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Abstract. In this paper, we determine which half-space contains a complete
translating soliton of the mean curvature flow and it is related to the well-
known half-space theorem for minimal surfaces. We prove that a complete
translating soliton does not exist with respect to the velocity v in a closed
half-space Hṽ = {x ∈ Rn+1 | 〈x, ṽ〉 ≤ 0} for 〈v, ṽ〉 > 0, whereas in a half-space
Hṽ, 〈v, ṽ〉 ≤ 0, a complete translating soliton can be found. In addition, we

extend this property to cones: there are no complete translating solitons with
respect to v in a right circular cone Cv,a = {x ∈ Rn+1 | 〈 x

‖x‖ , v〉 ≤ a < 1}.

1. Introduction

In minimal surface theory, the half-space theorem proved by Hoffman and Meeks
[18] is a well-known global property: A connected, proper, possibly branched, non-
planar minimal surface in R

3 is not contained in a half-space. They used two main
elements, namely, the scaling invariance of minimality of the minimal surfaces in
Euclidean space and the maximum principle. Specifically, the facts that a half-
catenoid converges to the punctured plane through a scale-down and the maximum
principle were used to prove the half-space theorem. On the one hand, the general-
ization of the half-space theorem fails in a higher dimensional Euclidean space. In
this case, a higher dimensional catenoid is contained in a domain bounded by two
parallel hyperplanes. On the other hand, generalizations of the half-space theorem
to other geometric surfaces, such as constant mean curvature surfaces, in various
ambient spaces has been successful (see, [3, 10, 12, 28–30,33, 39]).

In this paper, we consider translating solitons of the mean curvature flow (MCF).
A smooth family of immersions F : Σ× [0, T ) → R

n+1 is a solution of the MCF if
F satisfies the following parabolic equation:

∂

∂t
F (p, t) =

−→
H (p, t),(1.1)

for all (p, t) ∈ Σ×[0, T ), where
−→
H is the mean curvature vector. The MCF is a neg-

ative gradient flow of the area functional. It is also generally known that any closed
hypersurface develops singularities within a finite time under the MCF. Therefore,
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it is important to study the singularities of the MCF. Huisken [19] and Huisken
and Sinestrari [20] demonstrated that there are two types of singularities, type-I
and type-II, represented by a self-shrinker and a translating soliton, respectively.
The translating soliton of the MCF is not only a blow-up limit flow of a type-II
singularity but also a special solution that moves only in a constant direction v
without deforming its shape under the MCF; the solution form is as follows:

F (p, t) = F (p) + vt,

where F (p) = F (0, p).
For a self-shrinker, Cavalcante and Espinar [4] proved that the only properly

immersed self-shrinker Σ is contained in one of the closed half-spaces determined
by a hyperplane P is Σ = P . Some of the known translating solitons such as grim
reaper cylinders, translating bowls and Δ-wings are contained in a half-space. In
[40], Shahriyari proved the non-existence of complete graphical translating solitons
in a cylindrical domain and Møller [31] extended it to both a higher dimensional case
and complete proper embedded translating solitons. Recently, Chini and Møller
[8] demonstrated that there are no properly immersed n-dimensional translating
solitons contained in the intersection domain of two transverse half-spaces that are
parallel to v in R

n+1. According to the various examples in Section 2, there are
complete translating solitons in a half-space that is containing v. However, such
translating solitons are not contained in a half-space that does not contain v. This
is generally true, as proved through the following theorem:

Theorem 1.1. There are no complete translating solitons for the velocity v under
the MCF in a closed half-space Hṽ = {x ∈ R

n+1 | 〈x, ṽ〉 ≤ 0} with 〈v, ṽ〉 > 0.

Corollary 1.2. There are no complete translating solitons in any bounded domain
of Rn+1.

Because translating solitons are minimal hypersurfaces in Euclidean space en-
dowed with a conformally flat metric, they share an analogical property with mini-
mal surfaces in Euclidean space. However, the Corollary 1.2 shows that translating
solitons have a different property compared to that in the minimal surface theory.
More precisely, a complete minimal surface in a ball in R

3 exists, which was proved
by Nadirashvili [32]. We note that Chini and Møller [8] proved the non-existence
of complete proper translating solitons in a bounded domain.

As another result in the minimal surface theory, Omori [37] considered the non-
existence of a minimal isometric immersion with the bounded below sectional cur-
vature in the cones of Euclidean space using the existence of a sequence of points,
which is now popularly known as the Omori–Yau maximum principle. The Omori–
Yau maximum principle was introduced in [6, 37, 42] and can be applied to non-
compact cases: Omori [37] proved the Omori–Yau maximum principle for the Hes-
sian of a function bounded from above on a complete Riemannian manifold with
the sectional curvature bounded from below. Yau [42] and Cheng and Yau [6]
established for the Laplacian of a function bounded from above on a complete Rie-
mannian manifold with the Ricci curvature bounded from below. Various versions
of the Omori–Yau maximum principle have been used to prove the geometric prob-
lems in [5, 7, 8, 25, 43]. A detailed introduction to various Omori–Yau maximum
principles and their applications can be found in [1]. Based on the Omori–Yau
maximum principle, we extend the results of Omori [37] for minimal surfaces to
translating solitons of the MCF:
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Theorem 1.3. There are no complete translating solitons for the velocity v under
the MCF in a right circular cone Cv,a = {x ∈ R

n+1 | 〈 x
‖x‖ , v〉 ≤ a < 1}.

As previous study, Impera and Rimoldi [21] demonstrated that an n-dimensional
f -stochastically complete translating soliton cannot be contained in a lower cone
containing the direction of the translation under the MCF. In [41], Xin established
a version of the Omori–Yau maximum principle for complete proper translating
solitons in Euclidean space, which is valid for a higher codimensional case.

2. Translating solitons of the MCF

Definition 2.1. A translating soliton M with the velocity v is a hypersurface in
R

n+1 if it is a solution to the MCF such that the solution form is as follows:

F (p, t) = F (p) + vt,

where F (p) = F (p, 0). As an equivalent condition, it satisfies the following equation:
−→
H = v⊥,

where
−→
H is the mean curvature vector field of M .

The velocity v indicates the direction of the translation of the translating soliton
under the MCF. Up to scaling and rotation in R

n+1, it is possible to assume v =
en+1. There are various translating solitons, some of which are listed herein. We
can find more translating solitons for examples, see [8, 15, 27] and the references
therein.

Example 2.2 (Product of minimal submanifold). The simplest translating soliton
is a plane parallel to v in R

3 as a product of a line and R parallel to the direction v.
From this perspective, the translating solitons in R

n+1 can be constructed as the
product of an (n − 1)-dimensional minimal submanifold M and R parallel to the
direction v, i.e., M × R. There are numerous of translating solitons arising from
minimal submanifolds. In [32], Nadirashvili constructed a complete, non-proper,
minimal disk in the unit ball. Specifically, a complete non-proper translating soliton
can be obtained from Nadirashvili’s minimal surface.

Example 2.3 (Grim reaper cylinders). The grim reaper y = − log cos(x) is a
translating soliton on R

2, i.e., the only eternal solution of the MCF in R
2, which is

also known as the curve-shortening flow. Its product surface, which is a cylindrical
surface of the grim reaper, is called a canonical grim reaper cylinder whose suitable
combination of rotation and dilation is called a grim reaper cylinder. The following
parametrization is for a family of grim reaper cylinders:

Xθ(u, v) =

(
s, t,− 1

cos2(θ)
log cos(s cos(θ)) + t tan(θ)

)
.

In particular, the grim reaper cylinder is a one-parameter family of cylindrical
surfaces from the canonical grim reaper cylinder to the plane parallel to v = e3.

Example 2.4 (Translating bowl and winglike translator). Altschuler and Wu [2]
and Clutterbuck, Schnürer and Schulze [9] showed the existence of the translating
bowl and the winglike translator. These are rotationally symmetric translating
solitons and can thus be represented as an immersion X : I × S

n−1 → R
n+1

parametrized by

X(s, φ1, · · · , φn−1) = (x(s)Φ(φ1, · · · , φn−1), y(s)),
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where Φ is an orthogonal parametrization of the (n − 1)-dimensional unit sphere.
The profile curve γ(s) = (x(s), y(s)) parametrized by arc-length satisfies the fol-
lowing differential equation:

x′(1− n) + nyy′ + y(x′y′′ − x′′y′) = 0.

In particular, the translating bowl and winglike translator have an asymptotic be-
havior of y = x2. The authors [24] rediscovered their asymptotic behaviors of the
profile curve using the phase-plane method to the above differential equation.

Example 2.5 (Generalized winglike translator). As a generalization of the winglike
translator, Kunikawa [26] constructed an m-dimensional translating soliton in R

n.
Let N be any minimal submanifold in S

n−2 ⊂ R
n−1 and r : [0,∞] → R be a

function satisfying

r′′ = (1 + r′2)

(
1− (m− 1)r′

t

)
,

which is an m-dimensional winglike translator equation. The immersion F : M →
R

n defined by F (t, p) = (tp, r(t)) where p ∈ N and t ∈ [0,∞] is an m-dimensional
translating soliton with the velocity en ∈ R

n.

Example 2.6 (Helicoidal translating solitons). Halldorsson [13] proved the exis-
tence of the helicoidal rotating solitons under the MCF, which are also known as
the helicoidal translating solitons. The authors [24] completely classified the profile
curves and analyzed their asymptotic behaviors in the same way as those of the
translating bowl or winglike translator. Consider a helicoidal translating soliton
Σ with the pitch h whose helicoidal axis is the z-axis. We can parametrize Σ as
X : Σ → R

3 by

X(s, t) = (x(s) cos(t), x(s) sin(t), y(s) + ht),

such that the profile curve (x, y) parametrized by arc-length satisfies the following
differential equation:

(x2 + 2h2x′2)y′ + x(h2 + x2)(x′y′′ − y′x′′)− 2xx′(x2 + h2x′2) = 0.

Example 2.7 (Δ-wing). The existence of Δ-wings, which are graphs over the strips
R× (−b, b) and where b > π

2 , was proved by Hoffman, Ilmanen, Mart́ın and White
[14]. In particular, Δ-wing has the asymptotic behaviors of grim reaper cylinders
with the angle θ = ± arccos(2b/π). They [14] also proved the following classification
theorem: For every b > π

2 , there is (up to the translation) a unique, complete and
strictly convex translating soliton u : R× (−b, b) → R, i.e., the only other complete
translating graphs are the grim reaper cylinders and the translating bowl.

Example 2.8 (Semi-graph translating soliton). Hoffman, Mart́ın and White [16]
proved the existence and uniqueness of a two-parameter family of translating soli-
tons of the MCF. The family has several types of translating solitons, namely,
Scherkenoids, Scherk translators, pithchfork translators and helicoid-like transla-
tors. The constructions of graphical translating solitons are over parallelograms
and strips with infinite boundary values, which are derived from the minimal sur-
face theory because the translating soliton is a minimal surface in a metric measure
space that is conformally changed from Euclidean metric.
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Example 2.9 (Translating solitons using gluing technique). Using the grim reaper
cylinder and the plane as building blocks, Nguyen [34] constructed the new exam-
ples of self-translating solitons with four ends using a gluing technique, two of which
are asymptotic to planes and the other two ends are exponentially asymptotic to
a grim reaper cylinder, which are called the translating tridents. Specifically, Hoff-
man, Mart́ın and White [17] rediscovered the existence of a one-parametric family
of the translating solitons, i.e., Nguyen’s tridents. Nguyen [36] also constructed
doubly periodic translating solitons with numerous but finite grim reaper cylin-
ders during each period, which is an extension of the result of Nguyen [35] on the
desingularization of a finite family of grim reaper cylinders. Dávila, del Pino and
Nguyen [11] constructed embedded, complete translating solitons homeomorphic to
the Costa-Hoffman-Meeks minimal surfaces, which are a desingularization of the
union of a winglike translator and a translating bowl.

The proofs of Theorems 1.1 and 1.3 are provided in Sections 3 and 4, respectively
and are based on the following the Omori–Yau maximum principle:

Theorem 2.10 (Omori–Yau maximum principle). Let M be a connected and com-
plete Riemannian manifold with Ricci curvature bounded below. Then, there exists
a sequence {xk} on M such that

lim
k→∞

f(xk) = f∗, ‖∇f(xk)‖ <
1

k
, �f(xk) <

1

k
,

for any f ∈ C2(M) with f∗ = supM f < ∞.

3. Proof of Theorem 1.1

LetM be an n-dimensional complete translating soliton with the velocity v under
the MCF in R

n+1. For the unit normal vector ṽ of the closed half-space Hṽ, we
denote c = 〈v, ṽ〉 > 0. Let us assume that M ⊂ Hṽ = {x ∈ R

n+1 | 〈x, ṽ〉 ≤ 0}.
To prove that the Ricci curvature ofM is bounded below, we take an orthonormal

basis {ek}nk=1 of TpM in which the second fundamental form A(p) is diagonal at
the considered point p on M . The Ricci curvature with respect to {ek}nk=1 at p is
then

Ricp(ei, ei) = −
n∑

j=1,j �=i

κj(p)κi(p)

= κ2
i (p)−

n∑
j=1

κj(p)κi(p)

= κ2
i (p)−H(p)κi(p).(3.1)

The following inequality holds from −1 ≤ H ≤ 1 and equation (3.1):

Ricp(ei, ei) = −H(p)κi(p) + κ2
i (p) =

(
κi(p)−

H(p)

2

)2

− H2(p)

4
≥ −1

4
.

Therefore, the Omori–Yau maximum principle holds on M .
We assume ṽ = v+a, where a is a constant vector and ṽ and v are unit constant

vectors such that 〈ṽ, v〉 = c, where c is a positive constant. We define the height
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function φ = 〈x, ṽ〉 of M with respect to ṽ. By direct computation, we obtain the
following:

‖∇φ‖2 = ‖ṽ	‖2 = 1− ‖ṽ⊥‖2,
�φ = H〈ν, ṽ〉.

By the Omori–Yau maximum principle, there is a sequence {xk} on M such that

lim
k→∞

φ(xk) = sup
M

φ < 0,

1

k2
> ‖∇φ(xk)‖2 = 1− ‖ṽ⊥(xk)‖2,(3.2)

1

k
> �φ(xk) = H(xk)〈ν(xk), ṽ〉.(3.3)

We observe the following from the equation (3.2):

lim
k→∞

‖ṽ⊥(xk)‖2 = 1,

which indicates that ν becomes parallel to ṽ as k tends toward infinity. By the
inequality (3.3), we obtain the following equation after passing to the sequence
{xk}:

0 ≥ lim
k→∞

�φ(xk) = lim
k→∞

〈ν(xk), v〉〈ν(xk), ṽ〉 = 〈ṽ, v〉 = c > 0.

Therefore, we arrive at a contradiction. As a consequence, there are no complete
translating solitons in Hṽ.

Remark 3.1. To prove Theorem 1.1, we use the condition 〈ṽ, v〉 = c > 0. If we
consider 〈ṽ, v〉 ≤ 0, then there are several counter examples, namely, hyperplanes
parallel to v if 〈ṽ, v〉 = 0 and grim reaper cylinders or translating bowls if 〈ṽ, v〉 < 0.
The novelty of Theorem 1.1 is twofold. Firstly, the theorem holds for any dimension.
Secondly, for the half-space theorem for minimal surfaces in Euclidean space, the
properness is a necessary condition. The theorem holds regardless of properness on
the translating solitons.

Remark 3.2. Chini and Møller [8] proved a half-space type theorem of a proper
translating soliton in a bi-half-space, which is the intersection domain of two trans-
verse half-spaces that are parallel to v in R

n+1. It directly follows that there are
no proper translating solitons in any bounded domain of Rn+1. However, as men-
tioned in Remark 3.1, Theorem 1.1 and Corollary 1.2 hold regardless of whether
the translating soliton is proper or not.

4. Proof of Theorem 1.3

Let M be an n-dimensional complete translating soliton with v in a right circular
cone Cv,a = {x ∈ R

n+1 | 〈 x
‖x‖ , v〉 ≤ a < 1}, where a is a constant. For Cv,a ⊂ Hv

with a ≤ 0, it is sufficient to consider only 0 < a < 1 based on Theorem 1.1. We
already know that the Ricci curvature of M is bounded from below by − 1

4 . Thus,
the Omori–Yau maximum principle holds on M .
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By direct computation, we can calculate the following equations:

∇‖x‖ =
x	

‖x‖ ,

‖∇‖x‖‖2 =
‖x	‖2
‖x‖2 ≤ 1,

�‖x‖ =
1

‖x‖

(
1

2
�‖x‖2 − ‖∇‖x‖‖2

)
=

1

‖x‖
(
〈x,−→H 〉+ n− ‖∇‖x‖‖2

)
.

We define the non-positive function ψ = 〈x, v〉 − a‖x‖ that satisfies the following:

‖∇ψ‖ = ‖v	 − a∇‖x‖‖ =

∥∥∥∥v	 − a
x	

‖x‖

∥∥∥∥ ≥
∣∣∣∣‖v	‖ − a

‖x	‖
‖x‖

∣∣∣∣ ,(4.1)

�ψ = H2 − a�‖x‖,(4.2)

By applying the Omori–Yau maximum principle to ψ, there is a sequence {xk} such
that

lim
k→∞

ψ(xk) = sup
M

ψ ≤ 0,

1

k
> ‖∇ψ(xk)‖,

1

k
> �ψ(xk).

From the equation (4.1), we first consider the following:

‖v	(xk)‖ −
1

k
< a

‖x	
k ‖

‖xk‖
<

1

k
+ ‖v	(xk)‖.(4.3)

If H(xk) converges to zero as k → ∞, then ‖v	(xk)‖ = 1 and we have a direct
contradiction. Because H is bounded, we can consider a subsequence {xkl

} such
that H(xkl

) converges as l → ∞. Thus, the subsequence guarantees the property of
the Omori–Yau maximum principle and the convergence of H(xkl

). We replace the
sequence of the Omori–Yau maximum principle with the subsequence {xkl

}, which
indicates that both ‖v	(xkl

)‖2 and
‖x⊥

kl
‖2

‖xkl
‖2 converge as l → ∞. From the equation

(4.3), we have the following equation:

1− lim
l→∞

H2(xkl
) = a2

(
1− lim

l→∞

‖x⊥
kl
‖2

‖xkl
‖2

)
,

Thus, by multiplying with H2(xkl
), we obtain the following equation:

lim
l→∞

a2
〈

xkl

‖xkl
‖ ,

−→
H (xkl

)

〉2

= lim
l→∞

(
H4(xkl

)− (1− a2)H2(xkl
)
)
.(4.4)

In particular, the following inequality is obtained:

lim
l→∞

(
H2(xkl

) + a2 − 1
)
≥ 0.
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From the equation (4.2), we then have

1

k
> �ψ(xk) = H2(xk)− a

(〈
xk

‖xk‖
,
−→
H (xk)

〉
+

n

‖xk‖
− ‖∇‖xk‖‖2

‖xk‖

)
≥ H2(xk)− a

∣∣∣∣〈 xk

‖xk‖
,
−→
H (xk)

〉∣∣∣∣− an

‖xk‖
.

Thus, the following inequality holds:

1

k
+

an

‖xk‖
> H2(xk)− a

∣∣∣∣〈 xk

‖xk‖
,
−→
H (xk)

〉∣∣∣∣ .(4.5)

We replace the sequence of the Omori–Yau maximum principle with the subse-
quence {xkl

}. Inserting the equation (4.4) into the inequality (4.5) and passing to
the subsequence {xkl

}, the following inequality is obtained:

lim
l→∞

(
1

kl
+

an

‖xkl
‖

)
≥ lim

l→∞

(
H2(xkl

)−
√
H4(xkl

)− (1− a2)H2(xkl
)
)
.(4.6)

In addition, we define a positive function defined on [1− a2, 1] as

α(t) = t−
√
t2 − (1− a2)t.

Bacause α′(t) < 0, α(t) is a decreasing and positive function such that α(1) = 1−a
is the minimum value in [1−a2, 1]. It is possible to assume infM ‖x‖ ≥ 2an

1−a through
a translation along the direction −v. We then arrive at a contradiction using the
inequality (4.6) as follows:

0 ≥ lim
l→∞

α(H2(xkl
))− lim

l→∞

(
1

kl
+

an

‖xkl
‖

)
≥ 1− a− lim

l→∞

(
1

kl
+

1− a

2

)
≥ 1− a

2
> 0.

Therefore, there are no complete translating solitons with the direction v of the
translation under the MCF in Cv,a ⊂ R

n+1.

Remark 4.1. Because we consider −1 ≤ a < 1 in Theorem 1.3, Theorem 1.1 is
induced by Theorem 1.3. There are several counter examples of complete translat-
ing solitons if the right circular cone contains v, namely, the translating bowls and
winglike translators are contained in {x ∈ R

n+1 | 〈 x
‖x‖ , v〉 ≥ a} for a constant a.
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[4] Marcos P. Cavalcante and José M. Espinar, Halfspace type theorems for self-shrinkers, Bull.
Lond. Math. Soc. 48 (2016), no. 2, 242–250, DOI 10.1112/blms/bdv099. MR3483061

[5] Qun Chen and Hongbing Qiu, Rigidity of self-shrinkers and translating solitons of mean cur-
vature flows, Adv. Math. 294 (2016), 517–531, DOI 10.1016/j.aim.2016.03.004. MR3479571

https://www.ams.org/mathscinet-getitem?mr=3445380
https://www.ams.org/mathscinet-getitem?mr=1384396
https://www.ams.org/mathscinet-getitem?mr=3990382
https://www.ams.org/mathscinet-getitem?mr=3483061
https://www.ams.org/mathscinet-getitem?mr=3479571


TRANSLATING SOLITONS OF MCF 9

[6] S. Y. Cheng and S. T. Yau, Differential equations on Riemannian manifolds and
their geometric applications, Comm. Pure Appl. Math. 28 (1975), no. 3, 333–354, DOI
10.1002/cpa.3160280303. MR385749

[7] Shiu Yuen Cheng and Shing Tung Yau, Maximal space-like hypersurfaces in the Lorentz-
Minkowski spaces, Ann. of Math. (2) 104 (1976), no. 3, 407–419, DOI 10.2307/1970963.
MR431061

[8] F. Chini and N. M. Møller, Bi-halfspace and convex hull theorems for translating solitons,

Int. Math. Res. Not., rnz183, https://doi.org/10.1093/imrn/rnz183.
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