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Introduction

Triangulated categories were invented about 50 years ago as a convenient tool
to do homological algebra. Yet it has been known for some time now that the
notion of a triangulated category is not satisfactory: morphisms between objects
in such a category are usually given by cohomology groups of certain complexes,
and you forget too much by passing to cohomology. The problem is that the cone
of a morphism is not functorial in triangulated categories. Let us give a couple of
“frustrating” examples.

Given a triangulated category T we can consider the category T ∨ of all coho-
mological functors from T to the category of abelian groups. We “know” that T ∨
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should also be a triangulated category, which one might call the dual of T . However
one cannot prove that T ∨ is indeed triangulated.

Another example is the operation of the tensor product of two triangulated
categories (which should also be a triangulated category) that cannot be performed
without an extra data [BLL].

Thus we like to consider a triangulated category T together with an enhancement
B, which has the same objects as T and the set of morphisms between two objects
in B is a complex. One recovers morphisms in T by taking the cohomology H0

of the corresponding morphism complex in B. Thus B is a DG category and T is
its homotopy category H0(B). The notion of a triangulated category lifts to the
DG world [BK]: one has pretriangulated DG categories, in which the cone of a
morphism is functorial!

Let T be a triangulated category. An enhancement of T is a pair (B, ε), where B
is a pretriangulated DG category and ε : H0(B) ∼−→ T is an equivalence of triangu-
lated categories. There are questions of existence and uniqueness of enhancement
for a given triangulated category.

The category T has a unique enhancement if it has one and for any two enhance-
ments (B, ε) and (B′, ε′) of T the DG categories B and B′ are quasi-equivalent; i.e.,
there exists a quasi-functor φ : B −→ B′ which induces an equivalence H0(φ) :

H0(B) ∼−→ H0(B′). In this case the enhancements (B, ε) and (B′, ε′) are called
equivalent.

Enhancements (B, ε) and (B′, ε′) of T are called strongly equivalent if there exists
a quasi-functor φ : B → B′ such that the functors ε′ ·H0(φ) and ε are isomorphic.

It is important to know that an enhancement exists and is unique for a given
triangulated category T , because then its choice is not considered as an extra
data. For example, in string theory, categories of D-branes arise as DG categories
(actually A∞-categories), homotopy categories of which are equivalent to derived
categories of coherent sheaves on some projective varieties. It is very useful to know
that these equivalences can be lifted to the “DG level” as well; i.e., DG categories
of D-branes are quasi-equivalent to natural enhancements of the derived categories
of coherent sheaves.

We fix a field k and all our categories are k-linear. Our main results are the
following.

Theorem 1 (= Theorem 2.7). Let A be a small category which we consider as a
DG category and let L ⊂ D(A) be a localizing subcategory with the quotient functor
π : D(A) → D(A)/L that has a right adjoint (Bousfield localization) μ. Assume
that the following conditions hold:

a) for every Y ∈ A the object π(hY ) ∈ D(A)/L is compact;
b) for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Then the triangulated category D(A)/L has a unique enhancement.

Theorem 2 (= Theorem 2.8). Let A be a small category which we consider as a
DG category and L ⊂ D(A) be a localizing subcategory that is generated by compact
objects Lc = L∩D(A)c. Assume that for the quotient functor π : D(A) → D(A)/L
the following condition holds:

for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Then the triangulated subcategory of compact objects (D(A)/L)c has a unique en-
hancement.
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Our main tool in the proof of Theorems 1 and 2 is the Drinfeld construction of
a DG quotient of a DG category with its universal property [Dr].

For convenience, in Section 2 we collect all our results together. Sections 3-6
are devoted to proofs of two main Theorems 1 and 2. First, we give some pre-
liminary lemmas and present the main technical tool for the next sections, which
is Proposition 3.4. Secondly, in Section 4 we construct a quasi-functor ρ̃ (formula
(4.2)) which is a central object for all our considerations. After that in Sections
5 and 6 we prove the main theorems; we show how to apply Drinfeld Theorem
1.3 to the quasi-functor ρ̃ and argue that the induced quasi-functor ρ is actually
a quasi-equivalence between different enhancements. In the end of Sections 5 and
6 we give more advanced and precise versions of Theorems 1 and 2 (see Theorems
5.4 and 6.4).

In Section 7 as a consequence of Theorem 1 we deduce the uniqueness of an
enhancement for an unbounded derived category of an abelian Grothendieck cate-
gory C under mild additional conditions on it (see Theorem 7.5). More precisely, we
prove that the derived categoryD(C) has a unique enhancement if the Grothendieck
category C has a set of small generators which are compact objects in the derived
category D(C).

This result can be applied to the category of quasi-coherent sheaves on a quasi-
compact and quasi-separated scheme. We say that a quasi-compact and quasi-
separated schemeX has enough locally free sheaves if for any finitely presented sheaf
F there is an epimorphism E � F with a locally free sheaf E of finite type. The-
orem 7.5 immediately implies that the derived category of quasi-coherent sheaves
D(QcohX) has a unique enhancement if the quasi-compact and separated scheme
X has enough locally free sheaves (Theorem 7.6). In particular, this statement can
be applied for any quasi-projective scheme (Corollary 7.8).

In Section 7 we show how to apply Theorem 2 to the subcategories of per-
fect complexes Perf(X). We proved that for any quasi-projective scheme X over k
the triangulated category of perfect complexes Perf(X) has a unique enhancement
(Theorem 7.9).

In Section 8 we introduce a notion of compactly approximated objects in a
triangulated category and we prove that the triangulated category of compactly
approximated objects (D(A)/L)ca has a unique enhancement (Theorem 8.8). This
result allows us to deduce the uniqueness of an enhancement for the bounded derived
category of coherent sheaves Db(cohX) on a quasi-projective scheme X (Theorem
8.13).

In the case of projective varieties using results of [O1, O2] we can prove stronger
results. If X is a projective scheme over k, then the bounded derived category
Db(cohX) and the triangulated category of perfect complexes Perf(X) have strongly
unique enhancements (Theorem 9.9). This result is a consequence of a general state-
ment about the bounded derived category of an exact category possessing an ample
sequence of objects (Theorem 9.8).

As corollaries of these results we obtain a representation of fully faithful functors
from categories of perfect complexes and bounded derived categories of coherent
sheaves. Any complex of quasi-coherent sheaves E · on the productX×Y determines
a functor

ΦE·(−) = Rp2∗(E · L
⊗ p∗1(−)) : D(QcohX) → D(QcohY ).
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We show that our theorems on uniqueness of enhancements imply that if there
is a fully faithful functor K : Perf(X) → D(Qcoh(Y )) for a quasi-projective scheme
X and a quasi-compact and separated scheme Y , then we can find an object E · ∈
D(Qcoh(X × Y )) such that the restriction of the functor ΦE· : D(QcohX) →
D(QcohY ) on Perf(X) is fully faithful too and ΦE·(P ·) ∼= K(P ·) for every P · ∈
Perf(X). If, in addition, the functor K sends Perf(X) to Perf(Y ), then the functor
ΦE· is fully faithful, sends Perf(X) to Perf(Y ), and E · is isomorphic to an object
of Db(coh(X × Y )). Finally, if X is a projective scheme such that the maximal
torsion subsheaf T0(OX) ⊂ OX of dimension 0 is trivial, we show that the functor
ΦE· |Perf(X) is isomorphic to K (Corollary 9.13). For a projective scheme X with

T0(OX) = 0 and the bounded derived category of coherent sheaves Db(cohX) we
also proved that a fully faithful functor K from Db(cohX) to D(QcohY ) has the
form ΦE· if K commutes with homotopy limits (see Corollaries 9.14 and 9.17).

1. DG categories, quasi-functors, and quotients of DG categories

Our main reference for DG categories is [K1, Dr]. Here we only recall a few
points and introduce notation. Let k be an arbitrary field. We will write ⊗ for the
tensor product over k. All categories, DG categories, functors, DG functors, etc.
are assumed to be k-linear.

A DG category is a k-linear category A whose morphism spaces Hom(X,Y ) are
provided with a structure of a Z-graded k-module and a differential d : Hom(X,Y )→
Hom(X,Y ) of degree 1, so that for everyX,Y, Z ∈ ObA the composition Hom(Y, Z)
⊗Hom(X,Y ) → Hom(X,Z) is the morphism of DG k-modules. The identity mor-
phism 1X ∈ Hom(X,X) is closed of degree zero.

Using the supercommutativity isomorphism S ⊗ T � T ⊗ S in the category of
DG k-modules one defines for every DG category A the opposite DG category Aop

with ObAop = ObA and HomAop(X,Y ) = HomA(Y,X).
For a DG category A we denote by H0(A) and H∗(A) its homotopy and graded

homotopy categories, respectively. The homotopy category H0(A) has the same
objects as the DG category A and its morphisms are defined by taking the 0-th
cohomology H0(HomA(X,Y )) of the complex HomA(X,Y ). The graded homotopy
category H∗(A) is defined by replacing each Hom complex in A by the direct sum
of its cohomology groups.

As usual a DG functor F : A → A′ is given by a map F : Ob(A) → Ob(A′) and
by morphisms of DG k-modules

F(X,Y ) : HomA(X,Y ) → HomA(FX,FY ), X, Y ∈ Ob(A)

compatible with the composition and the units.
A DG functor F : A → B is called a quasi-equivalence if F(X,Y ) is a quasi-

isomorphism for all objects X,Y of A and the induced functor H0(F) : H0(A) →
H0(B) is an equivalence. DG categories A and B are called quasi-equivalent if there
exist DG categories C1, . . . , Cn and a chain of quasi-equivalences A ← C1 → · · · ←
Cn → B.

Given a small DG category A we define a right DG A-module as a DG functor
M : Aop → Mod - k, where Mod - k is the DG category of DG k-modules. We
denote by Mod -A the DG category of right DG A-modules.

Denote by Ac(A) the full DG subcategory ofMod -A consisting of all acyclic DG
modules. It is well known that the homotopy category of DG modules H0(Mod -A)
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has a natural structure of a triangulated category and the homotopy category of
acyclic complexes H0(Ac(A)) forms a full triangulated subcategory in it. The
derived category D(A) is the Verdier quotient of H0(Mod -A) by the subcategory
H0(Ac(A)).

For each object Y of A we have the right module represented by Y ,

hY (−) := HomA(−, Y ),

which is called a representable DG module. This gives the Yoneda DG functor
h• : A → Mod -A that is full and faithful.

The DG A-module is called free if it is isomorphic to a direct sum of DG modules
of the form hY [n], where Y ∈ A, n ∈ Z. A DG A-module P is called semi-free if
it has a filtration 0 = Φ0 ⊂ Φ1 ⊂ ... = P such that each quotient Φi+1/Φi is
free. The full DG subcategory of semi-free DG modules is denoted by SF(A). We
denote by SFfg(A) ⊂ SF(A) the full DG subcategory of finitely generated semi-
free DG modules i.e. Φn = P for some n and Φi+1/Φi is a finite direct sum of
DG modules of the form hY [n]. We also denote by Perf(A) the DG category of
perfect DG modules, i.e. the full DG subcategory of SF(A) consisting of all DG
modules which are homotopy equivalent to a direct summand of a finitely generated
semi-free DG module.

It is also natural to consider the category of h-projective DG modules. We call
a DG A-module P h-projective (homotopically projective) if

HomH0(Mod -A)(P,N) = 0

for every acyclic DG module N (by duality, we can define h-injective DG modules).
Let P(A) ⊂ Mod -A denote the full subcategory of h-projective objects. It can
be easily checked that a semi-free DG-module is h-projective. For every DG A-
module M there is a quasi-isomorphism pM → M such that pM is a semi-free DG
A-module. Thus we obtain that the canonical DG functors SF(A) ↪→ P(A) ↪→
Mod -A induce equivalencesH0(SF(A))

∼→ H0(P(A))
∼→ D(A) of the triangulated

categories (see [K1] 3.1, [Hi] 2.2, [Dr] 13.2).
Let F : A → B be a DG functor between DG categories. It induces the DG

functors of restriction and extension of scalars

F∗ : Mod -B → Mod -A, F∗ : Mod -A → Mod -B.
The DG functor F∗ is an extension of F on the category of DG modules; i.e., the
following diagram commutes:

A h−−−−→ Mod -A

F
⏐⏐� ⏐⏐�F∗

B h−−−−→ Mod -B,
where the horizontal arrows are the Yoneda embeddings. The DG functors (F∗,F∗)
are adjoint: for M ∈ Mod -A and N ∈ Mod -B there are functorial isomorphisms

HomMod -B(F∗(M), N) ∼= HomMod -A(M,F∗(N)).

The DG functor F∗ preserves semi-free DG modules and F∗ : SF(A) → SF(B) is
a quasi-equivalence if F is such. The DG functor F∗ preserves acyclic DG modules.

The DG functors F∗ and F∗ induce the corresponding derived functors

F∗ : D(B) → D(A), LF ∗ : D(A) → D(B).
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There is a third DG functor F ! : Mod -A → Mod -B, which is a right adjoint to
F∗ and preserves h-injectives (see [ELO1]). It is defined by the following formula:

F !(M)(X) := HomMod -A(F∗(h
X),M), where X ∈ B and M ∈ Mod -A.

The DG functor F ! induces the derived functor RF ! : D(A) → D(B) which is right
adjoint to F∗.

Let A and B be two small DG categories. Let X be an A − B-bimodule, i.e.
a DG Aop ⊗ B-module X. For each DG A-module M, we obtain a DG B-module
M ⊗A X. The DG functor (−)⊗A X : Mod -A → Mod -B admits a right adjoint
HomB(X,−). These functors do not respect quasi-isomorphisms in general, but they

form a Quillen adjunction and the derived functors (−)
L
⊗A X and RHomB(X,−)

form an adjoint pair of functors between derived categories D(A) and D(B).
Let DGcatk be the category of small DG k-linear categories. It is known [Ta]

that it admits a structure of a cofibrantly generated model category whose weak
equivalences are the quasi-equivalences. This shows in particular that the local-
ization Hqe of DGcatk with respect to the quasi-equivalences has small Hom-sets.
This also gives that a morphism from A to B in the localization can be represented
as A ← Acof → B, where A ← Acof is a cofibrant replacement.

The morphism sets in the localization are much better described in terms of
quasi-functors. Consider two DG categories A and B. Denote by rep(A,B) the full
subcategory of the derived category D(Aop ⊗B) of A−B-bimodules formed by all
bimodules X such that the tensor functor

(−)
L
⊗A X : D(A) → D(B)

takes every representable A-module to an object which is isomorphic to a repre-
sentable B-module. We call such a bimodule a quasi-functor from A to B. In other
words, a quasi-functor is represented by a DG functor A → Mod -B whose essential
image consists of quasi-representable DG B-modules (“quasi-representable” means
quasi-isomorphic to a representable DG module). Since the category of quasi-
representable DG B-modules is equivalent to H0(B) a quasi-functor F ∈ rep(A,B)
defines a functor H0(F) : H0(A) → H0(B).

It is known (see [To]) that the morphisms from A to B in the localization of
DGcatk with respect to the quasi-equivalences are in natural bijection with the
isomorphism classes of rep(A,B). Denote by DGcat a 2-category of DG cate-
gories with objects being small DG categories, 1-morphisms being quasi-functors,
2-morphisms being morphisms of quasi-functors, i.e. morphisms in D(Aop ⊗ B).
Example 1.1. Let A and B be two DG categories and Φ : A → Mod -B be a DG
functor. Then Φ induces a quasi-functor from A to SF(B). Indeed, every Y ∈ A
defines a DG SF(B)-module by the formula:

P 
→ HomMod -B(P,F(Y )), for any P ∈ SF(A).

If Q ∈ SF(B) is quasi-isomorphic to F(Y ), then this DG SF(B)-module is quasi-
isomorphic to hQ ∈ Mod -SF(B). We will denote this quasi-functor by φ : A →
SF(B).

For any DG category A there exist a DG category Apre-tr that is called a pretri-
angulated hull and a canonical fully faithful DG functor A ↪→ Apre-tr. The idea of
the definition of Apre-tr is to formally add to A all shifts, all cones, cones of mor-
phisms between cones, etc. The objects of this DG category are ‘one-sided twisted
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complexes’ (see [BK]). There is a canonical fully faithful DG functor (the Yoneda
embedding) Apre-tr → Mod -A, and under this embedding Apre-tr is DG-equivalent
to a DG category of finitely generated semi-free DG modules, which we denote by
SFfg(A).

Definition 1.2. We say that A is pretriangulated if for every object X ∈ A the
object X[n] ∈ Apre-tr is homotopy equivalent to an object of A and for every closed
morphism f in A of degree 0 the cone Cone(f) ∈ Apre-tr is homotopy equivalent to
an object of A. In other words A is pretriangulated if and only if the DG functor
A → Apre-tr is a quasi-equivalence.

Thus if A is pretriangulated the homotopy category H0(A) is triangulated. The
DG category Apre-tr is always pretriangulated, so H0(Apre-tr) is a triangulated
category. We denote Atr := H0(Apre-tr).

Notice that a quasi-functor F ∈ rep(A,B) defines a functor Atr → Btr. Let us
recall the main theorem in [Dr].

Theorem 1.3 ([Dr]). Let A be a small DG category and B ⊂ A be a full DG
subcategory. For all pairs (C, ξ), where C is a DG category and ξ ∈ rep(A, C), the
following properties are equivalent:

(i) the functor H0(ξ) : H0(A) → H0(C) is essentially surjective, and the func-
tor Atr → Ctr corresponding to ξ induces an equivalence Atr/Btr → Ctr;

(ii) for every DG category K the functor rep(C,K) → rep(A,K) corresponding
to ξ is fully faithful and Φ ∈ rep(A,K) belongs to its essential image if and
only if the image of Φ in rep(B,K) is zero.

A pair (C, ξ) satisfying (i),(ii) exists and is unique in the sense of DGcat: given
another such pair (C′, ξ′) there exists a quasi-functor δ ∈ rep(C, C′) inducing an

equivalence H0(δ) : H0(C) ∼−→ H0(C′) and such that the quasi-functors ξ′ and δ · ξ
are isomorphic.

Remark 1.4. Although the above theorem is stated in the language of quasi-functors,
it is important for us that one can choose a pair (C, ξ), where ξ : A → C is a DG
functor and not just a quasi-functor. Indeed, recall Drinfeld’s construction of the
DG quotient A/B: it is obtained from A by adding for every object U ∈ B a mor-
phism εU : U → U of degree −1 such that d(εU ) = idU (no new objects and no new
relations between morphisms are added). Thus in particular A is a DG subcategory
of A/B and ξ : A → A/B is the inclusion DG functor.

Lemma 1.5. Let A be a small DG category and let B ⊂ A be a full DG subcategory.
Assume that A is pretriangulated. Then the Drinfeld DG quotient A/B is also
pretriangulated.

Proof. The canonical embedding H0(A/B) → (A/B)tr is full and faithful. We need
to prove that it is essentially surjective. The quotient DG functor ξ : A → A/B
induces the DG functor ξpre-tr : Apre-tr → (A/B)pre-tr so that the natural diagram

A � � ��

ξ

��

Apre-tr

ξpre-tr

��
A/B � � �� (A/B)pre-tr
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commutes. It induces the commutative diagram

H0(A) ��

H0(ξ)

��

Atr

ξtr

��
H0(A/B) �� (A/B)tr,

where the upper horizontal arrow is an equivalence by our assumption and the right
vertical arrow identifies (A/B)tr with the Verdier quotient ofAtr by Btr according to
Theorem 1.3. Hence the composition of these two functors is essentially surjective,
which proves the lemma. �
Definition 1.6. Let T be a category. An object Y ∈ T is called compact (in T )
if HomT (Y,−) commutes with arbitrary (existing in T ) direct sums; i.e., for each
family of objects {Xi} ⊂ T such that

⊕
i Xi exists the canonical map⊕

i

Hom(Y,Xi)−→Hom(Y,
⊕
i

Xi)

is an isomorphism.

Denote by T c ⊂ T the full subcategory consisting of all compact objects in T .

Definition 1.7. Let T be a triangulated category that admits arbitrary direct
sums. A set S ⊂ T c is called a set of compact generators if any object X ∈ T such
that Hom(Y,X[n]) = 0 for all Y ∈ S and all n ∈ Z is a zero object.

Remark 1.8. Since T admits arbitrary direct sums it can be proved that the prop-
erty that S ⊂ T c is a set of compact generators is equivalent to the following
property: the category T coincides with the smallest full triangulated subcategory
containing S and closed under direct sums.

Example 1.9. Let A be a small DG category. The set {hY }Y ∈A is a set of compact
generators of D(A) and the subcategory of compact objects D(A)c coincides with
the subcategory of perfect DG modules Perf(A).

There is another notion of a set of generators. It is called a set of classical
generators.

Definition 1.10. Let T be a triangulated category. We say that a set S ⊂ T is a
set of classical generators for T if the category T coincides with the smallest trian-
gulated subcategory of T which contains S and is closed under direct summands.

Remark 1.11. These two definitions of a set of generators are closely related to
each other. Assume that a triangulated category T , which admits arbitrary direct
sums, is compactly generated by the set of compact objects T c. In this situation
a set S ⊂ T c is a set of compact generators of T if and only if this set S is a set
of classical generators of the subcategory of compact objects T c. This is proved in
[N1]. Thus the set {hY }Y ∈A from Example 1.9 is a set of classical generators of
the subcategory of compact objects D(A)c ∼= Perf(A).

We will recall the definition of homotopy colimits in triangulated categories.
Namely, let T be a triangulated category and

X0
i0−→ X1

i1−→ · · ·−→Xn
in−→ Xn+1−→· · ·

be a sequence of morphisms in T .
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Definition 1.12. Assume that the direct sum
⊕

n Xn exists in T . The homotopy
limit of this sequence hocolim−−−−−→Xn ∈ T is by definition given, up to noncanonical

isomorphism, by a triangle

⊕
n Xn

(1,−in)−−−−−→
⊕

n Xn −−−−→ hocolim−−−−−→Xn −−−−→ (
⊕

n Xn) [1].

If A is a DG category and maps in : Xn → Xn+1 are closed morphisms of degree
zero in Mod -A, then one has the usual colim−−−→Xn in the category Z0(Mod -A)

which is isomorphic to hocolim−−−−−→Xn in D(A). The category Z0(Mod -A) has the

same object as Mod -A and morphisms are closed morphisms of degree 0 (it is an
abelian category).

Definition 1.13. Let T be a triangulated category with arbitrary direct sums. A
strictly full triangulated subcategory S ⊂ T is called localizing if it is closed under
arbitrary direct sums.

Remark 1.14. If a subcategory S is localizing it is known that the quotient triangu-
lated category T /S has arbitrary direct sums and the quotient functor T → T /S
preserves direct sums (see [N3], Cor. 3.2.11). For example, the triangulated cate-
gory H0(Mod -A) has arbitrary direct sums and H0(Ac(A)) is a localizing subcat-
egory in H0(Mod -A). Hence, the derived category D(A) also has arbitrary direct
sums.

The following propositions (and their proofs) are essentially equal to Lemma 4.2
in [K1].

Proposition 1.15. Let F : B ↪→ C be a full embedding of DG categories. and
let F∗ : SF(B) → SF(C) be the extension DG functor. Then the induced derived
functor LF ∗ = H0(F∗) : D(B) → D(C) is fully faithful. If, in addition, the category
H0(C) is classically generated by ObB, then LF ∗ is an equivalence.

Proof. The functor LF ∗ commutes with direct sums and on B ⊂ D(B) coincides
with the functor H0(F) that is fully faithful.

Let Y ∈ B. The objects X ∈ D(B) for which the map

HomD(B)(Y,X[n]) −→ HomD(C)(LF
∗(Y ),LF ∗(X)[n])

is bijective for all n form a triangulated subcategory of D(B) which contains the
generating set ObB and is closed under direct sums (since Y and LF ∗(Y ) are
compact and LF ∗ commutes with direct sums). So this subcategory coincides with
the whole D(B). The same argument shows that for a fixed X ∈ D(B) the map

HomD(B)(X
′, X) −→ HomD(C)(LF

∗(X ′),LF ∗(X))

is bijective for all X ′ ∈ D(B). Hence LF ∗ is fully faithful.
If now the category H0(C) is classically generated by ObB, then it is contained in

the essential image of LF ∗. On the other hand, the set Ob C compactly generates
D(C). Hence the whole category D(C) is in the essential image of LF ∗, because
D(B) contains arbitrary direct sums and LF ∗ commutes with direct sums. �

Let C be a pretriangulated DG category and B ⊂ C be a full DG subcategory.
Consider the canonical DG functor

(1.1) Φ : C → Mod -B, where Φ(X)(B) = HomC(B,X) for B ∈ B, X ∈ C.
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If we denote by J the full embedding of B to C, then the DG functor Φ is the
composition of the Yoneda DG functor h• : C → Mod - C and the restriction functor
J∗ : Mod - C → Mod -B.

The DG functor Φ induces a quasi-functor φ : C → SF(B) (see Remark 1.1)
and the functor H0(Φ) : H0(C) → H0(Mod -B). The homotopy functor H0(φ) :
H0(C) → D(B) is the composition of H0(Φ) with the localization functor Q :
H0(Mod -B) → D(B).

Proposition 1.16. Let B ⊂ C and φ : C → SF(B) be as above. Assume that the
triangulated category H0(C) is idempotent complete and is classically generated by
the set ObB. Then the functor H0(φ) induces an equivalence between H0(C) and
the subcategory of compact objects D(B)c ∼= Perf(B).

Proof. Indeed, if Y, Z ∈ B ⊂ C, then
HomH0(Mod -B)(H

0(Φ)(Y ), H0(Φ)(Z)[n]) = HomH0(C)(Y, Z[n])

by Yoneda. Now, since Φ(Y ) = hY ∈ H0(Mod -B) is h-projective we have

HomH0(Mod -B)(H
0(Φ)(Y ), H0(Φ)(Z)[n]) ∼= HomD(B)(H

0(φ)(Y ), H0(φ)(Z)[n]).

Since the category H0(C) is classically generated by ObB we get that the functor
H0(φ) is fully faithful. Since H0(C) is idempotent complete and D(B)c is classically
generated by ObB we obtain that the subcategory D(B)c is the essential image of
the functor H0(φ). �

Proposition 1.17. Let B ⊂ C, and φ : C → SF(B) be as above. Assume that
H0(C) contains arbitrary direct sums and ObB forms a set of compact generators

of H0(C). Then the functor H0(φ) : H0(C) ∼→ D(B) is an equivalence of triangulated
categories.

Proof. First notice that the functor H0(φ) commutes with direct sums. Indeed,
since Q commutes with direct sums (see Remark 1.14) it suffices to prove that
H0(Φ) does. Fix Y ∈ B and a set {Xi} ⊂ C. Since Y is compact in H0(C) we have
the following isomorphisms, which are functorial in Y :

H0(Φ)
(⊕

Xi

)
(Y ) = H0 HomC(Y,

⊕
Xi)

=
⊕

H0 HomC(Y,Xi) =
⊕

H0(Φ)(Xi)(Y ).

Hence H0(Φ)(
⊕

Xi) =
⊕

H0(Φ)(Xi).
Note that the exact functor H0(φ) maps the set ObB of compact generators

of H0(C) to the set {hY }Y ∈B of compact generators of D(B). By Remark 1.11
and Proposition 1.16 it induces an equivalence between subcategories of compact
objects H0(C)c and D(B)c.

The same argument as in the proof of Proposition 1.15 gives us that the functor
H0(φ) is fully faithful. Since, in addition, H0(C) contains arbitrary direct sums and
H0(φ) commutes with direct sums it follows that H0(φ) is essentially surjective. �

Let T be a triangulated category with small Hom-sets; i.e., Hom between any
two objects should be a set. Assume that T admits arbitrary direct sums and
let S ⊂ T be a localizing triangulated subcategory. We can consider the Verdier
quotient T /S with a natural localization map π : T → T /S. Notice however that
Hom-sets in T /S need not be small. It is known (Remark 1.14) that the category
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T /S also has arbitrary direct sums and, moreover, the functor π preserves direct
sums.

Assume that the Verdier quotient T /S is a category with small Hom-sets. If
the triangulated category T has a set of compact generators, then the Brown rep-
resentability theorem holds for T and the quotient functor π : T → T /S has a
right adjoint μ : T /S → T (see [N3], Ex.8.4.5). This adjoint is called the Bousfield
localization functor.

Definition 1.18. Let T be a triangulated category with small Hom-sets. Let S
be a thick subcategory. We say that a Bousfield localization functor exists for the
pair S ⊂ T when there is a right adjoint to the natural functor π : T → T /S. We
will call the adjoint the Bousfield localization functor, and denote it μ : T /S → T .

Let us summarize the facts about Bousfield localization we will need in the
following proposition.

Proposition 1.19. Let T be a compactly generated triangulated category with small
Hom-sets that admits arbitrary direct sums. Let S ⊂ T be a localizing triangulated
subcategory and π : T → T /S be the quotient functor. Assume that the quotient
T /S is a category with small Hom-sets. Then

a) there is a right adjoint functor μ : T /S → T ;
b) the functor μ is full and faithful;
c) if for every compact object Y ∈ T , the object π(Y ) is compact in T /S, then

the functor μ preserves direct sums;
d) if for every compact object Y ∈ T , the object π(Y ) is compact in T /S and

T is compactly generated by a set R ⊂ T c, then T /S is also compactly
generated by π(R).

Proof. a) This is a consequence of the Brown representability theorem ([N3], Th.
8.4.4).

b) This is also a general statement which says that if the right adjoint functor
to a localization exists, then it is fully faithful ([N3], Lemma 9.1.7).

c) If the object π(Y ) is compact, then

Hom(Y, μ(
⊕

Xi)) ∼= Hom(π(Y ),
⊕

Xi) ∼=
⊕

Hom(π(Y ), Xi)

∼=
⊕

Hom(Y, μ(Xi)) ∼= Hom(Y,
⊕

μ(Xi))

for every Y ∈ T c. Since T is compactly generated we obtain that
⊕

μ(Xi) →
μ(
⊕

Xi) is an isomorphism.
d) If Hom(π(Y ), X[n]) = 0 for all Y ∈ R and all n ∈ Z, then Hom(Y, μ(X)[n]) =

0. Since R ⊂ T c is a set of compact generators, then μ(X) = 0. Hence X =
0, because μ is fully faithful. Therefore π(R) is a set of compact generators for
T /S. �

Remark 1.20. Let A be a DG category. The objects {hY }Y ∈A form a set of compact
generators of D(A). Let L ⊂ D(A) be a localizing subcategory, and π : D(A) →
D(A)/L be the quotient functor. Assume that the Verdier quotient D(A)/L is
a category with small Hom-sets. Then we can apply Proposition 1.19 and get a
Bousfield localization functor μ : D(A)/L → D(A), which is fully faithful. If for
every Y ∈ A the object π(hY ) is compact in D(A)/L, then the objects {π(hY )}Y ∈A
compactly generate the category D(A)/L and the functor μ preserves direct sums.
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If a localizing subcategory S ⊂ T is compactly generated by the set of objects
S ∩ T c, then the quotient category T /S has small Hom-sets ([N3], Cor.4.4.3) and
we can say even more ([N1], Th.2.1, and [N3], Th.4.4.9).

Theorem 1.21 ([N1]). Let T be a compactly generated triangulated category ad-
mitting arbitrary direct sums and let S be a localizing triangulated subcategory which
is generated by a subset S ⊂ T c of compact objects. Then

(1) T /S has small Hom-sets and is compactly generated;
(2) T c maps to (T /S)c under the quotient functor;
(3) the induced functor T c/Sc → (T /S)c is fully faithful;
(4) (T /S)c is the idempotent completion of T c/Sc.

Remark 1.22. One of our main tools will be Theorem 1.3 above, which assumes
that we work with small categories. More precisely, we will need to apply the DG
localization to the DG category Mod -A, where A is a small category. Thus we
will choose universes U ∈ V ∈ · · · , assume that the category A is a U-small U-
category and will consider the DG category ModU -A of U-small DG A-modules.
Thus ModU -A is a DG U-category, and we explain in the Appendix that it is DG
equivalent to a V-small DG category Modstr

U
-A of strict U-small DG A-modules.

So we may apply the DG localization to Modstr
U

-A instead of ModU -A.
However we decided not to mention explicitly the U-smallness issue in the main

body of the text. Therefore we add an appendix which contains all the relevant
statements and in particular it has the U-small version of the Brown representability
theorem, etc.

2. Enhancements of triangulated categories

and formulation of main results

Definition 2.1. Let T be a triangulated category. An enhancement of T is a
pair (B, ε), where B is a pretriangulated DG category and ε : H0(B) ∼→ T is an
equivalence of triangulated categories.

Definition 2.2. The category T has a unique enhancement if it has one and for
any two enhancements (B, ε) and (B′, ε′) of T there exists a quasi-functor φ :

B → B′ which induces an equivalence H0(φ) : H0(B) ∼−→ H0(B′). In this case the
enhancements (B, ε) and (B′, ε′) are called equivalent.

Definition 2.3. Enhancements (B, ε) and (B′, ε′) of T are called strongly equiva-
lent if there exists a quasi-functor φ : B → B′ such that the functors ε′ ·H0(φ) and
ε are isomorphic.

Here are some examples of existence of canonical enhancements.

Example 2.4. Let A be an abelian category. Denote by Cdg(A) the DG category
of complexes over A, and by D(A) the derived category of A. Let L ⊂ D(A) be a lo-
calizing subcategory. Consider the full pretriangulated DG subcategory L ⊂ Cdg(A)
such that ObL = ObL. Let Cdg(A)/L be the corresponding DG quotient. Then by

Theorem 1.3 above there is a natural equivalence F : H0(Cdg(A)/L) ∼−→ D(A)/L
of triangulated categories. Hence (Cdg(A)/L, F ) is a canonical enhancement of
D(A)/L.

We also can consider a slight variation.



UNIQUENESS OF ENHANCEMENT FOR TRIANGULATED CATEGORIES 865

Example 2.5. Let A be a DG category. If L ⊂ D(A) is a localizing subcate-
gory, the quotient category D(A)/L has a canonical enhancement. Namely, let
L ⊂ Mod -A be the full DG subcategory which has the same objects as L. Let
Mod -A/L be the DG quotient category. Then there is a natural equivalence

F : H0(Mod -A/L) ∼−→ D(A)/L of triangulated categories; i.e., (Mod -A/L, F )
is an enhancement of D(A)/L. Consider the DG subcategories SF(A) ⊂ P(A) ⊂
Mod -A of semi-free and h-projective DG modules, respectively. Then the natural
DG functors

SF(A)/L ∩ SF(A) −→ P(A)/L ∩ P(A) −→ Mod -A/L
are quasi-equivalences, so that SF(A)/L ∩ SF(A) and P(A)/L ∩ P(A) are other
enhancements of D(A)/L that are equivalent to Mod -A/L.

For a triangulated category it is natural to ask if it has an enhancement. Next
is the question of uniqueness.

First, let us prove the following not difficult and very natural proposition.

Proposition 2.6. Let A be a small category which we consider as a DG category
and D(A) and Perf(A) = D(A)c be the derived category of DG A-modules and its
subcategory of perfect DG modules, respectively. Then each of them has a unique
enhancement.

Proof. The canonical DG functors SF (A) ↪→ P(A) ↪→ Mod -A/Ac(A) are quasi-
isomorphisms and gives equivalent enhancements of the derived category D(A).

Let D be a pretriangulated DG category and ε : D(A)
∼→ H0(D) be an equiv-

alence of triangulated categories. Denote by B ⊂ D the full DG subcategory with
the set of objects {ε(hY )}Y ∈A.

Denote by τ≤0B the DG subcategory with the same objects as B and morphisms

Homτ≤0B(M,N) = τ≤0 HomB(M,N),

where τ≤0 is the usual truncation of complexes:
(2.1)

τ≤0{· · · −→ C−1 −→ C0 d0

−→ C1 −→ · · · } = {· · · −→ C−1 −→ Ker(d0) −→ 0}.
We have the obvious diagram of DG categories and DG functors

A = H0(B) p←− τ≤0B i−→ B,
which are quasi-equivalences, because ε : D(A)

∼→ H0(D) is an equivalence of
triangulated categories. They induce DG functors

SF(A)
p∗

←− SF(τ≤0B) i∗−→ SF(B)
that are quasi-equivalences as well. We also have a DG functor Φ : D → Mod -B
defined by the rule Φ(X)(B) := HomB(B,X), where B ∈ B and X ∈ D. The
DG functor induces a quasi-functor φ : D → SF(B) (see Remark 1.1). Since, by
construction, objects of B form a set of compact generators of H0(D) ∼= D(A),
Proposition 1.17 implies that φ is a quasi-equivalence too. Thus, we get the follow-
ing chain of quasi-equivalences:

SF(A)
p∗

←− SF(τ≤0B) i∗−→ SF(B) φ←− D,

and the enhancement D of D(A) is equivalent to the standard enhancement SF(A).
The case of the subcategory of perfect DG modules can be considered similarly. �
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The following theorems are our main results.

Theorem 2.7. Let A be a small category which we consider as a DG category and
L ⊂ D(A) be a localizing subcategory with the quotient functor π : D(A) → D(A)/L
that has a right adjoint (Bousfield localization) μ. Assume that the following con-
ditions hold:

a) for every Y ∈ A the object π(hY ) ∈ D(A)/L is compact;
b) for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Then the triangulated category D(A)/L has a unique enhancement.

As we mentioned in Remark 1.22 in the above theorem we actually work with
a small version of D(A); i.e., the category D(A) stands for DU(A) for a chosen
universe U (see the Appendix).

Theorem 2.8. Let A be a small category which we consider as a DG category
and L ⊂ D(A) be a localizing subcategory that is generated by compact objects
Lc := L ∩ D(A)c. Assume that for the quotient functor π : D(A) → D(A)/L the
following condition holds:

for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Then the triangulated subcategory of compact objects (D(A)/L)c has a unique en-
hancement.

Note that under the condition that subcategory L is generated by compact ob-
jects Lc := L ∩D(A)c, the quotient D(A)/L has small Hom-sets by Theorem 1.21
(1) and, hence, the Bousfield localization functor μ : D(A)/L → D(A) exists by
Proposition 1.19 a). In addition, in this case, property a) of Theorem 2.7 automat-
ically holds by Theorem 1.21 (2); i.e., for all Y ∈ A the objects π(hY ) ∈ D(A)/L
are compact. We also note that Theorems 2.7 and 2.8 have more advanced and
precise versions (see Theorems 5.4 and 6.4).

It will be shown in Section 7 that Theorem 2.7 implies the following corollary.

Theorem 2.9. Let C be a Grothendieck category. Assume that it has a set of small
generators which are compact objects in the derived category D(C). Then the derived
category D(C) has a unique enhancement.

This result can be applied to the category of quasi-coherent sheaves on a quasi-
compact and quasi-separated scheme. Let X be a a quasi-compact and quasi-
separated scheme over k. Denote by QcohX the abelian categories of quasi-coherent
sheaves on X. We say that the scheme X has enough locally free sheaves if for any
finitely presented sheaf F there is an epimorphism E � F with a locally free sheaf
E of finite type.

Theorem 2.10. Let X be a quasi-compact and separated scheme that has enough
locally free sheaves. Then the derived category of quasi-coherent sheaves D(QcohX)
has a unique enhancement.

For the particular case of quasi-projective schemes we obtain

Corollary 2.11. Let X be a quasi-projective scheme over k. Then the derived
category of quasi-coherent sheaves D(QcohX) has a unique enhancement.

Denote by Perf(X) ⊂ D(QcohX) the full subcategory of perfect complexes
which coincides with the subcategory of compact objects there (see [N2, BvB]). In
Section 7 we also show that the above Theorem 2.8 implies the following statement.
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Theorem 2.12. Let X be a quasi-projective scheme over k. Then the triangulated
category of perfect complexes Perf(X) = D(QcohX)c has a unique enhancement.

In Section 8 we introduce a notion of compactly approximated objects in a
triangulated category and we prove that the triangulated category of compactly
approximated objects (D(A)/L)ca has a unique enhancement (Theorem 8.8). This
result allows us to deduce the uniqueness of enhancement for the bounded derived
category of coherent sheaves on a quasi-projective scheme.

Theorem 2.13. The bounded derived category of coherent sheaves Db(cohX) on
a quasi-projective scheme X has a unique enhancement.

In the case of projective varieties using results of [O1, O2] we can prove a stronger
result.

Theorem 2.14. Let X be a projective scheme over k such that the maximal torsion
subsheaf T0(OX) ⊂ OX of dimension 0 is trivial. Then the triangulated categories
Db(cohX) and Perf(X) have strongly unique enhancements.

These results on uniqueness of enhancements also allow us to obtain some corol-
laries on the representation of fully faithful functors between derived categories of
(quasi)-coherent sheaves.

Corollary 2.15. Let X and Y be quasi-compact separated schemes over a field k.
Assume that X has enough locally free sheaves. Let F : D(QcohX) → D(QcohY )
be a fully faithful functor that commutes with direct sums. Then there is an object
E · ∈ D(Qcoh(X × Y )) such that the functor ΦE· is fully faithful and ΦE·(C ·) ∼=
F (C ·) for any C · ∈ D(QcohX).

Corollary 2.16. Let X be a quasi-projective scheme and Y be a quasi-compact
and separated scheme. Let K : Perf(X) → D(QcohY ) be a fully faithful functor.
Then there is an object E · ∈ D(Qcoh(X × Y )) such that

(1) the functor ΦE· |Perf(X) : Perf(X) → D(QcohY ) is fully faithful and ΦE·(P ·)
∼= K(P ·) for any P · ∈ Perf(X);

(2) if X is projective with T0(OX) = 0, then ΦE· |Perf(X)
∼= K;

(3) if K sends Perf(X) to Perf(Y ), then the functor ΦE· : D(QcohX) →
D(QcohY ) is fully faithful and also sends Perf(X) to Perf(Y );

(4) if Y is Noetherian and K sends Perf(X) to Db(QcohY )coh, then the object
E · is isomorphic to an object of Db(coh(X × Y )).

Corollary 2.17. Let X be a projective scheme with T0(OX) = 0 and Y be a
quasi-compact and separated scheme. Let K : Db(cohX) → D(QcohY ) be a fully
faithful functor that commutes with homotopy limits. Then there is an object E · ∈
D(Qcoh(X × Y )) such that ΦE· |Db(cohX)

∼= K.

3. Preliminary lemmas and propositions

The following four Sections 3-6 are devoted to proofs of two main Theorems
2.7 and 2.8. In this section we give some preliminary lemmas and present the
main technical tool for the next sections, which is Proposition 3.4. In Section 4
we construct a quasi-functor ρ̃ (formula (4.2)) which is a central object for all our
considerations. In Sections 5 and 6 we give proofs of our main theorems. We
show that we can apply the Drinfeld Theorem 1.3 to the quasi-functor ρ̃ and argue
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that the induced quasi-functor ρ is actually a quasi-equivalence between different
enhancements.

Let A be a small category which we consider as a DG category. As above we
denote by Mod -A the DG category of DG A-modules. Let us consider the full DG
subcategory SF(A) ⊂ Mod -A of semi-free DG modules. Since A is an ordinary
category, any semi-free DG module P ∈ SF(A) is actually a complex

P = {· · · −→ Pn−1 −→ Pn −→ · · · },
where any Pn =

⊕
hY is a free A-module P. Of course, not any such complex is a

semi-free DG module. By definition, it is semi-free if it also has a filtration 0 = Φ0 ⊂
Φ1 ⊂ ... = P such that each quotient Φi+1/Φi is a free DG A-module. On the other
hand, any bounded above such complex is semi-free. We denote by SF−(A) the DG
category of bounded above complexes of free A-modules and denote by SFfg(A)
the DG category of finitely generated semi-free DG modules, which is actually DG
equivalent to the pretriangulated hull Apre-tr of A. We also denote by Perf(A)
the DG category of perfect DG modules, i.e. the full DG subcategory of SF(A)
consisting of all DG modules which are homotopy equivalent to a direct summand
of a finitely generated semi-free DG module. Since any cohomologically bounded
complex has a bounded above free resolution, the DG subcategory Perf(A) ∩
SF−(A) is DG equivalent to Perf(A). So we will consider Perf(A) as a full DG
subcategory of SF−(A).

For any semi-free DG module P we can consider the “stupid” truncations of P
that by definition are complexes of the form

σ≤mP = {· · · −→ Pm−1 −→ Pm −→ 0},
σ≥nP = {0 −→ Pn −→ Pn+1 −→ · · · }.

We also put

P [n,m] := σ≥nσ≤mP = {0 −→ Pn −→ · · · −→ Pm −→ 0}.

The DG A-modules σ≤mP, σ≥nP, P
[n,m] are also semi-free. For every n there is

an exact sequence in Z0(SF(A)),

0 −→ σ≥(n+1)P −→ P −→ σ≤nP −→ 0.

For a fixed m we also have σ≤mP ∼= colim−−−→ nP
[n,m] in Z0(SF−(A)) and hence

σ≤mP ∼= hocolim−−−−−→ nP
[n,m] in H0(SF−(A)).

Let U ⊂ SF(A) be a full pretriangulated DG subcategory that contains A and
if P ∈ U , then U contains all stupid truncations σ≤mP and σ≥mP as well. Denote
by h• : A → H0(U) the natural fully faithful functor.

Let F : H0(U) → T be an exact functor to a triangulated category T that has
the following properties:

(∗)
1) F preserves all direct sums that exist in H0(U);
2) F (hY ) is compact in T for every Y ∈ A;
3) Hom(F (hY ), F (hZ)[s]) = 0 for every Y, Z ∈ A when s < 0.

Remark 3.1. Since F commutes with all direct sums that exist in H0(U), then it
also commutes with any homotopy colimits that exist in H0(U).

Lemma 3.2. Let U be either SF(A) or SFfg(A), let T be a triangulated category
and let F : H0(U) → T be an exact functor. Assume that F has the properties
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1), 2), 3) of (∗) above. Then for any Y ∈ A and for any semi-free DG A-module
P ∈ U we have

Hom(F (hY ), F (σ≥nP )[i]) = 0

when i < n.

Proof. The filtration on the semi-free DG module P induces a filtration Φ′
j :=

Φj ∩ σ≥nP on σ≥nP and each quotient Φ′
j+1/Φ

′
j is isomorphic to a direct sum of

objects hZ [s] with s ≤ −n. The assumptions 1), 2), and 3) imply that

Hom(F (hY ), F (Φ′
j+1/Φ

′
j)[i]) = Hom(F (hY ), F (

⊕
hZ [s])[i])

∼= Hom(F (hY ),
⊕

F (hZ [s+ i]))

∼=
⊕

Hom(F (hY ), F (hZ)[s+ i]) = 0.

Hence, by induction, Hom(F (hY ), F (Φ′
j)[i]) = 0 for all j.

In the case U = SFfg(A) everything is proved, because σ≥nP ∼= Φ′
j for some j.

In the case U = SF(A) the object σ≥nP is isomorphic to hocolim−−−−−→Φ′
j in

H0(SF(A)). The functor F preserves all direct sums; hence it preserves homotopy
colimits and we get

F (σ≥nP ) ∼= hocolim−−−−−→F (Φ′
j).

Since the object F (hY ) is compact, the functor Hom(F (hY ),−) commutes with
direct sums and carries homotopy colimits to colimits of abelian groups (see [N1],
Lemma 1.5). Thus

Hom(F (hY ), F (σ≥nP )[i]) = colim−−−→ Hom(F (hY ), F (Φ′
j)[i]) = 0. �

Corollary 3.3. Under the assumptions of Lemma 3.2 for every Y ∈ A and every
m ≥ 0 we have an injection

Hom(F (hY ), F (P )) ↪→ Hom(F (hY ), F (σ≤mP )) ∼= colim−−−→ n Hom(F (hY ), F (P [n,m])),

which is a bijection when m > 0.

Proof. The isomorphism is a consequence of the facts that F preserves homotopy
colimits and F (hY ) is compact. The injection follows from the exact triangle

σ≥(m+1)P → P → σ≤mP

and the last lemma which gives that Hom(F (hY ), F (σ≥(m+1)P )) = 0 for m ≥ 0. If
m > 0 we immediately obtain that the injection is also a bijection. �
Proposition 3.4. Let U be either SF−(A) or Perf(A) or SFfg(A) and let T be
a triangulated category. Let F1, F2 : H0(U) → T be two exact functors that satisfy

conditions (∗). Assume that there is an isomorphism of functors θ : F1 ·h• ∼→ F2 ·h•

from A to T . Then for every P ∈ U there exists an isomorphism θP : F1(P )
∼→

F2(P ) such that for any Y ∈ A and every f ∈ HomH0(U)(h
Y [−k], P ) where k ∈ Z

the diagram

(3.1)

F1(h
Y )[−k]

F1(f)−−−−→ F1(P )

θY [−k]

⏐⏐� ⏐⏐�θP

F2(h
Y )[−k]

F2(f)−−−−→ F2(P )

commutes in T .
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Proof. We will construct θP in a few steps.

Step 1. Denote by h•(A)⊕ ⊂ H0(U) the full subcategory ofH0(U) which is obtained
from h•(A) by adding arbitrary (existing in H0(U)) direct sums of objects of h•(A).

Since the functors Fi commute with direct sums we can extend our trans-
formation θ onto the whole subcategory h•(A)⊕. Indeed, for any P =

⊕
hY

the canonical isomorphisms
⊕

Fi(h
Y ) ∼= Fi(

⊕
hY ) allow us to define an isomor-

phism θP : F1(
⊕

hY ) → F2(
⊕

hY ) as the product of the canonical morphisms

F1(h
Y )

θY→ F2(h
Y ) → F2(

⊕
hY ).

Step 2. Now consider a semi-free DG module P = {· · · → Pm−1 → Pm} which
by assumption is bounded above. For every n ≤ m we have the exact triangle in
H0(U):

Pn−1[−n] −→ σ≥nP −→ σ≥(n−1)P.

For all P k we have the isomorphisms θk : F1(P
k)

∼→ F2(P
k) constructed in Step 1.

In Step 2 by descending induction on n ≤ m we will construct isomorphisms
θ≥n : F1(σ≥nP )

∼→ F2(σ≥nP ) such that there is an isomorphism of triangles

F1(P
n−1)[−n] −−→ F1(σ≥nP ) −−→ F1(σ≥(n−1)P ) −−→ F1(P

n−1)[−n+ 1]

θn−1[−n]

⏐⏐� θ≥n

⏐⏐� ⏐⏐�θ≥(n−1)

⏐⏐�θn−1[−n+1]

F2(P
n−1)[−n] −−→ F2(σ≥nP ) −−→ F2(σ≥(n−1)P ) −−→ F2(P

n−1)[−n+ 1]

for all n ≤ m.

We start with the diagram

F1(P
m−1[−m]) −−−−→ F1(P

m[−m]) −−−−→ F1(σ≥(m−1)P )

θm−1[−m]

⏐⏐� ⏐⏐�θm[−m]

F2(P
m−1[−m]) −−−−→ F2(P

m[−m]) −−−−→ F2(σ≥(m−1)P ),

where the square is commutative. Hence, there exists an isomorphism θ≥(m−1) :
F1(σ≥(m−1)P ) → F2(σ≥(m−1)P ) which completes the above diagram to a morphism
of triangles:

F1(P
m−1[−m]) −→ F1(P

m[−m]) −→ F1(σ≥(m−1)P ) −→ F1(P
m−1[−m+ 1])

θm−1[−m]

⏐⏐� ⏐⏐�θm[−m]

⏐⏐�θ≥(m−1)

⏐⏐�θm−1[−m+1]

F2(P
m−1[−m]) −→ F2(P

m[−m]) −→ F2(σ≥(m−1)P ) −→ F2(P
m−1[−m+ 1]).

This provides the base of induction.
Assume by induction that we have defined isomorphisms θ≥(n+1), θ≥n so that

the diagram

(3.2)

F1(σ≥(n+1)P ) −−−−→ F1(σ≥nP ) −−−−→ F1(P
n)[−n]

θ≥(n+1)

⏐⏐� θ≥n

⏐⏐� ⏐⏐�θn[−n]

F2(σ≥(n+1)P ) −−−−→ F2(σ≥nP ) −−−−→ F2(P
n)[−n]
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is a morphism of triangles. Then we claim that the natural diagram

F1(P
n−1)[−n] −−−−→ F1(σ≥nP )

θn−1[−n]

⏐⏐� ⏐⏐�θ≥n

F2(P
n−1)[−n] −−−−→ F2(σ≥nP )

commutes. Indeed, complete it to a diagram

F1(P
n−1)[−n] −−−−→ F1(σ≥nP ) −−−−→ F1(P

n)[−n]

θn−1[−n]

⏐⏐� θ≥n

⏐⏐� ⏐⏐�θn[−n]

F2(P
n−1)[−n] −−−−→ F2(σ≥nP ) −−−−→ F2(P

n)[−n],

where the right square and the outside square commute. By Corollary 3.3 the
natural map

Hom(F1(P
n−1)[−n], F1(σ≥nP )) −→ Hom(F1(P

n−1)[−n], F1(P
n)[−n])

is injective. Using the compositions with the isomorphisms θ≥n and θn[−n] we
conclude that the natural map

Hom(F1(P
n−1)[−n], F2(σ≥nP )) −→ Hom(F1(P

n−1)[−n], F2(P
n)[−n])

is also injective. Therefore the left square in the above diagram commutes too.
Hence, there is an isomorphism θ≥(n−1) : F1(σ≥(n−1)P ) → F2(σ≥(n−1)P ) such that
the diagram

F1(P
n−1)[−n] −−→ F1(σ≥nP ) −−→ F1(σ≥(n−1)P ) −−→ F1(P

n−1)[−n+ 1]

θn−1[−n]

⏐⏐� θ≥n

⏐⏐� ⏐⏐�θ≥(n−1)

⏐⏐�θn−1[−n+1]

F2(P
n−1)[−n] −−→ F2(σ≥nP ) −−→ F2(σ≥(n−1)P ) −−→ F2(P

n−1)[−n+ 1]

is an isomorphism of triangles. This completes the induction step.
If U = SFfg(A), the construction of isomorphisms θP is finished.

Step 3. Let us now consider the case U = SF−(A). Since P is bounded above we

have a natural isomorphism colim−−−→ n(σ≥nP )
∼→ P in Z0(SF−(A)) and hence P is

isomorphic to hocolim−−−−−→ n(σ≥nP ) in H0(SF−(A)). The canonical sequence⊕
n≤m

(σ≥nP ) −→
⊕
n≤m

(σ≥nP ) −→ P

gives an exact triangle in H0(SF(A)).
Since the functors Fi commute with direct sums we can extend our isomor-

phisms θ≥n on the direct sum. Indeed, for the object
⊕

(σ≥nP ) the canonical
isomorphism

⊕
Fi(σ≥nP ) ∼= Fi(

⊕
σ≥nP ) allows us to define an isomorphism

θ⊕ : F1(
⊕

σ≥nP ) → F2(
⊕

σ≥nP ) as the product of the canonical morphisms

F1(σ≥nP )
θ≥n−→ F2(σ≥nP )

can−→ F2(
⊕

σ≥nP ). Now there is an isomorphism θP :

F1(P )
∼→ F2(P ) that gives an isomorphism of triangles

F1(
⊕

n(σ≥nP )) −−−−→ F1(
⊕

n(σ≥nP )) −−−−→ F1(P )

θ⊕
⏐⏐� θ⊕

⏐⏐� ⏐⏐�θP

F2(
⊕

n(σ≥nP )) −−−−→ F2(
⊕

(σ≥(n−1)P )) −−−−→ F2(P ).
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It is easy to see that the isomorphism θP : F1(P )
∼→ F2(P ) makes the following

diagrams commutative for each n:

F1(σ≥nP ) −−−−→ F1(P )

θ≥n

⏐⏐� ⏐⏐�θP

F2(σ≥nP ) −−−−→ F2(P ).

Step 4. Let us now consider the case U = Perf(A) ⊂ SF−(A). By definition,
the object P ∈ Perf(A) is a direct summand of a finitely generated object Q ∈
SFfg(A) in the triangulated category H0(U) ⊂ D(A). Take a sufficiently negative
n � 0. The object σ≥nP is finitely generated semi-free and, hence, the object
σ≤(n−1)P is a perfect DG module as well. Thus it is homotopy equivalent to a
direct summand of a finitely generated semi-free DG module R. It is easy to see
that the object σ≤(n−1)P is also a direct summand of the finitely generated DG
module σ≤(n−1)R. Let us consider a diagram
(3.3)

F1(σ≤(n−1)P )[−1] −−−−→ F1(σ≥nP ) −−−−→ F1(P ) −−−−→ F1(σ≤(n−1)P )

θ≥n

⏐⏐��

F2(σ≤(n−1)P )[−1] −−−−→ F2(σ≥nP ) −−−−→ F2(P ) −−−−→ F2(σ≤(n−1)P ),

where θ≥n was constructed in Step 2. Since n � 0 and σ≤(n−1)R,Q ∈ SFfg(A) we
obtain that

Hom(Fj(σ≤(n−1)R)[i], Fk(Q)) = 0 for all i ≥ −1, and j, k = 1, 2

by Lemma 3.2. This implies that for their direct summands σ≤(n−1)P and P we
also have

(3.4) Hom(Fj(σ≤(n−1)P )[−1], Fk(P )) = 0 for all i ≥ −1, and j, k = 1, 2.

Therefore, there are unique morphisms

θP : F1(P )→F2(P ) and θ≤(n−1) : F1(σ≤(n−1)P ) → F2(σ≤(n−1)P )

that complete the diagram (3.3) to a morphism of triangles. Since θ≥n is an isomor-
phism, the cones C(θP ) and C(θ≤(n−1)) are isomorphic. The vanishing conditions
(3.4) imply that

Hom(F2(σ≤(n−1)P ), C(θP )) = 0 and Hom(F1(σ≤(n−1)P )[1], C(θP )) = 0.

Hence, the cone C(θ≤(n−1)) ∼= C(θP ) is trivial and θP is an isomorphism.
Finally, since for any n � 0 the isomorphism θP is unique, it does not depend

on n. More precisely, for any n � 0 and each k > n the right and the left squares
in the diagram

F1(σ≥kP ) −−−−→ F1(σ≥nP ) −−−−→ F1(P )

θ≥k

⏐⏐� ⏐⏐�θ≥n

⏐⏐�θP

F2(σ≥kP ) −−−−→ F2(σ≥nP ) −−−−→ F2(P )

are commutative. Hence the outside square is also commutative for each k ∈ Z.
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Step 5. Now we should check that the diagram (3.1)

F1(h
Y )[−k]

F1(f)−−−−→ F1(P )

θY [−k]

⏐⏐� ⏐⏐�θP

F2(h
Y )[−k]

F2(f)−−−−→ F2(P )

commutes for any Y ∈ A and every f ∈ HomH0(U)(h
Y [−k], P ).

The map f is represented by a morphism of the complexes f : hY [−k] → P. It
is decomposed as

hY [−k] → σ≥kP → P.

In the diagram

F1(h
Y )[−k] −−−−→ F1(σ≥kP ) −−−−→ F1(P )

θY [−k]

⏐⏐� ⏐⏐�θ≥k

⏐⏐�θP

F2(h
Y )[−k] −−−−→ F2(σ≥kP ) −−−−→ F2(P )

the right square commutes for any k ∈ Z by the construction of θP . Thus it is
sufficient to prove that the first square commutes too. The map hY [−k] → σ≥kP →
P is induced by a map fk : hY → P k. Consider the diagram

F1(h
Y )[−k] −−−−→ F1(σ≥kP ) −−−−→ F1(P

k)[−k]

θY [−k]

⏐⏐� ⏐⏐�θ≥k

⏐⏐�θk[−k]

F2(h
Y )[−k] −−−−→ F2(σ≥kP ) −−−−→ F2(P

k)[−k].

The right square commutes by (3.2) and the outside square commutes by Step 1.
By Corollary 3.3 the natural map

Hom(F1(h
Y )[−k], F1(σ≥kP )) −→ Hom(F1(h

Y )[−k], F1(P
k)[−k])

is injective. Using the compositions with the isomorphisms θ≥k and θk[−k] we
conclude that the natural map

Hom(F1(h
Y )[−k], F2(σ≥kP )) −→ Hom(F1(h

Y )[−k], F2(P
k)[−k])

is also injective. Therefore the left square in the above diagram commutes too. �

4. Preliminary constructions

Let A be a small category which we consider as a DG category and L ⊂ D(A)
be a localizing subcategory with the quotient functor π : D(A) → D(A)/L.

As above we denote by Mod -A the DG category of DG A-modules. Consider
the DG subcategories SF(A) ⊂ P(A) ⊂ Mod -A of semi-free and h-projective DG
modules, respectively. The canonical DG functors SF(A) ↪→ P(A) ↪→ Mod -A/
Ac(A) are quasi-equivalences and give equivalent enhancements of the derived cat-
egory D(A) (see Example 2.5). As a consequence, the category D(A)/L has canon-
ical enhancements. Namely, if L ⊂ Mod -A is the full DG subcategory having the
same objects as L, then the natural DG functors

SF(A)/L ∩ SF(A) −→ P(A)/L ∩ P(A) −→ Mod -A/L
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are quasi-equivalences; i.e., the canonical functors

H0(SF(A)/L ∩ SF(A))
∼−→ H0(P(A)/L ∩ P(A))

∼−→ H0(Mod -A/L) ∼= D(A)/L

are equivalences.
Denote by π̃ the quotient DG functor π̃ : SF(A) → SF(A)/L ∩ SF(A). We

denote the composition of the functor H0(h•) : A→H0(Mod -A) with the localiza-
tion H0(Mod -A) → D(A) simply by h•. Note that this functor h• : A → D(A) is
full and faithful.

Consider an enhancement of the triangulated category of compact objects
(D(A)/L)c. This means that there are given a pretriangulated DG category C and

an equivalence of triangulated categories ε : (D(A)/L)c
∼→ H0(C). Denote by B ⊂ C

the full DG subcategory with the set of objects {επ(hY )}Y ∈A. As in formula (1.1)
before Proposition 1.16 there is the canonical DG functor

Ψ : C −→ Mod -B, where Ψ(X)(B) = HomC(Y,X) for B ∈ B, X ∈ C.
In composition with the DG functor Mod -B → Mod -B/Ac(B) it induces (as in
Remark 1.1) a quasi-functor

ψ : C −→ SF(B), H0(ψ) : H0(C) −→ H0(SF(B)) ∼= D(B).
Since the objects {π(hY )}Y ∈A are compact in D(A)/L we have the following com-
position:

A πh•
−→ (D(A)/L)c

ε−→ H0(C) H0(ψ)−→ D(B).
By construction it factors through the canonical embedding H0(B) ↪→ D(B) and
we denote by a the corresponding functor a : A → H0(B).

Denote by τ≤0B the DG subcategory with the same objects as B and morphisms

Homτ≤0B(M,N) = τ≤0 HomB(M,N),

where τ≤0 is the usual truncation of complexes as in (2.1).
We have the obvious diagram of DG categories and DG functors

A a−→ H0(B) p←− τ≤0B i−→ B,
where the functor p : τ≤0B → H0(B) is a quasi-equivalence by condition b) in
the assumptions of Theorem 2.7. They induce DG functors between semi-free DG
modules, and we obtain a commutative diagram

A a−−−−→ H0(B) p←−−−− τ≤0B i−−−−→ B

h

⏐⏐� h

⏐⏐� ⏐⏐�h

⏐⏐�h

SF(A)
a∗

−−−−→ SF(H0(B)) p∗

←−−−− SF(τ≤0B) i∗−−−−→ SF(B).
Passing to homotopy categories we get the following commutative diagram:
(4.1)

A a−−−−→ H0(B) H0(B) H0(B)

h

⏐⏐� h

⏐⏐� ⏐⏐�h

⏐⏐�h

H0(SF(A))
H0(a∗)−−−−−→ H0(SF(H0(B))) H0(p∗)←−−−−− H0(SF(τ≤0B))

H0(i∗)−−−−→ H0(SF(B))∥∥∥ ∥∥∥ ∥∥∥ ∥∥∥
D(A))

La∗
−−−−→ D(H0(B)) Lp∗

←−−−− D(τ≤0B) Li∗−−−−→ D(B).
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The DG functor p and, hence, the DG functor p∗ are quasi-equivalences. This gives
us a quasi-functor p∗ : SF(H0(B)) → SF(τ≤0B). This also implies that the functor
H0(p∗) ∼= Lp∗ is an equivalence and the right adjoint functor p∗ : D(H0(B)) →
D(τ≤0B) is its quasi-inverse.

We denote by ρ̃ the quasi-functor that is the composition

(4.2) ρ̃ : SF(A)
a∗
−→ SF(H0(B)) p∗−→ SF(τ≤0B) i∗−→ SF(B)

and denote by F1 the induced functor

(4.3) F1 = H0(ρ̃) : D(A)
La∗
−→ D(H0(B)) p∗−→ D(τ≤0B) Li∗−→ D(B).

The functor F1 evidently preserves direct sums.

5. Proof of Theorem 2.7

Let D be a pretriangulated DG category and ε̃ : D(A)/L
∼→ H0(D) be an

equivalence of triangulated categories. Denote by C ⊂ D the full DG subcat-
egory of compact objects in H0(D). The equivalence ε̃ induces an equivalence

ε : (D(A)/L)c
∼→ H0(C). Thus we can apply the construction from the previous

section.
As above denote by B ⊂ C ⊂ D the full DG subcategory with the set of objects

{ε̃π(hY )}Y ∈A. By construction in the previous section, formulas (4.2) and (4.3) give
a quasi-functor

ρ̃ : SF(A) −→ SF(B)
and the corresponding functor F1 = H0(ρ̃) : D(A) → D(B).

Notice that, by assumption, the objects {ε̃π(hY )}Y ∈A are compact and by Re-
mark 1.20 they compactly generate the category H0(D). Therefore, by Proposition
1.17 the canonical DG functor Φ : D → Mod -B, which is defined by formula (1.1)
Φ(X)(B) = HomD(B,X) for B ∈ B, X ∈ D, induces a quasi-functor

φ : D → SF(B) such that H0(φ) : H0(D)
∼−→ H0(SF(B)) ∼= D(B)

is an equivalence. Therefore, SF(B) is another enhancement of D(A)/L which is
equivalent to D. Thus it is sufficient to prove that SF(B) is quasi-equivalent to
SF(A)/L ∩ SF(A).

Denote by F2 the composition of H0(φ) with the equivalence ε̃ and the localiza-
tion π,

F2 : D(A)
π−→ D(A)/L

ε̃−→ H0(D)
H0(φ)−→ D(B).

Thus we have two functors F1 and F2 from D(A) to D(B) and both of them
enjoy properties 1), 2), 3) of (∗). By construction of F2 and a, the composition of

h• : A → D(A) and F2 coincides with A a→ H0(B) → D(B). The commutativity of
diagram (4.1) immediately proves the following lemma.

Lemma 5.1. There exists an isomorphism θ : F1 ·h• ∼→ F2 ·h• of functors from A
to D(B).

Now we are ready to prove the following lemma.

Lemma 5.2. The quasi-functor ρ̃ : SF(A) → SF(B) factors through the DG
quotient SF(A)/L ∩ SF(A).
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Proof. By the Drinfeld Theorem 1.3 it is sufficient to show that the corresponding
functor F1 : D(A) → D(B) factors through the quotient D(A)/L.

Let P ∈ SF(A) be a semi-free DG module that belongs to L. Consider it as
the object of D(A). We have to show that F1(P ) ∼= 0. Since {F1(h

Y )}Y ∈A is a set
of compact generators of D(B) it is enough to check that for any Y ∈ A and any
k ∈ Z,

Hom(F1(h
Y )[k], F1(P )) = 0.

Let us consider a stupid truncation σ≥(m+1)P → P → σ≤mP, for some m > k.
By Corollary 3.3, we have an isomorphism

Hom(F1(h
Y )[k], F1(P )) ∼= Hom(F1(h

Y )[k], F1(σ≤mP )).

On the other hand, σ≤mP belongs to SF−(A) and by Proposition 3.4 there is an
isomorphism F1(σ≤mP ) ∼= F2(σ≤mP ). Now applying Corollary 3.3 to the functor
F2 we obtain isomorphisms

Hom(F1(h
Y )[k], F1(P )) ∼= Hom(F1(h

Y )[k], F1(σ≤mP ))

∼= Hom(F2(h
Y )[k], F2(σ≤mP ))

∼= Hom(F2(h
Y )[k], F2(P )) = 0,

where the last equality holds because F2(P ) = H0(φ) · ε̃ · π(P ) = 0.
Thus, by Theorem 1.3 there exists a quasi-functor

ρ : SF(A)/L ∩ SF(A) −→ SF(B)
and an isomorphism of functors F1 = H0(ρ̃) ∼= H0(ρ) · π. �

Now the following lemma finishes the proof of the theorem.

Lemma 5.3. The functor H0(ρ) : D(A)/L −→ D(B) is an equivalence.

Proof. Let us prove that the functor H0(ρ) is fully faithful.
The set {π(hY )}Y ∈A is a set of compact generators for the category D(A)/L,

and the functorH0(ρ) preserves direct sums, since π and H0(ρ̃) do. Thus, it suffices
to prove that the map

H0(ρ) : Hom(π(hY )[k], π(hZ)) −→ Hom(H0(ρ)π(hY )[k], H0(ρ)π(hZ))

is an isomorphism for every Y, Z ∈ A and any k ∈ Z.
Let us fix Y, Z and k as above. Recall that the localization functor π has a right

adjoint functor μ : D(A)/L → D(A) which is full and faithful, so that the natural
morphism of functors idD(A)/L → πμ is an isomorphism. Let P ∼= μπ(hZ) ∈ D(A)

be a semi-free DG A-module. We have π(hZ) ∼= π(P ) and the map

π : HomD(A)(h
Y [k], P ) −→ HomD(A)/L(π(h

Y )[k], π(P ))

is an isomorphism.
Consider the stupid truncation σ≤mP for some m > k. We have a commutative

diagram

HomD(A)(h
Y [k], P )

∼−−−−→ HomD(A)/L(π(h
Y )[k], π(P ))⏐⏐��

⏐⏐��

HomD(A)(h
Y [k], σ≤mP )

π−−−−→ HomD(A)/L(π(h
Y )[k], π(σ≤mP )),
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where the right vertical arrow is an isomorphism by Corollary 3.3. Hence, the lower
horizontal arrow is an isomorphism too.

On the other hand, by Lemma 5.1 and Proposition 3.4 there exist isomorphisms
θY : F1(h

Y )
∼→ F2(h

Y ) and θ≤m : F1(σ≤mP )
∼→ F2(σ≤mP ) such that the diagram

HomD(A)(h
Y [k], σ≤mP ) HomD(A)(h

Y [k], σ≤mP )

F1

⏐⏐� ⏐⏐�F2

HomD(B)(F1(h
Y )[k], F1(σ≤mP ))

θ≤m·θ−1
Y−−−−−−→ HomD(B)(F2(h

Y )[k], F2(σ≤mP ))

commutes. Since F1
∼= H0(ρ) · π and F2 = H0(φ) · ε̃ · π we obtain the following

commutative diagram:

HomD(A)(h
Y [k], σ≤mP ) HomD(A)(h

Y [k], σ≤mP )

π

⏐⏐�� π

⏐⏐��

HomD(A)/L(π(h
Y )[k], π(σ≤mP )) HomD(A)/L(π(h

Y )[k], π(σ≤mP ))

H0(ρ)

⏐⏐� H0(φ)·ε̃
⏐⏐��

HomD(B)(H
0(ρ)π(hY )[k],H0(ρ)π(σ≤mP ))

θ≤m·θ−1
Y−−−−−−→ HomD(B)(F2(h

Y )[k], F2(σ≤mP )).

In this diagram all arrows, except possibly H0(ρ), are isomorphisms. Hence H0(ρ)
is an isomorphism as well. Finally we obtain that in the commutative diagram

HomD(A)/L(π(h
Y )[k], π(P ))

∼−−→ HomD(A)/L(π(h
Y )[k], π(σ≤mP ))

H0(ρ)

⏐⏐� H0(ρ)

⏐⏐��

HomD(B)(H
0(ρ)π(hY )[k],H0(ρ)π(P ))

∼−−→ HomD(B)(H
0(ρ)π(hY )[k],H0(ρ)π(σ≤mP ))

the horizontal arrows are isomorphisms by Corollary 3.3 and the right arrow is also
an isomorphism as proved above. Thus we get that the canonical map

H0(ρ) : Hom(π(hY )[k], π(hZ)) −→ Hom(H0(ρ)π(hY )[k], H0(ρ)π(hZ))

is an isomorphism.
Thus we proved that H0(ρ) is fully faithful. Since the image of H0(ρ) contains

the set of compact generators B ⊂ D(B) and is closed under taking arbitrary direct
sums, the functor H0(ρ) is essentially surjective. Therefore, it is an equivalence.
This proves the lemma and the theorem. �

Theorem 5.4. Let A be a small category which we consider as a DG category and
L ⊂ D(A) be a localizing subcategory with the quotient functor π : D(A) → D(A)/L
that has a right adjoint (Bousfield localization) μ. Assume that the following con-
ditions hold:

a) for every Y ∈ A the object π(hY ) ∈ D(A)/L is compact;
b) for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Let E be a DG category and let F : D(A)/L → H0(E) be a fully faithful functor.
Then there is a quasi-functor F : SF(A)/L ∩ SF(A) → E such that

(1) the functor H0(F) : D(A)/L → H0(E) is also fully faithful;
(2) H0(F)(X) ∼= F (X) for any X ∈ D(A)/L.
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Proof. (1) Let D ⊂ E be a full DG subcategory that consists of all objects in the
essential image of F. Then the DG category D is another enhancement for D(A)/L

and the functor F induces an equivalence ε̃ : (D(A)/L)
∼→ H0(D) between the

triangulated categories.
As in the proof of Theorem 2.7 we denote by B ⊂ D the full DG subcategory

with the set of objects {ε̃π(hY )}Y ∈A. By Proposition 1.17, a DG functor Φ : D →
Mod -B induces a quasi-functor φ : D → SF(B) such that H0(φ) : H0(D)

∼−→
D(B) is an equivalence.

By construction in Section 4 (formula (4.2)) we have a quasi-functor

ρ̃ : SF(A) −→ SF(B)

and by Lemma 5.2 the quasi-functor ρ̃ factors through the DG quotient SF(A)/L∩
SF(A). Hence it induces a quasi-functor ρ : SF(A)/L ∩ SF(A) → SF(B). In
Lemma 5.3 we proved that our quasi-functor ρ is a quasi-equivalence. We denote
by F the composition of quasi-functors ρ, φ−1 and the full embedding of D to E . It
is evident that H0(F) is fully faithful by construction.

(2) Lemma 5.1 implies that there is an isomorphism of functors θ : H0(F)·π·h• ∼→
F · π · h• from A to H0(E). By Proposition 3.4 applied to U = SF−(A) there is an
isomorphism H0(F)π(P ) ∼= Fπ(P ) for any P ∈ SF−(A).

Denote as above the functor H0(ρ)π and H0(φ)ε̃π from SF(A) to SF(B) by F1

and F2, respectively. Now let P ∈ SF(A) be any semi-free DG module. Consider
its truncations σ≤mP ∈ SF−(A). The object P is isomorphic to a homotopy limit
of the truncations σ≤mP in D(A); i.e., there is an exact triangle

P −−−−→
∏
m
σ≤mP −−−−→

∏
m
σ≤mP.

We have a natural map κP : Fi(P ) → holim←−−−Fi(σ≤mP ). By Lemma 3.2 for any

Y ∈ A and j ∈ Z we have Hom(Fi(h
Y ), Fi(σ≥mP )[j]) = 0 when m > j. Therefore,

the map

Hom(Fi(h
Y ), Fi(P )[j])

∼−→ Hom(Fi(h
Y ), holim←−−−Fi(σ≤mP )[j])

is an isomorphism for any Y and j. Since Fi(h
Y ) forms a set of compact generators

of SF(B) the map κP is an isomorphism.
Now we construct an isomorphism ϑP : F1(P ) → F2(P ). By Proposition 3.4

there are isomorphisms θm : F1(P
m)

∼→ F2(P
m) for all m and θ≤0 : F1(σ≤0P )

∼→
F2(σ≤0P ) making the following square commutative:

F1(P
0) −−−−→ F1(σ≤0P )

θ0

⏐⏐� ⏐⏐�θ≤0

F2(P
0) −−−−→ F2(σ≤0P ).

For every m ≥ 0 we will construct an isomorphism ϑ≤m : F1(σ≤mP )
∼→

F2(σ≤mP ) such that the diagram

F1(P
m)[−m] −−−−→ F1(σ≤mP ) −−−−→ F1(σ≤m−1P )

θm[−m]

⏐⏐� ϑ≤m

⏐⏐� ⏐⏐�ϑ≤m−1

F2(P
m)[−m] −−−−→ F2(σ≤mP ) −−−−→ F2(σ≤m−1P )
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commutes for m > 0. The proof uses the (ascending) induction on m with the base

of induction for m = 0. Assume that the map ϑ≤m : F1(σ≤mP )
∼→ F2(σ≤mP ) exists

for some m ≥ 0. We claim that in the natural diagram

F1(P
m)[−m] −−−−→ F1(σ≤mP ) −−−−→ F1(P

m+1)[−m]

θm[−m]

⏐⏐� ϑ≤m

⏐⏐� ⏐⏐�θm+1[−m]

F2(P
m)[−m] −−−−→ F2(σ≤mP ) −−−−→ F2(P

m+1)[−m]

the right square commutes. Indeed, the outside square commutes by Proposition
3.4 and the left one commutes by the induction assumption. Further, we have that
the map

Hom(F1(σ≤mP ), F1(P
m+1)[−m]) → Hom(F1(P

m)[−m], F1(P
m+1)[−m])

is injective, because

Hom(F1(σ≤m−1P ), F1(P
m+1)[−m]) = Hom(hocolim−−−−−→ kF1(P

[k,m−1])[m], F1(P
m))

= 0

by property 3) of (∗). Using the compositions with θm+1 we conclude that the
natural map

Hom(F1(σ≤mP ), F2(P
m+1)[−m]) → Hom(F1(P

m)[−m], F2(P
m+1)[−m])

is also injective. Therefore, the right square in the above diagram commutes too.
Hence we can find ϑ≤m+1 so that the diagram

F1(P
m+1)[−m− 1] −−→ F1(σ≤m+1P ) −−→ F1(σ≤mP ) −−→ F1(P

m+1)[−m]

θm+1[−m−1]

⏐⏐� ϑ≤m+1

⏐⏐� ⏐⏐�ϑ≤m

⏐⏐�θm+1[−m]

F2(P
m+1)[−m− 1] −−→ F2(σ≤m+1P ) −−→ F2(σ≤mP ) −−→ F2(P

m+1)[−m]

commutes. This provides the induction step. Since Fi(P ) ∼= holim←−−−Fi(σ≤mP ), there

exists an isomorphism ϑP : F1(P )
∼→ F2(P ) that gives an isomorphism of triangles

F1(P ) −−−−→
∏
m
F1(σ≤mP ) −−−−→

∏
m
F1(σ≤mP )

ϑP

⏐⏐� ∏
ϑ≤m

⏐⏐� ⏐⏐�∏
ϑ≤m

F2(P ) −−−−→
∏
m
F2(σ≤mP ) −−−−→

∏
m
F2(σ≤mP ).

Thus, H0(F)π(P ) ∼= Fπ(P ) for any P ∈ SF(A). �

6. Proof of Theorem 2.8

As in Section 4, let C be a pretriangulated DG category and ε : (D(A)/L)c
∼→

H0(C) be an equivalence of triangulated categories. Denote by B ⊂ C the full DG
subcategory with the set of objects {επ(hY )}Y ∈A. As in formula (1.1) there is the
canonical DG functor Ψ : C → Mod -B which induces a quasi-functor ψ : C →
SF(B) and the functor

H0(ψ) : H0(C) −→ H0(SF(B)) ∼= D(B).
Objects {επ(hY )}Y ∈A classically generate the category (D(A)/L)c by Theorem
1.21. Hence by Proposition 1.16 the functor H0(ψ) induces an equivalence between
H0(C) and Perf(B) = D(B)c.
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Consider the DG category of perfect DG modules Perf(B), which by definition is
the full DG subcategory of SF(B) consisting of all DG modules which are homotopy
equivalent to a direct summand of a finitely generated semi-free DG module. The
quasi-functor ψ induces a quasi-functor χ : C → Perf(B) that is quasi-equivalence;
i.e., the induced functor

H0(χ) : H0(C) ∼−→ D(B)c = Perf(B)
is an equivalence. Thus the DG category Perf(B) is another enhancement of
(D(A)/L)c which is equivalent to C via the quasi-functor χ. Therefore it is sufficient
to prove that Perf(B) is quasi-equivalent to a natural enhancement coming from
the DG quotient. More precisely, we can consider a full DG subcategory V ⊂
SF(A)/L ∩ SF(A) which consists of all objects that belong to the subcategory
of compact objects (D(A)/L)c. Thus we have to show that the DG category V is
quasi-equivalent to Perf(B).

By construction in Section 4, formulas (4.2) and (4.3) give a quasi-functor

ρ̃ : SF(A) −→ SF(B)
and the induced functor F1 = H0(ρ̃) : D(A) → D(B). The restriction of F1 to the
subcategory of compact objects D(A)c induces a functor

G1 : Perf(A) = D(A)c−→D(B)c = Perf(B).
Denote by G2 the composition of H0(χ) with the equivalence ε and the localiza-

tion π:

G2 : Perf(A) = D(A)c
π−→ (D(A)/L)c

ε−→ H0(C) H0(χ)−→ D(B)c = Perf(B).
Thus we have two functors G1 and G2 from D(A)c to D(B)c and both of them

enjoy the properties 1), 2), 3) of (∗). By construction of G2 and a, the composition of

h• : A → D(A)c and G2 coincides with A a→ H0(B) → D(B)c. The commutativity
of diagram (4.1) immediately proves the following lemma.

Lemma 6.1. There exists an isomorphism θ : G1 · h• ∼→ G2 · h• of functors from
A to D(B)c.

As in the proof of Theorem 2.7, first, we show that the following lemma holds.

Lemma 6.2. The quasi-functor ρ̃ : SF(A) → SF(B) factors through the DG
quotient SF(A)/L ∩ SF(A).

Proof. By the Drinfeld Theorem 1.3 it is sufficient to show that the induced functor
F1 : D(A) → D(B) factors through the quotient D(A)/L. Let P ∈ Perf(A) be a
perfect DG module that belongs to L. By Lemma 6.1 and Proposition 3.4 we have

G1(P ) ∼= G2(P ) = H0(χ) · ε · π(P ) = 0.

By assumption, the subcategory L is generated by objects compact in D(A). Since
F1 commutes with direct sums we get that F1(P ) = 0 for any P ∈ SF(A) ∩ L.
Hence, the functor F1 : D(A) → D(B) factors through the quotient D(A)/L, and,
by Theorem 1.3, there is a quasi-functor

ρ : SF(A)/L ∩ SF(A) −→ SF(B)
with an isomorphism of functors F1 = H0(ρ̃) ∼= H0(ρ) · π. �

Next we would like to prove the following lemma.
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Lemma 6.3. The functor H0(ρ) : D(A)/L −→ D(B) is an equivalence.

Proof. We already know that H0(ρ) is essentially surjective, because the image of
H0(ρ) contains the set of compact generators B ⊂ D(B) and is closed under taking
arbitrary direct sums. Now we show that it is full and faithful.

As usual, since the set {π(hY )}Y ∈A is a set of compact generators for D(A)/L,
and the functor H0(ρ) preserves direct sums, it suffices to prove that for any Y, Z ∈
A, and any k ∈ Z the map

H0(ρ) : Hom(π(hY )[k], π(hZ)) −→ Hom(H0(ρ)π(hY )[k], H0(ρ)π(hZ))

∼= Hom(G1(h
Y )[k], G1(h

Z))

is an isomorphism.
By Theorem 1.21, since L is generated by compact objects, the natural functor

D(A)c/Lc → (D(A)/L)c is fully faithful. Hence, by definition of localization, any
morphism f : π(hY )[k] → π(hZ) is represented by a pair (g, s) in D(A)c of the form

hY [k]
g−→ P

s←− hZ ,

where P is a perfect DG module and a cone of s belongs to Lc; i.e., π(s) is an
isomorphism and f = π(s)−1π(g).

Full. Consider a morphism f1 ∈ Hom(G1(h
Y )[k], G1(h

Z)). The isomorphism

θ : G1 · h• ∼→ G2 · h• induces a morphism f2 = θZ · f1 · θY [k]−1 from G2(h
Y )[k] to

G2(h
Z).

The functorG2 is the compositionH0(χ)·ε·π andH0(χ)·ε : (D(A)/L)c
∼→ H0(B)

is an equivalence.
Denote by f : π(hY )[k] → π(hZ) the morphism for which H0(χ) · ε(f) = f2. By

Proposition 3.4 applied to U = Perf(A) there is an isomorphism θP : G1(P )
∼→

G2(P ) such that in the following diagram

(6.1) G1(P )

�
θP

��

G1(h
Y )[k]

G1(g)
������������

f1 ��

θY [k] �

��

G1(h
Z)

G1(s)
�����������

θZ�

��

G2(P )

G2(h
Y )[k]

G2(g)
������������

f2 �� G2(h
Z)

G2(s)
�����������

.

the three squares are commutative and the lower triangle is also commutative. Now
the following sequence of equalities,

f1 = H0(ρ)(π(s)−1) ·G1(s) · f1 = H0(ρ)(π(s)−1) ·G1(s) · θ−1
Z · f2 · θY [k]

= H0(ρ)(π(s)−1) · θ−1
P ·G2(s) · f2 · θY [k] = H0(ρ)(π(s)−1) · θ−1

P ·G2(g) · θY [k]
= H0(ρ)(π(s)−1) ·G1(g) = H0(ρ)(π(s)−1π(g)) = H0(ρ)(f),

(6.2)

show us that f1 is in the image of the functor H0(ρ).
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Faithful. Consider a morphism f : π(hY )[k] → π(hZ). As above there exist a
perfect DG A-module P ∈ Perf(A) and a pair of morphisms (g, s) in D(A)c of the
form

hY [k]
g−→ P

s←− hZ

such that the morphism π(s) is an isomorphism and f = π(s)−1π(g).
Denote by f1 and f2 the images of f under the functors H0(ρ) and H0(χ) · ε,

respectively. Consider again the diagram (6.1). Now both triangles are commuta-
tive and both back squares are commutative too. Assume that f1 = H0(ρ)(f) = 0.
Then G1(g) = 0 and, as a consequence, G2(g) = 0. Thus we get

f2 = H0(χ)ε(π(s)−1)G2(s)f2 = H0(χ)ε(π(s)−1)G2(g) = 0.

But the functor H0(χ)ε is an equivalence. We conclude that f = 0. This proves
faithfulness. �

Thus, our quasi-functor ρ : SF(A)/L∩SF(A) −→ SF(B) is a quasi-equivalence
and it induces a quasi-functor between subcategories of compact objects ρc : V →
Perf(B), where V ⊂ SF(A)/L∩SF(A) is the full DG subcategory which consists of
all compact objects (D(A)/L)c, and ρc is a quasi-equivalence as well. This finishes
the proof of Theorem 2.8.

More precisely we have proved the following theorem.

Theorem 6.4. Let A be a small category which we consider as a DG category
and L ⊂ D(A) be a localizing subcategory that is generated by compact objects
Lc = L ∩ D(A)c. Assume that for the quotient functor π : D(A) → D(A)/L the
following condition holds:

for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Let V ⊂ SF(A)/L ∩ SF(A) be the full DG subcategory which consists of all
compact objects (D(A)/L)c. Let E be another pretriangulated DG category and
N : (D(A)/L)c → H0(E) be a fully faithful functor. Then there is a quasi-functor
N : V → E such that

(1) the functor H0(N ) : (D(A)/L)c → H0(E) is also fully faithful;

(2) there is an isomorphism of functors θ : H0(N ) · π · h• ∼→ N · π · h• from A
to H0(E);

(3) H0(N )(X) ∼= N(X) for any X ∈ (D(A)/L)c.

Proof. Let C ⊆ E be a full DG subcategory that consists of all objects in the essential
image ofN. Then the DG category C is another enhancement for (D(A)/L)c and the

functor N induces an equivalence ε : (D(A)/L)c
∼→ H0(C) between the triangulated

categories.
As in the proof of Theorem 2.8 we denote by B ⊂ C the full DG subcategory with

the set of objects {επ(hY )}Y ∈A. By Proposition 1.16, a DG functor Ψ : C → Mod -B
induces a quasi-functor χ : C → Perf(B) such that

H0(χ) : H0(C) ∼−→ D(B)c = Perf(B)
is an equivalence. By construction in Section 4 (formula (4.2)) we have a quasi-
functor

ρ̃ : SF(A) −→ SF(B)
and by Lemma 6.2 the quasi-functor ρ̃ factors through the DG quotient SF(A)/L∩
SF(A). Hence it induces a quasi-functor ρ : SF(A)/L ∩ SF(A) → SF(B). In
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Lemma 6.3 we proved that our quasi-functor ρ is a quasi-equivalence and, therefore,
it induces a quasi-equivalence between DG subcategories of compact objects ρc :
V → Perf(B). Now we denote by N the composition of quasi-functors ρc, χ−1 and
the full embedding of C to E .

(1) It is evident that H0(N ) is fully faithful by construction.
(2) Lemma 6.1 implies immediately that there is an isomorphisms of functors

θ : H0(N ) · π · h• ∼→ N · π · h• from A to H0(E).
(3) By Proposition 3.4 applied to U = Perf(A), there is an isomorphism

H0(N )π(P ) ∼= Nπ(P ) for any P ∈ D(A)c. By Theorem 1.21 (4) any object
X ∈ (D(A)/L)c is a direct summand of an object π(P ), where P ∈ SFfg(A).
Since for any Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0, when i < 0, we can
deduce that Hom(π(P ), π(P )[k]) = 0 for sufficiently negative k � 0. Therefore,
we do not have any homomorphisms from H0(N )π(P ) to Nπ(P )[k] and from
Nπ(P ) to H0(N )π(P )[k] for k � 0, because these functors are fully faithful and
H0(N )π(P ) ∼= Nπ(P ). This implies that for X as a direct summand of π(P ) we
also have
(6.3)
Hom(H0(N )(X), N(X)[k]) = 0, Hom(N(X), H0(N )(X)[k]) = 0 for k � 0.

Consider an object X ⊕ X[2m + 1] for sufficiently large m � 0. Its class in the
Grothendieck group K0((D(A)/L)c) is equal to 0. By Lemma 2.2 of [Th] it belongs
to any full subcategory whose idempotent completion is (D(A)/L)c. Hence, X ⊕
X[2m + 1] ∼= π(Q) for some Q ∈ Perf(A) = D(A)c. We know that there is an

isomorphism H0(N )π(Q)
∼→ Nπ(Q). The vanishing conditions (6.3) imply that

such an isomorphism induces an isomorphism H0(N )(X)
∼→ N(X). �

7. Applications to commutative and noncommutative geometry

Let A be a small category. As above we can consider A as a DG category and let
Mod -A be the DG category of DG A-modules. We also can consider the abelian
category of right A-modules which we denote by Mod -A. The DG category of
all complexes Cdg(Mod -A) is exactly the DG category Mod -A and the derived
categoryD(Mod -A) of the abelian category Mod -A is exactly the derived category
D(A) introduced above.

Let S ⊂ Mod -A be a Serre (or dense) subcategory. By definition, this means
that for any exact sequence

0 −→ M ′ −→ M −→ M ′′ −→ 0,

M is in S if and only if both M ′ and M ′′ are in S.

Definition 7.1. In this case we can define a quotient category QModS(A) :=
Mod -A/S as a category with the same objects as Mod -A and

HomQModS(A)(M,N) := colim−−−→ HomMod -A(M
′, N/N ′),

where M ′ and N ′ are submodules of M and N such that M/M ′ and N ′ are in S.

We will assume that the subcategory S is localizing ; i.e., it is a Serre category
that is closed under direct sums in Mod -A. (Hence it is closed under direct limits
as well.) Denote by Π the canonical quotient functor from Mod -A to QModS(A).
It is exact, preserves direct sums and, since Mod -A is an AB5-category with a set
of generators and with enough injective objects, the quotient category QModS(A)
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also has these properties. Moreover, in this case, the quotient functor Π has a right
adjoint functor Ω which is called a section functor. The functor Ω is left exact and
it is full and faithful; i.e., the natural morphism ΠΩ → idQMod is an isomorphism.
All these facts are the standard theory of localization for abelian categories and
can be found in [Ga, Po].

The functor Π is exact and it induces the functor between the derived categories
which we also denote by

Π : D(A) = D(Mod -A) → D(QModS(A)).

Since Π respects direct sums, by Theorem 4.1 in [N2], it has a right adjoint functor

RΩ : D(QModS(A)) → D(Mod -A) = D(A).

We are interested only in the case when Π(hY ) are compact in D(QModS(A))
for all Y ∈ A. This property is equivalent to the condition that RΩ preserves direct
sums. Indeed, in the following commutative diagram,⊕

i

Hom(Π(hY ), Xi)
∼−−−−→

⊕
i

Hom(hY ,RΩ(Xi))

can

⏐⏐� can

⏐⏐�
Hom(Π(hY ),

⊕
i

Xi)
∼−−−−→ Hom(hY ,RΩ(

⊕
i

Xi)),

the right arrow is an isomorphism if and only if the left arrow is an isomorphism.
Now for any injective object I ∈ QModS(A) we have ΠRΩ(I) ∼= ΠΩ(I) ∼= I.

Hence the functor RΩ is fully faithful on the subcategory of bounded below com-
plexes D+(QModS(A)). If now RΩ preserves direct sums, then it is fully faithful
on the whole derived category D(QModS(A)).

Furthermore, for any object M · ∈ D(A) we have an exact triangle of the form

N · −→ M · −→ RΩΠ(M ·)

and Π(N ·) ∼= 0. This implies that cohomologies of N · belong to S. Denote by LS
the full triangulated subcategory of D(A) that consists of all objects, cohomologies
of which belong to S. It is a localizing triangulated subcategory, because it is closed
under taking direct sums. Since Π(N ·) = 0 when N · ∈ LS , the quotient functor
Π : D(A) → D(QModS(A)) factors through the projection π : D(A) → D(A)/LS .
Moreover, it is evident now that the functor RΩ in composition with π establishes
an equivalence between D(QMod(A)) and D(A)/LS , because both these categories
are equivalent to the right orthogonal L⊥

S in D(A). Thus we obtain

Lemma 7.2. Let A be a small category and S ⊂ Mod -A be a localizing subcategory.
Let Π : Mod -A → QModS(A) be the canonical functor to the quotient category
and let LS ⊂ D(Mod -A) be the full triangulated subcategory of D(A) that consists
of all objects, cohomologies of which belong to S. Assume that the objects Π(hY )
are compact in D(QModS(A)) for all Y ∈ A. Then the functor Π induces an
equivalence of triangulated categories

Π ′ : D(Mod -A)/LS
∼−→ D(QModS(A)).

Now Theorem 2.7 together with this lemma implies the following proposition.

Proposition 7.3. Let A be a small category and S ⊂ Mod -A be a localizing sub-
category. Then the derived category of the quotient abelian category D(QModS(A))
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has a unique enhancement if the objects Π(hY ) ∈ D(QModS(A)) are compact for
all Y ∈ A.

As we mentioned above the quotient category QModS(A) is a Grothendieck
category; i.e., it is an abelian AB5-category with a set of generators. A well-known
theorem of Gabriel and Popescu (see, for example, [Po]) states essentially that any
Grothendieck category C is equivalent to a quotient category of the category Mod -Λ
of right modules over the endomorphism ring Λ of a generator U ∈ C. There are
also Gabriel-Popescu type theorems for a set of generators.

Theorem 7.4 ([Me, IENT]). Let C be a Grothendieck category. Assume that A
is a full subcategory of C such that ObA forms a set of generators of C. Then
there exist a localizing subcategory N ⊂ Mod -A and an equivalence of categories
C ∼→ QModN (A).

Combining this theorem with Proposition 7.3 we obtain

Theorem 7.5. Let C be a Grothendieck category. Assume that it has a set of small
generators which are compact objects in the derived category D(C). Then the derived
category D(C) has a unique enhancement.

Now we can apply this result to the category of quasi-coherent sheaves on a
quasi-compact and separated scheme. We say that a quasi-compact and separated
scheme X has enough locally free sheaves if for any finitely presented sheaf F there
is an epimorphism E � F with a locally free sheaf E of finite type. In this case, the
set of all locally free sheaves of finite rank forms a set of generators of the abelian
category of quasi-coherent sheaves QcohX. This follows from a fact that in this
case every sheaf in QcohX is a filtering colimit of finitely presented OX -modules
(see [EGA1], 6.9.12). Moreover, any locally free sheaf of finite rank is a compact
object in D(QcohX), because the functor of global sections commutes with direct
sums for a quasi-compact and separated scheme (see [N2], Lemma 1.4, Ex.1.10).
It is also necesssary to mention that for a quasi-compact and separated scheme X
the category D(QcohX) is equivalent to the category D(X)Qcoh of complexes of
OX -modules with quasi-coherent cohomology ([BN], Cor.5.5). Thus, Theorem 7.5
implies the following corollary immediately.

Corollary 7.6. Let X be a quasi-compact and separated scheme that has enough
locally free sheaves. Then the derived category of quasi-coherent sheaves D(QcohX)
has a unique enhancement.

Remark 7.7. The statement is also true for a quasi-compact and semi-separated
scheme in the definition of [TT], B.7, because the proofs of Corollary 5.5 in [BN]
and Lemma 1.4 in [N2] can be applied for a semi-separated scheme directly.

For a quasi-projective schemes by Serre’s theorem we have a precise description
of the category of quasi-coherent sheaves as a quotient category. Let X be a quasi-
projective scheme. Then it is an open subscheme of a projective scheme X ⊂ P

n.
Denote by A the following Z-graded algebra:

A =
⊕
n

H0(X,OX(n)).

We can consider the abelian category of all graded A-modules Gr(A). This category
has a Serre subcategory of torsions modules Tors(A). Recall that a module M is
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called torsion if for any element x ∈ M one has xA≥p = 0 for some p. Denote by
QGr(A) the quotient category Gr(A)/Tors(A).

With the graded algebra A one can associate a Z-category A, objects of which
are Z and morphisms HomA(i, j) = Aj−i so that the composition in A comes from
the multiplication in A. It is clear that the categories Gr(A), Tors(A), and QGr(A)
are equivalent to Mod -A, Tors(A), and QMod(A), respectively.

The well-known Serre theorem gives us an equivalence between the category
of quasi-coherent sheaves QcohX on X and the quotient category QGr(A) =
QMod(A) (see [Se, EGA2]). On the other hand, the category of quasi-coherent
sheaves QcohX on X is equivalent to the quotient of the category QcohX by
the subcategory of quasi-coherent sheaves with support on the complement X\X
([Ga]). Therefore, the category QcohX is equivalent to the quotient of the cate-
gory Gr(A) = Mod -A by the localizing subcategory of I-torsion modules TorsI(A),
where I is a homogenous ideal such that the support of the subscheme P rojA/I ⊂
X is exactly X\X. More precisely, a graded A-module M is called I-torsion if

M ∼= ΓI(M) = colim−−−→ n HomA(A/In,M).

In addition, the free modules hY map to the corresponding line bundles O(i)|X
which are compact objects in D(QcohX).

Corollary 7.8. The derived category of quasi-coherent sheaves D(QcohX) on a
quasi-projective scheme X has a unique enhancement.

Now let us consider the subcategory of compact objects D(QcohX)c. It is well
known that the subcategory of compact objects on any quasi-compact and quasi-
separated scheme coincides with the subcategory of perfect complexes (see [N2,
BvB]).

Theorem 7.9. The triangulated category of perfect complexes Perf(X) on a quasi-
projective scheme X has a unique enhancement.

Proof. To apply Theorem 2.8 for the subcategory of compact objects Perf(X) =
D(QcohX)c we need to show that the corresponding localizing subcategory
DI(Gr(A)) of all complexes, cohomologies of which are I-torsion modules, is com-
pactly generated.

The functor ΓI : Gr(A) → TorsI(A) has a right-derived functor RΓI : D(Gr(A))
→ D(TorsI(A)) via h-injective resolutions, i.e., complexes of modules I such that
Hom(N , I) = 0 in the homotopy category of graded A-modules for any acyclic
complex N (see [Sp] Th.C, or [KS] Ch.14 for details).

It is known that the canonical functor i : D(TorsI(A)) → D(Gr(A)) is fully faith-
ful and realizes an equivalence ofD(TorsI(A)) with the full subcategoryDI(Gr(A)).
(This is proved for Noetherian rings, for example, in [Li], Cor 3.2.1.) To prove
this fact it is sufficient to show that for any C · ∈ DI(Gr(A)) the natural map
iRΓI(C

·) → C · is an isomorphism. Since the functor RΓI is bounded for Noe-
therian schemes ([Li], Cor. 3.1.4), by the usual “way out” argument ([Ha], §7) it
is sufficient to check the isomorphism iRΓI(M) → M only for I-torsion modules
M ∈ TorsI(A). But for the I-torsion module M we have RΓIM ∼= ΓIM, because
RΓIM ∼= M⊗K(t1)⊗· · ·⊗K(tm), where (t1, . . . , tm) is a sequence in A, generating
the ideal I and K(ti) := {A → Ati} (Prop. 3.1.2 in [Li]). Now the corollary follows
from the lemma
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Lemma 7.10. The subcategory DI(Gr(A)) ⊂ D(Gr(A)) is compactly generated.

Proof. By definition it is sufficient to show that for any C · ∈ DI(Gr(A)) there is a
perfect complex P · from DI(Gr(A)) and a nonzero morphism from P · to C ·.

Since there is an equivalence D(TorsI(A))
∼→ DI(Gr(A)) we can assume that

the object C · is a complex of I-torsion modules. Consider a nontrivial cohomology
of C ·. Assume for simplicity that it is the 0th cohomology H0(C ·) �= 0. Let us
consider a nontrivial map from A(k) → H0(C ·) for some k ∈ Z and lift it to a

nontrivial map f : A(k) → Z0(C ·) = Ker d0. Thus the corresponding morphism f̃ :
A(k) → Z0(C ·) → C · is nontrivial in the derived category, and the image of f is an
I-torsion module. Let us cover the kernel Ker f by a free module T =

⊕p
i=1 A(ki),

and consider the Koszul complex

K· := {0 −→ det(T (−k))(k) −→ · · · −→ (Λ2T (−k))(k) −→ T −→ A(k) −→ 0}.
The cohomologies of the Koszul complex are I-torsion modules; hence K· ∈
DI(Gr(A)). On the other hand it is perfect. Finally the map f̃ can be factor-

ized as A(k) → K· → Im f ↪→ Z0(C ·) → C ·. Since f̃ is not trivial, the morphism
K· → C · is also nontrivial. Therefore, the subcategory DI(Gr(A)) is compactly
generated. �

Thus, applying Theorem 2.8 we obtain the required statement. �

8. Bounded derived categories of coherent sheaves

Let as above A be a small category which we consider as a DG category. Let
D(A) be the derived category of DGA-modules and L be a localizing subcategory in
D(A) which is generated by objects compact in D(A). Consider again the quotient
functor π : D(A) → D(A)/L. By Neeman’s theorem 1.21 the objects π(hY ) ∈
D(A)/L are compact for all Y, Z ∈ A. As above we assume that the following
condition holds:

for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

In this section we are going to talk about bounded derived categories of coherent
sheaves. To work with these categories we introduce a notion of a triangulated
subcategory of bounded and coherent objects for a general triangulated category.

Definition 8.1. Let T be a triangulated category that admits arbitrary direct
sums. Let S ⊂ T c be a set of compact generators of the category T . We say that
an object M ∈ T is compactly approximated if

a) there is m ∈ Z such that for any Y ∈ S we have Hom(Y,M [i]) = 0 when
i < m;

b) for any k ∈ Z there is a morphism ϕk : Pk → M from a compact object
Pk ∈ T c such that for every Y ∈ S the canonical map

Hom(Y, Pk[i]) −→ Hom(Y,M [i])

is an isomorphism when i ≥ k.

We denote by T ca the full subcategory of compactly approximated objects.

Remark 8.2. This definition depends on a set of compact generators S. In our
applications this set is fixed by a construction and gives a usual bounded derived
category of coherent sheaves as we see below (see Proposition 8.9).
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Remark 8.3. By Remark 1.11 the set S classically generates the category of compact
objects T c. Hence any compact object P is a direct summand of a finite extension
of finite direct sums of objects of the form Y [i], where Y ∈ S. This implies that if
we fix a compactly approximated object M and a compact object P , then for any
m ∈ Z there is an s ∈ Z such that for any k ≤ s the morphism

Hom(P, Pk[i]) −→ Hom(P,M [i])

induced by ϕk : Pk → M is an isomorphism when i ≥ m.

This remark implies the following lemma.

Lemma 8.4. The property b) of Definition 8.1 holds if and only if M is isomorphic
to hocolim−−−−−→Pk, where P0 → P−1 → · · · is a sequence of morphisms of compact

objects such that for every Y ∈ S the canonical map Hom(Y, Pk[i])
∼→ Hom(Y, Ps[i])

is an isomorphism when i ≥ k ≥ s.

Proof. ⇐ If M ∼= hocolim−−−−−→Pk, then the morphisms ϕk : Pk → M satisfy property

b) of Definition 8.1, because Hom(Y, Pk[i]) ∼= Hom(Y,M [i]) for any i ≥ k.
⇒ By Remark 8.3 for the map ϕ0 : P0 → M we can find k1 � 0 and a map

u0 : P0 → Pk1
such that ϕk1

u0 = ϕ0. Moreover, there are isomorphisms

Hom(Y, P0[i])
∼−→ Hom(Y, Pk1

[i])
∼−→ Hom(Y,M [i])

for any i ≥ 0. Taking ϕk1
: Pk1

→ M we can find k2 � k1 and a map u1 : Pk1
→ Pk2

such that ϕk2
u1 = ϕk1

. Repeating this procedure we get a sequence of morphisms
{ui : Pki

→ Pki+1
}i∈N that satisfies the condition of the lemma. Now we can take

M ′ = hocolim−−−−−→Pki
. The maps ϕki

induce a map ϕ : M ′ → M. It is easy to see that

Hom(Y,M ′[i]) ∼= Hom(Y,M [i]) under ϕ for any i ∈ Z and any Y ∈ S ⊂ T c. Since
S is a set of compact generators the map ϕ is an isomorphism. �

Lemma 8.5. In the notation as above, the compactly approximated objects T ca

form a triangulated subcategory. In addition, if all objects Z ∈ S satisfy property
a) of Definition 8.1 (with Z = M) the subcategory T ca contains the subcategory of
compact objects T c.

Proof. It is evident that any shift M [i] of a compactly approximated object is
compactly approximated too. It is also easy to see that a cone C(f) of a map f :
M → N of two compactly approximated objects satisfies property a) of Definition
8.1.

Now we need to show that the cone C(f) satisfies property b) of this definition.
Let us fix k ∈ Z and consider a map ϕk : Pk → M from Definition 8.1. Now take a
sufficiently negative m � k and a morphism ψm : Qm → N from a compact object
Qm ∈ T c as in Definition 8.1 such that the canonical map

Hom(Pk, Qm[i]) −→ Hom(Pk, N [i])

is an isomorphism when i ≥ m. It exists by Remark 8.3. The morphism f : M → N
induces a morphism from Pk to N that can be uniquely lifted to a map f ′ : Pk →
Qm. Now morphisms ϕk and ψm induce a map χk from the compact object C(f ′)
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to the object C(f):

Pk
f ′

−−−−→ Qm −−−−→ C(f ′) −−−−→ Pk[1]

ϕk

⏐⏐� ψm

⏐⏐� ⏐⏐�χk

⏐⏐�ϕk[1]

M
f−−−−→ N −−−−→ C(f) −−−−→ M [1].

The 5-Lemma gives us isomorphisms

Hom(Y,C(f ′)[i])
∼−→ Hom(Y,C(f)[i])

for any Y ∈ S and i ≥ k. Hence, property b) of Definition 8.1 holds for the object
C(f) too.

If a compact object satisfies property a), then it is compactly approximated
because it satisfies property b) with ϕk being the identity morphism. Therefore,
all objects Y ∈ S belong to T ca. Since S classically generates the subcategory of
compact objects, the subcategory T ca contains T c, because property a) obviously
extends to direct summands. �

Let A be a small category which we consider as a DG category. Let D(A) be
the derived category of DG A-modules and L be a localizing subcategory in D(A),
generated by compact objects Lc = D(A)c ∩ L. Consider the quotient functor
π : D(A) → D(A)/L. By Theorem 1.21 the objects π(hY ) ∈ D(A)/L are compact
for all Y, Z ∈ A. We assume that the following condition holds:

for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

The main aim of this section is to show that the triangulated subcategory of
compactly approximated objects (D(A)/L)ca with respect to the set of compact
generators π(hY ), Y ∈ A also has a unique enhancement.

Let D be an enhancement of this category; i.e., D is a pretriangulated DG
category and ε̄ : (D(A)/L)ca

∼→ H0(D) is an equivalence of triangulated categories.
Denote by C ⊆ D the full DG subcategory which consists of all objects that

belong to ε̄((D(A)/L)c). (By Lemma 8.5, (D(A)/L)c ⊆ (D(A)/L)ca.) The equiv-

alence ε̄ induces an equivalence ε : (D(A)/L)c
∼→ H0(C). Thus we can apply the

construction from Section 4.
As in Section 4 denote by B ⊂ C ⊆ D the full DG subcategory with the set of

objects {επ(hY )}Y ∈A. By the construction in Section 4, formulas (4.2) and (4.3)
give a quasi-functor

ρ̃ : SF(A) −→ SF(B)
and the induced functor F1 = H0(ρ̃) : D(A) −→ D(B).

By Lemma 6.2 the quasi-functor ρ̃ : SF(A) → SF(B) can be factored through
the DG quotient SF(A)/L ∩ SF(A), and we get a quasi-functor

ρ : SF(A)/L ∩ SF(A) −→ SF(B)
such that the induced functor H0(ρ) : D(A)/L −→ D(B) is an equivalence by
Lemma 6.3.

Denote by W ⊂ SF(A)/L ∩ SF(A) the full DG subcategory which consists
of all objects that are compactly approximated in D(A)/L, i.e., that belong to
(D(A)/L)ca. Denote by W ′ ⊂ SF(B) the essential image of W under the quasi-
functor ρ. It is evident that the DG subcategory W ′ ⊂ SF(B) consists of all com-
pactly approximated objects D(B)ca (compactly approximated with respect to B).
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As a consequence, we obtain a quasi-equivalence

(8.1) ρca : W → W ′

between DG categories W and W ′ that are natural enhancements of (D(A)/L)ca

and D(B)ca, respectively.
Now we consider the canonical DG functor Φ : D → Mod -B defined by the rule

Φ(X)(B) = HomD(B,X), where B ∈ B, X ∈ D.

In composition with the DG quotient functor Mod -B → Mod -B/Ac(B) it induces
a quasi-functor

φ : D −→ SF(B).
It remains to show that φ induces a quasi-equivalence between D and W ′. By
Proposition 1.16, the functor H0(φ) realizes an equivalence between subcategories
of compact objects H0(C) ∼= (D(A)/L)c and D(B)c. Moreover, by construction, we
have isomorphisms

(8.2) HomH0(D)(B,X)
∼−→ HomD(B)(H

0(φ)B,H0(φ)X)

for any B ∈ B and X ∈ D.
Let us denote by Q the composition of functors

(8.3) Q : (D(A)/L)ca
ε̄−→ H0(D)

H0(φ)−→ D(B) H0(ρ)−1

−→ D(A)/L.

Now we prove the following lemma.

Lemma 8.6. The functor Q induces a functor Q′ : (D(A)/L)ca → (D(A)/L)ca,
which is fully faithful.

Proof. As we know, Q(π(hY )) ∼= π(hY ) for each Y ∈ A and Q gives an autoequiva-
lence of the subcategory of compact objects (D(A)/L)c. Moreover, the isomorphism
(8.2) gives an isomorphism

Hom(π(hY ), X)
∼−→ Hom(Q(π(hY )), Q(X))

for every Y ∈ A and every X ∈ (D(A)/L)ca. Since the subcategory (D(A)/L)c

is the smallest triangulated subcategory which contains π(hY ) and which is closed
under direct summands we have the same isomorphism

Hom(P,X)
∼−→ Hom(Q(P ), Q(X))

for any compact object P ∈ (D(A)/L)c. This immediately implies that any object
Q(X) is compactly approximated for each X ∈ (D(A)/L)ca. Hence, we obtain a
functor

Q′ : (D(A)/L)ca → (D(A)/L)ca.

Let us show that Q (and consequently Q′) is fully faithful. Let X and X ′ be two
objects of (D(A)/L)ca. Let m be an integer such that Hom(π(hY ), X ′[i]) = 0, for
all Y ∈ A when i < m.

Fix some k � m and consider a map ϕk : Pk → X as in Definition 8.1 from a
compact object Pk such that for every π(hY ) the canonical map

Hom(π(hY ), Pk[i]) −→ Hom(π(hY ), X[i])

is an isomorphism when i ≥ k. Denote by Ck a cone of ϕk. Consider the right adjoint
functor μ : D(A)/L → D(A) to the functor π. For any object M ∈ D(A)/L we
have

Hom(hY , μ(M)[i]) ∼= Hom(π(hY ),M [i]).
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Hence the cohomologies Hi(μ(X ′)) and Hi(μQ(X ′)) are trivial when i < m.
By the same reason the cohomologies Hj(μ(Ck)) and Hj(μQ(Ck)) are trivial

when j ≥ k. We know that the functor μ is fully faithful. Since k � m we obtain

(8.4)
Hom(Ck, X

′) = Hom(μ(Ck), μ(X
′)) = 0,

Hom(Ck[−1], X ′) = Hom(μ(Ck)[−1], μ(X ′)) = 0.

This implies that the canonical map

Hom(X,X ′) −→ Hom(Pk, X
′)

is an isomorphism. For Q(Ck) and Q(X ′) there is a similar vanishing as in (8.4)
and we get an isomorphism

Hom(Q(X), Q(X ′))
∼−→ Hom(Q(Pk), Q(X ′)).

Thus we have a commutative diagram

Hom(X,X ′)
Q−−−−→ Hom(Q(X), Q(X ′))⏐⏐��

⏐⏐��

Hom(Pk, X)
∼−−−−→ Hom(Q(Pk), Q(X ′)),

where three arrows are isomorphisms. Hence the upper arrow is also an isomor-
phism. This implies that the functor Q is fully faithful. �

Finally, we have to show that the corresponding functor Q′ is essentially surjec-
tive.

Lemma 8.7. In the notation as above the functor Q′ : (D(A)/L)ca → (D(A)/L)ca

is essentially surjective.

Proof. Let X ∈ (D(A)/L)ca be a compactly approximated object. Suppose that it
is bounded by m ∈ Z as in Definition 8.1 a) and that X is isomorphic to hocolim−−−−−→Pk,

where

P0
u0−→ P−1

u1−→ · · · −→ P−n
un−→ P−n−1 −→ · · ·

is a sequence of morphisms of compact objects such that for every Y ∈ S the
canonical map Hom(Y, Pk[i])

∼→ Hom(Y, Ps[i]) is an isomorphism when i ≥ k ≥ s
as in Lemma 8.4.

The functor Q′ induces an autoequivalence on the subcategory of compact ob-
jects. Hence there are a sequence of compact objects {u′

i : P
′
−i → P ′

−i−1}i∈N and

isomorphisms ti : P−i
∼→ Q′(P ′

−i) such that Q′(u′
i)ti = ti+1ui. Consider an object

X ′ ∼= hocolim−−−−−→P ′
k and denote by ϕ′

k : Pk → X ′ the respective morphisms. The

object X ′ is bounded by the same m ∈ Z as X. By Lemma 8.4 it is compactly
approximated. Now we have to prove that Q′(X ′) ∼= X.

Since X ∼= hocolim−−−−−→Pk
∼= hocolim−−−−−→Q′(P ′

k) we have a morphism tX : X → Q′(X ′)

which is induced by Q′(ϕ′
k). For any k � 0 and i ≥ k there is a commutative

diagram

Hom(π(hY ), Pk[i])
∼−−−−→ Hom(π(hY ), X[i])⏐⏐��

⏐⏐�
Hom(Q′π(hY ), Q′(P ′

k)[i])
∼−−−−→ Hom(Q′π(hY ), Q′(X ′)[i]).
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This implies that the right vertical arrow is an isomorphism for any i. Hence the
morphism tX : X → Q′(X ′) is an isomorphism since the objects π(hY ) form a set
of compact generators. �

Thus we obtain the following theorem.

Theorem 8.8. Let A be a small category which we consider as a DG category
and L ⊂ D(A) be a localizing subcategory, which is generated by compact objects
Lc = D(A)c ∩ L. Assume that for the quotient functor π : D(A) → D(A)/L the
following condition holds:

for every Y, Z ∈ A we have Hom(π(hY ), π(hZ)[i]) = 0 when i < 0.

Then the category of compactly approximated objects (D(A)/L)ca has a unique en-
hancement.

Proof. Since the image of the functor Q belongs to the subcategory of compactly
approximated objects the quasi-functor φ : D → SF(B) induces a quasi-functor
φca : D −→ W ′, where W ′ ⊂ SF(B) as above is the DG subcategory which consists
of all compactly approximated objects D(B)ca. By Lemmas 8.6 and 8.7 the functor
Q′ is an equivalence. Hence the quasi-functor φca is a quasi-equivalence as well. On
the other hand, we showed above that there is a quasi-equivalence ρca : W → W ′,
where W ⊂ SF(A)/L ∩ SF(A) is the full DG subcategory, which consists of all
compactly approximated objects in D(A)/L. The composition

(8.5) (φca)−1 · ρca : W → D

gives a quasi-equivalence between these two different enhancements of (D(A)/L)ca.
�

Let X be a Noetherian scheme. As above we say that X has enough locally free
sheaves if for any coherent sheaf F there is a locally free sheaf of finite type E and
an epimorphism E � F . For example, any quasi-projective scheme satisfies these
conditions.

Proposition 8.9. Let X be a Noetherian scheme that has enough locally free
sheaves. Let S = {Ei}i∈I be a set of locally free sheaves of finite type such that for
any coherent sheaf F there is an epimorphism from a finite direct sum

⊕n
j=1 Eij

to F . Then the set S is a set of compact generators of D(QcohX) and an object
M ∈ D(QcohX) is compactly approximated (with respect to S) if and only if it is
a cohomologically bounded complex with coherent cohomologies. Thus the triangu-
lated subcategory of compactly approximated objects D(QcohX)ca is equivalent to
the bounded category of coherent sheaves Db(cohX) ∼= Db(QcohX)coh.

First of all, it is known that for any Noetherian scheme X the natural functor
from the bounded derived category of coherent sheaves Db(cohX) to D(QcohX)
is fully faithful and establishes an equivalence of Db(cohX) with the subcategory
Db(QcohX)coh of cohomologically bounded complexes with coherent cohomologies.
To prove Proposition 8.9 we will need the following lemmas.

Lemma 8.10 ([TT], B.11, B.8). Let X be a Noetherian scheme. Then there is
an integer N such that for all k ≥ N and all quasi-coherent sheaves F we have
Extk(E ,F) = 0, where E is a locally free sheaf of finite type.
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Lemma 8.11 ([TT], 2.3.1 e), 2.2.8). Let X be a scheme as in Proposition 8.9.
Then for any M ∈ Db(QcohX)coh there is a bounded above complex of locally free

sheaves of finite type P · with a quasi-isomorphism P · ∼→ M .

Lemma 8.12. Let a scheme X and a set of locally free sheaves of finite type
S = {Ei}i∈I be as in Proposition 8.9. Let M ∈ D(QcohX) be a complex of quasi-
coherent sheaves and Hj(M) �= 0 for some j ∈ Z. Then there is a sheaf Ei ∈ S
such that Hom(Ei,M [j]) �= 0.

Proof. Let us consider the stupid truncation σ≥jM. We have an epimorphism
Hj(σ≥jM) � Hj(M). Any quasi-coherent sheaf on a Noetherian scheme is a di-
rect limit of its coherent subsheaves. Therefore we can find a coherent subsheaf
F ⊂ Hj(σ≥jM) such that the compositon map to Hj(M) is nontrivial. By as-
sumption any coherent sheaf can be covered by a direct sum of Ei ∈ S. Hence, we
can find a morphism Ei → Hj(σ≥jM) such that the composition with the map to
Hj(M) is nontrivial. This map induces a map

Ei → Hj(σ≥jM) → σ≥jM [j] → M [j],

which is nontrivial, because it is nontrivial on the cohomologies. �

Proof of Proposition 8.9. ⇐ Any (cohomologically) bounded complex satisfies
property a) of Definition 8.1. By Lemma 8.11 for any M ∈ Db(QcohX)coh there

is a bounded above resolution of locally free sheaves of finite type P · ∼→ M. To
construct an approximation ϕk : Pk → M we can consider a stupid truncation
σ≥lP

· for l � (k−N), where N is an integer from Lemma 8.10. The object σ≥lP
·

is a perfect complex and the canonical map ϕk : σ≥lP
· → M satisfies the property

b). Indeed, the cone Ck of this map ϕk is a cohomologically bounded complex such
that Hj(Ck) are trivial when j > l. Lemma 8.10 implies that Hom(Ei, Ck[m]) = 0
for all Ei ∈ S when m ≥ k. Therefore, any bounded complex of coherent sheaves is
compactly approximated.

⇒ Let M ∈ D(QcohX) be a compactly approximated object. By Lemma 8.12,
property a) implies that M is cohomologically bounded below. On the other hand,
property b) gives us that M is cohomologically bounded above. Indeed, by Lemma
8.12, a cone of a map ϕk : Pk → M is bounded above and the object Pk is
cohomologically bounded as a perfect complex. Moreover, Lemma 8.12 implies that
all cohomologies Hm(Ck) of the cone Ck of the map ϕk are trivial when m > k.
Hence, for sufficiently negative k, we have that nontrivial cohomologies of M are
isomorphic to the cohomologies of Pk. Therefore, they are coherent sheaves and M
is a cohomologically bounded complex with coherent cohomologies. �

Theorem 8.13. The bounded derived category of coherent sheaves Db(cohX) on
a quasi-projective scheme X has a unique enhancement.

Proof. Let X be a quasi-projective scheme. Then it is an open subscheme of a
projective scheme X ⊂ P

n. Denote by A the following Z-graded algebra:

A =
⊕
n

H0(X,OX(n)).

With the graded algebra A one can associate a Z-category A, objects of which
are Z and HomA(i, j) = Aj−i so that the composition in A comes from the multi-
plication in A.
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It was shown in the previous Section 7 that the category QcohX is equivalent
to a quotient of the category Gr(A) = Mod -A by the localizing subcategory of
I-torsion sheaves TorsI(A), where I is a homogenous ideal such that the support
of the subscheme P rojA/I ⊂ X is exactly X\X. Moreover, by Lemma 7.2, we
also know that the derived category D(QcohX) is equivalent to the quotient of
D(A) by the localizing subcategoy DI(A) ⊂ D(A) that consists of all objects,
cohomologies of which belong to TorsI(A). In addition, the free modules hY map
to the corresponding line bundles O(i)|X which are compact objects in D(QcohX).

By Lemma 7.10 the subcategoryDI(A) is compactly generated. Hence, Theorem
8.8 implies that the bounded derived category of coherent sheaves Db(cohX), which
is equivalent to the subcategory of compactly approximated objects in D(QcohX),
has a unique enhancement. �

9. Strong uniqueness and fully faithful functors

In this section we prove a strong uniqueness for bounded derived categories of
coherent sheaves and categories of perfect complexes on projective schemes. We
recall the notion of an ample sequence in an abelian category introduced in [O1].

Definition 9.1. Let A be a k-linear abelian category. Let {Pi}i∈Z be a sequence
of objects of A. We say that this sequence is ample if for every object C ∈ A there
exists N such that for all i < N the following conditions hold:

a) there is an epimorphism P⊕ni
i � C for some ni ∈ N;

b) Extj(Pi, C) = 0 for any j �= 0;
c) Hom(C,Pi) = 0.

Proposition 9.2. Let X ⊆ P
N be a projective scheme such that the maximal

torsion subsheaf T0(OX) ⊂ OX of dimension 0 is trivial. Then the sequence
{OX(i)}i∈Z is ample in the abelian category of coherent sheaves cohX.

Proof. It is a classical result of Serre [Se] that for any coherent sheaf G on a pro-
jective scheme X and for sufficiently large m � 0 the sheaf G(m) is generated by
a finite number of global sections and Hj(X,G(m)) = 0 for j > 0. This implies a)
and b) of Definition 9.1.

Since any coherent sheaf G on X is covered by a O(k)⊕nk for some k ∈ Z, it is
sufficient to show that H0(X,OX(m)) = for m � 0. But for m � 0,

H0(X,OX(m)) = H0(PN ,OX(m)) = H0(PN , ExtN
PN (OX , ωPN )(−m)) = 0,

because by local duality the sheaf ExtN
PN (OX , ωPN ) is trivial when T0(OX) is trivial.

�

Let A be an abelian category with an ample sequence {Pi}. Denote by Db(A) the
bounded derived category of A. Let us consider the full subcategory j : P ↪→ Db(A)
such that ObP := {Pi | i ∈ Z}. The following proposition is proved in [O1, O2].

Proposition 9.3. Let F : Db(A)
∼→ Db(A) be an autoequivalence. Suppose there

exists an isomorphism of functors θP : j
∼→ F · j, where j is the natural embedding

of P := {Pi | i ∈ Z} to Db(A). Then it can be extended to an isomorphism id
∼→ F

on the whole Db(A).

We can extend this proposition to the case of exact categories. Let E be an exact
category. Assume that it is a full exact subcategory of an abelian category A, i.e.,
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that E ⊂ A is closed under extensions in A. We also assume that an additional
property holds:

(EPI) a map f in E is an admissible epimorphism if and
only if it is an epimorphism in A.

Now we define an ample sequence in E.

Definition 9.4. Let E be a k-linear exact category. Let {Pi}i∈Z be a sequence of
objects of E. We say that the sequence {Pi}i∈Z is ample in E if there is an exact
embedding E ⊂ A in an abelian category A such that the condition (EPI) holds
and {Pi}i∈Z is ample in A.

Starting with an exact category E we can construct a derived category D∗(E). A
complex E· is called acyclic if for any n the differential dn : En → En+1 factors as

En
pn→ Zn

in→ En+1, where pn is a cokernel for dn−1 and an admissible epimorphism
and in is a kernel for dn+1 and an admissible monomorphism. We define a derived
category D∗(E) as a quotient of the homotopy category H∗(E) by the triangulated
subcategory of acyclic complexes.

Remark 9.5. If E ⊂ A is an exact subcategory of an abelian category A such that
the condition (EPI) holds and for any C ∈ A there is an epimorphism E � C from
E ∈ E, then the canonical functor D−(E) → D−(A) is an equivalence and hence
the functor Db(E) → Db(A) is fully faithful ([K2]). This follows from the fact that
for any bounded above complex C · over A with cohomologies from E there is a
quasi-isomorphism E· → C ·, where E· is a bounded above complex over E.

Proposition 9.3 can be generalized and extended to the case of exact categories.

Proposition 9.6. Let E be an exact category possessing an ample sequence {Pi}.
Let F : Db(E)

∼→ Db(E) be an autoequivalence. Suppose there is an isomorphism of

functors θP : j
∼→ F · j, where ObP := {Pi | i ∈ Z} and j : P ↪→ Db(E) is a natural

full embedding. Then it can be extended to an isomorphism id
∼→ F on the whole

Db(E).

Proof. A proof of this proposition is essentially the same as the proof of Proposition
9.3 and it is given in Appendix B. �

Remark 9.7. Our main example of an exact category is the category of locally free
sheaves of finite type LocX on a projective scheme X. In this case the exact em-
bedding LocX ⊆ cohX satisfies condition (EPI) and the bounded derived category
Db(LocX) is equivalent to the category of perfect complexes PerfX ⊆ Db(cohX).
If the maximal torsion subsheaf T0(OX) ⊂ OX of dimension 0 is trivial, then the
sequence {OX(i)}i∈Z is an ample sequence in LocX according to Definition 9.4.

Theorem 9.8. Let E be an exact category with an ample sequence {Pi}i∈Z and
j : P ↪→ Db(E) be a full subcategory with ObP := {Pi | i ∈ Z}. Assume that there

is an equivalence u : Db(E)
∼→ (D(P)/L)c (or with (D(P)/L)ca), where L ⊂ D(P)

is a localizing subcategory that is generated by compact objects Lc = L∩D(P)c, such
that u·j ∼= π ·h• on P. Then the category Db(E) has a strongly unique enhancement.

Proof. (1) Let E be a pretriangulated DG category and N : (D(P)/L)c
∼→ H0(E)

be an equivalence. By Theorem 6.4 there is a quasi-equivalence N : V → E , where
V ⊂ SF(P)/L ∩ SF(P) is the full DG subcategory which consists of all compact
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objects (D(P)/L)c. Moreover, we know that there is an isomorphism of functors

θ : H0(N ) · π · h• ∼→ N · π · h• from P to H0(E).
Consider the composition F = u−1H0(N )−1Nu from Db(E) to itself. There is

an isomorphism j
∼→ F · j on the subcategory P. Hence we can apply Proposition

9.6 and obtain that the functor F is isomorphic to the identity functor on the
whole Db(E). Therefore, the functors H0(N ) and N are isomorphic. Thus, any

equivalence N : (D(P)/L)c
∼→ H0(E) can be lifted to a quasi-equivalence N , and

the category Db(E) ∼= (D(P)/L)c has strongly unique enhancement.
(2) Denote by W ⊂ SF(P)/L ∩ SF(P) the full DG subcategory which consists

of all objects that are compactly approximated in D(P)/L, i.e., that belong to
(D(P)/L)ca.

Let D be a pretriangulated DG category and ε̄ : (D(P)/L)ca
∼→ H0(D) be

an equivalence. In the proof of Theorem 8.8 we constructed a quasi-equivalence
(φca)−1 ·ρca : W → D. Moreover, by construction, the functors H0((φca)−1 ·ρca)πh•

and ε̄πh• from P to H0(D) are isomorphic. Thus, for the composition F =

u−1H0((ρca)−1 · φca) · ε̄u we have an isomorphism j
∼→ F · j on the subcategory

P. Applying Proposition 9.6 we obtain that the functor F is isomorphic to the
identity functor on the whole Db(E). Therefore, the functors H0((φca)−1 · ρca) and
ε̄ are isomorphic. Thus any equivalence ε̄ : (D(P)/L)ca

∼→ H0(D) can be lifted to
a quasi-equivalence. �

This theorem immediately implies the following corollary.

Theorem 9.9. Let X be a projective scheme over k such that the maximal torsion
subsheaf T0(OX) ⊂ OX of dimension 0 is trivial. Then the triangulated categories
Perf(X) and Db(cohX) have strongly unique enhancements.

Proof. Let X be a projective scheme. Denote by A the graded algebra A =⊕
n H

0(X,OX(n)). To the graded algebra A we can attach a Z-category A, ob-
jects of which are Z and HomA(i, j) = Aj−i with a natural composition law.

It was explained in Section 7 that the category QcohX is equivalent to a quo-
tient of the category Mod -A = Gr(A) by the localizing subcategory of torsion
sheaves Tors(A). Moreover, by Lemma 7.2, we also know that the derived category
D(QcohX) is equivalent to the quotient D(A)/Dtors(A), where Dtors(A) ⊂ D(A)
is a localizing subcategory that consists of all objects, cohomologies of which belong
to Tors(A). In addition, the free modules hY map to the corresponding line bun-
dles OX(i) which are compact objects in D(QcohX). Lemma 7.10 gives us that the
subcategory Dtors(A) is compactly generated. The category Perf(X) = Db(LocX)
(Remark 9.7) is equivalent to the category (D(A)/Dtors(A))c and by Proposition
8.9 the bounded derived category of coherent sheaves Db(cohX) is equivalent to
the triangulated category of compactly approximated objects (D(A)/Dtors(A))ca ∼=
D(QcohX)ca. These equivalences are isomorphic to the identity on the full sub-
category P := {OX(i)}i∈Z. By Remark 9.7 (resp., Prop. 9.2) the sequence P :=
{OX(i)}i∈Z is ample in LocX (resp., cohX) on a projective scheme with T0(OX) =
0. Hence we can apply Theorem 9.8 and obtain that Perf(X) (resp., Db(cohX))
has strongly unique enhancement. �

Let X be a quasi-compact and quasi-separated scheme. Define a DG enhance-
mentDdg(QcohX) of the derived categoryD(QcohX) as the quotient Cdg(QcohX)/
Acdg(QcohX), where Cdg(QcohX) is the DG category of unbounded complexes
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over QcohX and Acdg(QcohX) is the DG subcategory of unbounded acyclic com-
plexes. Thus the DG category Ddg(QcohX) is an enhancement of the derived
category D(QcohX). There is a theorem of Bertrand Toën which says that the
functors between DG derived categories are represented by objects on the product.

Theorem 9.10 ([To], Th.8.9). Let X and Y be quasi-compact and separated
schemes over a field k. Then we have a canonical quasi-equivalence

Ddg(Qcoh(X × Y ))
∼−→ RHomc(Ddg(QcohX),Ddg(QcohY )),

where RHomc denotes the DG category formed by the direct sums preserving quasi-
functors (we say that a quasi-functor preserves direct sums if its homotopy functor
does).

Remark 9.11. In other words this theorem tells us that for any quasi-functor F
from Ddg(QcohX) to Ddg(QcohY ) that preserves direct sums, the functor H0(F)
can be represented by an object on the product X × Y ; i.e., it is isomorphic to a
functor of the form

ΦE·(−) := Rp2∗(E · L
⊗ p∗1(−)),

where E · is a complex of quasi-coherent sheaves on the product X × Y, and this
representation is unique up to isomorphism in D(Qcoh(X×Y )) (see [To], Cor.8.12).

Combining Theorem 9.10 with the uniqueness of enhancement for the derived
category of quasi-coherent sheaves on a quasi-compact and quasi-separated scheme
with enough locally free sheaves we obtain the following corollary.

Corollary 9.12. Let X and Y be quasi-compact separated schemes over a field k.
Assume that X has enough locally free sheaves. Let F : D(QcohX) → D(QcohY )
be a fully faithful functor that commutes with direct sums. Then there is an object
E · ∈ D(Qcoh(X × Y )) such that the functor ΦE· is fully faithful and ΦE·(C ·) ∼=
F (C ·) for any C · ∈ D(QcohX).

Proof. We know that by Corollary 7.6, D(QcohX) has a unique enhancement.
Moreover, by Theorem 7.4 and Lemma 7.2 the category D(QcohX) can be repre-
sented as a quotient D(A)/L, where A is a small category formed by a set of locally
free sheaves of finite type and L is a localizing subcategory in D(A). Thus, the en-
hancement Ddg(QcohX) is equivalent to the enhancement Mod -A/L. Under the
quotient functor, all objects of the form hY go to locally free sheaves of finite type
and, hence, they are compact in D(QcohX). Now we can apply Theorem 5.4 and
obtain a quasi-functor F from Ddg(QcohX) to Ddg(QcohY ) such that H0(F) is
fully faithful and H0(F)(C ·) ∼= F (C ·) for any C · ∈ D(QcohX).

By construction, the functor H0(F) realizes an equivalence of D(QcohX) with
a subcategory in D(QcohY ) that is the essential image of the functor F. The inclu-
sion of this subcategory in D(QcohY ) commutes with direct sums by assumption.
Therefore, the functor H0(F) commutes with direct sums and by Theorem 9.10 it
has the form ΦE· for some E · ∈ D(Qcoh(X × Y )). �

Note that under the assumptions in the corollary above the functor F has a right
adjoint functor by the Brown representability theorem (see [N3], Thm. 8.4.4).

Corollary 9.13. Let X be a quasi-projective scheme and Y be a quasi-compact
and separated scheme. Let K : Perf(X) → D(QcohY ) be a fully faithful functor.
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Then there is an object E · ∈ D(Qcoh(X × Y )) such that

(1) the functor ΦE· |Perf(X) : Perf(X) → D(QcohY ) is fully faithful and ΦE·(P ·)
∼= K(P ·) for any P · ∈ Perf(X);

(2) if X is projective with T0(OX) = 0, then ΦE· |Perf(X)
∼= K;

(3) if K sends Perf(X) to Perf(Y ), then the functor ΦE· : D(QcohX) →
D(QcohY ) is fully faithful and also sends Perf(X) to Perf(Y );

(4) if Y is Noetherian and K sends Perf(X) to Db(QcohY )coh, then the object
E · is isomorphic to an object of Db(coh(X × Y )).

Proof. Since X is a quasi-projective scheme it is an open subscheme of a projective
scheme X ⊂ P

n. We have a graded A algebra A =
⊕

n H
0(X,OX(n)) and a

corresponding Z-category A, objects of which are Z and morphisms HomA(i, j) =
Aj−i.

As was explained in Section 7, the category D(QcohX) is equivalent to the
quotient D(A)/DI(A), where DI(A) is a localizing subcategory of complexes with
I-torsion cohomologies (here I is an ideal such that the support of the subscheme
P rojA/I ⊂ X is exactly X\X). In addition, the free modules hY map to the
corresponding line bundles O(i)|X which are compact objects in D(QcohX), and
Perf(X) ∼= (D(A)/DI(A))c.

As we know (see Proposition 1.17) the DG categories Ddg(QcohX) and
Ddg(QcohX) are quasi-equivalent to the DG categories SF(Perf(X)) and
SF(Perf(Y )), respectively, and we denote by φX and φY the corresponding quasi-
functors. For shortness, denote by C the DG category Perf(Y ) and by C′ the full
DG subcategory in SF(C) ∼= Ddg(QcohY ) which consists of all objects in the es-

sential image of H0(φY )K. The functor K induces an equivalence N : Perf(X)
∼→

H0(C′).
By Theorem 6.4 there is a quasi-functor N : Perf(X) → C′ which is a quasi-

equivalence. It induces a quasi-equivalence N ∗ : SF(Perf(X)) → SF(C′).
Let D be a DG subcategory D ⊂ SF(C) that contains C and C′. We denote by

J : C′ ↪→ D ⊂ SF(C) and I : C ↪→ D ⊂ SF(C) the respective DG full embeddings.
We have the extension DG functor J ∗ : SF(C′) → SF(D) and the restriction DG
functor I∗ : Mod -D → Mod - C, which induces a quasi-functor ι∗ : SF(D) →
SF(C). Consider the composition of quasi-functors ι∗ · J ∗ · N ∗ : SF(Perf(X)) →
SF(Perf(Y )). The functors H0(ι∗), H

0(J ∗), and H0(N ∗) evidently commute with
direct sums. (Note that the right adjoint to the quasi-functor ι∗J ∗ is the quasi-
functor φ : SF(C) → SF(C′) which is induced by the DG functor Φ : SF(C) →
Mod - C′ given by the standard formula Φ(M)(C ′) = HomSF(C)(C

′,M) for C ′ ∈
C′, M ∈ SF(C).)

Thus, considering the compositions of quasi-functors φ−1
Y · ι∗ · J ∗ · N ∗ · φX we

obtain a quasi-functor F from Ddg(QcohX) to Ddg(QcohY ) that completes the
following commutative diagram:

Ddg(QcohX)
F ��

φX �
��

Ddg(QcohY )

�φY

��
SF(Perf(X))

N∗

∼
�� SF(C′)

J ∗
�� SF(D)

ι∗ �� SF(C) = SF(Perf(Y )).

The quasi-functor F commutes with direct sums and, hence, by Theorem 9.10 the
functor H0(F) is isomorphic to ΦE· with E · ∈ D(Qcoh(X × Y )).
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(1) The restriction of the quasi-functor ι∗J ∗ on C′ is isomorphic to the inclusion
C′ → SF(C). This implies that the restriction ΦE· |Perf(X) is fully faithful. Moreover,

by property (3) of Theorem 6.4 there is an isomorphism H0(N )(P ·) ∼= N(P ·) for
any P · ∈ Perf(X). Hence, ΦE·(P ·) ∼= K(P ·).

(3) If K sends Perf(X) to Perf(Y ), then we can take D = C. In this case, ι∗ is
the identity, but H0(J ∗) is fully faithful by Proposition 1.15. Therefore, H0(F) is
fully faithful and sends Perf(X) to Perf(Y ).

(2) Let X be projective. We know by property (2) of Theorem 6.4 that there is

an isomorphism of functors θ : H0(N ) · π · h• ∼→ N · π · h• from A to H0(C′).
Consider the composition G = H0(N )−1 ·N from Perf(X) to itself. We have a

natural transformation from j
∼→ G · j on the subcategory h•(A) which coincides

with the full subcategory P := {OX(i)}i∈Z. Since X is projective with T0(OX) = 0
the sequence {OX(i)}i∈Z is ample in LocX. Hence we can apply Proposition 9.6
to Perf(X) and obtain that the functor G is isomorphic to the identity functor on
the whole Perf(X). Therefore, the functors H0(N ) and N are isomorphic; i.e., the
functor K is isomorphic to the functor ΦE· |Perf(X).

(4) Finally, we have to argue that the object E · is isomorphic to an object
from Db(coh(X × Y )) if Y is Noetherian and the functor ΦE· sends Perf(X) to
Db(QcohY )coh. It is well known that the canonical functor Db(cohZ) →
D(QcohZ) is fully faithful and establishes an equivalence with the subcategory
Db(QcohZ)coh of cohomologically bounded complexes with coherent cohomolo-
gies. Consider an inclusion i : X ↪→ P

N . The composition of the inverse image
functor Li∗ and ΦE· gives a functor from D(QcohPN ) to D(QcohY ) which is rep-
resented by the object R(i, idY )∗E · and sends Perf(PN ) to Db(QcohY )coh. It is
sufficient to check that the object R(i, idY )∗E · belongs to Db(Qcoh(PN × Y ))coh.
The category D(Qcoh(PN × Y )) has a semi-orthogonal decomposition of the form
〈O(−N)� D(QcohY ), . . . ,O�D(QcohY )〉. The components of R(i, idY )∗E · with
respect to this decomposition are isomorphic to O(−p)� ΦE·Li∗(Ωp

PN [p]).

There is a similar decomposition 〈O(−N)�Db(cohY ), . . . ,O �Db(cohY )〉 for
the bounded category of coherent sheaves Db(coh(PN × Y )). Since the objects
ΦE·Li∗(Ωp

PN [p]) belong to Db(QcohY )coh, the object R(i, idY )∗E · is isomorphic to

an object of Db(coh(PN × Y )). Therefore, the object E · is also isomorphic to an
object of Db(coh(X × Y )). �

Let us consider the bounded derived category of coherent sheaves Db(cohX)
on a quasi-projective scheme X. Consider an exact functor F from Db(cohX)
to a triangulated category T that admits arbitrary direct sums. We say that
the functor F commutes with homotopy colimits if for any M · ∈ Db(cohX),
which is isomorphic in D(QcohX) to hocolim−−−−−→ iP

·
i of perfect complexes P ·

i , there

is an isomorphism F (M)
∼→ hocolim−−−−−→ iF (P ·

i ) in T that commutes with canonical

morphisms from F (Pi) for each i. Note that our functor F is defined only on
Db(cohX) ∼= Db(QcohX)coh ⊂ D(QcohX).

Corollary 9.14. Let X be a projective scheme with T0(OX) = 0 and Y be a
quasi-compact and separated scheme. Let K : Db(cohX) → D(QcohY ) be a fully
faithful functor that commutes with homotopy colimits. Then there is an object
E · ∈ D(Qcoh(X × Y )) such that ΦE· |Db(cohX)

∼= K.
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Proof. We can consider the restriction of the functor K on the subcategory of
perfect complexes Perf(X) ⊂ Db(QcohX)coh ∼= Db(cohX). By Corollary 9.13 there
is an object E · ∈ D(Qcoh(X×Y )) and an isomorphism of functors θ : ΦE· |Perf(X)

∼=
K|Perf(X). For any object M · ∈ Db(cohX) there is a quasi-isomorphism P · ∼→
M ·, where P · is a bounded above complex of locally free sheaves of finite type
(see Lemma 8.11). Hence, the object M · is isomorphic to hocolim−−−−−→ k σ≥kP

· in

D(QcohX). By assumption, there is an isomorphism hocolim−−−−−→ kK(σ≥kP
·)

∼→ K(M ·)

in D(QcohY ). On the other hand, the functor ΦE· commutes with direct sums and

homotopy colimits. Therefore, there is an isomorphism θM : ΦE·(M ·)
∼→ K(M ·)

that makes the following square

ΦE·(σ≥kP
·) −−−−→ ΦE·(M ·)

θ≥k

⏐⏐�� θM

⏐⏐��

K(σ≥kP
·) −−−−→ K(M ·)

commutative for any k.
Now we have to check that the restriction of ΦE· on Db(cohX) is fully faithful.

Let Q belong to Perf(X). Any morphism f : Q → M · factors through σ≥kP
· for

k � 0. Since the right and left squares in the following diagram

ΦE·(Q) −−−−→ ΦE·(σ≥kP
·) −−−−→ ΦE·(M ·)

θQ

⏐⏐�� θ≥k

⏐⏐�� θM

⏐⏐��

K(Q) −−−−→ K(σ≥kP
·) −−−−→ K(M ·)

commute, the outside square also commutes. Therefore, θM · ΦE·(f) = K(f) · θQ
for any f : Q → M ·. If now ΦE·(f) = 0, then K(f) = 0 and f = 0, because K is
fully faithful. On the other hand, for any g : ΦE·(Q) → ΦE·(M ·) we can consider
g′ = θM · g · θ−1

Q and take f : Q → M · such that K(f) = g′. It is obvious now that

ΦE·(f) = g. Thus, there are isomorphisms

Hom(Q,M ·)
∼−→ Hom(ΦE·(Q),ΦE·(M ·))

for any Q ∈ Perf(X) and every M · ∈ Db(cohX).
The objects C · ∈ D(QcohX) for which the natural map

Hom(C ·,M ·[m])
∼−→ Hom(ΦE·(C ·),ΦE·(M ·)[m])

is bijective for all m ∈ Z form a triangulated subcategory in D(QcohX) which
contains Perf(X) and is closed under direct sums (since ΦE· commutes with direct
sums). Therefore, this subcategory coincides with the whole D(QcohX). Thus, the
functor ΦE· |Db(cohX) is fully faithful and has the same essential image as K. Now we
can apply Proposition 9.6 and extend the isomorphism θ : ΦE· |Perf(X)

∼= K|Perf(X)

to an isomorphism of the functors ΦE· |Db(cohX)
∼= K. �

Remark 9.15. Notice that in the proof of the corollary we used only the fact that K
commutes with homotopy colimits of a special form hocolim−−−−−→σ≥kP and this implies

that K ∼= ΦE· |Db(cohX). Thus, as a result, it commutes with all homotopy colimits.

Example 9.16. We say that the functor K : Db(cohX) → D(QcohY ) is bounded
above by n ∈ Z if Hi(K(F)) = 0 for all coherent sheaves F ∈ cohX when i > n. If
the functor K is bounded above, then it commutes with homotopy colimits. Indeed,
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for any M · ∈ Db(cohX) and a locally free resolution P · → M · we have that the
map K(σ≥kP

·) → K(M ·), when k � 0, is an isomorphism on cohomologies Hi for
all i > k + n. Therefore, hocolim−−−−−→ kK(σ≥kP

·) ∼= K(M ·). By the remark above, K

commutes with homotopy colimits.

Corollary 9.17. Let X be a projective scheme with T0(OX) = 0 and Y be a
Noetherian scheme. Let K : Db(cohX) → Db(cohY ) be a fully faithful functor
that has a right adjoint K ! : Db(cohY ) → Db(cohX). Then there is an object
E · ∈ Db(coh(X × Y )) such that ΦE· |Db(cohX)

∼= K.

Proof. To apply Corollary 9.14 we need to check that the functor K commutes with
homotopy colimits. Following the example above it is sufficient to show that the
functor K is bounded above. First, we easily see that K is bounded above on the
sequence of line bundles {O(j)}j∈Z, because by Beilinson’s theorem for any j > 0
(resp. j < −N) we have a left (resp. right) resolution of OX(j) of the form

VN ⊗OX(−N) −→ · · · −→ V1 ⊗OX(−1) −→ V0 ⊗OX ,

where X ↪→ P
N is a closed embedding and Vs is H0(PN ,Ωs(s+ j)) (resp. HN (PN ,

Ωs(s+ j))) (see, for example, [OSS], Th.3.1.4).
Denote by n an integer such that Hi(K(O(j)) = 0 for all j when i > n. If F ∈

cohX is a coherent sheaf that has a highest nontrivial cohomology Hm(K(F)) =
G �= 0 with m > n, then we can construct a sequence of coherent sheaves {Fp ∈
cohX}p≥0 such that Hm+p(K(Fp)) = G. The construction goes by induction with
base F0 = F and Fp+1 is the kernel of some epimorphism from O(−kp)

⊕np to Fp. It
is evident that such an epimorphism exists when kp � 0 and the highest cohomology
of K(Fp+1) has a number m+p+1 and it is isomorphic to the Hm+p(K(Fp)) ∼= G.

Assume that K has a right adjoint functor K ! : Db(cohY ) → Db(cohX). Take
the object K !(G). By construction above we have that

Hom(Fp,K
!(G)[−m− p]) ∼= Hom(K(Fp),G[−m− p]) �= 0

for all p ≥ 0. This gives a contradiction with the fact that K !(G) is a bounded
complex. Therefore, K is bounded above and by Example 9.16 and Corollary 9.14
it is isomorphic to the functor ΦE· for some E · ∈ D(Qcoh(X×Y )). Since the functor
K sends Perf(X) to Db(cohY ), Corollary 9.13 (4) implies that E is isomorphic to
an object of Db(coh(X × Y )). �
Remark 9.18. The last statement also holds under the conditions that Y is projec-
tive and K has a partially left adjoint K∗ : Perf(Y ) → Perf(X). In this case, for
sufficiently large s � 0, there is a nontrivial morphism from OY (−s) to G that can
be lifted to a nontrivial morphism from OY (−s) to K(Fp[m+ p]). Therefore,

Hom(K∗(OY (−s)),Fp[m+ p]) ∼= Hom(OY (−s),K(Fp)[m+ p]) �= 0.

This gives a contradiction with the fact that K∗(OY (−s)) is a perfect complex,
and, hence, K is bounded above as well.

Appendix A. Small U-cocomplete categories

Fix universes U ∈ V, so that U contains an infinite set [SGA4]. A set X is called
a U-set (resp. U-small) if X ∈ U (resp. X is isomorphic to an element of U).
Similarly for groups, vector spaces, etc.

We call C a U-category if for each A,B ∈ C, the set Hom(A,B) is U-small. We
call a U-category (or a DG U-category) C U-small if the collection of objects of C
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is a U-small set. Also a U-category is called essentially U-small if the isomorphism
classes of its objects form a U-small set. Denote by AbU the category of U-small
abelian groups.

A triangulated U-category is called U-cocomplete if it has all U-small direct
sums, i.e., if it has a direct sum of any collection of its objects which is indexed by
a U-small set.

We would like to translate some well-known fact about cocomplete triangulated
categories into the language of triangulated U-categories which are U-cocomplete.

Fix a triangulated U-category T which is U-cocomplete. Recall that a set S ⊂ T
generates T if whenever Hom(A,X[n]) = 0 for all A ∈ S and all n ∈ Z, then
X = 0. For a subset S ⊂ T denote by 〈S〉U the smallest strictly full triangulated
subcategory which contains S and is U-cocomplete.

Theorem A.1 (Brown representability for U-categories). Let T be a triangulated
U-category T which is U-cocomplete. Suppose that T is compactly generated by a
U-small set S ⊂ T c.

a) Let H : T op → AbU be a cohomological functor which takes U-small coprod-
ucts to products. Then H is representable.

b) T = 〈S〉U.
Proof. The (simultaneous) proof is the same as in the book of A. Neeman [N3],
Theorem 8.3.3. �
Lemma A.2. Let T be a triangulated U-category. Assume that S ⊂ T is an
essentially U-small triangulated subcategory. Then the Verdier quotient T /S is a
U-category.

Proof. The categories T and T /S have the same objects. Fix objects A and B. A

morphism f between A and B in T /S is represented by a diagram A
s← C

g→ B,
where the cone D of the morphism s is in S. Up to isomorphism we have a U-small
set of choices for a diagram A → D, where D ∈ C. Thus up to isomorphism we have

a U-small set of choices for a diagram A
s← C, such that the cone of s is in S. Thus

up to isomorphism there is a U-small set of choices for a diagram A
s← C

g→ B as
above. �
Lemma A.3. Let T be a triangulated category which is U-cocomplete. Assume
that S ⊂ T is a full triangulated subcategory which is closed under U-small direct
sums in T . Then the quotient category T /S is also U-cocomplete and the functor
π : T → T /S preserves U-small direct sums.

Proof. The proof is the same as the proof of Lemma 3.2.10 in [N3]. �
Remark A.4. Note that in the last lemma we do not know if the quotient T /S is
a U-category, or even if morphisms between two objects in T /S form a set.

Proposition A.5. Let T be a triangulated U-category which is U-cocomplete. Let
S ⊂ T be a full triangulated subcategory which is closed under U-small direct sums
in T . Assume that S is generated by a U-small set of objects in S ∩ T c. Then

a) the localization functor π : T → T /S has a right adjoint functor μ which
is full and faithful;

b) μ preserves arbitrary direct sums;
c) T /S is a U-category.
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Proof. c) is an immediate consequence of a). The proofs of a), b) are the same as
in [N1, Lemma 1.7, Proposition 1.9] and [N3, Lemma 9.1.7]. �

Theorem A.6. Let T be a triangulated U-category which is U-cocomplete and
such that the category T c is essentially U-small. Let S ⊂ T be a full triangulated
subcategory which is closed under U-small direct sums in T . Assume that S is
generated by a U-small set of objects in S ∩ T c. Let C = T /S be the quotient
category. Then

(1) C is generated by a U-small subset of its compact objects;
(2) T c maps to Cc under the quotient functor;
(3) the induced functor T c/Sc → Cc is full and faithful;
(4) Cc is the idempotent completion of T c/Sc.

Proof. The proof is the same as the proof of Theorem 2.1 in [N1]. �

Let A be a U-small DG U-category. Denote by ModU -A ⊂ Mod -A the full DG
subcategory consisting of all U-small DG A-modules, i.e., DG modules M such that
M(Y ) is a U-small vector space for each Y ∈ A. It is a pretriangulated category.
Put

SFU(A) = SF(A) ∩ModU -A, AcU(A) = Ac(A) ∩ModU -A.

Let DU(A) = H0(ModU -A)/H0(AcU(A)) be the corresponding derived category.
The natural functor H0(SFU(A)) → DU(A) is an equivalence of triangulated U-
categories. (This is because every U-small DG A-module is quasi-isomorphic to a
U-small semi-free DG module. The proof is the same as in [K1], Thm. 3.1 b).)

Note that triangulated categories H0(ModU -A), H0(SFU(A)), H0(AcU(A)),
and DU(A) are U-cocomplete and since A is a DG U-category the image of the
Yoneda DG functor h• : A → Mod -A lies in ModU -A.

Note also that the DG category ModU -A is DG equivalent to a DG category
which is V-small. Indeed, call M ∈ ModU -A strict if M(Y ) is a U-set (and not
just a U-small set). Denote by Modstr

U
-A the full DG subcategory consisting of

strict DG modules. Clearly every DG module is DG isomorphic to a strict one.
The DG category Modstr

U
-A is obviously V-small.

Denote SFstr
U

(A) = SFU(A)∩Modstr
U

-A and similarly for Acstr
U
(A). The inclu-

sions

Modstr
U

-A ⊂ ModU -A, SFstr
U

(A) ⊂ SFU(A), Acstr
U
(A) ⊂ AcU(A)

are quasi-equivalences of pre-triangulated categories. Hence

H0(Modstr
U

-A)/H0(Acstr
U
(A)) � DU(A)

and the natural functor H0(SFstr
U

(A)) → DU(A) is an equivalence. Thus SFstr
U

(A)
is a V-small enhancement of DU(A). In particular, the U-category DU(A) is essen-
tially V-small.

Let L ⊂ DU(A) be a strictly full triangulated subcategory. Then L is essentially
V-small. Hence the quotient DU(A)/L is a V-category by Lemma A.2 above.

Let L ⊂ SFstr
U

(A) be the full DG subcategory of objects which map to L under
the equivalence H0(SFstr

U
(A)) → DU(A). Then L is a pretriangulated category,

so that H0(L) � L. Hence also DU(A)/L � H0(SFstr
U

(A))/H0(L). Since the DG
category SFstr

U
(A) is V-small the Drinfeld DG quotient SFstr

U
(A)/L is defined, and

by Theorem 1.3,

H0(SFstr
U

(A)/L) � H0(SFstr
U

(A))/H0(L).
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Therefore SFstr
U

(A)/L is a canonical enhancement of DU(A)/L.

Lemma A.7. Let A be a U-small DG U-category. Then the derived category DU(A)
coincides with its full subcategory 〈h•(A)〉U.

Proof. Clearly the U-small set h•(A) of compact objects in DU(A) generates the
U-cocomplete triangulated U-category DU(A). So it remains to apply part b) of
Theorem A.1. �

Proposition A.8. Let C be a pretriangulated DG U-category. Assume that the
triangulated U-category H0(C) is U-cocomplete and is generated by a U-small set of
compact objects A ⊂ H0(C)c. Consider A as a full DG subcategory in C. The DG
functor Φ : C → ModU -A defined as

Φ(X)(Y ) = HomB(Y,X)

for X ∈ C and Y ∈ A induces a quasi-functor φ : C → SF(A) such that the functor
H0(φ) : H0(B) → DU(A) is an equivalence of categories.

Proof. First one shows (as in the proof of Proposition 1.19) that H0(φ) preserves
direct sums.

By the Brown representability theorem part b) one knows that H0(B) = 〈A〉U.
Hence the same proof as in Proposition 1.17 shows that H0(φ) is full and faithful.

On the other hand, the essential image of H0(φ) is a full trianglated subcategory
of DU(A) closed under U-small direct sums and containing the U-small set h•(A) of
compact generators. Thus H0(φ) is essentially surjective by Lemma A.7 above. �

The following proposition shows that things don’t change much when we pass to
a larger universe or even consider the whole category of DG modules.

Proposition A.9. Let A be a U-small DG U-category. Then

(1) The category DU(A) is a full subcategory of D(A).
(2) Let L ⊂ D(A) be a localizing subcategory generated by objects which are in

LU := L∩DU(A). (For example, L may be compactly generated.) Then the
natural functor DU(A)/LU → D(A)/L is full and faithful.

Proof. (1) Consider the diagram M
f← P

s→ N in H0(Mod -A), where M,N ∈
H0(ModU -A) and s is a quasi-isomorphism. It suffices to prove that there ex-
ists Q ∈ H0(ModU -A) and a morphism g : Q → P, such that s · g is a quasi-
isomorphism. Take Q ∈ SFU(A) and a quasi-isomorphism t : Q → N. Then there
exists g : Q → P, such that t = s · g. This proves (1).

(2) Following [N3] we denote by D(A)(U) ⊂ D(A) the full triangulated subcate-
gory of all objects K such that for any collection {Xλ, λ ∈ Λ} of objects of D(A)
any map K →

⊕
λ∈Λ Xλ factors through a direct subsum of cardinality strictly

less than U. (These are called U-small in [N3], but we already use this term in a
different way.) Also denote by

{D(A)(U)}U ⊂ D(A)(U)

the full triangulated subcategory of U-perfect objects (see Defs. 3.3.1 and 4.2.2 in
[N3]). This category {D(A)(U)}U is denoted by D(A)U and its objects are called
U-compact objects of D(A). (The categories D(A)(U) and D(A)U are indeed tri-
angulated, because U is an infinite cardinal (Lemmas 4.1.4 and Corollary 3.3.12 in
[N3]).) Since U is a regular cardinal these categories are also U-cocomplete (Lemma
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4.1.5 and Corollary 3.3.14 in [N3]). It follows that DU(A) ⊆ D(A)U. Moreover, it
is proved in Lemma 4.4.5 [N3] that in fact DU(A) = D(A)U.

Notice that LU = 〈LU〉U, since L is cocomplete and DU(A) is U-cocomplete. Now
Corollary 4.4.1 in [N3] asserts that the functor DU(A)/LU → D(A)/L is full and
faithful. �

Appendix B. Proof of Proposition 9.6

In this appendix we present a proof of Proposition 9.6. It is essentially the same
as the proof of Proposition 9.3 that is given in [O1, O2]. We will directly follow
[O2, 3.4.6] and will use the notation of that proof.

Let E be an exact category. Assume that it is a full exact subcategory of an
abelian category A; i.e., E ⊂ A is closed under extensions in A. We also assume
that the additional property (EPI) holds:

(EPI) a map f in E is an admissible epimorphism if
and only if it is an epimorphism in A.

As in Definition 9.4 we say that the sequence {Pi | i ∈ Z} of objects in E is ample
in E if it is ample in A as in Definition 9.1.

Let us consider the derived categoriesD∗(E). Since E ⊂ A is an exact subcategory
of an abelian category A such that the condition (EPI) holds and for any C ∈ A

there is an epimorphism E � C from E ∈ E, then the canonical functor D−(E) →
D−(A) is an equivalence and the functor Db(E) → Db(A) is fully faithful [K2].

Proposition B.1. Let E be an exact category with an ample sequence {Pi | i ∈
Z≤0}. Let j : P ↪→ Db(E) be the natural embedding of the full subcategory P with

objects ObP := {Pi | i ∈ Z≤0}. Let F : Db(E)
∼→ Db(E) be an autoequivalence.

Suppose that there is an isomorphism of functors f : j
∼→ F |P . Then f can be

extended to an isomorphism id
∼→ F on the whole category Db(E).

Proof. A proof of this proposition is essentially the same as the proof of Proposition
9.3. We consider the canonical functor from Db(E) → Db(A). It is fully faithful,
because any object C ∈ A can be covered by a direct sum of Pi that belongs to
E. This means that we can work with Db(E) as a full triangulated subcategory of
Db(A) and, in particular, we can talk about cohomologies of a complex from Db(E)
as objects of A.

First, since F commutes with finite direct sums, the transformation f extends
componentwise to all finite direct sums of objects of the category P. Note that an
object X ∈ Db(E) is isomorphic to an object of A if and only if Homj(Pi, X) = 0 for
all j �= 0 when i � 0. It follows that in this case the object F (X) is also isomorphic
to an object of A, because

Homj(Pi, F (X)) ∼= Homj(F (Pi), F (X)) ∼= Homj(Pi, X) = 0

for j �= 0 when i � 0.

Step 1. In Step 1 we construct an isomorphism fX : X
∼→ F (X) for all X ∈ Db(E)

that are isomorphic to an object of A. Let X be such an object. Then X ∼= H0(X).

We fix a morphism v : P⊕k
i → X such that the canonical map P⊕k

i → H0(X) is
surjective in the abelian category A. After that the proof of Step 1 is the same as
the proof of Step 1 in [O2, 3.4.6].
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Step 2. Now we show that fX does not depend on the choice of the morphism
v : P⊕k

i → X. The proof of Step 2 is the same as the proof of Step 2 in [O2, 3.4.6].

Step 3. In Step 3 we check that the morphisms fX define a natural transformation of
functors on the subcategory of Db(E) consisting of all objects that are isomorphic
to objects of the abelian category A. That is, for any morphism of such objects
ϕ : X → Y, we have to prove that fY ·ϕ = F (ϕ) · fX . The proof of this step is word
for word the same as the proof of Step 3 in [O2, 3.4.6].

Step 4. We constructed transformations fX : X → F (X) for all X ∈ Db(E) that
are isomorphic to objects of the abelian category A. Now we define fX[n] : X[n] →
F (X[n]) ∼= F (X)[n] for any such X by the evident formula fX[n] = fX [n]. We
need to show that these transformations commute with any u ∈ Hom(X,Y [k])
for all k > 0. For an abelian category we used the fact that any element u ∈
Hom(X,Y [k]) can be represented as a composition u = uk · · ·u1 of some elements
ui ∈ Hom(Zi−1, Zi[1]) with Z0 = X, Zk = Y. That allowed us to reduce the
problem to the case u ∈ Hom(X,Y [1]). In the case of Db(E) we should correct the
argument.

Let X and Y be objects of Db(E) that are isomorphic to objects of the abelian
category A. A fiber of a morphism u ∈ Hom(X,Y [k]) when k ≥ 2 can be represented
by a complex over A of the form C · : C−k+1 → · · · → C0 which has only two
nontrivial comomologies H0(C ·) ∼= X and H−k+1(C ·) ∼= Y. By Remark 9.5 there

are a complex E· : {· · · d−2

−→ E−1 d−1

−→ E0} over E and a quasi-isomorphism E· → C ·.
Consider the usual truncation of the form τ≥−k+1E

· : {Coker d−k → E−k+2 →
· · · → E0} and the induced quasi-isomorphism τ≥−k+1E

· → C ·. It is easy to see
that the object Im d−1 as a fiber of the map E0 → X is isomorphic to an object of
Db(E). Similarly, each Im d−i = Ker d−i+1 for 2 ≤ i ≤ k − 1 is also isomorphic to
an object of Db(E). Finally, Coker d−k as an extension of Im d−k+1 and Y is also
isomorphic to an object of Db(E). Now we put Z0 = X, Zk = Y and Zi = Im d−i

for i = 1, . . . , k− 1 with corresponding ui ∈ Hom(Zi−1, Zi[1]). Thus, the morphism
u can be represented as a composition u = uk · · ·u1. Therefore, it is sufficient to
verify that fX[n] commutes with elements u ∈ Hom(X,Y [1]).

The rest of the proof is the same as the corresponding part of the proof of Step
4 in [O2, 3.4.6.].

Step 5. We carry out the final part of the proof by induction on the length of
the interval to which the nontrivial cohomology of the object belongs. For this
consider the full subcategory jn : Dn ↪→ Db(E) consisting of objects with nontrivial
cohomologies in some interval of length n (the interval is not fixed). We now
prove that there is a unique extension of the natural transformation f to a natural
functorial isomorphism fn : jn → F |Dn

. We have already proved this above for
n = 1, as the basis of the induction.

Now to prove the induction step, suppose that the assertion is already proved
for some n = a ≥ 1. Let X be an object of Da+1. In Step 5 we construct an
isomorphism fX : X → F (X) for all X ∈ Da+1. The proof is the same as the proof
of Step 5 in [O2, 3.4.6].

Step 6. Now we have to prove that the isomorphism fX does not depend on the
choices made in the construction in Step 5. The proof is word for word as the proof
of Step 6 in [O2, 3.4.6].
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Step 7. We constructed isomorphisms fX : X → F (X) for all X ∈ Da+1. It remains
to show that this extension of fa is a natural transformation from ja+1 to F |Da+1

.
Thus, we have to check that for any ϕ : X → Y with X and Y in Da+1 we obtain
a commutative diagram

X
ϕ−−−−→ Y

fX

⏐⏐� ⏐⏐�fY

F (X)
F (ϕ)−−−−→ F (Y ).

We reduce this problem to the case in which both objects X and Y belong to Da.
The proof is the same as the proof of Step 7 in [O2, 3.4.6]. �
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