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ENTROPY AND DIMENSION OF DISINTEGRATIONS
OF STATIONARY MEASURES

PABLO LESSA

ABSTRACT. We extend a result of Ledrappier, Hochman, and Solomyak on
exact dimensionality of stationary measures for SL2(R) to disintegrations of
stationary measures for GL(R%) onto the one dimensional foliations of the
space of flags obtained by forgetting a single subspace.

The dimensions of these conditional measures are expressed in terms of the
gap between consecutive Lyapunov exponents, and a certain entropy associated
to the group action on the one dimensional foliation they are defined on. It
is shown that the entropies thus defined are also related to simplicity of the
Lyapunov spectrum for the given measure on GL(R?).

1. INTRODUCTION

It was shown by Ledrappier [Led84], Hochman and Solomyak [HS17], that if
v is a probability on the projective space of R? which is stationary with respect
to a probability p on SLs(R) with finite Lyapunov exponents, then v is exact
dimensional and its dimension is ﬁ where x is the Furstenberg entropy and x is
the largest Lyapunov exponent (hence 2y is the gap between the two Lyapunov
exponents).

Suppose now that y is a probability on SL3(R) and v is a p-stationary probabil-
ity on the space of flags in R? (i.e. pairs (L, P) where L C P, L is a one dimensional
subspace, and P is a two dimensional subspace), which is a three-dimensional man-
ifold.

We consider here the two foliations of the space of flags obtained by partitioning
into sets of flags sharing the same one dimensional subspace on the one hand, and
flags sharing the same two dimensional subspace on the other. These are foliations
by circles, and furthermore the action of any invertible linear self mapping of R?
preserves both foliations.

In this context we show that the conditional measures obtained by disintegrat-
ing v with respect to these two foliations, are exact dimensional. Furthermore we
express the dimension of these disintegrations in terms of the gap between consec-
utive Lyapunov exponents as well as two entropies k1, ko. Before establishing the
dimension formula we show that the entropies k; bound the gaps between expo-
nents from below and therefore, in principle, yield a criteria for simplicity of the
Lyapunov spectrum.

We prove our results in a slightly more general context, that of actions of GL(R?)
on the space of complete flags in R%. In this context there are d — 1 associated one
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dimensional foliations which correspond to “forgetting” the i-dimensional subspace
of all flags for some 7 € {1,...,d — 1}.

1.1. Preliminaries. Let 01(A) > 02(A) > -+ > 04(A) > 0 denote the singular
values of an element A € GL(R?) with respect to the standard inner product.

We denote by Flags(R?) the space of complete flags in R, an element F €
Flags(R?) is of the form F = (Sy, S, ..., Sq) where S; is an i-dimensional subspace
of RY for each i = 0,...,d and S; C S for i =0,...,d — 1.

Let Flags;(R?) denote the space of flags missing their i-dimensional subspace.
For a given complete flag F' = (Sp,...,S4) we denote by F; its projection to
Flags;(R?) (i.e. the sequence obtained by removing S; from F).

We use the notation X @ Y for equality in distribution between random el-
ements X and Y. And v; < o to mean that the probability v, is absolutely
continuous with respect to vs.

If X and Y are random elements taking values in complete separable metric
spaces (a version of) the conditional distribution of X given Y is a o(Y')-measurable
random probability vy on the range of X such that

/ f(@)dvy (z) = E(F(X)|Y)

for all continuous bounded real functions (here the right-hand side is the condi-
tional expectation of f(X) with respect to the o-algebra generated by Y'). Such a
conditional distribution is well defined up to sets of zero measure but we will abuse
notation slightly referring to ‘the conditional distribution’.

It is always the case that there exists a Borel mapping y — v(y) from the range
of Y to the space of probabilities on the range of X such that v(Y") is a version of
the conditional distribution of X given Y. Fixing such a mapping one may speak
of v, for y non-random in the range of Y.

The lower local dimension of a probability measure v on a metric space at a
point z is defined by

Q%M:mmﬁgﬂﬁﬂ@
r—0 10g(r)
while the upper local dimension is defined by
dim,(v) = limsup log (v(B,(z))
r—0 log(r)

where B,.(x) is the ball of radius r centered at z.

If the lower and upper dimensions of v are equal to the same constant v-almost
everywhere then we say that v is exact dimensional and define its global dimension
dim(v) as the given constant.

1.2. Statement of main results. Suppose that A is a random element of GL(R?)
with distribution p such that

E (|log (03(A))]) < +oo fori = 1,...,d,

and let F' = (Sp,...,S4) be a random element of Flags(R?) with distribution v
which is independent from A and such that

r9ar
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The existence of such a pair (A, F) is equivalent to the fact that v is a pu-
stationary probability, as first defined in [Fur63].
The Lyapunov exponents X1, ..., Xq of i relative to v are defined by the equations

X1+ -+ x: = E(log (|dets,(A)])) fori=1,...,d,

where |detg(A)]| is the Jacobian of the restriction of A to the subspace S (where the
volume measure induced by standard inner product is used on S and its image).
In the degenerate case where S = {0} one has |detg(A)| = 1, and if S is one
dimensional one has |dets(A)| = [|4)s]|.

The Lyapunov exponents given by the multiplicative ergodic theorem of [Ose68]
for a product of i.i.d. random matrices of distribution x are obtained by maximizing
the sums x1 + - - - + x; over all stationary probabilities v as shown in [FK83].

Fix i € {1,...,d — 1}, let v; be the projection of v to Flags,(R¢), and let vr, be
the conditional distribution of F' given F;.

Theorem 1 (Inequality between entropy and gap between exponents). If v is the
unique stationary probability on Flags(RY) which projects to v; then Avp, < var,

almost surely,
dAvp,
0<k;=E (log (d it (AF))) < Xi = Xit1s

and k; = 0 if and only if Avp, = var, almost surely.

Theorem 2 (Dimension of conditional measures). If v is ergodic, is the unique
stationary probability on Flags(R?) which projects to v;, and k; > 0, then almost
surely v, s exact dimensional and
i

Xi = Xit1

In the case d = 2 both theorems above are known. A proof of Theorem [ in
this case was first given in [Led84]. In the same work the formula for dimension in
Theorem [2] is shown to hold for a slightly different notion of dimension. The exact
dimensionality of stationary measures when d = 2 was first proved in [HS17] and
this implies the formula above for the same notion of dimension we use here.

Theorem [I] implies that the Lyapunov spectrum is simple (i.e. all exponents
are different) if there does not exist a family of conditional probabilities F; — vp,
satisfying Avp, = vap, for ;1 almost every A. This suggests a connection to criteria
for simplicity dating back to [GAM89] and [GR89] though we do not explore this
issue further here.

dim(vp,) =

Part 1. Entropy, mutual information, and Lyapunov exponent gaps
2. ENTROPY AND MUTUAL INFORMATION

We will define below I(A, AF|AF;) the conditional mutual information between
A and AF given AF;. This is a non-negative o(AF;)-measurable random variable
which may take the value 4oc0.

The purpose of this section is to prove that:

Lemma 1 (Entropy and mutual information). If I(A, AF|AF;) < +oo almost
surely then Avp, < vap, almost surely and k; = E (I(A, AF|AF;)).

Conversely, if Avp, < varp, almost surely then r;, = E (I(A, AF|AF;)) whether
Ki 18 finite or not.
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This result reduces the problem of showing that Avp, < vap, almost surely and
that 0 < k; < 400 to that of bounding the conditional mutual information between
A and AF given AF;.

A general reference covering mutual information including Dobrushin’s theorem
and the Gelfand-Yaglom-Perez theorem is [Pin64].

2.1. Conditional mutual information.

2.1.1. Mutual information. Let X and Y be random elements of two Polish spaces
X and Y, and denote px, pty, pi(x,y) the distribution of X, Y, and (X,Y’) respec-
tively.

The mutual information between X and Y is defined by

< .U(X,Y)(A)
(

I(X,Y) =sup Z log i X ,Lty)(A)> x,y)(A)

AeP
where the supremum is over all finite partitions P of X x ) into Borel sets.

Directly from the definition one sees that I(X,Y) = I(Y, X).

By Jensen’s inequality 0 < I(X,Y) < +oo with equality to 0 if and only if X
and Y are independent. If X takes countably many values and has finite entropy
H(X) in the sense of [Sha48] one has I(X,Y) < H(X).

It was shown in [Dobb9] that I(X,Y") is the supremum over any sequence of
partitions which generate the Borel o-algebra in X x Y (see also [Gralll, Lemma
7.3]). This has the following important corollary:

Proposition 1 (Semi-continuity of mutual information). If lim, oo (Xp,Ys) =
(X,Y) in the sense of distributions then I(X,Y) < liminf,, o I(X,,Y,).

It was shown in [GfY59] and [Per59] that if I(X,Y) < +oo then pxy) <

px % py and
d.u(XY) )>
I(X,)Y)=E(log | —————(X,Y .
( ) ( g<d(MXXMY)( )

Conversely, if p(x,y) < px x py then

I(X,Y)=E (log <%(x, Y))) ,

whether the right hand side is finite or not.
These results are usually called the Gelfand-Yaglom-Perez Theorem.
In our context, when d = 2, this yields the following result:

Proposition 2. If d = 2 and I(A, AF) < oo then Av < v almost surely and
0<r=E (log (42 (AF))) = I(4, AF) < 4c0.

Conversely, if Av < v almost surely then k = I(A, AF) whether I(A, AF) is
finite or not.

Proof. The marginal distributions of (A, AF') are p and v respectively. However
the conditional distribution of AF given A is Av.
Therefore letting m be the joint distribution of (A, AF') one has

[ taadmia.n) = [ [ s(a.)dav(@)dnta).

for all measurable functions f.
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If Av <« v almost surely then

/EWJMmmwwi//ﬂmm%ﬂ@mwmwm>

~ [ fe.0) 5 @il x v)(a, ),

so that d(uxy) (a,2) = %2 (z) at (u x v)-almost every point (a, z).
On the other hand if m < (u x v) then setting g(a,z) = d(ZZ‘V) (a,z) one has

/faxdmax //faxdau Ydp(a //fax (a,x)dv(z)du(a),

for all measurable funtions f.
Letting f(a,z) = 1 4(a)h(x) where 1 4 is the indicator of an arbitrary subset A
of GL(R?), and h is continuous on the compact space Flags(R?), one obtains that

/h(x)dal/(x) = /h(x)g(a,x)du(x),

for p-almost every a. Intersecting the p-full measure sets where this holds over
a countable dense set of functions h, one obtains a full measure set for p where
a2 (0) = g(a, ).

Hence, the distribution of (A4, AF') is absolutely continuous with respect to p x v
if and only if Av < v almost surely and in this case the Radon-Nikodym derivative
between the two at (A, AF) is given by <7 dAv (AF). O

2.1.2. Conditional mutual information. Let F be a o-algebra of measurable sets in
the probability space on which the random elements X and Y are defined.

The mutual information between X and Y conditioned on F is the unique up
to modifications on null sets random variable I(X,Y|F) obtained as above but
using the conditional distribution of (X,Y) conditioned on F. In the case F =
0(Z1,Zs,...,Zy) we use the notation I(X,Y|Z1, Zs,...,Z;) = (X, Y|F).

One still has 0 < I(X,Y|F) = I(Y, X|F) < 400 almost surely. Almost sure
equality to zero occurs if and only if X and Y are conditionally independent given
F.

In general there is no relation between I(X,Y) and I(X,Y|F) or even
E(I(X,Y|F)).

To see this suppose for example that X,Y are i.i.d. taking the values +1 with
probability 1/2 and Z = XY, then one has I(X,Y) = 0 while I(X,Y|Z) = log(2)
almost surely.

On the other hand for any Markov chain X7, X5, X5 one has I(X;, X3/X3) =0
almost surely, and one may construct examples with 7(Xy, X3) > 0. For example,
setting X1 = Y1, Xo =Y1 + Y5 and X3 =Y; 4+ Y5 + Y3 where the Y; are i.i.d. with
P(Y; = £1) = 1/2 suffices.

The following semi-continuity property holds:

Proposition 3 (Semi-continuity of conditional mutual information). If the condi-
tional distribution of (X,,Y,) given F converges almost surely to the conditional
distribution of (X,Y) given F then I(X,Y|F) < liminf,_, 4o I(X,, Y, |F) almost
surely.

Proof. This is a direct consequence of Proposition [ ([l
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The following monotonicity property follows immediately from the definition of
mutual information
I(X,Y|F) < I(X, (Y, 2)|F).

A more precise version of monotonicity is the following:

Proposition 4 (Chain rule for conditional mutual information). If X,Y,Z are
random elements and F a o-algebra of events of the probability space on which they
are defined, then

I(X,(Y,2)|F)=E(I(X,Y|Z,F)|F) + (X, Z|F).

Proof. When F is trivial this is [Gralll Corollary 7.14] (notice that what said
reference denotes by I(X,Y|Z) is E (I(X,Y]Z)) in our notation). The general case
follows by applying this to the conditional distributions given F. |

2.2. Proof of Lemma[l We will calculate the marginal distributions and the joint
distribution of (A, AF) conditioned on AF; and apply the Gelfand-Yaglom-Perez
Theorem as in Proposition 2

To begin we simply let pap, be the conditional distribution of A given AF;.

By stationarity of v the conditional distribution of AF' given AF; is vap,.

For the joint distribution notice that the distribution of AF conditioned on
o(A, AF;) is the same as conditioned on o (A, F;) and therefore it is Avp,.

Hence the joint conditional distribution of (A, AF') given AF; satisfies (and is
determined by the equation)

B (A AP)AF) = [ [ f(a.)dave, (2)duar o)

for all continuous bounded f.
By the Gelfand-Yaglom-Perez Theorem if I(A, AF|AF;) < +oo almost surely
then Avp, < vap, almost surely and

E <1og @A”ﬂ (AF)) |AFi> < +o0

VAFi

almost surely.
And conversely, if Avy, < vap, almost surely one has

Avp,
I(A, AF|AF;) =E (log (‘;V”Fl (AF)) |AFi) .
AF,

i

The result now follows by taking expectation.

3. PrROOF OF THEOREM [II

In this section we will prove Theorem [l

The strategy is to approximate (A, F') by pairs with the property that the con-
ditional distributions v, are absolutely continuous with respect to the natural
geometric measure on their domain of definition.

For the approximating pairs there is a direct relation between the distortion of
the conditional measures by a linear mapping A and its determinants on certain
subspaces. This argument establishes equality between the entropy x; and the
Lyapunov exponent gap x; — Xi+1 for the approximating pairs.

The result is then obtained by passing to the limit using the properties of condi-
tional mutual information discussed in the previous section. At this step equality
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is lost, and one obtains only an inequality between entropy and the Lyapunov
exponent gap.

An important technical issue is that one must maintain the same conditioning
o-algebra for the approximating pairs and the limit pair (A4, F') in order to apply
Proposition [3l

The idea of approximating a probability p by one whose stationary probability
is absolutely continuous with respect to the natural geometric measure is already
present in [Fur63, Theorem 8.6].

3.1. Jacobians of linear actions on flags. We will now briefly, for the duration
of this subsection, abandon the context where A and F are random satisfying

AF @ F in order to discuss a result for a deterministic transformation A and flag
F.

Denote the mapping F + F; which removes from each flag in Flags(R?) its i-
dimensional subspace by 7;, and notice that the fibers Flagsy, (R?) = m; '(F}) are
1-dimensional. We consider on each Flagsp. (R9) the the unique probability measure
nr, which is invariant under the action of orthogonal transformations which fix Fj.

Notice that any element A € GL(R?) leaves the family of measures ng, quasi-
invariant. We will need the explicit Jacobian of the action of A on this family of
measures.

Lemma 2. If A € GL(RY), F = (So, S1,...,S4) € Flags(R?), and i € {1,...,d —
1}, then

dAnp, AF) — |dets, (A)?
dﬂAFf, ‘detsi—l (A)Hdetsv:-u (A)| .

Proof. We begin by proving the case d = 2 (this case is included in the statement
of [Fur63l Lemma 8.8] though the proof is omitted there).

In this case F' = (Sp, S1,S2) and the only non-trivial subspace is S7 which has
dimension 1 in R2. Therefore, we are looking to calculate the Jacobian of the action
of A on the projective space of lines in R? at the line S; with respect to the unique
rotationally invariant probability 7.

For this purpose consider a unit length vector v € S; and an orthogonal vector
w of length §. Let R be the rectangle {sv + tw : s,t € [0,1]}.

Since we are considering the action of A on projective space, it is equivalent to
consider the transformation B = A/|detg, (A)| = A/|Av| so that Bv has length
one.

Notice that BR is a paralelogram with a side in AS; of length 1, and area e which
is the length of the orthogonal projection of BR onto the subspace orthogonal to
AS;. Calculating the determinant of B one obtains explicitly

|det(A)|
€ = |det(B)|0 = ————59.
At et ()P
Taking the limit as ¢ — 0 we obtain that the derivative of the action of A on

% from which it follows that
1

 |dets, (A4)?
(45 = T get(A)]

projective space at the point S is
dAn
dn

as claimed.
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We will now show that the general case may be reduced to the two dimensional
case.
For this purpose suppose now that d > 2, F = (Sp,...,Sq),and i € {1,...,d—1}.
Notice that the quotient space S;+1/S;—1 is two dimensional and inherits an
inner product from R? which makes it isometric to the orthogonal complement of
S;—1 within S;;+1. The same is true for AS;1/AS;_1.
Therefore, letting B : S;y1/Si—1 — ASi+1/AS;—1 be the linear map induced by
A one has
dAT/Fi (AF _ |det5i (B)|2’
dnar, |det(B)|

where on the right hand side the space S; is considered as a one-dimensional sub-
space of S;11/S;—1.

The result follows from the observation that [det(B)| = |dets,, (A)|/|dets,_, (A)]
and |det51‘, (B)| = |det5i (A)|/‘det51‘,_1 (A)| U

3.2. Proof of Theorem [Il We return now to the notation and context of the
statement of Theorem [II In particular A and F = (S, ...,Sy) are independent

d
random elements with distribution g and v respectively and such that AF @ F.
Recall that v; is the projection of v onto Flags,(R?) and v, is the conditional
distribution of F' given F;.

3.2.1. Representation. Since the statement of the theorem only depends on the
joint distribution of (A, F') we are at liberty to change (A4, F') to any other pair
with the same distribution.

For this purpose fix a Borel mapping (u,m) — p(u, m) where u € [0,1], m is a
Borel probability on GL(R?), and p(u, m) € GL(R?), such that if U is a uniformly
distributed random variable on [0, 1] then p(U, m) has distribution m.

Assume furthermore for any convergent sequence of probabilities m,, — m one
has p(U,m,) — p(U,m) almost surely. Such a representation p exists by the main
result of [BD8&3].

In the same way fix a representation (u,m) — priags(u, m) into Flags(R?), and
representation (u,m) — pPriags, (u, m) into Flags,;(R?).

Let v; be the distribution of the incomplete flag F;, and vp, the conditional
distribution of F' given Fj.

Setting (A’, F}, F') = (p(u1, i), pFlags, (U2, Vi), Priags(Us, ver)) where uy, ug,us
are i.i.d. uniform in [0,1], one has that (A’, F’) has distribution p x v which is
the joint distribution of (A, F).

To simplify notation we assume from now on (A, F') = (A’, F').

3.2.2. Perturbation. Let {R;,t > 0} be defined so that conditioned on AF; it is a
Brownian motion starting at the identity on the group of orthogonal transforma-
tions which fix AF;. To clarify dependence on the other random elements we assume
{R:,t > 0} is 0 (AF;, ug)-measurable where uy is uniform on [0, 1] and independent
from (’U,l, Usg, U3).

Now for each ¢t > 0 let A; = R;A and notice that A, F; = AF; almost surely and
Ay — A when t — 0 almost surely.

We denote by C(Flags(R9),R) the space of real valued continuous functions on
Flags(R?) with the topology of uniform convergence, and consider for each ¢ > 0
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the operator P; : C(Flags(R9),R) — C(Flags(R9),R) defined by

(P f)(2) = E(f(Asz)) .

Notice that P,1 =1 and if f > 0 then P;f > 0. Therefore there is an associated
action of P, on the space of probability measures on Flags(R?) defined by

/f@ﬂ@ﬂ“n@%=/U%ﬂWMm@>

Lemma 3. For each t > 0 there is a P} -invariant probability measure vy on
Flags(R?) whose projection onto Flags,(R?) is v;.

Furthermore picking for each t > 0 a measure vy as above one has lim;_,q vy = v,
and letting x; — vy 4, be the disintegration of v, with respect to the projection to
Flags;(R?) the following properties hold:

(1) Almost surely vy F, is absolutely continuous with respect to ng, .

2) There is a compact subinterval Iy C (0,400) such that Wors yokes values
P ) anr

in Iy almost surely.

Proof. Let 7 : Flags(Rd) — Flags,(R?) be the canonical projection.

Let Qif(x) = [ f(ra)dA s, (1), where x; = (x), and Ay 4, is the distribution of
the time of t of Brownian motion starting at the identity on the group of orthogonal
transformations fixing x;.

Notice that

PN = [(Quban)duta) = [ [ 1rar)irs e (r)duta) = Pof @)

Since Q: preserves the set of functions of the form f(x) = g(w(x)) one obtains
that m,Qfm = m.m for all probabilities m.

In particular P = (Q¢)*P* preserves the space of probabilities which project
onto v;. By the Markov-Kakutani fixed point theorem, this implies that there is at
least one fixed point for P in this space.

Because \;,, has a continuous positive density with respect to the invariant
measure on group of orthogonal transformations stabilizing x; it follows that, for
any probability m on Flags,(R?) the measure Q;m satisfies properties 1 and 2 in
the statement above.

In particular for any P/ -invariant probability v, with 7.1y = v; one has 1, =

vy = Qf (P*1y), and therefore v; satisfies properties 1 and 2.

Finally, let f be any continuous function and, supose m = lim,,_, 4 14, where
lim,, 4 o0 t, = 0. Using the notation A(f) for the integral of f with respect to the
measure A, we have

m(f) =m(Pf)l = lm |, (f) = ve,(Pf)l
— nEI-iI-loo v, (PQef) — v, (Pf)]
< Hm [[P(Qe, f = £l
< Hm Qe f = fllec,

where we have used that |Pf(z)| < [|f(ax)|du(a) < ||f]leo so P decreases the L™
norm.
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Notice that ); ., converges to the point mass at the identity when ¢ — 0. The
convergence is uniform in the sense that given r» > 0 and letting B, be the ball of
radius r centered at the identity in the full orthogonal group, for each € > 0 there
exists T' > 0 such that A\; 5, (B,) > 1 —¢ for all t < T and all z;. It follows that

}g}% Qtf(x) - }%/f(rx)dAt,w(z) (T) = f(x)a

for all  and the convergence is uniform.

Since [|Q:, f — flloo goes to zero we conclude that m(f) = m(Pf). Since this
holds for all f one has that P*m = m. By hypothesis v is the unique measure with
this property with projection v;, therefore m = v.

We have shown that v is the only limit point of 14 when t — 0. The space of
probabilities on Flags(R?) is compact and metrizable, and therefore this implies
lim;_,o vy = v as claimed. O

3.2.3. Conclusion of the proof. We will fix from now on a sequence ¢,, given by the
following claim (c.f. [CLP19, section 6.1.6]):

Claim 1. There exists a sequence of positive numbers with lim, . t, = 0 such
that, letting v, and 14, ., be given by lemma [3 one has

n

. 1

lim — E Vi, F, = VF,
Jj=1

n—-+o0o N 4

almost surely.

Proof. To begin fix any sequence of positive numbers with lim,, o0 S = 0.

Let {fx : k = 1,2,...} be a dense sequence of continuous functions on Flags(R¢).

Notice that x; +— v, .. (f;),m = 1,2,... is a bounded sequence in
L!(Flags;(R%), v;).

By Komlos’ theorem (see [KomG67]) there exists a subsequence {mi; : j =
1,2,...} such that

n

. 1
lim — Z Vs, o (f1)

Jj=1
exists for v;-almost every x;, and any further subsequence has the same property.
For each £k = 1,2,..., using Komlos’ theorem as above, we may define
ME41,1, Mk+1,2, - - - @ Subsequence of my, 1, My 2, ... such that

n

. 1
lim — Z I/Smk+1,j T (fk+1)

exists for v;-almost every x;, and any further subsequence has the same property.
Letting t,, = sy, ,, we have that

S R
lim — Zl/tj,zi(fk)
Jj=1

n—+o0o N 4

exists for v;-almost every x; and all k.
For each x; the the restriction of {fx} to 7=1(z;) is dense. Since the space of
probabilities on 77! (z;) is compact, this implies that there exist probabilities m.,
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such that

lim E Vi w; = Ma,
n—>+oon

for v;-almost every x;.
By lemma [ one has lim, 4o v¢, = v. Therefore, for any continuous f by
dominated convergence one has

[ navite = [t = Z e (F)dve, = Tim =S v () = u(f),
j=

from where [‘mg,dv;(z;) = v and m,, = v,, for v;-almost every ;. O

For each n let T,, be uniform {t¢y,...,t,} and independent from (uq,ug, us, uy),
and let X,, = priags(us, vr, . F,) and A, = Ry, A.

Claim 2. One has that X, @ A X,,.

Proof. For any continuous function f : Flags(R%) — R one has

£ ((X,) = B (B (f(X.)|F)

~2(2 3 vn0)

k=1

1 n
~ f(@)dvy, o, (x)dvi(z;)
2/
1 n
- Ptkf(x)dytk,l’i (‘T)dyl(‘rl)
2/
=o [ [ ] [ rtramiin 0t @it inta

_E<%k 1//frA3: Ay ar, () dvg, i (2 ))

— (lz F(Ruy Az)dvy, 5 <>>

k=1

f(Aan))

3

E(f
=E(
O

Since T,, converges in distribution to 0 there exists a subsequence such that
limy 400 T, = 0 almost surely. We fix such a subsequence from now on.

Claim 3. The conditional distribution of (4, A,, X,,) given AF; converges almost
surely to the conditional distribution of (A4, F') given AF;.

Proof. Tt suffices to show that for all bounded and uniformly continuous f one has
lim E(f(A, A, Xn)|AF;) =E(f(A, AF)|AF;),
k—+o00

almost surely.
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The distance between A4, X,,, = RTnk AX,, and AX,, goes to 0 almost surely.
Therefore, since f is uniformly continuous, one has

lim |f(A, An, Xn,) — (A4, AX,,)] =0,

k—+oco

almost surely.
Because f is bounded, by dominated convergence, the limit above also holds in
the L' sense, and therefore

lim E(f(A, A, X,,)— f(4, AX,,)|AF;) =0,

k— oo

almost surely.
Noticing that o(AF;) C (A4, F;) = 0(A, AF;), we now calculate

lim E(f(A, An, X, )|AF) = lim E(f(A,AX,,)|AF;)
k——+o00 k——+o00
= lim E(E(f(A, AX,,)|A, F)|AF)

k——+oo

k——+oo

. 1 {"
= lim E n—k;/f(A,Ax)thj,pi(xﬂAFi

_E </f(A,Ax)duFi (I)|AFZ‘>
=E(E(f(A, AF)|A, F}) |AF;)
=E(f(A, AF)|AF)

where we have used the almost sure convergence of nik ;i 1 Vi;,F, to vg, and bound-
edness of f to move the limit inside the expected value in the third to last step. O

In view of the above claim by, lemma [I proposition [I and Fatou’s lemma we
have

ki =E(I(A, AF|AF;))

k—+oo

<E <lim inf I(A, A, X, |AFi))

<liminfE (I(A4, A, X, |AF})) .

k—+o00

By monotonocity and the chain rule (Proposition []) we continue

liminf E (I(A, Ap, X,, |AF)))

k— oo
< Uminf E (I(A, (T, , An, Xn, )|AF})
k——+o0
= liminf E (I(A, T, |AF}) + I(A, Ap, X, |Th,, AF)))
k—+o00

Because T),, is independent from A and AF; we have
liminfE (I(A,T,,|AF;) + I(A, Ap, X0, |Th,, AF}))
k—+o00
=lminfE (I(A4, An, Xn,|The, AF;)) .

k—+oco

And, finally, by monotonicity of mutual information

IminfE (I(4, An, Xn | Ty, AF;)) < UminfE (I((Ry,, A), Ap, X, | Toy s AF))
k— 400 k—+o0
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We conclude the proof by establishing the following;:
Claim 4. In the above context one has:

lklglig]}z (L((Rny, A), An Xy | Ty, AFS)) = Xi — Xit1-
Proof. We first claim that the the conditional distribution of A,,, X, given F; =
U(Tnk;Ansz) = O’(Tnk,AFi) is VT’n/k.yAFi'

Since AF; has distribution v; and is independent from 7, it suffices to prove
that the conditional distribution of (A,, X, , AF;) given T,,, coincides with that of
(Xn,, Fi) given T, .

Since F; = w(X,,) and AF; = 7(A,,Xn,), we only need to verify that the
conditional distribution of X,, given T,, (which is vr,, coincides with that of
An, Xn, given T,,, . This follows immediately since VT, is P}nk -invariant.

Now notice that the conditional distribution of X,,, given F» = o((Rr, ,A), F1)
=o(Br,, , A Ta,, AF;) = o(Rr, , A, Ty, F;) is also vr, p,. This implies that the
conditional distribution of A, X, given F3 is Ry, Avr, F,.

Let m denote the conditional distribution of (R,,, A) given Fj.

We have shown that the joint distribution of (R, , A), A, Xy, given F; has pro-
jections m and VT, ,AF; while its disintegration onto the factor m has conditional
measures R, Avy, p,.

Applying the Gelfand-Yaglom-Perez theorem this yields

dRy, Avr,, AF,

E (I((Rﬂk ) A)? Anank |Tnk ) AF%)) =E ( (RnkAXnk)> :

dvr,, .AF,

Let S,,,; be the i-dimensional subspace of X,, and ¢, r, = %. Using lemma

we obtain
(ankAVTnk7AFi ‘detsnk,i (RnkA>|2 ))

nAXp, )| =E |1
dVTnk;AFi (R § k)> (Og <|detsi1(RnkA)|detSi+l (RnkA)‘
PT, Fi(Xnk)
+E|lo k2
( 8 <<ank,AFi(Anank)
‘detsn L(RnkA)|2
=E | log LS
|detsi—l(RnkA)HdetSi+l(RnkA)‘

where for the last equality we have used that (T),,, Xn,, 7(Xn,)) = Doy, Xny, Fi)

has the same distribution as (T}, , Rn, AXn,, T(Rn,A)) = (Tny s R AXn,, AF;).
Since R, is an orthogonal transformation the determinants of R, A and A

coincide on all subspaces. Therefore the right hand side above is equal to

|det5n L(A)|2
E | log B .
|det5i71 (A)||det5i+1 (A)‘
Since X, converges in distribution to F' we have that S,,, ; converges in distri-
bution to S; the i-dimensional subspace of F'. Because the logarithm of the deter-

minant of A on any subspace is bounded between constant multiples of log(o(A))
and log(o4(A)) both of which are integrable, we can pass to the limit (e.g. using




118 PABLO LESSA

dominated convergence after replacing Sy, ; by a sequence with the same individual
distributions but which converges almost surely, see [Bil99, Theorem 6.7]) obtaining

detg, .(A)? 2
lim E ( log ldets, . (4)] =FE (10g< |dets, (4)] >> .
k=400 |det5i71(A)||detSi+1 (A)‘ |detSi—1(A) |detSi+1 (A)|

Finally since E (|dets,(A)]) = x1 +---+ x; for j =1,...,d, one obtains

\dets, (A)[?
E (1 : = Xi — Xit1s
< 08 <|det5i1 (A)[|dets,. . (A)] Xi = Xit1

i+1(

which concludes the proof. O

Part 2. Exact dimensionality and dimension of conditional probabilities

In this part of the article we will prove Theorem 2l We now specify notation and
context that will be used throughout.

Recall that j is a probability on GL(RY) with respect to which the logarithm of
all singular values are integrable and v is a u-stationary probability on Flags(R?).

A dimension i € {1,...,d — 1} is fixed throughout, v; is the projection of v on
the space Flags,;(R?) of incomplete flags missing their i-dimensional subspace. It is
assumed that v is the unique stationary probability with projection v;.

A disintegration F; — vp, of v with respect to v; is fixed (so v = [vp,dv;(F;)).

We consider an i.i.d. sequence (A(n))nez with common distribution p and a
stationary sequence of random random flags (F(n)),ez with common distribution
v such that

An+k)---A(n)F(n) = F(n+ k)

for all n € Z and k > 0. We will use S;(n) for the j-dimensional subspace of the
flag F(n) and F;(n) as before for the incomplete flag obtained by removing the
subspace S;(n).

By hypothesis v is ergodic (i.e. extremal among stationary probabilities) this
implies that the stationary sequence ((F(n), A(n)))nez is ergodic.

As before, Lyapunov exponents x1, ..., xq are defined by the equations

xXi+--+x;=E (log (’detsi(n) (A(n))’)) .
By Theorem [ one has Avp, () < VF, (n41) almost surely and

dAvp,
0<k;=E (log (&(F(n—i— 1)))) < Xi — Xit1-
VF;(n+1)

We assume from now on that x; > 0.
4. NON-ATOMICITY OF CONDITIONAL MEASURES

Our first step in the proof of Theorem 2lis that v, (,,) is almost surely non-atomic
(i.e. all points have measure zero).

Lemma 4. Almost surely v, () is non-atomic for all n.

Proof. By ergodicity and one has
1 (dA(n —1)--- A(0)vp, (o)

ki = lim —log
n—+oo n

(F)).

dVFz‘(")

almost surely.
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Suppose for the sake of contradiction that P (v, o) (F(0)) > 0) > 0. Condition-
ing on this event the equation above becomes

(VFi(O)(F(O)) )
vemy(F(n))) "

However, by Poincaré recurrence v, (,)(F'(n)) is recurrent almost surely (i.e. al-
most surely there exists a subsequence such that limy vg, () (F/(nr)) =Vp, 0) (F(0))).
This implies that x; = 0 which contradicts the hypothesis that x; > 0. Hence,
VE,(0)(F(0)) = 0 almost surely, as claimed. O

1
ki = lim —log
n—-+oo N

5. THE MULTIPLICATIVE ERGODIC THEOREM

From Theorem [0 and the hypothesis that x; > 0 one obtains that x; > xii1.
We will now apply the multiplicative ergodic theorem of [Ose68| to the mappings
induced by the sequence A(n) between the quotient spaces S;i1(n)/S;—1(n) to
obtain the following result:

Lemma 5. Almost surely for each n one has

. 1
kgrfoo 7 log (Idets, () (A(n+ &k = 1)~ A())]) = x1 + -+ + Xi—1 + Xi»
and there exists a unique i-dimensional subspace Si(n) containing S;—1(n) and con-
tained in S;y1(n) such that

. 1
kgrlloo Z log (|det sy (A(n+k —1)--- A(n))|) = x1 4 + Xi-1 + Xis1-
Furthermore, S;(n) and Si(n) are conditionally independent given F;(n), and
Si(n) # Si(n) almost surely.
Finally, the logarithm of the angle between the projections of S;(n) and Si(n) to
Sit1(n)/Si—1(n) is o(|n|) when n — +oo.

Proof. For each n consider the quotient space V(n) = S;11(n)/S;—1(n) with the
induced inner product coming from R?, let E*(n) be the one-dimensional subspace
in V(n) which is the projection of S;(n), and let T'(n) : V(n) — V(n + 1) be
mapping induced by A(n).

Notice that almost surely each V(n) is isometric to R? with the usual inner
product. Furthermore the random sequence

IO ), B4 ) T (Vi + 1), BY(n + 1)) T8

is stationary and ergodic.
One has
E (log (|det g (n) (T)])) = xi
which implies by Birkhoff’s theorem that almost surely
kgrilw % log (| T(n — k)=t T(n— 1)_1’UH) = —X;
and
lim %log (I Tn+k=1)---T(n)v|) = xi

k—+oco

for all v € E*(n) \ {0}.
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On the other hand
E (log (|det(T%)|)) = xi + Xi+1-

which implies that almost surely

1
lim +log (det(T(n + & — 1)+ T(n))]) = X +Xis1.

k—4oc0

By hypothesis k; > 0 which implies by Theorem [ that y; > x;+1. Hence, one

obtains from the multiplicative ergodic theorem of [Ose68] that almost surely
1
E*(n)={0}U{veV(n): klirf z log (|T(n—k)™" - T(n—1)""v||) = —xi}
—+o00

and
s : 1
E*(n)={0}U{veV(n): kgrfoo %
are complementary one-dimensional subspaces, and the angle between them is e®(™

From the equations above it follows that E%(n) is o(F;(n),A(n — 1),
A(n —2),...)-measurable, while E*(n) is o(F;(n), A(n), A(n + 1),...)-measurable.
Since F;(n) is o(A(n — 1), A(n — 2),...)-measurable one has that (A(n —1), A(n —
2),...) and (A(n), A(n+1),...) are conditionally independent given F;(n). In par-
ticular, conditioned on Fj;(n) one has that E*(n) and E®(n) are independent.

Setting Si(n) to be the subspace in S;y1(n) which projects to E®(n) in
Si+1(n)/Si;—1(n) one obtains the desired result. O

log (IT(n + k= 1) - T(n)v])) = xi11}.

6. PROOF OF THEOREM

6.1. Random circle diffeomorphisms. We fix from now on a Borel measurable
projection from Flags;(R?) to R? which consists of mapping S;;1/5;_1 to R? iso-
metrically (where S; denotes the j-dimensional subspace of the flag). Furthermore
we fix an isometry between the unit circle S' with the usual arc-length distance
scaled by one half dist, and the space of one-dimensional subspaces of R? with the
distance given by the angle. The composition of these mappings will be used to
identify each fiber of the projection from Flags(R?) to Flags;(R?) with the unit
circle. Equivalently, given an incomplete flag F; = (Sp,...,Sq) we have chosen an
isometry from the projective space of S;y1/S;—1 to the unit circle, and therefore
each i-dimensional subspace between S;_; and S;y1 corresponds to a point on the
unit circle.

With these identifications let F,, = o(F;j(n)), v, be be the projection of vg, ()
to S, x, be the projection of S;(n) to S!, y, be the projection of S/(n) (given by
Lemmaf) to S1, T}, the diffeomorphism of S! obtained by projecting the action of
A(n) between S;1(n)/S;—1(n) and S;y1(n+1)/S;—1(n+1), and for convenience let
k= ki and X = x; — Xi+1. Finally, we let 17 be the rotationally invariant probability
on the unit circle.

The proof of Theorem 2] will proceed as follows (see Figure[)): We will construct
a sequence of random intervals I, containing x,, and such that 7_q0---0T_,(I_,)
is roughly of size e X". We will then show that vo(T-10---0T_,(I_,)) is roughly
e~ "". These two facts will yield that the local dimension of vy at x¢ is almost surely
k/x so that in particular that v is exact dimensional.

A few technical issues arise which we have concealed with the word ‘roughly’ in
the previous paragraph. For example, the estimates for the measure of the intervals
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will hold only for some values of n, but these values are sufficiently dense to imply
the needed dimension estimates.
We begin with a simple consequence of lemma

Proposition 5. Let k € Z and € € (0,1) be fived and let I = S*\ B, dist(zpyx) (Tk) -
Then the length of T,;_ln o OT,;_l1 (I) converges to 0 exponentially quickly when
n — +00.

Proof. The interval I corresponds to a cone C' of one dimensional subspaces in
Sit+1(k)/S;—1(k) whose angle (with respect to the standard inner product inherited
from RY) with the projection E% of S;(k) is larger than ¢ times the angle between
E* and the projection E® of S!(k).

By lemma Bl under the action the linear mapping L,, corresponding to Tkiln o
..o T,;ll the norm of vectors in E* are multiplied by a factor of e Xi"t°(") while
those in E* are multiplied by a factor of e~ Xi+1n+o(n),

We fix on the domain of L, the inner product for which the norm on E“, E*
coincides with the standard one, but for which these subspaces are orthogonal.

Similarly on the range of L,, we pick the inner product where L, E", L, FE* are
orthogonal and the restriction of the norm on both subspaces coincides with the
usual one.

With respect to these inner products the angle between any two subspaces in C
decreases by a factor of e~ (i —Xit1)n+e(n) ynder L,,.

However, once again by lemma [ the angle between L,E*, L,E*® is e°(™ for
the standard inner product. This implies that, measured with the standard inner
product the angle between any two subspaces of C' decreases by the same factor up
to a multiplicative e°(™). O

6.2. Stationary intervals. We now construct the sequence of intervals that will
be used in our argument. The key points for what follows are that: the construc-
tion is stationary, the intervals contain x, but not y,, their size is controlled by
dist(xn, yn), and frequently v, (I,,) is not close to zero.

Lemma 6 (Stationary intervals). Setting

In = Sl \ B% dist(mn,yn)(yn)v
one has P (v, (I,) > 1/2) > 1/2 for all n.

Proof. Since almost surely v, is non-atomic there is a smallest positive radius r,
such that vy, (B, (yn)) = vn(S*\ By, (yn)) = 1/2.

By lemma Bl conditioned on F,, one has that z, has distribution v, and is
independent from r,, and y,. Therefore P(x,, € By, (yn)|Fn) = vn(Br, (yn)) = 1/2
and taking expected value P(z,, € B, (yn)) = 1/2.

In the event that z,, € B, (y,) one has that S'\ B, (y,) C I,, and therefore
that v, (I,) > 1/2. This proves the claim. O

What remains is to estimate the size and v probability of the sequence T_; o
o Ty (Iy).
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T 0T,

L,

FiGURE 1. For large n the transformation 7 7 o ---

oT_, con-

tracts the large interval I_, to an interval of size roughly e X"
(see Lemma[7]). With frequency at least 1/2 the vg-measure of the

image interval is roughly e™*" (see lemmas [6] and [TT).

6.3. Length of distinguished intervals. The point of what follows is that the

intervals Ty o ---oT_,,(I_,) contain xg and are roughly of size e~ X".

We will use the following result which is essentially Maker’s theorem [Mak40l

Theorem 1] or [Bre57, Theorem 1].

Theorem (Maker’s theorem). Let (X, x)knez be a family of random variables
which is stationary in the sense that its distribution equals that of (Y n)k.nez where

Yk,n = Xk—i—l,n-

Suppose that the limit X, = lim, 4o Xin exists almost surely and that

E (sup,, | Xk n|) < 400 for all (or equivalently due to stationary, for some) k.

. 1 n—1 .
Then limy, 400 7 D p—o X—kin—k = My o0

Proof. By Birkhoff’s ergodic theorem

exists almost surely and E (X) = E (Xj) is finite.

Following [Bre57, Theorem 1] we write

n—1

1 n—1 1 n—1 1
- ZX—k,n—k = Z Xk + - Z(X—k,n—lc - X_5).
k=0 k=0 k=0

The first term converges to X almost surely. Letting Y,, be the second term

notice that for any fixed N we have

n—1

. . 1
lim sup |Y,,| = lim sup - Z(X—km—k —X_k)

n——+oo n——+oo k=0

n

1

-1
< lim Z sup | X_gn — X_k| = Zn,
k=0 n>N

n—+oo N

;3 X_k almost surely.
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where the limit defining Zy exists almost surely and satisfies

E(Zy)=E (sup | Xo.n — X0|> < +o00
n>N

by Birkhoff’s ergodic theorem.
Since sup,,> y | Xo,n — Xo| decreases monotonely to 0 we obtain

E (limsup|Yn> < lim E(Zy)=0,
N—~+oc0

n—-+oo

so that limsup,, ,, . |Y5| = 0 almost surely. O

Lemma 7 (Length of distinguished intervals). For all € > 0 almost surely one has
BTn (330) C T_1 o T_nI_n C BR" (330)
for all n large enough, where r, = exp(—(x + €)n) and R, = exp(—(x — €)n).

Proof. Recall that n denotes the rotationally invariant probability on the unit circle

St
dTy,_
o (1))
for all k.

By Lemma [2] one has
For each n let J, be the connected component of I, \ {z,} which is counter-
clockwise from x,, and define

X = log (U(Tk_z °e Tk_"(Jk_n))> ;

N(Th—10-0Tppn(Jr—n))

and

dTy,—
X, =log (Ziﬂm(ﬂ%)) :

By lemma [ one has that S* \ Jn—r contains a ball of radius e°(™ centered
at Yn—r. In view of proposition [l this implies that for all e € (0,1) almost surely
eventually Ty, _10- 0Tk (Jr—n) C Bedist(xy,yp) (Tr). This shows that almost surely
the length of Ty_10---0Tk_n(Jk—n) goes to zero when n — +oo and therefore one
one has lim;,_,4 o X, = X almost surely for all k.

Notice that for each x € S* one has, again by lemma 2] that

IRUP. |dets (A(k — 1))
dn [detis,_, 1) (A(k — 1))[[dets, ., o1 (A(k — 1))

for some i-dimensional subspace S between S;_1(k — 1) and S;1(k — 1).

In particular this implies that min, log (dTg—;”’(az)) and max, log (dTZ;]m(:zr))

have finite expectation since they are controlled by the logarithms of singular values
of A(k—1).
This yields that sup,,_,, o, |X&n| has finite expectation for all k.
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Applying Maker’s theorem we obtain
n—1
.1 dT_p_17m
x= lim — kz log (7@ (@)

n—1

— lim l o n(T*k*Q ©---0 Tfn(an))
= Zl g(n(T—k—lo"'oT—n('J—n))>

= lim 1 log n(J—n)
n—+oo N 17(T_1 O---0 T_n(J_n)) '

Finally, since 1(.J_,) = e°™ when n — 400 by Lemma [5 one obtains:

. 1
Jim —log (n(T-y -0 Tn(Jon)) = =X
The same argument shows that n(T_yo0---T_,(I_, \ J_,)) = e~ X" which estab-
lishes the claims. ]

6.4. Probability of distinguished intervals. We will now essentially repeat the
argument of the previous subsection replacing the rotationally invariant probability
measure (which is equivalent to length up to a factor) with the random probabilities
Vp-

In this case one wishes to replace (in the ergodic averages) the terms of the
form %(mk) with approximating terms calculated using the intervales I,,.
Almost sure convergence of the approximating terms boils down to the theorem
on differentiation of measures. However, the integrability of the supremum of the
approximating terms is more subtle.

The issue is that the singular values of A(k — 1) do not directly control the
maximum and minimum of %(m) on the circle. In fact, this density may be
unbounded with positive probability. Instead, control of the approximation comes
from the zlog(x)-integrability of the density with respect to v, which follows from

the fact that s < +oo (that is Theorem [IJ).

ATy 1V —
— kd;:k 1(1,)

6.4.1. Orlicz regularity and a mazimal inequality. For each k let fi ()
and notice that it is o(Fg—_1, Fk, Tk—1)-measurable.

Notice that zp_; and A(k — 1) are independent conditioned on Fj_1. Since the
conditional distribution of xp_; given Fj_1 is v4_1 one obtains that the distribu-
tion of 2y = Tg_1(xk—1) conditioned on o(Fi_1, A(k — 1)) has density f with
respect to vg. Since this conditional distribution is o(Fg—1, Fk, Tk—1)-measurable
and o(Fr—1,Fi, Tk—1) C 0(Fr—1, A(k — 1)) one obtains that the conditional distri-
bution of zj given o(Fi_1, Fi, Tk—1) has density f with respect to vy. Therefore,

= (log (fx(wx))) = E(E (log (fx(zx)) [Fr—1, Frs Te—1))
=5 ([ B ostla)in )

In particular filog(fx) is almost surely integrable with respect to v,. In other
words, f almost surely belongs to an Orlicz space which is slightly smaller than
L'(v;,) and the expected value of the corresponding Orlicz norm is finite. This fact,
which follows from the finiteness of « given by Theorem [I] will allow us to control
the maximal function of fj.
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We define the maximal function of a function f : S' — R with respect to a
probability A as

1
M (@) = sup o / F@)ldA®)

xzel
where the supremum is over all intervals containing x.
We will need the following maximal inequality the proof of which is adapted
from the proof of [Ste70, Theorem 1].

Lemma 8 (Maximal inequality). There ezists a constant C > 0 such that for any
probability A on S and any A-integrable function f one has

(o Maf(@) > 1) <€ [ 171t ggm0mdr
for allt > 0.
Proof. Given A,f, and ¢ consider a compact set K C {M f > t} such that
A{MAS > 1}) < 2M(K).
By definition, each point in K belongs to an interval I such that

tA(I) < /|f\]l;d)\.

Since K is compact one may cover it with finitely many such intervals.

Applying the Besicovitch covering lemma (e.g. see [dG75l Theorem 1.1]) there
exists a constant ¢ (which does not depend on A nor f) such that a subcover may
be found so that no more than c¢ intervals intersect simultaneously.

Summing over such a subcover one has

IA{Myf > t}) < 2A(K) < 20/ | f|dA.

This inequality has been established for all A-integrable f and all ¢ > 0. Applying
it to g = fly||>¢/2) one obtains (observing that My f < ¢/2+ Myg) that

IN{ My f > t}) <tA{Mxg > t/2}) < 40/ LFILg 51> /2 AN
which establishes the claim. O

We now use Lemma [§] to control the typical maximal function of f;. The argu-
ment is adapted from [Nev75, Proposition IV-2-10], see the appendix of said work
for discussion of this type of results in the context of general Orlicz spaces.

Lemma 9 (Average maximal function). In the context above one has
E (log (M, fr(zx))) < +o0.

Proof. As observed at the beginning of section [6.4.T] the conditional distribution of
xy, given o(Fg—1,Tk—1,Fr) has density fi with respect to vy. Therefore,

E (log (M., fx(wx))) = E(E (log (My, fr.(zx)) [Fr—1, Th—1, Fi))

~& ([ Ao tog (M, ) ) ).

The lower bound fj log(fx) < filog(M,, fr) which holds vi-almost everywhere
reduces the problem to showing that the expected value on the right is not +oc.



126 PABLO LESSA
Applying the inequality alog(b) < alog(a) + b/e (valid for a,b > 0) one obtains

B ([ h@oe (i, @) ) < n+ 18 ( [ M, fi@an) ).

We now conclude by using Lemma [§] as follows

E (/ Mykfk(x)duk(a:)> <1+E (/1+OO v ((My, i > 1) dt)
<1+CE (/1+°°/fk(w)%]l{szm}dyk(x)dt>

<140 ( [ 5@ 1og<2fk<x>>duk<x>)
=1+ Clog(2) + Ck.
[

6.4.2. Domination of approximating terms. We will now establish the main esti-
mate needed to apply Maker’s theorem as in Lemma [l For the needed upper
bound Lemma [ suffices. For the lower bound we mimic the argument of [Chu61].

Lemma 10. For eachn=1,2,... let J,=T_10---0T_,(I_,) and

T_lz/_l(Jn)> .

X :10g< ol )

Then E (sup,, | X,|) < 4o0.
Proof. Notice first that
1
X, = log (—/ fo(a?)dyo(x)> <log (M,, fo(xzo)) -
VO(J'IL) In

In view of Lemma [9] this bounds sup,, X,, from above by an integrable random
varaible.
For the lower bound consider the event that X,, < —t and notice that this implies

/J fo(z)dvo(z) < e tug(Jy).

Given fy and v define the bad set By as the set of points in the circle belonging
to an interval I such that

(1) /Ifodl/o S e_tV()(I).

Following the proof of Lemma [8] consider a compact set K C B; with
Jodvy < 2/ Jodvy.
By K

By considering a finite covering of K by intervals satisfying equation [ and
summing over a Besicovitch subcover where no more than ¢ intervals overlap (here
the constant ¢ does not depend on fy nor vy) we obtain:

/ fovo < 2/ fodvy < 2ce™".
B, K
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Using that the conditional distribution of x¢ given fo and vq is forg we obtain

P (i%an < —t) <P (o € By) = E (P (20 € Bl fo,0))

=E (/Bt fol/0> < 2ce?

which shows that inf,, X,, is integrable as claimed. O

6.4.3. Probability estimates. Having solved the main technical issues we now repeat
the argument of Lemma [7 replacing the uniform measure 7 with the random mea-
sure vy to obtains the desired estimate on the vg-measure of a sequence of intervals
shrinking to xg.

Lemma 11 (Probability of distinguished intervals). Almost surely one has

lim 1 log —n(l-n) =K
n——+oo N VO(Tflo---onn(I—n)) .

Proof. For each k € Zandn=1,2,...let Jy,, =Tp—1 00 Tj_pn(Tk—n),

Ti—1vk—1(Jk n))
Xppn=log| ——————= ],
. & < Vi (Jk,n)
and p
Th1VE—1
X, =1 —_— .
k 0og ( vy (%))

Notice that for each n the sequence X}, is stationary and almost surely
hmn~>+oo Xk,n = Xj.

Furthermore sup,, | Xk, | is integrable by Lemma [I0]

Applying Maker’s theorem as in lemma [7] almost surely one has

dT—k 1V_k—1
:1 1 e —
" nﬂ;nZ ( S o)
:nBTMZXk

= lim E X_ k,n—k
n~>+oo’n,

= lim 10 Vonlon)
 noYoom & vo(T—qo0---0T_n(I-p)) ’

as claimed. 0

A technical issue in what follows is that the asymptotic lower bound for vo(T_; o
-~oT_,(I_,)) just obtained, is bad when v_,,(I_,) is small. However, in view of
Lemmal6l v_,,(I-,) > 1/2 ‘half of the time’, and this suffices for our needs.

6.5. Proof of Theorem [2l Let ny < ng < --- be the (random) sequence of values
of n for which v_,,(I_,,) > 1/2. By Lemma [f] this occurs with probability at least
1/2 for each fixed n. Hence, by the ergodic theorem, taking a subsequence we may
assume that ny = 2k + o(k) almost surely.

For each k let Jy = (T—10---0T_,, )Y (I_n,)-

Fix € > 0 and let r, = exp(—(x + €)n) and R,, = exp(—(x — €)n).
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Choose two integer valued functions £(r) < k(r) such that
(1 — ¢)log(r)

)= —~— /o) 1
(1) = =gt + oflog(r)
" (1+ 9 log(r)
—1 +¢€)log(r
k(r) = ———————= + o(log(r
() =~ g gy ollog(r)
asr — 0.
Notice that eventually one has R, < r < ry,,, and therefore by Lemma [T]

almost surely

i) C BRWT) (xo) C B, C B C Jory,

()
for all 7 small enough.
Combining these facts one obtains the bounds

—log(vo(Jewr)) _ —log(no(Br(0))) _ —log(o(Jir))
- 1Og(Rnk(T)) N —log(r) - IOg(TTLz(r))
By Lemma [IT] almost surely
—log(vo(Jx)) = knk + o(k),

when k — +o0.
This implies that almost surely
[0 < dim, (v) < dimg, (v) < M
Xt e ’ X €
By intersecting over the corresponding full measure sets for a countable sequence
€, — 0 one obtains that almost surely vy is exact dimensional with dimension x/x
as claimed.
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