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THERE ARE NO EXCEPTIONAL UNITS IN NUMBER FIELDS

OF DEGREE PRIME TO 3 WHERE 3 SPLITS COMPLETELY

NICHOLAS TRIANTAFILLOU

(Communicated by Rachel Pries)

Abstract. Let K be a number field with ring of integers OK . We prove
that if 3 does not divide [K : Q] and 3 splits completely in K, then there

are no exceptional units in K. In other words, there are no x, y ∈ O×
K with

x + y = 1. Our elementary p-adic proof is inspired by the Skolem-Chabauty-
Coleman method applied to the restriction of scalars of the projective line
minus three points. Applying this result to a problem in arithmetic dynamics,

we show that if f ∈ OK [x] has a finite cyclic orbit in OK of length n then
n ∈ {1, 2, 4}.

1. Introduction and main result

Let K be a number field of degree d over Q and let OK be the ring of integers of
K. The set EK := {x ∈ O×

K : 1−x ∈ O×
K} of exceptional units inK is well-known to

be finite, dating back to Siegel [22]. Let S be a finite set of places ofK containing all
infinite places. Exceptional units and exceptional S-units (which allow both x and
1−x to be S-units) remain of substantial practical interest because of a wide variety
of applications to number theory and other fields. These include: enumerating
elliptic/Fermat curves over K with good reduction outside a fixed set of primes [14,
16,23]; understanding finitely generated groups, arithmetic graphs, and recurrence
sequences [7]; and many Diophantine problems [12], including asymptotic versions
of Fermat’s last theorem [1, 9]. See [8] for many more applications.

Each exceptional unit corresponds to a solution in O×
K to a special unit equation

of the form

x+ y = 1 .(1.1)

Unit (resp. S-unit) equations are more general equations of the form

ax+ by = 1(1.2)

in units (resp. S-units) of a number field. Several explicit upper bounds have been
obtained for the number of solutions and for the heights of the solutions of (1.1) and
(1.2). The latter results on the height are effective. Evertse [6] obtained a bound
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for the number of solutions of (1.2) which depends only on s = #S. Evertse’s
bound is exponential in s. The “true” upper bound is conjectured by Stewart to
be sub-exponential (see p. 120 of [7].) The first explicit bounds for the heights of
the solutions of (1.2) were established by Győry [11] using Baker’s method. More
recent work has partially replaced the use of Baker’s method with Runge’s method
[15]. Building on this work, the current best bounds (in terms of S) for the heights
of the solutions of (1.2) are due to [13].

Other work focuses on low-degree number fields and/or computation. For in-
stance, [18] and [20] study the number of exceptional units in fields of degree 3 and
4. Over low-degree number fields, there has also been recent progress on comput-
ing the set of solutions to general S-unit equations, building on a long tradition
of methods involving Baker’s method and/or the theory of linear forms in real,
complex, and p-adic logarithms [1].

Yet other work has brought tools from modern number theory to bear. [17], [25],
and [26] apply techniques from the theory of modularity to study broad classes of
Diophantine equations, yielding efficient algorithms to compute solutions to unit
equations using modular symbols. [3], [4], and [5] study unit equations as a test
case of Kim’s ‘nonabelian Chabauty’ method for computing integral points. Along
similar lines, [24] studies unit equations in order to better understand the power of
Chabauty’s method for computing integral points in combination with descent by
finite covers.

Instead of studying low-degree K or general upper bounds, we impose a local
condition on K, showing:

Theorem 1.1. Let K be a number field. Suppose that 3 � [K : Q] and 3 splits
completely in K. Then there are no exceptional units in K. In other words, there
is no pair x, y ∈ O×

K such that x+ y = 1.

Remark 1.2. The set of degree d polynomials in Z[x] which generate number fields
where 3 splits completely have positive density (ordered by height). Indeed, if

g(x) =
∑d

i=0 aix
i satisfies v3(ad−i) = i(i − 1)/2 for all i, a Newton polygon com-

putation shows that the roots of g have distinct 3-adic valuations. If g is also
irreducible then Q[x]/(g(x)) is a field where 3 splits completely. The set of number
fields K where 3 splits completely is expected to have positive density in the set
of degree d number fields ordered by discriminant (for any d); there are precise
conjectures of what this density should be. (See [2].)

Theorem 1.1 does not give the first-known infinite family of number fields of high
degree without exceptional units. Indeed, if any prime p above 2 in K has residue
field Fp

∼= F2 then there are no exceptional units in K for a trivial reason. The
values x and 1−x cannot simultaneously be non-zero modulo p. To our knowledge,
Theorem 1.1 yields the first-known infinite family of number fields of high degree
without exceptional units outside of these trivial examples.

Remark 1.3. The hypothesis that 3 � [K : Q] in Theorem 1.1 is necessary. The
set of degree 3 number fields containing exceptional units has been well-understood
since at least [18]. One can construct infinitely many degree 3 number fields with
an exceptional unit and where 3 splits completely as follows:

Choose an integer c ≡ 40 (mod 81). Let g(x) = (x+ c)x(x− 1)− 2x+ 1, which
is irreducible over Q by the rational root theorem. Let α be a root of g. Let
K = Q(α). Since NmK/Q(α) = −g(0) = −1 and NmK/Q(1 − α) = g(1) = −1,
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we see that α is an exceptional unit. Since the minimal polynomial of (α − 2)/3 ,
namely 1

27g(3x + 2) = x3 + c+5
3 x2 + c+2

3 x + 2c+1
27 , has integer coefficients and is

congruent to x(x− 1)(x+ 1) modulo 3, we see that 3 splits completely in K.

Remark 1.4. If we replace the hypotheses “3 � [K : Q] and 3 splits completely in
K” with “5 � [K : Q] and 5 splits completely in K” then Theorem 1.1 becomes
false. Let g(x) = x3−4x2+x+1, let α be any root of g, and let K = Q(α). Then 5
splits completely in K. Moreover, NmK/Q(α) = −g(0) = −1 and NmK/Q(1− α) =
g(1) = −1, so α and 1− α are both units. I.e. α is an exceptional unit.

Proof. Suppose that u, v ∈ O×
K satisfy −u − v = 1, so that −u and −v are excep-

tional units. Since 3 splits completely in K, there are d embeddings OK ↪→ Z3.
Let u1, . . . , ud be the images of u in Z3 under these embeddings. Since u and v are
units, ui ∈ 1+3Z3 for all i ∈ {1, . . . , d}. Also, NmK/Q(u),NmK/Q(v) ∈ Z× = {±1}.
Combining these facts,

d∏
i=1

ui = NmK/Q(u) ∈ {±1} ∩ (1 + 3Z3) = {1} and

d∏
i=1

(1 + ui) = NmK/Q(−v) ∈ {±1} ∩ (2d + 3Z3) = {(−1)d} .

So,

d∏
i=1

ui = 1 and
d∏

i=1

(1 + ui) = (−1)d .

We see that n = 1 is a zero of the 3-adic analytic function

f(n) := (1 + un
1 ) · · · (1 + un

d )− (−1)d

and

f(−n) =

d∏
i=1

(1 + u−n
i )− (−1)d

=

d∏
i=1

u−n
i

d∏
i=1

(1 + un
i )− (−1)d

=

d∏
i=1

(1 + un
i )− (−1)d

= f(n) .

In particular, expanding f as a p-adic power series in n, all coefficients in odd
degrees are zero. Now,

f(n) = −(−1)d +

d∏
i=1

(1 + exp(n log ui)) .

Let v3 be the 3-adic valuation normalized so that v3(3) = 1. Since v3(log ui) ≥ 1
and exp converges when v3(n log ui) > 1/2 (see [10]), this expression converges for
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all n ∈ Z3 . Expanding f as a power series,

f(n) = −(−1)d +
d∏

i=1

(2 + n log ui +
n2

2
(log ui)

2 +
n3

3!
(log ui)

3 + · · · ) =:
∞∑
j=0

ajn
j .

Using the fact that f is an even function,

a0 = 2d − (−1)d , a1 = 2d−1
d∑

i=1

log ui = 0 , and a3 = 0 .

We compute

a2 = 2d−3

⎛
⎝(

d∑
i=1

log ui

)2

+

d∑
i=1

(log ui)
2

⎞
⎠ = 2d−3

d∑
i=1

(log ui)
2 .

Moreover, for all j ≥ 4, we have v3(aj) ≥ 3. Since v3(a2) ≥ 2 and f(1) = 0 we
have v3(a0) ≥ 2. But v3(2

d − (−1)d) ≥ 2 if and only if 3|d. �

Remark 1.5. The inspiration for the proof of Theorem 1.1 is a variant of the method
of Skolem-Chabauty-Coleman applied to the restriction of scalars of P1

OK
�{0, 1,∞}

from OK to Z. In this setting, P1
OK

� {0, 1,∞} embeds into its generalized Jaco-
bian Gm,OK

× Gm,OK
via the Abel-Jacobi map x 	→ (x, x − 1). To prove that

P1 � {0, 1,∞} = ∅, we consider the restriction of scalars of the Abel-Jacobi map.
In this language, the proof of Theorem 1.1 amounts to showing that for any unit
u ∈ O×

K the intersection

Eu := (ResOK/ZP
1 � {0, 1,∞})(Z3) ∩ {un : n ∈ Z} × O×

K

inside (ResOK/Z(Gm × Gm))(Z3) is empty. Here, the closure on the right is with
respect to the 3-adic topology. To conclude,

⋃
u∈O×

K
Eu = ∅ is the set of exceptional

units in K. See [24] for a more general discussion of using Skolem-Chabauty-
Coleman applied to the restriction of scalars of curves to compute exceptional
S-units.

2. An application of Theorem 1.1

We share an application in arithmetic dynamics communicated to the author by
W�ladys�law Narkiewicz.

Corollary 2.1. Let K be a number field. Suppose that 3 � [K : Q] and 3 splits com-
pletely in K. Suppose that f ∈ OK [x] has a finite orbit of size n in OK , (i.e., that
there exist distinct a0, . . . , an−1 ∈ OK such that f(ai) = ai+1 for i ∈ {0, . . . n− 2}
and f(an−1) = a0.) Then, n ∈ {1, 2, 4}.

Proof. Since OK embeds in Z3, the p = 3 case of Theorem 2 of [21] says that
n ∈ {1, 2, 3, 4, 6, 9}. If n is a multiple of 3, replace f with its (n/3)-times iterate so
that f has finite orbit in OK of size exactly 3.

Since (a − b)|(f(a) − f(b)), it follows that −a1−a2

a0−a1
,−a2−a0

a0−a1
∈ O×

K . These sum

to 1 and are therefore exceptional units. (This observation appears in [19].) There
are no exceptional units in K, so this is a contradiction, completing the proof. �
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Remark 2.2. In fact, it is well-known that there is a polynomial in OK [x] with a
finite orbit of odd order in OK if any only if there is an exceptional unit in K. We
give a brief proof of this fact below. Using this fact, one can conclude that n is a
power of 2 without using Theorem 2 of [21].

Proof of fact. If u ∈ O×
K is an exceptional unit, then 1− u ∈ O×

K and

f(x) =
(x− 1)(x− u)

u
+

ux(x− u)

1− u
∈ OK [x]

has length 3 orbit f(0) = 1, f(1) = u, and f(u) = 0.
If some f ∈ OK [x] has an orbit of odd order in OK , replacing f by an iterate

f ◦ · · · ◦ f , we may assume f has an orbit a0, . . . , ap−1 ∈ OK of odd prime order
p. Extending indices cyclicly and applying (a − b)|(f(a) − f(b)) repeatedly gives
aj+1−aj

ai+1−ai
∈ OK for all i and j. Then, for all i, j, k,

ak − aj
ai+1 − ai

=
ak − ak−1

ai+1 − ai
+ · · ·+ aj+1 − aj

ai+1 − ai
∈ OK .

For any � �≡ i mod p, we may apply the same argument to the (�− i)-fold iterate

of f to conclude that
ak−aj

a�−ai
∈ OK . If also k �≡ j mod p, the same argument gives

a�−ai

ak−aj
∈ OK and so

ak−aj

a�−ai
∈ O×

K . Since p ≥ 3, we may choose i, j, and k which are

distinct mod p. Then,

ak − aj
ak − ai

,
aj − ai
ak − ai

∈ O×
K

sum to 1 and are therefore exceptional units. �
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[7] J.-H. Evertse, K. Győry, C. L. Stewart, and R. Tijdeman, S-unit equations and their ap-
plications, New advances in transcendence theory (Durham, 1986), Cambridge Univ. Press,
Cambridge, 1988, pp. 110–174. MR971998

https://arxiv.org/abs/1903.00977
https://www.ams.org/mathscinet-getitem?mr=2354798
https://www.ams.org/mathscinet-getitem?mr=4143688
https://www.ams.org/mathscinet-getitem?mr=4129385
https://www.ams.org/mathscinet-getitem?mr=3299602
https://www.ams.org/mathscinet-getitem?mr=735341
https://www.ams.org/mathscinet-getitem?mr=971998


376 N. TRIANTAFILLOU
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