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SEPARABLE INTEGER PARTITION CLASSES

GEORGE E. ANDREWS

ABSTRACT. A classical method for partition generating function is developed
into a tool with wide applications. New expansions of well-known theorems
are derived, and new results for partitions with n copies of n are presented.

1. INTRODUCTION

The object of this paper is to systematize a process in the theory of integer
partition that really dates back to Euler. It is epitomized in the partition-theoretic
interpretation of three classical identities:
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Equations (1) and ([2) are Euler’s [I0, p. 19] while (I3) is the first of the
celebrated Rogers-Ramanujan identities [I0, Ch. 7].
In section 2] we will analyze (LI])-(L3)) from the point of view of separable integer
partition classes.
A separable integer partition class (SIP), P, with modulus k, is a subset of all
the integer partitions satisfying the following;:
There is a subset B C P (B is called the basis of P) such that for
each integer n > 1, the number of elements of B with n parts is
finite and every element of P with n parts is uniquely of the form

(1.5) (b + 1) + (b2 +72) + -+ (b + 70),
where 0 < by < by < ... < b, is a partition in B and 0 < m <
my < ... < 7, is a partition into n nonnegative parts, whose only

restriction is that each part is divisible by k. Furthermore, all
partitions of the form (L)) are in P.
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As we will see in section [2] each of (ILI)-(L3]) can be developed from this point of
view with modulus & = 1. However. this setting allows a similar examination of
the first Gollnitz-Gordon identity [16] in section [Bt
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More surprising is an analysis of Schur’s 1926 partition theorem [24] in section [
It is interesting to note that this analysis leads naturally to full proofs of both (L)
and Schur’s theorem.

In section Bl we examine a new application. In section Bl we extend the concept
of SIP classes to partitions with n copies of n [I]. Section [7 extends SIP classes
to overpartitions. In the final section, we discuss open questions and note that the
idea first arose in dynamical systems concerning billiard trajectories [13].

2. GENERAL THEORY AND CLASSICAL IDENTITIES

The infinite series in each of (LI)-(L3]) fit neatly into the SIP program with
modulus £ = 1. We begin with (II). In this case, we let Py be the set of all
integer partitions. Now for each n, there is only one element of By with n parts,
namely

1+1+1+-+1,

and every element of Py with n parts, say m + 72 + - -+ + m, can be written
I+(m-1)+A+m—-1))+ -+ 1+ (mp—1)).

The generating function for the elements of Py with n parts is therefore

1+14---41 n

q _q
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Summing over all n yields

q'IL
n%;) (@ @)n’
the left-hand side of ().
Next we consider Pp, the integer partitions that have distinct parts. Here for
each n there is again exactly one partition in Bp with n parts, namely

1+2+3+---+mn,
and every element of Pp, say

T+ T+ -+ Ty (0<m <m<... < my),

can be written
(L+m)+@2+m)+- -+ (n+m).
Furthermore
m AT+,
constitutes an ordinary partition into n nonnegative parts.
The generating function is therefore
1+2+-+n qn(n+1)/2
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Finally, if Pr (R for Rogers and Ramanujan) is the set of integer partitions
where the difference between parts is > 2, the only element of Bz with n parts is

14+3+5+-+(2n—1),

and, as with (I2]), we obtain the generating function for the partitions in Pg as

_ q

14+3+5++(2n—1)
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The above analysis of the series in ([LI))-(L3) is far from new. Indeed these are
proofs whose ideas date back to Euler and were discussed fully in centuries old
number theory and combinatorics books (cf. [23 Sec. 7, Ch. III], [21, Ch. 19]) for
this way of looking at ([LT])-(T3]).

Perhaps the reason that this type of study has not gone farther is the fact that
in each of the classical cases there was only one element of B with n parts.

As we will see in the remaining sections, there are many SIP classes with a
number of elements of B with n parts. The real challenge in each instance will be
to determine the generating function for B. Obviously if we denote by bz(n) the
generating function for these elements of B, then the generating function for all the

partitions in P is given by
Z bs(n)
(

o (0540

where k is the modulus associated with P. In the three cases just considered, we
hardly need to think about B since in each case, there is only one element of B with
n parts.

So how does one determine bg(n)? The idea is to refine one’s consideration of
bg(n, h) where bp(n,h) is the generating function for those elements of B with n
parts and largest part h. Clearly

bs(n) =Y _bs(n,h).

h>0

In practice we shall obtain recurrences for the bg(n,h). The recurrences will
arise by noting the parts in the partitions in B can’t get too far apart. Namely if
h is too far from the next part then k can be subtracted from h yielding another
partition in B and contradicting the uniqueness of the decomposition (5.

The previous paragraph is vague because each individual SIP class provides
different meaning for “too far from.”

Theorem [ provides a large number of SIP classes and will facilitate the subse-
quent theorems in sections BIE

Theorem 1. Let {c1,...,ck} be a set of positive integers with ¢, = r (mod k)
and {dy,...,d;} be a set of nonnegative integers. Let P be the set of all integer
partitions
bi +ba+ -+ by,
where 0 < by < by < ... < by, and for 1 < r < k and each b; if by = r (mod k),
then b; > ¢, and if i > 1, b; — b;_1 > d,.
Then P is an SIP class with modulus k, and B consists of all those partitions

Br+ P+ + B
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where if f1 =1 (mod k) then 1 = ¢, and for ¢ <i <j, if B; =r (mod k), then
dr < B; — Bi—1 < dr + k.

Proof. We proceed by induction on the number of parts N in the partition of 5.
Clearly, if N = 1, then we see that the single part partitions in B are

{c1,¢2,...,cx}. Furthermore if by is a one part partition in P with b3 = ¢, (mod
k), then

b1 = kq+c,
with ¢ > 0.

Now suppose that our theorem holds for all partitions with fewer than NV parts.
Let us consider an arbitrary partition 7 in P with N parts

T+ 7T+ -+ TN
From the definition of P, we see that
T+ ano1 = (B + k) + (B + q2k) + -+ (Byo1 +av-1k),

where 81 + o+ -+ + fn-1 is in B and (1 k) + (g2k) + - - - + (gn—1k) is a partition
whose parts are multiples of K and 0 < g1 < g2 < ... <gqn_1-
Now we know from the definition of P that if 7 = ¢, = r (mod k), then

TN —7N-1=7N — (BN-1+ qn-1k)
(2.1) > d,.
Now define By to be the unique integer congruent to » modulo k in the interval
Bn-1+dr < BN < Pn-1+dr+ k.
Clearly 81 + -+ 4+ By is in B. It remains to show that gy > 0 exists so that
(2.2) N = BN + qnk-
Since 7y = r = Sn (mod k), we need only show that ¢n in 22) is > gy—1.
Now
BN + vk =7N
>d; + Bn-—1+qn-1k
> BN — k+an-1k,

thus
qnk > (gn-1 — 1)k,
or
N > qn-1— 1,
ie.
gN = gN-1-
Thus we have completed the induction step and the theorem follows. O

Corollary 2. As before, bg(n) denotes the generating function for partitions in B
with exactly n parts, and Pp(q) denotes the generating function for the partition in
P, where P is an SIP class of modulus k. Then

Pp(g) =) (bB&

k. kY -
=5 (@%:d%)n
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Proof. 1t is clear from Theorem [ that

bi(n)
(¢*;6%)n
is the generating function for all partitions in P with exactly n parts. Summing
over all n proves the corollary. O

3. GOLLNITZ-GORDON

Identity (L6]) is the perfect prototype to reveal how SIPs truly generalize the
classical series that appear in (II))-(T3]).

First let us give the well-known partition-theoretic interpretation in [16], [17],
[19], [20:

First Gollnitz-Gordon Theorem. The number of partitions of n in which the
difference between parts is at least 2 and at least 4 between even parts equals the
number of partitions of n into parts congruent to 1, 4 or 7 modulo 8.

Let Pg denote the set of all partitions in which the difference between parts is
at least 2 and at least 4 between multiples of 2.

Lemma 3. Pg is an SIP class of modulus 2.
Proof. Pg is an instance of Theorem [l with ¢; = 1, ¢o =2, d1 = 2, d2 = 3. O

Lemma 4. Let bg(n, h) be the generating function for the partitions in Bg with n
parts and largest part equal to n. Then

q ifh=1
(3.1) bo(Lh)={q® ifh=2 |
0 otherwise

and form > 1, h >0,

(32) bg(’n, 2h) = qbg (Tl, 2h — 1)7
and
-1
(3:3) b(n, 2n + 2 — 1) = g" 20 [n h ] ,
2
where

(3.4) H = (a";4™)

B q";q")B(q";q") a-B’
and
n—1 )
(35) (Aa q)n = H (1 - Aq])'
j=0

Proof. We refer to Theorem [Il to determine recurrences for bg(n, h). Clearly B
is immediate.

By the conditions requiring closeness of parts as stated in Theorem [II, we see
that for n > 1,

h — J— _ _ . .
(3.6) bg(n,h):{q (bg(n—1,h=2)+bg(n—1,h=3)) ifhisodd,

q"(bg(n —1,h —3) + bg(n —1,h —4)) if h is even.
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This clearly implies
(3.7 bg(n,2h) = gbg(n,2h — 1),
which establishes ([B.2)).
As for [B.3]), we see by ([30) that
(3.8)  bg(n,2n+2h —1)
=¢*""2" "1 (bg(n — 1,2n + 2h — 3) + bg(n — 1,2n + 2h — 4))
=¢>""2" 1 (bg(n —1,2n + 2h — 3) + gbg(n — 1,2n + 2k — 5))  (by (B0)).

Now the standard recurrence for the g-binomial coefficients (defined in (B.4)),
namely [I0, p. 35]

(3.9) EL: [g:ﬂnﬁ-q"B[Al; 1L,

establishes that the right-hand side of (B3] also satisfies the recurrence (B). In
addition the right-hand side of (B3)) fulfills (3I) when n = 1. Thus B.3)) follows
by a straightforward mathematical induction on n. ]

Theorem 5. First Gollnitz-Gordon identity

g
(3.10) Fola)= ,; (2% 6%)n
(3.11) !

(66700 (0% 6%) 0 (071 ¢%) o

Remark 6. This celebrated theorem and its history are presented in [3] and [10
sec. 7.4]. Indeed the proof of BII)) given below follows essentially that given in
[6) pp. 40-41]. We include it here to reveal that it is naturally suggested by the
work here.

Proof. Let us first treat (310). By Corollary [2]

~obg(n, 7
Pg(q)zzzj70 g(n,7)

2. 42
= @

_ 5 Zizoltotrs2s = 1) + bo(r:27)

= (4% 6%)n
5o n—1
Y sl +q)g i+ [n j ]
(3.12) =1+ 2
n%:l (@%@*)n

Now sum the j-sum using the q—binomial theorem [I0}, p. 36]. Hence

7" (1+q)(—* ¢%)n
Pola) = 7; (4% ¢°)n
7
7;0 b

and (BI0) is proved.
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Suppose in ([3I2), we summed on n rather than j. Thus

2 .2 n—1 2(n—1
# (mar )] s ])
J 2 J 2

2. 42
= (¢*:¢%)n

Therefore

Po(—¢®) = (% qY 2 3 %u +(-1)%)

q
7( Z q2n2—n+ Z (_1)nq2n2—n> by [107 p. 22]

(0"%¢") o0 (0% 0" 00 (—0"% ¢"%) o by [10, p. 22].

Hence
.2
Pola) = I (590 (0 )
(7% %) o0 (%5 0%) 00 (05 4%) 00 (0% ¢%) oo
(43 9) o0
B 1
(45 6%) 00 (0% 4®) 00 (475 ¢%) oo

as desired.
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4. SCHUR’S 1926 THEOREM

Here is the theorem in question [24].

Schur’s Theorem. The number of partitions of n in which the parts are = +1
(mod 6) equals the number of partitions of n in which the parts differ by at least 3
and at least 4 if one of the parts in question is divisible by 3.

In light of the fact that

6n74)

ﬁ 3n1 1+q3n2 lo‘o[ 6" 2)(1—61

- -4 1 _ q3n 1 1 _ q3n—2)
(41) n=1 n_l

o0
H — b 1 _ 46n—5)’
L (1 —gbn 1 q°"?)

we see that the first class of partitions in Schur’s theorem may be replaced by
partitions into distinct nonmultiples of 3.

Indeed, this revision of Schur may be refined as follows (an idea first effectively
considered in [2] and amplified in [I1]):

Refinement of Schur’s Theorem. The generating function for partitions in
which there are m parts = 0,1 (mod 3) and n parts = 0,2 (mod 3) and the differ-
ence conditions in Schur’s original theorem hold is the coefficient of u™v™ in

o0
H 1+uq3n 2 ].+’Uq3n71).

Let Ps denote the class of all partitions satisfying the difference conditions in
Schur’s theorem.

Theorem 7. Ps is an SIP class.
Proof. Ps is the instance of Theorem [l with k = 3,{c1,¢a,¢c3} = {1,2,3}, and
O

{dh d2>d3} = {37 374}

In the remainder of this section, we shall first determine an explicit formula for
the generating functions associated with Bs. Then we will apply Corollary [2 to
prove the Refinement of Schur’s Theorem.

Theorem 8. Let bs(u,v,n,h) (=bs(n,h)) be the generating function for the par-
titions in Bs (with u marking parts = 0,1 (mod 3) and v marking parts = 0,2



SEPARABLE INTEGER PARTITION CLASSES 627

(mod 3)). Then forn >1 and h >0,

(4.2)
n—h h
bs(n,3n +3h — 1) = Z ZUn—juj+h—iqn(3n+l)/2+h(3h+5)/2+i(3i+1)/2
>0 i=0
<o,
h 3 h 3Ltls
(4.3)
n—h h
bs(n,3n +3h — 2) = (1 + uq) Z Z ,Un—juj+h—iqn(3n+1)/2+h(3h+5)/2+i(3i—5)/2
§>0 i=0

P,
h 3 h ali—1]4
(4.4) bs(n,3n + 3h) = ugbs(n,3n —3h — 1),

and forn =1,

uq ifh=1,
2 .
_ vq if h=2,
(45) bS(]-, h) - uqu Zf h = 37
0 otherwise,
where

{A} _{ o 0 o if B> A or B<O,
BJ; (@:d)a//(@:@)B(¢: @) -5 otherwise.
Proof. We let

1 if3n,
(4.6) xs(n) = { 0 otherwise,
and

uv if 3| h,
(4.7 s(h)y=¢ u ifh=1 (mod 3),

v ifh=2 (mod 3).
By the definition of Bs, we see that
uq ifh=1,

2 .
_ vq if h =2,
(4'8) bS(la h) - uvq3 if h =3,

0 otherwise,
and for n =1,
5
(4.9) bs(n.h) = s(h)g" Y bs(n—1,h - j — xs(h)).
j=3

Now (@A) follows directly by comparing ([@9) with h — 3n +3h — 1, and (@3 is a
restatement of ([.g]).

To prove ([E2)) and ([@3J), we need only show that the coefficient of v ~Ju/Th~% on

both sides of (9] is identical, when the bs(n, h) are replaced by the corresponding
right hand sides of ([@2]) and ([£3)).
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We begin with (£9) when n — 3n + 3h — 1. To make clear what we are doing,
we write the right hand side of (@2 as

n—h h
(4.10) ZZbl n, h,i, )" Iyl T
§=0 =0
and the right hand side of ([4.3) as
n—h h o )
(4.11) (1+uq) Z ZbQ n, h,i, )" Iud Tl
7=0 =0

Subtracting these expressions into the right hand side of (£9) with h replaced by
3n + 3h — 1, we have

n—1-h h
(4.12) vgnt3hl Z Zbl —1,h,i,j)o" 1yt
j=0 =0
n—1-h h
Ftug) S baln— 1, by, o
j=0 =0
n—h h—1
+uq Z Z bi(n—1,h,d,5) 0" T d Th= )
j=0 i=0
the coefficient of v~ Ju/Th=7 in ([@I2) is

+qb2(n_ 1,h,’L+ 13.7) +qb1(’ﬂ— 17h_ 171,3))

and this last expression simplifies to by (n — 1, h, 4, j) through three applications of
one or the other of the standard ¢-binomial recurrences [10, p. 35] reiterated here:

(4.14) EL = L;l _ ﬂ] +¢iB {A; 1L,
and
(4.15) [gL = {A; 1L +g [g:ﬂj.

Thus ([@9) is established for h — 3n + 3n — 1.

Finally we consider (£9) with ~ — 3n + 3h + 1 in which case the assertion
becomes

(4.16)
n—h—1h+1
(1+uq) Z Zbg (n,h+1,i, j) o Iy th-itt
i=0 j=0
n—h—1 h
ug® T3 (1 4 ug) Z Zbg(n —1,h 4 1,i, 7)o" 1 dqdTh=itl
i=0 =0

+(1+ug) Y Y biln =1 by T el
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Cancelling the u(1 +ug) from both sides of (4.16]), we see that we need to establish
that the coefficients of v 71/ T"~% are identical on each side.
On the right hand side the coefficient is

q3n+3h+1(b (n—l h+1,i,j)+b1( —1,h,i—1,j—1))

— gnBnHD)/2+(h+1)(3h+8)/2+i(3i=5) /2

S R N ey N}
L)

ba(n, h+1,4,5)
by (EI14).
Thus we have fulfilled the defining recurrence and initial conditions to establish
the formulas [@2) and [@3]). This concludes the proof of Theorem [8 O

We shall conclude this section by proving the Refinement of Schur’s Theorem
combining Corollary [2 with Theorem [l
For the sake of brevity, we write

(4.17) Si(n,h) =bs(n,3n+3h —1)
and
(4.18) Sa(n, h) = bs(n,3n+ 3h — 2).

We note that by (44,
(4.19) ugSz2(n, h) = bs(n,3n + 3h).
To make the final theorem of this section readable, we first prove Lemmas QHITl

Lemma 9.

(4.20) (1 +uq)5’1 n,h) —|—Sg(n,h+ 1)

n—h h
Z Z ,Unfjuj+h7iqn(3n+1)/2+h(3h+8)/2+i(3i+1)/27j

=0 i=—
" n—l—q F+h—q F+1
h 3 J 3i+13.

Proof. The coefficient of v 4/ "% in

<.

(14 uq)Si(n,h)+ Sa(n,h+1)
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is

g (3nH1)/2+h(3h+5)/2+i(3i+1) /2~

(L
+q3i+3{”—2 } Wh_z_l} L‘ﬁl]g
e s N

+3i+3h+6[n—1—]} []+h—l—1:| { h ] )
q .
h 3 h+1 slt+ 1],

_ qn(3n+1)/2+h(3h+5)/2+i(3i+1)/2—j

(L

siqz|n—1—J| [J+h—i h .
+q [ b L[ het |+, (by @I4) twice)

Bt/ 2Hh(3h15)/24+i(3i41) /2 {” -1- j]
3

« (q3; q?’)j+h7i(q3; qs)h
(@63 h+1(6363)j—i(@®: ) i1 (¢ @) n—
X <(1 — PUTh=HD (1 — 30Dy 4 g33(1 — g*U) (1 — q?’(h_i)))

) 24k (3h45) /243 1) 2 o [T 1—j| [g+h—i| [j+1
h 3 J sli+1]y

which is the coefficient asserted in (Z20). O

Lemma 10.

s—1] [n+1| sp2.3, _ n-+s
4.21 +3h(ntl-r) — :
( ) Z |: h :| 3 |:f," — h:| 3q T 3
h=0
Proof. This is an instance of the ¢-Chu-Vandermonde summation [4, p. 37, eq.

3,BIN), ¢~ ¢*n—n+1,m—=>s—1,h—7r and k —r — k. 0

Lemma 11.

2
r n-4+s q?m +3n(s—r) 1
“22) Z ["L{ r ]3 5 (5

= (@) nvs  (@%50®)r(0%¢%)s
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Proof. The left-hand side may be transformed into g-Pochhammer symbols as is
done in detail in the proof of Theorem 3.3 from [9] p. 36].

r n+s q3n2+3n(s—r)
Z {n} 3[ r ]3 ;

= (4% ¢%)nts
_ 1 - zr: (@ a®)nl@> 3 /7:¢%)u”
(@%6%)1 (6% @*)s—r >0 = (6%6%)n(@®7 T %),
1 1

T () (i) (BETTD; ),
(by [10, p. 38 eq. (3.3,12)]),¢ = ¢*, N = r,a — o0,b = ¢**73/7,
3(s—r+1)
R
(¢%a*)r(d*: ¢%)s

c=4q

Theorem 12.
bs(n;
(4.23) > % = (—g; ¢%)oo (—0¢; ¢°) oo

Remark 13. This is the restatement of the refinement of Schur’s theorem. It will

appear in the following proof that the bs(n;q) are infinite sums, but this is only a
convenience of notation. Thus

bs(n;q) uq + vg® + uvg®
Z (@), 1+ 1_ o3
= (%) q
u?q® + uvg® + (uv 4+ v?)¢" + uv?q® + uvg® + uPvgt® + v2ugtt 4+ uv?qt?

* (1-¢*)(1-¢%

Proof. First we note that

r(3r—1) X s q2 s(3s4+1)

(—ug; ¢°)o(—va*; ¢°) Zuq2 . >

3
r=0 s=0 (q 7q )S

Hence the coefficient of u"v® on the right hand of (£23)) is

g Br=1)/2+s(3s5+1)/2

(@3 6%)r (a3 ¢®)s

(4.24)

To complete the proof we must evaluate the coefficient of u"v® on the left side of

E23).
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bs(n,q) (1 +uq)Si(n,h) + Sa(n,h +1)
2, (4% ¢%)n

Il

—_

4
N

1 n—h h
( Z ,UnfjujJrhfiqf(n,h,i,j)
; n =

i=—1

LTI
h 3 j slit+ 1], ’
by Lemma [0 with

fn,hyi5) =n(Bn+1)/2+ h(3h +5)/2+i(3i +1)/2 — j.

So to get the coefficient of u"v*, we need j = n — s,i =n — s —r + h. Thus the
coefficient of u"v® on the left side of (L23)) is

Z |:5 — 1:| l: r :| |:Tl — s+ 1:| y qf(n,h,nfsfrJrh,nfs)
wso Ll dsln=slsl r=h 4 (% 4%)n '
h>—1

Now the sum on A turns out to be the sum on the left side of ([£2I]). Hence by
Lemma [I0] the above sum reduces to

Z |:7,:| |:’I7,+S:| qs(35+1)/2+r(3r71)/2+3n2+3n(sfr) qs(35+1)/2+r(3r71)/2
3 3

nso LMl T (@ 4%)n+s () d)s
by Lemma [Tl which is exactly the expression in (£24]). Thus Theorem [I2is proved.
([l

5. GLASGOW MobD 8

H. Gollnitz [16], [17] provided four partition identities related to partitions whose
parts are restricted to certain residue classes modulo 8. Two of these theorems were
independently discovered by B. Gordon [19], [20] and have been given the name
Gollnitz-Gordon, as mentioned previously.

Lesser known is the following theorem which first appeared in the Glasgow Math-
ematics Journal in 1967 [ p. 127]:

Glasgow Mod 8 Theorem. Let A(n) denote the number of partitions of n into
parts congruent to 0, 2, 3, 4, or 7 (mod 8). Let B(n) denote the number of parti-
tions of n in which all parts are > 2 and each odd part is at least 3 larger than any
part not exceeding it. Then for n > 0,

A(n) = B(n).
For example, A(10) = 8 enumerating
10,84+2,7+3,4+3+3,4+4+2,4+2+2+2,3+3+2+2,2+2+2+2+2,
and B(10) = 8 enumerating
10,84+2,7+3,6+4,6+2+2,44+4+2,4+24+2+2,2+2+2+2+2.
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A natural bijective proof appears in [5].

We have chosen to consider this theorem owing to the fact that it has never
appeared as a direct consequence of a series-product identity. Indeed, the relevant
identity turns out to be

(5.1) 1+

q2 _|_q3 +i (—q3;q4)n_1q2"(1—|—q2”_1) _ H 1
l-¢ = (% ¢%)n oot 1—q»
n#1,5,6 (mod 8)

We shall first prove that (B.I]) is valid. We shall then prove that the left side of
(B is an instance of Corollary

Theorem 14. FEquation (B.1) is valid.
Proof. For N > 1,

N n n—
(5.2) 1+ ¢ +q +3 (= 11+ Y (=% )N
1= q2 n=2 (q27q2)n (q2,q2)N
This follows by mathematical induction. For N =1,

1 = .
* 1—¢2 1—¢g2
Generally,
(—¢*q")N _ (=¢*¢* )N _ (—¢*q")n-1 (( T G _q2N))
(¢*¢*)n  (¢%¢*)n (¢*¢°)n
_ (=% g N1 2V (1 + 2V 1)
(¢*:¢*)n ’

which is the N** term of the left-hand side. The result then follows by induction.
Now let N — oo in (5.2). The left side converges to the left side of (5.1), and
(_qs;q4)oo _ (q6§q8)oo

(%0 (6% 4®)oo(@® 0%

= ! = An)q"

(¢*¢% ¢4 d" ¢% %)~ \

O

Lemma 15. Let £ denote the class of partitions related to B(n). Then £ is an
SIP class of modulus 2.

Proof. This follows immediately from Theorem [[] with & = 2,d; = 3,ds = 0,¢; =
3, Co = 2. O

Lemma 16. Let bg(n,h) be the generating function for the partitions in Bg with
n parts and largest part equal to h. Then

¢ ifh=2
(5.3) be(1,h)=¢ ¢ ifh=3
0 otherwise



634 GEORGE E. ANDREWS

and forn > 1,h > 0,

-2
(54) bg(n,4h + 1) _ q2n+2h2+h n ,
h—1],
-2
(55) bg(’n,4h) _ q2n+2h2+h n :
h—1],
-2
(5.6) be(n, 4h — 1) = gint2w*=3n |7 72
h—2|,
-2
(5.7) be(n, 4h — 2) = g2n—3+2h+h|" .
h—1],

Proof. First we see that (53) is immediate by inspection. Next we note that the
two part partitions in Bg are 2+ 2,2+ 5,3+ 4,3+ 7. Thus

¢t ifh=2

" ifh=4
(5.8) be(2,h) = ¢ ifh=5

¢'° ifh=7

0 otherwise

and inspection reveals that (&4)-(E.7) are valid for n = 2.
Now as in the previous sections, we see that

h . .
_ q"(bg(n —1,h) +bg(n—1,h —1))  if his even,
(5:9)  be(n, h)_{ ¢"(be(n—1,h—3) + be(n— 1,h — 4)) if h is odd.

All that remains is to show that the right hand sides of (E4)-([&7) satisfy the
defining recurrence (.9). Each is proved using instances of (I4) or (IH). We
shall do one case which is typical. When h =1 (mod 4), equation (5.9) asserts

(5.10) be(n,4h +1) = ¢ (be(n — 1,4h — 2) + bg(n — 1,4h — 3)).

Do the asserted formulas for the be(n, _) satisfy the recurrence (BI0)? Yes, as is
clear from the following:

n—2 n—2
q4h+1 q2n—5+2h2+h + q2n—2+2(h—1)2+h—1
h—-1], h—-2],

_ q2n+2h2+h g4 n—2 " o0 —2,
h—1], |-

2 n—2
_ q2n+2h +h [h ~ 1] (by (m))’
4

and this is exactly the recurrence (G.10)). O
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Lemma 17.

(5.11) > be(n,ah +1) = ¢ (=47 ¢")n 2,
h>0
(5.12) > be(n,4h) = ¢ (=475 ¢")n,
h>0
(5.13) > be(n,4h —1) = ¢*" "2 (—¢"; ¢*)n 2,
h>0
(5.14) > be(n,4h —2) = ¢ (=73 ¢")n2
h>0

Proof. Each of these four assertions is an instance of the g-binomial theorem [10, p.
36] applied to the corresponding equation in Lemma[I6l We prove (B.I0) as typical.
By (54) and the ¢g-binomial theorem,

n—2
Z bg('fl74h + 1 Z q2n+2h2+h|: B 1:|

h>0 h>0
- Z g2 et {n ; 2]
h>0 4
=" (=q";¢" )02
O
Theorem 18.
(5.15) _be(n) 14 ¢+ n Z (=3 ") n1¢®(1 + anfl).
7>0 (@%¢%)n 1—¢? = (2 0)n
Proof.
be(n) @+ ¢ be (n, h
n%:o O N e ;};
P bl
1— ¢

be(n,4h + 1) 4+ bg(n,4h) + be(n,4h — 1) 4+ bg(n, 4h — 2)
t2 ) (4%:¢*)n
n>2h>1
7. 4 2n+3 4dn—1 4An+2 2n
¢ q ) + + +
:+Z(QQ)n2(q q q ")

(by Lemma [I7T))
2. 2
= (¢*;¢%)n
_Hq +q° +Z "¢ 2™+ @)+

_q q-3q

1 n>2 ( )

n 1+ 2n—1
— 14+ +Z 1(] ( q )
= (4% ¢°)n

Corollary 19. The Glasgow Mod 8 Theorem is true.

Proof. This follows by comparing (5.1) with (5.14) and invoking Corollary [2 with
P=E. O
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6. PARTITIONS WITH n COPIES OF n

The basic idea epitomized by Theorem [ is actually applicable in a broader
context. In this section we shall describe its application to partitions with “n
copies of n” [].

This subject considers partitions taken from the set M of ordered pairs of positive
integers with the second entry not exceeding the first entry. A partition with n
copies of n of the positive integer v is a finite collection of elements of M wherein
the first elements of the ordered pairs sum to v. For example, there are six partitions
of 3 with n copies of n:

31,32,33,20 + 11,21 + 15,1, + 1; +15.

As was noted in [I], there is a bijection between partitions with n copies of n
and plane partitions.

Most important for our current considerations is the weighted difference between
two elements of M. Namely, we define ((m; — n;)), the weighted difference of m;
and n;, as follows:

((m; —nj)) =m—n—1i—j.
The main point of [I] was to prove the following two results.

Theorem 20 ([Il p. 41]). The partitions of v with n copies of n wherein each
pair of parts has positive weighted difference are equinumerous with the ordinary
partitions of v into parts = 0,+4 (mod 10).

Theorem 21 ([1l p. 41]). The partitions of v with n copies of n wherein each pair
of parts has nonnegative weighted difference are equinumerous with the ordinary
partitions of v into parts = 0,£6 (mod 14).

These two theorems are special cases of a general theorem proved in [T, Th. 3, p.
42]. The proofs relied on bijection between the partitions in question and the results
which provide several Rogers-Ramanujan type theorems concerning partitions with
specified hook differences.

Our object here is to reveal a completely different path to proof by using an
adaptation of Theorem [

Let 8,(m;q) denote the generating function for partitions with n copies of n
where the weighted difference between successive parts (written in lexicographic
ascending order, i.e. m; > n; if m >n or m =n and i > j) is exactly r, there are
exactly m parts, and the smallest part is of the form i;.

Theorem 22.
)
(¢54%)m

As we will see, Theorems 20] and 2Tl follow from Theorem 22| plus Lemma 24] via
two identities given in L. J. Slater’s compendium [25, eqs (46) and (61)]:

(6.1) Br(m,q) =

n(3n—1)/2 1

(6.2) o = I1 gt

= (@6 0)n(4:6%)n L
n#0,+4 (mod 10)
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2

q" _ 1
(6.3) 2 (G On(@GP)n 11 1—qn

n>0 n=1
n#0,£6 (mod 14)

In addition, the case r = —1 is related to the Slater identity [25, p. 160, eq. (81)]
(6.4)

71;[1( )nI:[l (1 _ q14m—3)(1 _ ql4m—11) H 1— qn

n=1
n=+2,3,4 (mod 14)

The right hand side of (64]) is easily seen to be the generating function for C(n),
the number of partitions in which multiples of 7 are not repeated, all other parts
are = +2, 43, +4 (mod 14) and parts = +3 (mod 14) appear in two colors. This
observation together with ([G4]) establishes the following result.

Theorem 23. The number of partitions of v with n copies of n wherein successive
parts have weighted difference > —1 equals C(n).

We shall not require the full generality of Theorem [l for our application of the
SIP idea to partitions with n copies of n. Indeed we only need something analogous
to the three classical examples provided initially in section 2

Lemma 24. Letr > —1. Suppose w is a partition with n copies of n with the parts
written in ascending lexicographic order (i.e. m; > n; if m > n or m = n and
i > j). Assume that the weighted difference between successive parts is > r. Then
if m has h parts

My, +Niy + 045 + -+ 1,
there is a unique ordinary partition with h nonnegative parts in nondecreasing order
Yr+ot++ iy
and a unique partition T with n copies of n
My + iy + 04y + -+ i,
where m; = i; and the successive weighted differences are all equal to r, and

mi, =M, + 1 = (M + Y1),
Niy = Niy + V2 = (7 + 12)i,,

ti, =ti, +n = ([t +Vn)i,.

Remark 25. Note that the subscripts for the original 7 are identical with the sub-
script set for 7.
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Proof. We begin by noting that the subscript tuple (i1, 42, ..., ,) uniquely defines
the m;,, My, ... as follows:

m; = Zl (Where 1= il),
Ny = (i2 + 261 +1)i,,
03 = (i3 + 219 + 291 + 27“)i3,

ti, = (t+- -+ 203 + 2z + 20 + (p — r),,,
where p is the number of parts of the partition. Note that the weighted difference
between successive terms in this sequence is always 7.
Now we uniquely construct the v as follows. We begin with :
’(/}1 =m — i>

and since the first subscript is ¢, we know that m must be > i, so 11 > 0. Next we
define

Yo=n—j—2—r.
Clearly 19 is unique. Is 12 > 917 Yes, because
Yo—Y1 =(n—j—2i—r)—(m—i)=n—m—i—j—r=(n;—m;))—r>r—r>0.
Next we define
Y3 =0—h—2i—2j—2r
and again
Y3 —tYo=(0—h—-2i—-2j—2r)—(n—j—2i—r)=o0o—h—n—j—r
= ((on —nj)) —r>r—r>0.

This continues for all the parts of 7, and this concludes the proof of the lemma. [

Thus we have established the analogous paradigm for n-copies of n partitions

that we considered for ordinary partitions.
The next step is to consider the generating function for the partitions

mi +nj + -+t
where m; = i; and all weighted differences between successive parts in ascending

order equal r. Call this generating function g.(n,m,j) for such partitions where
the number of parts is n and the largest part is m;.

Lemma 26.

0 ifm<1,

N qm ifn=1and m = j,

(6.5) gr(n,m,j)= 0 L onim 2
qmY g (n—1,m—j —i— 1) otherwise.

Proof. The first three lines of (€3] are immediate because the smallest part must
be of the form m,,.

For the last line, we see that the part m; must have directly below it a part that
produces a weighted difference of r. Thus if the subscript is 7, the part must be

(m—j—i—r);
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because
m—j—(m—j—i—r)—i=r.

Thus summing over ¢ we obtain the fourth line of ([E3)). O

Lemma 27. Forr >0,
(6.6)

gor—1(2n,2m, 25 — 1) =q¢*gor_1(2n,2m — 1,25)

_q3m—j+(4r+2)n2—(87‘+2)n+37‘+1|:m_ (2r—Ln—j+r— 1}
2

2n—2
(6.7)
92r—1(2n — 1,2m,2j)=qg2,—1(2n — 1,2m — 1,25 — 1)
_q3mj+(4r+2)n2(12r+4)n+8r+2|:m_ (2r—1)n—j+2r—2] ’
2n—3 9
(6.8)  g2r(2n,2m,25)=qg2,(2n,2m — 1,25 — 1)

— q3m7j+(4r+4)n2 —(8r+6)n+3r+2 |:m —2rn _j —+r— 1:|
2

2n — 2
(6.9)
927“(2n - 1; 2ma2]):q92r(2n - 1; 2m — 1,2] - 1)

_ q3m—j+(4r+4)n2—(12r+10)n+8r+6|:m —2rn—j+2r— 1} .
2

2n—3
All instances of g.(n,m, j) apart from those listed in [€3)-©9) are identically zero.

Proof. Note that (6:6)-(60) are asserting 8 identities between the g,(n,m,j) and
a power of ¢ times a g-binomial coefficient. We denote by ~,.(n,m, j) that asserted
expression that is to be shown equal to g.(n,m, j). For example, from ([6.6]) we are
asserting

727’71(2717 2m, 2] _ 1) — q3m*j+(4r+2)n2*(87’4’2)7’7/4’37’4’1 m— (27' _zl)n ; j + r—= ]' .
n-= 2

It is easy to check directly that the two top lines of (G.5]) hold for v,.(n, m, j). It
is also a simple matter to verify that all of the instances of 7, (n, m, j) that should
be identically zero are indeed that via the given recurrence.

The heart of the proof is to show that each of 8 instances for 7,.(n, m, j) required
by ([G.6)-([6.9) actually fulfills the recurrence. Each one is very similar to the others,
so we will do ([66) for y2,—1(2,2m,2j5). First the case n = 1, which asserts

Yor—1(2,2m,2j — 1) = >

This is true because if there are just two parts where the larger lexicographically is
(2m)g;—1 and the smaller is some My; with the requirement that
(((2m)2j—1 — Mar)) = 2r — 1,

then2m — (2j—1)-M —-M =2r—1. SoM =m—j—r+1,and 2m+ M =
3m — j —r+ 1, as required.

Next we must treat the recurrence step. We evaluate the last line in (6.0]) for
the v’s,
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2m

™Y yaro1(@n—1,2m — (25— 1) —i— (2r —1),4)

i=1

— o (Z Yor—1(2n — 1,2m — 2§ — 2i — 2r + 2, 24)
=1

+> ver1(2n—1,(2m — 2j — 2 — 2r +4) — 1,2i — 1))
i=1

m o . .
_ q2m Z (q3(mfj77.7r+1)71+(4r+2)n —(12r+4)n+8r+2

i=1
y m—j—i—r+1)—2r—1n—i+2r—2

2n —3 9

+q3(m7j7i7r+2)7i+(4r+2)n27(12r+4)n+8r+1

X{(m—j—i—r—!—Q)—(2r—1)n—i—|—2r—2]2)

2n—3

_ 3m—3j+5r+(4r+2)n2—(12r+4)n+5 ~(omeai[m—j+r—1—02r—1)n—2i
=q > (a

. 2n—3 9

=1

om—dit2 |M—J+7—=1—=(2r—1)n— (2 - 1)
+q
2n — 3 9

2m . .
_ q3m—3j+57"+(4r+2)n2—(12r+4)n+5 Z q2m—2i [m —i—j+r—1—(2r— 1)11
2

2n —3

(j—r+14+(2r—1)n+2n—3)

i=1

3m—3j+5r4(4r+2)n?—(12r+4)n+8r45

=q x ¢°

2m . .
v Z S(m—i—jtr—1—(2r—n—2nts) [M—i—j+r—1—=(2r—1)n
q 2n — 3 9

i=1

_ q3m—j+(4r+2)n2—(8r+2)n+3r+1 y {m —1—j+r—(2r- 1)”]
2

2n — 2
(by [I0L p. 37, eq. (3.3.9)])
= vYor_1(2n,2m, 25 — 1).

The other seven recurrences and initial conditions are proved in exactly this way.
O

We are now in a position to prove Theorem

Proof. By the definition of g,.(n,m, j) we see that 3,(n,q)= Zm>1zgnzlgr(n, m,j).
There are four cases to treat: n even or odd and r even or odd. The cases are
entirely similar, so we consider only r odd and n odd.
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ﬂ2r71(2n - 17Q) = Z 2927"71(2n - 1ama.j)

m>1j=1

m
=3 (920120 = 1,2m,2)) + g2p1(2n — 1,2m — 1,25 — 1))

m>1j5=1
m ‘ )
— (1 4 q) Z Z qu—]+(4r+2)n —(12r+4)n+8r+1
m>1j=1
" m—2r—1n—j+2r—2
2n —3 9
=(1+q) Z Z A (2r =1t —2r+242n-3)
m>04>1

K TNt = (2 a4 [m +2n — 3}
2

2n — 3
7 1
1 -2 (¢%¢*)an—2
y q(4r+2)n27(67“+1)n+2?”*2 by [10, p. 36, eq. (3.3.8)]

@n+1)2+2r-1) (> )

=(1+4q)

q

Y

(¢4:4%)2n—1
as desired. The other three cases, as noted previously, are perfectly analogous to
this case. ]

Corollary 28. Forr > —1, the generating function for partitions with n copies of
n in which the weighted difference between parts is at least r is given by

> e

=0 (@ Dm(e¢)m

m2 +T(7§)

Proof. By Lemma 24] and Theorem 22] we see that the generating function for all
partitions with n copies of n and having exactly m parts is given by

Br(ma) g™t
(@ Dm (G Dm(@a)m’
and summing over all m, we obtain the result. (|

Proof of Theorem 20. This follows directly from Corollary 2§ with » = 1 and the

identity (G.2)). O
Proof of Theorem 21l This follows directly from Corollary 28 with » = 0 and the
identity (©.3]). O
Proof of Theorem 221 This follows directly from Corollary P8 with » = —1 and the
identity (G.4). O

In addition, we can now interpret a couple of Ramanujan’s mock theta functions
with partitions with n copies of n.
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Theorem 29. The tenth order mock theta function [12 p. 149, eq. (8.1.2)]

<
L q
2/’10(@) = nE:o (q;

is the generating function for partitions with n copies of n where the weighted dif-
ference between parts is —1, and the smallest part is of the form j;

n;»l)

@)

Proof. We note by Theorem [21] that

Boitm) g("")
—1(m,q) = ———

' (¢ 4%)m

and S_1(m,q) is the generating function for partitions with n copies of n where
the weighted difference between parts is —1 and the smallest part is of the form j;.
Summing over all m, we obtain the result. O

Theorem 30. The third order mock theta function [12] p. 5, eq. (2.1.3)]

¥3(q) = Z g

n

2
(:6%)n

is the generating function for partitions with n copies of n where the weighted dif-
ference between parts is 0 and the smallest part is of the form j;.

Proof. The argument here is exactly that of the proof of Theorem 29l with the only
change being that

m2

4
olmia) = (¢:6%)m’

O

Corollary 31. Let M;(m) denote the number of ordinary partitions of m in which
the largest part is unique and every other part occurs exactly twice. Let My(m)
denote the number of partitions of m with n copies of n where the weighted difference
between successive parts is 0 and the smallest part is of the form j;. Then

Ml(m) = Mg(m)

Remark 32. We shall show that 13(q) is the generating function for both M;j(m)
and Ms(m). As an example, consider m = 9. M;(9) = 4, the partitions in question
being 9,7+ 1+1,54+2+2,3+24+2+1+1. My(9) = 4, the partitions in question
being 99, 86 + 11, 73 + 22, 51 + 31 + 11.

Proof. N. Fine [15, p 57] has observed that 3(q) is the generating function for
partitions into odd parts without gaps. The conjugates of these partitions are the
partitions enumerated by M;(m).

The result now follows from Corollary BIl which shows that ¥3(q) is also the
generating function for Ms(m). O
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7. OVERPARTITIONS

Overpartitions were introduced by Corteel and Lovejoy [14] as the natural com-
binatorial object counted by the coefficients of

Namely these are the partitions of n wherein each part size can have (or not) on
summand overlined. Thus the 8 overpartitions of 3 are 3,3,2+ 1,2+ 1,2+ 1, Q
L,1+1+1,and 1 +1+1.

Among the most appealing theorems on overpartitions is Lovejoy’s extension of
Schur’s theorem to overpartitions [22].

Theorem 33. The number of overpartitions of n in which no part is divisible by 3
equals the number of overpartitions of n wherein adjacent parts differ by at least 3 if
the smaller is overlined or divisible by 3 and by at least 6 if the smaller is overlined
and divisible by 3.

Now the generating function for overpartitions in which no part is divisible by 3
is:

£1s
= =
+

Q

and this function appears in the sixth identity in L. J. Slater’s list [25, p. 152, eq.
(6) corrected].

oo 2
1+q" (-1 9)ng"

(7.1) Hl_n:Z(.)(72)

i l=a" (@)@

3 =
It is completely unclear how exactly the right-hand side of (7)) fits in with Lovejoy’s
theorem. It turns out that (ZI) naturally fits into overpartitions with n copies
of n. Here the same principle as before applies where now only one instance of
n; (1 < j <n) may be overlined in any partition. The generating function is:

(1
H 1J_FZ = 1+2q+ 64 + 16¢° + 38¢" + - -

Thus the 16 overpartitions of 3 using n copies of n are 3s3,33,32,32,31,31,22 +
11,20+ 11,20+ 13,20+ 19,1y + 1y + 1 + 14,1 + 1y + 11 + 1.

Theorem 34. Let J(m) denote the number of overpartitions of m whose parts are
not divisible by 3. Let L(m) denote the number of overpartitions with n copies of
n in which (i) the weighted differences between adjacent parts is > 0 (ii). If the
weighted difference of two or more successive parts is zero, then only the smallest
part in the sequence (ignoring the subscript) can be overlined. Then for m > 1,

J(m) = L(m).
As an example, when m = 4, J(4) = 10, and the overpartitions in question are

4,42+22+2,24+1,24+ 1,24+ 1,24+ 1,1+1+1+1,1+1+1+1. L(4) = 10, and
the overpartitions with n copies of n are 44,44, 43,43, 42,42,41,41,31 + 11,31 + 11.
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Proof of Theorem B4l This result relies heavily on the discoveries chronicled in sec-
tion[Bl First let us consider
(—Lgm _ 1+ +¢*) - (1+¢" (@™ +q")
(4 Om 1-g)(1—-¢*)--A—-g"H(1-q")

A+ +q)(A+¢*) - 1+g" ")

Q-gl-¢)-(1-gm ")

The first term on the right in (T.2]) generates overpartitions with exactly m positive
parts. The second term generates overpartitions with exactly m nonnegative parts

(including exactly one zero).
This dissection of (IEI) then leads directly to the desired conclusion. Namely

(7.2)

2
1 m m— + _]-; m m
Z(( )Q() q" —1+Z< —¢:9) 1()q q )+((. )q) )(?2)
m>0 q;q9 q; q m>1 7q m q:49)m—1 997 )m
Now we recall from Theorem with » = 0 that
g
(¢ 4®)m

is the generating function for partitions with n copies of n having m parts with
smallest part of the form j;.

Now instead of attaching an ordinary partition to this basic partition (as is done
in Corollary 28), we attach overpartitions as generated in (T2l).

First note that these are overpartitions that are being attached. Consequently
this means that if there are several identical parts being attached the result will
be a sequence of parts with successive differences still 0 and with only the smallest
part in the chain possibly being overlined.

Second, the first term (as noted after (Z2)) produces those partitions where the
smallest summand is not of the form j;, and the second term accounts for those
partitions where the smallest summand is of the form j;. ]

8. PARTITIONS WITH n COPIES OF n AND EVEN SUBSCRIPTS

It may at first appear rather artificial to restrict ourselves to only those n; with
jeven (1 < j <n). However, this restriction leads to a new interpretation of one
of the more striking results in L. J. Slater’s compendium [25, p. 161, eq. (86)]

e’} q2n2 [oe) 1
(8.1) = .
,;) (4 9)2n Bl P
n=+42,43,44,+5 (mod 16)

The right hand side of (81) is clearly the generating function for G(n), the number
of partitions of n into parts = £2, 43, £4, 45 (mod 16). On the other hand, noting
that

2n* =1+143+34+-+(2n—1)+ (2n—1),
we may use the argument used to produce (3] to see that the left hand side
produces partitions

by + b2 + b3 + by + -+ boj1 + by
into nondecreasing parts with b3 — by > 2,b3 — by > 2,b5 — by > 2,b7 — bg > 2, ...

(ct. [19)).
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The reason that we renew our study of (BJ) is that it fits perfectly into the
theme of the last two sections.

Theorem 35. Let H(n) denote the number of partitions of n using n copies of n
but (i) restricted to even subscripts, (i) the weighted differences between successive
parts is > 0, and (iil) excluding adjacent pairs n;,m; with n and m both odd and
((ni —m;j)) =0. Then forn >1,

G(n) = H(n).

As an example, G(10) = 7 where the relevant partitions are 5+ 5,5+ 3+ 2,4 +
442,44+343,4+24+24+2,3+34+2+2,2+24+2+2+2. H(10) = 7 where the
relevant partitions are 101¢, 10g, 10g, 104, 102, 83 + 22,84 + 25. Note that 75 4 35 is
disallowed because ((72 — 32)) = 0 with both 7 and 3 odd.

Proof of Theorem B8l We rewrite the left side of (1) as

2m? 2m?

P (—:@°)m _4q
(

m>0 & Q)2m m>0 (q2; q2)m (q2; q4)m .

Now by conjugation of the 2 modular representations of partitions without repeated
odd parts, we see that

(=:4°)m

(6% 6*)m

is the generating function for partitions with exactly n nonnegative parts with no
repeated odd parts. On the other hand,

(8.2)

2m?

4

(@ ¢")m

is merely the dilation (¢ — ¢2) of By(m,q) from Theorem Thus By(m, ¢?) is
the generating function for partitions into n copies of n where summands are of the
form (2r)gs (1 < s <r7).

Now we proceed here exactly as before in Lemma and Corollary The
attachment of the ordinary partitions generated by (82) to the partitions with
n copies of n as generated by (B3] yields partitions into n copies of n with m
parts subject to the requirement that the weighted difference between parts is

nonnegative, and that two successive parts r; and s; cannot have ((r; — s;)) =0
with both r and s odd.

(8.3)

9. CONCLUSION

There are several points to be made in summary.

First, we have chosen a sampling of possible applications of this method to make
clear its widespread utility. Thus there are many instances of Theorem [I] that have
yet to be considered. We have treated only a few of these.

Second, there are other examples of SIP classes. Indeed, the inspiration for this
paper arose from [13]. The SIP class in [I3] is the set of integer partitions in which
the parts are distinct, the smallest is even, and there are no consecutive odd parts.
This SIP class is not an instance of Theorem [Il Consequently, it is surely valuable
to explore SIPs not included in Theorem [l
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Finally, there are other theorems that cry out for an analogous theory. For ex-
ample, the mod 7 instance of the generalization of the Rogers-Ramanujan identities
given in [7] may be stated:

Y [N} e - 1
o1 sz:o(q;q)zvn;0 m|, T T };[1 1—qgn

n#0,£3 (mod 7)

There are several interpretations of the left hand side of (@1) [8], [9], [18]; however
none seems to lend itself to an SIP-style interpretation. If such an interpretation
could be found, this would open many further possibilities.
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