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ABSTRACT. In this paper we analyse the structure of the spaces of coefficients
of eigenfunction expansions of functions in Komatsu classes on compact man-
ifolds, continuing the research in our paper [Trans. Amer. Math. Soc. 368
(2016), pp.8481-8498]. We prove that such spaces of Fourier coefficients are
perfect sequence spaces. As a consequence we describe the tensor structure
of sequential mappings on spaces of Fourier coefficients and characterise their
adjoint mappings. In particular, the considered classes include spaces of an-
alytic and Gevrey functions, as well as spaces of ultradistributions, yielding
tensor representations for linear mappings between these spaces on compact
manifolds.
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1. INTRODUCTION

The present paper is a continuation of our paper [4] where we have characterised
Komatsu spaces of ultradifferentiable functions and ultradistributions on compact
manifolds in terms of the eigenfunction expansions related to positive elliptic op-
erators. In particular, these classes include the spaces of analytic, Gevrey, and
smooth functions as well as the corresponding dual spaces of distributions and
ultradistributions, in both Roumieu and Beurling settings.

In particular, this extended the earlier characterisations of analytic functions on
compact manifolds in terms of the eigenfunction expansions by Seeley [23] (see also
[22]), and characterisations of Gevrey spaces and ultradistributions on tori [24] and
on compact Lie groups and homogeneous spaces [3].
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For example, if F is a positive elliptic pseudo-differential operator on a compact
manifold X without boundary and A; denotes its eigenvalues in the ascending
order, then smooth functions on X can be characterised in terms of their Fourier
coefficients:

(1.1) feC®(X) <= YN ICy :|f(j, k)| < CnA; N forall j > 1,1 <k < dj,

where j?(j, k) = (f, e?)L2 with eé? being the k" eigenfunction corresponding to the
eigenvalue A; (of multiplicity d;); see [21)). If X and E are analytic, the result of
Seeley [23] can be reformulated as

(1.2)

£ is analytic <= 3L >03C: |f(j,k)| < Ce ™" forall j > 1,1 < k < d;,

where v is the order of the pseudo-differential operator E. In [4] we extended
such characterisations to Gevrey classes and, more generally, to Komatsu classes of
ultradifferentiable functions and the corresponding classes of ultradistributions.

In this paper we continue this analysis showing that the appearing spaces of
coeflicients with respect to expansions in eigenfunctions of positive elliptic operators
are perfect spaces in the sense of the theory of sequence spaces (see, e.g., Kothe [10]).
Consequently, we obtain tensor representations for linear mappings between spaces
of ultradifferentiable functions and the corresponding spaces of ultradistributions.
Such discrete representations in a given basis are useful in different areas of time-
frequency analysis, in partial differential equations, and in numerical investigations.
Due to possible multiplicities of eigenvalues the mappings beget the tensor structure
rather than the matrix one as it would be in the case of simple eigenvalues, and
our results are new for both situations.

Our analysis is based on the global Fourier analysis on compact manifolds which
was consistently developed in [5], with a number of subsequent applications, for
example to the spectral properties of operators [7], or to the wave equations for
the Landau Hamiltonian [20]. The corresponding version of the Fourier analysis
based on expansions with respect to biorthogonal systems of eigenfunctions of non-
self-adjoint operators has been developed in [19], with a subsequent extension in
[21].

The obtained characterisations of Komatsu classes found their applications, for
example for the well-posedness problems for weakly hyperbolic partial differential
equations [§]. The spaces of coefficients of eigenfunction expansions in R™ with re-
spect to the eigenfunctions of the harmonic oscillator have been analysed in [9] , and
the corresponding Komatsu classes have been investigated in [26]. The original Ko-
matsu spaces of ultradifferentiable functions and ultradistributions have appeared
in the works [TTHI3] by Komatsu (see also Rudin [I8]), extending the original works
by Roumieu [I7]. The universality of the spaces of Gevrey functions on the torus
has been established in [25].

The regularity properties of spaces of distributions and ultradistributions have
been analysed in [I5], and their convolution properties appeared in [14].

The characterisations in terms of the eigenfunction expansions provide for de-
scriptions alternative to those using the classical Fourier analysis, with applications
in the theory of partial differential equations; see, e.g., [I6]. For some other appli-
cations of this type of analysis one can see, e.g., [1L2].

The paper in organised as follows. In Section 2l we briefly recall the constructions
leading to the global Fourier analysis on compact manifolds. In Section Bl we very
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briefly recall the relevant definitions from the theory of sequence spaces. In Section
[ we present the main results of this paper and their proofs. In Section [ we
first recall the definitions for the Beurling version of the spaces and then give the
statement of the corresponding adjointness Theorem 7] in this case.

In this paper we adopt the notation Ny = N U {0}.

2. FOURIER ANALYSIS ON COMPACT MANIFOLDS

Let X be a closed C*°-manifold of dimension n endowed with a fixed measure
dx. We first recall an abstract statement from [5l Theorem 2.1] giving rise to the
Fourier analysis on L?(X).

Theorem 2.1. Let H be a complex Hilbert space and let H* C H be a dense linear
subspace of H. Let {d;}jen, C N and let {e¥}jen, 1<k<a, be an orthonormal basis of
H such that e? € H*® forall j and k. Let H; := span{e?A}ijl, and let Pj : H — H;
be the orthogonal projection. For f € H, we denote f(j, k) = (f, 6?)7.[ and let
]?(]) € C% denote the column of f(j, k),1<k<d; LetT:H* — H be a linear
operator. Then the following conditions (i)-(iii) are equivalent:

(i) For each j € Ny, we have T(H;) C Hj;.

(i) For each | € Ny there exists a matriz o(l) € CH*% such that for all €%,

Te;?(l, m) = J(l)mkéﬂ.
(iii) If in addition all e? are in the domain of T*, then for each | € Ny there
ezists a matriz o(l) € CU*4 sych that for all f € H> we have

Tf() =o()f(1).

The matrices in (i) and (iil) coincide.
The equivalent properties (1)—(iii) follow from the condition:
(iv) For each j € Ng, we have TP; = P;T on H™.
If, in addition, T extends to a bounded operator T € L(H), then (iv) is
equivalent to (i)—(iii).

Under the assumptions of Theorem 2.1l we have the direct sum decomposition

H= @Hj, H; = span {e?}zjzl,

Jj=0

and we have d; = dim H;. Here we will consider # = L?(X) for a compact manifold
X with H; being the eigenspaces of an elliptic positive pseudo-differential operator
E.

The eigenvalues of E (counted without multiplicities) form a sequence A;, j € N,
which we order so that

0= X <A <X <....

For each eigenvalue Aj, there is the corresponding finite dimensional eigenspace H;
of functions on X, which are smooth due to the ellipticity of E. We set

do := dim H(), HO = kGI'E, )\Q = 0.

Since the operator F is elliptic, it is Fredholm, hence also dy < oc.
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We denote by W% (X)) the space of positive elliptic pseudo-differential operators
on order v > 0 on M. Here we recall a useful relation between the sequences A;
and d; of eigenvalues of £ € W% (X) and their multiplicities from [5].

Proposition 2.2. Let X be a closed manifold of dimension n, and let E € VY (X),
with v > 0. Then there exists a constant C' > 0 such that we have

d; <C(1+\)¥

for all 3 > 1. Moreover, we also have
N di(1+ M) < oo if and only if ¢ > .
; v

For f € L?(X), by definition we have the Fourier series decomposition

d;

ij?

k=1

\
Mg

<.
Il
o

The Fourier coefficients of f € L?(X) with respect to the orthonormal basis {e}}
are denoted by

. Ny L k
(21) ]:f(jak):f(]ak) T (faej)L2'
We denote the space of Fourier coefficients by
(2.2) Y = {v=(v)ieny, v € CU}.

Since {ek};;g % is a complete orthonormal system of L2(X ) we have the Plancherel
formula

1/2
oo dj L)
1113200 = [ D2 D IFC =171 = D170,
=0 k=1 j=0

where we interpret f as an element of the space

o dj
P(No,B) = ¢ h:Nog = [JC¥ - a(j) € C5,) 0 " |n(i k)

j 5=0 k=1
We endow [?(Np, X) with the norm
. 1/2

\h(j, k)|?
1

-

Il
=]
=
Il

1Az, 5y =
J

We can think of F = Fx as of the Fourier transform which is an isometry form
L?(X) onto 1?(Ng, ¥). The inverse of this Fourier transform can be then expressed
by
d?

h(j

p"qg

(F~1
k=

<.
I
o
—
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If f € L?(X) we can write

£, 1)

(2.3) fa=| = |ecy

f(5.d;)
thus thinking of the Fourier transforn always as a column vector. In particular, we
think of

~ d;

k(1) = (kt,m))

as of a column, and we notice that

m=1

ef(1,m) = 6j10km.

3. SEQUENCE SPACES AND SEQUENTIAL LINEAR MAPPINGS
We briefly recall that a sequence space FE is a linear subspace of
% —{a=(a))l; € C.j € Z},
The dual E (a-dual in the terminology of G. Kothe [10]) is a sequence space defined
by
E= {acCt: Z|uj|||aj| < oo for all u € E}.
JEZ

A sequence space E is called perfect if E=E. A sequence space is called normal
if w = (u;) € E implies |u| = (Ju;|) € E. A dual space E is normal so that any
perfect space is normal.

A pairing (-,-); on E is a bilinear function on E x E defined by

(u,v)g = Zujvj eC,
JEZ
which converges absolutely by the definition of E.
Definition 3.1. ¢ : E — C is called a sequential linear functional if there exists

some a € E such that ¢(u) = (u,a)p for all u € E. We abuse the notation by also
writing a : £ — C for this mapping.

Definition 3.2. A mapping f : E — F between two sequence spaces is called a
sequential linear mapping if

(i) fis algebralcally linear,
(ii) for any v € F the composed mapping vo f € E.
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4. TENSOR REPRESENTATIONS FOR KOMATSU CLASSES AND THEIR «-DUALS

Let M} be a sequence of positive numbers such that

(M.O) My =1.

(M.1) (Stability) My 1 < AHKM, k=0,1,2,....

(M.2) My, < AH* ming<g<p MyMy_q, k =0,1,2,..., for some A, H > 0.

In a sequence of papers [TTHI3] Komatsu investigated classes of ultradifferentiable
functions on R™ associated to the sequence M}, namely, the spaces of functions

¥ € C*(R™) such that for every compact K C R™ there exist h > 0 and a constant
C > 0 such that

(4.1) sup |0% ¢ (x)| < ChI*I My
rzeK

holds for all multi-indices a@ > 0. Similar to the case of usual distributions given
a space of ultradifferentiable functions satisfying (4.1) we can define a space of
ultradistributions as its dual.

We now recall the analogous definition of the Komatsu ultradifferentiable func-
tions T'{rq,3(X) and its a-dual [F{Mk}(X)]A. Here, as before, X is a compact
manifold without boundary and E € ¥% (X) with v > 0.

Definition 4.1. The class I'{/,1(X) is the space of C°° functions ¢ on X such
that there exist h > 0 and C' > 0 such that we have

IE*@||r2(x) < CR My, k=0,1,2,...,
where v € N is the order of the positive elliptic pseudo-differential operator E.

In [] we have characterised the class I';p7, 3 (X) in terms of the eigenvalues of
the operator E. We assume that

(M.3)  For some [, C; > 0 we have k! < CjI* My, for all k € Ny.

In what follows, for w; € C* we write

1/2

dy

2

[lwillns :== | D I(wp),
=1

Theorem 4.1 ([]). Assume conditions (M.0), (M.1), (M.2), (M.3). Then ¢ €
Liar 3 (X) if and only if there exist constants C >0 and L > 0 such that

16(D)[ss < Cexp{—M(LN'")}  for all 1 > 1,

where
,ruk
M(r) := sup log .
keNp vk

Example 4.2. As an example, for the (Gevrey-Roumieu) class of ultradifferentiable
functions

’yS(X) :F{(ku)s}(X), 1< s < o0,
we have M (r) ~ r'/%. This is also true for s = 1, characterising the class of analytic

functions if the manifold is analytic. The class v°(X) coincides with the usual
Gevrey class of functions on a manifold X defined in terms of their localisations.
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Based on Theorem (.1l we can then write
Loy (X) = {[cz?(l)]zENO ¢ € C*(X) 3C > 0 such that

16(0)llns < Cexp{-M(LN")}v1 2 1},
For ¢ € I'fpq,3(X) we will write

o~ [o0)]

so that I'f (1 (X) can be thought of as a sequence space, but it will be convenient
to view it as a subspace of ¥ defined in ([Z2]), taking into account the dimensions
of the eigenspaces of the operator F.
Next we recall the definition of the a-dual of the space I'( 3 (X) (following [4]).
The a-dual of the space T'{xq,}(X) of ultradifferentiable functions, denoted by
[T,y (X)), is given by

1€Ng

oo d;

v=(0)ien, €S0 € C 3N [(w)l16(1, §)| < oo for all ¢ € g, (X)
1=0 j=1

We also recall the following characterisations of the a-duals established in [4].

Theorem 4.3. Assume conditions (M.0), (M.1), (M.2), (M.3). The following
statements are equivalent:

(i) v e [Com,y (X)]"
(ii) for every L > 0 we have

> exp (~MEN)) [[ollss < oo
=0

(iii) for every L > 0 there exists K1 > 0 such that
ollus < Kz exp (M(ZA))
holds for all I € Ny.

We will now show that the space I';r4,}(X) is perfect. In the proof as well as in
further proofs the following estimate will be useful:
. n—1
(4.2) lle] || Loe(xy < CA2 forall 1> 1.

This estimate follows, for example, from the local Weyl law [6, Theorem 5.1]; see
also [5, Lemma 8.5].

Theorem 4.4. Let X be a compact manifold and assume conditions (M.0), (M.1),
(M.2), (M.3). Then I'{a,1(X) is a perfect space, that is, we have
— A
L (X) = [P (X))
where
— A
P (X))

oo d;

= Qw=(w)en, € D1 Y > |(w);][(v);] < 0o¥v € [T,y (X)]"

1=0 j=1
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To prove this we first establish the following lemma:

— A
Lemma 4.5. We have w € {F{Mk}(X)} if and only if there exists L > 0 such
that

Zexp ( L/\l/”)) ||wil s < oo

Proof of LemmaBl =: For L > 0 we consider the echelon space
Dy = {U = () €2:3C >0 |(u)] < Cexp(M(LAY")V1 < j < dl},

where ¥ = {v = (v))1en,, v € C4} is as in Z2).
By the diagonal transform we have Dy = [°°, and since [*° is a perfect space so
we have Dy, = (!, and it is given by

oo dp

Dp=Sw=(w)es:> > exp(MLN))|(w);] < o0

=0 j=1

A
By Theorem [£3] we know that I‘{Mk}( ) = >0 DL, and hence {I‘{Mk}(X)} =

Urso Dy. This means that w € {F{;k}\(X)} if and only if there exists Ls > 0,

such that we have
co d;

SN exp(M (L") | (wn) ;] < oo

=0 j=1
Let 1 <p < q < oo and let a € C??. Then we have the estimates

1_1 2
(4.3) lallercy < G lallouey  and  Jlaley < di lallerc);

see, e.g., |3, Lemma 3.2] for a simple proof. In particular, we have d=!||a||; <
lla||ss < dl|al|;x for a € C4*4. Here we also note the estimate: for every ¢, L > 0
and § > 0 there exists C' > 0 such that

_ 1/v
(4.4) N M (IN) < o
see, e.g., [, (2.15)]. These estimates and Proposition imply

(4.5) Z exp(M (LAY)) | Jwy|ss

<> diexp(M(LN))||will e

zw

NE

<O (A +N)¥ exp(—=M(LN")) expM (LA Jwnll e
=0
co d;
<O exp@M(LN))|(w);]
1=0 j=1
oo d;

<Oy Y exp(M (LX) (wi)] < oo,

1=0 j=1
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where Ly = L\/AH, where A, H > 0 in (M.2). The above claim will be true if

we can show that exp(QM(L)\l/”)) < exp(M(Lg)\ll/V)). This follows from property
(M.2).
<=: Converse follows similarly using estimates ([@3)). O

We can now prove Theorem [£.4]
Proof of Theorem 1.4l We always have

— 1A
P (X) € [Py ()]
— A
from the definition. So we need to prove that {F{Mk}(X)} C Ty (X).
— AN N d;
Let w = (w;)ien, € [F{Mk}(X)} , Wy = (w?) L and define

oo d;

Zwl er(x Zzwlel

=0 j=1

the series makes sense because of Lemma and estimates (£2) and ([@4]). Then
we have

;ﬁ\(ma k) = ¢7 m)

:/Mk

(4.6) = 3wl =wh, 1<j<d, 1<k < dp.

This gives
o(m)llas = [[wm[zs-
— 9A
Now since w € {I‘{Mk}(X)} , by Lemma [45] there exists L > 0 such that

Zexp ( L/\l/”)) ||wi|s < oo

Since (;AS(I) = wy, it follows that there exists C' > 0 such that
16(D)lss < Cexp (—M(LN)).
By Theorem BT}, we have ¢ € T'g7,1(X). Hence we have shown that
[P ()] " P ().
So we have [I’{N/LC}\(X)} . I'¢ar,.3(X), and hence T'gpy,1(X) is a perfect space. [

Next we proceed to prove the equivalence of two expressions for the duality.
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Lemma 4.6. Let v € 'y, (X) and w € ].—T]Z}(X); then

Z|\(5k)|\Hs|\(wk)\|Hs <0

k=0

if and only if

oo dg

k=0 1i=1

Proof. =>: The proof is straightforward, following from the estimate

(S) =(5) (5%)

<=: We will be using the equality
(3o ) (3o) = St 3 St
i=1 i=1 i=1 i=1 j=1
for any a;, b; € R, yielding

|10k ) s ] (wi) ||us

dg dy
Z|(5k)i\2|(wk)i|
dy
(4.7) = Zlvk il (wr) |+Z|wk D 1@k);1 — (@)l

j=1

IN

We consider the second term in the above inequality, that is,
- ik 1/v
(48) ZI wiil | 221G = 1@l | | <€ (Z ()i (dge MM >)> ,
J=1 i=1

for some C' > 0 and L > 0. Then using (48)) in [@7) we get

oo dg

1/v
(4.9) ZH (@) las | (we) [lss < DD [(we)i ( )il + Cdpe M )>.
k=0 i=1
Now let |(Ug)i| = |(0r)i] + Cdpe I for i =1,2,...,dy, and k € Ny. So then

we have

oo dy
ZH Uk lus [ (wi )]s <ZZ wp)il| (U )

Now for some C” > 0 and Ly > 0, we have

i 1/2
e (Z (1) + C2dgeM 0N 4 QCdu(ak)ieMmi”n))

i=1

(4.10) e MM/,

IN
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i.e., u € Iypg,3(X). This is true since

& 1/2
(Z (|(6k)i|2 + C2di€72M(L’\i/u) + 2C’dk|(ﬁk)ieM(L>\i/V))>

i=1

IN

d 1/2
<zk: (02 —2M(LAY) I CQd%€72M(L)\i/”) +2C2%dge 2M(L,\1/”))>

i=1
1/2

IA

dy,
<Z C2 (1 + dy)? eQM(LAi”’))

i=1
< C(1+dy)3/2e=MENY)
< O o= 3MIN/)
< C//efM(LQAl/Q)

where Ly = ﬁ, EA, H are constants in condition (M.2).
Now since w € I'{7,1(X), so from ([@9) we have

oo di
ZH D)l (wi)llms < Y D~ I(w)al (@ )il < oo,
k=0 i=1
completing the proof. O

Theorem 4.7 (Adjointness theorem). Let {My} and {Ny} satisfy conditions
(M.0)~(M.3). A linear mapping f : T a1 (X) — Tyn, 1 (X) is sequential if and
only if f is represented by an infinite tensor (frjii), k,j € No, 1 <1 < d; and
1 <4 < dy such that for any u € T'ypp,3(X) and v € F/{];}(X) we have

oo dj
(4.11) S fwgullai )] < oo for all k € Ny, i =1,2,...,dy,
j=01=1
and
oo dy oo
(4.12) Z |(vr)al kaja(j) < 00.
k=0 i=1 =0

Furthermore, the adjoint mapping f: F/{];}(X) — %(X) defined by the for-
mula ]?(v) =wo f is also sequential, and the transposed matriz (fy;)" represents 2

with f and f related by (f(u),v) = (u, f(v))

Let us summarise the ranges for indices in the used notation as well as give more
explanation to ([I2). For f: 'y (X) — I‘{Nk}(X) and u € T'(p7,1(X) we write

(4.13) C%* 3 f(u k—kag Zka;lu], ), k€N,

:O =1
so that
(4.14) freji €CH, frii €C, k,j €Ny, 1<1<dj, 1<i<dy,
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and

co dj
(4.15) C3 (f(Wr)i = FWki = > > fejiiG1), k€N, 1 <i <dy,

j=01=1
where we view fj; as a matrix, fi; € C%>*d; and the product of the matrices has
been explained in ([ZI3)).

Remark 4.8. Let us now briefly describe how the tensor (fxji;), k,j € No, 1 <1 < dj,
1 <4 < dy, is constructed given a sequential mapping f : T'yar,1(X) = Ty (X).
For every k € Ny and 1 < i < dj, define the family ki = (UM such that each

) J )jENo
U;“ € C% is defined by

1, j=k1=1,

0 otherwise.

(4.16) ok (1) = {

Then v** € [F{Nk}(X)}A, and since f is sequential we have v* o f € [F{Mk}(X)]A,
and we can write v¥ o f = (v o f)jeNo’ where (v¥ o f); € C%. Then for each
1 <1< dj we set

(4.17) Srjui == (Uki o f);(1),
the I component of the vector (v* o f); € C%. The formula (@IT7) will be shown

in the proof of Theorem {7l In particular, since for ¢ € I'rpz, 3 (X) we have f(¢) €
I'¢n,y(X), it will be a consequence of ([£28) and [#29) later on that

o dj
(4.18) o f(¢) = (F @) (ki) =S fuiid(4, 1),

=0 1=1

so that the tensor (fx;i;) is describing the transformation of the Fourier coefficients
of ¢ into those of f(¢).

Another meaning of condition (II]) is that if for each k € Ny and 1 < i < dg
we define

FEG) = Frgs
then f* € [T{pr,1(X)] ". Condition (#I12) is the continuity condition saying that
for every u € I'ypz, 3 (X) we have that

oo dj

Z Z Jrjtiti(4,1) € Tyny (X).

§=0 I=1
To prove Theorem [£7] we first establish the following lemma.

Lemma 4.9. Let (frjii)k,jeNo1<i<d;,1<i<d, be an infinite tensor satisfying (EIT)
and @EIZ). Then for any u € T'p1,3(X) and v € [F{Nk}(X)]A, we have

oo dg oo dg 0o
Tim S )l [ D0 f@G) | | = D0 [l | | D fidl)
k=0 i=1 0<j<n ) k=0 i=1 j=0

i - i

Proof of Lemmal9 Let u € I'(p,3(X) and u = (u(l)),cy, - Define

e @),
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by setting

u <
am () = {g@v L<m,

,  I>n.

Then for any w € ITI‘;}(X)’ (u—u",w)y — 0 as n — oo. This is true since
S la(l) - wy| < oo so that

[(u— " w)| <Y Jidg - wr] =0

>n

as n — oo. Now for any u € I'f3,3(X) and v € [F{Nk}(X)]A and from (£II) and
(#I12) we have

(419 u k - Uk —Z ka;ja(]) - Uk

8

k:O k=0 \j=0
oo oo dj o dj oo dy
ZZkam u(j, ¢ u(j, ¢ Zz.fkjli(vk)i
=0 ¢=1 i=1 =0 ¢=1 k=0 i=1
oo dj o o
W50 freje-ve =Y A(F) - (vo f); = (w,vo f),
=0 ¢=1 k=0 §=0
where
o) d;
Cij(UOf)j—{kaje'Uk} ; J €Ny,
k=0 =1
and

vo f={(we f);}2,-
For sequential mapping f, vo f € [I‘{Mk}(XﬂA and

Y ulg) - (vo f); = (wvo f) = (vo f)(u),

Jj=0

so that we can write (vo f) € C%and also (vo f)(u) = (v, f(u)). So for any
u = (U(]))jen, € Liary(X) from the definition of [I’{Mk}(X)]A we have

d;
S Sl we fallat )] < co.

jENg =1

Hence the series )72 |(v o f); - U(j)] is convergent.

We can then conclude that vo f € [I’{Mk}(X)]A and we have
(f(w) = f(u"),v) = {u=u",vo f) =0

as n — oo. Therefore,

(f(u),v) = lim (f(u"),v)

n—oo
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for all w € T'(p,3(X) and v € [Py, 3(X)]". Hence for any u € T'{p;,3(X) and
A
v € [Tyn,3(X)]" we have

Jim 3 v (3 fuliG) ) =D we | D fl) |
k=0 k=0 j=0

0<j<n
that is,
oo dg oo dg oo
nli_{%og;(”’“)i gfkja(j) | 1;); Uk )i jzz(:)fkﬁ(J)

Now we will use the fact that if u € I‘{Mk}(X), then |u| € T'ypy, 3(X) where |u| =
N ] /\‘ d. .
(|“‘J)jewo , Jul; € R%, with

[a(j, 1)

- |U(],2”

|ub:: : 9
(4, dj)|

in view of the Theorem B4l The same is true for the dual space [I'fx,}(X)] " So
then this argument gives

oo dg oo dg %)
nli_>1r01022|(vk)i| Z fkju(j) ZZ| (vk )l kaju(J)
k=0 i=1 0<j<n | k=0i=1 j=0 ;
The proof is complete. O

Proof of Theorem 7. Let us assume first that the mapping f : Iz (X) —
F{Nk}(X) can be represented by f = (fkjli)k,jeNngzgdj,1§¢§dk, an infinite ten-
sor such that

o0 d]
(4.20) SO fralli(G.1)] < oo for all k € No, i =1,2,...,dy,
j=01=1
and
oo dg oo
(4.21) SO )il || D frsilh) | | < o0
k=0 1:=1 j=0

i

hold for all u € T'yp,3(X) and v € [Py, 3(X)]".
Let 41 = (u1(p)), ey, be such that for some j,! where j € No, 1 <1 < d; we have

T, q) = Lp=j,q=1
’ 0 otherwise.



SEQUENCE SPACES OF EIGENFUNCTION EXPANSIONS

Then uy € T'ypr,3(X) so fur = f(ur) € T'yn,3(X) and

(fu), = > fpa(p)

oo dp
= Z Z fkpqa(pa q)

p=0q=1
dj
= Z fqua(jv Q)
qg=1
(4.22) = fr € C%.

‘We now first show that

d;

00
= Z fk‘jlu ]a

=0 I=1

95

where fi;;; € C foreach k,j € C,1 <1 <d; and 1 < i < d. The way in which f

has been defined we have

d;

(fu)p = Zkajla(j,l), frjl € C%*

j=01=1

Also since u € Iy, 3 (X), from our assumption we have fu € 'y, (X) and fu ~

((Fu)) 50 G~ Fu)(b)

We can then write (ﬁ)(kj) =2 Z;iil fri(4,1). Since we know that v €

[F{Nk}(X)]A and fu € I'yy,}(X), we have

oo dg oo dg

Zzlvk ill((Fu)(k |—ZZ|W HZkamuja )| < 0.

k=0 i=1 k=0 i=1 7j=01=1

In particular using the definition of u; and [{22) we get

oo dg oo dg oo di
(423) D> Y 1@)il DO frpati @) = DY 1)l fugual < o0
k=0 i=1 p=0g=1 k=0 i=1
for any j € Ng and 1 <1 < dj.
Now for any u € I'(pz, 3 (X) consider
oo dj oo dy
J:Z |ZZ Uk fk]lz”uju )l
§=01=1 k=0i=1

Then we consider the series

dj oo dy

=Y DI w0,

j<nl=1 k=0i=1
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so that we have

dj oo dy

I, = ZZ|ZZ vk)i frgual |04, 1)

j<nll k=0 i=1

oo dg

= ZZ|ZZ% )i frguii(d, D]

j<nl=1 k=0 i=1

Let € = (€;)1<i<d,, k € No, be such that ¢; € C and |¢;| = 1 for all ¢ and such that

oo dg oo dg
YD @n)afii)@G D1 = DY (wr)i fujes(s Dea
k=0 i=1 k=0 i=1
Then
j oo di
In = ZZZZ Uk fk‘jl’L ja )
j<n l=1 k=0 i=1
oo dg d;
(4.24) < ZZ Wil | D) fri)ij, e
k=0 i=1 Jj<n l=1
It follows from Lemma (.9 that
oo dg
nll_)H;QZZ| Uk Zz.fk]lz ja
k=0 i=1 j<n l=1
oo dg oo dj
:Z ‘( ZZ k‘jl’L fz < 00.
k=0 i=1 j=01=1
Then
oo di oo dg
(4.25) J = Z ZZ V) fk]hHu(j, )| < 0.
j=01=1 k=01i=1

So we proved that if (fx;;) satisfies
0o d; ~ .
® D02l [fkguilla(s, D] < oo,
o« Y0 il | (52 i) | < oo,

then for any u € I'ypz,3(X) and v € [1“{1\/,€}(X)}A we have from ([@23]) and (£.23)),
respectively, that is,

(1) 2plo 2521 \(Uk)i||fkjozli| < oo,
(ii) Z;io >0l | Zzio > it (k)i frjui
Now recall that for f: T'yp7,3(X) = T'yn,y

)G, D] < oc.
(X) we have
d.]

0o
:Z fk_]lu ,77

j=0 1=1
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for any u € T'yp7,3(X); then for any v € [I‘{Nk}(X)]A, the composed mapping
vo f: T (X) — Cis given by

d;

[e's) oo dg 00 j
o f)(w) = D o (F)e=3_> (o)i | DD frjut(
k=0 k=0 i=1 =0 1=1
oo dj oo dj
(4.26) = (Z (vk)z’fkjli> u(j,1).
7=01=1 \k=0i=1

|Z ‘ (k)i frjul|a(d,1)] < oo.

i= D OZz 1(Wk)ifrjii € [T pary (X))

So f(v) = (F(v)j1)jen<i<a;» with f(v
), that is, f is sequential. Then (f(u),v) =

(froT the definition of [T'{py, 3 (X)]"
(u, f(v)) is also true.

C"’\_/

Now to prove the converse part we assume that f:I'jy,; (X) = Ty, (X) is sequen-
tial. We have to show that f can be represented as f = (frjii)k,jeNo,1<i<d;, 1<i<dy

and satisfies ({11 and (£I12).

Define for k,i where k € Ny and 1 < i < d},, the sequence u** = (u’“

; )jGNo such
ki d; Ki(1\ — o ki(4 :
that uj* € C% and u;*(l) = u*(j,1), given by

1, j=k1l=1,
0 otherwise.

ubt () = uRi(j,1) = {

Then u* € [T n,}(X)] " Now since f is sequential we have u*io f € [T a3 (X)] "
and uFo f = (u’” o f)jENo , where (u¥?o f); € C%. We denote u*o f = ( Jki)jENo ’
where fF = (u* o f);. Then (f}*)jen, € [F{Mk}(X)]A and fF* e C%.

Then for any ¢ ~ ((E(])) € I'tar, 3 (X) we have

Jj€No

d;

(4.27) SN Ik )] < oo

§=0 1:1

<

For ¢ € I'tpr,3 (X) we can write f(¢) € 'y, 3(X). We can write

f(o) = (f(0)"(P))pen, -
So

j
(4.28) = (f(¢))(k,i) (from the definition of u*?).
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We have u*i o f = (f*)), € [F{Mk}(X)]/\ » 8O

(o f)o) = 3 5o0)

(4.29) = ZZ 6(7.1)

From (Z8) and [@ZI) we have (f())(k,1) = 32520 S0, F56(5.1).
Hence (f(6)ki = 3020 12, FH6(5, 1), k € No, and 1 < i < dy, that is, f is

represented by the tensor {( jkf)}k N dcid 1<ica”
5] 0,L3t5ak,1stsa5

If we denote ]’-“li by f]’-“li = frjii, we can say that f is represented by the tensor

L —

(frjti)kjeno1<i<d;1<i<dy - Also let v € [T,y (X)]. Since f(¢) € Iy, (X) for
¢ € I{ar,3(X), then from the definition of [T'yy,}(X)] we have

oo dg
ZZ| /Uk: ‘Zka:glz¢ .77 | < Q.
k=01:=1 7=0 =1
This completes the proof of Theorem 71 O

5. BEURLING CLASS OF ULTRADIFFERENTIABLE FUNCTIONS
AND ULTRADISTRIBUTIONS

In this section we briefly summarise the counterparts of the results of the pre-
vious section for the case of Komatsu classes of Beurling type ultradifferentiable
functions and ultradistributions. For more details we refer to [4] for a more de-
tailed description of these spaces as well as of their duals and a-duals in the sense
of Kothe.

The class I'(pr,)(X) is the space of C*° functions ¢ on X such that for every
h > 0 there exists C}, > 0 such that we have

(5.1) |E*¢||r2(x) < Chh” My, k=0,1,2,....
For these spaces, we replace condition (M.3) by condition
(M.3')  for every [ > 0 there exists C; > 0 such that k! < CI* M, for all k € Nj.

The counterpart of [, Theorem EI] and Theorem [L3], holds for this class as
well, namely, we have

Theorem 5.1. Assume conditions (M.0), (M.1), (M.2), (M.3"). We have ¢ €
L) (X) if and only if for every L > 0 there exists Cp, > 0 such that

Né(lss < Crexp{—M(LA'")}  for all 1 > 1.
For the dual space and for the a-dual, the following statements are equivalent:
(i) v €Ty, (X); .
(ll) RS [F(Mk)(X)] ;
(iii) there exists L > 0 such that we have

Zexp( (L) ot s < oo
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(iv) there exists L > 0 and K > 0 such that
s < K exp (M(LA))
holds for all | € Ny.

Again we note that given this characterisation of a-duals, one can prove that
they are perfect, in a way similar to the proof of Theorem 4] namely, that

(5.2) Loy (X)] = (FU\M(X)] A)A

Finally we can state the counterpart of the adjointness Theorem F7l

Theorem 5.2 (Adjointness theorem Beurling case). Let {My} and {Ny} satisfy
conditions (M.0)~(M.3"). A linear mapping f : T (ar,)(X) — I'(n,)(X) is sequential
if and only if f is represented by an infinite tensor (fijui), k,j € No, 1 <1 < d;
and 1 < i < dy, such that for any u € T'(5,)(X) and v € @(X) we have

oo dj
(5.3) Z | frjiil|2(4,1)] < oo for all k € Ng, i =1,2,...,dg,
j=01=1
and
oo d oo
(5.4) ZZKWM kaja(j) < 00.
k=0 i=1 =0

Furthermore, the adjoint mapping f: m(){) — F(Mk (X) defined by the formula
f(v) =wo f is also sequential, and the transposed matriz (fkj)t represents f, with

f and f related by (f(u),v) = (u, f(v))

The proof of Theorem is similar to the corresponding proof in Theorem 7]
for the spaces I';pz, 3 (X), so we omit the repetition.
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