemma. Let X =Y x, H be an abelian extension of Y with p(y) cohomolo-
gous to a constant function (now H is any compact abelian group, not necessarily
connected). Let o be as in Lemma BTG Then there is a subgroup J < H, and a
finite group Cy, such that H/J = T™ x Cy and letting # : H — H/J denote the
natural projection, then there exists a function & : Y° x H/J — St such that

o) = 5. (1) P )

Proof. By Lemma[B.I5 the functions f, can be chosen such that A, is multiplicative
in a zero neighborhood U in H. The neighborhood U contains Ji, a closed subgroup
of H, such that H/J; = T x C;, where Cj is a finite group; thus A, is a character
of Ji. Now proceed as in Lemma (the image of \ is either S or a finite
group). O
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4. LIE GROUPS AND NILSYSTEMS

4.1. Let N be a k-step, simply connected nilpotent Lie group, I' a discrete subgroup
s.t. N/T is compact. Let B be the (completed) Borel algebra, m the Haar measure
on N/T', and let a € N. The system X = (N/T,B,m,T) where TgI' = agl is
called a nilflow. We will sometimes denote this system (N/T',a). We will assume
that the system X is ergodic. Let Ny = N, and for ¢ > 1: N; = [N;_1,N] (N is a
k-step nilpotent group if Nyy; = {1}), and for ¢ > 1 let I'; = ' N N;. The groups
N; for j > 1 are connected (see [L05]). The group N is abelian and connected
and therefore isomorphic to R™ for some positive integer m. Then I'; is a discrete
subgroup of N;, and N;/T; is compact. Let m; be the Haar measure on N;/T;, and
let | be a positive integer. Let

M = {y17y1y27" Hy] yl€N17y2€N27"’7yl€Nl}CNla

where
k l l l
H e B S

(N; = {1} for j > k). The elements of M are called Hall-Petresco (HP) sequences
and form a group (see [Lab4], [L98]). The first k + 1 elements in the sequence
determine the rest. Computation shows that if n € N and (nq,...,n;) € M, then
([n,m1],...,[n,m)) € M. Let A = M NT'. The nilmanifold Y = M/A is embedded
in (N/T')!, and let v be the Haar measure on Y. Let fi,. .., f; be bounded functions.
Then for almost all g € N for all (nqy,...,n;) € M,

(22) lgnOONZHf] (a?" n;gl) = / Hf] (9z)dv(z1, ..., 2).

n=1j=1
For more details, see [Z05]. A similar result holds for the action of (a™,...,a™) for
any distinct r; € Z.

4.2. Remark. If N/T is connected, then a* is ergodic for any k # 0. Therefore

equation ([22)) remains the same if we replace a by a*.

4.3. Let (N/T',a) be a k-step nilflow. Define

mla):=ax...xd, Na):=ax...xa.

Let A;(m) be the diagonal measure on (N/I')\.
Define a measure on (N/I')! by

N
(23) Bulm) = Jim 3 )

By the above discussion the ergodic components of A;(m) are parametrized by N/T
and are (a.e. g) of the form M(g¢T,...,gT").

4.4. The system (N/T', a) may be represented as an Abelian extension of a (k — 1)-
step nilflow (N/I',a) = (N/N,I' x, Ni/T'k). Inductively (N/T',a) may be rep-
resented as a tower of Abelian extensions, starting out with a point. (The first
block in the tower would be the Kronecker factor N/NoI'.) Consider the system

Y = (N/N,D), 7i(a), A;). Then (Y X (p),...,p0) (Ni/Tx)!, 7i(a)) is an abelian
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group extension of Y. The Mackey group, associated with the ergodic components
of the group extension that are mapped onto the ergodic components of /\;, is

My, = {(91, 9792, - -- ng P91, gk € Ny} /T,

In additive notation, denote H = Nj/T'x. Then

k
l
My = {(h1,2hy + ha,....> (j)hj) hi,...,hy € H}.

Jj=1

4.5. Lemma. Let X = (N/T;a) be an ergodic k-step nilflow. Then for r > 2,
Y. (X) = (N/N,T,a).

Proof. We prove this by induction on the nilpotency level of N. Let N be a 1-step
nilpotent group (thus (N/T',a) is a Kronecker system). Let ¢ be an eigenfunction
of (N/I',a). Then

N
Z T2n ) 121/)-

Therefore
L*(Y;) = span{eigenfunctions} = L?(N/T).

Now assume the statement for (k — 1)-step nilflows. Let X = (N/I',a) be a k-step
nilflow. By Corollary 24 Y, (N/N,TI',a) is a factor of ¥,.(X). By the induction
hypothesis Y,.(N/N,T',a) = (N/N,I',a). But the integral in equation [22)) for [ = r
is a function on N/I' that is invariant under translation by elements of N,. By
Lemma 23] L?(Y,(X)) is spanned by these integrals. Let r = k + 1, and let
f(gl') € L>®(N/T). We want to show that the function f is in the span of the
integrals one obtains in (22) when n; = 1 for j = 1,...,k + 1. As the value of
the limit in (22) is the same for any choice of (ny,...,nk+1) € M we may consider
the averages in (22)) as averages over functions f; ® ... ® fry1 € L®(Apy1(m)).
The element gI' is determined by the first & + 1 elements mygl, ..., mgr1gl of
an HP geometric progression (see [L9§]). Therefore there exists a function F €
L>(Ajy1(m)) such that

F(magl, ... ,mpy19T) = f(gT).

Now as

F(magl, ..., meq190) = F(amygl, ..., a* ' myq1gT)

we get
A}gnoo - Z Ter1(a)"F(migl, ... ,mei1g9T) = f(gl).

Now approximate F' (in L2(Ayy1(m))) by sums of functions of the type f1 ®...®
Jr+1- O

4.6. Corollary (Theorem[L8)). If X is an ergodic k-step pro-nilflow, then Yi41(X)
=X.
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4.7. Lemma. Let (N/T',a) be a k-step nilflow. Let f € B(N/T,SY). Let {\.} be a
family of constants, {fe}cen, be a family of functions in B(N/T' — S') such that
fley) felay)

24 = A
24 W

for all c € Ni,. Then we can choose f., . such that

fcl (C2y>f62 (y) ~ f6102 (y)

Proof. By Lemma [3.15] this holds in a neighborhood of zero U C Nj. Notice that
multiplying f. by a constant does not affect equation 24)). If c € Ny, c=c¢;...cq,
and c¢q,...,cs € U, define

fc(y) = fo, (y)fC2 (Cly) oo Jes (Cl e CS—ly)~

We claim this is well defined (up to a constant multiple) on Nj: given two sequences
c1,...¢s and ¢}, ...c; with equal product, we can break up the “steps” ¢, into an
equal number of small steps and we can interpolate a sequence of such paths where
two consecutive paths differ only within a small cube which can be translated to
be inside U. Since the resulting \’s and f’s will be the same for consecutive paths,
they will be the same for the initial and the final ones. O

4.8. Lemma. Assume N/T' has no nontrivial finite factors. The group N/Ny = R"™
or N/Ny 2 Z x R™ for some integer n. The action of a on it is given by rotation
by some element a or (1, ) respectively. Under the conditions of Lemma 1 we
can choose f., A. so that

f(cy) _ eZTri(La,c) fc(ay)
f(y) fe(y)

for an n x m integer matriz L.

Proof. We first treat the case where N/No = Z x R™. Now . is a continuous
multiplicative function on Ny = R™. We now use additive notation for N. In this
notation \. is of the form e2™™¢) Let e; denote the standard basis for R™. Each
fe, is an eigenfunction (as the left side of equation (24)) is 1). Thus there exists
7; € Z" such that

fe(y) = Ce?™i(i0)
where i € N/Ny, with eigenvalue ¢?™("®) Finally for each i there is k; € Z such
that

<’I“7 6i> = <ﬁi,a> + ki.
Now take L to be the matrix with the ith row being (k;,7;) (the action of a on
Z x R™ given by (1, «)). For the case N/Ny =2 R"™ we get (r,e;) = (7i;, @) and take
L to be the matrix with the ith row being (;). O

4.9. Lemma. For any c1,ca € Ny, fe, and f., satisfying equation (24)) we have

fc1 (ng) _ fcz (cly)

fer (v) Jes (y) '

Proof. The function
fei(e2y) [ fe(c1y)
fa W) /[ fe()
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is invariant under rotation by a. Therefore

fc1 (ng)
fC1 (y)

fcz (Cl y)
fea(y)

= C(c1,¢2)

Using Lemma [£7]

fese(y) fer (y)
_ fei (cacy) fe,(cy) = C(e1, e2)0ca, ) fes(crcy) fe(ery)

fC1 (Cy) fC1 (y) fcz (y) fc(y) .

Therefore C(c1, c2) is multiplicative in c¢j,ca. If ¢ € Ny N T, then f. is an eigen-
function. Thus for ¢ € Ny N T, C(c1,¢) = C(c¢,c2) = 1. This implies that for any
¢1 € Ni, C(c1,*) is a character of Ni/(N; NT), which is a compact connected
abelian group. As there are countably many of those, C(¢q,c2) = 1. O

4.10. Definition. Let X = (X° B, u,T) be an m.p.s. Let A C B be a T-invariant
sub-o-algebra. If

F ={f: f measurable, |f| =1, Tf/f is A measurable},

then we define D(A) as the smallest o-algebra with respect to which the functions
of F are measurable, and define D,(A) = D(D,_1(A)), where Dy(A) = D(A).
T is said to have generalized discrete spectrum [mod A] of finite type if for some
n € N, D,(N) [D,(A)] is B, where N is the trivial g-algebra of null sets and
their complements. Since D,,(N) C D, (A), generalized discrete spectrum of finite
type implies generalized discrete spectrum mod A of finite type. The qualification
“generalized” is dropped when n = 1.

4.11. Example. If (Z x H,T,) is an Abelian extension of the Kronecker system
(Z,T), then T, has discrete spectrum of finite type mod the Kronecker algebra,
and generalized discrete spectrum of finite type (mod the trivial algebra). Another
example: if (N/I',T) is a nilflow, then T has generalized discrete spectrum of finite

type.

4.12. Proposition (Parry [P73]). If T is ergodic with discrete spectrum mod A,
then there exists a compact Abelian group G of measure-preserving transformations
such that T(gz) = gTx for g € G and A={B € B: gB = B Vg € G}.

5. THE VAN DER CORPUT LEMMA

One of the main tools in studying characteristic factors is the van der Corput
lemma. The formulation below is due to Bergelson [Be87]:

5.1. Lemma (van der Corput). Let {u,} be a bounded sequence of vectors in a
Hilbert space H. Assume that for each m the limit
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exists, and
M
(25) Jm g 2 m =0
Then
1 N H
n=1

Proof. Let M be large enough so that the expression in (25) is small. Let N be
large enough with respect to M so that the two expressions

1 N M 1 N
TP IPILLENS DI

n=1m=1

are close. We have:

1 N M 1 N 1 M
”W Z u7l+7n||2 < N; ||Mmzz:1un+m||2

n=1m=1
N M M
1 N—oo 1
= N M2 E E (Untmy s Untms) M2 E Yma—ma;
n=1mjp,mo=1 my,ma=1
which is small. O

6. PROOF OF THEOREM [[LT]

Let X be an ergodic m.p.s., and let Y;(X) be the j-u.c.f. of X, and let 7; : X —
Y;(X) be the factor map. When the context is clear we will write T' for Tx, and
Y; for Y;(X). Let @ = (a1,...,a;) € Z'. We will always assume that the a; are
distinct. Denote

T73(T):=T" x...xT%
N(T):=Tx...xT.

When the context is clear we will use 75 for 77(T), and T or T; for A;(T). Let
A(1x) be the diagonal measure on (X°)!. We will prove Theorem [[.7] inductively,
along with a sequence of statements (Theorem [[T7is item ().

6.1. Theorem. (1) Let @ = (ai1,...,a;+1) € ZZTL. The limit

N
_ o .
Ba(px) = lim > A px)

n=1

exists. (The convergence here is weak convergence relative to the algebra of
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(2)
3)

(7)
(®)
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functions on the product space spanned by products of bounded measurable
functions.) Furthermore Az(px) is the conditional product measure relative
to Na(py;).

Y;11(X) is an isometric extension of Y;(X).

Let X be an ergodic m.p.s. Let 1l € N. Let u be a measure on (X°)!, let
a=(ay,...,a;) €Z, and fori=1,...,1, let f; € B(X° S'). Recall that
fm () = f(T™2)... f(Tx)f(x). We say that (fi, fa, ..., fi) is of type
@ w.r.t. o if there exists a p-measurable function F taking values in S?!,
such that p almost everywhere

ﬁf.(“ﬁ(xi) _ral@y,. o m)

Pl F(xy,...,x))

Let H be a compact abelian group, Y a (j — 1)-step pro- nilflow. We say
that p : Y — H is of type j if for any character x € H, there exists an
integer 1, a character X = (x1,-.-,Xx1) € H', and @ € 7!, such that X = Xk
for some 1 >k >1 and (x10p,...,x10p) is of type @ w.r.t. Ng(py). Let
Y be a (j — 1)-step pro-nilflow, and let (f1, fa,...,f1) be of type @ w.r.t.
Ag(py). Then

) fr is cohomologous to a function lifted from a (j — 1)-step nilflow.

) Fork=1,...,1, fx belongs to a countable set modulo coboundaries.
(c) Fork=1,...,1, fr: Y — S is of type j.

) If p: Y — H is of type j, then for any character x of H, x o p is of
type j.

(e) If f,g: Y — S* are of type j, then fg is of type j.
If X =Y;(X) X, H is an abelian extension by a cocycle of type j, then X
can be given the structure of a j-step pro-nilflow. If Y;(X) is a nilflow and
H is a finite-dimensional torus, then X is a nilflow.
A factor of a j-step pro-nilflow is a j-step pro-nilflow.
If X is a j-step pro-nilflow, then X =Y;(X) x, H is an abelian extension
of Y;(X) by a cocycle of type j. If j > 1, then H is connected.
Y;+1(X) can be given the structure of a j-step pro-nilflow.
Let ay,...,aj41 € Z, and fi,..., fj+1 € L>®(ux). Then the averages

Takn )

i :ji’

oI

converge in L?(ux).

Proof. For j = 0, Y;41(X) is the pro-cyclic factor. For j = 1, ¥;41(X) is the
Kronecker factor which is an abelian extension (by a connected group) of the pro-
cyclic factor by a constant cocycle, and all statements are easily verified. Assume
all statements hold when replacing j with j — 1.
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6.2. Proof of Theorem G-

N—o0

N
. 1
fim N Z/ i1®. @ fipdDj(px)
n=1
= hm _Z f Tnal Tnazx) f (T’rlaj+1x)d
N Jt+1 Hx
lim _Z/fl ) Fo(T™027 ) L fya (T 7 ) dpu

s ]‘ n\a;+1—ay
= Jim > / B Y33 L7544 B 95 ),

i=1
= [ B @0 B(alY) sy,
By the above calculation,
(26) /fl ®...® fidla(px) = /E(f1|Yj) ® ... @ B(fim|Y))dAz(py,);

thus Az(ux) is the conditional product measure relative to Ag(py,).

6.3. Proof of Theorem [GI2). We must show that if E(fk|l3§,j(x)) = 0 for some k,

then the averages Zn 1 HJH fr(T*"x) converge to zero in L?(ux). We apply
the van der Corput Lemma [5.1] with

j+1

Up = H 7% fi(x).

We calculate v,,:

1N
Y = lim N nzl (U y U )
Jj+1
= lim — Z / H T fi.(z Tnakerakfk( )dpx
J+1

,hm—Z/HT"‘I’“ KT fr(2))dpx

- / (8 ® ) T (1 ® ... ® fia1) dBa(ux).

By the ergodic theorem, there exists a 7z-invariant function Dz € L?(Az(ux)) such
that

(27) hm—zvmf [ fie. 8 Do ) iBalus).

m=1
By 6.2 Az(ux) is the conditional product measure relative to Az(py, ). By Theo-
rem[ZT1] Dy is measurable w.r.t. (V;(X))/*1. IfE(fk\BY,j(X)) = 0, then the average
1) is zero, and by the van der Corput Lemma [5] so is the original average.
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6.4. Proof of Theorem [BIY3)). This part is the bulk of the theorem, and the proof of
its items will be intertwined with the proof of the rest of the items in Theorem
Let Y be a (j — 1)-step pro-nilflow, with j > 2. By Corollary 4.6, Y = Y;(Y). By
the induction hypothesis in Theorem GII[6]), we can identify Y with a presentation
as a tower of abelian extensions Y = Hy X4, Ha X ... X5, , H; where o0; is of type
i, H; is connected for i > 1, and Y;(Y) = Hy X, Hy X ... X,,_, H;. Specifically
Y =Y; 1(Y)Xq,;_, Hj, where H; is a connected compact abelian group, and ;1 is
of type j —1. Denote Y;_1 =Y;_1(Y). Let mj_1 : Y — Y;_1 be the projection. We
identify y € Y with (m;_1y, h) € m;_1Y x H;. Let | be a positive integer. To simplify
the notation we now restrict ourselves to the special case where @ = (1,2,...,1).
The analysis is similar for any @ C Z!.

We write A;(uy) for the measure A(l,...,l)(,uY)a and we say that (f1,...,f) is
of type I w.r.t. Ay(py) if (f1,. .., f1) is of type (1,...,1) w.r.t. Aj(uy). In this case
there exists a function F' € L>(A;(uy)) such that

l
#) () = TEWL - )
(28) kl;[lfk e R

6.5. Remark. As Y is a (j — 1)-step pro-nilflow, on the support of A;(uy), the
coordinates y;y1,...,% are determined by the first j coordinates yi,...,y;, and
this correspondence is invariant under 7 (if 7 = 2, then Y is an abelian group,
and yi,y2,y3 form an arithmetic sequence; in general see the discussion in F.T]).

Therefore the function F'(yi,...,y) can be replaced by a function of j coordinates,
and equation (28) can be written in the form
(29) 17 ) = TEeeeea)

E—1 k F(yl,ayj)

We will repeatedly refer to this equation.

6.6. Remark. The measure A;(puy) = Nj(py,_,) X (mp.j)’ (replace X by Y and j
by j — 1 in equation (20])).

6.7. Lemma. Let (fi,..., fj+1) be of type j + 1 w.r.t. Nji1(uy). Then for each
k=1,...,7+1 there exists a family of functions {gxu}tuen, C B(m;—1Y",S"), and
a family of functions { fru}tuen, C B(Y?,S) such that

frelmiay, h+u) o (7 1y)Tfk,u(y)

fe(mi—1y, h) e Teu(y)
Proof. We use the fact that A;;1(Y) is invariant under translations by elements of
the Mackey group M;_; ji1, and by elements of Aj1(Hj) = {(h,...,h)}nen; C
HJJH. This group is described in 4l Let

(30)

M;1541(0) = (M1 1+ 2j4a(Hjy)) 0 (HY x {0}).
The projection of M;_1 ;41(0) on any j coordinates is full (i.e., HJ]) Let @ =
(ut, ...y uj41) € Mj—1,+1(0) (ujs1 = 0). Then
Jj+1 .
3 TTAY e e+ w) =
k=1

TF(Wj,1y17h1 +u1,...,7rj,1yj,hj -|-’U,j)
F(mj_1y1, ha +uy, ..o mio1y;, by + uy)
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Dividing equation (31 by equation ([29) we get

f;ik)(ﬁj—lyk,hk + ug) _ TFa(y1, ..., y;)
k=1 f;gk)(ﬂjﬂyk,hk) Fa(yi,---,y;)

(32)

where
F(’l’(’jflyl, hl + Uy ooy T5—1Y5, hj + Uj)

F(yi, - yj+1) '
Using Remark we can apply Theorem B8 to A;(uy). For any 1 < k < j and
any uy € Hj there exist functions gy ., € B(Y?, SY and fi ., € B(Y?, S!) such
that

Fﬁ(yla"'ayj) =

lik)(ﬂ—jflya h + uy)

k
M (mj—1y, h)

k
= Gk,uy, (Trj*ly) Tfl;fi,u(k (jy) :

(33)

We still need to show that the same holds for fj (rather than f,gk)): we use the fact
that Ty, (see 27) and T)’f(m = (Ty,)* commute; therefore
k

k k
(34) ST fiw) = ST ).
Using equations (33), (34), and a calculation we find that the function

fr(mj1y, h+u+v)/ fr(m 1y, h +u) /T(fk,v(ﬂj—ly, h+w)/ fro(mi—1y, h))
fe(mj—1y, h+v)/ fiu(mj—1y, h) few(mi—1y, h+u)/ fuo(mj—1y, h)

is T*-invariant and therefore constant on the (finitely many) ergodic components
of T*. Denote this constant by 0, (m1y) (the ergodic components of T* are
determined by Y7(X)). By Lemma B.I5] 6% 4 (my) is multiplicative in v (also in
v) in a neighborhood of zero in H;. By equation B3] (after iteration), (8 4,»)* (71)
is an eigenvalue. Therefore 6y, (m1y) = 1 for v in a neighborhood of zero in H;.
Iterating we find this is true for all w € H; (H; is connected). By Corollary B9
there exist functions gy o, fk,v such that

fr(mj1y,h+v) T frn(mj_1y, h)
g k) e (- 1y)—fkv(% b

d

6.8. Lemma. If (g1 o mj_1,...,q1 0 mj—1) is of type I w.r.t. N(uy), then gy :
mi—1Y — SYis of type j— 1, fork=1,...,1.

Proof. By definition there exists a /\;(j1y’) measurable function L such that
1
TL(y1,. .-, u1)
(g1) ™ (mj 1) = =
kl;[l ! L(yla'“ayl)
Taking the Fourier expansion of L with respect to the abelian group H Jl»,
L(yr,...,u) = Z Gy(mj—1yrs - mi—ay)xa(ha) - oxg (ha)-

x€Hf’

We find that for any y € I:Il-,

l
k
Wi,y H (w5 am) Xk (0§ (5 awe)) = TGy (i, T,
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The function |G, | is invariant under 7 and therefore constant on the ergodic com-
ponents of Al(ﬂyj_l). As H]l is countable, there is a character x € H]l7 and a set
of Ay(py,_,) positive measure A, that is 7-invariant, and for which

TG (1Y, - - Ti11)
Gy (Tj—1y1s - Ti—141)

!
(35) IT 9t (- vmm) o™, (- ae) =
k=1

Denote by W the system (Y}Z_I,Al(ﬂyj_l),’r). Let pr = gpXk(oj—1) : Yjo1 — S1,
and let p = (pl,pg), e 7pl(l)). Denote y := m;_1y. Consider the group extension
W Xz (S Let W3 be an ergodic component of W (the ergodic components of
W are parametrized by g € Y;_1), and let Py C (S1)! be the Mackey group asso-
ciated with the ergodic components of the group extension Wy x; (S')!. As the
transformations

Ty % (Tp,)2 % oo (T,)'y Tpy X Tpy X .. x T,

commute, Pr; = P (see Lemma [ZT8), and by ergodicity, P; = P is constant a.e.
as a function of . As equation (B5) holds on a 7-invariant set of A;(uy,_,) positive
measure, we get

(¢,....,) € P,

where ¢(¢) = (. Therefore for a.e. g, there exists a function Gy, so that equation
(B5) holds on Wy when replacing G, with Gj. Notice that Gy is determined
up to a constant multiple on Wy and can therefore be chosen so that it depends
measurably on 7 (see BI3]). Thus there exists a measurable function G such that
equation (BE) holds A;(py,_,) a.e. when replacing G, by G. This implies that
(g1 - X1(05-1),-- 91 - Xa(oj-1)) is of type | wr.t. A(uy, ,). By the induction

hypothesis in BI[3d), Bd) the functions giXk(cj—1), xx(o;j—1) are of type j — 1.
By the induction hypothesis in [6.IIBd), g is of type j — 1. O

6.9. Corollary. Let (f1,...,fj+1) be of type 5 + 1 w.rt. Nji1(uy). Let @ €
M;_1;11(0), and let giu, satisfy equation BQ). Then fork =1,...,5+1, gru, s
of type 7 — 1.

Proof. Substitute equation (B3] in equation ([32) and use Lemma [6.8] O

6.10. Corollary. If (fi,...,fj+1) is of type j + 1 w.r.t. Nji1(uy), then for k =
1,...,j+1 there exists a family of constants {\r v }uen,, and a family of measurable
functions {fy u}tuen, such that
1Yy, h T fru
(36) fk(ﬂ-] 12% +U’) — )\k7u fk, (y)
fe(mj—1y,h) Jrwu(y)

Proof. By theorem BEIIBh), using the induction hypothesis, there are countably
many g ., up to m;_1Y-quasi-coboundaries. There exists a set U of positive measure
in Hj such that
9k,
9kv
Ifu,u+veUandif fiuw = feutv/fru, then

felmjmy,h+u+v)  folmoay, h+u+0)/ felmjmay,h) o T frou0 ()

fr(mj—1y, h + ) fe(mj_iy, b+ )/ fr(mj—iy,h) ok Truw(y)

u,v €U = is a quasi-coboundary.
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Thus the claim is true for v in a neighborhood of zero in H; (as the map sending
(mj—1y, h) to (mj_1y, h + u) is onto and commutes with the T action). As Hj is
connected, equation (B8] holds for all v € Hj. O

6.11. Lemma. The families in the previous lemma can be chosen so that the func-
tion A 2 Hj — S is multiplicative in a neighborhood of zero in H;.

Proof. By Lemma O

6.12. Corollary. The functions fi. from Corollary can be chosen so that
for some neighborhood of zero U C H, for any @ = (u1,...,uj11) € Mj_1 41 +
Dji(Hy) N U,

Jj+1

[N =1
k=1

Proof. Choose the families {fx .}, {\k,u} so that Ay, is multiplicative in a a neigh-
borhood of zero in H;. Substituting equation (36) in equation (B2), we find that

;;11 )‘E,uk is an eigenvalue of . O
6.13. Lemma. Let (f1,...,fi+1) be of type j + 1 w.r.t. Nji1(puy). Then there
exists an integer n, and a factor Y = Y1 xT" of Y, such that if p: Y — Y is
the factor map, then for k =1,...,j +1, fi is cohomologous to a cocycle fy o p.
Furthermore, there exist functions g1,...,¢g;+1, where g : Yﬂl — St is of type
7 — 1, such that

(figromj—1,..., fj+19j+1 0 mj—1)

is of type j+1 w.r.t. Nji1(py), and therefore Corollary holds when replacing
fe by fu and Y by Y (mj—1 is the projection Y — Yj_1).

Proof. By Lemma and Remark B.I8 we can find J so that H;/J = T" x H,
where H is a compact totally disconnected abelian group (Lemma [3.I6] can be car-
ried out simultaneously for (fi,..., fj41)). Consider the system W =Y, 1 X, ,
(T"x H) (abusing the notation). This system is a factor of Y;j. Therefore Y;_; (W) =
Yj_1, Wis a (j — 1)-step pro-nilflow, and Y;(W) = W (this follows from the in-
duction hypothesis in Theorem B, and from Corollary E8). If H is not trivial
we get a contradiction to Y;(WW) being an extension of Y;_;(W) by a connected
abelian group for j > 1 (this follows from the induction hypothesis in [6II[@])). Now
Y can be presented as a skew product Y =Y x 5,_, J where

Gj-1(y) = 7(§)oj-1(m;—1(9))r (1),
where () takes values in H;. As in the proof of Lemmal6.8] there exists a character
(X155 Xj41) € JIT1 such that

(- x1(G5-1)s s i - xg+1(65-1))
is of type j + 1 w.r.t. Ajyq(uy). Let Xx be the lift of xj to a character of Hj.
Then
Xk (65-1(7)) = Xe (7)) Xn (-1 (7 -1(7))) Xr (r (T'9)-
Therefore ~ R
(fi-Xaloj-r(mj—1)), - fivr - Xjwaloj—1(mjiz1)))
is of type j + 1 w.rt. Aji(py). O
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6.14. Notation. If U is an abelian group we denote rotation by an element of U
by R,.

6.15. Lemma. Let (fi,..., fj+1) be of type j+1 w.r.t. Nji1(py). Then there exists
a factor of Y which is a (j — 1)-step nilflow Y = (N/T',a), such that ifp: Y —Y
is the factor map, then

(1) there exists a function fi : N/T — S' such that fy, is cohomologous to
feop;

(2) there exist functions gi, . .., gj+1, where g : mj_1N/T — S is of type j—1,
such that (figromj—1,..., fi+19j+10mj—1) is of type j+1 w.r.t. Njiq1(uy)
(i1 is the projection Y — m;_1(Y));

(3) Corollary holds when replacing fr, by fr andY by Y.

Proof. Recall the identification of Y as a tower of abelian extensions Y = H; X4,
Hyx. .. Xg, , Hj, where Y;(Y) = Y;_1(Y)x,,_, H;, the group H; is an abelian group
which is connected for i > 1, and o; is of type i . We would like to “replace” H; for
i > 2 with a finite-dimensional torus T™ (and replace H; by a cyclic group) and
get a system C' x5, T"2 X5y . ... Xgt_, T™i that is a factor of Y and therefore a nilflow
(a pro-nilflow by the induction hypothesis in Theorem [EII[]), and a nilflow by the
induction hypothesis in[6.1I[])), and if p is the factor map, then fj is cohomologous
to fk op.

We do this by decreasing induction on the index i. The case ¢ = j was proved
in Lemma Assume we have constructed a system Y = H, Xoy - X Hi X
T+t x ... Xgr T" that is a factor of ¥ and satisfies (1)=(3). We may now

forget the original system Y. By abuse of notation we replace Y by Y, and fj,
by fx. The cocycles o},...,0%_1,91,...,gj+1 are of type < j and take values in
finite-dimensional tori. Therefore there exists a finite-dimensional torus T™¢ with
o) for I =i,...,j — 1, cohomologous to functions ¢, lifted from Y} := H; x ... x
Hi_1 x5 T x...Xg T, and gi, for k=1,...,j+1 cohomologous to gy lifted
from Y’ := Y], ,. After reparametrization we may assume oy, for [ =i,...,j — 1,
is lifted from Y/. Condition (2) remains valid if we can replace g by gi. Write
H; = T™ x U (measurewise), where U is a compact abelian group. The action of
Ty commutes with rotation by an element in U, i.e., with

Ry : (hl,...,hifl,ti,u,tprl,...,tj> — (hl,...,hi,hti,u—I—ul,tiJrl,...,tj).

Indeed, o}, ..., 05»71 are not affected by translation in elements of U. Both R, Ty
commute with rotation by an element ¢t € T™. Therefore

feBu(mjay,t; +1) [ fu(mjo1yti +8) _ foo(BuTy) [ for(Buy)

fe(Ru(mj—1y,h)) fi(mj—1y, ;) fei(Ty) fret(y)
By Theorem [3.8]

Jr(Ruy)/ fr(y)

is cohomologous to a cocycle lifted from 7;_;Y". By the same argument as in Lemma
it is cohomologous to a constant for u in a neighborhood of zero in U;. Now
proceed as in Lemma to obtain Y (which will be a factor between Y’ and Y).
Applying the same procedure for i = 1 gives the cyclic part. O
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6.16. Remark. Let f1,..., fj+1 be as in Lemma [6.I51 By Remark BT there are
countably many possibilities for the groups U; and therefore countably many pos-
sibilities for the nilflow N/T" (up to isomorphism).

6.17. Let (N/T', a) be the (j—1)-step nilflow from Lemmal6.15] andlet p : Y — N/T
be the projection. Let Ny = N, and Nyy1 = [N, Ni] (N; = {1}). We will show that
if the system (IV/I', @) has no finite nontrivial factors, then N/T'x 7 S1 can be given
the structure of a j-step nilflow. If the nilflow (N/T',a) has a finite factor C;, then
C; is an abelian group of order i for some integer i. The nilflow (N/T, a*) has finitely
many ergodic components, and rotation by a induces an isomorphism between them.
Each ergodic component X (with the action of a') is a (j — 1)-step nilflow with
no nontrivial finite factors. We will show that the system X x e S is isomorphic
to a j-step nilflow (M/A,b). The system N/I" x 7 St will then be isomorphic to a
union of ¢ isomorphic j-step nilflows C; x M /A, with the action of T given by: for
i—1>k>0:(k,mA) — (k+1,mA)and for k=4i—1:(i—1,mA) — (0,bmA).
The group generated by {(0,m), T }.menr is j-step nilpotent, and acts transitively
on C; x M/A.

Assume (N/T', a) has no finite nontrivial factors. The r-u.c.f. of N/T"is Y;.(N/T)
= N/N, T (this follows from Lemma [£H]). The system (N/T',a) can be presented as
an abelian extension of a (j — 2)-step nilflow, i.e. N/N;_1I' x N;_1/(N;—-1NT"), and
we may assume that IV is simply connected. The group IV;_; is abelian, connected
and simply connected ([L05]), therefore isomorphic to R™ for some m. Let the
action of T on N/Ny; = Z x R™ (or R™) be given by translation by «. Then
equation (B6) becomes: for any c€ N;j_q,k=1,...,j+1, y € N/T,

frlcy) — A\ T fr,c(y)
fr(v) " frely)

6.18. Lemma. Let (N/T,a) be the (j — 1)-step nilflow from BI1 Let fi,..., fx
be functions in B(N/T,S'). Let {\y.c} be a family of constants, { fr.c}een,_, be a
family of functions in B(N/T',S') such that

feley) | frelay)
(38) fely) A Tr,e(y)

for all c € Nj_1. Then we can choose f c, Ak, in equation BY) such that

fk,cl (ka CQy)fk,Cz (y) ~ fk,c102 (y)
Proof. It follows from Lemma [£71 O

(37)

6.19. Lemma. Let fy, fi.c, Ak,c be from Lemma 618 Then for eachk =1,...5+1
there exists an integer matriz Ly, a neighborhood of zero U C N;_1, and a family
of functions { fr.c}teev, such that for all c € U,

Tk (cy) — 2mi(Lrac) fk,C(a’y)
fi(y) fre(y)
Proof. Tt follows from Lemma L8 O

6.20. Corollary. Let Y be a (j — 1)-step pro-nilflow, (fi,..., fj+1) of type j + 1
w.r.t. Njya(py). Then modulo quasi-coboundaries, fi belongs to a countable set.
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Proof. By Lemma [B.I5 f5 is cohomologous to a function fj lifted from a nilflow,
and by Remark [6.16] there are countably many possibilities for this nilflow. Fix
the nilflow. If (fl, ce fﬁ_l) (fl, ce ]H) share the integer matrices L1,..., Ljt1
from Lemma [6.19] then by Corollary B3, fi/ f,; is cohomologous to a function on
mj—1(IN/T'). By Lemma[6.8 as a function on 7;_1Y, fk/f,’C is of type 7 — 1. By the
induction hypothesis in Theorem BI(BH), fi/f;. belongs to a countable set modulo
7j—1Y quasi-coboundaries. (If we use condition (2) in Lemma[6.I5, then we can get
that fi/f, belongs to a countable set modulo ;1 (N/T') quasi-coboundaries.) [

6.21. Lemma. Let Y be a (j — 1)-step pro-nilflow, and let (f1,..., fi) be of type
L wrt. ANy(uy). Then for each k = 1,...,1 there exists a family of constants
{Mkutuen,, and a family of functions { fx.u}tuen, C B(Y°, SY) such that

Je(mj—1y, h +u) — T fru(y)

fu(mj—1y, h) S fre(y)
Proof. We use induction on I. The proof for [ < j + 1 is given in Corollary
Assume the statement holds for [; we show it for [+ 1. Let (f1,..., fi+1) be of type
I+ 1 w.r.t. Aprl(,uy), and let Mj,1)1+1(0) = (MJ 1,141 + Al+1( )) N Hl X {0}
Let @ = (uq,...,u41) € Mj_1,l+1(0) (uy+1 = 0). Then

(fl(ﬂj1y,h+u1) fz(ﬂj1y7h+ul)>
filmizay, ) 7 filmicay, h)

is of type [ with respect to A;(uy), and by the induction hypothesis,

Se(mj—1y, h+up +u)/ fr(mj1y, b +u) T frouue (¥)
fre(mj—1y, b+ ur)/ fr(mi—1y, h) Truwue (V)

The projection of M;_1 ;41(0) on any coordinate k < [ is full. By Lemmal6.11] fixing
Uy Afu,uy 1S multlphcatlve in uy, in a neighborhood of zero in H;. By Lemma [6.19]
Ak, 18 determined by an integer matrix. The same holds when interchanging
the roles of v and uy. Therefore Ay ., =1 in a neighborhood of zero in H;. By

Lemma [3.9

(39)

= )\k;u,,uk

fe(mj—1y, b+ u) T fruly)
7 = 3~ — 9ku\Tj1Y
fr(mj—1y,h) (s ) ko (Y)
As in Lemma [B.8 and Corollary E.I0, the functlons 9k u(7rj 1Y), feu(y) can be
chosen so that gk’u(ﬂj,ly) is a constant function on Yj_ O

6.22. Corollary. We may replace the index j + 1 in Lemmas/Corollaries 62HG.20)
by the index | for anyl > j + 1.

As a corollary we get
6.23. Proof of Theorem [6.1I[3a)): It follows from Lemma 6.5 and Corollary
6.24. Proof of Theorem [BII[BH): It follows from Corollaries and

6.25. We now fix N/I', a (j — 1)-step nilflow as in[6.171 Let (fi,..., fi) be of type [
w.r.t. Ay(pnr). We will show that the system N/T x g, S is isomorphic to a j-step
nilflow. We have constructed families of functions {f c}cen,_, satisfying equation

@S).
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6.26. Lemma. For any ci1,¢2 € Nj_1, fre, and fr., satisfying equation [B8) we
have
Jr.er (c2y) _ Tr.eo(c1y)

fk,cl (y> fk762 (y) .
Proof. It follows from Lemma [£9 O

6.27. Consider the group
G=A{(n,f): neN, feB(N/T,S")},
with multiplication

(n, f)(m, g) = (nm, f"g), (f"9)(y) = f(my)g(y).

The elements of the form (1, C) where C' is a constant are in Z(G), the center of G.
For ¢ € N;_1, we can interpret equation (B8) as

[(a; 1), (¢, fo)] = (1, Ac) € Z(9).

We want to think of f. as elements of the (j — 1)th subgroup in the upper central
series of G, which will be a j-step nilpotent group. We now follow the derived series
upward to construct for each element in N a function f; , that will satisfy good
commuting relations with (a, f%).

6.28. Notation. For n € N;\N;11, |n| =14, and f"(y) = f(ny). We write (n, f) ~
(n,9) if f~g.

6.29. Proposition. Let Y = (N/T';a) be a (j — 1)-step nilflow. Let (f1,..., f1)
be of type j w.r.t. Nj(py). For k = 1,...,1 there exists a family of functions

Fi = {frn}nen, where fr, : NJT — S1 are measurable functions satisfying the
following conditions:

(1) There exists a constant 0(k,a,n) such that

fr(ny)
fe(y)

(2) For any ce€ N;_1, |n| > 1,
fi.efrm = FinThe

(3) There ezists a constant §(k,n1,n2) such that

= 0(k,a,n) fx [a.n] (”ay)%'

fk,n2 (nly)
fk,nz (y) .

fini (n2y)
fk,nl (y)

(4) fk7n1n2 (y> ~ fk,nl (nQy)fk,nz (y)
(5) If (n1,...,n;) C N preserves the ergodic components of 7;(Y), then

l
F(niyi, ..., myr) -
k,n, \Yk
F(yla"'ayl) ICI;[l k( )

is constant N\i(py) a.e.

= 0(k,n1,12) fi,[ny 0] (N201Y)

Proof. The proof requires a series of Lemmas and their Corollaries and will be
completed in [6.37 We prove this inductively, proceeding upward in the derived
series of N. By Lemmas[6.19] [618 [6:26] and Corollary [612] conditions ({)—(@) hold
for all n € N;_1. Condition () follows from the fact that N;_; C Z(NV). Invariance
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under 7; follows from equation (28] and Corollary .12l Invariance under 7; follows
from the fact that the function

l

F(ayi,...,ay) -
g(yi,-- - ) = fr(yr)
F(y17"'7yl kl;[

is invariant under 7; and therefore also under translation by (n1,...,n;). Thus

1
1= g(nlyla'-'anlyl) _ F(anlylv“'aanlyl) /F(ayl,-- ayl H k(nkyk
g(yla"'7yl) F(n1y17"'7nlyl) F(ylv"'7yl b1 f
l —
F(n1ay1,-~.7mayz)/F(n1y1,.. , Y1) H k. (QYL)
F(ay17"'7ayl) F(yla"'7yl k1 f Nk yk)

Suppose we constructed {f,} for n in N;y1 (i +1 > 1) satisfying conditions
@)-@). Let n € N;. Using conditions (), @), for ¢ € N;_1 we have:

fr(ne )f nacy) fu(ny) = fre(nay) / fr.c(ny)
Filey) Tetan Frclay) | Frely)

By Corollary there exist functions fi, : N/I' — S', and gk, : N/(N;—1T)
— S' such that

a,n] (nay) =

fr(ny) frn(ay)
(40) fk( ) f an](nay) = gk n(ﬂ—J 1y) fk,n(y) .

We will show, in several steps, that one can choose gk n, fin 50 that g ,(mj—1y)
is a constant function of y. Equation ([@0) would then mean that fy, fx , commute
“nicely”, i.e

[(CL, fk)v (TL, fk,n)] ~ ([aa n]v fk,[a,n])'

6.30. Lemma. Let ¢ € N;_q. There exists a constant §(k,n,c) € S, which is
multiplicative in c, so that

fen(cy) fi.c(y) = 6(k,n, ¢) fioc(ny) fron (y)-

Proof. By the induction hypothesis, f,g%"] o tam) = fi an fr.c- Therefore

Sre(ny) fen (y)

frc(W) frn(cy)
is a T-invariant function and therefore constant. Multiplicity in ¢ follows from
Lemma [6.T§] O

6.31. Lemma. There exists a constant C such that the I-tuple (Cgy ;. .., G1n) s
of type I w.r.t. Ni(pny).

Proof. Tterating equation ([#0) (using condition (@l)) we get in a neighborhood of
zero in N,

fkk) (ny)
P

k
fk: Ja® m](na y) _g]E;T)L(ﬂ-] 1y)%
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Substituting in the functional equation (BII) we get

! k
k fk,n(a yk))
(; ak n](na LA Aa

1;[ ( j— 1yk)fk[ ]( yk) fk,n(yk)

_ F(anyy,...,any) /F(nyr, ..., ny)

Flayi,...,a'y) /F(y1,---,u1)
_ F([a,n]nayy, .. ., [a", n]naly) G, (ayi, ..., a'y)
F(nayla"'vnalyl) Gn(yl,-~'7yl)

where
Gn(y1s-- - y) = F(nyi, ... ,ny) /[ F(y1, ... 1)
By induction using condition (&),

l

F([a,n]nayl,.. [al, n]naly;)
’I’L(l k
F(nayi,...,naly;) kl;[l Y ))
is constant A;(uy) a.e. O

6.32. Corollary. Fork =1,...,1, gk is of type j—1. Therefore the set {gin}nen;
modulo m;_1Y -quasi-coboundaries is countable.

Proof. This follows from Lemma O

6.33. Corollary. Suppose for some 1 < r < j —1, grn(y) = Gen(mry) for k =
1,...,0. Then gin(mry) is of type v, and therefore the set { i n(mry) tnen, modulo
.Y -quasi-coboundaries is countable.

6.34. Example. Before proceeding with the general proof we describe the proof for
the case where Y is a homogeneous space of a 3-step nilpotent group (i.e., Ny = 1,
j—1=3), fo : Y — SL. Let n,m € N;. We use the facts that [a,m] € N3,
therefore

f/?,[a,m] fk,n ~ f;La;lm] fk,[a,m]a

and that for my, mg € N3,

fk,mlmg ~ flzr?nlfk,mz .
Recall that by Corollary there are countably many g, up to m3Y-quasi-
coboundaries. Therefore there exists a neighborhood U of zero in N5 such that for
any n € U there exists m € Ny so that (gx,nm/gk,m)(7sy) is a quasi-coboundary:
(gk,nm/gk,m)(ﬂ-?)y) ~ Lk,n,m(aﬂ-?)y)/Lk,n,m(ﬂ—Sy)'

Fix n and replace fi m(y) with fim(¥)Lk.nm(msy) (this does not affect the com-
mutation relations with (e, fx..) for ¢ € N3). Then

flmy) _ fulnmy)/ $u)  Fofonm)(00Y) finm(@m my)/ fom(m='my)

fe(my) — fr(my)/ fr(y) fefami(may)  fem(@am=tmy)/ fx m(m=tmy)
) fk? ’I’L(amy)

~ fk [n,a] (namy
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where frn(¥) = fonm(m™y)/ frm(m'y). Therefore gj.,, may be chosen to be
constant (with a proper choice of f ,,). Iterating, this holds for all n € N3. Observe
that for n,m € Ny,

(41) 1= fr(nmy) [ fr(nmy) fr(my) from(ay) [ fen(may) fr.m(ay)
fe(y) Te(my)  fr(y) Tenm(Y) / frn(my) from(y)

Now proceed as in Lemma to modify fy , so that §(k,n, m) is multiplicative
in m,n € Na, and fi nm ~ fi%, fen- As a corollary we get that for c € N3, n € Ny
we have f{ | fr.c = fi frm (same proof as Lemma [6.20)).

Now let n € Ny = N. We construct fin,gkn» as in equation [@0), and as in
Corollary 632 gi., is of type 3. Therefore there exist constants {c(k, n,m)}men,
and functions Ay, @ T3N/T — S' such that

9k,n (7T3my> _ C(k’, n, ) hkm,m(ﬂ-i’)ay) 7
gk,n(ﬂ?)y) hk,n,m(’/TSy)

where ¢(k,n,m) is multiplicative in m, and there are countably many g, up to
m3Y -quasi-coboundaries. By Lemma [6.30] for m € N3:

fk,n(my)fk,m (y) = o(k,n, m)fk,m(ny)fk,n(y)a

and 0(k,n, m) is multiplicative in m. We use this to establish commutation relations
between (n, fin) and (m, fxm,) for m € Na:

UG s oo (LG

(fk,n(my)/f}c;;(?y!;) fk,[n,m] (mny))

fk,n(y)
Grn(T3my)
= d(k,n,la,m])d(k,a, [m,n])d(k, m, [n,a]) ————"==
(k. o, )3k fm. )k, m, o, o) 2 0
hknm(ﬂ-?)ay)
= d(k,n,la,m])o(k,a, [m,n])d(k, m, [n,a])c(k,n,m)———""=,
(k. o, ], . [, )3 (k. ., e, m, ) 00
Thus for some eigenfunction 9y, m (T2Yy),
fen(my) - fem(ny)
42 . f n,m]\NMY) = ’@ZJ n,m\T2Y h n,m\7T3Y : .
( ) fk,n(y) k,[ ]( ) k ( 2 ) k, ( 3 ) fk,'m(y)
Let m,n € N. Using the above equation we get

Jienm (T3Y) B g (T3my) ~ T (frnm(Y)/ Fron () fiom (y))

Gen (T3mY) gn (T3Y) Frnm(Y)/ Fon(my) frm(y)
Similarly to Lemma one shows, using Lemma B0, that f ., fim can be
modified so that for m,n in a neighborhood of zero in N, there exists a function
K, (m3y) such that

fk,nm(y) _ T
Fommy) fom(y) — o (Tab)

This implies that for ¢ € N3, §(k, n, ¢) is multiplicative for n € N: on the one hand,
fk,nlnz (Cy) - fk,c(nany)
fk,nlnz (y) fk,c(y>

while on the other hand,

fk‘,nlnz(cy) — fk,nl (n2cy)fk7n2(cy) — 6(’{: ny c)5(/€ o C)

fk,n1n2 (y) fk,nl (nQy)kaLQ (y)

(ka nina, C)

Je(ninay)
fk,c(y) )




UNIVERSAL CHARACTERISTIC FACTORS 87

Therefore for m € Na, n € N the constant d(k,n, [a, m])d(k, a, [m, n])d(k, m,[n,a))
is multiplicative in m,n. On the other hand, the constant

o(k,n, la, m])é(k, a, [m, n])(k,m, [n, a])e(k, n, m)

is an eigenvalue of T', which is multiplicative in m in a neighborhood of zero in Ny
and must therefore = 1. This implies that ¢(k,n,m) is multiplicative in n and is
therefore = 1 (as a function of n, ¢(k,n,m) is determined by an integer matrix).
Thus gy, is cohomologous to a function on N/NoI', and we can choose fi , so
that gy ., is lifted from a function gy, on mY. Then (n, fin) (M, fi,m) commute
nicely for m € No; namely [(n, fx.n), (M, frm)] ~ ([n,m], fin,m)). Let n,m € N be
such that (gk,nm/gk,m)(ﬂ-2y) ~ Lk,n,m (a7r2y)/Lk,n,m (7‘-2y) (by Corollary there
are countably many gy, up to mpY-quasi-coboundaries). Replace fi .,(y) with
Jie.m (Y) Lig,n,m (m2y) (this does not affect the commutation relations with (I, fx;)
for | € Ny). Now gk nm/9gkm is a constant. Computation (using the fact that
(1, fe,n)s (M, frnm) and ([a,n™ ', fi (a.n-1)) commute nicely) shows (as before):

fe(nmy) _ fr(nmy)/fi(y)
fr(my) fie(my) fr(y)

Continue as in Lemma [3.15 to find that fg jm ~ f,z”nfkm

fk,n(amy)
B e

We now proceed with the induction in Proposition [6.291 Basically we follow the
same procedure.

6.35. Lemma. Let n € N;. The functions gin and fi, from equation [@Q) can be
chosen so that g n is a constant function on'Y .

Proof. We already know that for ¢ € N;_; we have f](é)nfk,c/f]chk,n is a constant
denoted 0(k,n,c). We use induction on i +1 < r < j to acquire “good” commuting
relations between (n, fin), (M, fi.m) for m € N,., and to reduce the “level” of g .
Assume that

(1) gk,n is lifted from N/N,;1T and is of type r + 1.
(2) For m € N,41, there exists a constant d(k,n, m) such that
T fem = 0(k,n,m) fi'0, o it fren
(3) For m € Ny41, n1,ns € N;.
d(k,n1na, m) fi fmonans) = 0(k,n1, [n2, m])o(k, n1,m)d(k,ny, m)

[n1,m][n2,m] p[ni,m]

X Tk, [[myn1],ne] k,[m,ng]fka[mvnl]’

and similarly for 6(k,n,mims) for n € N;, mi,ms € N,;1 (also for
d(k,a,myms), but this follows from the fact that » > i and the induction
hypothesis () in Proposition [6:29).

(4) frnins(y) = f/?)illfk,nz (V) Kk g no (Tr41(y)).-

Two equivalent forms of equation (40) are
(@, fi) (s frn) (L Grn) = ([0, 1], Fifa,n)) (105 frm) (a5 fi),
(43) (n, fieon) ™ (@, f)
= (la,n], fi o) ([[ns al, 2™, frofmagn—11) (@ fe) (1, Gren) (s fren) ™"
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Using the above equations, and the fact that for any m € N,.,

(44) [(CL, fk)v (ma fk,m)] = ([a’ m}v 6('I€’ a, m)fk,[a,m])a
for m € N,41 (condition (@),
(45) [(Tl, fk,n)a (m7 fk,m)} = ([Tl, m]’ 5(k7 n, m)f’c,[n,m])a

and for any m € N,

(1, fran) (L ) = (1,9 ) (s Frm),
we get for m € N,.,
(46)
(a, fr) 7 (s fren) ™ (M, Frm) ™ (M, fremong) (1 frn) (M from) (@ fi)
= (1 frn) (M, from) ™ (M1, Fropnnd) (s frn) (M frem) (1, A(K, 12, m) 1 G m)

for some constant A(k,n,m) € S1. We explain this equality: we use the fact that
we know how (a, fx) commutes with (m, fx.m), (n, fr.n) for m € N,., n € N;, respec-
tively. A(k,n,m) is a product of functions of the type d(k, [m =1, [n, al]) fre,pm—1,n.al]»
d(k, [n, [m, a]]) f,(n,(m.a)]> O(K,[[m,n],a])fr[jmmn],e) and more complicated commu-
tators of involving a,n,m and their inverses; A(k,n,m) = Hd(k,, B) fr [a,8(¥),
where II[o, 5] = 1 since in N we have n~'m~![m,n|nm = 1, therefore obvi-
ously a~'n=tm™[m,njnma = n='m~m,njnm. But as [o, 8] € N;;;1 and for
v, w € Nijp1 we have fu ~ 2 fuw, A(k,n,m) is a constant.

The induction hypothesis [B]) applies for the commutators involved in the calcu-
lation of A(k,n,m). Therefore for the purpose of calculating A(k,ning, m) we can
replace (11712, fnin,) With (ning, f12 fn,). Note that the function g, doesn’t play
a role in the calculation of A(k,n,m), and therefore in calculating A(k, ning, m),
A(k,nq1,m), A(k,n2, m) we can replace the functions g nyng, 9knis Gk.n, With the
constant function 1 in equation (@6]). Now using the induction hypothesis [B]) we
find that A(k,n,m) is multiplicative in n € N; and similarly in m € N,.

From equation Q) we get

frn(my) / f m(ny)
( }kn (v) /;km y) ](mny)) A gk,n(my)
(47) fr, n(my) fr, m(ny) - (k7nam)ﬁ

AS gk.n = Gknomry1 for some function gip, : 1Y — ST of type r+1, for m € N,
there exist a constant c¢(k,n, m) and a measurable function hy , m : Tp1Y — St
such that

gk,n(’frr+1my) _ (k‘ )hk,n,m(ﬂ—r+lay)

gk,n(ﬂ-rJrly) ’ hk,n,m(ﬂ—rJrly)
and ¢(k,n,m) is multiplicative in m. Combining this with equation 7)) we get
that

Jin(my) /[ frm(ny) B ]
fkn( ) fkm(y) fk,[n,m](mny)hk)n7m( T+1y)

is an eigenfunction of T. The corresponding eigenvalue A(k,n, m)c(k,n,m) is a
homomorphism from N, to a discrete set and is therefore constant and = 1 (sub-
stitute m = 1). This implies that c¢(k,n,m) is a multiplicative function of n.
As gy is countably determined up to quasi-coboundaries c(k,n,m) = 1 (recall
that as a function of m, ¢(k,n,m) is determined by an integer matrix). There-
fore Gi.n(Mmr41y)/Gkn(Tri1y) is & mr41Y-coboundary for any m € N,; hence
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Gk (Tr41y) 18 Tr41Y -cohomologous to a function on 7, Y. Therefore we can choose
9k n, frn such that gy, is lifted from a function on m,Y", and

We show by decreasmg induction that for m € NS for s > 1,

Ek;n,m fk mfk: n/ [m n]fk,nfk7m

is lifted from a function on 7, Y. For m € N, this is clear by equation (4J).
Assuming it holds for m € Ny, 1, we show it holds for m € Ns. By condition () it
is clearly lifted from a function Ekm,m on m41Y. A similar calculation to the one
in equations ({6l), [ 7), using the induction hypothesis for [a, m] € N1, gives for
m € Ny that

(fk mfk n/ [mnfg}nfk,m)/(fk mfk n/fk mn]fk,nfk,m)

is lifted from a function on 7,.Y. As m,,1Y is an abelian extension of 7,.Y by some
compact abelian group @, by LemmaBI0 there is a function d, , , : 7Y — ST and
a character Xpnm € @ such that Eypnm(Tri1y) = dinm (Try) Xen,m (Tr1y). As
s > i, for my,ma € Ny, we have fi m, ~ fi? fm,. Therefore comparing Ej 5 1m,m.
with E,TfL mlEk n.m, (the action of any element of N on m, 1Y = m,Y x Q is a

skew action and therefore E™2 = = dk.n,mXk,n,m) for some di p m : .Y — S, we

k,n,m
get that
Xk,nomyma (Tr1Y) / Xk n,ma (Tr41Y) Xk n,me (Tr41Y)

is a function on 7,.Y, and therefore = 1. As Q is countable, X n,m = 1.
We now use this to show that for ny,ns € N;,

(fk nmz/ k nlfnz)/(fk nmz/fk nlfnz)

is lifted from 7, Y. Using Lemma B.I0 and a similar argument to the one in Lemma
3.15] we find that the functions fj , can be chosen so that for n;,ny € N; there
exists a function Ky, n, n, (mry) so that

fk,?unz (y) = fl?,?nl fk,nz (y)Kk,nl N2 (ﬂry)'
To get the condition on d(k,n,m) for m € N,.: on the one hand,

Jknang (my) fk,m(nln&y)

Srenans (y) fk,m(y) ’

while on the other hand, as Ky, p, n, is invariant under translation by m € N,,

6(k ning, )fk,[nlnz,m] (mnln2y)

Srnans (my) — frn, (n2my) fim, (My)
fk,n1n2 (y) fk7n1 (n2y)fk7n2 (y)
= 6(ka ni, m)é(kja na, m)6(k7 ni, [n27 m])fk7[n1,m] (mn1n2y)

m(nin
X fk,[nz,m](nlmn?y)fk,[nla[nz,m]]([nQam}nlany) fk, ( - Qy)'

Finally, having good commutation relations between (n, fi.n), (m, fi.m) for n €
Ni, m € Nipr (e, [(0, fom), (M, frm)] = (In,m], 6(k,n,m) f [n,m))), we show
that for n € N;, the functions fi ., gk can be chosen so that g, is constant.
We already know it is lifted from a function g, on m;41Y of type ¢ + 1, and
there are only countably many of those up to m;+1Y-quasi-coboundaries. For n
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in a neighborhood of zero in N;, let m € N; be such that gi nm/Gk,m is a quasi-
coboundary:

(gk,nm/gk,m)(ﬂi+ly) ~ Lk,n,m (aﬂi+1y)/Lk,n,m(ﬂi+ly)-
Replace fi m(y) wWith fim(y)Lgn,m(mit1y) (this does not affect the commutation
relations with fi , for p € N;;1). Computation shows:
fk,n(amy)

fr(nmy) _ Si(nmy)/ fr(y) ~f (namy)
felmy) — frlmy)/fuly) 7B Fen(my)

where .
fk,n(y) = fk,nm(m_ly)/fk,m(m_ly)'

We now use the fact that fy n,aj(m,a) ~ flg“[“é“l]l] e, im.a) to show that fi nm /i frm
is an eigenfunction of 7', and proceed as in Lemma [B.I5] to find that fi nm ~
f]zilnfk,m- 0

6.36. Corollary. Ifi > 1, then for any c € N;j_1, n € N;,
Sien (€y) fre(W) = Frc(ny) fen(y)
(ie., [(1, fon), (¢, fre)] = (1,1)).
Proof. The quotient
S (y) frcW)/ Frc(ny) fren (y)

is invariant under translation by a and is therefore a constant (k,n,c) which is
multiplicative in both coordinates. For v € N;_i, f, is an eigenfunction and
therefore invariant under the action of N; for ¢ > 1. This implies that §(k, n,cy) =

0(k,n,c). Proceed as in Lemma [6.261 O
6.37. Corollary. If (ny,...,n;) C N} preserve the ergodic components of 7,(Y),
then
F(ny my) 1
49 1YL, Fon (1
( ) F(yla"'ayl) kl;[l ’ k( )
is constant ANi(py) a.e.
Proof. Both ([a,n1],...,[a,n]), and ([a,n1], ..., [a!,n]) preserve the ergodic com-

ponents of 7; (see L)), and as gi, is constant for n € N; the function in the
left-hand side of equation ([#9) is invariant under 77, T; (this is a calculation, using
condition (). O

The proof of Proposition [6.29 is now complete. O

6.38. Proposition. Let Y = N/T be a (j — 1)-step nilflow, and let (f1,..., fi) be
of type l w.r.t. AN(py). Then foranyk=1,...,1 the system Y x ¢, St can be given
the structure of a j-step nilflow.

Proof. Denote
Gr ={(n,¥frn): n € N,y an eigenfunction, fi, € Fr},
where F}, is defined in Proposition Gy is a group under the multiplication
(n, /)(m, g) = (nm, f"g),  (f"9)(y) = f(my)g(y).



UNIVERSAL CHARACTERISTIC FACTORS 91

By Proposition [6229[3]), Gy, is a j-step nilpotent group, and (a, fx) € Gr. Endow G
with the topology:

L%(N/T

G, acts transitively and effectively on X = N/T' x S! by

(’I’L, f)(y7 C) = (le, f(y)c>

By a theorem of Montgomery and Zippin (see [GOV97], page 88, Theorem 4.3) it
possesses a Lie group structure. (This type of construction is carried out in [Me90]
for the case j = 2.) O

6.39. Remark. It may also be possible to construct the nilflow by using the constants
0(k,n,m) as was done in [R93], [Le93] for 2-step nilpotent groups, and in [Z02] for
3-step nilpotent groups.

6.40. Lemma. Let Y = N/T be a (j — 1)-step nilflow, and let f : Y — S! be of
type j. Then the system Y x ¢ S' can be given the structure of a j-step nilflow.

Proof. By definition, there exists an integer [ and integers my, ..., my, with my =1
for some 1 < k <[, such that (f™,..., f™) is of type [ w.r.t. A;(uy). Now use
Proposition [6.38] (I

A similar proof gives:

6.41. Lemma. Let Y = N/T be a (j — 1)-step nilflow, and let f,g: Y — St be of
type j. Then the system Y X ¢4 St can be given the structure of a j-step nilflow.

6.42. Corollary. LetY be a (j — 1)-step pro-nilflow, and let (f1,..., fi) be of type
L wr.t. N(py). Then for any k = 1,...,1 the system Y xy, S' can be given the
structure of a j-step pro-nilflow.

Proof. By LemmaB.I5and Corollary 6.22], f;, is cohomologous to a cocycle fj, lifted
from a (j — 1)-step nilflow (N/T',a). Furthermore, there exist (g1,...,q) with g
of type j — 1, such that (flgl, ce flgl) is of type [ w.r.t. AZ(ILLN/F). By Proposition
633 N/T X Fean S1 can be given the structure of a j-step nilflow. By Lemma (.40,
N/T x oot S can be given the structure of a j-step nilflow. By the construction in

Proposition [6.38, N/T x Frgrgr? S1 can be given the structure of a j-step nilflow. [

6.43. Proof of @) Let X =Y;(X) x, H, where H is a compact abelian group,
and for any y € H, there exists (X1,---,X1) € H', with y = i for some Fk,
and (x100,...,x100) of type @ w.r.t. Az(Y;(X)). By Corollary the system
X =Y;(X) Xy00 S is isomorphic to a j-step pro-nilflow. By Pontryagin duality,
H — (Sl)H. The system Y x, H is therefore a “join” of factors of the form
Y Xyoo S' where yx ranges over H. O

6.44. Lemma. Let Y be a (j — 1)-step pro-nilflow, and let (fi,..., fi;) be of type
L wr.t. Ny(py). If for some k, Mg = 1 (see Lemma 6.21) in a neighborhood of
zero in Hj, then the system Y x5, S' can be given the structure of a (j — 1)-step
pro-nilflow.
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Proof. By the induction hypothesis G.I|[6), H; is connected (j > 1). Therefore we
may choose g, =1 on H;. By Corollary B.9] fi is cohomologous to a cocycle f
lifted from on—1~ By Lemma 6.8 fj is of type j — 1. By the induction hypothesis
1), Y1 X f S1 can be given the structure of a (j — 1)-step pro-nilflow. O

6.45. Lemma. Let X = Y;(X) x, H, where H is a compact abelian group, and p
is of type j. Then H is connected.

Proof. We show that H has no elements of finite order. Suppose for some X € H,
and some [ > 0, x! = 1. x o p satisfies equation (36). By Lemma the function
Ak, is multiplicative in a neighborhood of zero in H;. )\27“ is an eigenvalue, and as
H; is connected, Ay, = 1 in a neighborhood of zero. By Lemma the system
Y] = Y;(X) X y0pS", which is a factor of X = Y;(X)x,H, can be given the structure
of a (j — 1)-step pro-nilflow. By Corollary B8, Y;(Y}) = Y, in contradiction to
Y;(X) being the j-u.c.f. of X. O

6.46. Lemma. Let X be a group extension of Y;(X); i.e., X =Y;(X) X, G. Then
Yi+1(X) is an abelian extension of Y;(X) by a cocycle of is type j and therefore
can be given the structure of a j-step pro-nilflow.

Proof. The proof is a straightforward generalization of Lemmas 9.1,9.2 in [FuW90]
(this is done for the case j = 3 in [Z202]). We outline the steps. Any ergodic
component of Az(ux) projects onto an ergodic component of Aa(uyj(x)). The
fact that 74(T) and Tj41(T") commute implies that the Mackey groups associated
with different ergodic components of Aa(uyj( x)) are conjugate for a.e. ergodic
components (Lemma [218). Denote by [Mz] the conjugacy class, where the group
Mgz C G7t1. One then uses the fact that the projection of Mg on any j coordinates
is full (i.e. G7) to show that [G,G])™! C M. More specifically one shows that
there exists an abelian group Kz and homomorphisms vz ; : G — Kz so that

Mz ={(g91,---,9j+11Vai(91) - - - ¥ai(gj+1) = 1}.
We return to the average in ([27). By Proposition B.3] we can replace

fl ®...0 fj+1(ylaglv cee 7yj+1gj+1)
b

Y
/fl ® ... ® fir1(y1, 91ma, - Yjg1s Gipr1mjpr Jdmag, (ma, ... mjgr),

where dmyy, is the Haar measure on the Mackey group Mz. As [G,G)T! C M;
we can replace fi, for k=1,...,5+1, by [ fi(y, 99 )dmic.c)(¢"). Thus Y;(X) x,
G/|G, G] is characteristic for the scheme @, for any d.

Let Ko = ;7 kerpa . Let G = G/Ky, and let H = G/[G,G). Then similarly
Y;(X) x, H is characteristic for the scheme @, for any d. We will show that p is of
type j. Then by it can be given the structure of a j-step pro-nilflow, and by
Corollary it is the 5 4+ 1 universal characteristic factor.

Denote Y = Y;(X). Then by equation (28],

Aglpx) = Dalpy) x mi .

For each ergodic component of Az(uy) the ergodic components of Az(ux) are
given by the Mackey group Mz C H7+!. For a.e. ergodic component Wa,y (by the
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discussion in E] the ergodic components of Ag(uy) are parametrized by Y) we
have an H7*1- extension by the cocycle

pa = (0 (1), 1) (y2), . p 9 (1))« Way — HIHL
By Theorem 217 there exists a function ¢ : Wz, — H’T! such that
va(ta(yr, - yir))Pa(yn, - Yie)eg (W, y41) € M.

Applying the foregoing characterization of Mg, there exists an abelian group Kz
and homomorphisms vz ; : H — Kz such that

1
(50) T ¢an 0 0 (ue) = Fa(ra(un, . 4j+0))Fz (s i),
k=1
where
J+1
Fa(yr,- . yje1) = [ [ vaio eai(ur, .- yi41) € Ka.
k=1

Let x € Kz. Applying x to equation (50) we get
j+1

Tala (yla"'ayj—i-l)
(51) X0 a0 (p)\™) (yy) = X 7
kl;Il Fd@,x(yla"'ayj-i-l)

where Fz, ., : Wz, — S'. By ergodicity of 77 on Wa.y, Fa .y is unique up to
a constant multiple. By Proposition B3] there is a measurable choice of Fg ,, y,
so that equation (5I) holds Az(uy) a.e. Finauy, as ﬂf;ll ker g = {1}, the
characters y oz where k=1,...,j+1,d € Z/! and x € Kz span H. O

6.47. Proof of Theorem [GII[@]). If X is a j-step pro-nilflow, then X is an abelian
extension of Y;(X). By Corollary L6, X = Y;41(X). By Lemma it is an
extension of Y;(X) by a cocycle of type j.

6.48. Corollary. Any j-step pro-nilflow Y can be presented as a tower of abelian
extensions Hy X5, Ha X ... X5, Hj1 where oy fork =1,...,7 is of type k. If in this
presentation Hy is a cyclic group, and for each k > 1, Hy, is a finite-dimensional
torus, then'Y is a nilflow.

Proof. The first part is clear. The second part follows from the construction in
Proposition [6.38] O

6.49. Proof of BII[E]). Let

be a j-step pro-nilflow, and let W be a factor. Let ¥; = lim. M, /A; be the j-u.c.f.
of X. Then X =Y} x,, H where H is a compact abelian group, and o; is of type
j. Let K be a compact abelian group of m.p.t.s acting on X° and commuting with
the action of T. We show that K commutes with the action of N. By Corollary
24 any s € K induces a map from Y; to itself, also denoted s by abuse of notation.
The action of K is given by s(y, h) = (sy, ps(y, h)). We first show that s preserves
the skew product structure. As s, T commute:

ps(T(y,h)) = ps(y, h) + o;(sy).
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Denote
Fy(y, h) = ps(y, h) — h.
Then
TF(y,h) = Fs(y, h) = 0;(sy) — o;(y)-

Let x be a character of H. Then

xooj(sy) _ TxoF(y,h)
xooi(y)  xoFs(yh)

As g; is of type j, x oo is lifted from M, /A, for some fixed i. Let p: Y; — M, /A,
be the projection. Then x o 0; = G; o p. By the induction hypothesis s acts
as a translation by a group element on M, /A, (we will denote this element s
by abuse of notation), commutes with the action of M = lim. M, and therefore
commutes with the action on M, on M, /A,. This implies that for any m € M,.,
[s,m] € Z(M,)NA,. As G; is of type j, by Proposition [6.29 there exist measurable
functions fy s : M, /A, — S', and such that

xoo;(sy)  &i(spy)
XOO'j(y> B &j(p:g) - va[S,a] (py)

T fy,s(py)
Frs(py)

But as [s,a] € Z(M,) N Ay, fy [s.q) is an eigenfunction. Therefore

Frs(Tpy)x 0 F(T(y, h))
fx.s(py)x © Fs(y, h)

= fx,[s,a] (py)

Therefore f, s(py)x o Fs(y, h) is a second-order eigenfunction ¢ (msy) (it is defined
on m3Y, a 2-step nilflow). If j > 3, F(y, h) depends only on y. Therefore

X © ps(y, h) = x(h)(m3y) fx,s(py)-

This implies that the action of k induces an action on N;/T'; for all ¢ that commutes
with the action of T, and by [P73, Theorem 4.3] it commutes with the action of
N; (the proof in [P73| is for (N/T',a), where N is connected, but the same proof
holds in the case where N is generated by a and the connected component of the
identity). We obtain the result inductively, using Proposition and the fact
that X has generalized discrete spectrum mod D of finite type (see [EI0) and is
therefore obtained from W by a finite series of abelian extensions. If j = 2, then
M, is abelian, fy 15 4)(py) is a constant function of y,

Jr.s(Tpy)x © Fs(T(y, h))

Fx.s(Py)x o Fs(y, h)

is an eigenfunction (defined on 7Y, the Kronecker factor) and we proceed similarly.

6.50. Proof of Theorem GI[T). By [63] Yj41(X) is an isometric extension of the
factor Y;(X). By the discussion in 27 Yj41(X) is of the form Y;(X) x, G/L,
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where G/L is a homogeneous space of a compact metric group G. By Lemma 213
we may assume that the extension X’ = Y;(X) x, G is an ergodic group extension.
As Y;(X) is a factor of Y;(X’), by Lemma [ZT4] X’ is group extension of Y;(X’);
ie., X' =Y;(X’') x, G'. By Corollary 2.4], the factor map X’ — Yj;1(X) induces
a map between their (j + 1)-u.c.f.s. By 649 it is enough to show that Y 1(X’)
has the structure of a j-step pro-nilflow. By Lemma we are done.

6.51. Proof of Theorem G.1I[Bd). By 6421 X =Y x, S' can be given the structure
of a j-step pro-nilflow; thus Y;;1(X) = X. If Y;(X) = Y, then by 647 f; is
of type j. Otherwise, Y is a proper factor of Y;(X) and therefore Y;41(X) is an
extension of Y;(X) by a proper closed subgroup G of S'. By [6.47 and 645, G
must be trivial; thus Y;41(X) = Y;(X), which is a (j — 1)-step pro-nilflow. This
implies that we can choose f, k, Ak in equation (B6), with A, , = 1 (otherwise by
Proposition and the construction in Proposition [6.38, we increase the level of
nilpotency). By Corollary B9, fi is cohomologous to a function f; on Y;_;(Y).
The system Y;_1 xz; S* is a factor of X and therefore a (j — 1)-step pro-nilflow.
By the induction hypothesis [L7(Bd), f;, is of type j — 1; therefore fj, is of type j.

6.52. Proof of Theorem BI@d). If f : Y — H is of type j, then for any x € H
there exists (x1,...,x1) € H" with x = x4 for some k, and (x10 f,...,xi 0 f) is of
type @ w.r.t. Az(Y). By 65Tl x; o f is of type j.

6.53. Proof of Theorem GI(B€). By Lemma 64Tl Y xs, S* can be given the
structure of a pro-nilflow (it is clear from the proof of Lemma that we can
have the functions f, g lifted from the same (j — 1)-step nilflow). As in[651], fg is
of type j.

6.54. Proof of Theorem GII®). This follows from and [AT1
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