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TILTING MODULES, DOMINANT DIMENSIONS AND

BRAUER-SCHUR-WEYL DUALITY

JUN HU AND ZHANKUI XIAO

Abstract. In this paper we use the dominant dimension with respect to a
tilting module to study the double centraliser property. We prove that if A is
a quasi-hereditary algebra with a simple preserving duality and T is a faithful
tilting A-module, then A has the double centralizer property with respect
to T . This provides a simple and useful criterion which can be applied in
many situations in algebraic Lie theory. We affirmatively answer a question of
Mazorchuk and Stroppel by proving the existence of a unique minimal basic
tilting module T over A for which A = EndEndA(T )(T ). As an application, we

establish a Schur-Weyl duality between the symplectic Schur algebra Ssy
K (m,n)

and the Brauer algebra Bn(−2m) on the space of dual partially harmonic
tensors under certain condition.

1. Introduction

Let k be a field. Let A be a finite dimensional k-algebra with identity element.
Let A-mod be the category of finite dimensional left A-modules. For any M ∈
A-mod, we use add(M) to denote the full subcategory of direct summands of finite
direct sums of M .

Let T ∈ A-mod. We define A′ := EndA(T ). Then T ∈ A′-mod. We next define
A′′ := EndA′(T ). Then there is a canonical algebra homomorphism A → A′′.
Similarly, we define A′′′ := EndA′′(T ). It is well-known that the canonical algebra
homomorphism A′ → A′′′ is an isomorphism.

Definition 1.1. Let T ∈ A-mod. We say A has the double centraliser property
with respect to T if the canonical algebra homomorphism A → A′′ is surjective.

Example 1.2. Let AA be the left regular A-module. Then A has the double
centraliser property with respect to AA. In fact, A′ = Aop and A′′ = A.

Example 1.3. If P ∈ A-mod is a progenerator, then A has the double centraliser
property with respect to P .

The double centralizer property plays a central role in many part of the represen-
tation theory in algebraic Lie theory. For example, the Schur-Weyl duality between
the general linear group GL(V ) and the symmetric group Sr on the r-tensor space
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V ⊗r ([65], [8], [15]) implies that the Schur algebra S(n, r) has the double central-
izer property with respect to V ⊗r. Similarly, the Schur-Weyl duality between the
symplectic group Sp(V ) (resp., orthogonal group O(V )) and the specialized Brauer
algebra Bn(− dimV ) (resp., Bn(dimV )) on the n-tensor space V ⊗n ([5], [6], [15],
[17], [27]) implies that the symplectic Schur algebra (resp., the orthogonal Schur
algebra) has the double centralizer property with respect to V ⊗n. For quantized
version of these classical Schur-Weyl dualities, we refer the readers to [9], [28], [29],
[36], [40] and [45]. The combinatorial V-functor (due to Soergel [60]) plays a crucial
role in the study of the principal blocks of the BGG category O of any semisimple
Lie algebras. The key property of this functor relies on the double centralizer prop-
erty of the corresponding basic projective-injective module. A similar idea is used
in the study of the category O of the rational Cherednik algebras [33]. For more
examples and applications of the double centralizer property in higher Schur-Weyl
duality, quantum affine Schur-Weyl duality, etc., we refer the readers to [7], [10]
and [16].

If T ∈ A-mod is a faithful A-module, then the double centralizer property of T
is often closely related to the fully faithfulness of the hom functor HomA(T,−) on
projectives. Recall that the hom functor HomA(T,−) is said to be fully faithful on
projectives if for any projective modules P1, P2 ∈ A-mod, the natural map

θ : HomA(P1, P2) → Hom(EndA(T ))op(HomA(T, P1),HomA(T, P2))

f �→ θf : h �→ f ◦ h.
is an isomorphism.

For a faithful A-module T , it is well-known that A has the double centraliser
property with respect to T if and only if the hom functor HomA(T,−) is fully
faithful on injectives. The following result relates the double centralizer property
of T to the fully faithfulness of the hom functor HomA(T,−) on projectives and we
leave its proof to the readers.

Lemma 1.4. Suppose that A has an anti-involution ∗. Let M be a faithful projec-
tive submodule of the left regular A-module A such that M = Ae, where 0 �= e ∈ A is
an idempotent with e∗ = e. Then A has the double centralizer property with respect
to M if and only if the hom functor HomA(M,−) is fully faithful on projectives.

Let T ∈ A-mod be a faithful A-module. When T is not semisimple, it is often
difficult to check the double centralizer property of A with respect to T (i.e., whether
A = EndEndA(T )(T ) or not) directly. König, Slung̊ard and Xi in [46] studied the
double centralizer property using the notion of dominant dimension. To state their
result, we recall the following definition.

Definition 1.5 ([46, 2.5]). Let C be a subcategory of A-mod. Let M ∈ A-mod
and C ∈ C. A homomorphism f : M → C is called a left C-approximation of M
if and only if the induced morphism HomA(f,−) : HomA(C,D) → HomA(M,D) is
surjective for all objects D in C.
Remark 1.6.

(1) For any finite dimensional k-modules M,T ∈ A-mod, if HomA(M,T ) has
k-dimension n, then any homomorphism M → T⊕n is a left add(T )-approximation
of M .

(2) Let 1 ≤ r ∈ N. Since there is a Morita equivalence between EndA(T ) with
EndA(T

⊕r) which sends the EndA(T )-module T to the EndA(T
⊕r)-module T⊕r, it
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follows that

EndEndA(T⊕r)(T
⊕r) ∼= EndEndA(T )(T ).

Definition 1.7 ([46, 2.1]). Let T,X ∈ A-mod. Then the dominant dimension of X
relative to T is the supremum of all n ∈ N such that there exists an exact sequence

0 → X → T1 → T2 → · · · → Tn,

with all Ti in add(T ).

The following theorem gives a necessary and sufficient condition for which A has
the double centraliser property with respect to a faithful A-module T .

Theorem 1.8 ([46, 2.8], [4, 2.1], [63]). Let T ∈ A-mod. Then the canonical map
A → EndEndA(T )(T ) is an isomorphism if and only if there exists an injective left

add(T )-approximation 0 → A
δ→ T⊕r which can be continued to an exact sequence

0 → A
δ→ T⊕r ε→ T⊕s for some r, s ∈ N.

In particular, the above condition means that there exists an injective left add(T )-
approximation of A and the T -dominant dimension of A is at least two. In general,
it is relatively easy to make δ into an add(T )-approximation, but it is hard to
show that the cokernel of the map δ can be embedded into T⊕s for some s ∈ N.
By the way, the above theorem actually holds for any finitely generated algebra
over a commutative noetherian domain, though we only concentrate on the finite
dimensional algebras over a field in this paper.

The starting point of this work is to look for a simple and effective way to
verify the above-mentioned embedding property of the cokernel of the map δ. In
many examples of double centralizer property arising in algebraic Lie theory, T is
often a tilting module over a finite dimensional quasi-hereditary algebra or even
a standardly stratified algebra. The following theorem, which gives a sufficient
condition for the double centralizer property with respect to a tilting module over
a finite dimensional standardly stratified algebra, is the first main result of this
paper.

Theorem 1.9. Let A be a finite dimensional standardly stratified algebra in the
sense of [12]. Let T ∈ A-mod be a tilting module. Suppose that there is an integer
r ∈ N such that for any λ ∈ Λ+, there is an embedding ιλ : Δ(λ) ↪→ T⊕r as well as
an epimorphism πλ : T⊕r � ∇(λ) as A-modules, then T is a faithful module over
A and A has the double centraliser property with respect to T . That is,

A = EndEndA(T )

(
T
)
.

Note that any quasi-hereditary algebra over a field is an example of standardly
stratified algebras. Our second and third main results focus on the finite dimen-
sional quasi-hereditary algebra with a simple preserving duality. The second main
result of this paper gives a simple criterion on T for which A has the double cen-
tralizer with respect to T .

Theorem 1.10. Let A be a quasi-hereditary algebra with a simple preserving duality
◦. Let T be a faithful tilting module in A-mod. Then A has the double centralizer
property with respect to T . In particular, the T -dominant dimension of A is at least
two.
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By [53, Corollary 2.4], there exists a faithful basic tilting module T ∈ A-mod
such that A = EndEndA(T )(T ). The following theorem is the third main result of
this paper, which affirmatively answer a question of Mazorchuk and Stroppel (see
[53, Remark 2.5]) on the existence of minimal basic tilting module T for which A
has the double centralizer property.

Theorem 1.11. Let A be a quasi-hereditary algebra with a simple preserving du-
ality. Then there exists a unique faithful basic tilting module T ∈ A-mod such
that

(1) A = EndEndA(T )(T ); and
(2) if T ′ is another faithful tilting module satisfying A = EndEndA(T ′)(T

′), then
T must be a direct summand of T ′.

The fourth main result of this paper deals with a concrete situation of Brauer-
Schur-Weyl duality related to the space of dual partially harmonic tensors. We
refer the readers to Section 4 for unexplained notations below.

Theorem 1.12. Suppose that charK > min{n − f + 2m,n}. Then there is an
exact sequence of Ssy

K (m,n)-module homomorphisms:

(1.13) 0 → Ssy
f,K(m,n)

δf,K→ (V ⊗n
K /V ⊗n

K B
(f)
n,K)⊕r εf,K→ (V ⊗n

K /V ⊗n
K B

(f)
n,K)⊕s,

such that the map δf,K is a left add(V ⊗n
K /V ⊗n

K B
(f)
n,K)-approximation of Ssy

f,K(m,n).

In particular, the natural map Ssy
K (m,n) → End

Bn,K/B
(f)
n,K

(V ⊗n
K /V ⊗n

K B
(f)
n,K) is sur-

jective.

The content of the paper is organised as follows. In Section 2, we first recall the
notions of standardly stratified algebras and their basic properties and then give
the first main result Theorem 1.9 of this paper. In Section 3, we shall focus on the
quasi-hereditary algebra with a simple preserving duality. Proposition 3.6 is a key
step in the proof of the second main result (Theorem 1.10) of this paper. The proof
of Proposition 3.6 makes use of a homological result [52, Corollary 6] of Mazorchuk
and Ovsienko for properly stratified algebras. The proof of the third main result
Theorem 1.11 is also given in this section. As a remarkable consequence of Theorem
1.11, we obtained in Corollary 3.15 that the existence of a unique minimal faithful
basic tilting module T ∈ A-mod such that any other faithful tilting module T ′ ∈
A-mod must have T as a direct summand. In Section 4, we use the tool of dominant
dimension to study the Schur-Weyl duality between the symplectic Schur algebra

Ssy(m,n) and Bn/B
(f)
n on the space V ⊗n/V ⊗nB

(f)
n of dual partially harmonic

tensors, where V is a 2m-dimensional symplectic space over K, and B
(f)
n is the

two-sided ideal of the Brauer algebra Bn(−2m) generated by e1e3 · · · e2f−1 with
1 ≤ f ≤ [n2 ]. The aim is to prove the surjectivity of the natural map from Ssy(m,n)

to the endomorphism algebra of the space V ⊗n/V ⊗nB
(f)
n as a Bn-module. The

fourth main result Theorem 1.12 of this paper proves this surjectivity under the

assumption charK > min{n − f + 2m,n}. Another surjection from Bn/B
(f)
n to

the endomorphism algebra of the space V ⊗n/V ⊗nB
(f)
n as a KSp(V )-module is

established in an earlier work [41] by the first author of this paper.
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2. Standardly stratified algebras and their tilting modules

The purpose of this section is to give a sufficient condition for the double central-
izer property with respect to a tilting module over a finite dimensional standardly
stratified algebra.

Let K be a field and A be a finite dimensional K-algebra with identity element.
Let {L(λ)|λ ∈ Λ+} be a complete set of representatives of isomorphic classes of
simple modules in A-mod. We always assume that A is split over K in the sense
that EndA(L(λ)) = K for any λ ∈ Λ+. For each λ ∈ Λ+, let P (λ) ∈ A-mod be
the projective cover of L(λ) and I(λ) ∈ A-mod the injective hull of L(λ). For any
M,N ∈ A-mod, we define the trace TrM (N) of M in N as the sum of the images
of all A-homomorphisms from M to N .

Let A be a finite dimensional standardly stratified algebra1 in the sense of [12].
That means, there is a partial preorder “�” on Λ+, and if set (for any λ ∈ Λ+)

P�λ := ⊕μ�λP (μ), P�λ := ⊕μ�λP (μ), Δ(λ) := P (λ)/TrP�λ(P (λ)),

then

(1) the kernel of the canonical surjection P (λ) � Δ(λ) has a filtration with
subquotients Δ(μ), where μ  λ; and

(2) the kernel of the canonical surjection Δ(λ) � L(λ) has a filtration with
subquotients L(μ), where μ � λ.

We call Δ(λ) the standard module corresponding to λ. Note that Δ(λ) is the
maximal quotient of P (λ) such that [Δ(λ) : L(μ)] = 0 for all μ  λ. In particular,
hdΔ(λ) ∼= L(λ). We define the proper standard module Δ(λ) to be

Δ(λ) := P (λ)/TrP�λ(radP (λ)),

which is the maximal quotient of P (λ) satisfying [radΔ(λ) : L(μ)] = 0 for all μ � λ.
It is clear that there is a natural surjection βλ : Δ(λ) � Δ(λ).

Similarly, let I�λ := ⊕μ�λI(μ), I
�λ := ⊕μ�λI(μ), we define the proper co-

standard module ∇(λ) to be the preimage of⋂
f :I(λ)/ soc I(λ)→I�λ

Ker f

under the canonical epimorphism I(λ) � I(λ)/ soc I(λ). Then ∇(λ) is the maximal
submodule of I(λ) satisfying [∇(λ)/ soc∇(λ) : L(μ)] = 0 for all μ � λ. Note that
soc∇(λ) = soc I(λ) ∼= L(λ). We define the costandard module ∇(λ) to be

∇(λ) :=
⋂

f :I(λ)→I�λ

Ker f,

which is the maximal submodule of I(λ) such that [∇(λ) : L(μ)] = 0 for all μ  λ.
In particular, there is a natural embedding αλ : ∇(λ) ↪→ ∇(λ).

We use F(Δ) (resp., F(∇)) to denote the full subcategory of A-mod given by all
A-modules having a filtration with all subquotients of the filtration being isomor-
phic to Δ(λ) (resp., ∇(λ)) for some λ ∈ Λ+. In [31], Frisk developed the theory of
tilting module for standardly stratified algebra. Recall that by a tilting module we
mean an object in F(Δ)∩F(∇). Let {T (λ)|λ ∈ Λ+} be a complete set of pairwise
non-isomorphic indecomposable tilting modules in A-mod.

1Another slightly different class of standardly stratified algebras was introduced and studied
in [1,2] under the same name.
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Lemma 2.1 ([31, Lemma 6, Theorems 9,13]). Let λ, μ ∈ Λ+ and i ∈ N. Let
M ∈ A-mod. Then

(1) M ∈ F(Δ) if and only if Ext1A(M,∇(ν)) = 0 for any ν ∈ Λ+;
(2) M ∈ F(∇) if and only if Ext1A(Δ(ν),M) = 0 for any ν ∈ Λ+;
(3) we have

ExtiA(Δ(λ),∇(μ)) = δi0δλ,μK;

(4) A ∈ F(Δ).

Proof. (1), (2) and (3) all follow from [31, Lemma 6, Theorems 9,13], while (4)
follows from (1) because A is projective and hence Ext1A(A,N) = 0 for any N ∈
A-mod. �

Lemma 2.2. Let 0 → M1
ι→ M

π→ M2 → 0 be a short exact sequence in
A-mod. Let T ∈ A-mod such that the induced natural map ι∗ : HomA(M,T ) →
HomA(M1, T ) is surjective and there are embeddings ι1 : M1 ↪→ T⊕a, ι2 : M2 ↪→
T⊕b as A-modules for some a, b ∈ N. Then there is an embedding ι0 : M ↪→ T⊕a+b

as A-modules.

Proof. By assumption, it is clear that the induced natural map ιa,∗ : HomA(M,T⊕a)
→ HomA(M1, T

⊕a) is surjective too. Hence there exists ι̂1 ∈ HomA(M,T⊕a) such
that ιa,∗(ι̂1) = ι1. In other words,

(2.3) ι̂1(ι(y)) = ι1(y), ∀ y ∈ M1.

We now define a map ι0 : M → T⊕a+b = T⊕a ⊕ T⊕b as follows:

x �→
(
ι̂1(x), ι2(π(x))

)
, ∀x ∈ M.

It is easy to check that ι0 is an injective homomorphism in A-mod. This completes
the proof of the lemma. �

Lemma 2.4. Let i : N1 ↪→ N2 be an embedding in A-mod. Let 0 → M ′ ι→
M

π→ M ′′ → 0 be a short exact sequence in A-mod. Suppose that the natural map
HomA(N2,M) → HomA(N2,M

′′) and the following natural maps

ι′1 : HomA(N2,M
′) → HomA(N1,M

′) ι′2 : HomA(N2,M
′′) → HomA(N1,M

′′),

are all surjective. Then the natural map ι′0 : HomA(N2,M) → HomA(N1,M) is
surjective too.

Proof. This follows from diagram chasing. �

Now we can give the proof of the first main result of this paper.

Proof of Theorem 1.9. Since A is a projective left A-module, A ∈ F(Δ) by defini-
tion. Applying Lemmata 2.1 and 2.2, we can get an integer a ∈ N and an embedding
δ0 : A ↪→ T⊕a as A-modules. In particular, T⊕a and hence T is a faithful A-module.

Let λ ∈ Λ+. We fix a K-basis {v1, · · · , vmλ
} of ∇(λ). Let πλ : T⊕r � ∇(λ) be

the given surjection. For each 1 ≤ j ≤ mλ, we fix an element uj ∈ T⊕r such that
πλ(uj) = vj , and we denote by δλj the following left A-module homomorphism:

δλj : A → T⊕r, x �→ xuj , ∀x ∈ A.
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We set r′ := a+
∑

λ∈Λ+ rmλ. We now define a map δ : A → T⊕r′ as follows:

δ : A → T⊕r′ = T⊕a ⊕
⊕
λ∈Λ+

(T⊕r)⊕mλ

x �→ δ0(x)⊕
⊕
λ∈Λ+

(δλ1 (x)⊕ · · · ⊕ δλmλ
(x)), ∀x ∈ A.

Since δ0 is injective, it is clear that δ is injective too. Furthermore, by con-
struction, it is easy to see that each basis element vj ∈ ∇(λ) has a preimage in

HomA(T
⊕r′ ,∇(λ)) under the natural homomorphism

HomA(T
⊕r′ ,∇(λ)) → HomA(A,∇(λ)) ∼= ∇(λ)

induced by δ. In other words, the natural homomorphism HomA(T
⊕r′ ,∇(λ)) →

HomA(A,∇(λ)) ∼= ∇(λ) induced by δ is always surjective. Applying Lemmata
2.1 and 2.4 we can deduce that for any M ∈ F(∇) the natural homomorphism

HomA(T
⊕r′ ,M) → HomA(A,M) induced by δ is always surjective. In particular,

this implies that the injection 0 → A → T⊕r′ is a left add(T )-approximation.

The surjection of HomA(T
⊕r′ ,∇(λ)) → HomA(A,∇(λ)) for any λ ∈ Λ+ and the

fact that

Ext1A(T
⊕r′ ,∇(λ)) = 0

imply that Ext1A(T
⊕r′/A,∇(λ)) = 0 and hence T⊕r′/A ∈ F(Δ) by Lemma 2.1.

Now applying Lemma 2.2 and using the assumption that for any μ ∈ Λ+, Δ(μ) ↪→
T⊕k for some k ∈ N, we can deduce that there is an integer s′ ∈ N such that

T⊕r′/A ↪→ T⊕s′ . In other words, the injective left add(T )-approximation 0 → A
δ→

T⊕r′ can be continued to an exact sequence 0 → A
δ→ T⊕r′ ε→ T⊕s′ . Finally, using

Theorem 1.8, we prove the theorem.

Corollary 2.5. Let A be a finite dimensional standardly stratified algebra such that
the injective hull of Δ(λ) is projective and the projective cover of ∇(λ) is injective
for every λ ∈ Λ+. If T is a projective-injective generator, then A has the double
centraliser property with respect to T .

3. Quasi-hereditary algebra with a simple preserving duality

In this section we shall focus on the finite dimensional quasi-hereditary algebras
over a field with a simple preserving duality. We shall give the proof of the second
and third main results (Theorem 1.10, Theorem 1.11) of this paper for this class of
algebras.

Definition 3.1. We say that A has a simple preserving duality if there exists
an exact, involutive and contravariant equivalence ◦ : A-mod → A-mod which
preserves the isomorphism classes of simple modules.

Let A be a finite dimensional standardly stratified algebra with a simple pre-
serving duality. Then for each λ ∈ Λ+, we have

Δ(λ)◦ ∼= ∇(λ), Δ(λ)◦ ∼= ∇(λ), P (λ)◦ ∼= I(λ).

In particular, A◦ is an injective left A-module.
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Definition 3.2 ([1, 2, 20, 51]). Let A be a finite dimensional standardly stratified
algebra. If � is a partial order on Λ+ and the following conditions are satisfied for
all λ ∈ Λ+:

(1) the kernel of the canonical epimorphism Δ(λ) � L(λ) has a filtration with
subquotients L(μ), μ ≺ λ;

(2) Δ(λ) has a filtration with subquotients Δ(λ),

then we shall call A a properly stratified algebra.

If Δ(λ) = Δ(λ) for each λ ∈ Λ+, then the properly stratified algebra A is a
quasi-hereditary algebra ([11], [21]). In that case, we also have ∇(λ) = ∇(λ) for
any λ ∈ Λ+.

Let M ∈ A-mod. We define dimF(Δ)M to be the minimal integer j such that
there is an exact sequence of the form

0 → Mj → Mj−1 → · · · → M1 → M0 → M → 0,

where Mi ∈ F(Δ) for any 0 ≤ i ≤ j; while if no such integer j exists then we define
dimF(Δ) M := ∞.

Lemma 3.3 ([52, Corollary 6]). Assume that A is a properly stratified algebra
having a simple preserving duality, and such that every tilting A-module is cotilting.
Let M ∈ A-mod with dimF(Δ) M = t < ∞. Then Ext2tA (M,M◦) �= 0.

Lemma 3.4. Let A be a quasi-hereditary algebra with a simple preserving duality ◦.
Let 0 → P → T → K → 0 be a short exact sequence in A-mod with P a projective
A-module and T a tilting A-module. Then we have K ∈ F(Δ).

Proof. Applying the duality functor ◦, we get another short exact sequence

(3.5) 0 → K◦ ↪→ T ◦ � P ◦ → 0.

Suppose that K /∈ F(Δ). Then we must have that dimF(Δ) K = 1. Applying

Lemma 3.3, we get that Ext2A(K,K◦) �= 0.
We have the following long exact sequence of homomorphisms:

· · · → Ext1A(P, T ) → Ext2A(K,T ) → Ext2A(T, T ) → · · · .

Applying Lemma 2.1 and noting that P is projective, we can deduce that Ext1A(P, T )
= 0 = Ext2A(T, T ). It follows that Ext2A(K,T ) = 0. Since A is quasi-hereditary
algebra with a simple preserving duality, we have T (λ)◦ ∼= T (λ) for each λ ∈ Λ+.
It follows that T ◦ ∼= T . Hence Ext2A(K,T ◦) = 0.

On the other hand, from (3.5) we can get another long exact sequence of homo-
morphisms:

· · · → Ext1A(K,P ◦) → Ext2A(K,K◦) → Ext2A(K,T ◦) → · · · .

Since P ◦ is injective, we have Ext1A(K,P ◦) = 0. By the last paragraph, Ext2A(K,T ◦)
= 0. It follows that Ext2A(K,K◦) = 0, which is a contradiction. This proves that
K ∈ F(Δ). �

The following proposition plays a crucial role in the proof of the second and the
third main results of this paper.
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Proposition 3.6. Let A be a quasi-hereditary algebra with a simple preserving
duality ◦. Let T be a tilting module in A-mod. Suppose there is an embedding
ι : A ↪→ T in A-mod. Then we have that T/A ∈ F(Δ) and, for any λ ∈ Λ+, there
exists a surjective homomorphism T⊕mλ � ∇(λ) as well as an injective homomor-
phism Δ(λ) ↪→ T⊕mλ , where mλ := dim∇(λ).

Proof. Applying Lemma 3.4 to the short exact sequence 0 → A
ι
↪→ T � T/A → 0,

we get T/A ∈ F(Δ).
Applying Lemma 2.1, we get that Ext1A(T/A,∇(λ)) = 0 for any λ ∈ Λ+. Thus

we have an exact sequence of homomorphisms:

0 → HomA(T/A,∇(λ)) → HomA(T,∇(λ))
ι∗→ HomA(A,∇(λ))

= ∇(λ) → Ext1A(T/A,∇(λ)) = 0.

It follows that the canonical map ι∗ : HomA(T,∇(λ)) → HomA(A,∇(λ)) = ∇(λ)
induced from ι is surjective.

Let λ ∈ Λ+ and a := ι(1). We fix a K-basis {v1, · · · , vmλ
} of ∇(λ). For each

1 ≤ j ≤ mλ, we can choose a map ρj ∈ HomA(T,∇(λ)), such that vj = ι∗(ρj) =
ρj(a). Now we define a map ρ : T⊕mλ → ∇(λ) as follows:

(w1, · · · , wmλ
) �→

mλ∑
j=1

ρj(wj), ∀ (w1, · · · , wmλ
) ∈ T⊕mλ .

It is clear that ρ is a left A-module homomorphism and vj ∈ Image(ρ) for each 1 ≤
j ≤ mλ. This implies that ρ is a surjective A-module homomorphism. By taking
duality, we also get an injective homomorphism Δ(λ) ↪→ T⊕mλ . This completes
the proof of the proposition. �

Now we can give the proof of our second main result of this paper.

Proof of Theorem 1.10. By assumption, T is a faithful module over A. Then there
exists a natural number r and an embedding δ : A ↪→ T⊕r as A-modules. By
Remark 1.6, δ is an injective left add(T )-approximation of A. Applying Propo-
sition 3.6, we can find a natural number m := max{mλ|λ ∈ Λ+}, and a sur-
jective homomorphism T⊕rm � ∇(λ). Taking duality, we get an embedding
Δ(λ) ↪→ (T⊕rm)◦ ∼= (T ◦)⊕rm ∼= T⊕rm. Thus the theorem follows from Theorem
1.9.

Using Theorem 1.10, we can easily recover many known double centralizer prop-
erties or simplify the proof of the corresponding Schur-Weyl dualities in non-
semisimple or even integral situation.

Example 3.7. Let n, r ∈ N and V be an n-dimensional vector space over an arbi-
trary field K. Let q ∈ K×. Let Hq(Sn) be the Iwahori-Hecke algebra associated
to the symmetric group with Hecke parameter q. There is a natural right action
of Hq(Sn) on V ⊗n ([18]). Let Sq(n, r) := EndHq(Sn)(V

⊗r) be the Dipper-James

q-Schur algebra over K ([18]). Then V ⊗r is a faithful tilting module over Sq(n, r).
As a cellular algebra, Sq(n, r) has an anti-involution ∗ which sends its semistandard
basis ϕST to ϕTS (cf. [50, Proposition 4.13]). It follows from Theorem 1.10 that
Sq(n, r) has the double centralizer property with respect to V ⊗r. In particular, the



832 JUN HU AND ZHANKUI XIAO

V ⊗r-dominant dimension of Sq(n, r) is at least two ([46, Theorem 3.6]). Specializ-
ing q to 1, we also get the double centralizer property of the classical Schur algebra
S(n, r).

Example 3.8. Let n,  ∈ N and ξ,Q1, · · · , Q� ∈ K×. Let Hn = Hn(ξ,Q1, · · ·Qr)
be the non-degenerate cyclotomic Hecke algebra of type G(, 1, n) ([3], [19]). By
definition, Hn is a unital K-algebra generated by T0, T1, · · · , Tn−1 which satisfies
the following relations:

(T0 −Q1) · · · (T0 −Q�) = 0, T0T1T0T1 = T1T0T1T0,

(Ti + 1)(Ti − ξ) = 0, ∀ 1 ≤ i < n,

TjTk = TkTj , ∀ 0 ≤ j < k − 1 ≤ n− 2,

TrTr+1Tr = Tr+1TrTr+1, ∀ 1 ≤ r < n− 1.

For each 1 ≤ m ≤ n, define Lm := Tm−1 · · ·T1T0T1 · · ·Tm−1. For each multicompo-
sition λ = (λ(1), · · · , λ(�)) of n with -components, we set a1 = 0, a2 = |λ(1)|, a3 =

|λ(1)|+ |λ(2)|, · · · , an =
∑n−1

j=1 |λ(j)|, and define

mλ :=
( �∏
k=1

ak∏
m=1

(Lm −Qk)
) ∑

w∈Sλ

Tw,

where Sλ
∼= Sλ(1) × Sλ(2) × · · · × Sλ(�) is the standard Young subgroup of Sn

corresponding to λ.
Let Λ be a subset of the set Cn of all multicompositions of n which have 

components such that if λ ∈ Λ and μ is a multipartition of n such that μ�λ, then
μ ∈ Λ, where � is the dominance partial order on Cn defined in [50]. Let Λ+ be
the set of multipartitions in Λ. We define the cyclotomic tensor space

M :=
⊕
λ∈Λ

mλHn,

and define the cyclotomic q-Schur algebra

Sn := EndHn
(M).

By [19], we know that Sn is a cellular and quasi-hereditary algebra. By [47, Lemma
4.8], M is a faithful tilting module over Sn. Applying Theorem 1.10, we get that
Sn has the double centralizer property with respect to M . That is,

EndEndSn (M)(M) = Sn.

This recovers the result [47, Theorem 4.10].

Example 3.9. Let m,n ∈ N and q ∈ K×. Let Uv(sp2m) be Drinfeld-Jimbo’s
quantized enveloping algebra of the symplectic Lie algebra sp2m(C) over the ratio-
nal functional field Q(v). Let Uq(sp2m) := K ⊗Z[v,v−1] Uv(sp2m), where Uv(sp2m)

is Lusztig’s Z[v, v−1]-form of Uv(sp2m), K is regarded as a Z[v, v−1]-algebra by
specializing v to q. Let V ∼= L(ε1) be the 2m-dimensional natural representation of
Uq(sp2m). Let Bn,q = Bn(−q2m+1, q) be the specialized Birman-Murakami-Wenzl
algebra over K. We refer the readers to [42] for its precise definition. There is a
natural right action of Bn,q on V ⊗n which commutes with the natural left action
of Uq(sp2m). Let Ssy

q (m,n) := EndBn,q
(V ⊗n) be associated the symplectic q-Schur

algebra. By [55], we know that Ssy
q (m,n) is cellular and quasi-hereditary. More-

over, V ⊗n is a faithful tilting module over Ssy
q (m,n). Applying Theorem 1.10, we
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get that Ssy
q (m,n) has the double centralizer property with respect to V ⊗n. That

is,

EndEndS
sy
q (m,n)(V

⊗n)(V
⊗n) = Ssy

q (m,n).

In particular, the V ⊗n-dominant dimension of Ssy
q (m,n) is at least two. Specializing

q to 1, we also get the double centralizer property of the classical symplectic Schur
algebra Ssy(m,n) ([54]).

The following example is an easier case of the double centralizer property which
was already well known before (cf. [46, Section 2.3]).

Example 3.10. Let g be an arbitrary complex semisimple Lie algebra with root
system Φ and the set Π of simple roots. Let g = n− ⊕ h ⊕ n+ be a triangular
decomposition of g and W the Weyl group of g. Let O be the Bernstein-Gelfand-
Gelfand (BGG) category which consists of finitely generated U(g)-modules which
are h-semisimple and locally U(n)-finite ([43]). For any w ∈ W,λ ∈ h∗, we define
w · λ = w(λ + ρ) − ρ, where ρ is the half sum of all positive roots. Let I ⊂ Π be
a subset of Π and p := pI the associated standard parabolic subalgebra of g. Let
pI = lI ⊕ uI be the Levi decomposition of p. Let Op denote the corresponding
parabolic BGG category [58] which is a full subcategory of O consisting of modules
which are U(lI)-semisimple and locally U(uI)-finite. For each λ ∈ h∗, let Oλ be
the Serre subcategory of O which is generated by L(x · λ) for all x ∈ W , let
Op

λ := Oλ ∩ Op. The simple module L(λ) lies in Op if and only if λ ∈ Λ+
I := {λ ∈

h∗|〈λ, α∨〉 ∈ Z≥0, ∀α ∈ I}. For λ ∈ Λ+
I , let MI(λ) denote the parabolic Verma

module with highest weight λ and PI(λ) denote the projective cover of L(λ) in Op.
Suppose that λ ∈ Λ+

I is an integral weight. Let

PI,λ :=
⊕

w∈W,w·λ∈Λ+
I

PI(w · λ)

be a progenerator of Op

λ. Set Ap

λ := EndO(PI,λ). Then Op

λ ∼ (Ap

λ)
op-mod. It

is well-known that Ap

λ is a quasi-hereditary basic algebra equipped with an anti-
involution ∗ (see [43, Chapter 1]). In particular, Ap

λ-mod has a simple preserving
duality and each indecomposable projective over Ap

λ can be generated by an ∗-fixed
primitive idempotent.

A weight w · λ ∈ Λ+
I is called socular if L(w · λ) occurs in the socle of some

parabolic Verma module MI(x · λ). By a result of Irving, PI(w · λ) is injective if
and only if w · λ is socular. We define

QI,λ :=
⊕
w∈W

w · λ is socular

PI(w · λ).

Since each PI(w · λ) has a standard filtration, each simple module in the socle
of PI(w · λ) is labelled by a socular weight. It follows that the injective hull of
each PI(w · λ) is a projective-injective module. Thus the basic algebra Ap

λ can be
embedded into a direct sum of some copies of the basic projective-injective (hence
tilting) module HomO(PI,λ, QI,λ). In particular, HomO(PI,λ, QI,λ) is a faithful
tilting module over Ap

λ. Applying Corollary 2.5, we get that Ap

λ has the double
centralizer property with respect to HomO(PI,λ, QI,λ). In particular, by Lemma
1.4 the hom functor HomO(QI,λ,−) is fully faithful on projectives. This recovers
earlier results of [60, Struktursatz 9] and [62, Theorem 10.1].
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Using Theorem 1.10, it is possible to simplify the proof of Schur-Weyl dualities
in many non-semisimple situations. General speaking, we have two algebras A,B
and an (A,B)-bimodule M . By a Schur-Weyl duality between A and B on the
bimodule M we mean that the following two canonical maps:

(3.11) ϕ : A → EndB(M), ψ : B → EndA(M),

are both surjective.
Suppose that there is a Schur-Weyl duality between A and B on the bimodule

M . That says, both ϕ and ψ are surjective. Then it is obvious that A has the
double centralizer property with respect to M and B has the double centralizer
property with respect to M .

Conversely, if we can show that the image of ϕ in EndB(M) is a quasi-hereditary
algebra with a simple preserving duality, then the surjectivity of ϕ will follow from
the surjectivity of ψ and applying Theorem 1.10. This is because in that case we
have

A � Image(ϕ) = EndEndImage(ϕ)(M)(M) = EndEndA(M)(M) = EndB(M).

This is indeed the case as in many examples of Schur-Weyl dualities, where A
often has a highest weight theory with M being a tilting module over A, and B
is a diagrammatic algebra (symmetric or cellular). It is usually easier to handle
the endomorphism algebra EndA(M) than to handle the endomorphism algebra
EndB(M).

Example 3.12. Let G be a classical group over an algebraically closed field K
with the natural module V . Following [35] and [25, §2.2], we define Sr(G) :=
Ar(G)∗, where Ar(G) is the coefficient space of V ⊗r (which is a coalgebra) in the
coordinate algebraK[G]. TheK-algebra Sr(G) is isomorphic to the image ofKG in
EndK(V ⊗r) and hence acts faithfully on V ⊗r. When the set of dominant weights in
V ⊗r is saturated in the sense of [24, A3], then Sr(G) is a generalised Schur algebra.
In particular it is quasi-hereditary. If furthermore V ⊗r is a faithful tilting module
over Sr(G) then we can apply Theorem 1.10.

In the type A case, let G = GL(V ), the general linear group on V , and n :=
dimV . The Schur-Weyl duality betweenKGL(V ) and the symmetric group algebra
KSr on V ⊗r means that we have the following two surjective homomorphisms:

ϕ : KGL(V ) � EndKSr
(V ⊗r), ψ : KSr � EndKGL(V )(V

⊗r).

In this case, the set of dominant weights in V ⊗r is

Λ+(n, r) = {λ = λ1ε1 + · · ·+ λnεn|
n∑

i=1

λi = r, λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0, λi ∈ Z, ∀ i},

which is saturated, V ⊗r is a faithful tilting module over the image of ϕ.
In the type C case, let V be a 2m-dimensional symplectic space, G = Sp(V ), the

symplectic group on V . The Schur-Weyl duality between KSp(V ) and the special-
ized Brauer Bn,K(−2m) on V ⊗n means that we have the following two surjective
homomorphisms:

ϕ : KSp(V ) � EndBn,K(−2m)(V
⊗n), ψ : Bn,K(−2m) � EndKSp(V )(V

⊗n).
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In this case, the set of dominant weights in V ⊗n is

{λ = λ1ε1 + · · ·+ λmεm|
m∑
i=1

λi = n− 2f, 0 ≤ f ≤ [n/2],

λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0, λi ∈ Z, ∀ i},

which is saturated, V ⊗n is a faithful tilting module over the image of ϕ.
In the type D case, we assume charK �= 2 and m ≥ 2. Let V be a 2m-

dimensional orthogonal space, G = SO(V ), the special orthogonal group on V . In
this case, Donkin ([25, §2.5]) has shown that the set of dominant weights in V ⊗n

is again saturated, and V ⊗n is a faithful tilting module over the image of KSO(V )
in EndK(V ⊗n). In particular, we see the image has the double centralizer property
with respect to V ⊗n by Theorem 1.10. That is, we have the following natural
surjective homomorphism:

ϕ : KSO(V ) � EndEndKSO(V )(V ⊗n)(V
⊗n).

Note that the image of KO(V ) in EndK(V ⊗n) is not necessarily equal to the
image of KSO(V ), and EndKSO(V )(V

⊗n) in general does not coincide with

EndKO(V )(V
⊗n) in this case.

In the type B case, we assume charK �= 2 and m ≥ 2. Let V be a 2m + 1-
dimensional orthogonal space, G = SO(V ), the special orthogonal group on V . In
this case, the set of dominant weights in V ⊗n is in general not saturated. Donkin
([25, §2.5]) has given a sufficient condition in [25, Page 108,(H)] under which the
image of KSO(V ) in EndK(V ⊗n) is quasi-hereditary. However, in this case, O(V )
is generated by SO(V ) and an involution θ, and θ acts as − id on V ⊗n. So the
image of KO(V ) in EndK(V ⊗n) coincides with the image of KSO(V ). Moreover,
EndKSO(V )(V

⊗n) = EndKO(V )(V
⊗n). Thus by [27, Theorem 1.2] we can still get

the following natural surjective homomorphism:

ϕ : KSO(V ) � EndEndKSO(V )(V ⊗n)(V
⊗n).

Remark 3.13. Let g be a complex semisimple Lie algebra. Let U(g) be the universal
enveloping algebra of g over Q. Let UZ(g) be the Kostant Z-form of U(g). For any
field K, we define UK(g) := K ⊗Z UZ(g). The discussion in the above example
should also work if we replace KG by UK(g), see [25, §3]. Furthermore, we remark
that the argument of [25, §3] should also work if we replace UK(g) with the Lusztig’s
Z[v, v−1]-form of the Drinfeld-Jimbo quantized enveloping algebra of g. In that case,
the idea of using Theorem 1.10 should be able to simplify the lengthy argument in
[40] and to provide a proof of the quantized integral Schur-Weyl dualities in the
orthogonal cases as well. Details will be appeared elsewhere.

Let {T (λ)|λ ∈ Λ+} be a complete set of pairwise non-isomorphic indecomposable
tilting modules over A. Recall that the tilting module ⊕λ∈Λ+T (λ) is called the
characteristic tilting module over A. By a well-known result of Ringel, we know
that A has the double centraliser property with respect to the characteristic tilting
module. Note that the characteristic tilting module is a basic tilting module in the
sense of the following definition.
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Definition 3.14. Let T ∈ A-mod be a tilting module. If T is a direct sum of some
pairwise non-isomorphic indecomposable tilting modules, then we say that T is a
basic tilting module. In general, if T = ⊕λ∈Λ+T (λ)⊕rλ , where rλ ∈ N for each λ,
then we define

Tbasic := ⊕λ∈Λ+

rλ>0

T (λ).

In [53, Remark 2.5], Mazorchuk and Stroppel proposed a question about whether
there exists a minimal basic tilting module with respect to which one has the double
centraliser property. In the rest of this section we shall give the proof of Theorem
1.11, which affirmatively answers this question.

Proof of Theorem 1.11. Let T̃ := ⊕λ∈Λ+T (λ) be the characteristic tilting module

over A. Then R(A) := EndA(T̃ ) is the Ringel dual of A, which is again a quasi-
hereditary algebra over K. We consider the contravariant Ringel dual functor

R := HomA(−, T̃ ) : A-mod → EndA(T̃ )-mod ([57]):

M �→ R(M) = HomA(M, T̃ ), ∀M ∈ A-mod .

By [53, Proposition 2.1], R maps tilting modules to projective modules, and maps
projective modules to tilting modules and R defines an equivalence of subcategories
R : F(ΔA) ∼= F(ΔR(A)), where the ΔA means the standard objects in A-mod and
ΔR(A) means the standard objects in R(A)-mod.

Let P̃ be the projective cover of T̃ in R(A)-mod. Then R−1(P̃ ) is a tilting

module in A-mod. We define T :=
(
R−1(P̃ )

)
basic

. Let r′ ∈ N such that R−1(P̃ )

is a direct summand of T⊕r′ . Let φ : P̃⊕r � T̃ be a surjective homomorphism in

R(A)-mod. Since P̃⊕r′ , T̃ ∈ F(ΔR(A)), it follows that Kerφ ∈ F(ΔR(A)). Thus

0 −→ Kerφ
ι−→ P̃⊕r′ π−→ T̃ −→ 0

is an exact sequence in F(ΔR(A)). Applying the inverse of the Ringel dual functor
R, we get that

0 −→ A
R−1(π)−→ (R−1(P̃ ))⊕r′ R−1(ι)−→ R−1(Kerφ) −→ 0

is an exact sequence in F(ΔA).

By definition, T :=
(
R−1(P̃ )

)
basic

. Thus there exist N ∈ A-mod and r′ ≤ r ∈ N,
such that

(R−1(P̃ ))⊕r′ ⊕N = T⊕r.

We use ι0 : A ↪→ T⊕r to denote the composition of R−1(π) with the natural

injection (R−1(P̃ ))⊕r′ ↪→ T⊕r. Thus T⊕r and hence T must be faithful tilting
modules over A. Now applying Theorem 1.10 and Remark 1.6, we can deduce that
A = EndEndA(T )(T ).

Now suppose that T ′ is another faithful tilting module satisfying

A = EndEndA(T ′)(T
′).

Let s ∈ N such that A ↪→ (T ′)⊕s. Applying Proposition 3.6, we can get an exact
sequence in F(ΔA):

0 → A ↪→ (T ′)⊕s � (T ′)⊕s/A → 0.
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Applying the Ringel dual functor R, we get that

0 → R((T ′)⊕s/A) ↪→ R(T ′)⊕s h� T̃ → 0

is an exact sequence in F(ΔR(A)).
Note that R(T ′) is a projective module in R(A)-mod. The surjectivity of h in the

above exact sequence implies that R(T ′)⊕s must contains P̃ as its direct summand.

That says, R(T ′)⊕s ∼= P̃ ⊕ P̃ ′. Applying the inverse of the Ringel dual functor R,

we get that (T ′)⊕s ∼= R−1(P̃ ) ⊕ R−1(P̃ ′). By construction, T :=
(
R−1(P̃ )

)
basic

.

This implies that T must be isomorphic to a direct summand of T ′. This completes
the proof of the theorem.

Corollary 3.15. Let A be a quasi-hereditary algebra with a simple preserving du-
ality. Then there exists a unique minimal faithful basic tilting module T ∈ A-mod
such that any other faithful tilting module T ′ ∈ A-mod must have T as a direct
summand.

Remark 3.16. In fact, the same argument can be used to show that Theorems 1.10
and 1.11 are true for properly stratified algebra A which has a simple preserving
duality and that every tilting A-module is cotilting.

4. Brauer-Schur-Weyl duality for dual partially harmonic spaces

In this section, we shall apply the results in last section to the study of Brauer-
Schur-Weyl duality for dual partially harmonic spaces.

The notion of Brauer algebra was first introduced in [5] when Richard Brauer
studied the decomposition of symplectic tensor spaces and orthogonal tensor spaces
into direct sums of irreducible modules. Since then there have been a lot of study on
the structure and representation of Brauer algebras, see [13,14,26,37–39,49,56,59,
64] and references therein. In this section we only concern about these Brauer alge-
bras with special parameters which play a role in the setting of Brauer-Schur-Weyl
duality of type C. Let m,n ∈ Z≥1. The Brauer algebra Bn,Z = Bn(−2m)Z
with parameter −2m over Z is a unital associative Z-algebra with generators
s1, . . . , sn−1, e1, . . . , en−1 and relations (see [30]):

s2i = 1, e2i = (−2m)ei, eisi = siei = ei, ∀ 1 ≤ i ≤ n− 1,

sisj = sjsi, siej = ejsi, eiej = ejei, ∀ 1 ≤ i < j − 1 ≤ n− 2,

sisi+1si = si+1sisi+1, eiei+1ei = ei, ei+1eiei+1 = ei+1, ∀ 1 ≤ i ≤ n− 2,

siei+1ei = si+1ei, ei+1eisi+1 = ei+1si, ∀ 1 ≤ i ≤ n− 2.

It is well-known that Bn,Z is a free Z-module of rank (2n − 1)!! = (2n − 1) ·
(2n− 3) · · · 3 · 1. For any field K, we define Bn,K := K ⊗Z Bn,Z.

Alternatively, the Brauer algebraBn,K can be defined in a diagrammatic manner
[5]. Recall that a Brauer n-diagram is a graph with 2n vertices arranged in two
rows (each of n vertices) and n edges such that each vertex is incident to exactly
one edge. Then Bn,K can be defined as the K-linear space with basis the set Bdn
of all the Brauer n-diagrams. The multiplication of two Brauer n-diagrams D1 and
D2 is defined by the concatenation of D1 and D2 as follows: placing D1 above D2,
identifying the vertices in the bottom row of D1 with the vertices in the top row of
D2, removing the interior loops in the concatenation and obtaining the composite
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Brauer n-diagram D1 ◦D2, writing n(D1, D2) the number of interior loops, we then
define the multiplication D1 ·D2 := (−2m)n(D1,D2)D1 ◦D2.

For a Brauer n-diagram, we label the vertices in the top row by 1, 2, . . . , n from
left to right and the vertices in the bottom row by 1, 2, . . . , n also from left to right.
The two definitions of Brauer algebra Bn,K can be identified as follows:

si = · · · · · ·

i

i i+ 1

i+ 1

and ei = · · · · · ·

i

i i+ 1

i+ 1

Let K be an infinite field. By [5, 15, 17], there is a Brauer-Schur-Weyl duality
between the symplectic group Sp2m(K) and the Brauer algebra Bn,K on certain
tensor space. To recall the result we need some more notations. Let VZ be a free
Z-module of rank 2m. For each integer 1 ≤ i ≤ 2m, set i′ := 2m+1−i. Let {vi}2mi=1

be a Z-basis of V . Let 〈 , 〉 be a skew symmetric bilinear form on VZ such that

〈vi, vj〉 = 0 = 〈vi′ , vj′〉, 〈vi, vj′〉 = δij = −〈vj′ , vi〉, ∀ 1 ≤ i, j ≤ m.

For each integer 1 ≤ i ≤ 2m, we define

(4.1) v∗i =

{
vi′ , if 1 ≤ i ≤ m;

−vi′ , if m+ 1 ≤ i ≤ 2m.

Then {vi}2mi=1 and {v∗j }2mj=1 are dual bases of VZ in the sense that 〈vi, v∗j 〉 = δij for
any i, j. We define V := K⊗ZVZ and abbreviate 1K⊗Zvi by vi for each 1 ≤ i ≤ 2m.
There is a natural right action of Bn,K on V ⊗n which is defined on generators by

(vi1 ⊗ · · · ⊗ vin)sj := −(vi1 ⊗ · · · ⊗ vij−1
⊗ vij+1

⊗ vij ⊗ vij+2
⊗ · · · ⊗ vin),

(vi1 ⊗ · · · ⊗ vin)ej := εij ,ij+1
vi1 ⊗ · · · ⊗ vij−1

⊗
( 2m∑

k=1

v∗k ⊗ vk

)
⊗ vij+2

⊗ · · · ⊗ vin ,

where for any i, j ∈
{
1, 2, · · · , 2m

}
,

εi,j :=

⎧⎪⎨⎪⎩
1 if j = i′ and i < j,

−1 if j = i′ and i > j,

0 otherwise.

The above right action of Bn,K on V ⊗n commutes with the natural left diagonal
action of the symplectic group Sp(V ) ∼= Sp2m(K).

Let k ∈ N. A partition of k is a non-increasing sequence of non-negative integers
λ = (λ1, λ2, · · · ) which sum to k. We write λ � k. If λ � k then we set (λ) :=
max{t ≥ 1|λt �= 0}. The following results are often referred as Brauer-Schur-Weyl
duality of type C.

Theorem 4.2 ([5,15,17]). Assume K is an algebraically closed field. The following
two natural homomorphisms are both surjective:

ϕK : (Bn,K)op → EndKSp(V )(V
⊗n), ψK : KSp(V ) → EndBn,K

(V ⊗n).
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If m ≥ n then ϕK is an isomorphism. Furthermore, if K = C, then there is a
(CSp(V ),Bn,C)-bimodule decomposition:

V ⊗n =

[n/2]⊕
f=0

⊕
λn−2f
�(λ)≤m

Δ(λ)⊗D(f, λ),

where Δ(λ) and D(f, λ) denote the irreducible CSp(V )-module corresponding to λ
and the irreducible Bn,C-module corresponding to (f, λ) respectively.

Definition 4.3. We call the endomorphism algebra Ssy
K (m,n) := EndBn,K

(V ⊗n)
the symplectic Schur algebra.

By [22, 23, 54], we know that the symplectic Schur algebra is a quasi-hereditary
algebra over K. Applying Theorem 1.8, we can get the following corollary.

Corollary 4.4. There exists an injective left add(V ⊗n)-approximation

0 → Ssy
K (m,n)

δ→ (V ⊗n)⊕r,

where r ∈ N, which can be continued to an exact sequence 0 → Ssy
K (m,n)

δ→
(V ⊗n)⊕r ε→ (V ⊗n)⊕s for some s ∈ N. In particular, the V ⊗n-dominant dimension
of Ssy

K (m,n) is at least two.

Alternatively, the above corollary can also be deduced as a direct consequence
of Theorem 1.9 where Stokke has proved in [61] that each Weyl module Δ(λ) can
be embedded into V ⊗n.

There is another version of Brauer-Schur-Weyl duality for dual partially har-
monic tensors which was investigated in [41]. Henceforth, we assume that K
is an algebraically closed field unless otherwise stated. For each integer f with

0 ≤ f ≤ [n/2], let B
(f)
n,K be the two-sided ideal of Bn,K generated by e1e3 · · · e2f−1.

By convention, B
(0)
n,K = Bn,K and B

([n/2]+1)
n,K = 0. This gives rise to a two-sided

ideals filtration of Bn,K as follows:

Bn,K = B
(0)
n,K ⊃ B

(1)
n,K ⊃ · · · ⊃ B

([n/2])
n,K ⊃ 0.

Set

HT ⊗n
f :=

{
v ∈ V ⊗n

B
(f)
n,K

∣∣ vx = 0, ∀x ∈ B
(f+1)
n,K

}
.

This space is called (cf. [34], [48]) the space of partially harmonic tensors of va-
lence f and plays an important role in the study of invariant theory of symplectic

groups. It was proved in [41, 1.6] that there is a (KSp(V ),Bn,K/B
(f+1)
n,K )-bimodule

isomorphism

(4.5)
(
HT ⊗n

f

)∗ ∼= V ⊗nB
(f)
n,K/V ⊗nB

(f+1)
n,K ,

and the dimension of V ⊗nB
(f)
n,K/V ⊗nB

(f+1)
n,K is independent of the ground field K.

For this reason, we call any element in V ⊗nB
(f)
n,K/V ⊗nB

(f+1)
n,K the dual partially

harmonic tensor. The natural left action of KSp(V ) on V ⊗n/V ⊗nB
(f)
n,K commutes

with the right action of Bn,K/B
(f)
n,K on V ⊗n/V ⊗nB

(f)
n,K . Thus we have two natural
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algebra homomorphisms:

ϕf,K : (Bn,K/B
(f)
n,K)op → EndKSp(V )(V

⊗n/V ⊗nB
(f)
n,K),

ψf,K : KSp(V ) → End
Bn,K/B

(f)
n,K

(V ⊗n/V ⊗n
B

(f)
n,K).

Theorem 4.6 ([41, 1.8]). Assume K is an algebraically closed field. Let 0 ≤ f ≤
[n/2] be an integer. Then dimEndKSp(V )(V

⊗n/V ⊗nB
(f)
n,K) is independent of the

characteristic K. Moreover, the natural homomorphism ϕf,K is surjective.

Conjecture 4.7 ([41, 5.5]). Assume K is an algebraically closed field. Let 0 ≤
f ≤ [n/2] be an integer. Then the map ψf,K is surjective.

One of our original starting point of this work is our attempt to the proof of the
above Conjecture 4.7. First, we can make some reduction of the above conjecture.
It is clear that

End
Bn,K/B

(f)
n,K

(V ⊗n/V ⊗n
B

(f)
n,K) ∼= EndBn,K

(V ⊗n/V ⊗n
B

(f)
n,K).

Definition 4.8. We define

Ssy
f,K(m,n) := ψf,K(KSp(V )) ⊆ EndBn,K

(
V ⊗n/V ⊗nB

(f)
n,K

)
.

By the main result in [17], the image of KSp(V ) in EndK(V ⊗n) is just Ssy
K (m,n)

= EndBn,K

(
V ⊗n

)
. Let πf,K : EndBn,K

(V ⊗n) → EndBn,K

(
V ⊗n/V ⊗nB

(f)
n,K

)
be

the natural homomorphism. By construction, we have the following commutative
diagram:

(4.9) KSp(V )
ψK �� ��

ψf,K

����

Ssy
K (m,n) = EndBn,K

(
V ⊗n

)
πf,K

��

Ssy
f,K(m,n) �

� ιf,K
�� EndBn,K

(
V ⊗n/V ⊗nB

(f)
n,K

)
,

where the top horizontal map and the left vertical map are both surjective, and
the bottom horizontal map is injective. As a result, the map πf,K gives rise to a
surjection

(4.10) πf,K : Ssy
K (m,n) � Ssy

f,K(m,n).

The advantage of working with Ssy
K (m,n) lies in that we can now allow K to be

an arbitrary (not necessarily infinite) field or even an integral domain. We use
ψ′
f,K to denote the composition of πf,K with the natural inclusion Ssy

f,K(m,n) ↪→
EndBn,K

(V ⊗n
K /V ⊗n

K B
(f)
n,K). It is easy to see that Conjecture 4.7 is a consequence

of the following conjecture.

Conjecture 4.11. Let 0 ≤ f ≤ [n/2] be an integer and K an arbitrary field. Then

the natural map ψ′
f,K : Ssy

K (m,n) → EndBn,K
(V ⊗n

K /V ⊗n
K B

(f)
n,K) is surjective.

Let K be the algebraic closure of K. It is clear that ψ′
f,K is surjective if and only

if ψ′
f,K

is surjective. Suppose that charK = 0 or charK > n. Then by [32, Lemma

5.16], V ⊗n

K
is a semisimple KSp(V )-module. In particular, EndKSp(VK)(V

⊗n

K
)



TILTING MODULES, DOMINANT DIMENSIONS 841

is semisimple. Since the action of Bn,K on V ⊗n

K
factors through the action of

EndKSp(VK)(V
⊗n

K
) on V ⊗n

K
and the natural homomorphism

ϕK : Bop

n,K
→ EndKSp(VK)(V

⊗n

K
)

is surjective ([17]), it follows that the action of Bn,K on V ⊗n

K
is semisimple too.

Therefore, it is easy to see that Conjecture 4.11 holds in this case. Next we shall
show that Conjecture 4.11 also holds when charK > n− f + 2m.

Let UZ(sp2m) be the Kostant Z-form of the universal enveloping algebra of
the symplectic Lie algebra sp2m(C). For any field K, we define UK(sp2m) :=
K ⊗Z UZ(sp2m). By the main result of [40], we have two surjective algebra ho-
momorphisms:

ϕK : (Bn,K)op � EndUK(sp2m)(V
⊗n
K ),

ψK : UK(sp2m) � Ssy
K (m,n) = EndBn,K

(V ⊗n
K ).

As a result, Ssy
K (m,n) has the double centralizer property with respect to V ⊗n

K .
Now applying Theorem 1.8, we have an exact sequence of Ssy

K (m,n)-module homo-
morphisms:

(4.12) 0 → Ssy
K (m,n)

δK→ (V ⊗n
K )⊕r εK→ (V ⊗n

K )⊕s,

where r, s ∈ N, and δK is a left add(V ⊗n
K )-approximation of Ssy

K (m,n).
Let 1K be the unit element of Ssy

K (m,n). We can write

δK(1) = u1 ⊕ · · · ⊕ ur,

where ui ∈ V ⊗n
K for each 1 ≤ i ≤ r. Suppose that

a ∈ Kerπf,K = HomBn,K
(V ⊗n

K , V ⊗n
K B

(f)
n,K).

It follows that

δK(a) = au1 ⊕ · · · ⊕ aur.

Now πf,K(a) = 0 means that aV ⊗n
K ⊆ V ⊗n

K B
(f)
n,K . As a result, we get that

δK(a) = au1 ⊕ · · · ⊕ aur ∈
(
V ⊗n
K B

(f)
n,K

)⊕r
.

This shows that δK induces a well-defined homomorphism

δf,K : Ssy
f,K(m,n) → (V ⊗n

K /V ⊗n
K B

(f)
n,K)⊕r.

Lemma 4.13. With the notations as above, the integers r, s, the map δK and the
elements u1, · · · , ur ∈ V ⊗n

K can be chosen such that the map δf,K is an injective

left add(V ⊗n
K /V ⊗n

K B
(f)
n,K)-approximation of Ssy

f,K(m,n).

Proof. The integer r, the map δK and u1, · · · , ur can be chosen such that u1, · · · , ur

is a K-linear generator of V ⊗n
K . In view of Remark 1.6, it suffices to show that δf,K

is injective.
Suppose that (au1, · · · , aur) = δK(a) = δf,K(a) = 0, where a ∈ Ssy

K (m,n). Since

u1, · · · , ur is a K-linear generator of V ⊗n
K , it follows that aV ⊗n

K ⊆ V ⊗n
K B

(f)
n,K , which

implies that πf,K(a) = 0 and hence ιf,K(a) = πf,K(a) = 0. This proves a = 0 as
required. �
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Definition 4.14. Set

Λ :=
{
λ=(λ1, · · · , λm)

∣∣ m∑
i=1

λi=n− 2r, 0 ≤ r ≤ [n/2], λi ∈ Z, ∀ 1 ≤ i ≤ m
}
,

Λ+ :=
{
λ=(λ1, · · · , λm)∈Λ

∣∣ m∑
i=1

λi=n− 2r, 0≤r≤ [n/2], λ1≥λ2≥· · ·≥λm≥0
}
.

Then Λ (resp., Λ+) is the set of all weights (resp., dominant weights) of V ⊗n as
Sp(V )-module. For any integer 0 ≤ f ≤ [n/2], we define

Λ+
f :=

{
λ = (λ1, · · · , λm) ∈ Λ+

∣∣ m∑
i=1

λi = n− 2r′, f ≤ r′ ≤ [n/2], r′ ∈ N
}
,(4.15)

Λc
f := Λ+ \ Λ+

f .

Let E be an Euclidian space with standard basis ε1, · · · , ε2m. Let S := {εi −
εi+1, 2εm|1 ≤ i < m}, which is a set of simple roots in the root system Φ of
type Cm. Let Φ+ be the corresponding subset of positive roots. We identify each
λ = (λ1, · · · , λm) ∈ Λ with λ1ε1 + · · ·+ λmεm. For any λ, μ ∈ Λ, we define λ ≥ μ
if and only if λ− μ ∈

∑
α∈S Nα.

Recall that (Ssy
K (m,n),Λ+,≥) is a quasi-hereditary algebra ([22, 23]). For each

λ ∈ Λ+, we use Δ(λ),∇(λ), L(λ) to denote the standard module, costandard mod-
ule and simple module labelled by λ respectively.

Let λ, μ ∈ Λ+, where λ � n − 2a, μ � n − 2b and 0 ≤ a < b ≤ [n/2]. We claim
that λ �≤ μ. In fact, suppose that λ ≤ μ, then there are some non-negative integers
a1, · · · , am such that

μ− λ =
m∑
i=1

μiεi −
m∑
i=1

λiεi = a1(ε1 − ε2) + · · ·+ am−1(εm−1 − εm) + am2εm.

It follows that

0 > 2(a− b) = (n− 2b)− (n− 2a) =
m∑
i=1

μi −
m∑
i=1

λi = 2am ≥ 0,

which is a contradiction. This proves our claim which is the following lemma.2

Lemma 4.16 ([41, Lemma 3.7]). Let λ, μ ∈ Λ+, where λ � n− 2a, μ � n− 2b and
0 ≤ a < b ≤ [n/2]. Then λ �≤ μ.

Recall that
(
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
↪→

(
V ⊗n
K

)∗ ∼= V ⊗n
K . Henceforth, we shall use

this embedding to identify
(
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
as a K-subspace of V ⊗n

K . Since the

isomorphism
(
V ⊗n
K

)∗ ∼= V ⊗n
K is a right Bn,K-module isomorphism, it follows that

for any x ∈ V ⊗n
K , x ∈

(
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
if and only if xB

(f)
n,K = 0.

Lemma 4.17. Suppose that charK > min{n − f + 2m,n}. Then V ⊗n
K B

(f)
n,K ∩(

V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
= 0. In particular,

V ⊗n
K = V ⊗n

K B
(f)
n,K ⊕

(
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
.

2We corrected a small error here in the argument in the proof of [41, Lemma 3.7].
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Proof. Without loss of generality, we can assume K = K is an algebraically closed
field. To prove the first part of the lemma, it suffices to show that for any λ ∈ Λc

f

and μ ∈ Λ+
f , L(λ), L(μ) are not in the same block as KSp(V )-module.

Suppose that this is not the case. Set p := charK. If p > n then by [32, Theorem
5.16], V ⊗n

K is a semisimple KSp(V )-module. In this case the lemma clearly holds.
Henceforth, we assume that p > n− f +2m. By the linkage principal ([44, Part II,
Chapter 6]) and Lemma 4.16, we must be able to find λ = νr ∈ Λc

f , μ = ν0 ∈ Λ+
f

and dominant weights ν1, ν2, · · · , νr−1 of Sp(V ), such that ν0 ↑ ν1 ↑ · · · ↑ νr−1 ↑ νr,
where μ ↑ λ means that μ < λ, and there exist affine reflections sβ1,n1p, · · · , sβr,nrp

(where β1, · · · , βr ∈ Φ+, n1, · · · , nr ∈ Z) such that

ν0=μ<ν1=sβ1,n1p · μ<ν2=sβ2,n2psβ1,n1p · μ< · · ·<νr=sβr,nrp · · · sβ1,n1p · μ=λ,

where

sβi,nip · μ := μ− 〈μ+ ρ, β∨
i 〉βi + nipβi,

and ρ =
∑m

i=1(m − i + 1)εi is the half sum of all positive roots. In particular,
ν2, · · · , νr−1 ∈ Λ+.

If β1 = 2εi for some 1 ≤ i ≤ m, then we have

sβ1,n1p · μ =
∑
s �=i

μsεs + (2pn1 − μi − 2(m+ 1− i))εi ∈ Λ+,

which implies n1 ∈ Z≥1. As μ ∈ Λ+
f , we have

2pn1 − μi − 2(m− i+ 1) ≥ 2p− μi − 2m > 2(n+ 2m− f)− μi − 2m

= n− 2f − μi + n+ 2m > n,

which is impossible because sβ1,n1p · μ ∈ Λ+.
If β1 = εi + εj for some 1 ≤ i < j ≤ m, then we have

sβ1,n1p ·μ =
∑
s �=i,j

μsεs+(pn1−μj−2m+i+j−2)εi+(pn1−μi−2m+i+j−2)εj ∈ Λ+.

Since |μi − i+ j| < n− 2f +m and p > n+ 2m− f , it follows that if n1 ≥ 1 then

(pn1 − μj − 2m+ i+ j − 2) + (pn1 − μi − 2m+ i+ j − 2)

= 2pn1 − (μi + μj)− 4m+ 2(i+ j − 2) > n,

which is impossible. Thus we must have that n1 = 0.
If β1 = εi − εj for some 1 ≤ i < j ≤ m, then we have

sβ1,n1p · μ =
∑
s �=i,j

μsεs + (pn1 + μj + i− j)εi + (−pn1 + μi − i+ j)εj ∈ Λ+.

Since |μi − i+ j| < n− 2f +m and p > n+ 2m− f , it follows that n1 = 0 again.
As a consequence, we can deduce that ν1 = sβ1,0 · μ ∈ Λ+

f . Now replacing
μ with sβ1,n1p · μ and continuing the same argument, we shall finally show that
ν2, · · · , νr ∈ Λ+

f , which contradicts to our assumption that λ = νr ∈ Λc
f . This

completes the proof of the first part of the lemma.

As dimV ⊗n
K B

(f)
n,K+dim

(
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
= dimV ⊗n

K , it is clear that the second
part of the lemma follows from the first part of the lemma. �
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Recall the definition of εK in (4.12). We can rewrite the homomorphism εK :
(V ⊗n

K )⊕r → (V ⊗n
K )⊕s as follows:

εK : (V ⊗n
K )⊕r → (V ⊗n

K )⊕s

w1 ⊕ · · · ⊕ wr �→
r∑

k=1

εk1(wk)⊕ · · · ⊕
r∑

k=1

εks(wk),

where for each 1 ≤ k ≤ r, 1 ≤ t ≤ s, εkt ∈ EndUK(sp2m)(V
⊗n
K ).

Applying Theorem 4.2, we can find bkt ∈ Bn,K such that ϕK(bkt) = εkt for each

1 ≤ k ≤ r, 1 ≤ t ≤ s. Since B
(f)
n,KBn,K ⊆ B

(f)
n,K , it follows that εkt(V

⊗n
K B

(f)
n,K) ⊆

V ⊗n
K B

(f)
n,K . As a consequence, we see that εK induces a Ssy

K (m,n)-module homo-
morphism

εf,K : (V ⊗n
K /V ⊗n

K B
(f)
n,K)⊕r → (V ⊗n

K /V ⊗n
K B

(f)
n,K)⊕s.

Now we can give the proof of the fourth main result of this paper.

Proof of Theorem 1.12. By Lemma 4.13, we know that δf,K is injective. It follows
from εK ◦ δK = 0 that εf,K ◦ δf,K = 0. We claim that Ker εf,K = Image(δf,K). t
suffices to show that Ker εf,K ⊆ Image(δf,K).

Let w1, · · · , wr ∈ V ⊗n
K such that εf,K(w1 ⊕ · · · ⊕ wr) = 0. We set x := w1 ⊕

· · · ⊕ wr. Using Lemma 4.17, we can decompose x as x = y + z such that y ∈((
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗)⊕r

and z ∈
(
V ⊗n
K B

(f)
n,K

)⊕r
. It follows that

εK(y) = εK(x− z) = εK(x)− εK(z) ∈
(
V ⊗n
K B

(f)
n,K

)⊕s
.

On the other hand, since
(
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
is filtered by some Δ(λ) with λ ∈

Λc
f , while V ⊗n

K B
(f)
n,K is filtered by some ∇(μ) with μ ∈ Λ+

f . It follows from that

HomSsy
K (m,n)

((
V ⊗n
K /V ⊗n

K B
(f)
n,K

)∗
, V ⊗n

K B
(f)
n,K

)
= 0.

Hence by Lemma 4.17 we must have that εK(y) = 0. Applying Corollary 4.4 and
(4.12), we can deduce that y = δK(a) for some a ∈ Ssy

K (m,n). It follows that

x+
(
V ⊗n
K B

(f)
n,K

)⊕r
= y +

(
V ⊗n
K B

(f)
n,K

)⊕r
= δf,K(a+Kerπf,K),

which implies our claim. Therefore, by Theorem 1.8, Ssy
f,K(m,n) has the double

centralizer property with respect to V ⊗n
K /V ⊗n

K B
(f)
n,K .

Finally, by [41, Theorem 1.8], we know that the natural map

B
op
n,K → EndKSp(V )(V

⊗n
K /V ⊗n

K B
(f)
n,K) = EndSsy

K (m,n)(V
⊗n
K /V ⊗n

K B
(f)
n,K)

= EndSsy
f,K(m,n)(V

⊗n
K /V ⊗n

K B
(f)
n,K)

is surjective. Combining this with the double centralizer property of Ssy
f,K(m,n)

with respect to V ⊗n
K /V ⊗n

K B
(f)
n,K we see that Conjecture 4.11 and hence Conjecture

4.7 hold in this case. This completes the proof of the theorem.

Corollary 4.18. Suppose that charK > min{n − f + 2m,n}. Then Conjecture
4.11 and hence Conjecture 4.7 hold in this case.
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algebras and tilting, J. Algebra 226 (2000), no. 1, 144–160, DOI 10.1006/jabr.1999.8154.
MR1749881
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