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QUANTITATIVE STABILITY FOR MINIMIZING
YAMABE METRICS

MAX ENGELSTEIN, ROBIN NEUMAYER, AND LUCA SPOLAOR

ABSTRACT. On any closed Riemannian manifold of dimension n > 3, we prove
that if a function nearly minimizes the Yamabe energy, then the correspond-
ing conformal metric is close, in a quantitative sense, to a minimizing Yamabe
metric in the conformal class. Generically, this distance is controlled quadrati-
cally by the Yamabe energy deficit. Finally, we produce an example for which
this quadratic estimate is false.

1. INTRODUCTION

Let (M™, g) be a closed Riemannian manifold of dimension n > 3. The Yamabe
problem consists of finding a metric g, conformal to g, such that the scalar curvature
of § is constant. Given a metric § conformal to g, i.e. § = u* ("2 g for a smooth
positive function u on M, the scalar curvature, Rg, of § is given in terms of u and
the scalar curvature, R, of g by

(1) R; = u'™% (—c,Au+ Ryu),

where 2* = 2n/(n — 2) and ¢, = 4(n — 1)/(n — 2). In particular, a metric § =
u*("=2)g is a solution to the Yamabe problem if and only if u is a smooth positive
critical point of the associated energy functional

@) Q) = Jas el Vul? + Ryu? dvoly _ Jos Rg dvolg
([ u* dvolg)z/Q* volg (M)%/2*

The solution to the Yamabe problem was given by the combined works of Yamabe
[53], Trudinger [52], Aubin [4], and Schoen [47] (see also the survey paper [39]),
which established the existence of a smooth positive minimizer of ([2]), i.e. a positive

function v € C*°(M) with Q(u) = Y (M, [g]), where we define the Yamabe constant
of (M, g) by

Y (M,[g]) = inf{Q(u) : w € W"2(M), u > 0}.
Here [g] denotes the conformal class of g. Sometimes, when it won’t cause confusion,
we will omit the dependence on M and [g].

The Yamabe constant, Y (S™,[go]), on the round sphere plays an important
role in the solution to the Yamabe problem on a general manifold, M"™. When
Y (M™,[g]) < Y(S™, [g0]), the existence of a minimizer can be established through
analytic methods, either by approximating the Euler-Lagrange equation associated
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to (@) by subcritical equations ([39,52]), or via concentration compactness methods
(see [I] or Uhlenbeck, cf. [39]). On the other hand, Aubin [4] and Schoen [47]
showed that Y (M™, [¢g]) < Y (S™, [go]) for any closed Riemannian manifold, (M™, g),
that is not conformally equivalent to the round sphere.

In the case of the round sphere, the class of minimizers Mgn 4,) of (@) were
explicitly characterized by Aubin [5] and Talenti [51] (see also Obata [44]): after
composing with a stereographic projection, which maps the problem to Euclidean
space, the set of minimizers is exactly the function vy = (1 + |z|>)*=™)/2, along
with its translations, dilations, and constant multiples on R™.

In [15], Brezis and Lieb raised the question of quantitative stability for mini-
mizers of the Yamabe functional on the sphere, asking whether the energy deficit
Q(sm,90) (1) — Y (S™, [go]) of a given function u € W12(S™) controls its distance to
the family of minimizers Mgn 4). An optimal solution was given in [7], where
Bianchi and Egnell showed that there exists a dimensional constant ¢ such that

_ 2
mf{Hu —vl|lwr2sny | v E M(Sn,go)}
||UHW1,2(Sn)

(3)  Qsngo)(u) =Y (5", [90]) = ¢ (

for any non-negative u € WI’Q(S”)EI This result is sharp in the sense that the
exponent 2 cannot be replaced by a smaller one and the W12 norm measuring the
distance of u to the family of minimizers cannot be replaced by a stronger norm.

In this paper, we address this question of Brezis and Lieb in the setting of the
Yamabe functional on any smooth closed Riemannian n-manifold (M™,g), with
n > 3. In contrast to the case of the round sphere, the minimizers for a general
manifold are not known in any explicit form.

Fix a closed Riemannian manifold, (M", g), of dimension n > 3, and let M C
W12(M) denote the set of all minimizers of Q(u). Define

inf {||u — v||wrz | v € M}

Hu||W1=2(1V[)

(4) d(u, M) =

Notice that the normalization in this definition guarantees that d(u, M) < 1 for
any u € WH2(M). Our first main result is a quantitative stability estimate for
minimizers of the Yamabe functional.

Theorem 1.1 (Quantitative stability for minimizers). Let (M™,g) be a C* closed
Riemannian manifold of dimension n > 3 that is not conformally equivalent to the
round sphere. There exist constants ¢ > 0 and v > 0, depending on (M, g), such
that

(5) Qu) =Y (M, [g]) > cd(u, M)**7  Vue W"*(M;Ry).

Moreover, there exists an open dense subset G in the C? topology on the space of
C*>-conformal classes of metrics on M such that if [g] € G, we may take v = 0.

From a geometric point of view, one drawback of Theorem [[.T]is that the dis-
tance, d(u, M), depends on the choice of background metric, g € [g]. However, as a
consequence of Theorem [[.]] we obtain the following conformally invariant stability

1'We note that question of Brezis and Lieb and the result in [7] are stated on Euclidean space,
but the form (@) follows after composition with stereographic projection and integration by parts.
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estimate. Define the following conformally invariant distance between two metrics

in a conformal class:
1/2*
low = gull = 1w ol dvol,)
M

where here and in the sequel we will freely make the identification of a conformal
metric g, = u*/("~?) g and its conformal factor u. Although || — || is defined with re-
spect to a fixed conformal representative g € [g], we will show that it is independent
of this choice. Similarly, in the case when Y =Y (M, [g]) > 0, may define

1/2
lgu — goll« = (/M Cn|Vu — Vo2 + Y (u —v)? dvolg)

for any g € M(M, g) with voly(M) = 1. Again, although || — ||, is defined with re-
spect to a fixed conformal representative, we show that the definition is independent
of this choice.

Corollary 1.2 (Conformal quantitative stability). Let (M™,g) be a C*° closed
Riemannian manifold of dimension n > 3. There exist constants ¢ > 0 and v > 0,
depending on M and [g], such that

i —_all -5 24y
©  Ry-vorl)ze (SELIEM Ty ey

Here Ry = volg(M)’2/2* fM R, dvoly is the volume-normalized total scalar curva-
ture of g. WhenY =Y (M, [g]) > 0 and Ry — Y (M, [g]) < 1, there exist constants
¢ >0 and v > 0 depending on M and [g] such that

inf{llg — g]- : g € M})*""
VOlg(M)l/Q* vg € [g] °

(1) Ry-Y(M,[g)>c (

Moreover, for an open dense subset in the C? topology on the space of conformal
classes of C*° metrics on M, we may take v = 0.

Remark 1.3. Observe that the denominator in (@) is the W12 norm of u, not the
L?" norm of u. This normalization is due to the different scalings of the left- and
right-hand sides of (Bl) when v > 0. Correspondingly, (@) holds only when the
deficit is not too large, since we have chosen to normalize the right-hand side by
the geometric quantity volg (M )1/ 2" We thank Rupert Frank for bringing this to
our attention.

Notice that in Theorem [[LT] and Corollary [[.2] we obtain a quadratic stability
estimate only for a generic set of metrics. This result is in fact sharp. Indeed, adapt-
ing an example of Schoen [49] (see also [I7]), we show that there exist manifolds
for which v > 0 in (@), thus proving the optimality of the result.

Theorem 1.4 (Super quadratic growth). Let n > 3. There exist v > 1, a closed
Riemannian manifold with analytic metric, (M™,g), a unique minimizer of the
Yamabe energy Q on (M"™,g), which we set equal to 1 (by a conformal change),
and a sequence of u; € WH2(M) with u; — 1 in W2 such that

. Q) — Y (M, [g)

im0 ju; — 1”?/:;172(1\4)

=0.
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In fact, adapting the aforementioned examples from [I7[49], we will produce an
example such that () holds for any v < 2. Tt is an interesting question whether
for every 4 > 0 one can find a metric g, which satisfies (§), as in the case of the
quantitative isoperimetric inequality on a Riemannian manifold, [18§].

1.1. Background on quantitative stability and the Yamabe functional.
The problem of establishing quantitative stability estimates for functional and geo-
metric inequalities has been a topic of extensive study in recent years. For instance,
sharp quantitative estimates have been established for the isoperimetric inequality
on Euclidean space [20,1291[34], the round sphere [§], hyperbolic space [9], and
on arbitrary Riemannian manifolds [18]. Closely related to the Yamabe problem,
quantitative stability estimates for Sobolev inequalities on Euclidean space have
been studied, in addition to the aforementioned result of [7], in [19,B80H321[36,[43].
In a slightly different direction, quantitative stability estimates for critical points
have been addressed for the isoperimetric inequality on Euclidean space [23,[38]
and for the Sobolev inequality [221[28]. Quantitative stability estimates have wide-
ranging applications to contexts including characterization of minimizers in varia-
tional problems [21]), rates of convergence of PDE [I6], regularity of interfaces in
free boundary problems [2], and even data science [35]. Apart from [18], all of these
results make crucial use of the explicit form of minimizers and critical points or of
the symmetries of the ambient space. See [33] for a survey of quantitative stability
results for functional and geometric inequalities.

Critical points of the volume-normalized Einstein-Hilbert action functional,
R(g) = vol,(M)~2/%" Jy; Ry dvoly, are Einstein metrics, i.e. metrics g satisfying
Ricy = Ag for some A € R where Ric, is the Ricci curvature tensor of g. The Yam-
abe functional @ defined in ([2)) is the restriction of this functional (and thus the
corresponding variational problem) to a given conformal class [g]. If Y (M, [g]) <0,
then the Euler-Lagrange equation corresponding to the Yamabe functional () (see
[@)) satisfies the maximum principle and thus there is a unique critical Yamabe
metric. Similarly, if the conformal class [g] has a representative that is an Einstein
metric and is not conformal to the round sphere, then this metric is the unique
critical Yamabe metric thanks to a theorem of Obata [44]. On the round sphere
(8™, go), the family of minimizing Yamabe metrics is noncompact, though for any
closed Riemannian manifold that is not conformal to the round sphere, the family
of unit-volume minimizers is compact in the C? topology (see LemmaFLT]). In fact,
Anderson [3] showed that for an open dense set in the space of conformal classes, [g]
has a unique (unit volume) minimizing Yamabe metric. In general, however, min-
imizing Yamabe metrics are non-unique; see [48/[49]. Pollack [45.46] showed that,
for any N € N, the set of conformal classes containing at least IV critical Yamabe
metrics is dense in the C° norm on the space of conformal classes with positive
Yamabe constant. Suitably normalized families of critical points of ) are compact
in the C? topology for n < 24 [24371[40,49], while compactness may fail for n > 25
[12,13] or when the metrics are non-smooth [6]. Further related areas of study
include the Yamabe problem on compact manifolds with boundary [26,27] and the
Yamabe flow [I0ITLA7]. For further literature review on the Yamabe problem, we
refer the reader to [14}25].

1.2. Description of the proof. The proof of Theorem [[.T] makes use of the so-
called Lojasiewicz inequality, while the generic statement follows from the fact that
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for generic conformal classes of metric on a given manifold critical points of the Yam-
abe functional are non-degenerate. By non-degenerate, we mean that the second
variation of the Yamabe functional has trivial kernel. The (distance) Lojasiewicz
inequality originates in real analytic geometry, and roughly says that a real analytic
function ¢ : R¥ — R grows at least like a power of the distance to the nearest crit-
ical point (or to a given level set) of ¢; see Lemma We apply the Lojasiewicz
inequality to the restriction of the Yamabe energy @Q to the kernel of the second
variation. In doing so are able to show that in a neighborhood of v, the Yamabe
energy grows away from M at least like a power of the distance d(u, M). The con-
nection between the Lojasiewicz inequality and quantitative stability inequalities
was first introduced in [I8] for the isoperimetric problem.

We remark that, in contrast to [18], our main theorems do not require the ana-
lyticity of the metric. This distinction arises from the difference between the area
functional considered in [I§] and the Yamabe functional considered here, namely,
that on any closed Riemannian manifold (M, g), the Yamabe functional is an an-
alytic map with respect to u € W12(M) in the sense of [54, Definition 8.8]; see
[I7, Lemma 6]. This analyticity allows us to apply the Lojasiewicz inequality. While
the “gradient-Lojasiewicz” inequality has been used before to study Yamabe flows
(cf. [IOLIT), our paper is the first use of the “distance-Lojasiewicz” inequality in
the Yamabe literature of which we are aware.

The proof of Theorem [[4] exploits ideas of Adam-Simon [I], where the notion
of Adam-Simon condition of order p was introduced, together with the examples
constructed in [I7].

2. PROPERTIES OF THE YAMABE ENERGY AND LYAPUNOV-SCHMIDT REDUCTION

Throughout, we fix a background metric g € [g]. This conformal representative
g is implicit in the definition of the Sobolev function spaces. However, as we saw
in Section [I our end results in Corollary will be independent of the choice of
conformal representative.

Recall the Yamabe energy:

_ Jas el Vul? + Ryu? dvoly

u
o) Tl
A non-negative critical point u of ) is a non-negative smooth solution of the non-
linear eigenvalue problem
9) —cnAu+ Ru = Mu* 71,
where the value of \ is given by A = Q(u)|u| 25*2(*1\/_[)' We will denote by CSC([g]) C
WL2(M) the set of all critical points in a given conformal class [g], i.e. solutions to
@) for some A € R. As usual, we will omit the dependence on the conformal class
when clear from the context.

Although Q(cu) = Q(u) for any ¢ > 0, it will often be easier to work with
functions that have L?>" norm equal to 1. To that end we introduce the following
Banach manifold:

(10) B= {u WLk | [ ¥ dvol, = 1} .
M
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Note that the collection of metrics represented by (I0Q)) is conformally invariant;
this can be seen in the equivalent condition that the metric g, = u*/ ("~2?)g has unit
volume.

Lemma 2.1 (Banach manifold of metrics of volume 1). The set B C W1Y2(M) is
a Banach manifold, and for every v € B the tangent space to B is given by

T,B = {u e Wh3(M) | / v2 " ludvol, = O} .
M

We will denote by wr,5 the L*-orthogonal projection onto T,B. In particular, for
every u € B the second variation of Q on B is given by

1
§V%Q(u)[%n] =/ {en Vrr,80 - V17,80 + Ry (T1,89) (T7,87)} dvol,,

2" - DQw) /N u? 2 () (o, 1) dvoly,

for all o,n € WH2(M). We will often omit the projection maps when we are doing
computations with VQ.

In the special case that g is a metric of constant curvature with volume 1 and
u =1 we have the formula (omitting the projection maps):

1
1) VBl = g [ (0= D(Aein - Rypnduol,,
Moreover, the following properties hold.
(1) The function w — % is a continuous function from C**NB —

C%% with a modulus of continuity uniform over n € C%%.
2
(2) The function w +— % 18 a continuous function from B — R
wl, wl,
with modulus of continuity uniform over &,m € Wh2,

Proof. Since W12(M) is separable, to check that B is a Banach submanifold of
Wh2(M), it suffices to check that the function G: WH?(M) — R defined by
Gu) = [ M u? dvol, — 1 is a submersion in a neighborhood of every point v €
WL2(M). This is an easy exercise, since we have

DG(v)[g] := /M v2 "L dvol, Yo € WH2(M),

so that choosing ¢ = v (or ¢ = 1 since v > 0 anyway) we get DG(v)[p] = 1 # 0.
In the sequel, given v € B, we will denote by L, the linear (continuous) operator
on W12 defined by L, := DG(v) and by T,B the tangent space to B at v, which is
a codimension 1 subspace of W2 defined by

T,B={ueW"?(M)|Lyu=0}.
Define the orthogonal projection w7, 5 : W12(M) — T,B C W12(M) by

T, BU = U — </v2 _1u> v.

E(u) == / cn|Vul? + Ryu? dvol,
M

Let us denote
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and observe that if u € B, then £(u) = Q(u). For u € B and ¢ € W12(M), we can
compute the first variation of @) at points of B to be:
(13)

VQU)IS] i= 5 (@Qu+ 16))

- ([vouM, Gusea) /72 UM<cn<w Y+ 5 IVOP) + Ry(ué + %) dvolg]

t=0

—2 [vol(M, guysg))~CH2/% { /M(u +tp)¥ 1 ¢dvo1g} E(u+ t¢))

t=0
= 2/ (—anu + Rgu — Q(u)uQ*_l) ¢dvolg,
M
so that in particular, when restricted to the tangent space of B, we have

VeQu)lp] = 2/ (—cnAu+ Ryu) mp, g dvol, .

M
Differentiating (I3]) we obtain
(1) .
V2Q()[é. ¢l = 5 (Qu+t0)) |

= 2/M (cn |Vo|? + R, ¢2) dvoly — 2 (2" — 1) Q(u) / u? 2 ? dvoly

M
+ (/ u? 1 qi)dvolg) -G(u, @),
M

for some smooth function G. Restricting to T, so that [, u? ~! pdvol, = 0, we
exactly obtain (II)). After observing that Q(1) = R, (which is constant) when g
is a metric of constant curvature and volume equal to 1, (I2) follows from some
arithmetic.

To conclude the proof, let L,p = —c,Ap + Ry — (2* — 1)Q(u)u® ~2¢. Then
we can see that

|Zug = Loglix < € (Iu2 20l x1Q(u) = Q)| + llolu® 2 = v* [|1x )

where X is either the C%® or H~! norm. If X = C%“, then we recall the continuity
of Q(—) in C** and note that 2 — 2 ~2 is continuous to get that

[Lup = Lopllgo.e <w([u = vlcze)lelleze,

for some modulus of continuity w.

Similarly if X = H~! we observe that Q(—) is continuous with respect to u €
W2, Furthermore [|u* %l g1 < [[u® 2| gz @ll 2 < C(llullz2+)llllw2 and
similarly

=2 =0 pllg-1 < [0 72 =0 2 purellelle < w(llu = vlwz)lelw,

for some modulus of continuity w.

Thus to finish the proof of the result, it suffices to show that the map w — 77, 5
is a continuous function from C**N B — B(C?%%, C%) (or that it is a continuous
function from B — B(WH2 W2)).
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The triangle inequality shows that

‘/ u2*_177dvolg—/ w2*_1ndvolg
M M

Thus the projection has the desired continuity in the Holder setting.

Similarly, Holder’s inequality and the Sobolev embedding W12 < L2" imply
that u ~ L, is a continuous function from W12 — (W2)* which implies that the
projection has the desired continuity in the Sobolev setting. |

< Cllnllez«lw = ullco.« (ar)-

It will be useful to have two additional definitions. First, given a function v € B,
we let B(v,d) denote the W2(M) ball of radius § centered at v inside of B, i.e.

(15) B(v,0) ={ue€B | |u—vllwemm <6}

Second, we let M; := M N B and CSCy := CSC N B, that is respectively the
minimizers and critical points to the Yamabe functional with 2*-norm equal to one.

2.1. Lyapunov-Schmidt reduction. The following technical result will be key to
proving Proposition 3.1} Briefly, Lemma.2] called a Lyapunov-Schmidt reduction,
see e.g. [B0], splits any perturbation of a critical point into a portion that quanti-
tatively changes the energy to second order and a portion that lies inside of a finite
dimensional subspace (which can be dealt with using the Lojasiewicz inequalities
12)).

Given v € My, we let K = ker V£Q(v)[—, —] C T, B, thinking of the latter as an
operator from T,B C W'2(M) — H~'(M). Since V% is generated by an elliptic
operator on a compact manifold we know dim K :=1[ < co. We let K+ denote the
orthogonal complement of K in W12(M) with respect to the L? inner product.

Lemma 2.2 (Lyapunov-Schmidt reduction). Let (M, g) be a closed Riemannian
manifold with g € C? and fix v € My. There is an open neighborhood U C K of 0
in K and a map

F:U— K"+
with F(0) =0 and VF(0) = 0 satisfying the following properties.

(1) Let q: U — R be the function defined by q(p) = Qv+ @ + F(p)). Then
we have

(16) L={v+p+Flp)|peU}CB
and
VeQv+ ¢+ F(p)) =1k VQ(v + ¢+ F(yp))
= Vq(p).

Furthermore, ¢ — q(p) is real analytic.
(2) There exists § > 0 depending on v such that for any u € B(v,d), we have
7k (u—v) € U. Furthermore, if u € CSC1 N B(v,9), then

(18) u=v+7mg(u—v)+ F(rg(u—v)).
(3) There exists C' such that for all p € U and n € K, we have
(19) IVF(@)nlllcz.e < Clinllco.o -
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Lyapunov-Schmidt reductions have been already performed for the Yamabe func-
tional in a variety of contexts (see, e.g. [I7, Proposition 7]). However, since our
audience may be less familiar with the construction (which is a consequence of the
inverse function theorem), we include the proof in Appendix [Al

Associated to the Lyapunov-Schmidt reduction is the notion of integrability (see
for instance [IL[I7]), which roughly states that all the elements in the kernel corre-
spond to one-parameter families of critical points.

Definition 2.3 (Integrability). A function v € CSC; is said to be integrable if for
all ¢ € ker VEQ(v) there exists a one-parameter family of functions (Vt)te(—6,5)>
with vg = v, £|,_ vt = ¢ and v, € CSC; for all ¢ sufficiently small.

Lemma 2.4 (@ in the integrable setting). Let (M,g) be a closed Riemannian
manifold and let v € M. Then v is integrable if and only if q is constant in a
neighborhood of 0 € K. In particular, if v € My is an integrable minimizer, then
(20) MiNBv,d) =L,

where L is as in Lemma 2.2, Condition [1l.

Proof. Suppose that v is integrable. We claim that ¢ is constant in a neighborhood
of 0 € K. We abuse notation and let ¢ refer to a point in K = R*. Suppose to the
contrary that ¢ is non-constant. Considering a Taylor expansion of this analytic
function, we express ¢ as

q(¢) = q(0) + qr, (@) + qr(e),

where gy, is a degree ky homogeneous polynomial, the first non-vanishing term
in the Taylor expansion, and gg is the sum of homogenous polynomials of degree
k > ko. Since g, is non-constant, we may find some ¢ € K such that

(21) Vi, () # 0.

For this choice of ¢, we let us = v+ 15 € B be the one-parameter family of critical
points generated by ¢, whose existence is guaranteed by the integrability of v,
satisfying 1, = 0, %\szows = ¢, and

(22) VsQ(v+ 1bs) = 0.

By (X), all critical points of @ in a W12 neighborhood of v are contained in L,
and so for each s we may express s as

Vs = s + Fps)

where ¢ € K and 2= — ¢ as s — 0. (This latter fact follows because 1,/s — ¢ as
s — 0 and VF(0) = 0 by Lemma 22]). Note that by (1) of Lemma and ([22)
we have Vg(ps) = 0. So, we have

0= V5Q(v+1s) = Vq(ps)
= Vi, (vs) + Var(ps)

— ou [ Vge, (h‘ﬁ—|) Tolplo1),
S

Dividing through by |ps and letting s tend to zero, we reach a contradiction
to (2I) and conclude that ¢ is constant.

Now we establish the opposite implication. Suppose that ¢ = ¢(0) in a neighbor-
hood of 0, and thus Vg = 0 in a neighborhood of 0. Choose any ¢ € K. We claim

|k071
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that ¢ generates a one-parameter family of critical points, which will show that v
is integrable. Indeed, set

Vs = sp + F(sp).
We can see directly from Lemma that

VBQ(v +1s) = Vq(sp) =0,

and so v is a family of critical points and v is integrable.

Finally, we show (20)). One containment in (20) is precisely (18], as M7 C CSC;.
The opposite containment holds in the case that v is integrable, as we have just
shown that ¢ is constant on all of £ , and thus all these points are minimizers as
well. O

3. LOCAL QUANTITATIVE STABILITY OF MINIMIZERS

In this section, we establish the local version of Theorem [[.1] that is Proposition
Bl For this we need a localized measure of how far w is from being a minimizer
that is close to some given minimizer v.

Given 6 > 0 and v € My, we let

inf {||u - 'D||W1=2(M) |[o e MiN B(’U,é)}

dé(uaMl) = Hu”le(M)

Proposition 3.1 (Local stability estimate). Let (M, g) be a closed Riemannian
manifold, and let v € My. Then there exist constants ¢,y and § depending on v
such that

(23) Qu) =Y (M) > cds(u, My)*™7 for all u € B(v,9).
If v is integrable or non-degenerate, then we may take v = 0.

We recall that v is called non-degenerate if the kernel K = ker VQ(v)[—, —] C
T, B of the second variation (as in the discussion preceding Lemma [22)) is trivial.
We also recall that the definition of integrability was given in Definition 2.3

Proof of Proposition BIl Given v € My, let F be the Lyapunov-Schmidt reduction
adapted to v as in Lemma 2.2 and let K be the kernel of VQ(v) (see the discussion
before Lemma 2.2). By Lemma 22[@), for any v € B(v,d), we may define the
Lyanpunov-Schmidt “projection” wu, of u by
(24) ur =v+7r(u—v)+ F(rg(u—0)).
Note that, thanks to Lemma @) and @), for any € > 0, we may take 6 > 0
small enough in Lemma such that
(25) lue —vllwrzan < ¢
(26) lug — u||W1,2(M) <e.

We can write
(27) Qu) =Y = Q(u) — Qur) + Qug) =Y

I 11

and estimate these two terms separately.
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Term I: It will be useful for us to write u = u, + u'. Using the notation intro-
duction before Lemma we note that ut € K+. To estimate I, we use Taylor’s
theorem and see that

(28) Q(u) = Q(ug) = VpQ(ug)[u'] + %V%Q(C)[UL, ut,

for some ¢ on a geodesic in B between u and uz. Observe that VsQ(uz)[ut] =0
by Lemma and the fact that ut € K. Furthermore, using the continuity of
V%Q(—) established in Lemma 2] and (26), we can write

(20) Q) ~ Quc) = 3 VEQ)lu* ut] + (1) [y

where o(1) represents a term that goes to zero as ||u — v||y12 — 0. Let Ay > 0 be
the smallest non-zero eigenvalue of V%Q(v). It then follows that, picking 6 > 0 in
the statement small enough,

1 1
(30) Q) = Qug) = Shflut iz + o(W)lu sz > Z)‘luul”%ﬁ/lv?'
Term I1: It will be useful to separate out three cases for estimating term I1.

v is non-degenerate. This is the easiest case, since then uz = v and then (B0)
concludes the proof.

v is integrable. By Lemma[Zdwe have that Q(u,z) = q¢(nx (u—v)) = ¢(0) = Q(v).
So the proposition follows from (B0I).

v is nonintegrable. Let ¢ = mx(u — v) and recall that Q(uz) = ¢(¢). We know
that ¢ — ¢(y) is an analytic function R — R where ¢ = dim K. Thus we can
apply the Lojasiewicz inequality [42]:

Lemma 3.2 (Lojasiewicz “distance” inequality). Let ¢ : R¢ = R be a real analytic
function and assume that Vq(0) = 0. Then there exist 6 > 0,c > 0 and vy >0 (all
of which depend on q and on the critical point 0) such that for all ¢ € B(0,06),

(B)  lale) ~a(0)| 2 cint {lo 7l : ¢ € B0.9). Va(@) =0} |
Appealing to the definition of ¢ in Lemma and the Lojasiewicz inequality in
Lemma [3.2] we see that
(52) Quz) =Y = q(p) — 4(0)
> cinf{lp - @| : ¢ € KN B(0,0),Vq(p) = 0}**7.
Notice further that
inf{le —@| : ¢ € KNB(0,6),Vq(p) =0}
> cinf{{jug — Ollwr2ry + 0 € MyNB(v,6)}
because for any ¢ € M N B(v,d), we may write 0 = v + ¢ + F(p) for some ¢ €
K n B(0,d) with V¢(p) =0, and
lue = dllwr2ny = 7k (v —v) + F(rg (u—v)) = ¢ = F(Q)llwr2
< Nl — ©) = @lwraan + | F (e (u = ) = P@)llwaoun
< mxe(u—v) = llwrzuy + Cllmr (u = v) = @llco.e(ar)

< Ollmx(u—v) = @llwrz(an,
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where in the penultimate inequality we have used Lemma 22[B]). Together with
32), this implies that

(33) Q(UL) -Y > cinf{Hu,c — ’lA)HWL2(M) V€ Ml N B(v,é)}%”.
Combining (B3]) with (B0) yields the result in this third and final setting. O

4. PROOFS OF THEOREMS [[.1] AND [[.4] AND COROLLARY

In this section we conclude the proofs of the main results, that is, Theorems [[.1]
and [[4 and Corollary Theorem [L.T] will be a consequence of the local quanti-
tative stability in Proposition B.d]and a compactness argument, while Theorem [T.4]
will follow from an example of [I7].

4.1. Proof of Theorem [I.1l In the proof of Theorem [[LI] we will make use of
the following compactness result for minimizing sequences, which is proven, for
instance, in [41l Theorem 4.1].

Lemma 4.1. Let (M,g) be a smooth Riemannian manifold of dimension n > 3
and let (u;) C B be a sequence such that Q(u;) — Y. Then, up to a subsequence,
u; converges strongly in WH2(M) to some v € M.

We now prove Theorem [[11

Proof of Theorem [l Since both sides of (B are zero-homogeneous in u and be-
cause inf{|lu — v[[wr2ap) 1 v € M1} > d(u, M), we may work in B without loss of
generality.

Given v € My, let §(v), v(v), and ¢(v) be the constants given in Proposition Bl
Since the set My = {v € M : [|[v] 2+ (5r) = 1} is compact in W'? by LemmaLT] we
may cover Mj by balls B(v,d(v)/2) and take a finite subcover {B(v;, 0(v;)/2)}ies-
Then we define

dp = mind(v;)/2 > 0,
i€Jd
Yo = maxy(v;) < oo,
i€d
= mi ;) > 0.
co rzn€1§1 c(v;)

Let w € B be such that d(u,M;) < dp/4. There exists a i € J such that
lw — v ||z < 6;/2. If © is the closest element of M; to u the triangle inequality
implies that ||0 — v;||y1.2 < ;. Thus we may apply Proposition Bl to see that

Q(u) = Y (M, [g]) > c(vi)ds, (u, M1)* " > cod(u, My)**,

which is the desired result.

We are left with the case that d(u, M;) > §p/4. Note since ||u||;2+ = 1 we have
d(u, M) > 69/16 by the triangle inequality. Thanks to Lemma [ T] and the triangle
inequality, there exists a ¢ > 0 such that

Q(u) =Y (M,[g]) < e = d(u, M) < dy/16.

Thus, when d(u, M1) > do/4 we have that Q(u)—Y (M, [g]) > . Moreover, observe
that by definition, d(u, M) < 1. Letting ¢ = min {c, £} we have proven the stability
estimate (@) for all u € B.

Finally, we show the generic statement. By work of Schoen [49] (see also Ander-
son [3]), generically (that is for an open and dense subset of the set of equivalence
classes of C'°° metrics on a given compact manifold M in the C? topology), there
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are finitely many critical points of () and each one is non-degenerate. Therefore
the proof follows straightforwardly from the local version of Proposition B.Ilin the
non-degenerate case, that is with v = 0. ([l

4.2. Proof of Corollary Corollary [[.2is a direct consequence of Theorem [T.],
up to showing that the distances defined there are conformally invariant.

Proof of Corollary LA Let g = ¢*/("=2)§. Note that Qy(u) = Q(du) and M, =
fveWh2(M): Qy(v) =Y} ={ve W3(M): ¢v € M;}. So, consider the metric
§ given by § = u*/ ("2 g = (u¢)4/("_2)§. We directly compute that

Uér/l\ﬁg /M lu — v|* dvol, = ug}\ftg /M |p(u — v)|* dvoly = wlel}ag /M |pu — w|? dvoly,

which proves that || - || is conformally invariant. So, applying Theorem [[T] and the
Sobolev inequality on (M, g), with g = ure g, we have

infyenm [lu — UHWL?(M))ZJW
||UHW112(M)

Rg—Y—Qg(u)—YZc<

. 2ty . ~
o ((feert lu—vlle an \ <mfgeM ||g—g|>“”
- llull 2= (ary volg (M)4/2*

To see the second inequality above, first note that in the case when d(u, M) < o,
the denominators are comparable. On the other hand, when d(u, M) > §p, we
observe that the quantity inf,ea ||u — vl p2x (ar)/[|wll 2+ (ar) 1s bounded above by 1
and so the inequality follows by choosing ¢ sufficiently small. This establishes (@]).
Next, suppose that Y > 0 and g € M, and recall that

1/2
Gu — Goll« = (/Mcn|V(u—v)|2+Rg(u—v)2 dvolg> .

Again as a consequence of Theorem [[T]and the assumption that R, —Y", we obtain
. ~ 2+
infgemllg = gll+
Ry—Y > —L&402 T .
! B ( volg (M)1/2

where we used that g € M,Y > 0 and, consequently, that R, > 0 is constant.
To conclude, it suffices to prove that ||g, — gu|« does not depend on the choice
of g. Suppose that ¢g,§ € M; with g = ¢*(=2g. Then if g, = u¥/"2g =
(pu)¥ (=2 g = g4, and g, = v/ "2 g = (¢v)*/ (=2 g = g,,, we have

lgu — gullx = /M Cn|vg(u - U)|2 + Rg(u — 11)2 dvol,
= / (u—v) (—cnAg(u —v) + Ry(u — v)) dvoly,.
M

Recall that —c, Ay + Ry = L, is the conformal Laplacian and we have

Ly =¢' % Ly(o0)
Ly dvol, =¢L;(¢v) dvoly.
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Plugging this into the above we get that
[gu — gollx = / (u— U)Lg(u — ) dvol,
M

— [ (6u= 0)L(0u - 00) dvols = 6u G-
M
This concludes the proof of (). O

4.3. Proof of Theorem [I.4l Suppose that ug € M is nonintegrable. Let q : U —
R where U C ker VQ(v) = R’ be the function defined in Lemma 2} since ¢ is
analytic we can expand it in a power series

q(x) = q(0) + > _ g;()
jzp
where each g; is a degree j homogeneous polynomial and p is chosen so that ¢, (0) #
0. As in [T7], we will call p the order of integrability of ug. Next we recall the notion
of Adams-Simon positivity condition:

Definition 4.2 (AS, condition). We say that u satisfies the Adams—Simon posi-
tivity condition of order p, AS, for short, if p is the order of integrability of uy and
gplse—1 attains a positive maximum for some v € St

Proposition [£.3] is immediate from the definitions.

Proposition 4.3 (AS, implies v > 0). Fiz a closed Riemannian manifold of di-
mension n > 3 and fir p > 3. Let ug be a nonintegrable critical point of the Yamabe
energy and suppose that it satisfies the Adams—Simon positivity condition of order
p. Then there exists a sequence of u; € WH2(M) with u; — ug in W2 but

i) — Y (M

i—o0 ||Uz - UOHW1,2

=0, VYa>0.

Proof. Let v € S*~! be the maximum of g, as in Definition For ¢ € [0,1] let
iy := tv, and consider the family of functions (u¢); € W2(M) defined by

Ut::’LLO-i-’[Lt-f-F(’LALt) tE(O,l),

where F' is the function defined in Lemma[2.2l By definition of u; and the properties
of F', we have

H’U,t — U()||W1,2 ~ t,
and moreover, by definition of ¢, we have
Q(ur) = Q(uo) = qliiy) — q(0) =D q(iir)
Jjzp
Since ug satisfies AS,,, we conclude
|Q(ur) — Q(uo)| < CtPgy(v)

for ¢ sufficiently small, which implies the desired conclusion. O
We are now ready to conclude the proof of Theorem [[.4]

Proof of Theorem [[L4l. By Proposition 43} it is enough to prove the existence of
compact manifolds (M, g), with g a minimizer of the Yamabe energy, satisfying the
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AS,, condition for p > 3. This has been done in [I7] (see also [49]), and we recall
them here for completeness.
(i) Fix integers n,m > 1 and a closed m-dimensional Riemannian manifold
(M™, gnr) with constant scalar curvature R,,, = 4(n + 1)(m +n — 1).
Let (P™, grs) be the complex projective space equipped with the Fubini-
Study metric, where the normalization of gpg is fixed so that S"*+1(1) —
(P, grs) is a Riemannian submersion. Then the product metric M™ x
P, g €D grs) is a degenerate critical point satisfying AS,, p = 3.
(i) The product metric on S'(1/v/n — 2) xS"~1(1) is a nonintegrable minimizer
of the Yamabe energy satisfying AS,, for some p > 4 (cf. [I7, Proposition
4)).

In particular (ii) provides the desired example, being a minimizer. (]

APPENDIX
APPENDIX A. PROOF OF THE LYAPUNOV-SCHMIDT REDUCTION (LEMMA [22])

Proof of Lemma [Z2. Fix v € M; and let K, K* be as in the discussion preceding
the statement of Lemma We proceed in several steps.

Step 1 (Step 1: Defining the map F.). We obtain the map F using the inverse
function theorem in the following way. Let us consider the map A : C>*NB —
C%*(M)NT,B defined by

N(w) =g (w—v) + 71 VQ(w).

This map satisfies V'(v) = 0 and, if w, is smooth curve in C*% N B with wy = v
and Oy |i—ow; = ¢, then

VN ()[(] = o M) = mied + mie VEQIG, -]

=mg(+ VEQMW)[C, .

Note that this is well defined for any ¢ € C%*(M)NT,B. The last identity follows
because VZQ(v)[¢] € K+ for any ¢ € WH2(M) N T,B; indeed, for any ¢ € K we
have 0 = (VEQ(0)[9], O) 2 = (1, VEQ()[(]) 12

In particular, (BB) shows that the kernel of VgA (v) is trivial, because for any
¢ # 0, either m¢ # 0 or ¢ € K+, and thus VZQ(v)[(, —] is non-vanishing by
definition.

Furthermore, because the operator ¢ — L( := V£Q(v)[¢, —] is uniformly elliptic,
Schauder estimates ensure that VgAN (v) is an isomorphism from C%%(M) N T,B
to C%*(M)NT,B. Thus, we may apply the inverse function theorem to obtain an
inverse N'~! defined on an open neighborhood U C C%*(M) N T,B containing 0.
SetU:KDUCKanddeﬁnethemapF:U—>KJ- by

F(p) =t N 7Hp) —0).

Step 2 (Step 2: Basic observations about the map F.). Let us make some initial
observations that will be useful for proving the claimed properties of F. For any
© € U, from the definition of N" we have

p=NWN"(p)
= 1N Hp) = v) + 15 VEQN ().

(35)

(36)
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(Recall that the image of N'~! is contained in C%%(M) N B so (B8] makes sense).
Taking 7 of both sides of (B8], we see that ¢ = 7x (N ~1(p) —v). So, along
with the definition of F', this implies that

(37) N7Hp)=p+ F(p)+v for all ¢ € U.
Differentiating (1), we find that for any ¢ € U and n € K, we have

T VN~ p)[n) = V F(p)[n],

(38) .
VN (@)n] = 1.

Notice that in (B8] we can write V instead of Vg, since ¢ € C*%(M)NT,B. We
will do this several time in what follows.

Step 3 (Step 3: Verifying properties of F.). We now check that this map F satisfies
the desired properties in the statement of Lemma It is clear that F(0) = 0
since N'(0) = 0. To see that VF(0) = 0, we appeal to ([B8)) with ¢ = 0 and see that
it suffices to show that 71 VA ™1(0)[n] = 0 for any € K. And indeed, by (BH),
we see that Vg N (v) maps K to K and that VN (v)|x = (VN 10)) Y x = Id.
Thus VF(0) = 0.

Next, we prove property (). First note that N is analytic in w € B as long as
w +— Q(w) is analytic in w € B. First note that N is analytic in w € B in the
sense of [54] Definition 8.8] because 7, Tg+ are linear and w — Q(w) is analytic
in w € B; see [I7, Lemma 6]. It then follows by the inverse function theorem that
F, and therefore g, are analytic functions over K = R (see [54, Theorem 4.H]).

To see ([I0), recall (37, that N~=(¢) = v + ¢ + F(p). But we know that the
domain of N is BN C%%(M) so it must be that the range of N'~! is contained in
B.

The first equality in (IT) follows directly from taking w1 of both sides of (3]
and recalling 7). To see the second equality in ([IT), by the chain rule for any
@ € U and n € K we have

(o + im0 = (Valg),n) = VsQ(w + o+ F(g))ln + V()]
= V5Q v+ ¢+ F(p)) [,

with the latter term vanishing in the second equality because VF(¢)[n] € K+ by
33).

To see property (E), note that U contains a C%“ ball of radius € in K for €
sufficiently small. Since all norms are equivalent in the finite dimensional space K,
we see that U contains an L? ball of radius ¢ in K for some € depending on e.
Now, since the L? norm is nonincreasing under the L? projection 7, we have

i (u = 0)l|2ary < [lu—vll2any < [lu—vllwrzan-

So, provided § < €, we have that the first claim of property (2)) holds. Next,
basic elliptic regularity estimates show that if u € CSCy; N B(v,d), we may take
|lu—v]|c2.a(ar) as small as desired by choosing 0 to be sufficiently small; in particular,
for ¢ sufficiently small, u — v is contained in the neighborhood in which the map A
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is invertible. So, letting w = u — v. we have
u=N"1Nu) = N (rgw+ 751 VQ(u))
=N rgw)
=v+mgw+ F(rgw),

where we have used [B7)) in the final equality. This proves (I8]).
Now we show property @]). To verify the estimate (9], we first apply Schauder
estimates to find

(39) IVE(@)llloze oy < ClIVEQW) [VF@) Ml coear) -
From the second identity in (B8], we find that
ViQ(v) [V F(0)[n]] = VEQ(v) [1x VN () [n]]

= 11 VQ(v) [V ™ ()] -

The second equality follows because V% (v) commutes with g 1. The reason for
this is, as we’ve seen above, that VQ(v)[w] € K+ for any w € WL2(M).
So, from ([B9) and [{Q), we find that

(40)

) IVE@lezean < [ V2Q) VA @)l || coneap -
Next, we claim that
(42) [k V?QW) (YN @] o ar) < VN (@]l

To this end, we first note that differentiating (B8] in the direction n € K, we have
1 =1 VNTHQ) ] + 7 VEQN T (9) VN (@) ]]-
So, by taking w1 of both sides, we determine that
(43) T2 V2QNTH @) [VN ()] = 0.
So, we can write
|75+ V2Q) VN @) 1]l o
= [l (V2Q) = V2R () VA (@) ]]) [ co.c
< VN (@)l e

The final inequality follows because Lemma 2.1 implies that, for a modulus of
continuity, w (which may change from line to line):

1 (V2Q(v) = V2QWN 1)) llcza oo < w (v =N"1pllce)
< w(llellcoe) < (llellwr2).
The penultimate inequality follows by the continuity of N ! from C%® — C?%<.
The last inequality follows provided that ||| w12 is sufficiently small (recall that
¢ € K and all the norms are equivalent on K). This establishes (@2]).
Thus far, from {I]) and ([@2), we have shown that
IVE(@) o2 any < VN (@)l o2e

Now, writing VA= (p)[n] = n+ VF(p)[n] by 1), we see that

IVE(@)nlllc2eany < €(lInllcze + IVE(@)n]llcze) -

Absorbing the second term into the left-hand side, and recalling that all norms are
equivalent on K, we establish (I3). This concludes the proof of the lemma. (]

(44)
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