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MAXIMAL VARIETIES AND THE LOCAL LANGLANDS
CORRESPONDENCE FOR GL(n)

MITYA BOYARCHENKO AND JARED WEINSTEIN

INTRODUCTION

Let K be a nonarchimedean local field with ring of integers Ok and residue
field F4, and let n > 1 be an integer. The local Langlands correspondence and
the Jacquet-Langlands correspondence for GL, (K) are both realized in the ¢-adic
cohomology of the Lubin-Tate tower My, oo = l'&nMme where Mg, is the
rigid analytic space parametrizing deformations of a fixed one-dimensional formal
Or-module Hy of height n over F, together with a Drinfeld level m structure. (For
the precise statement, see the introduction to [I1].) At present, this fact can only
be proved using global methods. A program initiated by the second author in [21]
and [22] aims to obtain a purely local proof by first constructing a sufficiently nice
formal model of My, ,,, and then computing the cohomology of My, - using the
nearby cycles complex on the special fiber of this model.

This idea has roots in the work of Yoshida [23], who found a formal model
for Mp, 1 whose special fiber contains a certain Deligne-Lusztig variety for the
group GL,, over k. Using this model, Yoshida showed by purely local methods that
the local Langlands correspondence for depth zero supercuspidal representations
of GL,(K) is realized in the cohomology of My, 1. Our work is concerned with
a large class of supercuspidals of positive depth. Instead of working with any
particular layer Mg, »,, of the tower, we work directly with Mg, o, which carries
the structure of a perfectoid space (see [22] or [I9] for the case of general Rapoport-
Zink spaces). Let C be the completion of an algebraic closure of K, and let Wy be
the Weil group of K. Then My, o ¢ admits an action of GL, (K) x D* x Wk,
where D/K is the central division algebra of invariant 1/n. The following theorem
does not require any global methods.

Theorem A. Let m > 1 be an integer. There exists a formal scheme V over
Spf O¢ admitting an action of GL,(K) x D* x Wg whose generic fiber is an
open subset of M, co.c, and whose special fiber V has the following property. For
every irreducible admissible representation © of GL,(K) with Q, coefficients, the
following are equivalent:
(1) Homgrp,, (k) (7, H2"1(V,Qy)) # 0.
(2) Up to twisting by a one-dimensional character, the Weil parameter of w
takes the form Indp k6, where L/K is the unramified extension of degree
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n, and 0: L™ — @Z is a character of conductor m + 1, whose conductor
cannot be lowered through twisting by a character of the form x o N1,
where L' C L is a proper subextension and Ny p,: L* — (L')* is the norm
map. (This condition implies that 7 is supercuspidal.)

If these conditions hold, then we have a D* x Wy -linear isomorphism

Homgry,, (k) (7r, H' (Y, @g)) = 7 @ of(n),

where @' corresponds to ™ under the local Jacquet-Langlands correspondence, ©' is

the contragredient of @' and m + o*(n) is a certain normalization (see Theorem C
in Section [[H]) of the local Langlands correspondence.

In other words, the degree n — 1 cohomology of the Fq—scheme V manifests the
Jacquet-Langlands and local Langlands correspondences in its middle cohomology
for all supercuspidals of the type described in the theorem. V is not of finite type,
but it is closely related to a smooth affine variety X over Fy» of dimension n — 1.
To wit, V is isomorphic to the inverse limit of a tower of schemes, each of which is
isomorphic to a disjoint union of copies of the perfection of X ®F,. (The perfection
of a scheme in characteristic p is the inverse limit of the scheme under the absolute
Frobenius endomorphism.)

The variety X is rather interesting in its own right. It is derived from a certain
unipotent group U over Fy» in a manner which resembles certain constructions of
Deligne-Lusztig in the context of reductive groups over finite fields (see, e.g., [8]
Definition 1.17(ii)]). In fact X is the preimage under the Lang map x — Fryn (z)z~*
of a certain subvariety Y C U. (Here Fry» is the ¢"th power Frobenius map. See
Section [3.4] for the definitions of U and Y.) Then X admits an action of U(Fg»)
by right multiplication. In the course of proving Theorem A we give a complete
description of the ¢-adic cohomology of X. The theorem below gives a summary of
our results.

Theorem B. As a representation of U(Fyn), the space @~ H{(X @ Fy, Q) de-
composes into a direct sum of irreducible representations, each occurring with mul-
tiplicity one. Furthermore, for each i, Fron acts on HY(X ® Fq,Qy) as the scalar

We remark that in the context of the theorem, if ¢""/? is not an integer, then
H:(X®F,, Q) =0. A more precise version of Theorem B is Theorem [.5.T] whose
proof occupies Part 2 of the article.

The scalar (—1)iq"i/ 2 is significant because it implies that X is a mazimal variety
in the following sense. Let S be any scheme of finite type over a finite field Fg.
It follows from [7| Theorem 3.3.1], that for each ¢ and every eigenvalue « of Frq
acting on H!(S,Q,), there exists an integer m < i such that all complex conjugates
of a have absolute value Q™/2. So the Grothendieck-Lefschetz trace formula

#5(Fg) =Y _(—1)"tr (Frq, H{(S,Q))
i€z
implies the following bound on the number of rational points of S:

#S(Fg) <> Q"*dim Hi(S,Qy).

1€Z
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This bound is achieved if and only if Frg acts on H:(S,Q,) via the scalar (—1)'Q"/2
for each i, in which case the scheme S is called mazimal. (There are plenty of
references in the literature to “maximal curves” over finite fields: these are smooth
projective curves which attain the Hasse-Weil bound on the number of rational
points. As far as we know, our definition of maximality for arbitrary schemes over
a finite field is new.) Theorem B implies that X is a maximal variety over Fgn.
We remark that if n = 2, then X is a disjoint union of ¢ copies of the “Hermitian
curve” y? + y = 297!, which has long been known to be maximal over Fg.

1. OUTLINE OF THE PAPER

Part 1 investigates the geometry of Mg, o, the Lubin-Tate space at the infinite
level. While this is too large to be a rigid space, it is possible to formulate Mg, o
as a moduli problem on the category of adic spaces (Definition Z-I0.I]) which turns
out to be representable. In Section 2l we review a result from [22] which furnishes a
linear-algebra description of Mg, . We begin with the formal Og-module Hy /Fq
of dimension 1 and height n. Let H be any lift of Hy to Oy, where K is the
completion of the maximal unramified extension of K. We consider the “universal
cover” H = l&nH (inverse limit with respect to multiplication by a uniformizer
of K) as a K-vector space object in the category of formal schemes over O.

Then H does not depend on the choice of lift H, and as a formal scheme we have
H = Spf O [T'/97]. The generic fiber fNIn of H is a “perfectoid open ball” over
K. The level structure on the universal deformation of Hy over My, o induces
a morphism Mg, o — I;']; Then Theorem shows that Mg, ~ is equal

to the locally closed subspace of flf; cut out by a certain explicit determinant
condition. If C' is the completion of an algebraic closure of K, then the base change
M, ,c is a perfectoid space admitting an action of the triple product group
GL,(K)x D* x Wgk.

In Section Bl we construct a special rational subset of My, oo.c which plays
a role in Theorem A. First we study the complex multiplication (CM) points of
M, o in Section Bl Let € My, oo(C) be a CM point which corresponds to
a deformation of Hy with endomorphisms by L (where L is as in Theorem A). In
Section 3.7 we identify a descending sequence of rational subsets Z; 1 D Zy 2 D -+
of £ in My, 0o,c. Fix  and m, and set Z = Z, ,,,. The main theorem of Part 1 is
Theorem B.6.1] which shows that Z admits a formal model Z whose special fiber
Z is a profinite union of copies of the perfection of the variety X described in the
Introduction. We also compute the stabilizer J of Z in GL,,(K) x D* x Wk, along
with its action on Z; this action is induced from an action of 7 on the variety X
itself. This being done, we let V be the disjoint union of copies of Z indexed by
J\N(GL,(K)x D* x Wg). We find that the representation of GL,,(K) x D* x Wk

on H»1(V, Q) is (modulo a small issue involving twists) isomorphic to the induced
representation IndgL"(K)XDX WK gn-1(X @ Fq, Q).

To prove Theorem A, we must therefore calculate the cohomology of X, and also
show that this induced representation realizes the local Langlands correspondences.
These are the aims of Parts 2 and 3, respectively. Part 2 is devoted to the proof of
a more precise version of Theorem B, which we state as Theorem 5.1l Namely, we
obtain an explicit description of the irreducible representations of the finite group
U = U(F,») that appear in H2 (X ® F,,Q,). In particular, we show that for every
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character v of the center of U, there exists a unique irreducible representation
of U that is both a summand of H?(X ® F,,Q,) and has central character .
Section [ is devoted to setting up the notation for the statement and the proof of
Theorem 5.1l Section [ establishes some properties of the “reduced norm map”
U — Gy, which is a geometric version of the reduced norm map D* — K> and of
the usual determinant GL,(K) — K*.

The heart of the proof of the main theorem is in Section[@l A step-by-step out-
line of the argument can be found in Section [6.1l Since the proof of Theorem 5.1l
is somewhat long and complicated, let us summarize the key underlying ideas.
First, using the definition of X, it is not hard to show that for every representation
p of U over Qy, the “p-isotypic component” of H?(X ® F,,Q,) can be naturally
identified with H?(Y ® F,,&,), where &, is the local system on U associated to
p (see Corollary [6.7.2). One then reduces the proof of Theorem E.5.1] to the cal-
culation of HS(Y ® F,,&,) for certain representations p that can be induced from
one-dimensional representations of groups of [Fy»-points of connected subgroups of
U. Using the methods of [2, Section 2], one identifies H? (Y ® F,,&,) with the
cohomology of certain rank 1 local systems on affine spaces. Finally, the latter
turn out to be amenable to an inductive calculation using certain linear fibrations
of affine spaces A? — A?~1  the proper base change theorem and the projection
formula.

Finally, Part 3 connects the first two parts by using Theorem B to prove The-
orem A. We note that Theorem A is concerned with the Lubin-Tate tower of K
and certain special cases of the local Langlands and Jacquet-Langlands correspon-
dences, while Theorem B is only concerned with the action of the finite group
U = U(Fyn) on the cohomology of the variety X over a finite field, which on the
surface is unrelated to the local Langlands correspondence. A bridge between the
two results is provided by Theorem C (Section [ZH]), in which we prove that the in-

duced representation IndgL"(K)XDX WK H (X ®F,,Q,) realizes certain special
cases of the local Langlands and Jacquet-Langlands correspondences. Theorem C
is proved in Section [§} we make heavy use of the methods developed by Henniart
in [12,[13], along with Theorem B. The article concludes with Section [0 where we
prove Theorem A by combining Theorem C with the main results of Part 1.

Part 1. Affinoids in the Lubin-Tate tower
2. THE LUBIN-TATE TOWER AT INFINITE LEVEL

As before, let K be a nonarchimedean local field with uniformizer w and residue
field F,. Let n > 1, and let Hy/F, be a one-dimensional formal O -module of height
n. Then Hj is unique up to isomorphism, and D = End Hy ® K is the central
division algebra over K of invariant 1/n. The Lubin-Tate tower is a projective
system of analytic spaces My, m (m > 0) which parametrize deformations of H
with the level @™ structure. In Section ZI0] we review the construction of an
analytic space My, o0, which is (in a sense) the inverse limit of the My, ,,. For
now let us describe only the points of My, o. For a complete valued extension
field E/K, Mpu, (FE) is the set of isogeny classes of triples (H, p, ¢), where H/Op
is a formal Og-module, p: Hy ® Og/w — H ® Op/w is a quasi-isogeny and
¢: K"=V(H)(E) is a basis for the rational Tate module of H. The pair (H, p) is a
deformation of Hy to O, whereas ¢ is a level structure. The group GL,(K) x D*
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acts on My, o, by operating on ¢ and p, respectively. The goal of this section is
to give a precise description of My, ~ as an adic space, as in [22]. On the one
hand, M, o represents a moduli problem for adic spaces which generalizes the one
given in the previous paragraph. On the other hand, it turns out that Mpg, o has
a convenient linear algebra description, which goes as follows. Let M (Hy) be the
Dieudonné module of Hy. Then the top exterior power A" M (Hy) is the Dieudonné
module of a formal Og-module of height 1 and dimension 1, which we call AHj.
Recall that H means the universal cover of any lift of Hy to O, and similarly for

AH. Theorem EI0.3 furnishes a natural K -alternating map 6: H™ — AH (which
even has an explicit presentation; cf. the proof of Theorem ZT03)). By classical
Lubin-Tate theory, AHp has a unique lift AH, which shows that Mg, - may
be identified with the locally closed subspace of NH n which parametrizes nonzero
sequences of torsion elements. Finally, Theorem shows that My, « is the

preimage of Mg, oo under §: ﬁ,’; — /f\\ﬁn.

2.1. Formal Og-modules: Definitions. We rely heavily on the notions of for-
mal Og-modules and formal Ox-module laws. These are reviewed below. Let A
be an Og-algebra. A one-dimensional formal Ok -module law over A is a collection
of power series H(X,Y) € A[X,Y] and [a]g(X) € A[X] (a € Ok) satisfying the
usual constraints. The addition law H(X,Y) will be written X +5 Y, and the
entire package will simply be called H. A homomorphism f: H — H’ between
one-dimensional formal Og-module laws over A is a power series f(X) € A[X]
without a constant term for which f( X +xY) = f(X)+m f(Y) and f([a]g(X)) =
[a]g (f(X)). For a one-dimensional formal Ox-module law H/A, the Lie alge-
bra Lie H is the free A-module spanned by the symbol d/dX. A homomorphism
f+ H — H’ induces a homomorphism of A-modules Lie H — Lie H' which is simply
multiplication by f/(0). Formal Og-module laws of higher dimension are defined
similarly; if H has dimension d, then Lie H is a free A-module of rank d. It will be
useful to present a more functorial description of formal Ox-module laws. For this
we need the notion of an adic ring.

Definition 2.1.1. A topological ring A is adic if there exists an ideal I C R such
that A is separated and complete for the I-adic topology. Such an [ is called an
ideal of definition for A. If A is an adic ring, an adic A-algebra R is an adic ring
together with a continuous homomorphism A — R.

For an adic ring A, let Adics be the category of adic A-algebras. We often
consider covariant functors F: Adicy — Sets. If F is representable by an adic
A-algebra R, we will often confuse F with the affine formal scheme Spf R. A
basic example is the functor R — Nil(R) which assigns to an adic A-algebra R
the set of topologically nilpotent elements of R. Then Nil = Spf A[T]. Let A be
an adic Og-algebra, and let H be a d-dimensional formal Og-module law over
A. Let Og —mod be the category of Og-modules. Then H determines a functor
Adicy — Ox —mod, which will also be called H. For an object R of Adics, H(R)
is the set Nil(R)? with the Ox-module structure determined by the operations
in H. The composition of H: Adica — Og —mod with the forgetful functor
Ok —mod — Sets is representable by Spf A[X;,...,X4]. By a formal Ok -module
over A we will mean a functor H: Adicy — Ox —mod which is isomorphic to the
functor induced by some formal Og-module law. Then Lie H may be defined as
the kernel of H(A[X]/X?) — H(A). An isomorphism between H and the functor



182 MITYA BOYARCHENKO AND JARED WEINSTEIN

induced by a formal Og-module law will be called a coordinate on H. A choice of
coordinate on H gives a basis for the free A-module Lie H.

2.2. Formal Ox-modules over F,. These are easily classified. A one-dimensional
formal Og-module over a perfect field k containing I, is either isomorphic to @a,
or else there exists a maximal integer n > 1 for which (with respect to some choice
of coordinate on H) [w]x(X) is a power series in X9 . In the latter case, H is
w-divisible, and n is the height of H. If k is assumed to be algebraically closed
(for instance, if k = F,), then there even exists a coordinate on H for which
[w]g(X) = X9". If Ais a local Og-algebra whose residue field k is perfect, we
will refer to the height of a formal Ox-module H/A as the height of H ® k (if this
exists).

2.3. Logarithms. Let A be an adic Og-algebra. For a one-dimensional formal
Ogx-module law H over A, we have the corresponding logarithm series log; (T) €
(A® K)[T]. This is the unique power series of the form T + cT? + --- which
furnishes an isomorphism between H ® (A ® K) and the formal additive group G.
If A is Ok-flat, then logy determines H. For each n > 1, there is a particularly
convenient formal Og-module law H for which

o) q‘"

log () =3

i=0
We call this H the standard formal Og-module of height n. It is obtained by setting
v, = 1 and v; = 0 (for all j # n) in Hazewinkel’s universal p-typical formal Og-
module over Oglvy,vs,...] (see [I0, Section 13]). Although H has a model over
Of, we will take its base ring to be O, where K is the completion of the maximal
unramified extension of K. It is easy to check that H ® Fq has height n in the
sense of the previous subsection. If H is a general formal Ox-module over A, then
the logarithm logy is an isomorphism between H ® A[1/w] and the additive formal
Ok-module Lie H ® (@a.

wt

2.4. Additive extensions and the Dieudonné module. Let H be a formal
Ox-module of height n over a local Ok-algebra A.

Definition 2.4.1. A rigidified additive extension of H is an exact sequence 0 —
@a — F — H — 0 of formal Og-modules equipped with a splitting Lie H — Lie F
of Lie algebras. The group of isomorphism classes of rigidified additive extensions
of H is denoted ExtRig(H,G,).

To give a splitting Lie H — Lie F is equivalent to giving an invariant differential
wg on E whose pullback under G, — FE is the canonical differential dT" on G,.
There is a universal additive extension (see [10, Section 11])

0—-V—>FE—H-—=QO0,
with V' isomorphic to (@a)"_l. Then ExtRig(H, @a) is dual to Lie E. Rigidi-

fied additive extensions of H can be constructed using special power series called
quasilogarithms. For a power series ¢(T') € (A ® K)[T], we let

Ag(X,Y)=g(X +5Y)—g(X) —g(Y),
6a9(X) = g([a]u (X)) — ag(X), a € Ok.
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Let g denote the collection of power series {Ag, d,g}. We say dg is integral if Ag
and &, lie in A[TY].

Definition 2.4.2. A quasilogarithm for H is a power series g(T) € (A ® K)[T]
without a constant coefficient for which dg and dg (the derivative) are both integral.
Define the module of quasilogarithms as the A-module

{g(T) € (A® K)[T] ‘ g(0) = 0,dg and dg integral}
QuasiLog(H) =

{gCT)GfWTﬂ‘QOD-—O}

If g(T') is a quasilogarithm for H, we may define a two-dimensional formal Og-
module law E by

(X, XY+ (YY) (X +Y +Ag(X") Y, X" +5Y"),
[a]E(val) = (aX+5ag(X/)aX/)'

Then 0 — ((A}a — F — H — 0is an additive extension of H. We define a differential
wg on FE by the formula

wg = dxX’ + dg(X)
Then the pullback of wg to (@a is dT', so that E and wg define a rigidified ad-
ditive extension of H. If g(T) lies in A[T], then E is isomorphic to the trivial
extension G, ® H via the isomorphism (X 4+ g(X’), X"). We therefore have a map
QuasiLog(H) — ExtRig(H,G,).

Proposition 2.4.3 ([10], Proposition 8.5). The map QuasiLog(H) — ExtRig
(H,G,) is an isomorphism of A-modules.

For the standard formal Ox-module, the quasilogarithms can be written down
explicitly.
Lemma 2.4.4 ([10], Proposition 13.8). Let H be the standard formal Ok -module
law. A basis for QuasiLog(H) is given by

-1

1 1 n
log (T, g log (T9),. .., ElogH(Tq ).

Let Hy = H®F,. We will write M (Hy) = ExtRig(H, @a): this is the Dieudonné
module of Hy. M(Hy) does not depend on the choice of lift H. In general, if
A — A’ is a surjection of local Ok-algebras whose kernel has Og-divided powers,
and H/A is a formal O-module, then ExtRig(H, @a) depends only on H ® A’ in
a functorial sense. Lemma 2.4.4] gives a privileged basis for the rational Dieudonné
module M (Hp) ® K, corresponding to the quasilogarithms

n—1

logy (T),1ogy (T7), ..., logy (T*" ).
We call this the standard basis of M (Hy) ® K.

2.5. The universal cover. Let A be an adic Ok-algebra, and let H be a w-
divisible formal Og-module over A. We define the universal cover H as the functor
from Adicy to K-vector spaces, defined by

H(R) = lim H(R),

where the inverse limit is taken with respect to multiplication by w.
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Lemma 2.5.1. Let Hy be a one-dimensional w-divisible formal Og-module over
F,. Then Hy is isomorphic to SpfF, [T/ 9], where F,[TY97] is defined as the
T-adic completion of the ring F,[T/77].

Proof. Since Hj is a w-divisible formal Og-module over an algebraically closed field
containing F,, we may choose the coordinate on Hy in such a way that [w]g, (T) =
T9", where n is the height of Hy. Then for an adic F,-algebra R we have Hy(R) =
I.&HNH(R), where the limit is taken with respect to the maps # — 24". Thus Hy
is the inverse limit of the affine formal schemes T&lSpf F,[T] with respect to the
maps 7 — T7", and this is exactly SpfF,[T/77]. O

For an adic Ok-algebra A, we will use the notation Nil’ for the functor:

Nil’(R) = lim Nil(R).

r—xd
This functor is representable by the formal scheme Spf A[T/47], where A[T/4™]

is the completion of A[Tl/ qoo] with respect to the ideal generated by I and T' (where
I is an ideal of definition for A).

Lemma 2.5.2. Let A be an adic Zy-algebra with an ideal of definition I. For an
adic A-algebra R, the reduction map Nil’(R) — Nil’(R/I) is a bijection.

Proof. The inverse map is as follows. We may assume that p € I. Let (zg,21,...)
be an element of Nil’(R/I). For i = 0,1,..., let y; € R be any lift of z;. Put

) -
z; = lim .
Lo Yn+i

Then (20,21, . ..) lies in Nil’(R) and lifts (zo,z1,...). O

Lemma 2.5.3. Let A be an adic Ok-algebra admitting an ideal of definition I
for which AJI = Fq. Let H and H' be 2 one-dimensional w-divisible formal Ok -
modules over A, and let Hy, H} be their reductions modulo I.
(1) For every object R of Adica, the natural reduction map H(R) — Ho(R/I)
is an isomorphism.
(2) There is an isomorphism of functors H = Nil’ (after forgetting the K-
vector space structure on fI) Thus H is representable by Spf A[TY/a™].
(8) Morphisms Hy — H{, of w-divisible formal O -modules over A/T lift nat-
urally to morphisms H — H' over A.

Remark 2.5.4. The restriction to the case of one-dimensional formal modules is
simply for ease of notation.

Proof. Part 1 is similar to Lemma if (z0,21,...) € Hy(R/I), let y; be an
arbitrary lift of x; for ¢ > 0, and then let

5= I ("] ().

Then (2o, z1,...) is the unique lift of (zg,z1,...) to H(R). Part 2 follows from
Lemma 252} For an adic A-algebra R, we have

H(R) =5 Ho(R/I) =+ Nil’(R/I) =5 Nil’(R).
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For Part 3, let fo: Hy — H0 be a morphlsm this induces a morphism fo Ho — H0
The required morphism f H — H' is the composite map

F(R) —2 Ho(R/T) L L (R/T) —— H'(R).
O

2.6. Some calculations in the universal cover oi; the standard formal Og-
module. It will be useful to make the isomorphism H — Nil® explicit in the case
that H is the standard formal Og-module. It is

H(R) — Nil’(R)
(x1,22,...) (y,yl/q,...),

where
1/(1 _ 11m Iqmn i
m—00
for i = 0,1,.... We will write A: H — Nil’ to refer to this isomorphism, and

Ais H — Nil for its projection onto the ith component. End H = Op is the
ring of integers in the unramified extension L/K of degree n. Indeed, if « is a
root of 79" — T in Oy, then there is a corresponding endomorphism of H given
on the level of coordinates by [a]g(T) = oT. (Note that logy oT = alogy T
so this does actually define an endomorphism.) On the other hand, if Hy is the
reduction of H modulo w, then End Hy = Op is generated over O by O, and the
Frobenius endomorphism IT (which sends T to 7'?). By Lemma 53] II lifts to an

automorphism of the universal cover H. We have
Ai(Tx) = A(x)?
for z any section of H and any 1 =0,1,....

Lemma 2.6.1. Let H be the standard formal O -module, and let R be a w-torsion-
free Oy -algebra which is complete for the w-adic topology. We have a commutative
diagram

(xo,21,...) € Nil’(R > (y,y",...)

3 A/ B

S D
Proof. If the sequence (y,y'/9,. LNll ) corresponds to (zg,z1,...) €
H(R), then

zo= lim (=] (7).

Taking logarithms, we get

logg (o) = Ai_rgloowm logH(yl/qmn)
0o yqn(if'm)
Z

oo

i=—00

as required. O
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This calculation appears in [9, Section 7).

2.7. The quasilogarithm map. Let Hy be a one-dimensional w-divisible formal
Ox-module over F,. Let H be any lift of Hy to Op. We will describe a functorial
map of K-vector spaces qlogy: H(A) — M(Hp) ® (A ® K), where A is any adic
Oj:-algebra. The universal cover H does not depend on the choice of lift H, and
neither will qlogy;. Let

0=-V-E—-H=0
be the universal additive extension of H, so that M(Hy) = Lie E. Let z € H(A)

be represented by the sequence (z1,z2,...). Lift this arbitrarily to a sequence
(y1,Y2,...) of elements of E(A), and then define y € E(A) by

y = lim w"y,.
n—oo

Then y does not depend on the choices made, and we may define qlogy(z) =
logp(y) € (Lie ) ®@ (A® K). It will be useful to make this map explicit when H is
the standard formal Og-module. The following lemma follows from combining the
above construction with Lemma 2611

Lemma 2.7.1. Let H be the standard formal Ok -module. Let A be a w-torsion-
free adic O -algebra. Let v € H(A).
(1) With respect to the standard basis of M (Ho)®K , the coordinates of qlogy (x)

are given by

qlog g () = (log g (x), log g (Iz), . .. ,logH(H"‘lw))-

(2) Suppose that x € H(A) corresponds to (y,y"/9,...) € Im Nil(A). Then
y m+J
1 J
ogp (IFz Z i
1€L

2.8. Formal schemes and adic spaces. This section is a review of [19, Section
2.2]. Let L be a complete nonarchimedean local field with ring of integers O and
residue field k. Let w € O be any element with |w| < 1. There is a generic
fiber functor M +— M, from sufficiently nice formal schemes M over O to rigid-
analytic spaces over L; see, for instance, the discussion in [4, Section 7.1]. Here
“sufficiently nice” means that M is covered by affine formal schemes Spf A, where
A is a noetherian adic O-algebra with the largest ideal of definition I such that
A/I is finitely generated over k. A typical example is M = Spf O[T], in which case
M, is the one-dimensional open unit ball. In the sequel we will need to work with
formal schemes which are not locally noetherian, and so we need a more flexible
generic fiber functor. This is provided by Huber’s theory of adic spaces; cf. [15].
If A is a (not necessarily noetherian) topological O-algebra admitting a finitely
generated ideal of definition, then we have the topological space Spa(A, A), which
comes equipped with a presheaf of topological rings. As a set, Spa(A4, A) consists of
those continuous valuations on A which are bounded by 1. In the theory developed
n [15], Spa(A, A) is not considered an adic space unless its structure presheaf is a
sheaf, but in [19] there is a Yoneda-style generalization of the notion of adic space
which does not require this condition. The association Spf A — Spa(A, A) extends
to a fully faithful functor M + M?d from formal schemes over Spf(O) which locally
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admit a finitely generated ideal of definition to adic spaces over Spa(Q, Q). It then
makes sense to define the adic generic fiber

M, = M* ®g,.(0,0) Spa(L, O),

an adic space over L. (This is denoted M3% in [19].) Let Nilp, denote the category
of O-algebras in which w is nilpotent. A formal scheme M represents a functor
on Nilpy. If M locally admits a finitely generated ideal of definition, then M,
has a functorial interpretation as well, and it will be useful to relate the functorial
interpretations of M and M,. Let CAff; » denote the category of affinoid (L, O)-
algebras (R, R") (in the sense of Huber) for which R' is w-adically complete.
This is given the structure of a site by declaring a cover of (R, R") to be a family
of morphisms (R, R) — (R;, R}, such that (R;, R") = (Ox(U;), 0% (1)) for a
covering of the topological space X = Spa(R, RT) by rational subsets U;.

Proposition 2.8.1 ([19], Proposition 2.2.2). The functor M,: CAff o — Sets is
the sheafification of

(RR*) >ty M(Ro)= lm lim M(Ro/w™),
RoCRt+ RoCR+ m

where the injective limit is over open and bounded O-subalgebras Ry C R™.

2.9. The Lubin-Tate space without level structure. Let H,/F, be the
(unique) formal Og-module of dimension 1 and height n. Let

Defp, : Nilpp . — Sets

be the functor which assigns to A the set of isomorphism classes of pairs (H, p),
where H is a formal Ox-module over A and

p: Ho @, Ajw — H®s Ajw

is a quasi-isogeny. Such a pair (H, p) will be called a deformation of Hy to A. Then
Defp, is representable by a formal scheme, which is isomorphic to a disjoint union
of Z copies of Spf O; [us, . .., un—1], parametrized by the height of the quasi-isogeny
p. Accordingly, the generic fiber My, of Defy, is a disjoint union of open balls of
dimension n — 1. By the above characterization of adic generic fibers, we have the
following moduli interpretation of Mg,. Let (R, R") be an object of CAE}“{,Okv and

let X = Spa(R, RT). Then an element of My, (R, R") corresponds to a cover of X
by open subsets U; = Spa(R;, R;"), open and bounded Oj-subalgebras R; o C R},
and pairs (H;, p;) over R; o, satisfying the obvious compatibility condition. Such a
family of (Hj;, p;) will be collectively referred to as a deformation of Hy over (R, RT).
In a slight abuse of notation we will refer to such a family simply as (H, p).

2.10. The Lubin-Tate space at infinite level. We review some recent results
from [22] and [19] concerning the moduli of p-divisible groups with infinite level
structures. Suppose as usual that Hy is a one-dimensional formal Ox-module over

F, of height n. If (R,R") is an object of CAﬁ?KOK, and (H,p) is a deformation
of Hy to (R, RT), then (as above) (H, p) corresponds to a family of pairs (Hj;, p;)
defined over a covering of Spa(R, R*). For each i, we have the Tate module T'(H;) =
@Hi[wm], an affine group scheme. Passing to adic generic fibers, we have for
each i an adic space T'(H,),; these glue together to form an adic space T'(H ), over
Spa(R, RT) which carries the structure of an Og-module. If z = Spa(L,L™) is
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a point of Spa(R, R") with L algebraically closed, then T(H)*(L,L") is a free
Ok-module of rank n.

Definition 2.10.1. Let My, o be the functor on CAff ;-algebras which assigns to
(R, RT) the set of triples (H, p, ¢), where (H, p) is a deformation of Hy to (R, R™),
and ¢: O — T(H)2(R, R") is a morphism of Ox-modules which is an isomor-
phism at every point z = Spa(L, L") € Spa(R, R").

Let H be any lift of Hy to O . The main result of [I9, Section 6.3] is that there
is an alternate linear-algebra description of Mp, o, which has nothing to do with
deformations of Hy. Recall from Section [Z7] that for every adic O -algebra A we
have a map qlogy : H(A) — M(Hy)® (A® K) which does not depend on the choice
of lift H. From this we get a morphism of adic spaces qlogy; : I:T,, — M(Hp) ® G,

(where G, is to be interpreted as the adic space version of the additive group).

Theorem 2.10.2. Let (Mp, )" be the functor on CAfE ;. which assigns to (R, RT)
the set of n-tuples (s1,...,8n) € I?;']‘d (R, R") such that the following conditions are
satisfied:
(1) The n-tuple (qlog(s1),...,qlog(s,)) € (M(Hp) ® R)™ is of rank exactly
n — 1. (Meaning: with respect to any choice of basis M(Hy) @ R — R™,
the resulting matriz in R"™ has rank n — 1 in the sense that all minors of
size n — 2 vanish, and that the minors of size n — 1 generate the unit ideal
of R.)
(2) For all points x of Spa(R, RT), the vectors s1(x),...,sn(z) are K-linearly
independent.
Then M, 0o and (Mp, ) are isomorphic. (In particular (Mp, )" does not
depend on the choice of H.)

Let AH be the one-dimensional formal Ox-module over O of height 1 whose
Dieudonné module is the top exterior power A" M (Hy). This is the formal Og-
module whose logarithm is

s (nﬂ)iTqi
log\(T) =) (1) g
i=0

Passing to the universal cover, if (zg, z1,...) € //\\H(R) corresponds to (y,y'/9,...) €
Nil’(R), then

[e'e] qi
2.10.1 1 - —1)(n-nil
2101 o= 3 ()
Theorem 2.10.3. There exists a K-alternating map 0: H" — /f\\ﬁ, such that the
diagram

ay N,

qlogy X---xqlogy llog/\H
M(Hp)" ® G, s M(/\H()) ® G,

commutes.
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Proof. The morphism 4 is constructed using [19) Section 6.4], at least in the case of
K = Q,, using an interpretation of H in terms of p-adic Hodge theory. The general
case adds no real additional complication. Alternatively, we can give an explicit
description of §, and in any case we will need such a description for the calculations
that follow. Assume that H is the standard formal Og-module of height n. This
entails no loss of generality, since neither H nor the quasilogarithm map depends
on the choice of lift. First define a morphism of formal schemes g : H™ — AH as
follows. Suppose a section (si,...,S,) of H" is given, for which the corresponding
section of (Nil’)™ is (z1, ..., #,) (this means that the z; are topologically nilpotent
elements with distinguished gth power roots). We set

a a
0o(s1,---,8n) = (AH) Z elay,...,an)zd 2l al"
(a1)-~'7an)

where

e the sum ranges over n-tuples (as, ..., a,) of integers (including those which
are < 0) such that a; +- - -+a, = n(n—1)/2, and such that each a; occupies
a distinct residue class modulo n,

e =(ay,...,ay) is the sign of the permutation i — a;+1 (mod n) of the set
{0,1,...,n— 1}, and

e the symbol (AH) > means that the sum is carried out using the operation
+TAH-

Then we have

lognp (Jo(s1,--y80)) = Y ela)logag(af -af")
(at,e.,an)
20T et
= > el ()T
(a1,...,an) me7Z w

and it is not difficult to see that this is the same as

mntj
]
det E ,
wm
mez 1<i<n, 0<j<n—1

which in turn equals det qlogy (s1, ..., sn) by Lemma 2711 Thus we have shown
that the diagram of adic spaces

~ 5o

ar AH,

qlogyl llOg/\H

M(Ho)n & Ga W M(/\Ho) ® Ga

commutes. We claim that §y is Og-multilinear and alternating. This will follow
from the same property of det: M(Hgy)™ — M(AHy). For instance, if s1, s, s2,. ..,
sy, are sections of H over an affinoid algebra (R, RT), define an element

0= 8(81, sllv 82,405 Sn) € (/\H)(R+)

by
0 =00(s1+87,82,.-,8n) — 00(51,52,--.,5n) — 00(8], 82, .-+, 8n)-
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(Here the operations are taking place in AH.) Then the commutativity of the above
diagram shows that log,(0) = 0. The kernel of log, is the torsion AH[w™].
Thus the morphism of adic spaces 0 : HmHL (AH),, factors through AH[ew™],,.
But as topological spaces, ?Ig“ is connected and AH[w™], is discrete, so 0,
must be constant. Since obviously 9(0,...,0) = 0, we have 9, = 0 identically.
This implies that 0 = 0, since 0 can be recovered from 0, by looking at the
induced morphism on integral global sections. A similar argument can be applied

to show that do(s1,...,s,) is Og-multilinear and alternating. We may then define
morphisms §;: H® — AH by (for instance) §;(s1,...,5,) = do(w 's1,...,8).
Then § = (g, d1, - .. ) is the required morphism H"” — AH. |

The morphism ¢: H™ — NH corresponds to a morphism A: (Nilb)” — Nil’, in
such a way that the diagram

H" —> > NH

|

(Nil’)" —— Nil

commutes. The morphism A corresponds to an element A(X;,...,X,,) of

Oy [[Xll/q ,...,Xé/q ], which comes equipped with a family of gth power roots.
It will be helpful to have a first-order approximation of A.

Lemma 2.10.4. We have

A(Xl, Ceey Xn) = det(Xg])lgign, 0<j<n—1

7
modulo terms of higher degree in O [[Xll/qm7 o ,X,l/qm]].

Proof. This follows from the explicit description of A given in the proof of
Theorem 2.10.3 O

The following theorem gives a complete description of the space My, ~ in terms
of the morphism J.

Theorem 2.10.5 ([19], Theorem 6.4.1). There is a Cartesian diagram

4
My 00 —>= MpHg,00

l l

Hy — NH .
We remark that M p, o is the disjoint union of Z copies of the one-point space
Spa(K®, O #av), Where K ab ig the completion of the maximal abelian extension of
K. Theorem 2.10.5shows that Map,,cc is a locally closed subspace of H,'. Indeed,

M aHy,00 18 the complement of {0} in the kernel of log,: /’\\I{L7 — Lie AH ® G,.

Since the diagram in Theorem 2.10.5]is Cartesian, Mp, o is the locus of n-tuples

(51,...,80) € Hy' satisfying the conditions
5(813"'7877.) 7é

logag 0(81,...,8,) =

b

0
0.

Therefore My,  is locally closed in ﬁ;f



MAXIMAL VARIETIES AND THE LLC 191

2.11. The action of GL,(K) x D* x Wg. Let C be the completion of an al-
gebraic closure of K, and let Mpy, o,c be the base change of My, o to C. We
remark that My, - ¢ is a perfectoid space in the sense of [I8]. We define a right
action of GL,(K) x D* x Wik on My, oo.c (which becomes a left action on co-
homology). The action of GL, (K) x D* is easy enough to define in terms of the
moduli problem represented by My,  (and does not require base changing to C).
We describe this action in terms of the description of My, o in Theorem
If s = (s1,...,8p) is a section of H", and if (9,b) € GL,(K) x D*, then we set
590 = (b=1sy,...,b7's,)g. This action preserves M,.00- We now turn to the
action of Wy . First we define an action of Wy on PNI];C Suppose w € Wg. Let

us write ® for the Frobenius automorphism of K which induces the qth power map
on the residue field. Then w is an automorphism of C' which induces ™ on K for
some m € Z. We get a morphism of formal schemes

1®w: ﬁ@of(OC — ﬁ(@of{,@moc,
which induces a morphism of adic spaces over C"
1@w: Efn’c — Efé?c/) = (ﬁ@ok,qm(’)c)n.

On the other hand, we have the absolute Frobenius morphism of formal schemes

p: Hy — Héq ) — H, ®F, Frm F,, which induces an isomorphism ¢: Hy — Héq ),
’ q

which in turn induces an isomorphism of adic spaces ¢: H, ¢ — H, 7(7?0). We define

an automorphism s — s of H, ¢ as the composition of 1 ® w with ®. This

induces an automorphism of H}' - which preserves My, o c. Note that the action

of Wik on My, ,c is C-semilinear, and that it commutes with the action of
GL,(K) x D*.

3. A SPECIAL AFFINOID IN THE LUBIN-TATE TOWER AT INFINITE LEVEL

3.1. CM points. Let L/K be an extension of degree n, with uniformizer wy, and
residue field Fya. Let C be the completion of a separable closure of L.

Definition 3.1.1. A deformation H of Hy over O¢ has CM by L if there exists a
K-linear isomorphism L — End H ® K, whose derivative L. — EndLie H ® K = C
agrees with the embedding L C C. Equivalently, H has CM by L if it is isogenous
to a formal Op-module (necessarily of height 1).

Note that if H has CM by L, then the Lie algebra condition ensures that the
isomorphism L — End H ® K is unique. If H/O¢ has CM by Oy, and ¢ is a level
structure on H, we get a triple (H, p, ¢) defining an C-point of Mp, o. Points
of My, constructed in this manner will be called CM points (or points with
CM by L). Let = be a point of My, o with CM by L which corresponds to the
triple (H,p,®). Then x induces embeddings i1: L — M, (K) and iy: L — D,
characterized by the commutativity of the diagrams (in the isogeny category)

K" —ovH

il(a)l lV(a)

K"—¢>VH
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and
Hy — % H ®Fq

ig(a)l la@l

HO—p>H®Fq

for « € L. At the risk of minor confusion, from this point forward we will usually
suppress i1, 4o from the notation and instead think of L as a subfield of M, (K)
and D. Let A=A,: L - M,(K) x D be the diagonal embedding.

Lemma 3.1.2. The group GL,(K) x D* acts transitively on the set of points with
CM by L. The stabilizer of such a point x is A, (L*).

Proof. If H is a formal Og-module over O¢ with CM by L, then End H must be
an order L (which is possibly not the full ring of integers). We claim that H is
isogenous to a formal Og-module whose endomorphism ring is all of Op. As usual
let TH be the Tate module of H, and let VH = TH®p, K. Let O, (TH) C VH be
the Op-submodule generated by TH; then A = O (TH)/TH is a finite subgroup
of VH/TH = H[w®] which is Op-stable. The endomorphism ring of Hy, = H/A
is all of Op, which proves the claim. By classical Lubin-Tate theory, any formal
Opr-module over OC of height 1 is isomorphic to Hy. Thus by the above claim,
if (H,p,¢) and (H',p',¢’) are two points of My, o with CM by L, then there
exists an isogeny f H — H'. Now let g = (¢/) " o V(f) 0 ¢p™ € GL,(K), and
b= ( NTlo(f®1)ope (End Hy® K)* = D*. Then (g,b) carries (H, p, ¢) onto
(H',p',¢"). If (g,b) fixes the CM point x corresponding to (H, p, ¢), it means there
isa qua51 isogeny a: H — H which carries p onto po b and ¢ onto ¢ o g. But then
a lies in End H ® K = L, and then by definition i;(«) = ¢ and i2(«) = b, which is
to say (g,b) = Az («). O

By Lubin-Tate theory, points of My, o with CM by L are defined over the
completion of the maximal abelian extension of L. That is, these points are
fixed by the commutator Wr,Wr]. Recall that the relative Weil group Wy, x
is the quotient of Wk by the closure of [Wp,Wy]. If ¢ has CM by L, and
w € Wk, then z*" " also has CM by L, and therefore there exists a pair (g,b) €
GL,(K) x D* for which z(9:?) = 2%"". Then w s L~ (g,b) is a well-defined injec-
tive map j = ju: Wr/x — L*\(GLyn(K) x D*). Recall also that there is an exact

sequence

1 —— L% W, g — Gal(L/K) — 1

corresponding to the canonical class in H?(Gal(L/K), L*) (cf. [20]).
Lemma 3.1.83. For all o € L™, we have j(recy, a) = L™ (1, ).

Proof. This is tantamount to the statement that x™°r * = x(lvo‘fl), and will follow
from classical Lubin-Tate theory. By replacing x with a translate, we may assume
that H/O¢ admits endomorphisms by all of Oy, so that H is a formal Or-module of
height 1. We may also assume that ¢ maps O% isomorphically onto TH. In [I7], the
main theorem shows that the maximal abelian extension L /L is the compositum
of L™, the maximal unramified extension, with L., the field obtained by adjoining
to L the roots of [@}]y for all n > 1. Write @ = @w}'u, with v € OF. In the
notation of [I7], the Artin symbol (a, L% /L) restricts to the mth power of the
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(arithmetic) ¢"th power Frobenius Frs» on L™ and sends a root & of [@}]m to
[u=1 g (€). But rec sends a uniformizer to a geometric Frobenius, so recr(a) =
(™', L% /L) as elements of W¢’. Thus for a unit u € OF, 2*°°t(") is represented
by the triple (H, p, )™t = (H,p,pou) = (1) = 217 as claimed. Finally,
since recr(wy,) acts as geometric Frobenius on L™ and as the identity on L,
we have z*e°2(®L) = (H, p, p)rer(@L) = (H,po Fr;dl,gb). Since [wr]g reduces to

Frya modulo wy, we have grecr(@n) = (=) This completes the proof of the
claim. (]

Let N7 and N, be the normalizers of L* in GL,(K) and D*, respectively. Then
both A} and N> are extensions of Gal(L/K) by L*. Let N C GL,(K) x D* be
the pullback in the diagram

N No

L

Ni —= Gal(L/K).

Then N is also an extension of Gal(L/K) by L*. A pair (g,b) € GL,(K) x D*
belongs to N if and only if there exists o € Gal(L/K) such that for all « € L™ we

have g~ lag = b~ tab = a°.

Proposition 3.1.4. The map j: Wk — L*\(GL,(K) x D*) factors through an
isomorphism of groups Wr,x — L*\N.

Proof. Let w € Wk, and let j(w) = L*(g,b), so that 2 = 299" We first claim
that (g,b) € N. Let o be the image of w in Gal(L/K), and let « € L* be arbitrary.
Repeatedly using the fact that the actions of GL,,(K) x D* and Wk on My, «(C)
commute, we have by Lemma [3.1.3]

1,b" ab) 2(@:0) 7 (La)(g:b)
_ pe(la)eh)
_ pLa)u(gh)

recr, (a)w(g,b)

2(

= =z
_ x(g,b) recr, (a)w

_ xwflrecL(a)w

o
—  precr (a”)

1,a%
2107,

so that b~tab = a”. A similar calculation shows that g~ 'ag = a. Thus (g,b) € .
One sees from the calculation

L)) — ) i)t ) T et )T w)

that j factors through a group homomorphism Wg — L*\N. The restriction of
this homomorphism to Wy, factors through W, so in fact j factors through a
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homomorphism Wy, — L*\N, which we temporarily call ; From the diagram

1 web Wy x — Gal(L/K) —1

< T

1 0 YN/ s Gal(L/K) —— 1

(1,0

we see that j: Wik — L*\N is an isomorphism. O

Henceforth we will use the letter j for the homomorphism Wy — L*\N which
induces the isomorphism Wy, x — L*\N of Proposition B.T.4l Then j is charac-
terized by the property that
(3.1.1) g W) = g
for all w € Wk.

Proposition 3.1.5. Let S be the stabilizer of  in GL,(K) x D* x Wg. Then S
is the group of triples (g,b,w), where (g,b) € N is a lift of j(w) € L*\N.

Proof. We have already seen that these elements fix z. Suppose (g,b, w) fixes z,
so that 2@ = g~ " = 23 Then (g,b)j(w)~! € GL,(K) x D* fixes z, and so
must lie in the diagonally embedded L*. ]

3.2. Linking orders. We continue to assume that L/K is a separable extension
of degree n and that © € My, »(C) is a point with CM by L. Then = determines
K-linear embeddings L < M, (K) and L — D. As before, let A: L — M, (K)x D
be the diagonal embedding. Finally, let m > 0 be an integer. In this section we
define a A(Op)-order L = L, inside of M,,(K) x D which plays an important
role in our analysis. Much of the material in this section is taken from [22] Section
3.3]. The CM point x determines a deformation Hy of H to O¢, and a basis for
the free Og-module TH = yLnH[w”](Oc). We may then identify M, (K) with
the algebra of K-linear endomorphisms of VH = TH @ K. Let 2 C M, (K) be
the Op-subalgebra of elements which send p? TH into pt TH for each i € Z. Let
B C 2 be the ideal of elements which send p? TH into piLHTH for each i € Z;
then B is the double-sided ideal generated by wy. We have a K-linear pairing
M, (K) x M,(K) — K given by (a,b) — tr(ab). With respect to this pairing we
may write M, (K) = L&C4, where C is a left and right L-vector space of dimension
n — 1. Let pry: M, (K) — L be the projection onto the first factor. Similarly, we
can write D = L & Cy; let pry: D — L be the projection onto the first factor. Let
7 be the largest integer such that pr; (B") C p’*, and let

Pl,m - {a € &BT prl(a) € p?}v

an Op-submodule of . By definition of r, we have Pﬁm C Pim, so that 1 4+ P,
is an open subgroup of A* containing 1 + p7*. We define similar structures for the
division algebra D. Let Bp C Op be the maximal double-sided ideal. Let ' be
the largest integer such that pr, (‘B%T/) C p7*, and let

Py = {b cPy

pra(t) € 9 }.
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Then P227m C Py, and 1+ P, , is an open subgroup of O which contains 1+ p7*.
Now we consider structures within the product M,,(K) x D. Let

L=AOL) + (Prym X Pap).

Then £ is a A(Op)-order in M, (K) x D. We also define a two-sided ideal g C L
by

B =A%BL) + (Prms1 X Pomsr).
Then R = L/ is a finite-dimensional algebra over the residue field Op, /pr..

3.3. Description of the linking order in the case of L/K unramified. From
now on we impose the assumption that L/K is unramified. It will be helpful to have
a completely explicit description of £ in this case. We will assume that the CM
point x corresponds to the standard formal Og-module H, which has CM by the
full ring of integers in L. This ensures that M, (Ox)NL =0 and OpNL = 0Oy.
Let C? = C1 N M, (Ok) and C3 = Co N Op. Then the linking order is

L= AOD) + (P x ) + (pgm/ﬂcf % pE(m—l)/Q]C20> ’
and its ideal 3 is
B = A(pL) + (panJrl < pTJrl) + <p£(m+1)/2] Cf % Pim/ﬂ CQO) )

Lemma 3.3.1. The quotient S = L/ is an Fyn-algebra of dimension n+ 1. It
admits a basis 1,e1, ..., e,. Multiplication in S is determined by the following rules:

k3
ecira=a? -e,acFyu.

o Ifm=1, then
i, 147 <

0, t+7>n.
o If m > 2, then

en, 1F+Jj=n
€i€; = . .
0, i+j#n.

Proof. This is a simple calculation. We will only explain how to construct the
elements ej,...,e,. An interesting feature is that the roles of M, (K) and D al-
ternate based on the parity of m. Let s € GL,(Og) be an element of order n in
the normalizer of L* such that conjugation by s affects the Frobenius automor-
phism of L/K. Then the Or-module C{ is spanned by s,s?,...,s" !, Similarly,
we have an element IT € Op coming from the Frobenius endomorphism of Hy; we
have that II" = w, conjugation by II affects the Frobenius automorphism on L/K,
and C$ is spanned over Op, by II, 112, ... II" 1. If m is even, then e; is the image
of (w™/?s%,0) for i = 1,...,n — 1, and e, is the image of (@™,0). If m is odd,
then e; is the image of (0, (™~ V/2II%) for i = 1,...,n — 1, and e, is the image of
(0, @™). O

3.4. The unipotent group U, and the variety X. Let Uy be the affine group
variety over F, whose points over an F,-algebra R are formal expressions 1+ae; +
-+ 4+ apey, with a; € R. The group operation is determined by similar rules as
in Lemma B3l (Thus Uy depends on ¢, n, and m, although the dependence on
m is determined by whether m = 1.) Lemma [B:31] shows there is an isomorphism
between Uy (F,») and the p-Sylow subgroup of S*.



196 MITYA BOYARCHENKO AND JARED WEINSTEIN

Let Yy C Ug be defined by the equation a, = 0, so that Yy = Aﬁ};l. Write

: Up — Uy for the Lang map g +— Fryn(g) - g7, where Fryn is the ¢"-power
Frobemus map. Put Xo = L. HYy). Let U = U, ®F, Fgn, X = Xo Qp, Fgn,
and Y = Yy ®p, Fgn. The group U = U(F4n) acts on X by right multiplication,
and the map X — Y induced by Lg» makes X an étale U(Fyn)-torsor over Y. In
particular, we obtain an action of U on H'(XW ,Qp) = EBleZ H%XIF ,Qy), where

XW o x QF n F, = Xo ®F, F,. We can give explicit formulas for the variety
X. If m =1, then X/Fyn is the (n — 1)-dimensional hypersurface in the variables
A1y 0pn Wlth equation

n n n n

al —a; al —ay al —a3 - a

-1
1 af agz T ‘122—2 aa—l
det 0 1 af T g3 ap_o =0.
n—1
0 0 0 e 1 af
If m > 2, then the equation is
af —ay a} —ay af —az - a4l | —an1 al —ay
q
1 0 0 e 0 n-1
det 0 1 0 e 0 an_y | =o0.
n—1
0 0 0 e 1 ad

If instead we use parameters by, ..., b, on U defined by g7* = 1+bie; +- -+ bpen,
then X is defined by

b — b, b —byy - b —by B —by
b 1
A L 0 0
(3.4.1) det b by o 0 0 =0
b b, b1
if m =1, and
b — b, b — by b — by b — by
b 1 0 0
2
(3.4.2) det | 03 0 0 0 =0
b 0 0 1
n—1

if m > 2.

3.5. The norm morphism. Consider the map A" : GL,(K) x D* — K* given
by (g,b) — det(g) Nrdp,k(b)~*, where Nrdp,k is the reduced norm homomor-
phism. If £ is the linking order from Section B3] then .4 takes the subgroup
L* C GL,(K) x D* into 1 4+ p C K* and induces a homomorphism S* —
(1+pR) /(1 +pth), where S = £/ is the quotient appearing in Lemma B3.11
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In particular, we obtain a homomorphism N : U — F, C Fg, which is in-
variant under the conjugation action of S* on U and restricts to the trace map
Tre, ., /r, : Fgn — Fq on the subgroup {1+ anen | an € Fgn} = Fyn of U.

In Section [l we prove that the map N can be extended to a morphism of Fgn-
varieties

(3.5.1) N:U = Gy,

which is not a homomorphism of algebraic groups, but which has the following
properties:

e N(gh)=N(g9)+ N(h)forge Uand h e U =U(F4n).

o Let pr,,: U — G, be the projection onto the final coordinate e,; then

pr,,(Lgn(9)) = N(9)? = N(g).

The variety X constructed in Section 4] is not connected. Since X is defined by
pr,(Lg(g)) = 0, the second property of N shows that X is the disjoint union of
closed subvarieties with equations N(g) = a, as a runs through F,. In other words,
we have a Cartesian diagram of affine varieties over Fyn:

X ——F,

|

U—— Al
N

(Here Fy is to be interpreted as a disjoint union of ¢ points.) In Remark [.5.2] below
we will see that the fibers of X over the points of F, are geometrically connected.

3.6. The main result of the section. Recall from Proposition that the
stabilizer of z in GL,(K) x D* x Wk is the group S of triples (g,b,w), where
(g9,b) € Nis alift of j(w) € L*\N. Let J C GL,(K)x D* x Wk be the subgroup
generated by £* x {1} and §. The main result of the section concerns an affinoid
subset of Mg, ~0,c which happens to be J-invariant. To state it precisely, we need
to pin down a certain Frobenius element. As in the proof of Lemma [3.3.1] we have
an element s € GL,, (K) of order n and a uniformizer I € Op, such that conjugation
by the pair (s, IT) affects the Frobenius automorphism on A(L*). Thus (s,II) € N.
By Proposition [3.1.4], there exists an element ® € Wy for which j(®) = L*(s,1I).
Note that ® is an arithmetic Frobenius element, and (s,II,®) € S. Then J is
generated by the following subgroups and elements:

(1) The pro-p-Sylow subgroup of £*, this being the preimage of the group

U = U(F4n) under the reduction map £* — (L/B)*;

(2) (a,a,1), where o € OF;

(3) (1, a,recr (), where o € L*; and

(4) (s,1I, ).

Consider the map
X: GL,(K)x D* xWg — KX
(9:b,w) — (detg)(Nrdp,g (b))~ " recy’ (w) ™.

We have x(J) = 1+ p. The remainder of the section is devoted to the following
theorem.
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Theorem 3.6.1. There exists a J-invariant rational subset Z C Mpy, o c ad-
mitting a formal model Z whose special fiber Z is characterized by the following
Cartesian diagram of affine schemes over F:

Z 1 + pm

L

Xgerf Fq
Fq N

Here 1+ p is to be interpreted as the affine scheme Spec Cont(1 + p%,Fq), and
similarly with Fy — (1+p2)/(1+pR*). The group J acts on all objects in this
diagram. We describe first the action of J on Xgerf. The action of the pro-p-Sylow
subgroup of L* x {1} factors through the right mqultz'plz'cation action of U on X. If
a € Of, then (o, o, 1) acts through

n—1

(a1y...,ap) — (a‘Hal, s A an),

where @ is the image of o in Or/(w) = Fyn. Elements of S of the form (1, a,
recr (o)) with o € L™ act trivially. Finally, (s,11,®) acts on Xperf as the inverse

of the arithmetic Frobenius map (the variables are fized but scalars get raised to
the 1/qth power). The action of J on 1 + p is through x: J — 1+ p%, and
similarly for the quotient Fy ~ (14 p)/(1+ pmﬂ) All arrows in the diagram are
equivariant for the action of J.

The following corollary reduces the study of the cohomology of Z to the study
of the cohomology of the (finite-type) variety X.

Corollary 3.6.2. As a representation of J we have
H.ZQZ @H. X]F7QE) (¢OX)5

where 1 runs over characters of 1 + pi.

Proof of Corollary B.6.2. The description of Z in Theorem [B.6.1shows that it is an
inverse limit of schemes of finite type:

= erf m m—+r
2z = L X5 X(4pm)/(14pth (T+pE)/(L+pE™)

- @@XEJ X (o) /apptty (LFPR)/(L+PET).
T Fry
The transition maps in this inverse system are all affine, as are the schemes them-
selves. We claim that the formation of compactly supported Q,-cohomology com-
mutes with the limit. Indeed suppose Z; is a projective system of quasi-compact,
quasi-separated schemes, and let j;: Z; — Z! be a compatible system of com-
pactifications. (This really can be arranged in our scenario, since the transition
maps are built out of Frobenius maps and projections onto a connected compo-
nent, and these both extend to the compactification.) Let Z = l'ngi, 7' = @Z{,
and let u;: Z' — Z! be the projection. By [I, VII, Theorem 5.7], the natural
map @H.(Z,L{,jiIZ/[nZ) — H'(Z/,@ufjigZ/K”Z) is an isomorphism. But each
ufjaZ/0"Z is just the extension by zero of Z/¢"Z from the preimage of (Z/\Z;) in
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7', the direct limit of these sheaves is just 71Z/¢"Z. Thus h_I)nH;(Zi,Z/Z”Z) —
H2(Z,Z/¢"Z), which proves the claim. We find

o= N . rf m T
H:(Z2,Q,) = lim H? (X]?: X(4p7)/(14p7 Y (L+pR)/(L+pE™), Qz)

700
= hm H*(Xperf Q) Qg [(1+p7)/ (147D Q1 +pR) /(L + 9.

This is an isomorphism of representations of 7; recall that the action of J on 1+p%

is through the norm map y. The representation Q,[(1 + px)™/(1 + pjt")] breaks
up as the direct sum of characters i of 1 + p7% of conductor m + r. In the direct
limit we get

H2(Z,Q,) = EBH (X3, Q) ® (¥ o),

where v runs over characters of 1 +p %. Since the Frobenius map induces an isomor-

phism on cohomology we find a natural isomorphism H? (X]kiferf, Q) = H? (X7, Q).
q

|

3.7. Preliminaries for the definition of the special affinoid. Let H be the
standard formal Ox-module over 0. Let y be a primitive element of the Tate

module TH(Og). Let (€,6/9,...) be the corresponding element of Nil’(O¢). Then
¢ is characterized by the properties

q"—1

logyy = = |w|.

Let L/K be the unramified extension of degree n. Recall that End H = O.
Let aq,...,ay, be a basis for Or/Ok. Then (ayy,...,a,y) is an n-tuple of el-
ements of H(Og) representing a point & € My, o(C) with CM by L. Let
t =6(cry, ..., any) € AH(Og), so that ¢ represents a point of MHy,00(C). Sup-
pose (1,7Y9,...) € Nilb((’)(;) corresponds to t, so that

i(n— 71 —
S o, et =),

Lemma 3.7.1. We have 7 = det(ozfj)§1+‘1+”'+qn_1 plus smaller terms.
Proof. Follows from Lemma 2.10.41 a

Let ¢ be the Frobenius automorphism of L/K. Define a matrix A € GL,,(Ok)
by

al a2 . .. an
4 ¥ . ®
ag Qg Qp
A= .
L —1 n—1 1
" % "
al a2 ag,

Let s € GL,(Ok) be the matrix corresponding to the Og-linear automorphism ¢
of Oy, with respect to the basis a1,...,a,. Then conjugation by s preserves the
subfield L C M, (K) and acts as ¢ on it. Also recall the Frobenius element IT € D*
from Section 2.6} conjugation by II preserves the subfield L C D and acts as ¢ on
it as well.
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Lemma 3.7.2. (1) Let a € L™, and let g be the image of a in GL,(K). Then
as elements of GL, (L) we have AgA~! = diag(a, a%, ..., a“"n_l).
(2) As elements of GL, (L) we have

0 1
0 1
AsA™! =
0 1
1
(3) As elements of GL, (D) we have
0 1
0 1
AlTA™! = II.
0 1
1
Proof. By definition of the embedding of L* into GL,(K) we have (a1,...,an)g =
(aal,..:,aan). Thus for ¢ = 1,...,n the ith row of Ag is (a‘fl,...,af)g =
((aa1)?", ..., (aay,)?"), which proves (1). Similarly, (2) and (3) follow from (o, ...,
ap)s = (af,...,af) and l(aq,...,a,) = (af,...,af)IL |

Let R be the adic Og-algebra which represents H, &+ Thus we have n universal
elements X1, ..., X, € H(R).

3.8. The special affinoid: Case of m > 2 even. Define elements Y7,...,Y,, €
H(R) by
(3.8.1) (X1,..., Xn) = (y+ @™V, @™/?Yy, ..., @™V, _1)A.

Write Ao(Y;) = £Z;, so that Z; € R® C. Define a rational subset Y C ﬁgc by the
conditions
1Z] <1, i=1,2,...,n.

Then Y = Spa(S, ST) is the generic fiber of a formal scheme ) = Spf ST, where
St = O¢ <le/q°°, . .,Z}/‘f"> .

The special fiber of Y is SpecF, [le/qoo, . Zrl/qoo} = A%’pcrf, which is to say it is
the perfection of affine n-space over Fq.
Theorem 3.8.1. Let \Y C /\PNL,,(; be the image of Y under 6. The morphism

6: Y — AY extends to a morphism of formal schemes Y — AY whose special fiber
fits into a diagram

y AY

Nl l

f 1,perf
Ut AL
Fq N Fq
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in which the vertical arrows are isomorphisms, and the lower horizontal map is in-
duced from the morphism N: U — Al of Equation (3.5.1)). This diagram commutes
up to sign.

Proof. By Proposition ELI03] the morphism 6: H" — AH is characterized by the
property that log; 6(X1,...,X,) = detqlogy(X1,...,X,). To prove the theo-

rem we will undertake an analysis of qlogy (Xi,...,X,), in terms of the integral
coordinates Z1,...,Z, on ). In the ring S* we have the congruences
logyy (y +@™Y,) = w"(Zy— Z1)
logy Il(y +@™Y,) = ¢*
logy 1" Yy + @™Y,) = €',
and, fori=1,...,n—1,
logy Vi = &(Z]" - 7)
logy IY; = £177
' n—1 n—1
log, 11"y, = ¢ 7z .

Here a = b is taken to mean “modulo smaller terms in S*.” We have used the fact
that £€¢" = wé. By Lemma [Z71] the coordinates of qlogy (X;) with respect to the
standard basis of M (Hy) ® K are given by

qlogy (X;) = (logH(Xi), log; (I1X;), . .. ,logH(H”*IXi)) .

This gives us an expression for the matrix qlogy (X;)i=1,...n € M(Hp)"®S in terms
of Yp,...,Y,_1:

(alog(Xi))s
w™logy Y wm/? logy Vi1 . wm/? log Y1
w™/? log 1Y} logy H(y +@™Y,) --- w™/? log 11V,
@™ log 1" 1Y, 1 @™/ ?logy 1" Y,y --- loggy II" ' (y + @w™Y;)

Now take determinants. We apply the preceding congruences together with Lemma
BTl to find that det qlogy (X;) equals

Zpy— 29 Z-20 Zy-28 . Zyo—2Y, Zy,—27
Zi_ 1 0 . 0 0
2
w™r det Zy_, 0 1 e 0 0
za" 0 0 s 0 1
plus smaller terms in S*. Let f(Z1,...,Z,) denote the determinant appearing in

the above equation. Remarkably, the equation f = 0 cuts out the variety X defined
in Section B4l Since log,z 0(X1, ..., X,) = detqlogg (X1, ..., X,), we have

logpng 6(X1,.... Xn) =@™1f(Z1,...,Zp)
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modulo smaller terms in ST. Let 6 = (8p,01,...) = 6(Xq,...,X,) € /\Aﬁ(S*);
we intend to use the above congruence to give an approximation to ¢ in terms of
Z1y. .. Zpn. Let exppy(T) € K[T] be the exponential series of AH; this series
belongs to 7O (T'/7). Since log,y 0 € w™rS™, we have that log,y 6, € 75T,
and therefore exp, g log, 5 0., converges to an element ¢/, € H(S™), and we have
log 7 (0 — 01,) = 0. Thus 4, — 8., belongs to T(AH)(ST) = T(AH)(O¢) (since
Spec ST is connected). The homomorphism St — O¢ carrying each Z; to 0 takes
Om — 0L, 10 t, 50 that in fact &, = t,, +0/,. Let &' =& —t € H(ST); then

50 = wméin

We have 6/, = 79(Z1, ..., Zy,) for some g € ST = O¢ <le/qoo, cee Z%/qw> without

constant terms. Taking logarithms gives
logapd=wmr(g—9g9) =a™rf

modulo smaller terms in ST. We can conclude from this that g—g? = f as elements
of Fq[le/q Yo ,Z,ll/q |. This means that (in this ring) g = —N. O

With Theorem B.81] we can return to the proof of Theorem B.6.Il By Theo-
rem [Z10.5] there is a Cartesian diagram

5
MH, 00,0 — MpHy.00,C -

l l

~ ——
Hn,C —>5 /\Hn,C

Let AZ = Spa(T,T") be the preimage of AY in Map, 0o.c. The underlying topo-
logical space of AZ is the set of translates of t € T(AH)(O¢) by 1+ p%. Thus
T+ = Cont(1 + pP,Oc). Let AZ =SpfT+. Finally let Z =) x,y AZ. Then the
special fiber of Z fits into a Cartesian diagram

The scheme AZ is isomorphic to the “constant scheme” 1 + p% = Spec Cont(1 +
p7,F,). Now apply TheoremB.8.T} the bottom arrow is isomorphic to N: UPert —
APt Thus we have a Cartesian diagram of schemes over Fy:

Z 1+plp

]

Uperf . Al,perf
N
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On the other hand, the variety X appears in a Cartesian diagram

X —F,

|

U——=A!
N
Taking the perfection of the second diagram and combining it with the first gives

a Cartesian diagram
o i

L

f
X%)er - qu
q

thus establishing the first part of Theorem B.6.1l1 We now establish that the group
J C GL,(K)x D* x Wk stabilizes Z and extends to an action on Z which induces

the action on Z described in Theorem B.6.1l Since Z = ) xy AZ, we can just

show that J preserves Y, and that it induces the correct action on Y — A%’perf.
q

Proposition 3.8.2. The action of J on I;T;LC preserves ).

Proof. Recall that J is the subgroup of GL,,(K)x D* x Wy generated by L* x {1}
and S. The group £* is in turn generated by the diagonally embedded subgroup
A(OF) along with the subgroups 1+ p7* +pT/2Cf and 1+p7* +p2n/202° of GL,(K)
and D*, respectively. Suppose then that g € 14 p7* + pT/QCf. We have that C7
is the Or-module spanned by s,s2,...,s" . So we may write
9=PBo+Bis+ -+ Pars"Y,
where §; € O, By = 1 (mod p7*), and G; € pan/2 for i =1,2,...,n — 1. Recall
that Y was defined by the inequalities [\o(Y;)] < [Ao(y)| = |¢] for i = 1,2,...,n.
Our goal then is to show that these inequalities imply that |Ao(g(¥7))| < |€] as well.
Applying g to Equation (381 gives
(382)  (9(X1),.-,9(Xn)) = (y+@"g(Ya), @™ ?g(V1), ..., @™ 2g(Y, 1)) A.
By definition of the action of g on H™ as a matrix we also have
(g(Xh s 7g(Xn)) = (Xh R Xﬂ)g

= (y+ @Y, @2y, .., wm/2Yn)Ag

= (y+ @™, w™?Y,..., @™, )AgA" A
By Lemma we can compute

Bo B o Brar
¥ 5%9 .. w
_1 n—1 0 n—2
(3.8.3) Agat=1|"" : :
;L—l ;L—l ;L,l
pr o BS By
Equating the above expressions for (g(X1),...,9(X,)) gives an expression for each
g(Y;) in terms of Y7,...,Y,,. For instance,

g(V) =@ "(Bo— Dy + BoYy + @ ™2B% Y1+ -+ ™27 Y,
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is an Op-linear combination of the elements Z =y, Y7,...,Y, € PNI(R), all of which
satisfy |A\o(Z)| < || on ), and therefore so does ¢(Y;,). The argument for the other
g(Y;) is similar. We leave it to the reader to verify the claim for the other types of
gin J. O

Lemma 3.8.3. The action of J on the identity element of Y — UPT js g
described by Theorem [3.6.11

Proof. The CM point = (a1y, .. ., any) € Y is the point where Y1 =--- =Y, = 0.
Thus the reduction of this point in ) corresponds to the identity element of UPef,
We verify the claim for those elements of J belonging to 1 + p7' + pm/2C’f; the
calculation for the other generators of J is simpler. Let 1 +a;7+---+@,7" be an
element of U, and let ¢ = 1 +@w™a, + @™/ 2as+-- -+ wm/zan,ls”*1 be a lift of it
to 14-p7' —|—pm/26’f, with ay,...,a, € Op. At the point 29, the variables Y7,...,Y,
take values determined by

(@™, w™?Yy, ... ,w’”/zYn_l) = (a1y,...,any)(g—1)A"
= (y9,0,...,00A(g—1)A"!
= (wmanya wm/2a1y7 RS wm/2a’n—1y)7

which is to say that Y; = a;y. (Here we have used the calculation of AgA~!
from Equation (383).) Therefore the reduction of z9 in Y — UP*T is the point
1+aim7+---+a,m™. (]

Let p: J — Aut An Perf 16 the action of J on Y —» A" Perf YWe can now show
that p agrees with the “action described in Theorem B6T That theorem describes
an action p’: J — Aut A%L Perf - The preceding lemma shows that for all ¢ € J,

q
0'(9)p(g)~! fixes the origin in A%’perf and all of its translations, which is to say it

fixes the subset A™(Fgn) C A”(an). We also know that since p and p’ are both
F,-semilinear in the same way, so that p’(¢g)p(g)~" is actually F,-linear. Finally,
we know that g descends to an automorphism of the Lubin-Tate tower at some
finite level, which means that p(g) descends to an automorphism of A%q. These

considerations show that p'(g) = p(g).

3.9. The special affinoid: Case of m > 1 odd. Once again, elements Yi,...,
Y, € H(R) are defined by a system of linear equations:
(X1,...,Xn) = (y + @Y, @™ V200, . w(m —1)/20" 7Y, ).

Write A\o(Y;) = £Z;. As before, the rational subset Y = Spa(S,S™) is defined by
the conditions |Z;| < 1fori=1,...,n. Let Y = SpfST. We have the following
congruences in S
logp (y +@™Yy) wmé(zﬁn - Zy)
logy Ty + @™Y,) = wm /2

logy "™ (y + @™Y5) wm=D/2g™™
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and, fori=1,...,n—1,
logy w™m VMY, = mm-D/2e zd

logH w(mfl)/21—[i+1Yi w(m,l)quiﬂzfﬂ

log ; @™ V/211MY; w2 (7, — 74"

1OgH w(nz—l)/QHi—i-n—lYti w(m+1)/2€qi712{1i71'

The determinant of (qlog(X;)); equals

n m4+1 n m+1 n m+1 n
w™(ZL —Zn) w 2 (ZL | —Zn_1) -+ w2 (Z§ —Z2) w 2 (Z] —Z1)
m—1 m41 m41
w2 Zi] 1 cee w2 Zg w2 Zg
m—1 .2 m—1 _ 2 m41 2 mt1 B2
m== a = oa o a mE ,aq
7 det w2 Z, w2 Z7 ce w2 Zy w 2 Zg
mo1 ! mo1 gl mo1 gl
w2 Z,_ 4 w 2 Z)_ 4 w 2 7] 1

plus smaller terms. Up to smaller terms (and up to sign), this latter determinant
equals ™7 times

28 —Zy Z . —Zna o ZE =2y 20 -7

VA 1 e 0 0

ql2 9
(3.9.1) det Zy Z e 0 0
Z S
if m=1, and

78 —Zy Z . —Zna o 28 =2y 20 -7

71 1 . 0 0

2
(3.9.2) det |  Z3 0 o 0 0
zi" ] 0 . 0 1

ifm > 3. Let f(z1,...,2n) € Fgn[21,..., z,] be the polynomial defined in Equations
B9J) and (39.2)). We have the congruence
(3.9.3) det(qlog(Xy),...,dlog(X,)) =@ 7f(Z1,...,Zy)

modulo smaller terms in ST. Once again, f = 0 cuts out the variety X (see
Equations (841]) and (342)). We now proceed exactly as in the case of m even
to complete the proof of Theorem B.6.11

Part 2. Deligne-Lusztig theory for certain unipotent groups

4. FORMULATION OF THE RESULTS

4.1. Overview. This part can be read essentially independently of the rest of the
article. In it we formulate and prove a more precise version of Theorem B stated in
the Introduction. We use the methods developed in [2] Section 2]. A special case
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of Theorem B is also proved in the preprint [4], to which we refer the reader who
would first like to see how our approach works in a simpler setting. However, for
the purpose of proving Theorem A, the full strength of Theorem B is needed, and
the arguments that appear in the current part of the article do not rely on op. cit.

4.2. Notation. Throughout this part of the article, we fix prime numbers p # ¢,
a power ¢ of p, and an integer n > 2. We will freely use the formalism of ¢-adic
cohomology with compact supports and the standard notation and terminology of
that theory. The only nonstandard notation we employ is as follows.

Remarks 4.2.1. (1) If X is a scheme of finite type over F, and F is a (constructible)
¢-adic sheaf, we write H!(X, F) in place of R'pr,(F), where pr : X — Spec(F,)
is the structure morphism. With this convention, H:(X,F) is an f-adic sheaf
on Spec(F,), i.e., a continuous finite dimensional representation of Gal(F,/F,)
over ;. The underlying vector space of H!(X,F) is equal to the compactly
supported cohomology H’(X ®r, Fq, F), and the action of the canonical gen-

erator of Gal(F,/F,) on H.(X,F) will be denoted by Fr,.

(2) The above conventions apply in particular to the case where F = Q, is the
constant Q,-local system of rank 1 on X.

(3) Our normalization of Fr, is such that the Tate twist Q,(1) on Spec(F,) corre-
sponds to a one-dimensional vector space over Q, on which Fr, acts as ¢~ *. So,
for example, H2(A',Q,) = Q,(—1) and H!(A',Q,) = 0 for i # 2, where Al is
the affine line over F,,.

4.3. Additive characters of F ;.. Given a character ¢ : Fjn — @Z, there is a
unique integer 1 < m < n (which divides n) such that ) factors through the trace
map Tr]Fqn [Fgm ° Fyn — Fgm and does not factor through the trace map Fgn — IF s
for any 1 < k < m. We call ¢™ the conductor of 4. Since Trg_, r .. is surjective,

. . —X
we can write ¢ = 11 o Trp /B ym for a unique character ¥y : Fgm — Q, .

4.4. Definitions. In Section B4 we introduced a unipotent group U over Fyn, a
hyperplane Y C U, and a smooth hypersurface X = L;nl (Y) C U, where Ly :
U — U is the Lang morphism g — Fry(g) - g'. The definition of U depends
on whether m = 1 or m > 2, where m is the positive integer appearing in the
formulation of Theorem A from the Introduction. For the sake of brevity, we will
treat both cases simultaneously. Since we will need to vary n and ¢ in what follows,
we will modify the notation U to make the dependence on n and ¢ more explicit.

We first introduce a (noncommutative) ring object R in the category of affine
Fgn-schemes defined as follows. If B is a commutative Fyn-algebra, then R(B) is
the ring consisting of all formal expressions ag + a1 - €1 + -+ + a, - €, which are
added in the obvious way and multiplied according to the following rules.

4.4.1. Case 1. This case corresponds to the case where m = 1 in Theorem A:
° ei-a:aqi-ei forall 1 <i<n and all a € B;

o foralli,j >1,

eir; ifi4+j<m,
€; - ej = .
0 otherwise.
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4.4.2. Case 2. This case corresponds to the case where m > 2 in Theorem A:
° ei-a:aqifi forall 1 <i <n and all a € B;

o foralli,j>1,

en ifi+j=n,
€; - €; =
L 0 otherwise.

Remark 4.4.1. In the remainder of this part of the article, the letter m will be used
as an auxiliary index, independent of its meaning in Theorem A.

In both cases the multiplicative group R* C R is given by ag # 0, and we let
U™? C R* denote the subgroup defined by ag = 1. Then U™ is the unipotent
group that was denoted by U in Section Bl We write Y € U™ for the subvariety
defined by a, = 0 and we put X = Lq_n1 (Y). The finite group U™%(F,») acts on
X by right translation, so we obtain a representation of U™4(F,«) on H:(X, Q)
(cf. Remarks [L.271)) for each i € Z, which commutes with the action of Fryn.

Remark 4.4.2. By construction, the ring R(Fgn) of Fgn-valued points of R can be
identified with the quotient ring S = £/ considered in Lemma B3]

Remark 4.4.3. If Z C U™? consists of expressions of the form 1 + a,e,,, then Z is
the center of U™? and Z(Fyn) is the center of U™4(F,n). We have Z = G,, and we
often tacitly identify the two groups. In particular, every irreducible representation

of U™4(Fyn) over Q has a central character Fyn — @Z

Remark 4.4.4. We recall from Section that there is a natural group homo-
morphism U™4(Fgn) — F, (there it was denoted simply by N). In this part we
will denote it by Nm™? and refer to it as the reduced morm map. An alterna-
tive approach to defining Nm™9, which is independent of Part 1, can be found
in Section Bl In particular, Proposition [B.I.1] shows that Nm™? depends only on
whether m = 1 or m > 2 in Theorem A, which is not obvious from the original
definition.

This map plays the following role in the study of representations of U™?(Fyn).
The restriction of Nm™? to Z(F,n) = Fyn is equal to the trace map Trg _, /r,. In

particular, given a character ¢ : Z(Fpn) — @Z with conductor ¢, we obtain a
preferred extension of ¢ to a character of U™?(F,»). Namely, if ) =47 o Trp . /5,

where ¢ : Fg — @;, then ¢ o Nm™? : U™9(Fyn) — @Z extends .

Remark 4.4.5. Suppose that n = m - nqy, where m,n; € N, and put ¢ = ¢, so
that ¢ = ¢”. We can consider the unipotent group U"?* over Fs». To avoid
confusion, let us temporarily denote its elements by 1+bye| +---+by, €, . We can
naturally embed U™? as a subgroup of U™? via the map

1+ bie] 4+ boey + -+ b€y, —> L+ brem + breom + -+ + b, en.

From now on we identify U™% with its image under this embedding. In particular,
we view U0 (Fyn) as the subgroup of U™%(IFyn) consisting of all elements of the
form 143, ; aje;, where each a; € Fyn.
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4.5. A more precise version of Theorem B.

Theorem 4.5.1. Fiz an arbitrary character ¢ : Fgn — @EX

(a) There is a unique (up to isomorphism) irreducible representation py, of U™(Fgn)
that has central character ¥ and occurs in

H (X, Q) : EBHZX(@E

1€Z
Moreover, the multiplicity of py in HS(X,Qy) as a representation of U™ (Fyn)
is equal to 1.

(b) Let ¢ have conductor ¢, so that n = mny for some ny € N. Then py occurs
in H?™=2(X,Q,), and Fryn acts on it via the scalar (—1)""" . gn(n+m=2)/2,

(¢) The representation py can be constructed as follows. Write 1 =1 o Try,, /Fa,
for a unique character iy : Fy, — @Z, where ¢ = ¢ as in Remark 445

Put
m:{1+ Z aje; + Z ajej}CU"’q,
ji<n/2 n/2<j<n
m|j

a connected subgroup. The projection vy, : H,, — U™ obtained by dis-
carding all summands aje; with m { j (c¢f. Remark BZA0) is a group homo-
morphism, and {lj =11 o Nm"" % oy, is a character of Hy,(Fgn) that extends
V: Z(Fgn) — Q, (see Remark BAA). With this notation:

o if m is odd or ni is even, then py = IndH (];F,Lﬂ))(#))

e if m is even and ny is odd, then Inde(]gF:?;)(lZ) is isomorphic to a direct

sum of ¢"'? copies of py. Moreover, in this case, if 'y, C U™ (Fyn) is the

subgroup consisting of all elements of the form h + ayjz€y,/2, where h €
Hpy(Fgn) and ay /o € Fynj2, then J can be extended to a chamcter of Ty,
and if x : Ty, — Qz is any such extension, then py = Ind " (E ﬂ)( ).
Remark 4.5.2. By construction, X is a finite étale cover of ¥V = A"‘l, so all
connected components of X Q®F 4n F, are irreducible and smooth of dimension n —1.
Theorem A5 Tlimplies that the top compactly supported cohomology H?"~2(X,Q,)
has dimension ¢ (indeed, as a representation of U™%(F4n) it is the direct sum of
one-dimensional representations of the form 1, o Nm™Y, where 1); ranges over all
characters F, — @Z), and Frg» acts on it via the scalar ¢""=1/2 Hence X
has ¢ connected components, which are geometrically irreducible and smooth of
dimension n — 1.

Let us give an explicit description of these components. In Section [l below we
introduce a morphism N™? : U™? — (,, which extends the reduced norm map
Nm™? in the sense that N7 : U™9(F,n) — F,» has an image in F,, and is equal to
Nm™?. By Proposition 5.T.T] X can be described as the subvariety of U™ ®@F, Fyn
defined by the equation N™%(g)? = N™%(g). Hence the connected components of
X are precisely the subvarieties given by N™9(g) = ¢ as ¢ ranges over the points of
F, C Gg.
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5. PROPERTIES OF THE REDUCED NORM MAP

5.1. Summary. In this section we will extend the reduced norm map mentioned
in Remark .44 to a morphism of Fyn-varieties N9 : U™? — G, (it was denoted
simply by N in Section [B.0]) and establish some properties of N™4. The main result
is the Proposition 5.1.1.

Proposition 5.1.1. (a) There is a unique morphism N™9 : U9 — G, of Fyn-
schemes such that N™%(1) = 0 and pr,(L¢n(g)) = N™9(g)? — N™(g) for all
g € U™, where pr,, : U1 — G, denotes the projection onto the last coordinate
en.

(b) If g € U™ and h € U™(Fyn), then N™(gh) = N™4(g) + N™4(h).

(¢) We have N™9(g) = Nm"™(g) for all g € U™1(Fyn).

Ezample 5.1.2. If n = 2, the two cases considered in Sections .4 Tland L. 4.2 become
the same. For g = 1+ aje1 + azes € U9, we have Frp2(g) = 1+ a‘fzel + agzeg and
g =1—aje; + (a1 79 — az)es, so that pry(Ly(g)) = ag2 +a;t —ay — a?zﬂ and
hence N?4(g) = as + a3 — a}+q. For higher n, it is possible to give a formula for
N™1(g) as the determinant of a certain matrix whose entries are given explicitly
in terms of the coefficients in the expansion g = 1+ a1e; + - -+ + ane,, but we do
not find this formula to be useful and prefer to work exclusively in terms of the
axiomatic characterization given in Proposition 111

Corollary 5.1.3. If g € U™%(F,n) is such that pr,,(Lgn(g)) € Fyn, then
Trg, . /v, (Pr, (Lgn (9))) = N™9(Frgn (9)) — N™(g).
Proof. By the proposition, pr,, (L (g)) = N™9(g)? — N™4(g), whence

n—1

Tre, e, (P, (Lgn (9)) = O pr(Lgn (9))7 = N™4(g)4" — N™4(g).

7=

But N™4(g)?" = Fryn(N™9(g)) = N™9(Fr,«(g)), completing the proof. O

(=)

5.2. Proof of Proposition[5.1.7l(a). We begin by proving the uniqueness of N™9.
Suppose that Ny : U™? — G, is another morphism with the same properties as
N™2. Then (N™4(g) — Nl(g))q = N™1(g) — N1(g) for all g € U™, which means
that the image of N™9—N; : U™? — G, is contained in the discrete subset Iy, C G,.
Since U™Y is connected, N™? — N; is constant. Since N™9(1) = Ny(1), we have
N™1 = Nl.

To prove the existence of N™? we use Lemma 5.2.1.
Lemma 5.2.1. Every element of U™Y can be written uniquely as
1+aje; +ases+ -+ +ane, = (1 —brey) (1 —bgeg) - -- (1 —brey).

The maps relating each of the n-tuples (a;) and (b;) to the other one are polynomial
Junctions with coefficients in Fp,.

Proof. This is straightforward: first observe that b; must necessarily equal —a;.
Then multiply both sides of the identity above by (1 + aje;)™! on the left, and
observe that the left hand side takes the form 1+ ages + - - - + aj,e,, where the o
are certain polynomial functions of the a;. Proceed by induction. ([l
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To complete the proof of Proposition[5.I.1la), we consider the following situation.
Assume that we are given an element of U™? of the form

g=(1—bger) (1 —bprrepsr) - (1= bnen),

where 1 < k < n. We would like to show that there exists a polynomial map Fy
(depending only on k) such that pr,, (L (g9)) = Fi(bk, ..., bn)? — Fr(bg, ..., by).

To this end, we use descending induction on k. When &k = n, we have g =
1 —bpen, 50 Lyn(g) = 1+ (b, — b2 )e,, and we can take Fy,(b,) = —(1+b% + b?f +
)
Now suppose that 1 < k < n is arbitrary. We have
Lyn(g) = (1= b ex) -+ (1=b% en) - (1= bpen) ™ oo (1= brex) ™",
which can be rewritten as
an (g) = (1 — bznek) . (1 + Z Ci6i> . (1 + (bkek) + (bkek)Q + - ) .
i=k+1

Here each ¢; is some polynomial function of the variables by1,...,b,. Further, by
induction, we may assume that

Cp = Fk+1(bk+17 ety bn)q - Fk-‘rl(bk-‘rl) sty bn)
for some polynomial function Fj.1.

Expanding out the product above and collecting only the terms that involve e,,,
we obtain the following expression:

Cnén  + [(cn—k:en—k?) : (bkek) + (Cn—2ken—2k) . (bkek)Q + .- ]
- (binek) “[(en—gen—k) + (cn—oren—_ok) - (breg) +---].

Thanks to our induction assumption, the term c,e, can be ignored for the purpose
of the present proof. The remaining terms can be regrouped as follows:

> [(C”‘““e"—ik) - (brer) = (b er) + (Cn—ien—ik) - (bkek)iil} .
i>1

It remains to observe that if we are in the case of Section[£.4.2] then the terms with
i > 2 in the last sum are all 0, and the sum becomes

n n— nek. Ak
(cn—k€n—r) - (brex) — (bF ex) - (cn—k€n—r) = {(Cnfkbz k) — (en—rb} k)q } “en.
On the other hand, if we are in the case of Section [.4.T] then

(Cninen—in) - (brex)’ — (67 ex) - (cn_iken—_ir) - (brer)' ™"

n—ik k ki—k k n n—ik+k k ki—2k
- " T (At e ) g q"+q (I+q"++q )
= (Cn—ilc - by, = Cn_ik b, “en
n—ik n—ik+k n—k k n—ik+k n—ik+42k n
_ q +q +tq q q +q +-+q
= (Cnfik “ by, ~Cp_ik Yy ) “En;
and since

q" gk gk 7" g iR L gneik 2l an k
Cn—ik - b}, —cp i bk =A—- A7,

n—ik | gn—iktk 4 o=k

where A = ¢,,_;1, - bz , the induction step is complete.
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Finally, define N™4 : U™? — G, by the formula
Nn’q((l — blel) . (1 — bgeg) HEEEE (1 — bnen)) = Fl(bl, .. ,bn)
It is clear that N™9 has the two properties stated in Proposition [B.1.1la).

5.3. Proof of Proposition B.1.I[(b). Fix h € U™9(F4n). The Lang map Lg» :
U™ — U™1 has the property that L, (gh) = L, (g) for all g € U™4, whence

N™%(gh)* — N™%(gh) = N™%(g)* — N™%(g)

by the definition of N™%. By the same argument as in the proof of the uniqueness
assertion of Proposition 5.I.Tl(a), the morphism U™? — G, given by g — N™%(gh)—
N™14(g) is constant. Its value at g = 1 equals N™%(h), proving Proposition 5ITI(b).

5.4. Proof of Proposition B.1.7l(c). We use an observation due to Drinfeld.
Recall that U™? is a normal subgroup of the multiplicative group R* of the ring
scheme R introduced in Section[£.4l Now R* also contains the multiplicative group
G,,, as the subgroup defined by the equations a; = as = --+ = a,, = 0, so we obtain
a conjugation action of G,, on U™%: for g € U™?, and the action map is given by

(5.4.1) Gm3Aig=1+ aje;— AgA~ =1+ A7 ge;.
Jj=1 j=1
Lemma 5.4.1. The reduced norm map Nm™? : U9(Fyn) — F, is the unique

group homomorphism which is invariant under the action of Fjn on U™ (Fgn) com-
ing from [B.4T) and restricts to Trg,_, v, on the center Z(Fyn) = Fyn of U™ (Fyn).

Proof. The fact that Nm™? has all of the stated properties follows easily from
its original definition (cf. Remarks d.4.4] and Section B0). To check the
uniqueness claim, let H C U™9(Fgn) be the subgroup generated by all elements of
the form g=' - (AgA™!) with g € U™9(F4n) and X € Fy5.. It suffices to show that
U™4(Fqn) = H - Z(Fgn).

Assume that this is not the case, and let g = 1+ 377, aje; € U™(Fyn) be an
element that does not belong to H - Z(F,»), where k > 1 is as large as possible. In
particular, k < n. Hence there exists A € ]qun with A1 #1. Putb= /\17‘2’;71 and
g1 = 1+beg. Then gfl ~Ag1A™h) = 1+ager +O(exs1), where O(eyy1) denotes an
unspecified expression of the form 3., ., aje;. Therefore g = gt QgAY - o
for some g’ € U™?(Fyn) such that ¢’ = 1 + O(eg4+1). The maximality of k implies
that ¢’ € H - Z(Fg4n ), which is a contradiction. O

To see that Lemma [5.4.1] implies Proposition I T{¢), we argue as follows. As a
special case of Proposition B.II(b), we see that N™? : U™9(Fsn) — F, is a group
homomorphism. Hence it suffices to check that N™ is invariant under the action
(BAI) and that N™9(1 + ae,) = Trg, . /v, (a) for all a € Fyn.

Choose any 1 < j < n, pick € Fyn, and consider g = 1 — ze; € U™ (Fgn).
We will check that N™?(AgA~!) = N™(g) for any A € F., and, in addition, if
j = mn, then N"9(g) = —Trg_, /r, (7). Since (B4I]) is a group action, and since
N™: U™9(Fgn) — F, is a homomorphism, it will follow from Lemma [5.2] that
N™4: U™9(Fgn) — Iy is invariant under the Fyi-action coming from (G.4.T) and
the proof will be complete. As before, we consider two cases.
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5.4.1. Case 1. Assume that we are in the case of Section .41l and consider the
restriction of N™% to the subvariety of U™? consisting of all points of the form
1 — be; (this subvariety is isomorphic to A'). We calculate it explicitly as follows.
We have

Lgn(1—bej) = (1 —b9"¢;) - [1+ (bej) + (bej)? + -],
so if j 1 n, we get pr,, (Lgn(1 — be;)) = 0 and N™7(1 — be;) = 0, while if j | n, we
get

Pr, (Lgn (1 = bej)) = pHHa Ha7 b _ lba et

whencdl
2 j—1
N™(1 = bej) = —p(b) — () = p(0)T — - = (0) ",
where ¢(b) 1= b1+ ++4" In particular, if j = n, we obtain ¢(z) = x and

N™4(1 - zen) = — Trg,, sr, (). In addition, if j is arbitrary, then given A € Fro,
we have A(1—be;)A~! = 1—X1"%"be;. Soif j fn, we get N™7(A(1—be;)A™1) =0 =
N™4(1—be;). If j | n, then with the notation above, (A= b) = A\1=9" ¢ (b) = ¢(b),
so we again have N™7(\(1 — be;)A~!) = N™%(1 — be;), completing the proof.

5.4.2. Case 2. Now assume instead that we are in the case of Section [4.4.21 Then
we can repeat the same calculations as in the previous case, the sole difference being
that the condition j | » must be replaced with the following one: either n = j or
n = 2j.

6. PrROOF OoF THEOREM B

6.1. Outline of the argument. We first describe the strategy we will use to prove
Theorem F5T] (which is a stronger version of Theorem B from the Introduction).

We fix a character ¢ : Fgn — @; and let ¢ be its conductor. We also write

ny = n/m and ¢1 = ¢, and let ¢, : Fy, — @; be the character such that
Y =11 0 Trp,. /r, -

Recall that pr,, : U™? — G, denotes the projection onto the last factor:
pr,(l+ajer + -+ aney) = an.
If W Cc U™ is a subvariety, we also write pr,, for the restriction of pr,, to W.

Step 1. We first obtain some information about the irreducible representations of
the group U™4(F,n). To this end, along with the closed connected subgroup

H,, = {1 + Z aje; + Z ajej} cumi
j<n/2 n/2<j<n
m|j

defined in Theorem .5.)(c), we introduce two more:
H;L = {1 + Z aje; + Z ajej} cumi

j<n/2 n/2<j<n
m|j

1Here we are using the fact that Al is connected to ensure that the expression we wrote down
coincides with N™9(1 — be;) for all b € Al (cf. the proof of uniqueness in Proposition [FI1(a)).
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and
H, = {1 + ) aje +anen} cum™.

n/2<j<n
mij

By construction, H,,, C H,, C H}. The subgroup H,, will play a role in the other
steps of the proof as well.

Remarks 6.1.1. (1) We have H;}, = H,, unless m is even and n; is odd, in which
case H,, is a normal subgroup of H}, of codimension 1.

(2) If m =n, then H,, = Hy,.
The following lemma is proved in Section

Lemma 6.1.2. If p is an irreducible representation of U™ (F ) with central char-
acter v, the restriction of p to H,,(Fyn) contains the character ¢popr,, : H, (Fgn) —

—x m
Q.
Now consider the charactei i/: =11 o Nm"V% ovyy, : Hyyy (Fyn) — @Z

Remark 6.1.3. Recall that v, : Hy,(Fgn) — U™% (Fyn ) is the map that discards
all summands a;e; with m { j (cf. Remark [£4.5]). Hence 1/)|H_(]F =W opr,.

Proposition 6.1.4. (a) Suppose that m is odd or ny is even. Then
U™4(Fgn) [ 7
Py = Inde(Fqn) ()
is an irreducible representation of U™9(Fyn).

(b) Suppose that m is even and ny is oddB LetT,, C U™4(Fyn) be the subgroup
defined in Theorem EE5Tl(c); in other words,

n
FTn = {"y = 1 —|— Zajej‘”y c Hﬂt(]Fq") and an/z (S Fqn/2}.
Jj=1

Then ’(Z can be extended to a character of U'y,, and if x : Iy — @ZX 18
™4 n . . .
any such extension, then py = Indlg (Fq )(X) is an irreducible represen-

m

tation of U™1(Fyn), which is independent of the choice of x. Furthermore,

Indghzgzg)(&) is isomorphic to a direct sum of ¢"/? copies of Pu-
m g

In both cases, the restriction of py to H,,(F¢n) contains ¢ o pr,, ; in particular, py
has central character 1.

This proposition is proved in Section

Step 2. We consider H2(X,Q;) = @D,c, Hi(X,Q,) as a finite dimensional graded
vector space over Q, equipped with commuting actions of /" (Fgn) and Frgn. In
particular, given any representation (not necessarily irreducible) £ of U™%(Fyn), we
obtain a graded vector space Homgn.a(r, ) (5, H: (X, @4)) with an action of Frgn.

2The fact that the projection map vy, : Hyp — U™191 is a group homomorphism is verified by
a direct calculation, and since the restriction of Nm™1:91 : U™1:91 (Fgn) — Fy; to Z(Fgn) is equal

to TTIFqn [Fq, Fyn — Fgq,, we see that ¢ is indeed a character that extends ¥ : Z(Fgn) — @Z
3Equivalently, n is even and m does not divide n/2.
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Now consider the representation &, = md?” (w opr,). In view of Lemma

H;, (]F
612 &, is isomorphic to a direct sum of all 1rredu01ble representations of U™?(Fgn )
that have central character v, taken with certain multiplicities.

Proposition 6.1.5. Homgnq( (§¢, 21X, @z)) is concentrated in degree m +

ny1 — 2. It has dimension 1 zfm is odd or ny is even, and it has dimension ¢"/? if
m is even and ny is odd. Fryn acts on it via the scalar (—1)"~™ . gn(ntm=2)/2,

This proposition is proved in Section
Step 3. The last ingredient is the following result, proved in Section

Proposition 6.1.6. If py, is the representation of U™%(Fgn) constructed in Propo-
sition [6.1.4], then Homgn.a(p, ) (pw, H (X, @4)) #0.

The finale. Let us show that combining the three steps above, we obtain a proof
of Theorem 51l Write py for the irreducible representation of U™9(F,») con-

structed in Proposition GBI 4 Then H?(X,Q,) contains py as a direct summand
by Proposition [6.1.6] Introduce the following multiplicities:

dl = dim HOHlUn,q(]Fqn)(pwa Hc.(Xa @2)) Z 1
dy = dim Homgn.a (s, ) (pu, €,
d3 = dim Homgn.a(r,) (§4, H (X, Qp)).

Then dy is at least the multiplicity of py in IndH (EE[F:7;)(1Z). Furthermore, it is
clear that d3 > d; - d2, and equality holds if and only if p,, is the unique irreducible
representation of U™4(F,») that appears both in H?(X,Q,) and in &.

We now claim that ds > d3. Indeed, combining Proposition [6.1.4] with Proposi-
tion [B.1.5] we see that

d3 = dim Homg;», A (Fyn) (p¢, IndH (]PEF"';) (,(Z)) .
The last assertion of Remark [6. 1.3 implies that Ind (I(FFZ)) (1) is a direct summand
of £y, whence dy > ds.

Comparing the assertions of the last two paragraphs, we find that d; = 1 and
dy - dy = do = d3. In view of the first and third assertions of Proposition [6.1.5] we
see that all parts of Theorem [£5.1] follow.

6.2. Proof of Lemma [6.1.2] Fix an irreducible representation p of U™?(Fyn)
with central character 1. We must prove that the restriction of p to H,, (Fgn)

contains the one-dimensional representation 1 o pr,, : H_ (Fgn) — @Z . For each
integer k we write UZ* C U™? for the subgroup consisting of elements of the form
1+ E;l . ajej. We will show, using descending induction on k, that for any k the
restriction of p to H,,(F,n) N UZF(F,n) contains the character v o pr,,. This will
imply the lemma.

If £k = n, there is nothing to prove. So we assume that k& < n and that the
assertion in the previous paragraph holds for k + 1 in place of k. Further, we
may assume that k > n/2 and m 1 k, since otherwise H,,(Fyn) N UZ*(Fyn) =
Ho (Fyn) NUZEFY(Fn).

m
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By the induction hypothesis, the restriction of p to H,,(Fyn) N UZ*1(F,n) con-
tains ¢ opr,. This implies that the restriction of p to H,, (F,n)NUZF(Fy) contains
some character x : H,, (Fyn) NUZ*(Fyn) — @Z such that

X|H;(Fqn)mU2k+1(Fqn): Popr,.

The subgroup UZ""*(Fn) C U™4(Fyn) normalizes H,, (Fyn) N UZ*(Fyn) and cen-
tralizes H,, (F,n)NUZ*"1(F;n). It will be enough to find an element g € UZ"*(F»)

m

that conjugates x into the character 1 o pr,, on H,, (Fyn) N UZF(Fyn).
To this end, observe that by construction, we can write
X(l + Z aje; + anen) = x1(ar) - ¥(ay)

k<j<n
mij

for some character x; : Fgn — @Z Let g =14+ an_ren_ € UZ”_’“(IFqn), where
Gp—1, € Fgn will be chosen later. Then a direct calculation shows that

n—k k
X(g : (1 + Z aje; + anen> -g_l) = x1(ar) - ¥ (an + an—kai — —agal_,).
k<j<n
mij

It remains to check that a,,_; € Fy» can be chosen so that
k n—k
(6.2.1) xi(z) =v(al_z—ap_pz? )

for all z € Fyn. If we fix a nontrivial character ¢y : I, — @Z , we can find (unique)

y,b € Fyn such that x1(z) = 1o (Tr]Fqn JF, (yz)) and ¥ (x) = 1o (Tr]Fqn /F, (bx)) for all
x € Fgn. Then

V(e = ana™ ) = vo(Tre,um, (b = bansa”™ "))
= o (Tr]Fqn JF, (af;_(l:fk) x-(b— bqk‘)))7
. . k (nk) . e .
where we used the identities af , = af and b4 = b? (which hold

because a,_g, b € Fyn) together with the fact that Trg,, /Fp(zqnfk) = Trg,, /Fp(z)
for all z € Fgn. Since m { k and 9 has conductor ¢™ by assumption, we have

. n—k
b?" % b. So if we choose ap_j, = (y/(b— bqk))q , then (627 is satisfied. O

6.3. Auxiliary lemmas on finite group representations. The next two lem-
mas (which are rather standard) will be used in the proof of Proposition [6.T.4

Lemma 6.3.1. Let T be a finite group, N C I' a normal subgroup, and x : N — @;
a character. Write TX C T for the stabilizer of x with respect to the conjugation
action of U'. If p is any irreducible representation of I'X whose restriction to N is
isomorphic to a direct sum of copies of x, then Indll:x p is irreducible.

The proof is an easy exercise in applying Mackey’s irreducibility criterion.

Lemma 6.3.2 (See Proposition B.4 in [3] and its proof). Let H be a finite group,

N C H a normal subgroup, and x : N — @EX a character that is invariant under
H -conjugation. Assume also that N contains the commutator subgroup [H, H).
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(a) The map H x H — @Z given by (h1,ha) + x(hihohi hyt) descends to a
bimultiplicative map B, : (H/N) x (H/N) — @Z

(b) Let K = {z € H/N‘Bx(x,y) =1Vy € H/N} denote the kernel of By and
write K' C H for the preimage of K in H. Then x extends to a character of
K', and given any such extension x' : K' — @;, the induced representation
Indg, X' is a direct sum of copies of an irreducible representation py: of H.

(¢) Let L C H/N be mazimal among all subgroups of H/N with the property that
BX’LXLE 1, write L' C H for the preimage of L in H (so that K' C L), and
let X' : K' — @Z be as in part (b). Then x' extends to a character of L', and

. . ~ X ~
gwen any such extension X' : L' — Q, , we have p, = Ind?, ¥

6.4. Proof of Proposition [6.1.4. Write U>"/2 C U™ for the subgroup consist-
ing of elements of the form 1+ Zn/2<j<n aje;. This is a normal abelian subgroup
of U™4, which is contained in H,,. We first establish the following lemma.

Lemma 6.4.1. The normalizer in U™4(Fqn) of the character
- X
¢‘U>,L/2(Fqn)i U>n/2(IFq") — QZ

is equal to H (Fyn).

Proof. First let us check that H,!(F,») does normalize ¥ ‘U>n/2 (Fyn). If m is odd
or n is even, then H = H,,, so there is nothing to do. Suppose that m is even
and np is odd. It is enough to show that any element of the form g = 1+a, 26,2 €

U™4(F4n) normalizes J}UM/Q (Fgn). But in fact, g centralizes U>n/? (Fgn).

Now, to obtain a contradiction, assume that there exists an element g € U™9(F4n )
such that g & H,! (F,n) and g normalizes 1Z|U>n/2 (Fgn). Write g = 1+ 37, aje;
and let k& be the smallest integer such that ay # 0 and m { k. Then k& < n/2.
Multiplying g by a suitable element of U™% (Fyn) on the right, we may assume
that a; = 0 for all 1 < j < k. Next consider the subgroup of U>"/2(F,.) consisting
of all elements of the form 1+ ¢,,_ge,_xk + cne,. By assumption, we have

’l/J(Cn) = {E(l + Cp—kln—k + Cnen)
= (g (1+ casren—i +cnen) - g7)

(
= (Lt et (o0 akcik—k - Cnfkagn_k)en)
W

n—k n—k

) = ¢(an) ~w(akcik,,€ —Cn—kai ).

We see that w(akc;{ik — cn_kazwk) =1 for all ¢,—f € Fyn. We claim that
this is a contradiction. Indeed, as in Section [62] choose b € Fyn with ¢(z) =
Yo (Tr]Fqn JF, (bx)) for all z € Fgn. Then the computation from Section shows
that

a* q
Cn + agC,_; — Cn—kQy

—(n—k)

k n—k k
blaned = enpaf ) = o (Trmum, (b0 ax- b =b1)),
and since b?" # band aj, # 0, the right hand side cannot be 1 for all ¢,,_, € Fgn. O
We proceed with the proof of Proposition If m is odd or n, is even, then

by Lemma [6.4.T] the normalizer in U™%(F ») of 1ﬂU>"/2(]F .y 1s equal to H(Fgn),
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so applying LemmaBETto I = U™ (Fyn), N = U>"/2(Fyn), and x = § oo

implies that Indzzzéfig)(ﬁ) is irreducible, proving part (a) of the proposition.

Next assume that m is even and n; is odd. Let us apply Lemma [6.3.2] to the
group H = H;},(Fyn), the normal subgroup N = H,,(Fyn) of H, and the character
X = ¢. By Lemma [6.41] ¢ is invariant under H,(F,»)-conjugation. The quotient
H ' (Fyn)/Hp(Fgn) can be naturally identified with the additive group of Fyn. To
calculate the induced “commutator pairing”

Byt (H(Fgn)/Hp(Fgn)) x (H(Fqn) /Hon(Fgn)) — Qy

we observe that if g = 1+ e, ;o and h = 1+ ye,, /o with z,y € Fyn, then

ghg *h™ =1+ (- yq"/2 -y ;vq"/z) " €ns

whence B J can be identified with the pairing

— n/2 n/2
(6.4.1) Fyn X Fyn —>QZ, (z,y) »—>1p(x-yq —y-x )

Lemma 6.4.2. The pairing (€41 is nondegenerate, and the additive subgroup
Fyns2 CFyn is mazimal isotropic with respect to it.

Proof. Tt is clear that F ./ is isotropic with respect to (6.4.J). If we show that
([6.4.T)) is nondegenerate, then the maximality will follow from the fact that #F /> =

/#F . To this end, as in Section[6.2] choose b € Fyn such that ¢ (z) = 1 (’IT]Fqn /Fp

bx)) for all x € Fyn. Assume that y € Fy» is such that ¢ (x - yq"/2 —y- 21" =1
q q

for all x € Fyn. Then 1y (TI']Fqn JF, (b~:c-yq"/2 —pa"? ~yqn/2 :c)) =1forallxz € Fyn,

n/2 —n/2

where we used the identities b4 """ = b4 , yd = yqn/z and the fact that
Try, . /¥, (anm) = Trg, .k, (2) for all z € Fyn. This forces (b — bqn/z) Lyt = 0.
Since ¢ has conductor ¢"™ and m does not divide n/2 by assumptlon7 we have
b # bqn/z, whence y = 0, as needed. ]

Now we complete the proof of Proposition E.1.4(b). Note that the subgroup
Iy, equals the preimage of Fynj2 C Fgn = Hf (Fgn)/Hp(Fgr) in Hf(Fgn). By
Lemmas [6.3.2] and [6.4.2], In dg g )({/;) is a direct sum of ¢™/2 copies of a single ir-
reducible representation p of H,! (F,n). Moreover, ¥ can be extended to a character

+
of T',,, and if x is any such extension, then p = Indg’:(Fq")(x). We see that
U™ (Fygn 1 U™ (Fyn
is independent of the choice of x, and

U™ (Fgn) 7\~ Fyn) & (Fgn
In deUg n)w) :deM(F Tnd’ s n§(¢)

n/2

is isomorphic to a direct sum of ¢"/* copies of p,, completing the proof.

6.5. Proof of Proposition As explained in Remark EZ45 we identify

Um % with the subgroup of U™1 consisting of all elements of the form 1+Em|j aje;.
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6.5.1. Auziliary notation. Let I’ denote the set of integers j such that n/2 < j <n
and mtj. Put I=I'U{n} and J=1{1,2,...,n}\ I. Then we can write

H;L = {1 —1—2(11-61} - Un,q7
el

and we can identify U™4/H,. with an affine space A¢ of dimension

d:i=#J = {"4_2"1 -1 if m is odd or n; is even,

’H'"Tﬁ'l — 1 if m is even and n; is odd.

We will denote the coordinates of this affine space by (a;);e.-

6.5.2. A reformulation of Proposition [6.15 The morphism
st A — U™ (aj)jeJ»—>1+Zajej
JjeJ
is a section of the quotient map U™? — U™?/H_. Define
F:AYx H, — U™ via (x,h) Fryn(s(z))hs(z)™?,

write £, for the Artin-Scherier local system on G, defined by the character %, and
let pr,, : A x H,, — G, be the composition of the second projection A% x H,. —
H,. with pr, : H,, — G,. By [2| Proposition 2.3], we have

(651) HomU"v‘l(Fqn) (&l’u Hc. (X7 @Z)) = Hc. (F_l(y)u ﬁr:,ﬁlb |F*1(Y))

as graded vector spaces with an action of Frgn.

Now note that if h =1+, ;a;e; € H, and we put h° := 1+ Ziel\{n} a;e;,
then for any ¢1,¢92 € U™4, we have pr,,(91hg2) = an + pr,,(91h°g2). In particular,
for any x € A?, we have pr,L(F(x, h)) =a, +pr, (F(x, ho)). This implies that the
map

AMx H, — A% (H, NY), (z,h) — (x,h°)
(which is the projection onto the first n — 1 coordinates) yields an isomorphism
between F~1(Y) C AYx H, and A% x (H,,NY). Under this isomorphism, the local
system er:LLw|F_1(Y) corresponds to the local system a*(Ly) on A x (H,, NY),
where o : A? x (H,, NY) — G, is given by a(z, h) = —pr, (Frgn (s(x))hs(z)71).
So in view of ([G.5.1]), Proposition is equivalent to the following assertions:

(6.5.2) HI(AYx (H,, NY),a*(Ly)) =0  ifr#n+n —2;

dim H2™ 72 (A x (H,, NY),a*(Ly)) =
(6.5.3) B {1 if m is odd or n; is even,

¢*/? if m is even and n, is odd;

Frgn acts on dim H!T™ ~2(A% x (H,, NY),a*(Ly))

(6.5.4) b3/

as multiplication by the scalar (—1)""™ - ¢
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6.5.3. Additional notation. There are n — d — 1 integers j such that n > j > n/2
and m 1 j. Let us label them as follows: j; > jo > -+ > j,_q—1. Thus I = {n}uUl®,
where 1° = {j1,72,. -+, jn—da-1}, and J = {m,2m, ..., (ny — 1)m} U J°, where

Jo {n—gi,.ccsn—Jn—a-1} if m is odd or n; is even,
{n—ji,...,n = jn—a-1,n/2} if m is even and n; is odd.

From now on we will identify A? x (H, NY) with the affine space A"~1, whose
coordinates will be denoted by (a;) e ure-

6.5.4. An inductive setup. For each 1 <k <n—d, put I} = {ji, jk4+1,---»Jn—d—1}
and Ji = {m,2m,...,(ny — 1)m} U J2, where

Jo {n—Jkyeo s — Jn—d—1} if m is odd or n; is even,
k {n—Jky.oosn—jn_da—1,n/2} if m is even and n; is odd.
In particular, I7 = I°, J7 = J°, I7_, = @, J,_, = & if m is odd or n; is
even, and J,_, = {n/2} if m is even and n; is odd. Observe also that for each
1 <k <n-—d—1,theset I} (respectively, Ji1) is obtained from I}, (respectively,
Jx) by removing ji (respectively, n — ji).

We write A"~25*1 for the (n — 2k + 1)-dimensional affine space, whose coor-
dinates will be denoted by (a;)jesure. If1 < k < n—d—1, we write py, :
An—2htl 5 An=2k—1 for the projection obtained by discarding a;, and a,—;,,
and ¢ : A"2671 <y AP=2k+1 for the natural “zero section” of pr. We put
Q=001 0---0u,_q: AP 2k 5 G, where o : A" = A? x (H,.NY) — G,
is the morphism introduced in Section [6.5.2] In particular, we have a; = a.

6.5.5. The key lemma. The next result allows us to exploit the inductive setup
formulated in Section [.5.41 Its proof is based on [2, Proposition 2.10].

Lemma 6.5.1. For each1 <k <n-—d—1, we have
Hg (A" afLy) = HY (A" a1 L4)[-2](-1)
as graded vector spaces with an action of Frgn.
Proof. Recall that
Olk((aj)jejkujg) = —prn<<1 + Z a?nej) . (1 + Z aiei) . (1 + Z aje])l).
Jj€Jk iely Jj€Jk

The right hand side can be written as a certain sum of monomials in the variables
(aj)jejkujg. By our choice of the ordering j; > jo > «-+ > jn_q—1 > n/2, only two

. . . ' (]" qn—j,c ) qu
of t.he'se m.onomlals involve tbe variable aj, , namely, —a,,_; -aj  and aj, -a;_; .
This implies that we can write
Ay —a; -a®" VLI i
O‘k((aj)yeJkufﬁ) = Qjy, Q. — Qg "Gy,

+ Qg1 ((aj)jeJk+1uzg+1)
+ an—j, - Br((aj)jenur,,)
for some polynomials a4 : A"~2*=1 - G, and By : A"~ — G,. Substituting

aj, = an—j, = 0 into the last identity shows that cp41 = apia.
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We now apply [2, Proposition 2.10] in the following setting. 1, ¢, and n have the
same meaning as in loc. cit. We let Sy be the affine space A”~2F with coordinates
(a/j)jejkujg+l and identify S = Sy x A! with the affine space A" 2*+1 where the
additional coordinate is labeled aj, and corresponds to the coordinate y in loc. cit.
The morphism f : So — G, from loc. cit. is the projection onto the coordinate
Gn—j,, so that the subscheme S5 C Sy introduced in loc. cit. is identified with the

affine space A"~**~! with coordinates (a;)jes,,,urg,,- Since m { jk, the assertion

of Lemma [6.5.1] follows at once from [2] Proposition 2.10]. O

6.5.6. Conclusion of the proof of Proposition[6.1.5 We return to the task of proving
E52)-[654). Applying Lemma [65T] successively for k = 1,2,...,n —d —1, we
obtain
(65.5) He (A x (H,, NY),a"Ly) = H (A", o Ly)

o = {2 (A2 =D r L) [<2(n —d — 1)](=(n —d — 1)).

Let us now calculate o _,(Ly). Recall that the coordinates on the affine space
An=2(n=d+1 are labeled (a;)je, _,, where

P {m,2m,...,(ny — 1)m} if m is odd or ny is even,
ned {m,2m,...,(ny —1)m,n/2} if m is even and n; is odd,

and
an—a((aj)jer, .) = —prn(<1 + Z agnej) . (1 + Z ajej>_1).
Jj€JIn—a J€JIn—a
So if m is odd or n; is even, we can naturally identify A?~2(*=H+1 with
grerny)cutt cum,
and a,,_4 with the map
Ut Ny — G, g +— —pr,(Lyn(9)).

Recall that ¢" = ¢7'. Applying Proposition B0l with (n, q) replaced by (n1,q1),
we find that —pr,(Lgn(g)) = N"%(g) — N™"09(g)? for all g € U™9'. Since
q1 = ¢ is the conductor of v, the pullback of £, by the map x — x —x? is trivial.
Therefore o (L) is the trivial local system on A"~2("=d)+1 whence

He (Am=20=04 02 ) = Qy[=2(n — 2(n — d) + D] (—(n — 2(n — d) +1).
Combining this with (6.5.0]) yields
HY (A" x (H, NY),a"Ly) = Q,[—2d)(—d).

Recalling that d = (n 4+ ny — 2)/2 when m is odd or n; is even, we obtain all the

desired assertions (65.2)—(@.54) in this case.

Suppose next that m is even and n; is odd. Then we can naturally identify
Ar—2n=d+1 with (U™ NY) x G,, where the first factor U™+9 NY corresponds
to the coordinates (a;);j—m,2m,...,(n,—1)m and the second factor G, corresponds to
the coordinate a,, /2. Under this identification, v, 4 corresponds to the map

n, o n/2 n/2
(9, @) = —pry(Lgn(g)) + 27+ —ztta
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As in the previous case, the pullback of £y, by the map (g,z) — —pr,(L¢n(9))
is trivial. Since the local system £, is multiplicative, we see that H} (A”fz(”*d)ﬂ,
afl_d£¢) is isomorphic to

H? (Ga, f*(Ly))[-2(n = 2(n = d))](=(n = 2(n — d))),
where f : G, — G, is given by z — 24" +¢""* _ g1+a""* gg by 655),
(6.5.6) H? (Ad x (H, N Y),a*£¢) ~ H? (Ga, f*(£¢))[—2(d — D](=(d—-1)).

/2 n/2

Now we can factor f as f = fj o fo, where fi(z) = 29" — 2 and fo(z) = 2! 19

Thus f*(Ly) = f5fi(Ly). Since fi is a homomorphism, f{(Ly) = Lyoys, is the

multiplicative local system on G, corresponding to the character o fi : Fgn —

@; . Now since 1 has conductor ¢"™ and m t (n/2) by assumption, ¥o f; is nontrivial.

On the other hand, (¢ o f1)‘]F p is necessarily trivial. Applying Proposition [6.6.T]
qn

below to ¢™/2 in place of ¢ and 9 o f; in place of 1, we see that
: g2 ifr=1,

6.5.7 dim H. (Gq, f5 Lyos,) =

( ) m A J3Lyor) {O otherwise,

and

(6.5.8) Frgn acts on HX (G, f3 Lyoy,) via — ¢"/2.

Recalling that d = (n+ny — 1)/2 in the situation under consideration, we see that

all the desired assertions (6.5.2))—([6.5.4) follow in this case from ([6.5.6), ([€.5.1), and
6.5.8).

6.6. An auxiliary cohomology calculation. The next result was used in
Section [G.5

Proposition 6.6.1. Let ¢ : Fp2 — @Z be a nontrivial character such that ¥ is
trivial on Fq C Fy2, and let Ly, be the corresponding Artin-Schreier local system on
Ga over Fpo. Write f: G, — G, for the map x — z%+1. Then

dim H(Gq, f* L) = {q ifi=1,

0 otherwise.
Moreover, the Frobenius Fr,z acts on H:(Gq, f*Ly) via multiplication by —q.

Proof. Since 2971 € F, for all x € F,2, we have the identity
(6.6.1) > vt =g,
z€F 2

which is consistent with the assertion of the proposition in view of the Grothendieck-
Lefschetz trace formula. We will deduce the proposition from (G.6.1]). To this end,
observe that if pr : G, — SpecF 2 denotes the structure morphism, then

(6.6.2) Rpry(f*Ly) = Rpr\(fif*Ly) = Rpry(Ly @ fiQy),

where Q, is the constant rank 1 local system on G, and in the second isomorphism
we used the projection formula.



222 MITYA BOYARCHENKO AND JARED WEINSTEIN

Lemma 6.6.2. One has
q
[Q = Q& (.
s=1

for certain nontrivial multiplicative local systems My, My, . .., My on Gy, over Fg.
where j : G,, — G, denotes the inclusion map.

Before proving this lemma, let us explain why it implies the assertion of the
proposition. By the lemma and ([6.6.2)), we have

q
(6.6.3) Rpr,(f*Ly) 2 Rpry(Ly) ® € Rpr,(Ly @ jidl).

s=1

Now Rpr,(L,) = 0 because 9 is nontrivial. By [6, Proposition 4.2 in Sommes Trig.],

1 ifr=1,

0 otherwise,

dim H] (Gg, Ly Q ji1ds) = {

and if A, is the scalar by which Frp2 acts on H}(G,, Ly ® jids), then |As| = q.
Applying the Grothendieck-Lefschetz trace formula to (G.63)) yields

> @) = —(a et A,

rG]qu

Comparing this with ([@6.1]) and using the fact that |As| = ¢ for all s, we see that
As = —q for all s, which, in view of (6.6.3)), yields the proposition. O

Proof of Lemma 6.6.2. Since f~1(0) = {0}, the stalk of fi(Q,) at 0 is one-
dimensional. Since f is a finite morphism, we have f1(Q,) = f.(Q,), and by adjunc-
tion, there is a natural map Q, — f.(Q,) (coming from the natural isomorphism
*(Q,) — Q,), which induces an isomorphism on the stalks over 0.

Next let us calculate the restriction of f (@4) to G,, C G,. To this end, consider
the restriction of f to a morphism G,, — G,,. Since f'(z) = (¢ + 1)z? = 29,
the map f : G,, — G,, is étale, and in fact, it can be identified with the quo-
tient of G,, by the finite discrete@ subgroup uq+1(IB‘ 2) C Gy, of (¢ + 1)st roots
of unity. This means that the restriction f,(Q,) | G, decomposes as a direct sum

Q@ @?!_, A, where the ./, are the local systems coming from the nontrivial
characters of fig41(Fg2).

In particular, for each s, we have a map .Z, < fi(Q,) ’G , which by adjunction

induces a map jts — fi(Q,). Finally, combining these maps with the map
Q; — £f1(Qy) constructed in the first paragraph of the proof, we obtain a map

Qo @J' ) — fi(Qy).
By looking at the stalks, one sees that this map is an isomorphism. (Il

4Observe that all the (g + 1)st roots of unity already lie in Fpa.
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6.7. The Lang torsor. This subsection contains background material for the proof
of Proposition Let G be a connected algebraic group over F,. The Lang
isogeny L, : G — G, given by L,(g) = Fry(g) - g~ !, identifies G with the quotient
of G by the right multiplication action of the finite discrete group G(F,). We will
view G as a right G(F,)-torsor over itself by means of L,, which we will call the
“Lang torsor.”

If p is a representation of G(F,) over Q,, we denote by &, the Q,-local system
associated to the Lang torsor by means of p. For the definition of £,, see [6], Sections
1.2 and 1.22 in Sommes Trig.]; note that £, is denoted by F(p) in loc. cit.

L —

Proposition 6.7.1. Let G(F,) be a set of representatives of the isomorphism
classes of all irreducible representations of G(F,) over Q,. Then

(6.7.1) La@)= P rews,
peG(Fy)
as local systems with an action of G(F,), where Q, is the constant sheaf on G and

the action of G(F,) on the pushforward Ly(Q,) = Lq(Qy) comes from the right
multiplication action of G(F,) on G.

We remark that in formula (67.1)), the action of G(F,) on each of the summands
p ® &, comes only from the action of G(FF,) on p.

Corollary 6.7.2. Let Y C G be an Fq-subvariety and put X = L;'(Y). Then
(6.7.2) Homgr,) (p, HA(X, Q) = HL(Y,E,|,)
as vector spaces with an action of Fry, for any i € Z and any representation p

of G(F,) over Q,, where the action of G(F,) on Hi(X,Q,) comes from the right
multiplication action of G(F,) on X.

Proof. We have Hi(X,Q,) = H}? (Y, Ly (Qy) |Y) by the proper base change theorem.
Both sides of ([G.7.2]) are additive with respect to p, so it suffices to prove it when
p is irreducible. In that case (G.7.2) follows from (GZ.T]). O

If X is a scheme of finite type over F, and F is a constructible ¢-adic sheaf (for
example, a Q,-local system_) on X, we denote the corresponding trace of Frobenius
function by tr : X (Fy) — Q,. The next result is [6, Section 1.23 in Sommes Trig.].

Proposition 6.7.3. Given v € G(F,), choose any g € G(F,) with v = L,(g).
Then g=" - Fry(g) € G(Fy) and te,(v) = tr(p(g~" - Frq(9)))-

We will also need Proposition 6.7.4.

Proposition 6.7.4. Let H C G be a connected algebraic subgroup and assume that

the quotient map G — G/H has a section s : G/H — G defined over Fy. Let 1 be

a representation of H(F,) over Q,, put p = Indfl((IIFFQ)) n, and write &, (respectively,
_ q

E,) for the Qp-local system on H (respectively, on G) coming from the Lang isogeny

for H (respectively, for G) via n (respectively, via p), as above. Then

(6.7.3) te, = ind§) 1 |

(Fq)
where indfl((]gf’)) denotes the induction map from conjugation-invariant functions on
q

H(F,) to conjugation-invariant functions on G(Fy).
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Remark 6.7.5. In general, tg, is not equal to the character of the representation p,
so formula (6273]) is not evident. However, by [6, Lemma 1.24 in Sommes trig.],
te, is a conjugation-invariant function on H(IF,), so formula (G.7.3) makes sense.

Proof. Write pry : (G/H) x H — H for the second projection and define F :
(G/H) x H — G by F(z,h) = Fry(s(x)) - h-s(x)~!. Then &, = F(pr3&,) by the
argument used in [2, Section 6.2]. The Grothendieck-Lefschetz trace formula yields

te,(9) = > te,(h) Vg€ GEF,.
(x,h)E(G/H)(Fq)x H(Fq)
F(z,h)=g

Now if z € (G/H)(F,), then F(z,h) = s(x)hs(x)~"! for all h. Moreover, since G

and H are both connected, we obtain G(F,)/H(F,) — (G/H)(F,), so as x ranges
over (G/H)(F,), we see that s(z) ranges over a set of representatives of the left

cosets of H(F,) in G(F,). Recalling the definition of the map ind< H(F ), we obtain

GZ3). O

6.8. Proof of Proposition Recall that ¢ : H,,(Fgn) — Q, is the character

defined by zz = ¢ oNm" V% oy, (see Section[G]l). In view of the last statements of
parts (a) and (b) of Proposition[6.I-4] the assertion of Proposition [6.1.6]is equivalent

to

]F n Ty oy
Homyn.a(e,) (Tndyy, & (), H2 (X, Q) ) #0.

Let 51; be the local system on H,, coming from the Lang isogeny Ly : Hp, — H,y,

via {/)V We simply write £ for the local system on U™? coming from the Lang isogeny

: U™ — U™ via IndH (FF ))(1;). By Corollary [6.7.2] we have

Homuna(e, (Indyy, (&0 (), H2(X,Qy) ) = HE (V. £], ).

So in order to show that the left hand side is nonzero, it suffices (by the Grothendieck-
Lefschetz trace formula) to check that

(6.8.1) > te(y) #0.

yeY (Fyn)
Now by Proposition [6.7.4]
Fqn)
(6.8.2) tg = 1ndH (]F n) (tguj).
To compute the right hand side of the last identity, we use Lemma 6.8.1.
Lemma 6.8.1. We havdl te, = popr, : Hy(Fgn) — @ZX

Proof. The projection v,, : H,, — U™"% obtained by discarding all summands
aje; with m { j is an algebraic group homomorphism (cf. Remark EZ0]), whose
kernel is equal to H,, N'Y. Moreover, if we view U™? as a subgroup of U™? as
explained earlier, then U™ % C H_ and vy, restricts to the identity on U™9'. So
we obtain a semidirect product decomposition H,,, = U™ x (H,, NY).

5We point out that in general, {/7 #popr, on Hy(Fgn) and ¢ opr,, : Hy (Fgn) — @Z is not
a group homomorphism.
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Now to calculate the function te Hp,(Fgn) — @Z we use Proposition [6.7.3]

Fix v € H,,(Fgn) and choose g € Hp,(Fgn) with Lgn(g) = . Write g = g1 - h for

uniquely determined g, € U9 (Fyn) and h € (H,, NY)(Fyn). Then
V(g™ Frgn(9) = v (B~ g7 Frgn (91) - Frgn (b)) = g1+ Frgn (91)

because v, is an algebraic group homomorphism, so by Proposition [(.7.3]

te.(7) = ¥(g " - Fron(g)) = 1 (Nm™ % (g, " - Frgn (g1)))-

Now gt - Fryn(g1) € UM% (Fyn) and Fron(g1) = g1 - (gfl - Frgn(g1)). Applying
Proposition [5.1.1] to the reduced norm morphism N™>@ : "% — (,, we obtain
Nm"™ (g - Frgn(g1)) = N"™%(Frgn(g1)) — N" % (g1)

= Trpn/w,, (Pr,(Len(91))),

where in the last step we used Corollary 0131 Here we note that Lgn(g1) €
U9 (Fyn) because Lgn(g1) = vim(y). Now pr,,(Le(g1)) = pr, (), so we finally
obtain

te; (7) = U1 (Trg, s, (Pra(Lgn(91)))) = ¢(pr,, (7)),

which completes the proof of Lemma a
Let us now verify (€81). By (682) and Lemma [6.8T]

. U™ (Fyn
te = 1nde(]1(7qfl))(1p opr,),

so if {g; }ier are representatives of all the left cosets of H,,(Fgn) in U™(Fyn), then
(6:8.3) Y. tew) =) > V(pra(9;'v9:)).
yeY (Fyn) €l yeY (Fyn)N(gi-Hn (Fqn)-9; ")

We will show that the right hand side is a strictly positive integer. To this end,
consider a new group operation on U™9, which we denote by B and define by

n n n
(1 + Zajej> H (1 + Z bjej) =1+ Z(aj + bj)ej.
j=1 j=1 j=1
For any g € U™, the map x — gxg~! is a homomorphism with respect to B (where

we denote the old group operation on U™ multiplicatively, as usual), as is the map
pr,, : U™? — G,. Hence for each ¢ € I, the subset

Y (Fg) N (gi - Hin(Fgr) - gi7) € U™ (Fgr)

is a subgroup with respect to B, and the map y — v¥(pr,(g; 'ygi)) is a character
of this subgroup. Therefore the ith summand,

> b(pr, (97 ' yg)),

YEY (Fqn )N (gs Hum (Fgn )-g; ")

is equal to either 0 or the order of Y (Fyn) N (gi - Hyn(Fyn) - g; ), which is a positive
integer. Finally note that there is an iy € I for which g;, € H,,(F4n). Then the
corresponding character y — ¢(pr,, (gi_olygio)) of Y(Fgn) N (giy - Hm (Fgn) - gi_ol) =
Y (Fyn) N Hyp,(Fyn) is equal to y — 9(pr,(y)) = ¢(0) = 1 because Y = pr;, }(0). So
the summand corresponding to i = ig in ([683)) is positive, which yields ([E81]).
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Part 3. Geometric realization of the correspondences
7. NOTATION AND CONSTRUCTIONS

7.1. Assumptions and terminology. In this section we state the last main result
of the article, Theorem C, which provides a bridge between Theorems A and B
from the Introduction. For convenience, we begin by briefly reviewing the notation
introduced earlier in the article, which will be used in the current part.

We work with a local nonarchimedean field K with residue field F, and integers
m,n > 1. We fix a uniformizer w € Ok, an unramified extension L O K of
degree n, and a central division algebra D over K with invariant 1/n. We also
fix a K-algebra embedding L C D. There exists a uniformizer Il € Op such that
1" = @ and Hall~! = p(a) for all a € L, where ¢ € Gal(L/K) is the (arithmetic)
Frobenius.

We assume that the matrix algebra M,, (K) is identified with the algebra End g (L)
of K-vector space endomorphisms of L by means of choosing a basis of O, as an
Og-module. This determines a K-algebra embedding L C M, (K). We write
G = GL,(K) and identify it with the group of K-vector space automorphisms of
L whenever convenient. In particular, we view Gal(L/K) as a subgroup of G.

The groups L*,G,D* have natural filtrations by principal congruence sub-
groups, which we denote by U, Up, and U}, respectively, where r > 1. We
have U = 14+ p} = 1+ w"Or, where p;, C Op denotes the maximal ideal,
UL =14+w"M,(Ok) and U}, = 1 +1I"Op, where Op C D is the unique maximal
Ok-order.

We will say that a character 8 : L* — @Z is primitive of conductor r > 2 if

0 v = 1 and 6 - has a trivial stabilizer in Gal(L/K).

7.2. Auxiliary groups. In Section B.4] we introduced a unipotent grou;ﬁ U de-
fined over Fy» and a smooth hypersurface X C U. As in Part 1, we will write

Xﬁq = X ®r,, Fy. In Theorem [B.6.1] we described a right action of a certain sub-

group J C G x D* x Wk on X;erf. In the next few subsections we reformulate
q

the definition of 7 and its action on X]Iljerf in a slightly different way, which is more

suitable for the proof of Theorem C. Consider the subgroups
Jg=1+4pp+pPloy ca, T =14p7 +p" 05 € D

(we remark that |m/2] = [(m —1)/2]), where C} = C1 N M, (Ok), C5 = C2NOp,

and C; C M, (K) (resp. Co C D) is the orthogonal complement of L with respect

to the trace pairing (resp. the reduced trace pairing).

With this notation, £* = A(Of) - (J& x J}), where £ is the linking order
introduced in Section and A : L™ < G x D* is the diagonal embedding. Now
define

diagy o : L™ < G x D* x Wk, ar— (a,a,1),
and let Jy = diagy o(L*) - (J& x Jp x {1}). This is a subgroup of G x D* x W
because L™ normalizes Ji@ and J5'. With the notation of Part 1, Jy is the subgroup

SIn Part 2, U was denoted by U™ to make the dependence on n and ¢ explicit; since n and
q are fixed throughout the present part, we omit them to simplify the notation.



MAXIMAL VARIETIES AND THE LLC 227

of G x D* x Wy generated by £* x {1} and the (central) subgroup consisting of
elements of the form (o, «, 1), where a € K*.

7.3. The subgroup J. We write j; : Wk — G for the composition of the natural
surjective homomorphism Wg — Gal(L/K) with the inclusion Gal(L/K) — G.
Whenever convenient, we will also view j; as a homomorphism Wy, — G, where

Wik = Wk /[Wr, Wr] is the relative Weil group of L over K.

Recall also that there is a group isomorphism js : Wy /g — Np« (LX) that on
the subgroup W¢* = W /Wy, WL] restricts to the inverse of the local class field

theory isomorphism recy, : L* —» Wb where Npx (LX) denotes the normalizer
of L* in D*. We can also view j as a homomorphism Wy — D*.

Let W C G x D* x W be the subgroup consisting of all elements of the form
(j1(w), j2(w), w), where w € Wy This subgroup normalizes both diag; ,(L*) and
JE x JP x {1}, whence it also normalizes Jy. The product W - Jy is an open
subgroup of G x D* x Wy, which can be identified with a semidirect product
Wy X Jp for the obvious action of Wk on Jy. It is straightforward to check that
W-Jo = J, where J C G x D* x Wk is the subgroup appearing in Theorem B.6.1}

7.4. The action of J on Xferf. Recall from Section [3.4] that the variety X can

already be defined over F, C IFqn, so that X = Xo ®p, Fyn and XF = Xo ®r, ]F

The group U(Fy») acts on X by right multiplication; the resultlng representations
of U(Fyn) in H? ( 7, ,Q,) were calculated in Part 2. The right action of J on Xperf
which was constructed in Theorem B6.1] is determined uniquely by the followmg
four rules. The first one describes the action of JZ& x J7 x {1}, the second one

describes the action of diag; 5(L*), and the third and fourth ones describe the
action of W.

7.4.1. Let Z denote the center of U, as in Part 2; then Z(Fn) is equal to the
center of U(F,n), and Z(Fgn) can be naturally identified with the additive group of
Fgn. If m is odd, there is a natural surjective homomorphism Jj5 — U(F4») which

induces an isomorphism Ji/JBF =5 U(F,n) (cf. the proof of Lemma B3],
and the natural projection Ji¥ — 1 + p7' induces a surjective homomorphism
JE — UpJUPTY =2 Fpu =2 Z(Fye). Similarly, if m is even, we have natural
surjections JZ — U(Fgn) and Jp — Z(Fgn). In both cases, we obtain a surjective
homomorphism JZ' x J — U(Fyn) x Z(Fyn), which determines a right action of

the group JZ' x J} x {1} on X%’erf as follows: U(F,») acts by right multiplication
and Z(F») acts via z: x + - 27! for any z € Z(Fyn).
742, If « € K, then (o, a,1) € diag; 5(L*) acts trivially on Xg“'. If a € OF,

£ __
then (a,a,1) acts on X2 viaz — @ !
q

za, where @ denotes the image of « in

Of /UL = FJ. (the conjugation action of F. on X5, comes from viewing X5 as a

subvariety of RIF—X and identifying qun with a subgroup of R*(F,») as in Sections[4.4]
q

and [5.4]).
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7.4.3. If w € W, Wr] C Wk, the element (ji(w), j2(w),w) = (1,1,w) € W acts
trivially on X%erf, so from now on we form G'x D* x Wy, g, identified with a quotient
of G x D* x )jVK in the obvious way, and (whenever convenient) use the notation
Jo, W, J for the images of these groups in G x D* x Wp, /i (by a slight abuse of
notation). With this in mind, the action of W = Wy k on Xgrf is characterized

1

as follows. If o € O, then (1, a,recy () acts on X%Cff via x — @ 'za when m is
q

odd, and (1, a,rect(«)) acts on X;Cff trivially when m is even.
q

744. If & € Wp /i is the element determined by the equality jo(®) = II, the

action of (j1(®), j2(®), @) on Xgrf = (Xo®p, Fq)P" comes from the automorphism

idx, ®<p;1 of Xy ®F, Fq, where ¢ : Fq — Fq is the Frobenius substitution a — a9.

Since Wy, is the semidirect product of the cyclic group generated by ® and the

subgroup recy (OF), these formulas uniquely determine a right action of W on

XEerf.
F

q

7.5. Formulation of the main result. The right action of J on chrf yields
q
a (smooth) representation of J in the vector space H;”l(chrf,Qz). The natu-
q

ral morphism Xgrf — Xp, induces an isomorphism between Hf’l(Xﬁq,@g) and

H?_I(X%’erf, Qy), which we use to tacitly identify the two spaces. In particular, we
q JE—
let H"~! denote the resulting representation of 7 in H, g_l(X]b—‘q ,Qp); this will allow

us to write Xﬁq instead of X%’erf in all that follows.
q

Remarks 7.5.1. (1) Recall that with the conventions of Part 2 (see Remarks [L.2.T]),
the underlying vector space of H? (X, Q,) is equal to Hg“l(XFq,@l). Thus
Theorem E5.T] gives us a description of H, gfl(XFq,@l) as a representation of
U(Fyn).

(2) If Fr, is the endomorphism of XFq = Xy ®r, F, induced by the absolute
Frobenius on Xp, then the actions of Fr, and idx, ®¢,' on HC.(XFq7@€)
coincide. Hence if ® € Wy i is the element such that jo(®) = II, then
by Theorem EL5TI(b), (41(P), j2(P), )™ acts on Hgl—l(XFq,@g) via the scalar
(—1)n—tgnn=1/2,

The next result is proved in Section[8l In Section[@we use it to prove Theorem A.

Theorem C. Let 7, p, and o be smooth irreducible representations of G, D>, and
Wi, respectively. The following two conditions are equivalent:

(i) Homy (r®@p@a| ,, H" 1) #0;

(i) 7 corresponds to p¥ under the local Jacquet-Langlands correspondence, and
to the twist o(”T*l) under the local Langlands correspondence, and there is a
primitive character 8 : L* — @ZX of conductor m + 1 such that 0 = 09 =
IIldL/K 0.

Moreover, if these conditions hold, then dim Hom 7 (7r ®p& a|j, 7—["*1) =1.
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Explicitly, J("T_l) is the twist of o by the character of Wx coming from

| D2 o pec it W — KX — Q,,

where || is the normalized absolute value on K, so that || = ¢~!. The apparent

dependence of this twist on the choice of \/q € Q, when n is even is explained as

follows: if € : K* —» @Z is a character whose kernel equals Ny, (L*), then for

n/2|

even n, we have ¢"/?(w) = —1 and € ox =1, and oy is invariant under twisting
K

by eorecy' (hence also by €"/2 o recy!).

8. PROOF OF THEOREM C

8.1. Outline. We first introduce some notation and formulate two auxiliary re-
sults that will be used in the proof of Theorem C. The proof is given in the next
subsection, and the auxiliary results are proved in the remainder of this section.

The main ingredients in the proof of Theorem C are Theorem 5Tl from Part
2 and some results of Kazhdan and Henniart on the local Langlands and Jacquet-
Langlands correspondences [121[13}[16]. The results of Henniart on which we rely
were restated in a form suited for our purposes in the article [4]. However, the
portion of the latter article on which the current one depends is rather small: most
of op. cit. was devoted to background from p-adic representation theory and to
the proof of a special case of Theorem [£5.1] namely, [4, Theorem 2.9]. The full
strength of Theorem [£.5.1]is needed for Theorem C, and the proof of Theorem 5.1l
that we gave in Part 2 is independent of op. cit.

8.1.1. As we remarked earlier, the subgroup

{1} x {1} x W, Wr] C T C G x D* x Wy

acts trivially on XFQ- Therefore without loss of generality we can replace Wy with
its quotient Wy, k throughout the proof of the theorem. As before, by a slight
abuse of notation, we also use the letter J for the image of J in G x D* x Wy, k.

The representation op = Indy, /i 0 is also trivial on [Wr, Wr], so from now on we
will view og as a representation of Wy, k. Explicitly, og = Indxﬁé “(@orect).

L
8.1.2. Recall that the isomorphism jy : Wk — Npx(L*) used in Section [Z3]

restricts to rec; ' : W§? = L*. We introduce the homomorphism
diagzﬁzLX — G x D* X Wr Kk, Ozl—)(l,a,jz_l(a))
and consider the normal subgroup of index n
Jh = diagy o (L) - (J& x Jp x {1}) - diagy 3(L™) C J.

We remark that J; can also be viewed as a subgroup of G x D* x W, For each

character ¢ : Fgn — @@X with trivial Gal(F,» /F,)-stabilizer, let H"~1[y] C H"~!
denote the subspace on which Z(Fn) = Fyn acts via ¢. (As in Part 2, the action of

Z(Fgn) C U(Fyn) on H* ! = HS*I(XF(I,QE) comes from the right multiplication
action of U(Fyn) on XFq.)
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Lemma 8.1.1. (a) If ¢ : Fyn — @Z is a character with trivial Gal(Fgn /Fy)-
stabilizer, then H"~1[4)] is stable under Jy and is irreducible as a representation
Of jl.

(b) We have H" 1 = @ H"[], the sum ranging over all characters v : Fgn —
@Z with trivial Gal(F g /F,)-stabilizer.

Proof. The action of Z(Fyn) on X5, commutes with the action of J1, so H L s
stable under J;. By Theorem E5T] the characters of Z(Fyn) = F,» that have
nontrivial Gal(Fg» /F,)-stabilizer do not appear in H"~! (they appear in higher
cohomological degrees), which yields assertion (b). Theorem [£.5T] also implies that
H"1[y] is already irreducible as a representation of U(F,»). Since J; contains a
subgroup J» C J; whose action on XFQ comes from the right multiplication action
of U(F4n) on Xp, via a surjective homomorphism 7, — U(Fyn), assertion (a)
follows. (We have Jo = JZ x {1} x {1} if m is even and Jo = {1} x J} x {1} if
m is odd.) O

8.1.3. The first key step of the proof of Theorem C is

Proposition 8.1.2. Let m,p,0 be smooth irreducible representations of G, D*,

Wik -
a) IfHoms(r®@p®ol|. , H* ! 0, there is a primitive character 6 : L™ — @X
J T L
of conductor m + 1 such that o = oy = Indx%}( (Borec; ).

(b) If there is a primitive character 6 : L* — Qé of conductor m + 1 such that
o = 0g, then there exists a natural vector space isomorphism

(8.1.1) Homy (r®p® U|j7Hn_l) =~ Homy, (1 ® p® (forecs)|  , H " [vt)),

|Jl’
where ¢ : Fgn — @Z comes from 9|Um via the identification UP' /U = Fn
L
and the sign +1 is equal to (—1)™.
This proposition is proved in Section B3 We see that to complete the proof of

Theorem C it suffices to show that the right hand side of (8I1.T) is one-dimensional
whenever it is nonzero, and to identify those pairs (m, p) for which it is nonzero

(for a given primitive character 6 : L* — @; of conductor m 4 1). We will now
introduce some additional notation and formulate two more lemmas from which
Theorem C follows.

8.1.4. In the remainder of the proof of Theorem C (including Section [B2) we work
with a fixed primitive character 6 : L* — @; of conductor m+1 and let ¢ : Fgn —
@; be the character induced by 6 as in the last proposition.

8.1.5. The subgroups J% C G and J7 C D* are each normalized by L*. We
let L™ act on each of them by conjugation and form the corresponding semidirect

products JG =L* x J& and JD = L* x Jpy. Let T = JG X JD We obtain a
surjective homomorphism f : jl — J1 given by

f(a,x,ﬁ,y) = (a'xvﬁ'yvreclz(a71 : 6)); avﬁ € LX? T < ng7 Y€ ng
Let f* denote the functor of pullback via f from representations of J; to representa-
tions of J;. Since f is surjective, this functor is fully faithful. If R is a representation
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of L* - J& or L* - J7%, we will denote by R its pullback to JG (respectively, jg})
via the multiplication map JG — L* - J@& (respectively, JD — L*-Jp). Ifv

is a character of L* and R’ is a representation of either J2 or J}J, we will write
v - R’ for the twist of R’ by the pullback of v via the natural projection onto L*.

Lemma 8.1.3. f*(r®p® (forec;)) = (071 7) @ (0-p) as representations of
Jh-

This lemma follows at once from the definitions.

8.1.6. Let n: K* — Q, be the character defined by n(z) = |z|"~1)/2, where || is
the normalized absolute value on K. If n is even, to define 1 one needs to choose

V4 € @; , though ultimately this choice is irrelevant (see the remark following

Theorem C). We also let € : L* — @ZX be the character determined by §|OX =1
L

and (@) = (—1)"~!. We now need to define representations R, and R, 1 of the

groups J’” and jb”, respectively; their construction depends on the parity of m.

The case where m is odd. Let Ry : j&" — @; be the character defined as the
composition

T =L x JE — JE — 149y = Up — UP /U 2 Fp 5 T

where the first two arrows are the natural projections (even though they are not
group homomorphisms, Ry is). On the other hand, we have a natural surjective ho-

momorphism ng — R*(F4n), where R is the ring scheme introduced in Section 4.4
It is defined by combining the surjection J7 — U(Fgn) < R*(Fyn) (cf. the proof
of Lemma B:3.T)) and the surjection L* — Of — (Op/(w))”* = Fru — R*(Fgn),
where the arrow L* — OF is the splitting of O < L* defined by w.

The right multiplication action of U(Fyn) C R*(Fyn) on Xp, and the conjuga-
tion action of Fy.w C R*(Fyn) on X5, combine to form a right action of R (Fg») on

XFq’ which yields an irreducible representation Rip—l of jgl in the space H"1[1p~1].

The case where m 1is even. Here the roles of G and D are reversed. We_have
a surjective homomorphism JG — R*(Fg4n), which yields a right action of Jg’f on

XFq and an irreducible representation Ry, of JZ in the space H"~1[)]. On the other

hand, Rirl is the one-dimensional representation of jgl defined as the composition

1
Tp =L w J — Jp — L4y = U — U JUPH = F L5 T
In each of the two cases considered above, we have the following lemma.
Lemma 8.1.4. f*H" 'Y+ = ((noNp k) & Ry) @ ((noNpyr) 1 €71 'R;ﬁl).

As usual, the sign is given by +£1 = (—1)™. The lemma is proved in Section Rl
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8.2. Completion of the proof of Theorem C. Combining Lemmas BT.3] and
BRI we see that the right hand side of (811 is nonzero if and only if

(8.2.1) Homjg(Hfl T, (noNpjk)-&-Ry) #0
and
(8.2.2) Hom . (0-p,(noNp/k)™'-& 1Ry 1) #0.

The representation (7o Np,g) - & -6 - Ry of jgb is trivial on the kernel of the

multiplication map J& — L* - J& and hence descends to a representation of
L*-J& that we will denote by R(6). Similarly, the representation (noNp, /g )~ "-£71
o1 "Ry, of jgl is trivial on the kernel of the multiplication map jgl — L*-Jp
and hence descends to a representation of L* - J% that we will denote by R'(6~1).
We see that (8.2.1) is equivalent to the nonvanishing of Hompx. jm (] Ix. Jg,,R(Q))

and (82.2) is equivalent to the nonvanishing of Hompx. jm (p’LX'Jm,R’(H_l)).
D

Now let LLC(0) denote the representation of G' corresponding to o = Indy,x 0
under the local Langlands correspondence and let JLC (o) denote the representation
of D* corresponding to LLC(o) under the Jacquet-Langlands correspondence.

Proposition 8.2.1. We have Indgx,Jg(R(e)) & (nodet)® LLC (o) and IndE:,Jg
(R'(071)) =2 (noNrd)~t @ JLC(0)V, where Nrd : D* — K* is the reduced norm
and det : G — K™ is the usual determinant.

Proof. We sketch the proof; for further details see [4, Section 2]. Given 6, there is
an explicit construction of a supercuspidal representation g of G = GL,,(K) which
goes back to [I4]. It is defined as

Ty = Indgx,Jg, R(6),

where E(G) is a certain representation of JZ'; tracing through the constructions

above and in [I4] one finds R(0) = R((no Nr/k) - & -0). On the other hand, the
main theorem of [12] is that LLC(c) = m¢g. Thus Ind%, g (R(0) = Ton, )06 ©
(nodet)® LLC(0). The argument for D* is similar except that one uses the explicit
construction of JLC (o) found in [I3]. O

Using Proposition B2l we see that properties (B2.1) and (82Z2) hold if and
only if 7 2 (nodet) ® LLC(0) and p = (noNrd) ' ® JLC(0)V, in which case both
Hom spaces are one-dimensional. This finishes the proof of Theorem C.

8.3. Proof of Proposition (a). Assume that Hom s (7T®p®U|J, H) #£0

and choose any character 0 : L* — @; such that 6 o recz1 is a quotient of O"Wab.
L

8.3.1. Case 1. Suppose that m is odd. If a € U7, then the element
(™ 1,recp (@) = (@™t a 1) - (1,a,recs(a) € i

acts trivially on XFq, while the element (a~!,1,1) acts on XFq as multiplication

by the element of Z(F,) coming from « via the identification U7 /U = Fn =
Z(F4n). Hence (1,1,recr()) acts on X, as the inverse of the latter.
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The assumption that Hom s (7r RpR 0|‘7,’H”*1) # 0 and the definition of 6

already imply that O‘Umﬂz 1 and that ¢9|Um comes from a character ¥ : Fgn — @Z
L L

with trivial Gal(F g~ /F,)-stabilizer. A fortiori, 6 has trivial Gal(L/K)-stabilizer, so
oy is irreducible. By construction, Home/K(o, gg) # 0, 80 0 = gy.

8.3.2. Case 2. Now let m be even. Then we use the factorization
(1,1,recs () = (1,7, 1) - (1, o, recy ()
to conclude that if & € U7, then the element (1, 1,recy («)) acts on X, as multipli-

cation by the element of Z(F,«) coming from « via the identification U}* /U =
Fyn = Z(F4n). The rest of the argument is the same as in the case where m is odd.

8.4. Proof of Proposition B.1.2(b). Fix 6 and ¢ as in the statement of the
proposition and suppose that o = oy. Let us construct the isomorphism (EI.T]).
As an intermediate step, define H?~! = @ H" [y - ¥*!], where v ranges over
Gal(F« /F,) and v - *(z) = 9(y(x))*?!, the sign being +1 = (=1)™, as in the
proposition.

Lemma 8.4.1. H" ! = Indg1 (H"[yp*']) as representations of J .

This lemma is proved in Section Frobenius reciprocity yields a natural
isomorphism

(8.4.1) Hom 7 (7 ® p ® 0’|J,’H271) =~ Homy, (1@ p® G‘Jl,anl[wﬂ]).

The argument of Section R3] (resp. Section B32) when m is odd (resp. even)
shows that the left hand side of ([841]) is equal to the left hand side of (8IT]). The
right hand side of (841 can be naturally identified with the right hand side of
@II) because U}W,‘jb is isomorphic to the direct sum of Gal(L/K)-conjugates of

0o reczl7 which have pairwise distinct restrictions to U". O

8.5. Proof of Lemma [B.4.1l Let ® € Wy i be the element such that j;(®) =
IT € Npx(L*) and write &9 = (j1(®),j2(®), ®) € W (cf. Section [[44)). The
quotient group J/J; is cyclic of order n and is generated by the image of ®y.

Let us view UJ* as a subgroup of Ji via the embedding UJ* — JZ' (resp.
UP" — J7) when m is odd (resp. even). In each case, the induced action of UJ*
on XFq is the inverse of the action induced by the multiplication action of Z(Fgn)

via the identification U} /U™ = Z(F,n). Moreover, the conjugation action of @
on UJ" coincides with the action of the Frobenius ¢ € Gal(L/K). This proves the
lemma.
8.6. Proof of Lemma [B.T.4l Note that (7o Ny x) - { is the unramified char-
acter of L* that takes value (—1)"~'.¢ "™ 1/2 on w. On the other hand,
by Remark [Z5T)(2), the action of idx, ®p, ™ on H"~! induced by its action on
X5, = Xo ®r, F, (see Section [[44) is given by the scalar (—1)"~!. ¢"(»=1/2, To
obtain Lemma [R.1.4] it remains to combine the following observations.
8.6.1. The element

(@, 1),(1,1)) = (@, 1, recs (@) = (w,@,1) - (L recr (@) € T
acts on Xy viaidy, @py because (w, @, 1) acts trivially and (1,1, recy (w™ 1)) =
@, ", where ¢ = (j1(P), j2(P), @) € W (cf. Section [[44]).
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8.6.2. Similarly, f((1,1), (e, 1)) = (1, @,recs(w@)) € J acts on X, viaidx, ®@p, "

8.6.3. Suppose that o € Of. Then the element

f((a,1),(1,1)) = (v, Lrecr (o) = (,a, 1) - (1,a Y recp (a7 t) € T

1

acts trivially on Xﬁq if m is odd, and acts on XFq via x — @~ "xa, where @ denotes

the image of a in OF /UL = F7., if m is even.

8.6.4. Similarly, f((1,1), (o, 1)) = (1, recs () € J acts on Xg, via x — a lza
if m is odd, and acts trivially on XFQ if m is even.

9. PROOF OF THEOREM A

Theorem A claimed the existence of a formal scheme V' whose generic fiber
is an open subspace of My o ¢ and whose special fiber realizes the Langlands
correspondences in its middle cohomology. We now give the proof of Theorem A.
In Part 1, we constructed an affinoid Z C My o, c, and a formal model Z; we
described the special fiber Z in Theorem B.6.11 The stabilizer of Z in GL,(K) x
D* x Wy was a certain open subgroup J. As for Z, it is a union of (uncountably
many) copies of X;:rf, the perfection of an affine variety Xﬁq- Corollary gave

the cohomology of Z in terms of XFQ:
Hc.(7a _Z) = @ Hc.(Xﬁq,@E) ® (’l/) © X)a
P

where 1) runs over characters of 1+ p%. Here x: GL,(K) x D* x Wi — K*
is the determinant map of Section Thus representations of J appearing in
H?1(Z,Q,) are exactly the twists of representations appearing in H, f‘l(XFq , Q)
by characters of 1+p%. The desired formal scheme V is the disjoint union of copies
of Z indexed by cosets of J in GL,(K) x D* x Wg. Thus the cohomology of V
is induced from that of Z from J to GL,(K) x D* x Wyg. This shows that an
irreducible representation 7 ® p®a of GL, (K)x D* x Wy appears in H?~1(V, Q)
if and only if its restriction to J appears in H""'(Z,Q,). This happens exactly
when (up to a twist) 7 ® p ® 0|7 appears in H"’l(XFq,@g). By Theorem C, this

happens if and only if 7 corresponds to p¥ and o (”51) under the local Langlands

correspondence, and (up to a twist) there is a primitive character 6: L* — @; of
conductor m + 1 such that o = Indy /i 6. In this case, 7 ® p ® 0|7 appears with
multiplicity 1 in H" }(X ® Fq,@@), so that m ® p ® o appears with multiplicity 1
in H"~1(V,Q,). This completes the proof of Theorem A.
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