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COMPACT DIFFERENCE OF COMPOSITION OPERATORS ON
THE HARDY SPACES

BOO RIM CHOE, KOEUN CHOI, HYUNGWOON KOO, AND INYOUNG PARK

ABSTRACT. Answering to a long-standing question raised by Shapiro and
Sundberg in 1990, Choe et al. have recently obtained a characterization
for compact differences of composition operators acting on the Hilbert-Hardy
space over the unit disk. Their characterization is described in terms of cer-
tain Bergman-Carleson measures involving derivatives of the inducing maps.
In this paper, based on such results, we take one step further to obtain a
completely new characterization, which is more intuitive and much simpler.
In particular, our new characterization does not involve derivatives of the in-
ducing maps and includes the Reproducing Kernel Thesis characterization.
Moreover, our proofs are constructive enough to yield optimal estimates for
the essential norms.

1. INTRODUCTION

Let S(D) be the class of all holomorphic self-maps of the unit disk D of the
complex plane. Each ¢ € S(D) induces a composition operator C, defined by

Cof =Ffop
for functions f holomorphic on D. It is clear that C,, takes the space of holomor-
phic functions on D into itself. An extensive study on the theory of composition
operators has been established during the past few decades on various settings.
We refer to standard references [6] and [I7] for various aspects on the theory of

composition operators acting on classical holomorphic function spaces.
For 0 < p < 00, the Hardy space H? (D) is the space of all holomorphic functions

f on D such that
1/p
{[1reoran@} <,

where m is the normalized arc-length measure on the unit circle T := 0D. It is a
classical result that to each function f in a Hardy space corresponds its boundary
function f* defined by the radial limits almost everywhere on T. Also is well
known that each space H?(D) is isometrically embedded in LP(T) via the boundary
functions.

1|z =

sup
0<r<1
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Throughout the paper there will be many statements involving a pair of inducing
maps. In order to make the notation as simple as possible, those inducing maps
will always be denoted by ¢ and . In addition, for such a pair, we will use the
notation

p=Poy = d(p, ),
where d is the pseudohyperbolic distance; see Section Since ¢* and 9* can
coincide on a set of positive measure only when ¢ = ¢, we note that p also has its
boundary function p* defined by the radial limits almost everywhere on T.

In 1981 Berkson [I] first found the isolation phenomenon for composition op-
erators acting on H?(D). Berkson’s isolation result was refined later by Shapiro
and Sundberg [18], and also by MacCluer [L1]. In the course of their study in [I§],
Shapiro and Sundberg noticed that if two composition operators on H?(D) form a
compact difference, then they belong to the same path component in the space of
composition operators. Based on such an observation, they were eventually led to
the question of whether two composition operators form a compact difference if they
belong to the same path component. Later their question was answered negatively;
see [2], [7] and [I3]. On the other hand, by such a negative result, the problem of
characterizing compact differences of composition operators became more interest-
ing and had been open until quite recently. In fact Choe et al. [3] have recently
obtained a characterization (see Theorem B8], in terms of Carleson measures, for
compact differences of composition operators on H?(D). Earlier Saukko found in
[15, Theorem C] a sufficient condition for compact differences of composition opera-
tors acting from a Hardy space into a smaller one. In case the domain space and the
target space are the same, Saukko’s result can be rephrased (in terms of Carleson
measures) as follows: If the pullback measures (p*? dm) o p*~1 and (p*? dm) o p*~1
are compact Hardy-Carleson measures, then C, —Cy, is compact on H? (D) for each
p > 1; see Section [Z4] for the notion of compact Hardy-Carleson measures. While
this Saukko’s sufficient condition should imply the equivalent conditions in Theo-
rem [3.8] it is not clear at all to see any direct implication. As for us, we believe that
Saukko’s sufficient condition is mot necessary in general, but do not have an explicit
example. The purpose of the current paper is to obtain a new characterization for
compact differences of composition operators on H?(D) in terms of integrals which
are closely related to Saukko’s sufficient condition. Our new characterization seems
quite different from and much simpler than those in Theorem B8l In particular,
our new characterization does not involve derivatives of the inducing maps.

In order to state our main result, we first set some notation to be used for the
rest of the paper. Given ¢, 9 € §(D), 0 < p < co and s > 0, put

(1.1) Qs(a) :={z€D:|z—a| <251 - |a|)}
and define
Ap.s(a) = A9 ¥ (a)
* Lk |P * % |P
5:/ ’SO—_w* dm—l—/ ’L_w* dm
e 1[Qu(a)] | 1 — T v 1Qu ()] | 1 —ap

for a € D.
Our main result is Theorem [Tl In Assertion (c) below k‘Z; ! denotes the H2-
normalized test function defined in (23).

Theorem 1.1. Let ¢,1) € S(D). Then the following assertions are equivalent:
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(a) Cy, — Cy is compact on H?(D);
2.s(a) _

(b) limjg)—y )‘1 Tal =0 for some/any s > 0;
(©) linjgpo | (Cp — CIRZT

HH2 =0 for some/any t > ;.

When t = 1, Assertion (c) is known as the Reproducing Kernel Thesis for com-
pactness on H?(D) of differences of composition operators, which has been conjec-
tured by many experts. As for the equivalence of Assertions (b) and (c), we actually
obtain the HP-version for arbitrary 0 < p < oo; see Theorem Bl Moreover, it turns
out that Assertions (b) and (c) can be replaced by their p-analogues; see [@2). Fi-
nally, one may combine Theorem [[T] with a result of Nieminen and Saksman [14]
(see Section £2)) to obtain the HP-version for 1 < p < oo; see Corollary 1

It seems worth mentioning the special case ¢ = 0. In such a case, one may easily
check that A, s(a) is comparable to (m o ¢*~1)[Qs(a)] for all a sufficiently close
to the boundary. So, Theorem [[.T] might be regarded as an extension of the well-
known characterization for compact composition operators on H?(D); see Section
24 We also note that Theorem [[T] has a clear connection with Saukko’s sufficient
condition mentioned above. To see it, note that Saukko’s sufficient condition can
be explicitly written as

<p* _ ’l/]*

* * |P
e =1Qu () |1 =™ P -1[Qu(a)] | 1 = P*p*

as |a|] — 1; see Section [Z4l It is easily verified (see Section ) that A, s(a) is
dominated (up to a constant factor) by the left-hand side of the above. Thus
Saukko’s sufficient condition implies Assertion (b) in Theorem [[.T1 We also remark
in passing that, in case of the standard weighted Bergman spaces over D, the
corresponding analogues of (L2)) characterize the compactness of Cy, — Cy; see [9]
r [15].

In view of Theorem [[LT] one may naturally expect that the essential norm of
C, — Cy (= its distance, in the operator norm, from the space of all compact
operators on H?(D)), denoted by ||Cy, — C’wHe, should be closely connected with

the behavior of )‘f'_slgll) or/and ||(C, — Cy)k? || 2 near the boundary. The next

result asserts that this intuition is correct.

P
dm = o(1 — |a])

Theorem 1.2. Let s >0, t > 5 and p, € S(D). Then

|Cyp — Cyl2 =~ hmsup )1\ _(Z?

thsup” o — Cy)k 2_1HH2,

the constants suppressed here depend only on s, t, ¢ and .

In the course of the proof of the second estimate in Theorem we actually
obtain its HP-version for arbitrary 0 < p < oo; see Corollary B.11

In Section ] we recall and collect some basic facts to be used in later sections.
Section [ is devoted to the proofs of Theorems [[LT] and In Section [ we collect
remarks, which are related to our results, on the following topics: (i) Saukko’s
sufficient condition; (ii) Dependency on the parameter p of compact differences on
HP(D); (iii) Compact differences on H?(D) of composition operators induced by
maps of bounded multiplicity; and (iv) Equivalent representations of the integral

Ap.s(a).
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Constants. Throughout the paper we use the same letter C' to denote various posi-
tive constants which may vary at each occurrence but do not depend on the essential
parameters. Variables indicating the dependency of constants C will be often spec-
ified in parentheses. For nonnegative quantities X and Y the notation X <Y or
Y 2 X means X < CY for some inessential constant C. Similarly, we write X ~ Y
if both X <Y and Y < X hold.

2. PRELIMINARIES

In this section we collect well-known basic facts to be used in later sections.
One may find details in standard references such as [6] and [I7], unless otherwise
specified.

2.1. Compact operator. We clarify the notion of compact operators, since the
spaces under consideration are not Banach spaces when 0 < p < 1. Let X and Y
be topological vector spaces whose topologies are induced by complete metrics. A
continuous linear operator L : X — Y is said to be compact if the image of every
bounded sequence in X has a convergent subsequence in Y.

For a linear combination of composition operators acting on the Hardy spaces,
we have the following convenient compactness criterion.

Lemma 2.1. Let X = H?(D) or AE(D) fora > —1 and 0 <p < oo. Let T be a
linear combination of composition operators acting on X. Then T is compact on X
if and only if Tf, — 0 in X for any bounded sequence {f,} in X such that f, — 0
uniformly on compact subsets of D.

The proof below, which is basically the same as the proof of |6, Proposition 3.11]
for single composition, is included for completeness.

Proof. Assume that T is compact on X and let {f,} be a bounded sequence in X
with f,, — 0 uniformly on compact subsets of D. Then {T'f,} has a subsequence
which converges in X by compactness of T'. Since f,, — 0 on any compact subset of
D, we see that T'f,,(z) — 0 at every z € D. Since this is true for any subsequence
of {fn}, we conclude that T'f,, — 0 in X.

Conversely, let {g,} be any bounded sequence in X. By normality we may
find a subsequence {g,, } converging uniformly on compact subsets of D to some
holomorphic function g. Note g € X by Fatou’s Lemma. Note also that the
sequence {gn, — g} is bounded in X and converges to 0 uniformly on compact
subsets of D. Thus the hypothesis guarantees that T'g,, — T'¢g in X. The proof is
complete. |

2.2. Pseudohyperbolic distance. The pseudohyperbolic distance between z, w €
D is given by

d(z, w) = [yw(2)],

=2 is the involutive automorphism of D that exchanges 0 and w.

where 7, (2) 1= 7=

The explicit expression of d(z,w) is given by the identity

1—|2*)(1 = |w]?)
1 — zw|? '

(2.1) 1—d*(z,w) = (
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Since
L=z 1-|nw@®) < 1H+d(zw)
L— w2 |1 —y(2)w? =~ 1-d(z,w)’
we note
_ /2
1—a: ol [A-]zH0 - [wP)] 2D
1 — =
‘ (1—610)‘ d(z’w)|1—dw| [ 1—d?(z,w) by
1— |22 1 V21 wl?
<d .
(z,w) L w21 —d%z,w)} 1— |w|
2d(z,w)
1—d(z,w)

for all a, z,w € D. In particular, we obtain the following inequality, which is useful
for our purpose:

1+d(z,w)
~1-d(z,w)

(2.2) ‘l—ﬁz

1 —aw

for all a, z,w € D.

2.3. Littlewood-Paley Identity. By Green’s Theorem the norm of a function
f € H?(D) can be computed through an area integral as follows:

|m#—ﬂwﬂéﬁvmmiﬂma

where A is the normalized area measure on D. It is this formula, known as the
Littlewood-Paley Identity, which provides a useful connection between two Hilbert
spaces H?(D) and A%(D) described below.

Given a > —1, let A, be the weighted area measure on D given by

dAy(2) == (a+1)(1 — |2|*)*dA(2).

The a-weighted Bergman space AF (D) is then the space of all holomorphic func-

tions f on D such that
1/p
e ={ [ 1P asa} <o
D

The space AE (D) is a Banach space equipped with the norm above for 1 < p < oo
and a complete metric space for 0 < p < 1 with respect to the translation-invariant
metric (f,g) — [|f — g|"y». In this paper we will need only the case p = 2 and
a = 1, but have included the general case for convenience later in some unified
statements.

Now, since log |z| =2 is integrable near 0 and comparable to 1—|z|? near boundary,
the Littlewood-Paley Identity yields

(2.3) £ llz2 = [£O)] + 1 []azs

the constants suppressed here are independent of f € H?(D).
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2.4. Hardy-Carleson measure. Let z be a positive finite Borel measure on D.
For 0 < p < oo, we say that p is a (compact, resp.) HP-Carleson measure if the
embedding H?(D) C LP(y) is (compact, resp.) bounded. Here, functions in H? (D)
are identified with their radial extensions on D.

The (compact, resp.) HP-Carleson measures are characterized by the bounded

(vanishing, resp.) property of their averages over Carleson sets Ss(¢) defined by
S5(¢):={2€D:|z—(| <6}

for 6 > 0 and ¢ € T. More explicitly, it is known that u is a (compact, resp.)
HP-Carleson measure if and only if

(2.4) 1[Ss(C)] = O(8) (o(d) resp.) uniformly in ( € T

as 0 — 0. So, the notion of (compact) HP-Carleson measures is independent of
the parameter p. Accordingly, HP-Carleson measures will be simply called Hardy-
Carleson measures.

We note that the Carleson sets mentioned above can be replaced by the sets
Qs(a) introduced in ([dJ). In fact we have

S5 (¢) C Qs((1=10)¢) C Ses(€) where ¢ = 2T 41

for all 6 € (0,1) and ¢ € T. We thus see that the (compact, resp.) Hardy-Carleson
condition (2.4) is equivalent to

M[QS(G)] 50 im /‘[QS(G)] _ res
25) SR < (im T—fa] p‘>

for some/any s > 0.
The connection between composition operators and Carleson measures comes
from the measure theoretic change-of-variable formula (see [8, p. 163])

(2.6) /T(honp*)dm:/ﬁhd(moga*_l)

valid for ¢ € S(D) and positive Borel functions h on D. For example, since C, is
bounded on the Hardy spaces, one may verify via the above formula that m o ¢*~!
is always a Hardy-Carleson measure.

2.5. Bergman-Carleson measure. Let p be a positive finite Borel measure on
D. For « > —1 and 0 < p < oo, as in the case of the Hardy-Carleson mea-
sures, we say that p is a (compact, resp.) AP -Carleson measure if the embedding
AP (D) C LP(du) is (compact, resp.) bounded. The notion of (compact) AE-
Carleson measures is also independent of the parameter p. In fact, it is known
that (compact) AP-Carleson measures are characterized by the condition which is
obtained by replacing § by §272 in the right-hand side of (Z.4). So, AP-Carleson
measures will be simply called a-Bergman-Carleson measures.

Here we recall another characterization for (compact) a-Bergman-Carleson mea-
sures, which is useful for our purpose. Given ¢ € (0, 1), put

_ ~ p[Es(a)]
Fas0) = [ Jopyers

for a € D where Es(a) denotes the pseudohyperbolic disk with center a and radius
0. Tt is known by Luecking [I0] that p is a (compact, resp.) a-Bergman-Carleson
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measure if and only if
(2.7) sup La,s(a) < 0o ( lim fiq,5(a) =0 resp.>
ac€D la|—1

for some/any ¢ € (0,1).

2.6. Test functions. Let 0 < p < oo and a > —1. Here, we put A” | (D) := H?(D)
for unified statements below.
As is well known for the Hilbert space A% (D), to each a € D corresponds a
unique reproducing kernel whose explicit formula is known as z — K22(2) where
1

:1—&2“'

K.(z):

Powers of these functions will be the source of test functions in conjunction with
Lemma 2Tl The norms of such kernel-type functions are well known. Namely,
when ¢ > O‘TTQ, we have

|Killaz ~ (1= la) ™", aeD;
the constants suppressed in this estimate depend only on «, p and t; see, for exam-
ple, [T9, Theorem 1.12]. In view of this norm estimate, we put
a4+ 2
p

for test functions normalized in AP (D). We note in conjunction with Lemma 2]
that

thH

(2.8) ke = (1 —la])"™ ® K!, t>

(2.9) ki — 0 uniformly on compact subsets of D

as |a| — 1.

3. PrROOFS

In this section we prove Theorems [[LT] and We first prove Theorem [B.1] of
which the special case p = 2 is the equivalence of Assertions (b) and (c¢) in Theorem

1
Theorem 3.1. Let 0 < p < oo and ¢, € S(D). Then

Ap,s
(3.1) lim (@) =0 for some/any s >0
la]—=1 1 — |a]

if and only if
_ 1
(32) T [[(Cy = CokE lan =0 for some/any t > .

Before proceeding to the proof, we pause to notice some preliminary lemmas.
For that purpose we introduce some auxiliary points associated with points in D.
Put

a

(3.3) = 1= 21~ el

for a € D and s > 0 with 1 — |a| < 27%. Also, put

(3.4) ay = ae”N(=lal)
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fora € D and N > 0 with N(1—|a|) < w. These auxiliary points will play essential
roles in our proofs.

Lemma [B:2] concerning the property of the auxiliary points ds, will be used in
our proof of the necessity in Theorem [3.11

Lemma 3.2. Lett > s> 0. Then there is a constant r = r(s,t) € (0,1) such that
Qi(a) C Qs(ar—s41) and d(a,dy—s41) <T
for all a € D with 1 — |a| < 2~ (¢=s+1),

Proof. Let a € D and assume 1 — |a| < 2~ Note
. _ a
a—apgp1 = (27T —1)(1 - |a\)m.
Thus, for z € Q¢(a), we have
|2 = —ss1] < |z —al + |a — Ge—s41]

<2H(1 —a]) + (275 = 1)(1 — [a])
=27+ 27 - )1~ a])
<27%(1 —|a])
=271 — Jap—s 1)

So, we conclude the first assertion of the lemma.

Meanwhile, note

1 =@ opr = (1427 a])(1 = |a]) < (1+27°F1)(1 — |a).
We thus have
(1= lJal)(1 = |ar—s41]*)

|1 —@ag— 1/

o (= lah( —[as—st1l)
= (22 (1~ Jal)?
2t—s+1

(1 + 2tfs+1)2 :

1 —d*(a,d1—s41) =

This implies the second assertion of the lemma. The proof is complete. O

Lemmas and [3.4] will be used in the proof of Lemma [3.5] which is the main
property of the auxiliary points a .

Lemma 3.3. Let s > 0. Then there is a constant C = C(s) > 0 such that

zZ—w
1 —aw

’ < Cd(z,w)

foraeD, z € Qs(a) and w € D.
Proof. Consider an arbitrary a € D. Let z € Q;(a). Since

(3.5) [1—az| <1—laf® +alla— 2| < (2+27F1)(1 — [a]),



COMPACT DIFFERENCE OF COMPOSITION OPERATORS 741

we have
11 —zw|? <1 —az|"/? + |1 — aw|*/?
< (2427121 — |a)? 4 |1 — G|/
<[@2+2")"2 + 1] - aw|"/?
and thus
12_—61:10‘ < [(2+25+1)1/2+1]2d(2,w)
for all w € D. The proof is complete. O

Lemma 3.4. Let s > 0 and N > 0. Then there is a constant C = C(s,N) > 0
such that

1—-aw
for all a € D with N(1 —|a|) < 7 and w € D.
Proof. Let a € D and assume N(1 — |a]) < w. Note

‘1—an

<c

1~ aa| = |1 = [af eV 01D

<1-— |a‘2 + ‘(1|2‘1 _ eiN(17|a|)

< (N +2)(1 = al).

We thus have
11 —ayw|? < |1 —axa|? + 1 — aw|'/?
< (VN +2+ 1)1 —aqw|'/?

for all w € D. So, the lemma holds with C' = (v/N +2 + 1)2. The proof is
complete. ([l

Lemma is the key to our proof of the sufficiency in Theorem [3.11
Lemma 3.5. Let s > 0 and t > 0. Then there are constants N = N(s,t) > 0 and

C = C(s,t) >0 such that
N N\t
- e2)
1 —aw 1—ayw

<o

for all a € D with |a] > & and N(1 — |a]) <7, z € Q4(a) and w € D.

Proof. For a € D with |a| > %, let z € Qs(a) be arbitrary point throughout the
proof. Let w € D. We consider two cases separately: (i) w € Qsi2(a) and (ii)

w € Qs12(a).
First, in Case (i), since

zZ—w

1 —aw

2 + 25+1
2s+3

-2y
1 —aw

1—az

1
< Z
1—aw -2

by B3], we have by Lemma

w—a

‘1—62

z —

w 1\ !
< < - —
1—Ew‘_c_c(1 2t>

b




742 B. R. CHOE, K. CHOI, H. KOO, AND I. PARK

where C' = C(s) > 0 is the constant provided by Lemma B3l Thus the asserted
inequality holds for Case (i).
Next, consider Case (ii). Note

e~ N(—lal) _ 1’ > sin (M) > E(l — la])
™

lan —a| = a]

whenever N > 0 and N(1 — |a|) < 7; recall |a| > 1 for the first inequality. Thus,
taking

N o= 77(10 LostM 2s+3)7

where M is a positive number to be chosen later, we have
11— axwl > oy — w]
> lany —a| —|a— w
> |l ‘efiN(lf\aD _ 1‘ — 25H3(1 — |al)
N .

> (= —2%) (1 - fal)
(3.6) =10-2°TM(1 — |a])
for all @ € D with N(1 — |a|) < 7. Since

|z —w| < |z —a|+|w—al] <10-2°(1 — |a]),

we obtain by (36

1—anz z—w 1
1— (22 ) o g 2 < =
‘ <1—mw> a"l—mw‘ oM
Now, choosing M = M (t) > 0 so large that
1

1—b"#0 whenever 0<|1—b\§2—M

and setting

1-0
Cy:= sup |———|<o0,
peL |1 =0
1-b1< 4y
we obtain
zZ—w 1 —-anz 1—anz\’
1—anyw 1—anyw 1—ayw
and thus conclude the lemma by Lemma [3.:4l The proof is complete. O

We are now ready to prove Theorem [3.11

Proof of Theorem 3.1l To begin with, we set some notation. Given a € D, put

L 1 =ap Q)

and

Fg(a):—{CET: 1=ayr(c) §2}.

1 —ap*(C)
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Since ¢* and 1* are defined almost everywhere on T, we note that the set I'y(a) U
I'y(a) is of full measure in T. Also, put

T:=C,—Cy and f,:= kg:;l

for short.
First, we prove the necessity. So, assume (B.I]) and consider an arbitrary ¢ > %.
Setting
1 1 P
Ii(a) := / — — — dm, ji=1,2
! r) | (L —ap*)t (1 —ayp*)t
we note

TR e < (1= lal)P ' [11(a) + Io(a)]

a,t
for a € D. We will complete the proof by showing that the right-hand side of the
above tends to 0 as |a| — 1. For that purpose it suffices to establish

(3.7) Iﬁf_r)ll(l —la))?~ i (a) = 0

by symmetry.
To begin with, we note

(3.8) ha= | L (I‘W*)M
. a) .= —
! () |1 — @p*|tP 1 —ay*

Now, we fix an arbitrary positive integer J > s and consider a € D sufficiently
close to the boundary so that

dm.

1—|a| <2775+,
To each a corresponds a unique positive integer N, > J such that
(3.9) oNa=stL(1 —a|) < 1 < 2Ne75F2(1 — |a).

Using J and N,, we now decompose the integral over I'i(a) into three pieces as
follows:

/Fl(a) /1“1(11)090*1[@1(@)] Ti(a)\¢* QN (a)]

+
Ti(a)Ne*~1Qn, (a)\Qs(a)]
(3.10) =:111(a)+ L 2(a) + I 3(a)

for each a. We will estimate these three integrals separately.
For the first integral in (BI0), setting

1 _ At
M; == sup : < 00,
o<|z|<2| 1 — 2
we note
].—EQO* t ].—EQO* w*_w*
1-— < M;|1— = M, -— r
<1—aw*> “ t <1—w* dolf =] on Tl
and thus
MP * _ x| P
(3.11) Lii(a) € —tn S / ’L _1/)* dm.
(1= la)™ Jori@ oy |1 —@¥
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In conjunction with this, we note Q;(a) C Qs(ds—s+1) by Lemma and, more-
over, we have by Lemma [32 and ([22)

1- dJ—s+17;[}* <C
T—ap* |
for some constant C' = C(s,J) > 0. Accordingly, we obtain by (311

__ aly* p
(1 —Jal)? 11,1 (a / R A
|a| Qs (as—s41)] aJ s+17/)
M
S ]
(3.12) = /st M
1- ‘aJ*erll

for all a; the constant suppressed above depends only on ¢, s, p and J.
For the second integral in (3I0]), note

o (lze t
1 —ay*
Also, note from (B3]

|1 —az| > |a—z| > 2N — |a|) > 2°7!

<1+2" on TIy(a).

for all z € D\ Qu, (a). Thus, denoting by m, the pullback measure m o p*~1, we

obtain

dm

11,2((1) 5/ T = Al
o 1[D\Qn, ()] |1 — ap*|"?
dm(2)
= ———= by ([20)
/ﬁ\QN (@) |1 =@z
1

for all a; the constant suppressed above depends only on ¢ and p.
For the last integral in ([B.I0), as in the estimate of I 2(a), we have
d
(314) ha@s [ Eigt)
Qo (@\Q(a) @ = 2|7

for all a. Recall that m,, is a Hardy-Carleson measure (see the remark at the end

of Section 2.4) and thus by (2.5)
my[Qs(2)]

3.15 My lls := SUp —/—————= < 0.
(3.15) Il = sup 2=

So, we obtain by Lemma [3.2]
mw[Qu(a)] < mw[QS(au—s-i-l)] < 2u*3+1||mso||5(1 — laf)

for u > s. It follows that

/ dme(z) < _mw[Qj(a)] < [mells 2j__s+1
Q;(aN\Q_1(a) l@— 2| = 27%(1 —a])? = (1 — |af)tP—1 27t
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for each j = J+1, ..., N,. Accordingly, taking the sum on such j’s, we obtain by
B.19)
- o~ P s
(3.16) (1= lal)'"" 1 3(a) S llmells %:1 S~ Q1)
j=J+

the constants suppressed above depend only on s, ¢ and p.
We now see from (3.12), (B13) and (3I0) that there are constants Ci=C1 (s, t, p, J)
> 0 and Cy = Cy(t, s, p) > 0 such that

t—1 pos (@7 —s+1) -1, Imells
(3.17)  (1—la|)?" "' (a) < Cy m + Cs [(1 —|a))tPt + STt
for all a sufficiently close to the boundary. Note |a;_s+1] — 1 as |a|] — 1 (with
J fixed). It follows from (BI) that the first term on the right-hand side of (BI7)
tends to 0 as |a| — 1. So, taking first the limit |a| — 1 in (BI7) and then the limit
J — 00, we conclude (B1), as required. This completes the proof of the necessity.
We now turn to the proof of the sufficiency. So, assume (3.2)) for some ¢ > zla and
fix an arbitrary s > 0. Put

) _w* p
1 = dm.
¢7wa 1—|a|/*1 a)]‘l—a@[}* "
Note from ([B3)
(3.18) 1-ap* | <2+2TH) (1 ~lal)  on ¢ 7' [Qs(a)]
and thus
p
1—|a])? 1—ap"
T, = [ 1- d
I8l = [ e 1= (o) | dm

dm.

)
N1—|a| ©*~1[Qs(a)] 1—61/)*

Also, using a constant N = N(s,t) > 0 provided by Lemmal[3.5] we see from Lemma

B4 and (BIR)

1-ane*|<C(l—lal)  on ¢ ' [Qs(a)]
for some constant C' = C(s, N) > 0. Thus, since |ay| = |a|, we have by the same
1
1T far e 2 _—/ 1-
lal Jor-1qu (@)

argument
W\ t|P
1—anep
-_— dm.
(1 — (IN’lb*) ‘
Now, it follows from Lemma [3.5] that
Iop(a) ST fallge + 1T fan I

for all @ € D sufficiently close to the boundary. This estimate remains valid by
symmetry when the roles of ¢ and v are exchanged. Consequently, we obtain

A s(a
22l _ @) 4 Iyo(@) < (TSl + 1T fun B

1 —1al
for all a € D sufliciently close to the boundary; the constant suppressed in this
estimate depends only on s,¢ and p. Thus, taking the limit |a|] — 1, we conclude
(). The proof is complete. O

(3.19)
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In conjunction with Theorem [B.J] we notice a couple of observations. First, as
an immediate consequence of Theorem [B.I] and Lemma 2.1l we obtain a necessary
condition for the compactness of Cy, — Cy on HP(D). Note that the special case
p = 2 is the implication (a) = (b) in Theorem [[11
Corollary 3.6. Let 0 < p < o0 and ¢, € S(D). If C, — Cy is compact on
HP(D), then

Ap,s
p.s(a) -0
la]=1 1 — |a]

for all s > 0.

Next, closely examining the proof of Theorem [B.I] one actually obtains the fol-
lowing estimates of which the special case p = 2 implies the second estimate in
Theorem [[2 Here, ||my||s denotes the quantity specified in (B.15]).

Corollary 3.7. Let 0 < p < o0, s > 0 and t > ]lg. Then there is a constant

C = C(s,t,p) > 0 such that

A _
C~limsup 2ps(a) < limsup ||(Cy, — Cy k2 2,
laj»1 1 —lal la|—1 ’

Aps
< C(L+ mls + [mylls) limsup 2229
la|]—1 - |a|
for p, ¢ € S(D).

Proof. The first inequality is clear by (8.I9]). In order to prove the second inequality
we may assume by Theorem [B.1]

Ap,s
lim sup p’—m) > 0.
lal»1 1 —la]

Given a positive integer J > s, we note from (BI7) that there are constants C; =
Cy(s,t,p,J) > 0 and Cy = Cs(s,t,p) > 0 such that

. - . Ap.s(a) [mells + [Imylls
lim sup || TkY Y, < ¢y limsup 2282 4 o, els Z I wlls
la|—1 I Thase Il lal»1 1 —lal 27(tp—1)

where T := C, — Cy. Now, choosing J = J(s,t,p) so large that

Ap,s(a)

——— < limsu ,
2701 = % T
we obtain the second inequality. The proof is complete. ([l

For the proof of the implication (¢) = (a) in Theorem [[I] we need to recall
some results from [3]. Before proceeding further, we first recall a connection between
ordinary composition operators and weighted composition operators. To be more
precise, given ¢ € S(D), denote by W, the weighted composition operator defined
by

Wofi=¢(f o)
for functions f holomorphic on D. It is then not hard to verify via the Littlewood-
Paley Identity that C,, is compact on H?(D) if and only if W, is compact on A3(D).
Similarly, given ¢, € S(D), one may verify that Cy, — Cy is compact on H?(D)
if and only if W,, — Wy, is compact on A%(D); see [3, Section 5] for details.
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n [3] Choe et al. have recently obtained characterizations for compact differences
of general weighted composition operators acting on the weighted Bergman spaces.
As a consequence based on the observation mentioned in the preceding paragraph,
they provided an answer to a long-standing problem of characterizing compact
differences of composition operators on H?(D). Such a characterization was in fact
the starting point of our investigation into Theorem [Tl In order to state it, we
need several pullback measures described below.

Let ¢, ¢ € S(D) and recall that p denotes the pseudohyperbolic distance between
@ and ¢. Now, given § > 0 and 0 < r < 1, we introduce pullback measures

W= Wy, 0P = Jg p and op = ¥ as follows:

w: = (Ipg'[PdAr) o o7t + (|py']P dAr) o 7T,

o =1 =p)’l¢' —v'PdAi] o™t + [( PPl =P dA] oyt

¢ = PdAr) oot +( W2 dAr) o,

where X, denotes the characteristic function of the set G, :={z € D : p(z) < r}.
Note that these are finite measures, because ¢, € A? by the Littlewood-Paley
Identity.

We now recall a couple of results from [3]. First, our proof of Theorem [L1] will
utilize Theorem B8 taken from a special case of [3, Theorem 1.2].

Theorem 3.8 ([3]). Let 8 >3, 0<r <1 and p,¢ € S(D). Then the following
assertions are equivalent:

(a) Cy, — Cy is compact on H?(D);

(b) w+ o? is a compact 1-Bergman-Carleson measure;

(¢) w+ o, is a compact 1-Bergman-Carleson measure.

or = (

Next, Lemma is a special case of [3, Eq. (4.6)]. Recall that k" denotes
the normalized test function introduced in (28]). Also, recall that ay denotes the
auxiliary point introduced in (B.4]).

Lemma 3.9. Let 0 <6 <1, 8> 3 and % <t< g Let ¢,7p € S(D) and put
pi=w+of and S := W, — Wy. Then there exist constants N = N(B3,6,t) > 0
and C = C(f,0,t) > 0 such that

insla) < O[Sk |5 + |15k + || sk

an tHA2 (lN72t||A2 az\r,tHA2

+ Skl + 1882 g + 18K g
for all a sufficiently close to the boundary.
We now proceed to the proof of our main result Theorem [[11

Proof of Theorem [[1l. As is mentioned before, the implication (a) = (b) is con-
tained in Corollary and the equivalence (b) <= (c) is contained in Theorem
B

We will complete the proof by establishing the implication (¢) = (a). To this
end we note from the aforementioned equivalence (b) <= (¢) that if (c¢) holds for
some t > %, then it holds for any t > % So, in order to complete the proof, we
assume (c) for any ¢ > % and show (a). We now fix an arbitrary ¢ > 1 and pick
B > 2(t+1). By Theorem B.§ it suffices to show that the measure p specified in
Lemma [3.9] is a compact 1-Bergman-Carleson measure.
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Note (ki;l)/ = tdki:zﬂ. Thus, setting
T:=C,—-Cy and S:=W,-W,
for short, we have by (2.3
B20) (TR e 0 K O]+ Hal [

for all @ € D. Note that the first term on the right-hand side of the above is
dominated by
1 1
(1—la])"~ +
(1=l A =[2(0))"

which tends to 0 as |a| — 1. Consequently, we obtain

lim ||S

la]—1

lim || Tk,

la]—1

=0.

il = 112

Since this holds for any ¢ > %, we conclude by Lemma and (Z7) that p is a

compact 1-Bergman-Carleson measure, as required. This completes the proof. [

Recall that the essential norm of a bounded linear operator on H?(D), denoted
by |||, is its distance, in the operator norm, from the space of all compact operators
on H?(D). So, given a bounded linear operator 7' on H?(D), we have

|T|le :=inf {||T = L|| : L is compact on H*(D)},

where || - || denotes the operator norm.
Now, we estimate the essential norm of C,, —C, viewed as an operator on H?(D).
We need Lemma B0 taken from a special case of [3] Eq. (4.1)].

Lemma 3.10. Let0 < d <1 and 0 <r < 1. Let o, € S(D) and put v :=w+o,.
Then there is a constant C = C(r,0) > 0 such that

0¥, =Wl < € [ 11251504,

for f € A}(D).

Proof of Theorem [L2. The second estimate being contained in Corollary 37 we
only need to establish the first estimate.

As before, we put T := C, — Cy, throughout the proof. For the lower estimate,
consider H2-normalized test functions f, := kifl for a € D. Given an arbitrary
compact operator L on H?(D), we have

(3.21) ITlle = T = LIl 2 (T = L) fall gz = 1T fall g2 — [|Lfall 22

for all @ € D. Meanwhile, using the polarized Littlewood-Paley Identity and
23), one may verify that f, — 0 weakly in H?(D) as |a| — 1 and thus that
limg 1 ||Lfallm2 = 0. Consequently, using (3.19) and taking the limit |a] — 1 in
BZ21)), we obtain the lower estimate

s(@)

Ao
IT? > Clim sUp

la]—1 —|al

for some constant C' = C(s) > 0.
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We now proceed to establish the upper estimate. Given a positive integer n,
denote by P, the projection on H?(D) defined by

Pog(z) := Z apz®

k=n-+1

for g € H?(D) with power series representation g(z) = Y pax2*. It is known
that

T = tim_ [T,
see [16 Proposition 5.1]. We will complete the proof by establishing

)\g’s(a)
1—al

(3.22) lim [|TP,[* < C(1+ [[mylls + [lmy | s) limsup
n—00 la|—1

for some constant C' = C(s) > 0. Here, ||my||s and ||my]|s are the quantities used
in Corollary B2

First, we estimate the operator norms | TP,||. So, consider an arbitrary g €
H?(D) and put g, := P,g. Let v be the measure specified in Lemma 310 with
any fixed r € (0,1). Also, fix any ¢ € (0,1). Since g,(0) = 0, we have by ([Z3]) and
Lemma B.10]

(3.23) I1TPuglle ~ |(We = Wogillss S [ l0if700 41
D

for all n. In conjunction with the above integral, we note [|g;,[| 42 = llgnllm2 < |9l zr
for all n by (23). Thus, given ¢ € (0,1), we have

(3.24) / |9, 1?01, dAy < (Sup91,6>/ g, 1> dAy + <sup 91,5> lgli3
D tD tD D\tD

for all n. Meanwhile, using the power series representation g(z) = Z?:o apz® and
setting

Ii(t) := 18/ 122D dA; (),
tD

we have
o 2
/ |g;|2dA1:/ > ka7l dA(2)
D D |57
= > lalIi(t)
k=n+1
< (s 1) lal
k>n+1
This, together with (3:23) and (3:24]), yields
(3.25) ITP,|? < (supﬁm) ( sup Ik(t)) + sup 15
tD k>nt1 D\tD

for all n and ¢ € (0, 1); the constant suppressed in this estimate is independent of
n and t. When t is fixed, note
In+1(t) —0
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as n — oo by the Dominated Convergence Theorem. Thus, taking first the limit
n — oo and then ¢ — 1 in ([B:28]), we obtain

(3.26) lim ||TP,||> <lim | sup 714 | = limsup Dy 5(a);
n—o0 t=1 \ D\tD la|—+1
recall for the first inequality that v is a finite measure.

Next, we estimate the limsup on the right-hand side of (B28). Let p be the
measure specified in Lemma corresponding to any (but fixed) 8 > 3. Since
1-r<1-—ponG,, wehaver < (1-— r)_Bu and hence

1
(3.27) limsup 74 5(a) < ———= limsup /i1 5(a).
Jal—1 (1=7)% a1
Meanwhile, fixing t € ( %, g — 1) and using a constant N > 0 provided by Lemma
(with ¢ + 1 in place of t), we have by Lemma B9 and B20)

fi1,5(a) ST fan tllre + 1T fan 21302 + 11T fam e 32
+ IT fam 2t1 12 + 1T fatllFre + 1T faesllFre

for all a sufficiently close to the boundary. So, one may deduce from Corollary 3.7]
(with p = 2) that

. ~ . Ao s(a
(3.28) limsup fi1 5(a) < C(1 4 ||mylls + ||myls) lim sup 2:5(a)

la|—1 lal»1 1—la]

for some constant C' = C(s, 6, 3,t) = C(s) > 0.

Finally, combining (3.20), (327) and 28], we conclude [3.:22]), as required. The
proof is complete. O

4. REMARKS

In this section we collect some remarks connected with our results of the current
paper.

4.1. Saukko’s sufficient condition. When p = 2, we observe that Saukko’s result
mentioned in Section [Iis easily recovered by Theorem [l
Given s > 0, note from Lemma [3.3]

(4.1) ‘M

* x—1
e <p a.e. on ©* [Qs(a)]

for all a sufficiently close to the boundary. This estimate remains valid by symmetry
when the roles of ¢ and v are exchanged. Accordingly, given 0 < p < oo, using the
joint pullback measure

& = (pPdm) o " + (p*dm) oy*~* on D,
we have

Aps(a) S &p[Qs(a)]

for all a sufficiently close to the boundary. So, in case p = 2, Saukko’s sufficient
condition is immediate from Theorem [I.I] as is mentioned in Section [l
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4.2. Dependency on the parameter p. Note that our proof of Theorem [.T],
relying strongly on the Littlewood-Paley Identity, which is a very special property
for the case p = 2, does not extend to general p at all. So, we are naturally led to a
question: What happens if p # 29 In this regard, we recall a result of Nieminen and
Saksman [I4] asserting that the compactness of C, — Cy on HP(D) is independent
of the parameter p € [1,00). In addition, we also remark that

(4.2) e Condition BI) (and thus Condition B.2)) as well) is independent of p.
Proof. Suppose [B)) holds for some p € (0,00). Let g € (0,00) and s > 0. In case
p < g < 00, we obtain by (@I
Ags(a) S Aps(a)
for all a sufficiently close to the boundary, which yields
Ag,s
gs(a) 0.

laj>1 1 —|a]

(4.3)

Meanwhile, in case 0 < g < p, applying Jensen’s Inequality, we note

P
1 ! 2_1)\,(a)
dm) < Imeli 1pf|a|

L—lal Jo-tiquay |1 — a9

for a € D where ||my]|s is the quantity specified in (BI5). In this estimate the
roles of ¢ and 1 can be exchanged by symmetry. So, we see that ([@3)) also holds
for g < p. O

As a consequence of the observations in the preceding paragraph, we may extend
Theorem [T as in Corollary 11

Corollary 4.1. Let 1 < p < oo and p,v € S(D). Then the following assertions
are equivalent:

(a) C, —Cy is compact on HP(D);

(b) limjg)—q )‘ff(aa) =0 for some/any s > 0;

(c) hm\a\—>1||(c<p - Cw)kgz;l

||Hp =0 for some/any t > %.

Proof. As in the proof of Theorem [[T] the implication (a) = (b) is contained in
Corollary and the equivalence (b) <= (c) is contained in Theorem Bl The
implication (b) = (a) holds by 2], Theorem [T and the aforementioned result
of Nieminen and Saksman. ]

Corollary is another consequence.

Corollary 4.2. Let p,v € S(D) and assume that C, — Cy is compact on HP(D)
for some p € (0,00). Then C, — Cy is compact on H4(D) for any q € [1,00).

Proof. We may assume 0 < p < 1 by the result of Nieminen and Saksman. So,
we have p < ¢ for any g € [1,00) and thus see that (3] holds. Accordingly, we
conclude the corollary by Corollary Tl O

In many cases the compactness of a composition operator on a smaller space
implies that of the operator on lager spaces; see, for example, [, Theorem 1.3].
In this regard, when p < 1, Corollary seems somewhat interesting, because it
goes the other way round. In connection with this remark and the observations



752 B. R. CHOE, K. CHOI, H. KOO, AND I. PARK

above, we wonder if the restriction to the range of p in the result of Nieminen and
Saksman is essential. So, we propose Conjecture [£.3]

Conjecture 4.3. The compactness of C, — Cy on HP(D) is independent of the
parameter p € (0,00).

In connection with this conjecture we also conjecture that Property (B.I), or
equivalently Property (B2, is independent of p. In addition, we remark that the
Bergman space analogue of this conjecture is known; see [4].

4.3. Inducing maps of bounded multiplicity. When the inducing maps are
univalent, Choe et al. [3] noticed a much simpler characterization for compact
differences of composition operators on H?(D). To be more explicit, put

I s
1—p(2)]?
for ¢ € S(D). It has been known by Moorhouse [12] that compactness of C,, — Cy,

on the weighted Bergman spaces (described in Section 23)) is characterized by the
condition

(4.4) lim [R,(2) + Ry(2)]p(z) = 0.

|z]—1

Ry (2) :

It turns out that this condition also characterizes compactness of C', — Cy on
H?(D), when ¢ and 1 are univalent; see [3, Theorem 1.3]. In the proof of such
a result in [3], the key tool was Lemma 4] under the additional assumption that
inducing maps ¢ and v are univalent. After [3] was published, we realized through
a simpler argument that the lemma holds in general as follows.

Lemma 4.4. Let p,¢ € S(D) and assume [E4). Let Q C D and assume
(4.5) inf R, > 0.
Then

lim ¢ (2) = 4'(2)] = 0.

|z|—=1,z€Q

Proof. Given z € D and ¢ € (0,1), recall that Es(z) denotes the pseudohyperbolic
disk with center z and radius §. A straightforward calculation shows that Fs(z) is
the Euclidean disk with

(1-0%2 (1—[2*)d

1 —|z]262 1—1z[262"

So, another straightforward calculation shows that Fs(z) contains the Euclidean

(4.6) (center) = and (radius) =

disk with center z and radius ¢=120)9 Taking § = i, we thus have by the Cauchy

1+]z]d
Estimates
5
(4.7) l¥'(2) =¥ (2)| < ——=5 | sup [o—
1|22 \ &, ()
for z € D.

We now assume z € {2 and proceed to estimate the supremum on the right-

hand side of (4.7). Consider an arbitrary w € Ej/4(z). Note from (£.4)) and (4.3])

that p(z) — 0 as |z| — 1 inside Q. Thus we may assume p < I on Q (after

shrinking the set Q to a smaller one if necessary). Note d(p(w),(2)) < 1/4 and
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d(¢(w),¥(z)) < 1/4 by the Schwarz-Pick Lemma. We thus have p < 2 on Ej/4(2)
and thus by (2.2))

(4.8) 11— p(w)p(w)| =1 - |p(w)?
for all w € E;/4(z). We also have by (2.2))
(4.9) 1= fw m1=2]* and 1-|p(w)f =1 |p(2)]”

for all w € Ey/4(2). It follows from (E8) and ([E3) that
lo(w) = (w)| = p(w)[1 = p(w)p(w)| = p(w)(1 — [(2)[)

and
Ry(w) = Ry(2)
for all w € Ey/4(2). Accordingly, we obtain

o) = ()| _ plw)
TR S R o MR, w € Bual2)

where M :=supg R, < oc. This, together with (@T), yields

0’ (2) — ¢’ (2)| S M? ( sup pR¢> ;

E1/4(z)

the constant suppressed in this estimate is independent of z € 2. Moreover, the
right-hand side of the above tends to 0 as |z| — 1 inside Q by ([@6]) and [4). This
completes the proof. O

Now, having Lemma 4 one may repeat the same proof of [3 Theorem 1.3],
except for three spots where the univalent change-of-variable formula needs to be
replaced by the Area Formula (see [6l Theorem 2.32]), to conclude Theorem

Theorem 4.5. Let p,v € S(D) be of bounded multiplicity. Then C, — Cy is
compact on H*(D) if and only if ([@4) holds.

4.4. Equivalent representations of )\, ;. We observe that defining integral of
Ap,s(a) can be replaced by some other integrals. We need Lemma

Lemma 4.6. Lett > s> 0. Then the estimate

zZ—w

~d(z,w) ~ 1

1—aw

holds for alla € D, z € Q4(a) and w € D\ Q4(a); the constants suppressed in these
estimates depend only on s and t.

Proof. Let a € D, z € Q,(a) and w € D \ Q¢(a) throughout the proof. By Lemma
we only need to prove

(4.10) > C

Z—w
1—aw

for some constant C = C(s,t) > 0.
We have

1 —aw| < |1 —az|+ |z —w| < (2+2°") (1 |a]) + |z — w];



754 B. R. CHOE, K. CHOI, H. KOO, AND I. PARK
the second inequality holds by ([B.5). Meanwhile, we have
2 —w| 2 Ja—w|—a— 2| > (27" = 2°TH)(1 ~ [a]).

Combining these estimates, we obtain

1428
1—6w|§< i —|—1>|z—w7

2t — 25

which yields (@I0) with C = 2;;22:. The proof is complete. O

Now, consider functions 7,7, ¥ and nys. ¥, defined by
/ PP dm
e* Qs (a)\* Q1 (a)]

and
1
(ZR1] . * *|P
Npsi(a) s = / lo* — ™" dm
posit (1= lal)? Jor11Qu (@) —11Q:(a)]

for a € D. Put

Tp,sit += p s t + T and Np,s,t = 77[) s, t + 77 7s t

We now see more clearly from the next result a difference between our integral
Ap,s(a) and the integral in Saukko’s sufficient condition (#1II). However, we do not
have an explicit example demonstrating that they are indeed different.

Proposition 4.7. Let 0 < p < co andt > s > 0. Let ¢,¢b € S(D). Then the
estimate

/\p,s(a) = Tp,s,t (a) + Np,s,t (a)

holds for a € D; the constants suppressed in this estimate depend only on p, s and
t.

Proof. By Lemma we have

e O CAO Ia CAO)!

Also, we have by (3.3
-y ~1—la] e on ¥ Qa)].

/ ’s@* — "
Sa»«—l[Qs(a)] 1 - a/d)*

for a € D; the constants suppressed in this estimate depend only on p, s and t. We
thus conclude the proposition by symmetry. The proof is complete. (]

It follows that
p

dmNTpst( )+7] ,st( )
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