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(Communicated by Ken Bromberg)

Abstract. Let (G,H) be (Ham(R2n),Ham(B2n)) or (B∞, Bn). We conjec-
ture that any semi-homogeneous subset-controlled quasimorphism on [G,G]
can be extended to a homogeneous subset-controlled quasimorphism on G and
also give a theorem supporting this conjecture by using a Bavard-type duality
theorem on conjugation invariant norms.

1. Problems and results

To state our conjecture, we introduce the notion of subset-controlled quasimor-
phism (partial quasimorphism, pre-quasimorphism) which is a generalization of
quasimorphism.

Definition 1.1. Let G be a group and let H be a subset of G. We define the
fragmentation norm qH with respect to H for an element f of G,

qH(f)=min{k; ∃g1 . . . , gk ∈ G, ∃h1, . . . hk ∈ H such that f=g−1
1 h1g1 · · · g−1

k hkgk}.
If there is no such decomposition of f as above, we put qH(f) = ∞. H c-generates
G if such decomposition as above exists for any f ∈ G.

Definition 1.2. Let H, G′ be subgroups of a group G. A function μ : G′ → R is
called an H-quasimorphism on G′ if there exists a positive number C such that for
any elements f , g of G′,

|μ(fg)− μ(f)− μ(g)| < C ·min{qH(f), qH(g)}.
μ is called homogeneous if μ(fn) = nμ(f) holds for any element f of G′ and any
n ∈ Z. μ is called semi-homogeneous if μ(fn) = nμ(f) holds for any element f of
G′ and any n ∈ Z≥0.

Such generalization as above of quasimorphism appeared first in [EP06]. For a
symplectic manifold (M,ω), let Ham(M) denote the group of Hamiltonian diffeo-
morphisms with compact support and (R2n, ω0), (B2n, ω0) denote the 2n-
dimensional Euclidean space, ball with the standard symplectic form, respectively.
Let Bn denote the n-braid group and B∞ denote the infinite braid group

⋃
n Bn.

We pose the following conjecture. For a group G, let [G,G] denote the commu-
tator subgroup (the subgroup generated by the set {[a, b] = aba−1b−1|a, b ∈ G} of
commutators).
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Conjecture 1.3. Let (G,H) be (Ham(R2n),Ham(B2n)) or (B∞, Bn). For a semi-
homogeneous H-quasimorphism μ on [G,G], there exists a homogeneous H-quasi-
morphism μ̂ on G such that μ̂|[G,G] = μ. In particular, any semi-homogeneous
H-quasimorphism on [G,G] is a homogeneous H-quasimorphism.

The author ([Ka1]) and Kimura ([Ki1]) constructed a non-trivial H-quasimor-
phism on G when (G,H) = (Ham(R2n),Ham(B2n)), (G,H) = (B∞, Bn),
respectively. Kimura also proved that the dimension of the linear space of H-
quasimorphisms on G is infinite when (G,H) = (B∞, Bn) ([Ki2]).

We give examples of semi-homogeneous subset-controlled quasimorphisms which
are not homogeneous. Let T

2 be a 2-torus. By Proposition 3.1 of [Ka3], we see
that the asymptotic Oh-Schwarz invariant μ : Ham(T2) → R with respect to the
fundamental class [T2] is a semi-homogeneous Ham(U)-quasimorphism for any open
subset U of T2 whose closure Ū is contractible. Since a meridian curve M in the 2-
torus T2 is heavy but not superheavy in the sense of Entov and Polterovich ([EP09]),
we see that μ is not homogeneous. Let A be an annulus embedded to T

2 such that
M,U ⊂ A. By restricting μ to Ham(A), we can construct a semi-homogeneous
subset-controlled quasimorphism which is not homogeneous on Ham(A).

However, the author does not know whether there is a semi-homogeneous subset-
controlled quasimorphism which is not homogeneous on Ham(B2n).

Our main theorem is the following one which supports the above conjecture.

Theorem 1.4. Let (G,H) be (Ham(R2n),Ham(B2n)) or (B∞, Bn). For a semi-
homogeneous H-quasimorphism μ on [G,G] and an element g of [G,G] such that
μ(g) �= 0, there exists a homogeneous H-quasimorphism μ̂g on G such that μ̂g(g) �=
0.

In Section 2, we prepare some notions and statements. We prove Theorem 1.4
when (G,H) = (B∞, Bn), (Ham(R2n),Ham(B2n)) in Sections 3 and 4, respectively.

2. Preliminaries

Let G′ be a G-invariant subgroup of a group G i.e. g−1g′g ∈ G′ holds for any
g′ ∈ G′ and any g ∈ G. A function ν : G′ → R≥0 is called a G-invariant norm on
G′ if ν is a conjugation-invariant norm on G′ (see [BIP]) and ν(g−1g′g) = ν(g′)
holds for any g′ ∈ G′ and any g ∈ G. A G-invariant norm ν0 on G′ is called
G-extremal if for any G-invariant norm ν on G′, there exist a, b ∈ R≥0 such that
aν(g′)− b < ν0(g

′) holds for any g′ ∈ G′.
Let G be a group and H a subgroup of G and p, q ∈ Z>0 ∪ {∞}. We define the

(H, p, q)-commutator subgroup [G,G]Hp,q of G with a subgroup H to be the subgroup
generated by commutators [f, g] such that qH(f) ≤ p, qH(g) ≤ q. We also define

the (H, p, q)-commutator length clHp,q : [G,G]Hp,q → R by

clHp,q(h) = min{k | ∃f1, · · · , fk, g1, · · · , gk;
qH(fi) ≤ p, qH(gj) ≤ q (i, j = 1, · · · , k); h = [f1, g1] · · · [fk, gk]}.

We can easily prove that [G,G]Hp,q is a G-invariant subgroup and clHp,q is a G-

invariant norm on [G,G]Hp,q. To prove Theorem 1.4, we use the following proposi-
tions.

Proposition 2.1 ([Ka1],[Ki1]). Let (G,H) be (Ham(R2n),Ham(B2n)) or (B∞, Bn).
Then [G,G]Hp,q = [G,G] holds for any p, q ∈ Z>0 ∪ {∞}.
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For a conjugation-invariant norm ν on a group G, let sν denote the stabilization

of ν i.e. sν(g) = limn→∞
ν(gn)

n (this limit exists by Fekete’s Lemma).

Proposition 2.2 ([Ka1]). If there exists a semi-homogeneous H-quasimorphism μ
on [G,G]Hp,q with μ(g) �= 0 for some g ∈ [G,G]Hp,q, then sclHp,q(g) > 0 holds for any
p, q ∈ Z>0 ∪ {∞}.

Bavard ([Bav]) gave some duality theorem between stable commutator length and
quasimorphisms which generalizes Matsumoto and Morita’s famous work
([MM]). We use the following Bavard-type duality theorem.

Theorem 2.3 ([Ka2]). Let (G,H) be (Ham(R2n),Ham(B2n)) or (B∞, Bn) and
let ν be a conjugation-invariant norm on G. Then, for any element g of G such
that sν(g) > 0, there exists a homogeneous H-quasimorphism μ : G → R such that
μ(g) > 0.

3. Proof on braid group

In the present section, let G, H denote B∞, Bn, respectively.
Theorem 1.4 when (G,H) = (B∞, Bn) immediately follows from Proposition

2.2, Theorem 2.3, and the following proposition. Let σ1 denote the first standard
Artin generator of B∞. It is known that {σ±1

1 } c-generates G.

Proposition 3.1 ([Ki1]). The restriction of q{σ±1
1 } to [G,G] is G-extremal.

Proof of Theorem 1.4 when (G,H) = (B∞, Bn). Let g be an element of [G,G] and
let μ be a semi-homogeneous H-quasimorphism on [G,G] with μ(g) �= 0. Since
μ(g) �= 0, Proposition 2.2 implies sclHp,q(g) > 0. Thus, by Proposition 2.1 and
Proposition 3.1, sq{σ±1

1 }(g) > 0. Then Theorem 2.3 implies that there exists a

homogeneous H-quasimorphism μ̂g on G such that μ̂g(g) �= 0. �

4. Proof on Hamiltonian diffeomorphism group

In the present section, let G, H denote Ham(R2n), Ham(B2n), respectively. We
follow the notion of [E] and thus let φt

F denote the time-t map of the Hamiltonian
flow generated by F for a (time-dependent) Hamiltonian function F : R2n× [0, 1] →
R.

Definition 4.1 ([C],[Ban]). The Calabi homomorphism Cal : Ham(R2n) → R is
defined by

Cal(h) =

∫ 1

0

∫
M

Hω0
ndt for a Hamiltonian diffeomorphism h,

where H : R2n × [0, 1] → R is a Hamiltonian function which generates h. Cal(h)
does not depend on the choice of generating Hamiltonian function H and thus the
functional Cal is a well-defined homomorphism.

For proving Theorem 1.4 when (G,H) = (Ham(R2n),Ham(B2n)), it is impor-
tant to construct a Hamiltonian analogue of q{σ±1

1 }. Let F : R2n → R be a (time-

independent) Hamiltonian function such that φ1
F /∈ Ker(Cal) and let h be an el-

ement of Ker(Cal). Note that Cal(φt
F ) = tCal(φ1

F ). We define the conjugation-
invariant norm νF,h by νF,h = q{φt

F }t∈R∪{h±1}. Since [G,G] is a simple group and
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[G,G] = Ker(Cal) ([Ban]), the subset {φt
F }t∈R ∪{h±1} c-generates G. Thus νF,h is

a conjugation-invariant norm on G.
We use the following proposition which is a Hamiltonian analogue of Proposition

3.1.

Proposition 4.2. The restriction of νF,h to [G,G] is G-extremal.

To prove Proposition 4.2, we use the following lemma.

Lemma 4.3. Let ν be a G-invariant norm on [G,G]. There exists a positive
constant CF,ν which depends only on F and ν such that ν([g, φt

F ]) < CF,ν holds for
any element g of G.

Proof. Let R be a sufficient large number such that Supp(F ) ⊂ QR where QR =
[−R,R]2n ⊂ R

2n. Let h0 be an element of [G,G] such that QR ∩ h0(QR) = ∅.
Note that ν(h0) depends only on F and ν. Fix an element g of G and take an
element hg of G such that hg(QR) = QR and hgh0(QR) ∩ (QR ∪ Supp(g)) = ∅.
Then (hgh0h

−1
g )(φt

F )
−1(hgh0h

−1
g )−1 commutes with φt

F and g and thus [g, φt
F ] =

[g, [φt
F , hgh0h

−1
g ]]. Since ν is a G-invariant norm on [G,G],

ν([g, φt
F ]) ≤ ν(g[φt

F , hgh0h
−1
g ]g−1) + ν([φt

F , hgh0h
−1
g ]−1)

= 2ν([φt
F , hgh0h

−1
g ])

≤ 2(ν(φt
F (hgh0h

−1
g )(φt

F )
−1) + ν((hgh0h

−1
g )−1))

= 4ν(hgh0h
−1
g ) = 4ν(h0).

�

Proof of Proposition 4.2. Let φ be an element of [G,G] and m a natural number
such that νF,h(φ) ≤ m. Then, by the definition of νF,h, there exist f1, . . . , fm ∈
{φt

F }t∈R∪{h±1} and g1, . . . , gm ∈ G such that φ = g−1
1 f1g1 · · · g−1

m fmgm. We define
a function τ : {φt

F }t∈R ∪ {h±1} → R by

τ (f) =

{
t (if f = φt

F ),

0 (if f ∈ {h±1}).

We define real numbers Tk (k = 1, . . . ,m+ 1) by Tk =
∑k−1

i=1 τ (fi) and set T1 = 0.
Then we define elements αk (k = 1, . . . ,m) of Ker(Cal) = [G,G] by

αk =

{
[φTk

F g−1
k , φtk

F ] (if fk = φtk
F ),

(φTk

F g−1
k )fk(φ

Tk

F g−1
k )−1 (if fk ∈ {h±1}).

Fix a G-invariant norm ν on [G,G]. Note that Lemma 4.3 implies ν(αk) ≤
max{CF,ν , ν(h)} holds for any k. Since φTk

F g−1
k fkgk = αkφ

Tk+1

F holds for any k,

φ = φT1

F g−1
1 f1g1 · · · g−1

m fmgm = α1φ
T2

F g−1
2 f2g2 · · · g−1

m fmgm

= α1α2φ
T3

F g−1
3 f3g3 · · · g−1

m fmgm = . . . = α1 · · ·αmφ
Tm+1

F ,

holds. Since φ ∈ Ker(Cal) and αk ∈ Ker(Cal) for any k, Tm+1 = 0 and thus
φ = α1 · · ·αm holds. Since ν(αk) ≤ max{CF,ν , ν(h)} holds for any k, ν(φ) ≤
max{CF,ν , ν(h)} · m holds. Hence ν(φ) ≤ max{CF,ν , ν(h)} · νF,h(φ) holds for any
element φ of [G,G]. �
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The proof of Theorem 1.4 when (G,H) = (Ham(R2n),Ham(B2n)) is completely
similar to the one when (G,H) = (B∞, Bn) if we replace Proposition 3.1 by Propo-
sition 4.2.
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