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RADIAL SYMMETRY FOR AN ELLIPTIC PDE

WITH A FREE BOUNDARY

LAYAN EL HAJJ AND HENRIK SHAHGHOLIAN

(Communicated by Ryan Hynd)

Abstract. In this paper we prove symmetry for solutions to the semi-linear
elliptic equation

Δu = f(u) in B1, 0 ≤ u < M, in B1, u = M, on ∂B1,

where M > 0 is a constant, and B1 is the unit ball. Under certain assumptions
on the r.h.s. f(u), the C1-regularity of the free boundary ∂{u > 0} and a
second order asymptotic expansion for u at free boundary points, we derive
the spherical symmetry of solutions. A key tool, in addition to the classical
moving plane technique, is a boundary Harnack principle (with r.h.s.) that
replaces Serrin’s celebrated boundary point lemma, which is not available in
our case due to lack of C2-regularity of solutions.

1. Introduction and the main problem

We use the moving-plane technique to prove symmetry for a free boundary prob-
lem, whose solutions lack C2-smoothness up to the free boundary. Although our
approach applies to more general setting, for clarity of exposition, we have consid-
ered the most simple equation, which is the following semilinear PDE

(1.1)

{
Δu = f(u) in B1,

u = M on ∂B1,

where M > 0 is a constant and B1 is the unit ball. Our departing point for
regularity of solutions is u ∈

(
L∞ ∩W 1,2

)
(B1). Exact assumptions concerning the

right hand side f , the solution u, as well as the free boundary ∂{u > 0} will be
mentioned in the below. The right hand side f(u) is also interpreted as f(u)χ{u>0},
and we use the notion of weak solutions∫

∇u · ∇ϕ+ f(u)ϕ = 0, ∀ ϕ ∈ W 1,2
0 (B1),

where W 1,2
0 (B1) is the standard Sobolev space of functions, with compact support

in B1. Solutions to our problem may arise as minimizers or stationary points of the
functional

J(v) :=

∫
B1

|∇v|2 + 2F (v), over the class M +W 1,2
0 (B1),
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and where F ′(t) = f(t). One may also interpret the equation in terms of viscosity,
see [19]; see also the two-phase version of this problem in dimension two [13] that
also can be used for possible extension of the result here to the case when {u <
0} �= ∅.

Naturally if M is large, or f(t) is negative most of the time (for t), it may well
happen that the dead core {u = 0} is empty. In that case the problem falls within
the framework of classical theory for PDEs. Hence, the case when the dead core is
non-void is more interesting and introduces some challenges.

As mentioned above, we aim at proving spherical symmetry of solutions to the
problem, by employing the celebrated moving plane technique originated in A.D.
Alexandrov’s work [1], and cleverly used and promoted by James Serrin [15] through
a new (Serrin’s) boundary point lemma. The semilinear pde above was also studied
extensively by Gidas-Ni-Nirenberg [11] in various forms.

When f(t) is unbounded close to t = 0 (see (1.2)), solutions to our problem
are only C1,β0 , for some β0 > 0 depending on f . Hence the celebrated Serrin’s
boundary point lemma is not accessible anymore. We circumvent this by imposing
a weak second-order asymptotic expansion for solutions close to the free boundary
points; see the statement of our theorem for more details. The lack of C2-regularity
of solutions1 and hence the failure of Serrin’s approach at the so-called orthogonal
points (see [15]) becomes more apparent when dealing with the so-called degen-
erate/singular operators such as p-Laplacian, where in general solutions fail to be
C2, unless one assumes the gradient of the solution to be non-zero. This partly
explains the reason for the lack of study for p-Laplacian type problems of the so-
called obstacle-type; i.e. ∇u = 0 on the free boundary. Our approach may have
some bearing on problems of similar nature.

Standing assumptions on f(t). For the function f(t) we assume that for some
−1 < a < 0, κ0 > 0 and t1 > 0 (small) it has the following property:

(1.2)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(a) Ct := supε>0

f(t+ε)−f(t)
ε ≤ κ0t

a−1, t > 0,

(b) f(t) = 0 for t ≤ 0,

(c) |f(t)| ≤ C0 for all t > t1,

(d) f(t) ≥ 0 for t ≈ M.

Assumption (a) is Lipschitz regularity from one side for f and is needed for ap-
plying the strong maximum principle, alternatively Hopf’s boundary point Lemma.
The reason for introducing −1 < a < 0 is for the case when f(t) ≈ ta+ close to t = 0.

When a > 0 the solution is C2,β0 for some β0 > 0 (see [18]), and the problem is much
softer with a straightforward proof as in the classical setting. Similarly when a = 0,
this resembles, locally, the obstacle problem, and uniqueness and non-decreasing of
r.h.s. (again locally near the zero set) can be used to obtain the symmetry for the
solutions.

Asymptotic property (AP). We say a solution u to our problem has (AP)
property if the following hold:

1The reader should know that even if we would assume the free boundary is a priori C2 we
cannot assume that the solutions are C2, since they are not. Also the C2-regularity of the free
boundary has not been proven/disproven in the literature.
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(1) At any free boundary point x0 the weak second-order asymptotic expansion
holds

(1.3) u(x) = A0((x− x0) · ν0)β+ +O(|x− x0|2+δβ ),

for some fixed A0 > 0, a unit normal ν0 = ν0(x
0), and some 0 < δβ < β−1.

The real number β = 2/(1 − a), where −1 < a < 0 is the constant appearing in
(1.2) or in the statement of Theorem 1.

Remark 1 (Important). Property (1.3) already implies that the free boundary
∂{u > 0} is pointwise2 C1,|a|. This however does not mean that the free boundary is
locally a smooth surface, since the Big-O does not provide any uniform neighbour-
hood for the approximation with smooth surfaces. To see the pointwise smoothness,
one observes that at each free boundary point x0 there is a unique tangent-plane
Πx0 := {(x − x0) · ν0 = 0}. At any other free boundary point z (close enough to
x0) we have

0 = u(z) = A0((z − x0) · ν0)β+ +O(|z − x0|2+δβ ).

Hence the distance between z to this tangent-plane is

dist(z,Πx0) = |(z − x0) · ν0| ≈ O(|z − x0|(2+δβ)/β) ≤ O(|z − x0|(1+|a|)).

We now state our main result.

Theorem 1. For f satisfying (1.2), let u be a weak solution to

(1.4)

⎧⎪⎨
⎪⎩
Δu = f(u) in B1,

u = M on ∂B1,

u < M in B1,

and suppose f(t) = (t+)
a, a < 0, and t ≤ t1, for some small t1 > 0. We assume

further that property (AP) holds, and that ∂{u > 0} is C1. Then u is spherically
symmetric and ∂|x|u ≥ 0.

We remark that f(t) = (t+)
a can be replaced with f(t) = L(t+)

a for any constant
L > 0 without interfering in the proof; in that case one considers v = u/L with
right hand side g(v) = f(Lv)/L.

The (uniform) C1-regularity is only necessary in the proof of Claim C (see the
proof in the below), when working with non-transversal touch of the moving plane
with the free boundary. Otherwise the (AP) property provides us with the necessary
regularity for carrying out the proof.

Theorem 1, in addition to the second-order asymptotic and C1-regularity of
the free boundary, requires no higher regularity neither for the solutions nor for
the free boundary. The reason for the second-order asymptotic assumption is the
super-quadratic behaviour of the solution (close to free boundary), and that the
solution obviously is not C2 up to the free boundary. Some analyses (not included
in this paper) show the plausibility of a more accurate expansion, which is very
natural in linearization theory of free boundary problems; see the discussion in
Section 3.

2Pointwise regularity of the free boundary ∂{u > 0} implies that for each point z on this set
there is a small ball Brz (z) such that the set ∂{u > 0} ∩ Brz (z) is trapped between two tangent

C1,|a|-surfaces. The dependence of the radius rz on z is key to preventing uniform smoothness.
An example of such a surface can be given (in the plane) by ∂{x : x2 > x2

1 sin(1/x1)}.
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Before closing this section we want to mention a few references that will be useful
for the reader, unfamiliar with symmetry problems or free boundary techniques. For
symmetry problems, besides Serrin’s article [15], one can consult [11], for a more
comprehensive consideration of variations of the problem. Further related results
can be found in [4], [6], [8], [9], [14], [16]. It should also be mentioned that there
are other applied problems that lead to free boundaries, with symmetry in focus,
and where the regularity of the free boundary is a priori unknown. Let us mention
one such problem, in optimization theory, with volume constraint and no a priori
regularity assumptions, as done in [17]. It needs to be remarked that the volume
constraint usually leads to Bernoulli type free boundary; however if we replace this
constraint with Lp-norm density of the solutions, then (we believe) for 0 < p < 1
one may expect C1,β0-regularity of solutions and not C2. Such problems may be
studied with approaches suggested in this paper.

For regularity of the free boundary see [3], [5] and also [7] for basic tools. The
symmetry problem for the specific form of f(t) ≈ ta+ for −1 < a < 0 (t ≈ 0) has not
been considered in the literatures. The reason for this is the lack of C2-regularity
of solutions, since they are C1,β−1 (β = 2/(1− a)) across the free boundary and so
far it is only known that the free boundary for minimizers (for the corresponding
functional) are C1,α for some α > 0, at the so-called flat points. Nevertheless,
if one imposes the extra restriction so that near the set {u = 0} the solutions
are local minimizers, then through a simple comparison argument one can prove
monotonicity of the functional at local-level , which can be used to prove the theorem
in more general setting and with almost no assumptions; see [3, Lemma 1.7] for the
comparison argument.

2. Proof of the main theorem

Since the direction can be chosen arbitrarily it suffices to show symmetry in the
x1 direction only. We will first establish some notations
(2.1)⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Tλ = {x ∈ R

n| x1 = λ} (the hyperplane),

xλ = (2λ− x1, x2, x3, . . .) (the reflection of x at Tλ),

Σλ = {x | xλ ∈ B1 and x1 < λ} (the reflection of the right half of B1),

uλ(x) = u(xλ) (the reflection of u at Tλ).

In the setting of (2.1), we need to prove that for λ = 0 we have uλ(x) ≥ u(x) for
all x ∈ Σλ. This will then prove that uλ = u for λ = 0, for all possible rotations of
the solution, that is the desired result.

We first note that by assumption (d) in (1.2), the function u is a subsolution in
a small interior neighborhood of ∂B1, and by virtue of u < M in B1 and the Hopf’s
boundary point lemma, we get

(2.2) ∂νu(y) < 0, ∀y ∈ ∂B1,

where ν is any direction pointing into the interior of B1 at y.
Now due to the strict monotonicity (2.2) for small (positive) values of 1 − λ

(i.e. 1 ≈ λ < 1), uλ(x) > u(x) in Σλ. We let λ0 ≥ 0 be the smallest λ such that
uλ(x) > u(x) in Σλ, for all {λ : λ0 < λ < 1}. It thus follows that the level-surfaces
{u = l} ∩ {x1 > λ} (λ > λ0) will be Lipschitz graphs, where the Lipschitz norm
depends on τλ and may blow-up exactly at {x1 = λ}.
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We next assume λ0 > 0 (otherwise there is nothing to prove) and try to reach
a contradiction by moving the plane slightly further with some ε > 0 distance to
x1 = λε := λ0 − ε > 0 and show that uλε

≥ u in Σλε
.

By minimality of λ0, there are sequences εi ↘ 0, λi = λ0−εi such that {uλi
(x) <

u(x)} �= ∅. Define wλi
(x) = uλi

(x) − u(x); then the set Di := {wλi
< 0} is non-

void, otherwise there is nothing to prove. Define D0 = lim supεi→0 Di; then D0 �= ∅,
unless Di = ∅ for i ≥ i0 (some i0). Now for wλ0

= limi wλi
it follows that

(2.3) ∇wλ0
= 0 and wλ0

= 0 on D0.

To see this, let x0 ∈ D0, and {xi} ∈ Di, with xi → x0. Since Di is an open
set, for any direction e there is a line segment [zi1, z

i
2] ⊂ Di with the end points

zi1, z
i
2 ∈ ∂Di, and zi1 = zi2 + te for some t, and xi lying on this segment. Since

wλi
(zi1) = wλi

(zi2) = 0 and wλi
is C1,α we have ∂ewλi

(zi3) = 0 for some zi3 on this
line segment. Now as εi ↘ 0 we have that either |zi3 − xi| → 0 or that the line
segment [xi, zi3] converges to another line segment [x0, z0] ∈ D0. In either case we
have ∂ewλ0

(x0) = 0. Since e is arbitrary we have that ∇wλ0
(x0) = 0, for x0 ∈ D0.

A similar argument shows that D0 ⊂ {wλ0
= 0}.

The theorem is proved if we can show that D0 = ∅. We remark that

(2.4) D0 =
(
D0 ∩ Σλ0

\ {u = 0}
)
∪ (D0 ∩ Σλ0

∩ {u = 0})∪ (D0 ∩ Tλ0
∩ {u = 0}) .

We shall now prove that all these sets are empty. We also assume throughout the
proof that wλ0

�≡ 0, since λ0 > 0. We use this tacitly in contradiction arguments
in the below, when applying the comparison principle.

Claim A. D0 ∩ Σλ0
\ {u = 0} = ∅.

The claim will follow if we can prove that for small values of εi the set Di must
lie in δi-vicinity of the free boundary ∂{u > 0}, where δi = δ(εi) ↘ 0. More exactly,
there exists δi = δ(εi) ↘ 0 such that

(2.5) Di ⊂ δi −Neighborhood of ({u = 0} ∩ Σλi
) .

We first notice that by (2.2) Di stays uniformly away from ∂B1. Hence to prove
Claim A it suffices to show that for any sequence xi ∈ Di converging to x0 in D0,
none of the following two cases hold:

(A1) x0 is an interior point of Σλ0
\ {u = 0}.

(A2) x0 ∈ Tλ0
\ {u = 0}.

By the first assumption in (1.2) we have

Δwλ0
= Δuλ0

−Δu = f(uλ0
)− f(u) ≤ c1(uλ0

− u) = c1wλ0
,

where c1 = c1(x) = κ0u
a−1(x) ≥ 0, which is bounded on compact sets in {u > 0}.

This implies that

(2.6) Δwλ0
− c1wλ0

≤ 0, in Σλ0
.

Since also wλ0
≥ 0 in Σλ0

from the strong minimum principle it follows that

(2.7) wλ0
> 0 in Σλ0

\ {u = 0},
which proves that (A1) does not hold.

To prove that (A2) is not possible, we may, by virtue of (2.6), invoke Hopf’s
boundary point lemma, applied to wλ0

in a ball of radius rδ for some δ > 0 touching
at x0 ∈ Tλ0

\ {u < δ} we conclude that (for some cδ > 0)

(2.8) ∂x1
wλ0

(x0) ≤ −cδ < 0,
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contradicting (2.3). Since δ > 0 is arbitrary we conclude that x0 �∈ Tλ0
\ {u = 0},

and this proves Claim A.

Claim B. D0 ∩ Σλ0
∩ {u = 0} = ∅.

Suppose, towards a contradiction, that there is a point x0 ∈ D0 ∩Σλ0
∩{u = 0}.

We thus have wλ0
≥ 0 in Σλ0

\ {u = 0} , wλ0
(x0) = 0, and ∇wλ0

(x0) = 0 by (2.3).
Therefore x0 ∈ ∂{uλ0

> 0} ∩ ∂{u > 0}, since otherwise wλ0
(x0) = uλ0

(x0) > 0.
We also have Δwλ0

(x) = ua
λ0

− ua ≤ 0 in the set Σλ0
∩ {u > 0} and hence we

can construct a harmonic barrier in the cone Kx0 ⊂ {u > 0}, with large enough
apparatus and vertex at x0; we assume it is truncated with the ball Br0(x

0), r0 > 0
small and fixed. Indeed, we let h be the harmonic function in this truncated cone
with zero boundary values on the surface of the cone, and h = wλ0

on ∂Br0(x
0) ∩

Kx0 , so that by the comparison principle h ≤ wλ0
in Kx0 . From standard regularity

theory (Appendix) for u, and hence for wλ0
it follows that wλ0

(x) ≤ C|x− x0|β in
Br(x

0)∩{u > 0}. Since ∂{u > 0} is pointwise3 C1 at x0, we can make the opening of
the cone large enough such that for some small ε > 0 we have supBr(x0)∩Kx0

h(x) ≥
Crβ−ε, close to x0 contradicting h ≤ wλ0

in Kx0 .

Claim C. D0 ∩ Tλ0
∩ {u = 0} = ∅.

Since the free boundary is pointwise C1,|a|, each boundary point z has a normal
vector νz. With this in mind we shall now consider two cases:

(i) Tλ0
is orthogonal to ∂{u > 0} at some point.

(ii) Tλ0
is non-orthogonal to ∂{u > 0}.

In case (i) we invoke the second asymptotic expansion (see Appendix) and will
have that wλ0

= o(|x|2+δβ ) and is superharmonic in the set {u > 0}∩Σλ0
∩Br(x

0).
Since at the corner point x0 the plane is orthogonal to the free boundary, which

is pointwise C1,|a|, we may consider a rotation such that en = (0′, 1) is the normal
vector to the free boundary pointing towards {u > 0}. Next we let Pr := {x : xn ≥
x0
n+ c|x′− (x0)′|1+|a|/2}∩Br(x

0), with c small such that Pr ⊂ {u > 0}, for r small
enough.

We consider the harmonic function h in Pr with boundary values zero on ∂Pr \
∂Br(x

0), and such that h ≥ 0 on ∂Br(x
0)∩ ∂Pr, with h(x0 + ren) = 1, say. Define

further z(x) = (λ0 − x1)h
1+δβ/2(x), which satisfies

Δz = δβ(1 + δβ)(λ0 − x1)h
δβ−1|∇h|2 − (∂1h)h

δβ/2 ≥ −(∂1h)h
δβ/2

and by symmetry we have ∂1h(x) = 0 on Pr ∩ {x1 = λ0}, and ∂1h ≤ 0 in Pr ∩
{x1 < λ0}. Also, due to C1,|a|/2-regularity of the boundary of Pr close to x0, and
∂1h(x

0) = 0 (since e1 is tangential direction) it must hold that |∂1h| ≤ c|x−x0||a|/2.
In conclusion we have

−c distε0(x, ∂(Pr ∩ {x1 < λ0})) ≤ Δz(x) ≤ 0,

where c > 0 is universal constant, and ε0 = min(|a|/2, δβ/2). Let h1 be the har-
monic minorant of the superharmonic function wλ0

in Pr ∩ {x1 < x0
1}, so that

h1 ≤ wλ0
there. Next apply the boundary Harnack principle with r.h.s. as in

3Actually it is pointwise C1,|a| and hence also Hopf’s boundary point lemma can also be
applied.
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Theorem 3.10 in [2] for h1 and z, in Pr ∩ {x1 < x0
1} to conclude z ≤ Ch1 ≤ Cwλ0

in Pr/2. In particular for r0 � r we have

c1r
2+δβ/2
0 ≤ sup

Br0
(x0)

z(x) ≤ C sup
Br0

(x0)

wλ0
≤ O(r

2+δβ
0 ),

which obviously is a contradiction for small enough r0.
Now we consider case (ii). We let x0 ∈ D0 ∩ Tλ0

∩ {u = 0}, and observe that
since Tλ0

is non-orthogonal to ∂{u > 0}, and the normal vector ν = (ν1, · · · , νn)
to the free boundary (pointing towards {u = 0}) at points of D0 ∩ Tλ0

∩ {u = 0} is
pointing towards {x1 < x0

1}, i.e. ν1 < 0.
Next we move the plane slightly further, and call it Tλi

= {x1 = λ0−εi}. Let now
xi ∈ Di be the minimum point for wλi

as described earlier. Let further ri = |xi−yi|,
where yi ∈ Tλi

∩{u = 0} is the closest point to xi. Denote also νi = (νi1, · · · , νin) to
be the unit normal vector to the free boundary at yi, and choose εi small enough
such that νi1 < ν1/2 < 0. This is possible due to C1-smoothness assumption of the
free boundary.

We scale the solution according to

hi(x) := u(rix+ yi)/rβi , h̃i(x) := uλi
(rix+ yi)/rβi

keeping in mind that ∇hi(z
i) = ∇h̃i(z

i), where zi = (xi − yi)/ri. A subsequence
of hi will converge to a global solution h0 solving Δh0 = ha

0 , in the entire space,

where ∇h0(z
0) = ∇h̃0(z

0), where z0 = limi(x
i − yi)/ri. Since the free boundary is

smooth the limit function h0 is a global one dimensional solution h0(x) = A0((x1−
1, x′) · ν)β+; observe that due to C1-smoothness of the free boundary νi → ν. This
along with (1.3) implies (by equating the derivative in the x1-direction at y0)

−ν1(−ν1(y
0
1 − 1) + (y′)0 · ν′)β−1

+ = ν1(ν1(y
0
1 − 1) + (y′)0 · ν′)β−1

+ (ν1 �= 0)

which is impossible, and hence the set Di is empty proving the claim in this case.
In conclusion the set D0 = ∅, and hence λ0 = 0 and the proof of the theorem is

completed.

3. Appendix

In this appendix we shall provide some basic facts about solutions to the problem
studied in this paper. First and foremost we need to mention that solutions to
problem (1.4) do exist in terms of minimizers (in an appropriate function space) of
the functional ∫

B1

|∇u|2 + 2F (u),

where F ′(t) = f(t), and the boundary value u = M has been prescribed on ∂B1.
Since we are considering more general solutions, rather than minimizers, we shall

only focus on properties of solutions close to the dead core {u = 0}. The regularity
properties for both u and the free boundary ∂{u > 0} have been studied in a few
papers that we use as basic references, but we shall also explain heuristically the
passage at some points that will be needed for our analysis.

The paper by Alt-Phillips [3] considers minimizes of the corresponding func-
tional. However most of the results of their paper carry over to solutions of our
problem as well. E. Teixeira [19] considers viscosity solutions and proves general
regularity of solutions. Indeed, by modern techniques such as blow-up one can prove
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(by indirect method) that solutions to our problem satisfy (for positive constants
c1, c2)

(3.1) u(x) ≤ c1(d(x))
β |∇u|(x) ≤ c2(d(x))

β−1,

where d(x) = dist(x, {u = 0}). E. Lindgren and L. Silvestre [12] (unpublished)
proved this for weak solutions; the proof is based on blow-up and a Liouville type
argument. These estimates also hold for viscosity solutions of our equations as done
in [19]. M. Giaquinta and E. Giusti [10] proved the bound for minimizers.

Another important tool/property is the non-degeneracy, which states that for
positive constants c1, c2

(3.2) c1r
β ≤ sup

Br(z)

u(x), ∀z ∈ Γ,

whose proof is much simpler and standard and can be found in [5, Lemma 3.7
along with Remark 2.5]; the proof works also for our case with no changes. We
mention this property in order to bring the attention of the reader to the fact that
our solutions are not C2 up to the free boundary.

Since the assumption of the asymptotic expansion in our main theorem is the
cornerstone for the approach, we shall discuss it here at a heuristic level, but only
for the regular free boundary points; similar discussion and reasoning can be made
for singular points, but we shall not discuss it here. We remark that at a C1-free
boundary (or even a flat-enough free boundary) the solution u should reasonably
behave like a one-dimensional solution, i.e.

(3.3) u(x) = A0((x− x0) · ν0)β+ +O(|x− x0|2+δβ ),

for some directional vector ν0, and a positive constant A0. Here 0 < δβ < β− 1, as
mentioned at the beginning of the paper. An important aspect for the second order
expansion is that when reflecting the free boundary in the plane Tλ0

(as defined in
this paper) and when the plane is orthogonal to the free boundary at x0, then

uλ0
− u = O(|x− x0|2+δβ ),

due to the symmetry of the first order term in the expansion (3.3).
In several symmetry problems a standard assumption imposed on the free bound-

ary and the solution is that they both are C2. This in particular implies that the
solution has a second order expansion which is a polynomial of degree two, and from
this expansion one can derive the so-called Serrin’s boundary point lemma. This
regularity assumption is actually much stronger than our second order asymptotic
assumption, and in light of this and that our solutions have limited smoothness in
the case f(t) ≈ ta+ with −1 < a < 0 (they are C1,β−1) one can see our second-
order asymptotic assumption as a realistic and natural assumption for treating this
problem.

It needs to be remarked that informal computation and analysis (conveyed to
us by John Andersson at KTH) points towards a plausible accurate linearization
of solutions at regular free boundary points. Namely, we expect the following
asymptotic expansion for solutions close to regular free boundary points

u(x) = A0((x− x0) · ν0)β+ + P2((x− x0)− y)yβ−1 +O(|x− x0|β+1),

where y = ((x− x0) · ν0)ν0. We believe similar types of asymptotic expansions are
to be expected at singular points. These are left for future to be explored.
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