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THE HAUSDORFF DIMENSION OF THE HARMONIC
MEASURE FOR RELATIVELY HYPERBOLIC GROUPS

MATTHIEU DUSSAULE AND WENYUAN YANG

ABSTRACT. The paper studies the Hausdorff dimension of harmonic measures
on various boundaries of a relatively hyperbolic group which are associated
with random walks driven by a probability measure with finite first moment.
With respect to the Floyd metric and the shortcut metric, we prove that the
Hausdorff dimension of the harmonic measure equals the ratio of the entropy
and the drift of the random walk.

If the group is infinitely-ended, the same dimension formula is obtained for
the end boundary endowed with a visual metric. In addition, the Hausdorff di-
mension of the visual metric is identified with the growth rate of the word met-
ric. These results are complemented by a characterization of doubling visual
metrics for accessible infinitely-ended groups: the visual metrics on the end
boundary is doubling if and only if the group is virtually free. Consequently,
there are at least two different bi-Holder classes (and thus quasi-symmetric
classes) of visual metrics on the end boundary.

1. INTRODUCTION

Relatively hyperbolic groups can admit several interesting compactifications such
as the Floyd [19], Bowditch [5] and Freudenthal [20] (also called end) compactifica-
tions. The resulting boundaries are compact metrizable spaces on which the groups
act and have rich dynamics in terms of convergence actions. This point of view has
found many applications [3], [24]. In addition, these boundaries can be endowed
with two well-known classes of (quasi-)conformal [§] and harmonic measures [36] so
they are examples of metric measured spaces (X,d,v). The Hausdorff dimension
Hdimg(v) of the triple (X, d, v) is the infimum of the Hausdorff dimensions of v-full
subsets, so it is a measurement of the largeness of the measure class of v. Com-
parison of the conformal and the harmonic measures has been an active research
problem with origins in dynamic systems, see [35], [27], [1], [26], [17], [21], [49] to
just name a few.

This paper is devoted to computing the Hausdorff dimension formula for har-
monic measures on various boundaries associated with a random walk with finite
first moment on a non-elementary relatively hyperbolic group. Precisely, we com-
pute the Hausdorff dimension of the harmonic measure v on the Floyd and Bowditch
boundaries endowed respectively with the Floyd and the Floyd shortcut distances.
We also compute this Hausdorff dimension on the end boundary endowed with a vi-
sual distance whenever the group is infinitely-ended. Up to a parameter depending
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only on the chosen distance, we show that
(1) Hdim(v) = %,
where h is the asymptotic entropy and [ is the rate of escape in the word metric of
the random walk. See Theorem [[.T] and Theorem for accurate statements.

This formula () was first obtained by Kaimanovich [33] and Ledrappier [39] on
free groups and then by Le Prince [48] on general hyperbolic groups. A substantial
generalization of Le Prince’s results was given by Tanaka [54] to any proper action
with exponential growth on proper hyperbolic spaces with bounded geometry, and
any acylindrical action on possibly improper hyperbolic spaces. In particular, his
results do apply to both the geometrically finite action of a relatively hyperbolic
group on a proper hyperbolic space, and the acylindrical action on its relative
Cayley graph [43].

However, the former proper action under bounded geometry assumption forces
peripheral subgroups to be virtually nilpotent [12]. This makes a serious limitation
of Tanaka’s result to be applied in this rather general class of groups. Moreover,
visual distances on the Bowditch boundary are very non-canonical, for they can
depend heavily on the choice of a hyperbolic space X on which the group acts, see
[29]. On the other hand, the acylindrical action on the relative Cayley graph does
yield the formula () for the harmonic measure on the Gromov boundary of the
relative Cayley graph and where the drift is computed in the relative metric. From
a certain point of view, this is unsatisfactory since the relative metric on the group
is non-proper and the (non-compact) Gromov boundary here is only a part of the
compact Bowditch boundary.

One of our main contributions here is to consider the drift for the word metric
and to compute the Hausdorff dimension associated to the Floyd shortcut distance
on the Bowditch boundary, which only depends on the group and the choice of a
word distance.

1.1. Hausdorff dimension of harmonic measures. Let u be a probability mea-
sure on a finitely generated group G such that the support supp(u) generates G as
a semi-group. We call such a measure admissible. The measure defines a y-random
walk with step transitions given by p(x,y) = u(x~'y) for z,y € G. Let

Q= {x = (Wp)n>0 : wn, € G}
be the trajectory space of the p-random walk with the probability measure P, which
is the pushforward of the product measure (G, 1Y) under the product map G — Q
given by
(51752’... 75n;"') — (1751,5152’... 7wn;"')7
where w,, = 81+ $y,.
Denote by
L(p) =Y _d(1,9)u(g)
geG
the expectation of d(1,w;) and more generally by

L(p™) =" d(1,9)u™(9)
geG

the expectation of d(1,w,) where pu*" is the n-th convolution power of u. Equiv-
alently, u*™ is the law of the random variable x — w,. The sequence L(u*") is
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subadditive and so %L(u*”) has a well-defined limit [ called the rate of escape
(or drift). Whenever p has finite first moment (i.e. L(u) < o), Kingman’s sub-
additive ergodic theorem shows that almost surely,

(2) [:= lim d,wn)

n—00 n

Also define H(u) = > cqpu(g)logu(g) and H(p™) = > o pn™(g)log ™" (g).

The sequence H(p*") also is subadditive and so L H(p*") has a well-defined limit
h called the asymptotic entropy. Again, whenever H (u) is finite, an application of
the ergodic Theorem (see [14] or [35]) shows that

—1 *n
(3) h:= lim —log (™ (wn)) < +o0.

n—00 n

< 400

The groups G under consideration are assumed to be relatively hyperbolic
throughout. There are many equivalent ways to formulate this notion. To motivate
our results, we use the dynamical definition. An action of G' by homeomorphism
on a compact metrizable space M is called convergence if the induced action on
the space of triple points is properly discontinuously. Let (I, d) denote the Cayley
graph of G with respect to a finite generating set. Then G is called relatively hy-
perbolic if there exists a Hausdorff compact space M compactifying every Cayley
graph I' so that the left multiplication of G extends to a minimal geometrically fi-
nite action on the boundary M. See precise definitions in Section Il The compact
space M denoted by 0gG later on is called Bowditch boundary of G. A relatively
hyperbolic group G is called non-elementary if its Bowditch boundary contains
more than two points. Equivalently, G fixes no finite subset of dgG. In such a case,
G is non-amenable. In particular, the rate of escape and the asymptotic entropy
are positive.

There are two natural classes of metrics on the Bowditch boundary. First, by
Yaman [59], 9sG can be realized as the Gromov boundary of a proper hyperbolic
space X on which G acts via a geometrically finite action. Thus, we can endow dgG
with the visual metric constructed using the hyperbolic geometry of X. Second,
the Floyd (shortcut) metric is obtained from the Cayley graph (I',d) as follows.
We fix a parameter X € (0,1) and a basepoint 0 € G. Rescaling the length of every
edge e of T to A%%) induces a new length metric called the Floyd metric 65 on
I'. The Cauchy metric completion of (T, dy) is the so-called Floyd compactification
of T on which G acts as a convergence action [37]. By the work of Gerasimov and
Potyagailo [23][24], there exists Ao such that whenever A € [A\g,1), the Bowditch
boundary is an equivariant quotient of the Floyd boundary where the nontrivial
fibers are possible only on bounded parabolic points. The Floyd metric can thus be
pushed forward to obtain the so-called shortcut metric &, on dzG [24]. See more
details in Section

In [36], Karlsson proved that almost every trajectory converges to a limit point
in the Floyd boundary, and the hitting measure or harmonic measure vy on the
Floyd boundary gives a model of the Poisson boundary of the y-random walk [32].
The same discussion applies to the Bowditch boundary which gives another model
of the Poisson boundary when endowed with a harmonic measure denoted by vj.
We are now ready to state the first main result.

Theorem 1.1 (Theorem Bl). Suppose G is a non-elementary relatively hyperbolic
group and fix a finite generating set for G. Also suppose that i is an admissible
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probability measure with finite first moment on G. Then there exists A\g € (0,1)
such that for every A € [Ao, 1),

. . -1 h
Hdims, (vr) = Hdimg, (v5) = Togh 1’
Moreover, the measure vg on (9gG,dy) and the measure vy on (9xG,8y) are exvact
dimensional.

Denote by S,, = {g € G : d(1,g) = n} the sphere of radius n in the Cayley graph
(T, d). We define the growth rate of (the Cayley graph of) G as

. log§Sn
v:= lim .
n— 00 n
The two quantities [ and v both depending on the word metric of " are related to
the entropy h which only depends on the measure p by the following fundamental

inequality

<,

~| =

also called the Guivarc’h inequality [I3]. This inequality holds for any u-random
walk.

In [46], it is proved that lo_g”A is the Hausdorff dimension of the Floyd and
Bowditch boundaries. Corollary thus follows from the strictness of the fun-
damental inequality established in [I7, Theorem 1.3, Theorem 1.6] for certain rel-
atively hyperbolic groups. Recall that p has finite super-exponential moment if

> gec exp(cd(1, g))u(g) is finite for every ¢ > 0.

Corollary 1.2. Suppose G is a non-elementary relatively hyperbolic group and u
is an admissible probability measure on G with finite super-exponential moment.
If one of the parabolic subgroups is virtually abelian of rank at least 2, or if the
Bowditch boundary is homeomorphic to a sphere of dimension at least 2, then

Hdimg}\ (vg) < ]‘Idi?ﬂgA (0BG).

1.2. Hausdorff dimension of the end boundary and of harmonic measures
with respect to visual metrics. According to a celebrated result of Stallings
[52,53], any infinitely-ended group G splits nontrivially as an amalgamated prod-
uct A x¢c B or an HNN extension Axg, where C is a finite group. The action on
the corresponding Bass-Serre tree satisfies the conditions of [5, Definition 2] and
so G is relatively hyperbolic. Moreover, in the former case, the maximal para-
bolic subgroups are exactly the conjugates of A and the conjugates of B. In the
latter case, they are exactly the conjugates of A. In addition to the Floyd and
Bowditch boundary, G can be compactified using the Freudenthal (or end) bound-
ary introduced by Freudenthal [20]. The interplay between the end boundary and
asymptotic properties of random walks is a well-studied subject, see for instance
[44.45][58].

Let 0¢G be the end boundary of an infinitely-ended group G. The topology of
the end boundary is independent of the choice of Cayley graph. For every A € (0,1),
we define a visual metric, extending the definition of Candellero, Gilch and Miiller
[6] for free products. This metric was independently studied by Cornulier in [I0].
Fixing a generating set, let I' be the Cayley graph of G and let p) be the visual
metric defined on the end compactification of 0¢ GUT'. Precisely, define the distance
pr(€,m) = A" between two ends &,n if n is the minimal radius of the ball at a
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basepoint separating £ and 7. A quasi-isometry f induces a homeomorphism f
between end boundaries. Moreover, this induced homeomorphism is bi-Hélder: for
some a, § > 0,¢ > 1 and for all pair (£,n) of points,

A& < palf(€), f(m) < epa(€,m)?

which holds more generally for sublinearly bi-Lipschitz equivalence by [9, Corollary
1.4].

Our second main result is analogous to Theorem [[L.T]and computes the Hausdorff
dimension of the end boundary and of harmonic measures with respect to visual
metrics. Let us denote by v¢ the harmonic measure on the end boundary and h,!
the entropy and drift of the p-random walk. Also, let us denote by v the growth
rate of G.

Theorem 1.3 (Theorem [L7] TheoremB.1l). Suppose G is a finitely generated group
with infinitely many ends. Also suppose that p is an admissible probability measure
with finite first moment on G. Then, for every Cayley graph T' and every X € (0,1),

; -1 h
Hdim,, (vg) = g\ 1
and
. —v
Hdim,, (0:G) = Tog A

Remark 1.4. The second equality was proved for free products with a standard
generating set in [6]. Our proof is very different and applies to any infinitely-ended
group with any finite generating set.

The archetypal groups with infinitely many ends are free products of the form
AxB, where A # 7Z,/2Z or B # Z/27. Using again the strictness of the fundamental
inequality established in [I7, Theorem 1.5] for certain free products, we can state
Corollary

Corollary 1.5. Suppose G is a free product A * B and assume that A is a non-
virtually cyclic nilpotent group. Let p be a probability measure on G with finite
super-exponential moment. Then,

Hdim,, (vg) < Hdim,, (0:G).

1.3. Doubling property of the end boundary. The study of the harmonic
measure associated with a random walk is closely related to the doubling property
of the involved boundary, see [54] Section 4]. We also refer to [28, Proposition 4.12],
where the doubling property is combined with the so-called shadow lemma to give
a short proof of the formula Hdim(v) = h/l in the setting of hyperbolic groups. It
is not known whether the Floyd boundary equipped with the Floyd distance and
the Bowditch boundary equipped with the shortcut Floyd distance are doubling,
see [46l Question 1.7]. On the other hand, to give a more complete picture, we
clarify the situation for the end boundary equipped with a visual distance.

A metric space (X,d) is called doubling if there exists a constant N > 0 such
that every ball of radius § > 0 can be covered by at most N balls of radius 6/2.
Equivalently, for any 6 € (0, 1), there exists N(6) > 0 such that every ball of radius
0 can be covered by at most N () balls of radius 8. The doubling property is known
to be a bi-Holder invariant. A measure pu on (X, d) is called doubling if there exists
a constant C such that u(2B) < Cu(B) for every ball B, where 2B denotes the ball
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with the same center and a radius twice as large as B. The existence of a doubling
measure on a metric space (X, d) implies that the metric space (X, d) is doubling.
The converse is true for complete metric spaces [30, Thm 13.3].

It is well known that the Patterson-Sullivan measure on the Gromov boundary
of a hyperbolic group is Ahlfors regular, hence doubling, for the Gromov’s visual
metric, so the Hausdorff dimension of the Patterson-Sullivan measure equals that
of the whole boundary, see [8]. One can construct, as in [62], a class of Patterson-
Sullivan measures on the end boundary through the action on the Cayley graph.
Those measures yield quasi-conformal densities without atoms. This motivates
the question whether the Patterson-Sullivan measure is Ahlfors regular or at least
doubling on the end boundary endowed with a visual metric.

Our third main result gives a characterization of the doubling property of the
end boundary for accessible infinitely-ended groups. Such groups admit a splitting
as a graph of groups over finite edge groups so that the vertex groups are either
finite or one-ended. It is a famous result of Dunwoody [I5] that finitely presented
groups are accessible.

Theorem 1.6. Let G be a finitely generated, accessible, infinitely-ended group. Let
A € (0,1) and endow the end boundary 0sG of G with the visual metric py. Then,
(0eG, py) is doubling if and only if G is virtually free.

From the above discussion, Corollaries [[.7] and [[.§] are immediate.

Corollary 1.7. The Patterson-Sullivan measure on the end boundary of an acces-
sible infinitely-ended group is doubling for the visual metric if and only if the group
is virtually free.

The following one addresses an analogous question [54] Question 4.2] in our
setup.

Corollary 1.8. If an accessible infinitely-ended group is mot virtually free, then
the harmonic measure ve on the end boundary endowed with a visual metric is not
doubling.

A result of David-Semmes [I1, Theorem 15.5] says that a metric space is quasi-
symmetric to the standard Cantor ternary set if and only if it is compact, doubling,
uniformly perfect and uniformly disconnected. Precise definitions of the latter two
can be found in §11.1 and §14.24 in [30]. It is known that a doubling space is
uniformly perfect and an ultrametric space is uniformly disconnected. The end
boundary of a virtually free group with visual metric is doubling by [§] and thus
quasi-symmetric to the standard Cantor ternary set.

By [30, Corollary 11.3], quasi-symmetric maps between uniformly perfect com-
pact spaces are bi-Holder. However, the converse is not true: bi-Holder homeo-
morphims are not necessarily quasi-symmetric. Interesting examples are given by
the boundaries of the real hyperbolic space H* and the complex hyperbolic space
CH? equipped with Gromov’s visual metrics, which are bi-Holder but not quasi-
symmetric, since they can be distinguished by their conformal dimension. Thus, a
bi-Holder classification of visual metrics on the end boundary is a reasonable and
interesting problem. We refer the reader to [9, Introduction 1D] for further dis-
cussion. Recalling that the doubling property is a bi-Hoélder invariant, we obtain
Corollary [[L9] which answers positively a question of Cornulier [I0, Question 1.27].
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Corollary 1.9. The end boundary of an accessible infinitely-ended group is bi-
Hélder equivalent to the standard Cantor ternary set if and only if it is virtually
free.

In particular, the end boundaries of a free group and the free product of two
1-ended groups are not bi-Hélder equivalent.

Inaccessible groups do exist by work of Dunwoody [I6]. The proof of Theorem
fails generally for inaccessible groups, but we can still give a result for such
groups under some additional assumptions, see precisely Proposition

Finally, let us compare the visual metric on the end boundary with the Gromov’s
visual metric coming from an action of G on a hyperbolic space X. Fix a splitting
of an infinitely-ended group G over finite groups as a finite graph of groups. As
explained above, by [Bl Definition 2], this splitting makes G hyperbolic relative
to the set of vertex groups. Hence, by Yaman [59], G acts via a geometrically
finite action on a proper hyperbolic space X so that the Bowditch boundary is
homeomorphic to the Gromov boundary of X. If GG is accessible and the splitting
is terminal, then the end boundary is equivariantly homeomorphic to the Bowditch
boundary, see Section [£.3] for more details. We can also endow the end boundary
with the Gromov’s visual metric coming from the hyperbolic space X on which G
acts. According to [I2] and [2], X can be chosen so that this metric is doubling if
and only if the parabolic subgroups are virtually nilpotent. In such a situation, by
Theorem the two possible metrics on the end boundary cannot be in the same
bi-Holder class unless the group is virtually free, for one is doubling and the other
is not.

Corollary 1.10. Assume that G is not virtually free and splits over finite groups as
a finite graph of virtually nilpotent groups. Then, there exists a proper hyperbolic
space X on which G acts via a geometrically finite action such that the visual
metric on the end boundary is not bi-Hélder equivalent to the Gromov’s visual
metric coming from this action.

Remark 1.11. Similarly as in Corollary [[L9] we can derive the following result from
[12]. Let Gy = Hy * Z and G2 = Hs * Z, where H; is virtually nilpotent and Hj is
one-ended but not virtually nilpotent. Then G; and G2 admit geometrically finite
actions on proper hyperbolic spaces X; and X5 with bounded geometry so that
their Gromov boundaries endowed with Gromov’s visual metric are homeomorphic
to the Cantor sets but are not bi-Hélder equivalent, for one boundary is doubling
and not the other.

Overview and organisation of the paper. In Section 2] we review all the
preliminary results we will need in the following. We recall the definition of rela-
tively hyperbolic groups, the Bowditch boundary, the Floyd distance and the Floyd
boundary. We also give more details about the Hausdorff dimension of a finite
measure on a metric space.

Section [3] is devoted to the proof of Theorem [[L1l which treats separately the
upper bound (Proposition B.6]) and lower bound (Proposition BI3)) for the Hausdorff
dimension. The lower bound follows a strategy similar to the one developed by
Tanaka [54]. One of the main tools in [54] is that the random walk sublinearly
tracks geodesics [1,ws] on the hyperbolic space X on which the group G acts,
where wy is the limit of the random walk in the Gromov boundary of X.
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In our situation, the Cayley graph of a relatively hyperbolic group G is generally
not hyperbolic anymore, so it cannot be expected that the random walk stay close
to any point on a geodesic [1,ws] in the Cayley graph. However, using Maher-
Tiozzo [40] and Tiozzo [56], we can prove that the random walk sublinearly tracks
word geodesics along transition points, which are the points that are not deep in
parabolic subgroups, see Definition Along the way, we also prove that the
random walk spends at most sublinear time in parabolic subgroups. Precisely, we
prove the following result. For a given word geodesic «, let Tra be the set of
transition points on «.

Theorem 1.12 (Proposition B:2] Corollary BA4l). Suppose G is a non-elementary
relatively hyperbolic group and fix a finite generating set for G. Also suppose that
W is an admissible probability measure with finite first moment on G. Then,

(4) P (sup d(wn, Tra) = o(n)) =1,

where the supremum is taken over all geodesics o from 1 to the limit w of the
random walk in the Bowditch boundary of G. Moreover,

) P (sup du(1,n) = o)) = 1

UueP
where P is the set of all left cosets of a chosen full family of conjugacy classes of
parabolic subgroups and where dy (x,y) is the distance between the projections of x
andy on U.

This last result is a weak version (under a finite moment condition) of the results
in [51] for finitely supported random walks. Indeed, it is proved in [5I, Theorem 2.3]
that such a random walk spends at most logarithmic time in parabolic subgroups.
With the sublinear tracking of transition points at hand, we use the estimates of
Floyd disks by shadows in [46] to obtain the lower bound of Hausdorff dimension.
In Sections [4] and Bl we prove Theorem We first extend the definition of
visual metrics introduced in [6] to any group with infinitely many ends and we
show that
Hdi _"Llh
imp, (vVe) = {0a X T
in Section @l Our proof is again similar to the proof in [54]. We introduce the
notion of bottleneck: a set V is a bottleneck between two points x and y if any
path from x to y has to pass through a fixed neighborhood of V. We then replace
the sublinear tracking of transition points by the sublinear tracking of bottlenecks,
see precisely Proposition 4.9
We then prove that
) —v
Hdim,, (0:G) = Tog X
in Section Bl The proof follows the outline of an analogous result for the Bowditch
and Floyd boundaries endowed with the Floyd (shortcut) distance [46]. It is well
known that there exists a continuous and surjective map from 9xG to 0sG (see
[37 and [2I]). We further observe that the Floyd metric dominates the visual
metric through the map. This gives the desired upper bound of d¢G by the same
bound in [46] on the Hausdorff dimension of dxG. Moreover, inspired by transition
points, we use an enhanced version of the notion of bottlenecks introduced above to
construct a sequence of free semi-subgroups of G whose set of ends has Hausdorff
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dimension arbitrarily close to lo_g”)\. This proves the lower bound of 9¢G. A technical
result in its proof is Proposition (.13l saying that endowed with visual metric of
corrected parameter depending on A, the end boundary J¢T of free semi-groups
is bi-Lipschitz embedded into dgG with visual metric py. This greatly simplifies
the arguments in [46, Section 3] using Patterson-Sullivan measure to estimate the
Hausdorff dimension of 0¢T.

Finally, Section [l deals with Theorem We consider an accessible infinitely-
ended group G. Then, G admits a splitting over finite edge groups as a finite graph
of groups G, so that the vertex groups either are finite or one-ended. If every vertex
group is finite, then G is virtually free so that we can assume that one of the vertex
groups is one-ended. Denote by H such a vertex group. The unique end £ of H
embeds into the end boundary of G. We then show that for some fixed 6, the ball
of radius A" centered at £ cannot be covered by N(n) balls of radius A", where
N(n) goes to infinity, as n tends to infinity, which concludes the proof.

2. PRELIMINARIES

2.1. Relatively hyperbolic groups. We now properly define relatively hyper-
bolic groups and recall several tools and results that will be used in the paper. Let
G be a finitely generated group. The action of G on a compact Hausdorff space
T is called a convergence action if the induced action on triples of distinct points
of T is properly discontinuous. Since G is countable, T must be metrizable by
[22, Main Theorem]. Equivalently, the action G ~ T' is convergence if and only if
every sequence of distinct elements g, in G contains a subsequence g,, such that
gn,, - — a and for all z € X with at most perhaps one exceptional point.

The set of accumulation points AG of any orbit G -z (z € T) is called the limit
set of the action. As long as AG has more than two points, it is uncountable and it
is then the unique minimal closed G-invariant subset of T'. The action is then said
to be non-elementary. In this case, the orbit of every point in AG is infinite. The
action is minimal if AG =T.

A point ¢ € AG is called conical if there is a sequence g,, of G and distinct points
a,f € AG such that g, - ¢ - o and g, -n — B for all n € T\ {¢}. The point
¢ € AG is called bounded parabolic if it is the unique fixed point of its stabilizer in
G, which is infinite and acts cocompactly on AG \ {¢}. The stabilizers of bounded
parabolic points are called maximal parabolic subgroups. The convergence action
G ~ T is called geometrically finite if every point of AG C T is either conical or
bounded parabolic.

Definition 2.1. Let P be a collection of subgroups of G. We say that G is hy-
perbolic relative to P if there exist some compact Hausdorff space T' on which
G acts minimally and geometrically finitely and such that the maximal parabolic
subgroups are exactly the elements of P.

In this situation, Yaman [59] proved that there exists a proper geodesic hyper-
bolic space X on which G acts such that the Gromov boundary of X equivariantly
coincides with 7. Further, Bowditch [5] proved that the Gromov boundary of such
a space X is unique up to homeomorphism, hence so is T. We call T' the Bowditch
boundary of G and we will denote it by dgG in the following. The union G U G
is called the Bowditch compactification.
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Following Osin [42], we define the relative Cayley graph as follows. We start
with the Cayley graph I' associated with a finite generating set S. We choose a
system Py of representatives of conjugacy classes of maximal parabolic subgroups.
Such a system is finite by [B, Proposition 6.10]. The relative Cayley graph G is
obtained by adding one edge of length 1 between every two elements in the same
left coset of a parabolic subgroup in Py. In other words, setting Py = {Py,..., Py},
the relative Cayley graph G is the Cayley graph associated with the generating set
SUP,U---UPy. A (quasi-)geodesic in the relative Cayley graph G is called a
relative (quasi-)geodesic. This graph G is quasi-isometric to the coned-off graph
introduced by Farb [I8] and is hyperbolic in the sense of Gromov.

A sequence g, in G converges to a point £ in the Gromov boundary G of G if
and only if it converges to a conical limit point in the Bowditch compactification
[3, Section 8]. We can thus identify OG with the set of conical limit points. We
refer to [57] for more details on the comparison of these two boundaries.

A very useful tool when studying the geometry of a relatively hyperbolic group
is the notion of transition points on a geodesic.

Definition 2.2. Let 7 be a (finite or infinite) geodesic in the Cayley graph of G.
A point v on 7 is said to be (e, R)-deep if there exist g € I' and P € Py such that
the R-neighborhood of v in « is contained in the e-neighborhood of gP. A point v
on 7 is called an (e, R)-transition point if it is not (e, R)-deep.

Remark 2.3 (Choice of parameters €, R). It is well known that the collection of
parabolic cosets G - Py consists of quasi-convex subsets with bounded intersection.
That is to say, for any € > 0 there exists R > 0 such that diam(N.(gP)NN(¢'P’)) <
R. Consequently, an (e, R)-deep point v must be (e, R)-deep in a unique parabolic
coset gP, unless the point v is within R/2-distance to one of the endpoints of ~.

The following result of Hruska relates transition points and points on relative
geodesics.

Lemma 2.4 ([31l Proposition 8.13]). For every choice of € and R as in Remark
23] there exists C > 0 such that the following holds. Let « be a (finite or infinite)
geodesic in G and let & be a relative geodesic with the same endpoints. Then,
any point on & is within a distance at most C of an (e, R)-transition point on c.
Conversely, any (e, R)-transition point on « is within a distance at most C' of a
point on .

2.2. The Floyd distance and the Floyd boundary. We first recall the defi-
nition of the Floyd distance and the Floyd boundary and their relation with the
Bowditch boundary. This boundary was introduced by Floyd in [I9] and we also
refer to [36] and [37] for more details.

Let G be a finitely generated group and let I" denote its Cayley graph associated
with a finite generating set. Let f : N — R be a function satisfying that the sum
Y >0 fn is finite and that there exists A € (0,1) such that 1> f,,1/fn > A for all
ne€N. The function f is then called the rescaling function or the Floyd function.
In the following, we will always choose an exponential Floyd function, that is, the
function f will be of the form f(n) = A™ for some A € (0,1). Fix a basepoint o € T
and rescale I by declaring the length of an edge o to be f(d(o,0)). The induced
length metric on I is called the Floyd distance with respect to the basepoint o and
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Floyd function f and is denoted by 07,(.,.). Whenever f is of the form f(n) = A",
we will write 6y, =07, andif o =1, 0y = .

The Floyd compactification T7 of T'is the Cauchy completion of I' endowed with

the Floyd metric. The Floyd boundary is then defined as 0" = nd \ I'. Different
choices of basepoints yield bi-Lipschitz homeomorphisms of the Floyd compactifi-
cations. However, the topology may depend on the choice of the generating set and
the rescaling function. Keeping in mind f(n) = A" and a choice of Cayley graph,
we will also call GUJxI the Floyd compactification of G by abuse of language and
we will write 0rG = 0#I.

The cardinality of the Floyd boundary is 0, 1, 2 or uncountable. Moreover, it
is 2 if and only if the group G is virtually infinite cyclic, see [37, Proposition 7].
Following Karlsson, we say that the Floyd boundary is trivial if it is finite. We will
only have to deal with groups with nontrivial Floyd boundary.

Finally, as mentioned in Section [I whenever the Floyd boundary is nontrivial,
G acts on it as a convergence action, see [37, Theorem 2]. Also, whenever the Floyd
boundary is nontrivial, for any probability measure p with finite first moment on
G and whose support generates G as a semi-group, the random walk driven by u
almost surely converges to a point in the Floyd boundary. Letting vz be the law
of the limit point, the pair (0xG,vF) is a model for the Poisson boundary, see
[36, Section 6, Corollary].

We now assume that G is non-elementary relatively hyperbolic. We denote by
OpG its Bowditch boundary. The following is due to Gerasimov.

Theorem 2.5 ([23] Map Theorem]). There exists Ao € (0,1) such that for every
A € [Xo, 1), the identity of G extends to a continuous and equivariant surjection ¢
from the Floyd compactification to the Bowditch compactification of G.

Actually, Gerasimov only stated the existence of the map ¢ for one Floyd function
fo = A§, but then Gerasimov and Potyagailo proved that the same result holds
for any Floyd function f > fy, see [24) Corollary 2.8]. They also proved that
the preimage of a conical limit point is reduced to a single point and described
the preimage of a parabolic limit point in terms of the action of G on 0rG, see
precisely [24, Theorem A]. From now on, the parameter A will always be assumed
to be contained in [Ag, 1).

The Floyd distance can be transferred to a distance on the Bowditch boundary
using the map ¢. The resulting distance is called the shortcut metric and we denote
it by dx. It is the largest distance on the Bowditch boundary satisfying that for
every &, (¢ € 0rG,

(6) x(6(€);6(C)) < 0x(&; )

We refer to [25] Section 4] for more details on its construction. The next couple of
lemmas will be used later on.

Lemma 2.6 (Visibility lemma [37]). For every fized \,c > 0, there exists a function
¢ : R>¢g = Rxg such that for any v € G and any (A, ¢)-quasi-geodesic vy in T', the
following holds. If 5y ,(7y) > &, then d(v,7) < p(k).

Note that [37] only deals with geodesics, but the proof applies to quasi-geodesic
with fixed parameters, see [24] where this and more general cases are discussed.

The big shadow II(g, R) at g is the set of boundary points £ in the Bowditch
boundary such that there exists a geodesic ray [1,£] intersecting the ball B(g, R).
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Lemma 2.7 (J46] Lemma 3.14, Lemma 3.15]). For every choice of € and R as in
Remark 23], the following holds. Let £ be a conical limit point in the Bowditch
boundary. Consider a geodesic vy between 1 and & and consider any point g on this
geodesic. There exist Cy,Cy such that

(g, R) C B, (§,Chr)

and if, in addition, g is an (e, R)-transition point on -y, then
BSA (5) CQT) C H(g7 R)a

where r = \4(1,9)

Actually, [46] Lemma 3.16] also states that the above statement is true for the
Floyd distance, but we will only need to use it for the shortcut distance in estimating
the lower bound of Hausdorff dimensions (see Lemma [B:8 and Proposition B13).

Lemma 2.8. For every g € G, there exists a constant cq > 0 such that the following
inclusions hold. For every point £ in the Floyd boundary and for every r > 0,

BJA (ggv C;IT) - gB(;)\ (gv T) C B5>\ (gga Cgr)'
For every point & in the Bowditch boundary,

Bs, (9€,c,'r) C gBs, (&,7) C Bs, (96, ¢qr).

Proof. First, a change of a base point induces a bi-Lipschitz inequality for the Floyd
distance: for every z,v in the Floyd compactification, for any basepoints 0,0’ € G,

Ad(o,o/) < 6>\70(I7y) < Afd(o.,o/)
o 5)\,0’ (w,y) - ’
see [40, (2)]. Now, by definition, the same is true of the shortcut distance, see
precisely [46], (3)].

We only give the proof of the lemma for the Floyd distance, the proof for the
shortcut distance is exactly the same. Let ¢ € Bs, (§,7). We need to prove that
gC € By, (g€, cyr) for some ¢g. Note that dy 4(9¢, g&) = dx1((, ), so that by the
above discussion,

\d(Lg) < (9690 _ \—d(Lg)
T oo T
This proves that 0y 1(g¢,g¢) < A~%19)r and so the right inclusion in the lemma
holds for ¢4 = A~41.9) We immediately deduce the left inclusion, using g~!. O

2.3. Hausdorff dimension of measures. Let (X, d) be a metric space and « be
a Borel measure on X.

Definition 2.9. The Hausdorff dimension of x is the smallest possible Hausdorff
dimension of a set of full k-measure:

Hdim(k) = inf{Hdim(FE), k(E¢) = 0}.
When we want to insist on the choice of the distance, we will write Hdimg(k).

Evaluating the Hausdorff dimension of a set can be a difficult task, so the fol-
lowing characterization of the Hdim(x) as the essential supremum of the local
dimensions of « is very useful. Recall that the essential supremum x — sup f of a
function f is defined as the infimum of the constants C' such that f < C' k-almost
everywhere.
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Proposition 2.10 ([41, Corollary 8.2]). Let k be a Borel measure on a metric
space X. Then,
log (B, 7))

Hdi = k — sup lim inf
im(Kk) = K — sup im in log 7

Definition 2.11. A measure x on a metric space X is exact dimensional if for
k-almost every x, the above liminf is a limit, that is, for k-almost every z,
- logr(B(z,1))

li

r—0 log r = Hdim(r).

We will also use the following notation:

- 1 B
Hdim(kx) = k — sup limsup M.
r—0 logr
By definition, Hdim(k) < Hdim(k). Let us say a few words about our strat-
egy for evaluating the Hausdorff dimensions of harmonic measures v. We will

first prove that for v-almost every x, we have limsup,_, logv(Bler)) < =1 h

logr = Togx 1 S0

that Hdim(v) < —% 2. We will then prove that for v-almost every z, we have

logX 1°
_ . log v(B(z, _ . .
log&% < liminf,_q %, so that log&% < Hdim(v). This will both prove
that Hdim(v) = %% and that v is exact dimensional.

3. HARMONIC MEASURES ON THE FLOYD AND THE BOWDITCH BOUNDARIES

Let G be a finitely generated non-elementary relatively hyperbolic group and let
1 be a probability measure with finite first moment on G. Throughout this section,
we consider the harmonic measure denoted by vg on the Bowditch boundary dzG
equipped with the shortcut distance ¢y and the harmonic measure vx on the Floyd
boundary drG with the Floyd distance §).

Our goal in this section is to prove Theorem [3.1]

Theorem 3.1. For any X\ € [\, 1) with Ao € (0,1) given by Theorem 28] we have

. -1 h
Hdimg, (v5) ogn 1
and, for any A € (0,1),
. -1 h
Hdims, (vr) = g AT

Moreover, those two measures are exact-dimensional.

3.1. Sublinear deviation from transition points. We denote by G the relative
Cayley graph of G. We fix large enough ¢ > 0 and R > 0 satisfying the conclusions
of Lemma 2.4 and Lemma 271 Whenever a is a geodesic in the Cayley graph of
G, we denote by Tr. g a, or simply by Tr« the set of (e, R)-transition points on o.
We denote by w,, the random walk driven by p at time n and by we its almost
sure limit in the Bowditch boundary.

Proposition 3.2. With these notations, we have
P (sup d(wn, Tra) = o(n)) =1,

where the supremum is taken over all geodesics o from 1 t0 weo.
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Proof. We follow the strategy of [56]. We introduce the function f defined by
f(w) = supd(1, Tra),

where the supremum is taken over all geodesics & between w_ o, and ws,, Where
W_co is the limit of the reflected random walk, see [40, Section 4.1].

Claim 3.3. The function f is measurable and is almost surely finite.

Proof of the claim. First, according to [40, Theorem 1.1], the exit points w, and
W_ o are conical limit points and their laws v and 7 are non-atomic. Since bounded
parabolic points are countable, it follows that we, and w_,, almost-surely are dis-
tinct and so there exists a bi-infinite relative geodesic joining them. Hence, the
distance (in the Cayley graph) between 1 and such a relative geodesic is finite.
According to Lemma [Z7] any point on a relative geodesic is within a finite (and
actually uniformly bounded) distance of a transition point on a geodesic in the
Cayley graph, so f is almost surely finite.

We now prove that f is measurable. Recall that dG is the Gromov boundary
of the relative Cayley graph that we identify with the set of conical limit points in
the Bowditch boundary dgG. We just need to prove that the function

f:(€,¢) €9G x dG +— supd(1, Trae ¢)

is measurable, where the supremum is taken over all word geodesics ag ¢ from £ to
¢. We follow the proof of [56, Lemma 12]. Note that f takes the value +oo when
& = (. Since there are no atoms at conical points, it can be extended to a function
that we still denote by f on the double Bowditch boundary dzG x dgG. To prove
that f is measurable, we just need to prove that for every R > 0, the set

{(£,¢) € 985G x 0BG, f(€,¢) > R}

is measurable.

Recall the Bowditch compactification is a metrizable compact space containing
the group G as an open and dense set. Choosing an arbitrary metric and taking
a finite cover of 93G made of balls of radius 1/k, k € N, we construct a countable
collection of open sets U,, such that the sets U, NOpG form a countable base for the
topology of dgG. Moreover, for each R > 0, only finitely many sets U,, intersect
the ball B(1, R) and for each sequence nj, going to infinity, the intersection N;U,,
contains at most one point. For fixed R > 0, say that a pair of open sets (U, V)
avoids the ball B(1, R) if there exist u € UNG and v € V N G and there exists
a geodesic v from u to v such that the ball B(1, R) does not intersect Tr~y. Let
us define Sg = {(Un, Up,) such that (U,, Uy,) avoids the ball B(1,R)}. This is a
countable collection of pairs of open sets. By definition,

{(6.0€0sG <0G, f6.0) >Ry [} |J  UuxUn.

N2>1 min(n,m)>N

(Un,Un)ESR
Conversely, consider (&, ¢) in this intersection and assume that f (&,¢) < +o0. Then,
there are sequences of points gy, , respectively h,,, , converging to &, respectively
¢ and there is a geodesic v, from g,, to h,, such that B(1, R) does not intersect
Try,. Now, since f(ﬁ,() < 400, there exists a geodesic from ¢ to ( intersecting
some big ball B(1, R') for some R’ = R} .. Moreover, up to taking R’ large enough,
all geodesics vy also enter B(1,R’). Thus, Arzeld-Ascoli Theorem allows us to
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choose a subsequence of geodesics 7, converging to a geodesic v from £ to ¢, as
[ tends to infinity. We can also assume that the subgeodesic of v;, contained in
B(1, R’) is constant. In particular, the limit geodesic + also satisfies that B(1, R)
does not intersect Tr~y. Hence, f(f, ¢) > R. This proves that

{(€,Q) e d8G x 058G, f(&,0) >Ry =  |J UuxUn
N2>1 min(n,m)>N
(Un,Un )ESR
and so {(£,¢) € 95G x G, f(£,¢) > R} is measurable. O

Note that f(T"w) = d(wn, Tr{w—cc,wWeo]), so that |f(Tw) — f(w)]| < d(1,wy). We
deduce that the function w — f(Tw) — f(w) is integrable, since the random walk
has finite first moment. Thus, [56, Lemma 7] shows that & f(7"w) almost surely
converges to 0. Finally, consider a geodesic ag from 1 to ws and a geodesic dq
from w_o t0 ws. Then, with probability one, there exists a transition point x,
on Ggp such that %d(wn,mn) converges to 0. We now use that geodesic triangles
are thin along transition points. Precisely, according to [I7, Lemma 2.4|, z, is
within a uniformly bounded distance of a transition point either on oy or on a
geodesic from 1 to w_,. Note that w, converges to ws and that %d(l, wy,) almost
surely converges to [. Hence, x,, also converges to ws and so for large enough n,
it cannot be within a bounded distance of a geodesic from 1 to w_.,. This proves
that %d(wm Tr ag) also almost surely converges to 0. Using again [I7, Lemma 2.4],
we see that < sup, d(w,, Tra) < 1d(w,,Trag) + C for some uniform C. This
concludes the proof. O

We now deduce that the projection on parabolic subgroup is almost surely sub-
linear. We choose a full subset Py of representatives of conjugacy classes of maximal
parabolic subgroups. According to [5, Proposition 6.10], such a set Py is finite. In
the following, we will denote by P the set of all left cosets of elements of Py. Let
U € P. Whenever z,y € G, we set dy(z,y) = d(my(z), 7u(y)), where my is the
projection on U and where d is the distance in the Cayley graph of G. Our goal is
to prove Corollary 3.4

Corollary 3.4. With the above notations, we have
P (sup dy(Lwy,) = o(n)> =1.
veP

Before proving Corollary 3.4 note the following.

Lemma 3.5. The sequence f, = supyep du(l,wy) is subadditive. That is, for
every n,m > 1, we have

fn+m < fn + fm o™,

Proof. Consider some U € P. Then, dy(l,wp+m) < du(1,wn) + dv(wn, Wntm),
which we can rewrite di (1, wn ym) < di(1,wn)+d,, -1 (1, Wy, 'wnym). In particular,

dy (1, wnim) < sup dy(1,w,) + sup d(1,w;, ‘wpim) = fo + fmo T".
Uep Uep
This is true for all U € P, which concludes the proof. O

According to Kingman’s Theorem, % fn almost surely converges to some constant
lp that we call the parabolic linear drift. We just need to prove that ip = 0 to
prove Corollary [3.41
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Proof of Corollary B4l By definition,

sup dU(wn;WQn) = Ssup dwglU(law;1w2n) = Sup dU(l’wr:IWQn)
UeP UeP UeP
and since w,, 'wy, and w, follow the same law, %supUep dy (wn, w2y, ) also almost
surely converges to Ip.

Combining this with Proposition B.2] we see that for every positive € and 7,
there exists IV, , such that with probability at least 1 —¢, for all n > N, ,, we have
simultaneously

(a) sup, d(wn, Tra) < nn, where the supremum is taken over all geodesics «
from 1 to wee,

(b) |SUPU6P dy (wm W2n) - 173”‘ <nn,

(¢) |supyep du(l,wy) — lpn| < nn.
Fix e and n and set N = N ;. For every n > N, there exists a transition point (with
fixed parameters) x,, on a geodesic a, from 1 to weo, such that d(w,,x,) < nn.
Then, since for every U € P and for every z,y, we have dy(z,y) < d(z,y) + ¢ for
some fixed c,

sup dy(1,2,) < sup dy(1,wy,) + d(wn, ) + ¢ < lpn+2nmm+c
Uep Uep

and similarly,

sup dy (zn, x2,) < lpn + 3nn + 2c.
UeP

Also,

sup dy (1, wzn) < sup dy(1,,) +nn + c.
veP veP

By definition, x5, is a transition point on a geodesic ag, from 1 to wy,. Let 6 > 0
and consider U € P such that dy (1, z2,) > supyep du (1, 22,) —6. Then, according
to [60, Lemma 1.13, Lemma 1.15], the geodesic s, enters a fixed neighborhood
of U and the first point, respectively last point, in this neighborhood is within a
bounded distance of 77 (1), respectively my (z2y,). Now, z,, also is a transition point
on «,, with the same endpoints as aa,, so it is within a uniformly bounded distance
of a transition point Z, on as,. There are two possibilities: the geodesic aw, enters
the neighborhood of U either before or after #,. In the former case, we see that
dy(1,29,) < dy(l,z,) + ¢ for some fixed constant ¢’. In the latter case, we see
that dy (1, ze,) < dy(xn, 2,) + ¢. In any case, we have that

dy (1, e,) < max{dy(1,z,),dy(zn, T2,)} + ¢ <lpn+3nn+2c+¢.

Since this is true for every § > 0, we have supyep du (1, 22,) < lpn+3nn+2c+c/,
hence finally, with probability at least 1 — e,

sup dy (1, wap) < lpn+4nn + 3c+ .
veP

Since € and 7 are arbitrary, this proves that almost surely,

1 1
li — dy (1 n) < =lp.
1713gsolép on EIGII% U( , W2 L) =9 P

Therefore, Ip < %l'p and so Ip = 0. O
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3.2. Upper-bound for the Hausdorff dimension. In this subsection, we first
prove the following.

Proposition 3.6. Under the assumptions of Theorem B.l, we have
_ -1 h
Hdlmg/\ (VB) S @7

and

-1 h
logA 1’

The proof is inspired from the proof of Le Prince for hyperbolic groups [47]. We
first show that we only need to deal with the harmonic measure on the Floyd bound-
ary. Let ¢ be the map from the Floyd boundary to the Bowditch boundary given
by Theorem 2.5l This map is surjective, equivariant and continuous. Moreover, the
preimage of a conical limit point consists of a singleton.

Hdims, (vy) <

Lemma 3.7. With the same notations, we have ¢.vr = vg.

Proof. Recall that a measure x on a set X endowed with an action of G is called
p-stationary if it satisfies that for every measurable set A C X,

K(A) =Y k(g A)ulg).
geG
Combining [36], Section 6, Theorem] with [34, Theorem 2.4], we get that the har-
monic measure vz on the Floyd boundary is u-stationary. Since the map ¢ is equi-
variant, ¢.vr also is p-stationary. Now, vz is the only u-stationary measure on the
Bowditch boundary, so that ¢,vr = vg. Indeed, this can be seen by verifying that
the Bowditch compactification satisfies the conditions of [34) Theorem 2.4], which
is done for some examples of relatively hyperbolic groups in [34, Section 9]. This
also follows immediately from the general results of Maher and Tiozzo [40, Theo-
rem 1.1] that vg is a unique p-stationary probability measure, since the Bowditch
boundary is the Gromov boundary of a hyperbolic space on which G acts non-
elementarily. O

We deduce Lemma [3.8
Lemma 3.8. With the above notations, we have
m;x(ylg) < m&(y}-)
and

Hdimg, (vg) < Hdims, (vF).

Proof. By (@), dx < dx on the set of conical limit points. Hence, for every point &
such that ¢(&) is a conical limit point,

vp (9(B(E,7))) < vs(B(6(£),7)).
Since vg = ¢z, vg (9(B(&,1))) = vr (07 o ¢(B(E,7))). We thus get
vr(B(&, 1)) Svr (67! o p(B(E,7))) < vs(B(4(8),7))-

This is true for every point £ such that ¢(£) is a conical limit point. Since the
map ¢ is surjective and vg gives full measure to the set of conical limit points, this
concludes the proof. O

3
3
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We thus only need to show that
-1 h

T < h
Hdims, (vy) < Tog A 1

to prove Proposition

We denote by w,, the random walk driven by p at time n. Let = GN>° be the
trajectory space of the random walk. We also denote by x = (e,w1,...,wWn,...) € Q
a sample path, i.e. a trajectory of the random walk starting from the identity 1.
Recall that the random walk w,, almost surely converges to a point wy, in the Floyd
boundary.

Lemma 3.9. For P-almost every x = (wy,), we have that

1

Hd(wn, Wn+1) 'IL—>_+>OO 0.
Proof. Note that d(wp,wn+1) = d(1,gnt1) where g, are the increments of the
random walk. In particular, the random variables d(wy,,w,+1) are independent,
identically distributed and are integrable, since p has finite first moment. It follows
from the law of large numbers that

1 n

;d(wk,wk+1) = L=E(d(1,w)) < +o0.

n
In particular,
1

n n

1 1 1
Ed(u}n,wn+1) = E Zd(Wk,Wk+1) — E d(u}k,Wk;+1) n:io L—-L=0.
k=0 k=0
This concludes the proof. O

As a corollary, we have the following.

Lemma 3.10. For P-almost every x = (wy), we have that for every geodesic vy,
Jrom wy to wni1,

1
n

n—oo
Proof. Let v, be such a geodesic. Then, we have d(1,7,) < d(1,w,) + d(wn, Wnt1)
and similarly, we have d(1,w,) < d(1,7,) + d(wp,wn4+1). Since %d(l,wn) almost
surely converges to [ by (@) and %d(wn,wnﬂ) almost surely converges to 0 by
Lemma [33, we have that +d(1,7,) also almost surely converges to I. O

For every ¢, N > 0, we let QY be the set of trajectories x such that for every

n > N, we have

(a) d(1,7m) = (I—€)n

(b) —log p*™(wy) < (h + €)n, and

(¢) d(wn,wny1) <n
Observe that for every § > 0, there exists N, s such that

PQY*) > 1.

Indeed, this follows immediately from the almost sure convergence of the following
limits

1 1 —1
_d(177n) la _d(wnvwn-i-l) ? 07 _log:u’*n(w") — h7
n n n—00 n n—o00

n—r oo
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where the last one is called the Shannon-McMillan-Breiman Theorem and is given
by @).

To simplify, we set Q.5 = ine“s. Also, for fixed x, we let C}} be the set of
trajectories x’ such that w!, = w,. Finally, for ¢ in the Floyd boundary and r > 0,
we set

D(&,7) = {x: x(woe, &) <7}
Lemma 3.11. There exists a set A. 5 C Q5 of measure at least 1 — 25 on which
the quantity
P(C2 N 9675)
,U/*n(wn)
admits a positive limit. In particular, for every x = (wy) € A5, we have

1 1
limsup — log P(Cy N Qe s) = limsup — log p*" (wy,).

n—oo T n—oo N

The proof can be found within the proof of [33, Theorem 1.4.1]. We rewrite it
for convenience.

Proof. First note that P(C?) = p*™(wy). So %&6)5) is the conditional proba-
bility of Q. s with respect to C% that we denote by P(Q s|C%). We introduce the
o-algebra AZ" of sample paths determined by the coordinates wy, k > n. The tail
o-algebra A is then the intersection of the non-increasing sequence of o-algebras
AZ™. There is a projection from the path space to the tail boundary that we denote
by tail. We refer to [32] for more details. We let P(A|tail(x)) be the conditional
probability P(A]A%) evaluated at the sample path x.

The Markov property and the conditional probabilities convergence theorem
show that P(Q, 5|Cy) converges to P(Qe s|tail(x)), see [33] (1.4.4)]. Now, let

Ae’g = {X € Qe’g,P(Q€75|tail(X)) > 0}

We have

E(P(Qe s/tail(x))) = P(Q5).
Moreover,

E(P(Q s|tail(x))) = E(P(Qes[tail(x)) - 1a, ;) + E(P(Qe stail(x)) - 1o ).
Since P(Q, 5|tail(x))) < 1 for P-almost every x, we get
P(Q,5) = E(P(Q s|tail(x))) < P(Aes) +1 —P(Qes)

that we rewrite as P(A.s5) > 2P(25) — 1. Therefore, P(Acs5) > 1 — 2§, which

concludes the proof. O

Lemma 3.12. There exists M > 0 such that the following holds. For fixed € and
08, for every x € Ac 5 and every n > N, s, we have

CT N Qs C D(woo, MpAM=9),

Proof. Fix x € A5 and let x' € C¢ N Q. 5. Then, w, = w),. Moreover, for every
m > Ne s, letting v;, be a geodesic from wj,, to w;, 1, we have d(1,7,,) > (I —€)m.
Thus there exists a path of length d(w;,,w;, ;) which stays at distance at least
(I —e)m from 1. Since we also have d(wp,,wm+1) < m, this proves that

(7) 5A(W;717w;n+1) < d(w;rl,w;rl+1))\(l_f)m < m)\(l—e)m.
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Consequently, for any m > n,

m—1
(W) wh) < Y RAEOR <N (4 kAR,
k=n k>0
Note that
Z(n + k;)/\(lfs)(nJrk?) — pr=e)n Z A=k | \(I=e)n Z NG
k>0 = P

Since A < 1, both sums Y, <, AU"9% and 3", o, kA% are finite. Hence, there
exists My such that - B

Z(n_’_k))\(lfe)(nJrk) < Jw'()n)\(lfe)n7
k>0

so that dy(wn,wm) < MonA\=97"_ This holds for every m > n, so we have
Oa(wh,wl) < MonAU=om,

Clearly, we also have x' € C2 N Qs and so 0y (wn, wWeo) < MonA(=97 Finally,
since by definition of C7, w, = w!,, we get

Ox(Woos why) < 2MonAU=9m,
This proves the lemma, setting M = 2M,. ([l
We can now finish the proof of Proposition
Proof. Our goal is to prove that for vr-almost every &,

logus(B(&r) _ <1 h
1 < —.
(8) Hff})lp logr “log Al

It is thus enough to prove that for P-almost every trajectory x = (wy,), we have

lim sup log V7 (B(woo 7)) <t ﬁ’
r—0 logr log A [

since v is the law of the random variable wo,. This shall follow from the statement
that for every e and 9, for every x € A, 5, we have

Jimn sup log vz (B(weo, T)) < -1 h+e.
r—0 logr logAl—¢

Indeed, P(A.5) > 1 — 26 and € and ¢ can be chosen arbitrarily small.

log v (B(wao 1))
logr

Let x € A. 5. We need to estimate limsup,._,, . Since the function

r € R = MazA=9% is eventually decreasing, we can replace r with MnA(¢~9" and
make n go to infinity. Thus, it suffices to prove that

, log P(D(wee, MnAU=97)) 1 h+e
lim sup < .
n—00 log A(I — e)n log\ 1 —¢

In other words, we will prove that for every x € A, s,
log P(D Mn)t=9n
lim sup 08 P(D(woo, M )

n—00 n

Using Lemma [312] we see that
log P(D MpAU=en log P(C2NQ
lim sup 08 P(D (woo, MnA ) > limsup log P(Cx N e5)

n—oo n n—oo n

> —(h+e).
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and using Lemma [B.1T] we see that

. logP(C:(L N QG,(S) T
lim sup ———=——~ = lim sup

n—00 n n—00

log pu™" (wn)
- :

Finally, since x € A¢ s C €25, for large enough n, M > —(h +¢€), so finally

log P(D(wee, MnAE—9)n
lim sup 0g P(D(woo, Mn ) > —(h+e),
n—00 n
which concludes the proof. O

3.3. Lower-bound for the Hausdorff dimension. The goal of this subsection
is the following.

Proposition 3.13. Under the assumptions of Theorem Bl we have

-1 h

Hdzmg/\ (I/B) Z @7

and
-1 h
log\ 1’

Hdim(;A (l/]:) 2

Proof. We only prove the result for the measure vg on the Bowditch boundary. Ac-
cording to Lemma 3.8, the result for the harmonic measure on the Floyd boundary
will then follow.

Proposition shows there almost surely exists a transition point on a geodesic
between 1 and we such that d(w,, x,) converges to 0. Also, =t log 11*" (w,) almost
surely converges to h by (@) and +d(1,w,) almost surely converges to [ by (@). For
every € > 0 and N, we let QY be the set of trajectories x such that for every n > N,

(a) d(wn,Tn) < en
(b) Il—en<d(l,z,) <(+e€n
() —log ™ (wn) > (h— e)n
Then, for every €, P(UnNQY) = 1. Hence, there exists N, such that P(QY¢) > 1 —e.
We set Qe = Qe
We will both need to deal with the set 2. and the sets QY in the following. We
fix N and we fix a trajectory x € QY and so we also fix the corresponding sequence
of transition points x,, on the geodesic between 1 and ws.. Let II(g, R) be the big
shadow at g, that is, the set of boundary points £ in the Bowditch boundary such
that there exists a geodesic ray [1,£] intersecting B(g, R).
First of all, observe that for all n large enough (i.e. bigger than N and N,),

P(x' € Q.n{w., € U(z,, R)}) <P € Q. : w), € B(wp, 2R + 3ne)).

Indeed, if the limiting point & = /.  lies in the shadow II(z,, R), then there is
a point g, on a geodesic from 1 to & entering the ball B(z,, R), so d(1,g,) is
between (I — €)n — R and (I + €)n + R. For every x' € QY with transition points
x,, on [1,w. ], we also have that d(1,x]) is between (I — €)n and (I + €)n, so
we deduce that d(x},9,) < R+ 2en. By (a), d(w),z},) < en, so we must have
d(w, xy) < d(wl, gn) + d(gn, Tn) < 2R + 3en as desired.
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By the defining property (c) of Qc, we have p*"(w!,) < exp(—n(h — ¢€)) for any
n > N, so
P(x" € Qc,w,, € B(zy, 2R + 3ne))
< P(u™ () < exp(=n(h — €)),w, € Bz, 2R + 3n¢))

and since p*™ is the law of w/,, the right-hand side of this inequality can be written
as the following sum
Z M*H(u)'

u€B(xp,2R+3n¢€),
u*" (u)<exp(—n(h—e))

We thus get
P(x’ € Q¢,w,, € B(xy,2R + 3ne)) < #B(1,2R + 3ne) exp(—n(h —€))
and since balls grow at most exponentially, there exists v such that
P(x" € Qc,w), € B(zy,2R + 3ne)) < Cexp(3nev) exp(—n(h — €)).
Hence, for any N and any fixed x in 2, we have

(9) i inf logP(Qe NI(2y, R))

n—00 —n

> h —e— 3ve.

Following [54], we use conditional expectations with respect to the o-algebra S,
which is the smallest o-algebra such that the map bnd : x — wy, is measurable.
Beware that the o-algebra S and the o-algebra A* that we used in the proof
of Proposition can be different. We refer to the discussion in the proof of [33]
Theorem 1.4.1] for more details. We let P(A|bnd(x)) be the conditional probability
P(A|S) evaluated at the sample path x. This is denoted by Ppna(x)(A) in [54]. Since
the harmonic measure vg is the pushforward of the measure P by the map bnd,
one can define a family of conditional probabilities £ € dgG — P(A|£) such that
for every measurable set A € OsG and every measurable set B in the path-space of
the random walk,

P(Blr1(A)) = ﬁ /A B(BIE)dvs(©).

‘We then define the set
Fe ={£ € 085G, P(Q2[€) > €}

Disintegrating along vz, we have

|- e < P(O) = / P2 |€)dvs(€)

oG

).

€

<wp(F) + e
Therefore, vg(F,) > 1 — 2¢. We now evaluate vp(F, N II(z,, R)):

vg(Fe N1Il(2y, R)) = P(ws € Fe N1I(2y,, R))
< P(Qe NIL(2p, R)) + P(Q N {weo € Fe NII(2zy, R)}).

P(Q|€)dus(€) + / P(Q[€)ds ()

Fe
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By definition, for £ € F,, we have P(Q¢[¢) <1 —¢, so

P(: 1 o € F. N, B))) = [ B(OL[6)dvs(€)
FnIl(xy,R)
< (1 - e)vp(F.NII(xy,, R)).
Consequently,
e -vp(FeNIl(z,, R)) < P(Qc NII(x,, R)).
Thus, (@) yields for every N and every x € QY
i inf logvp(F. N1(z,, R))

n—00 -n

> h —e— 3ve.

According to Lemma [277] there exists some constant C' > 0 such that
B(woo, Cry) C U(y, R),

where 1, = A\ L2n) gatisfies \IFOn < < \nll=¢), Therefore,

1 F.NB .
lim inf —& v5(Fe N B(woo, Cn)) > h — e — 3ve .
n—00 IOg CTn — IOg )\(l —+ 6)

Thus, for any N and any fixed x in QV, we have
Jim inf 10878(Fe N Blwee,))  h— e —3ve
7—0 logr —log Ml + ¢)

This is true for all N and P(Uy2Y) = 1. Hence, for vg-almost every &,

(10) liming (08VBEFENBE 7)) h—e—3ve
r—0 logr = —10g/\(l+€)'

We can now conclude the proof, exactly like Theorem 1.1 is deduced from The-
orem 3.3 in [54]. Let us give the details for completeness.
Consider the restriction vz of v to Fe.. Then, ([I0) yields

h — e — 3ve
Hdi > —
mvs.e) 2 203050
and so b 5
— € — 3ve
Hdi > "
im(vs) 2 0o

In particular, the set

Ge = {f € 35G,limi(r)1f logvs(B(§,)) > h —e— 3ve }
r—r

logr = —logA(l+e)

has positive vg-measure. We show that G. is G-invariant. First, recall that the
measure vg is p-stationary. Since p generates G as a semi-group, for any g € G,
there exists n such that u**(g~!') > 0 and p*"(g) > 0. Note that vz also is pu*"
stationary, so that for any measurable set A,

> vslgA)u™(g) = vs(A).
geA
In particular, there exists ¢4, > 0 such that
C;LI/B < gflyg < CgulB-
Together with Lemma 2.8] this implies that
va(B(&,1)) < cguvs(B(9€, ¢g))
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for any £ € G.. By taking the limit inf, the constant ¢, , disappears and thus
g€ € G.. Hence, G, is indeed G-invariant.

The measure vg is ergodic and vz(G.) > 0. Consequently, the set G, has full
measure. We thus get that for vg-almost every &,

i inf logvp(B(E, 1)) > h—e—3ve
r—0 log r —log A(l +¢)

Since € is arbitrary, this shows that for vg-almost every &,

.. dogvp(B(&,T)) L h
min > _
(11) hr—>lof logr log A [

and thus concludes the proof. (Il
We now conclude the proof of Theorem [3.11

Proof. By Propositions and 313 it remains to show the exact dimensionality
of v and vr. According to () and Lemma 37 for vz-almost every &,

Jim sup log v(B(¢(£), 1)) < limsup logvr(B(E,r)) < -1 ﬁ
r—=0 log 7 r—0 logr log A [

Similarly, (II) shows that for vg-almost every &,

liming 08VEBET) o losvs(B6(E).r) | ~1 b
e logr =0 logr log A I

This shows that both vz and vz are exact dimensional. [l

4. GROUPS WITH INFINITELY MANY ENDS

In this section, we compute the Hausdorff dimension of the harmonic measure
on the end boundary equipped with a visual metric

4.1. The end compactification. Let I' be an infinite, connected, locally finite
graph. For every edge e in I', we denote by ¢° its endpoints. More generally, for
every set of edges F, we denote by E° the set of vertices that are endpoints of an
edge in E. We will also write I'? for the set of all vertices of I

Let E be a finite set of edges. Denote by I'\ E the spanning graph of the vertex
set of I\ E¥: removing all edges sharing one vertex with one edge in E. Let C(E)
be the set of infinite components of T'\ E. By definition, there exists at least one
edge e for every component C' € C(E) such that e N C # 0 and ° N E° # (). Note
that two components C1,Cs in C(FE) are distinct if and only if every path between
any two points z € Cp,y € Cy intersects E°. Finally, two points x,y are called
separated by E if  and y lie in distinct components of T\ E.

We can define the end compactification of I' as follows. Consider the directed
system F(I") of all finite sets of edges in I with E < F'if E C F. There is a natural
map from C(F) to C(E) induced by inclusions of infinite components. The end
boundary JgT" is the inverse limit of the directed system C(E) over all finite sets of
edges F in I'. By definition, a point £ € O¢I" is a collection of infinite components
Cg(§) of T\ E for every E € F(T'), such that Cg(&) N Cg/(&) is infinite for any
two E,E’. We call £ an end of I'. For every E, the component Cg(§) of C(E) is
uniquely determined by £ and by abuse of language, we say that Cg(£) contains
¢ that we denote by £ € Cg(£). We can then extend the definition of separated
pair of points to ends. Two ends £ # ( are separated by E if Cg(€) # Cg((), or
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equivalently if £ ¢ Cg (). Note that any two distinct ends are necessarily separated
by some E € F(I').

The end boundary Og¢T" defines a compactification of I" in the following way. One
can extend the discrete topology on the set of vertices I'? to a metrizable topology

on fg = I" U O¢gT" which makes it a compact space and such that I' is dense in fg.
Moreover, a sequence of points z,, € I' converges to an end & € 0¢T if and only if
for every FE € F(T'), we have that x,, lies in Cg(&) for all but finitely many n.

The topological closure Cg(€) of a component Cg(€) in the compactification
I' U 9¢T is the union of Cg (&) with all ¢ € O¢T" for which Cg(§) = Cg(¢). Hence,
a component C contains ¢ if £ € C. Let Cg,(£) be a sequence of strictly shrink-
ing components, that is, Cg,,,(£) C Cg,(£). Then their closures Cg,(€) yield a
neighborhood basis of &.

Let € be an end. By definition, there exists a sequence of finite subsets F,, such
that Cg, ., (§) C Cg,(§). Following Woess [58], we say that £ is a thin end if the
sets E,, can be chosen so that sup,, diam(E,,) is finite. We say that it is M-thin if
sup,, diam(FE,,) < M.

Then end compactification of a finitely generated group G is the end compactifi-
cation of its Cayley graph with respect to a finite generating set. The quasi-isometry
extends to a homeomorphism between end boundary, so the topology of the end
boundary does not depend on the choice of this generating set and so it is well-
defined. We denote by 0gG the end boundary of GG. This compactification was first
introduced by Freudenthal and is also called the Freudenthal compactification. We
refer to [20] for more details.

An infinitely-ended group is called accessible if it admits a splitting over finite
edge groups as a finite graph of one ended or finite vertex groups. Finitely presented
groups are accessible [I5]. The accessibility is a quasi-isometric invariant by the
following graphical characterization [55]. An infinitely-ended group is accessible if
and only if there exists £ > 0 such that any two distinct ends are separated by k
edges in a Cayley graph.

Taking limits of geodesics and using Arzeld-Ascoli Theorem, we see that the end
boundary is a visual boundary: any end is connected to any point x in the group
by an infinite geodesic and any two distinct ends are connected by a bi-infinite
geodesic. Finally, by results of Stallings [63], G acts on JzG as a convergence
group, see also [4, Lemma 5.1].

4.2. Visual metrics. Let G be a finitely generated group with infinitely many
ends. In [6], Candellero, Gilch and Miiller defined a wvisual metric on the set of
ends of a free product. We extend their definition to our situation. Fix a basepoint
o€ G and fix 0 < A < 1. We define a distance p, » on 0¢G as follows. Consider the
sequence of finite edge sets B,,, where B,, is the edge set of the subgraph spanned
by the vertices in the closed ball of radius n around o. The inverse limit of the
directed system {C(B,)} is homeomorphic to 9¢T.

Let £, ¢ be two distinct ends. Let n be the minimal integer such that & and ¢
belong to different components in C(B,,), then define py ,(£,¢) = A\". When the
basepoint is the neutral element 1 of the group, we will simply write py (&, {).

By definition, the visual metric is wltrametric: for any triple of points z,y, z €
¢,

pa(z,y) < max{px(z,2), pA(2,9)}.
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Lemma [4.]] follows directly from the definition.

Lemma 4.1. For every x,y € Ogl' in the end boundary and for any choice of
basepoints 0,0 € G,
\d(0,0") < Pr0(T:Y) < \~d0,0)
T por(@y) T
As a consequence, we get the following, which is proved exactly like Lemma 2.8

Lemma 4.2. For every g € G, there exists a constant c, such that for every end &
and for every r > 0,

BPA (957 cg_lT) C gBP/\ (E’ T) - BPA (ggvcgr)'

It is well known that the Floyd boundary covers the end boundary, see for
example [2I] Proposition 11.1] and [37]. Lemmad3]allows us to compare the Floyd
distance with the visual distance.

Lemma 4.3. The identity of G extends to a 1-Lipschitz surjective equivariant map
¢ from the Floyd boundary to the end boundary with the same parameter A € (0,1):

for any £,¢ € 0rG.

Proof. Consider z,y € G such that py(z,y) = A", where n is the minimal integer
such that x,y are contained in distinct components of C(B,,). Then any path from
x to y has to intersect B(1,n), so dx(x,y) > A\". Hence, for any z,y € G,

(12) aA(z,y) = pal@,y).

Consider now £ € G and let x,, be a sequence in G converging to £&. Then, x,
is Cauchy for the Floyd distance and so (IZ]) shows it is also Cauchy for the visual
distance. This proves that x,, converges to a point ¢(£) € d¢G, which is uniquely
determined by £. By construction, (I2]) extends to points in the boundary and ¢ is
equivariant. (Il

4.3. The end boundary of accessible groups. As explained in Section [I any
infinitely-ended group is relatively hyperbolic. If it is accessible, the action on its
end boundary is geometrically finite. Precisely, the peripheral structure is given
by the “terminal” splitting of the accessible group as a finite graph of groups over
finite edge groups so that every vertex group is either one-ended or finite. So for
accessible groups, the end boundary is homeomorphic to the Bowditch boundary,
whose construction is briefly recalled below.

Let T be the corresponding Bass-Serre tree of the above terminal splitting. Fol-
lowing Bowditch [3], we can put a compact metrizable topology on T° U 9T, for T
is a fine hyperbolic graph. A similar construction is also given for any (non-)locally
finite graph by Cartwright-Soardi-Woess [7].

As a perfect compact space, the Bowditch boundary or the end boundary is
homeomorphic to the subspace of T U 9¢T minus the isolated points coming from
the vertices with finite stabilizer. According to the definition of a geometrically
finite action, every point in the Bowditch boundary is either conical or bounded
parabolic. The set of conical points is exactly dgT and bounded parabolic points
are the vertices in T' with infinite stabilizer, which are the subsets of ends in d¢G
corresponding to the left cosets of stabilizer in the Caylay graph of G. Finally,
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let us remark that these two types of limit points are precisely thin end and thick
end introduced and studied in [55]. The proof of this fact can be found in [21]
Proposition 7.8]

4.4. Hausdorff dimension of the harmonic measure. In this section, we con-
sider a finitely generated group G with infinitely many ends and we consider a
probability measure g with finite first moment on G. We denote by w,, the ran-
dom walk driven by p. It is a classical fact that w,, almost surely converges to an
end weo, and that denoting by ve the law of wy,, the end boundary (9:G, ve) is a
model for the Poisson boundary. See for example [34] Theorem 8.4]. We call vg
the harmonic measure on J¢G.

Proposition 4.4. There exists M > 0 such that ve gives full measure to the set of
M -thin ends.

Proof. Tt is proved in [58, Theorem 4.1] that the set of ends of a locally finite graph
with infinitely many ends can be decomposed into the union Q¢ UQ’, where Q) is a
dense set in the set of ends consisting of M-thin ends. When the graph is the Cayley
graph of a finitely generated group, the set €y can be constructed as follows. As
explained in Section[I], the group G splits as an amalgamated product Axc B or an
HNN extension Ax¢. In the former case, G is hyperbolic relative to the conjugates
of A and B and in the latter case, it is hyperbolic relative to the conjugates of
A. In both cases, every element of G can be written with elements of A, B and
C with a normal form, see [58 (9.2),(9.4)] and g can be described as the set of
infinite words with respect to this normal form, see [58, (9.3),(9.5)]. Moreover, the
set ' is constructed as the union of translates of the set of ends of A and B, see
the remarks after [58] (9.3),(9.5)]. We can thus construct a continuous, surjective
and equivariant map v from the set of ends Jg¢G to the Bowditch boundary of G
with respect to the relatively hyperbolic structure described above. The map
is obtained by collapsing the translate gds A of the set of ends of A to the point
ga in the Bowditch boundary, where « is the parabolic limit point fixed by A and
similarly with B. It follows from this construction that €y is mapped to conical
limit points. Note that the measure vg is u-stationary and since v is equivariant,
the pushforward ¢, vg also is p-stationary on the Bowditch boundary. As explained
in the proof of Lemma 3.7 the harmonic measure vg on the Bowditch boundary is
the unique p-stationary measure, hence ¢,ve = vg. Moreover, vg gives full measure
to conical limit points. Consequently,

ve(Q) < ve(y ™ ($(X))) = va(¥(Q)) = 0.
This concludes the proof. (Il

Definition is inspired by the work of Derriennic [I3] in free groups.

Definition 4.5. Let z,y € G U J¢G and let M > 0. We say that a set U C G is
an M -bottleneck between x and y if diam(U) < M and any path from z to y has
to pass through U.

Similar sets are called transitional sets by Derriennic in [I3]. However, to avoid
confusion with the terminology “transition points” in relatively hyperbolic groups,
we used the name bottleneck, which will also be more suited to our use later.
Lemma follows from our definitions.
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Lemma 4.6. Let & be an M-thin end for M > 0. Then there exists an infinite
sequence of distinct sets E, in G with sup,,~,{diam(E,)} < M such that any path
from 1 to € has to pass successively through each E,, .

Moreover, for any x # & € GUIeG, there exists ng > 0 such that any path from
x to & has to pass successively through each E,, for n > ng. In particular, for all
but finitely many n > 0, the sets E,, are M -bottlenecks between x and &.

Our goal in the remainder of this section is to compute the Hausdorff dimension
of the harmonic measure with respect to the visual distance. Precisely, we prove
Theorem (.71

Theorem 4.7. Let (0:G,ve) be as above and let h,l be the entropy and the rate
of escape of the u-random walk on G. Then, for any X € (0,1),

, -1 h
Hdim,, (ve) = TSR

Moreover, ve is exact dimensional.

We will follow the strategy that we used for the harmonic measures on the
Bowditch and the Floyd boundaries. We first give an upper bound.

Proposition 4.8. For ve-almost every & in 0eG,

. logve(B,, (&,7)) -1 h
lim Prr < -.
lrj}fp logr T logAl

Proof. The proof of Proposition for the Floyd distance again applies here. The
only place where the Floyd distance is used there is in the estimate ([7), which states
that whenever x,z’ are joined by a geodesic which stays at distance at least mq
from 1 and which satisfies that d(x, z") < ms, we have

Ix(z,2") < maA™.

This is again true replacing the Floyd distance d) by the visual distance py, since
we have the better estimate

pa(z, ") < A ™.
Also note that for A > Ao, we can give a direct proof. We use the map ¢ given by
Lemma [£3 By [34, Theorem 8.3, vg¢ is the only p-stationary measure on d:zG.
Hence, ¢,vr = ve. The result thus follows from the same result for the measure
vr, which is given by (&). O

To obtain a lower bound, we will use the following result, which says that the
random walk almost surely sublinearly tracks bottlenecks.

Proposition 4.9. There exists M > 0 such that for P-almost every x = (w,) € Q,
there exists a sequence of M -bottlenecks U, between 1 and ws satisfying that

1
—d(wp,U,) — 0.
n

n—oo

Proof. We fix M > 0 as in Proposition 4l For every z,y € G U d¢G, we denote
by Bn(z,y) the set of M-bottlenecks between x and y. We introduce the function
f defined by f(w) = d(1, Bn(w—_co,ws0)), Where w_q, is the limit of the reflected
random walk in J¢G. Since the measure v¢ is stationary, it is non-atomic. Indeed,
since G is non-amenable, it cannot fix any finite set on dgG (see [58, Theorem 2.3]).
The atomless of vg¢ follows from the following well-known fact; we include a proof
for completeness.
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Claim 4.10. Let G be a group acting on a measured space (X, k) such that  is
u-stationary and G does not fix any finite set on X. Then, x has no atoms.

Proof of the claim. If this were the case, then we would choose an atom z € X

of maximal measure. Since the support supp(u) generates the group G as a semi-

group, we would necessarily have k(g™ 1z) = r(z) for every g, for k is pu-stationary,

S)
K(x) =Y kgt m)ulg) < r(x)ulg)-
gea@ geG
Hence, the orbit of x would be finite, which is impossible since the group G does
not fix any finite set on X. O

Hence, w_o, and wy, are almost surely distinct. According to Proposition [£.4]
W— o and weo are almost surely M-thin ends, so Lemma[L.6shows that Bn(w_ o, weo)
is non-empty. The proof of Claim 3.3 thus shows that f is measurable and is almost
surely finite.

Note that f(T"w) = d(wn,Bn(w_c,ws)) and so |f(Tw) — f(w)] < d(1,wy).
Hence, [56] Lemma 7] shows that 1 f(T"w) almost surely converges to 0. Thus,
there almost surely exists a sequence of M-bottlenecks U,, between w_,, and we,
such that +d(w,,U,) converges to 0.

To conclude, we just need to show that for large enough n, U, is also an M-
bottleneck between 1 and wy. Since d(1,w,) almost surely converges to I, we can
assume that for large enough n, d(1,w,) > (I — €)n and so d(1,U,,) goes to infinity.
Fix a path a from w_o to 1. Then for large enough n, say n > ngy, o does not
intersect U,,. Consider now any path 5 from 1 to ws,. Concatenating o and S yields
a path from w_., to ws which thus crosses U,. By construction, we necessarily
have that 8 intersects U,, for n > ng. O

We can now prove the following result.

Proposition 4.11. For ve-almost every & in 0¢G,

liminf 1287 Bn (&) o —1 b
r—0 logr log A [

Proof. We choose a sequence of points x,, € U,, where U, is a sequence of M-
bottlenecks between 1 and ws given by Proposition For every e > 0 and N,
we let QN be the set of trajectories x = (w,) € Q such that for every n > N,

(a) d(wn,zy) < en,

(b) I—en <d(l,z,) <+ ¢e)n, and

(c) —logu*™(wn) > (h—e)n.
Almost surely, Ld(wy,,z,) converges to 0, 2d(1,w,) converges to [ by (@), and
=Llog p*"(wy,) converges to h by ([@). Hence, there exists N, such that P(QN<) >
1 —e Weset Q, = QNe.

We fix N and we fix a trajectory x € 2~ and so we also fix the corresponding
sequence of points x,,. For g € G, we define the partial shadow U(g, M) to be the
set of £ € 0gG such that g lies in an M-bottleneck between 1 and &. For n > N
and n > N,, we have

P(x" € Q. N{wl, € B(zy, M)}) <P(x" € Qc,w], € B(zy,4M + 3ne)).

Indeed, assume that z,, lies in an M-bottleneck V between 1 and w’_. Fix a geodesic
from 1 to w’_. This geodesic enters V at a point g, which satisfies d(gn,x,) < M.
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In particular, d(1, g,,) is between (I—e)n—M and (I4€)+M. There is also a point on
this geodesic that enters the bottleneck U] at a point g¢/,, satisfying d(g/,, x},) < M,
and so we also have that d(1,g/,) is between (I — e)n — M and (I 4+ €) + M. Thus,
d(gn, g.,) < 2M + 2en and since d(w),, z,) < en, we get d(w),, z,) < 4M + 3en as

n? n
required. On ., we have p*"(w}) < exp(—n(h —€)) for any n > N, and p*" is the
law of w},, so

P(x" € Qc,w), € B(zy,4M + 3ne)) < $B(1,4M + 3ne) exp(—n(h —€))
and since balls grow at most exponentially, there exists v such that
P(x" € Qc,w), € B(zn,4M + 3ne)) < exp(4vM) exp(3nev) exp(—n(h — €)).
Hence, for any N and any fixed x in 2, we have

(13) lim inf 128k N O(@n, M))

n—00 —-n

> h — € — 3ve.

We can conclude exactly like in the proof of Proposition B.I3] replacing Lemma 2.8
by Lemma and replacing Lemma [2.7] by the following result, which asserts that
partial shadows are sandwiched by balls. ([l

As before, we define the big shadow (g, M) as the set of & € J¢G such that
there is a geodesic between 1 and ¢ which intersects the ball of radius M centered
at g. By definition, U(g, M) C II(g, M) for M > 0.

Lemma 4.12. Let £ € 0¢G and v > 0. Let g be any point on a geodesic between 1
and §. Then for any M > 0 there exist C1,Co > 0 such that

H(g, M) C Bp>\ (ga Cﬂ")

and if, in addition, g lies in an M -bottleneck between 1 and &, then
BPA (57 CQT) C U(gv M)a

where r = A(1:9),

Proof. Let ¢ € TI(g, M). Denote by h a point on a geodesic « from 1 to ¢ such that
d(g,h) < M. Also denote by 8 the geodesic from 1 to £ in the statement of the
lemma. Consider the path « connecting ¢ to £ obtained by following « from ( to h,
then connecting h to g by a geodesic and following 3 from g to £. By construction,
d(1l,a) > d(1,g) — M. Hence, £ and ¢ must lie in the same component of C(B,)
where n = d(1,g) — M. Therefore, py(£,¢) < A"t < Cyr where C; = A= -1 and
so ¢ € By, (&, Chr).

To prove the second inclusion, set Co = AM*1 and consider ¢ € B,, (£, Car).
Write px (&€, () = A", where n is the minimal integer such that £ and ¢ lie in different
components of C(B,,), so that n > d(1,¢9) + M + 1. Then, there exists a path
a from & to ¢ that enters B(1,n) but not B(1l,n — 1). In particular, we have
d(g,a) > d(1,a) — d(1,g9) > M. Let 8 be any path from 1 to ¢ and consider the
path v obtained by concatenating « and 8, which needs to cross B(g, M), since g
is in a bottleneck between 1 and £. By construction of «, 8 necessarily intersects
B(g,M), so ¢ € U(g, M). O

Finally, note that Proposition [£.11] yields
~1 h
log A 1

Hdim,, (vg) >
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and Proposition yields
-1 h
logh i’

Hdim,, (ve) < Hdim,, (ve) <

Hence, Hdim,, (ve) = %% Moreover, combining these two propositions implies
that for vg-almost every &,
logve (B(&,r .
logve(B(¢, ) — Hdim,, (ve)
log r r—0

and so vg is exact dimensional. This concludes the proof of Theorem A7

5. DIMENSION OF THE END BOUNDARY

Recall that G is a finitely generated group with infinitely many ends, and (T, d)
is the Cayley graph with respect to a finite generating set. In this section, we
compute the Hausdorff dimension of the end boundary dg¢G endowed with a visual
metric. Define the volume growth of a subgroup H < G as

: <
vpr = lim sup ‘2849 € A 2 dlo.g) < n}

n—00 n

We prove the following.

Theorem 5.1. Let G be a finitely generated group with infinitely many ends. Then,
for every X € (0,1), we have

VG
Clog A’

By Lemma 3] we have Hdim (9 G) < Hdim(9xG) and [46, Lemma 4.1] shows
that for any A € (0,1), we have Hdim(0rG) < —1ogx- The remainder of the
section is devoted to proving Proposition 5.2, which will thus conclude the proof of

Theorem B.11

Hdim,, (0:@G) =

Proposition 5.2. With the same notations, we have

v
Hdim,, (9¢G) > _ﬁ.

5.1. Preparatory lemmas. Recall that by [4, Lemma 5.1], the action of G on
the end boundary is a convergence action. Hence, we can consider conical points
in J¢G and hyperbolic elements in the sense of [4] corresponding to this action.
Recall that an element is elliptic if it has finite order and that an infinite order
element is parabolic if it fixes exactly one point on d¢G and hyperbolic if it fixes
exactly two points on d¢GG. Moreover, if g is parabolic and fixes £, then for any
¢, g™ - ¢ converges to £ as n — +00, see [3 Section 2] for more details. It follows
from Lemma [£3] that if g is parabolic for the action on the Floyd boundary, then
it is parabolic for the action on the end boundary. Thus, an element g € G which
is hyperbolic for the action on the end boundary is also hyperbolic for the action
on the Floyd boundary, and by [60, Lemma 7.2], such an element is contracting.

Lemma 5.3. Let f be a hyperbolic element with two fized points £ # £+ € 0:G.
Then there exists a finite set Ey € F(I') of edges such that for every large enough
ng > 0 and for every n > 2ng, the two elements 1 and f" are separated by ™ Ejy.
Moreover, d(1, f"E¢) > d(1, f"0) — ¢y for some uniform constant co.
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Proof. The two distinct ends _ # & are separated by a finite set £y € F(I"), and
since they are fixed by any power of f, {_ # £, are separated by E, := f"E; for
any n. Note that n € Z — f" is a quasi-geodesic so that the two half-rays converge
to the corresponding ends £_ and £;. Thus, whenever ng is large enough, f="°
and f"~"° are separated by E; for any n > 2ng. Up to translation, 1 and f" are
thus separated by E,,. Moreover, d(1, f™) < d(1, f"Ef) + SUP, e, d(fmox, fr0)
and since E is fixed, the second term on the right-hand side is uniformly bounded,
which concludes the proof. O

Let F be a set of three pairwise independent hyperbolic elements in G. We write
Fr={f": feF} forany n > 1.

Lemma 5.4. There exists an integer nq > 0 with the following property for every
n >ny. For any g, h € G, there exist f € F' and a finite set Ey of edges separating
1 and f™ and such that any path between g=* and f™h has to cross Ey.

Proof. Since hyperbolic elements are contracting, by [61, Lemma 2.14], there exist
ni, € > 0 with the following property: for any n > n; and f™ € F"™ the points
1 and f™ stay within the e-neighborhood of any geodesic [¢g~!, f*h], so that the
path v = [g71, 1][1, f*][f™, f*h] is a (1, 4€)-quasi-geodesic. Let E be provided by
Lemma [5.3] for the element f. Hence, for large enough ng, assuming that n > 2ny,
the two elements 1 and f™ are separated by E; := f™0FE.

For given A, ¢, we choose ng to satisfy d(1, F™) > ¢+ Adiam(E[) + co.

Claim 5.5. If v is a (A, ¢)-quasi-geodesic path containing [1, f"] for some A, ¢ > 0,
then the endpoints of v are separated by Ej.

Proof of the Claim. Denote by 1 and -2 the corresponding subpaths before and
after [1, f*]. Observe that v, and -, are disjoint with Ey. Indeed, assume by
contradiction that x € y1 N E # (), the case for v being symmetric. By Lemma [5.3]
the elements 1, f™ are separated by Ey and d(1,E;) > d(1, f"0) — co. We then
choose y € [1, f] N E so that d(1,y) > d(1, f™) — ¢o. This yields a subpath « of
v whose endpoints z and y are at most diam(Ey) apart. Since z, 1,y are aligned
in this order on «, the quasi-geodesicity implies that d(1,y) < Ad(x,y) + ¢. This
contradicts the choice of ng above.

As a consequence, any path between the two endpoints of v passes through Ey.
Indeed, if there was such a path disjoint with E;, we would obtain a path from 1
to f™ disjoint with Ey, contradicting Lemma [5.3] |

The proof is concluded by Claim applied to the (1,4¢)-quasi-geodesic v =
lg~" 1L, L™ £ 1) 0

Let r = max{diam(Ey) : f € F'}, where Ey is given by Lemma [5.4l Definition
refines the notion of bottleneck given in the last section.

Definition 5.6. Let 2,y € GUJgG and let n; be given by Lemmal[5.4 An (r, F)-
bottleneck point between x,y is a point b € G such that any path between x and y
has to cross the r-neighborhood of b[1, f] for some f € F™.

Note that if b is an (r, F')-bottleneck point between z and y, then b is in b[1, f]
so it lies in an M-bottleneck for M = (d(1, F™)+2r) in the sense of Definition [£.5]
An immediate result follows by the same argument as in Lemma 4.3l
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Lemma 5.7. Ifb is an (r, F')-bottleneck point between g, h, then the Floyd distance
Oxp(g, h) based at b is bounded below by a positive constant depending on A\, r, F
only.

5.2. Construction of rooted geodesic trees with bottlenecking property.
The strategy in proving Proposition [(2]is similar to that in [46]. We shall construct
a sequence of rooted quasi-geodesic trees so that the Hausdorff dimension of their
ends tends to the Hausdorfl dimension of 0gG.

Before getting into the construction, we introduce Definition 5.8 of ends with
the uniform bottlenecking property, which are uniform conical points in the sense
of [46]. We fix r, F and n; as in Section [5.11

Definition 5.8. A path v in I" has the L-bottlenecking property for some L > 0 if
there exists a sequence of (r, F™ )-bottleneck points b; € v between the endpoints
of v such that sup{d(b;,b;1+1) : 4 > 1} < L and d(x,{bj+1 : ¢ > 1}) < L/2 for any
x €.

An end ¢ has the L-bottlenecking property for some L > 0 if there exists a
geodesic ray [1,£] with the L-bottlenecking property.

Remark 5.9. By definition, an end with L-bottlenecking property must be thin,
but the converse is false.

If H is a free semi-group with a free basis B, then the standard Cayley graph T’
of H with respect to B is a rooted tree at 1, where every edge with unit length is
labeled by a letter in B.

The construction of rooted trees in the proof of Proposition will be given by
the standard Cayley graphs of a sequence of free semi-groups described in Lemma
BI0 Given n, A > 0, define the annulus set

An,A) = {g € G: |d(L,g) —n| < A},

Lemma 5.10. For any 0 < v < vg, there exists a free semi-group H with a free
basis B and a constant L = L(v) > 0 with lim,_,,, L(v) = 0o so that the following
hold.

(1) There exists a quasi-isometric embedding map ® from the standard Cayley
graph T of H into the Cayley graph T’ of G, which is induced by the inclusion
H C G and such that each geodesic issuing from the identity in T is sent
to a path with the L-bottlenecking property.

(2) The map ® extends to a topological embedding 0P of the end boundary Og H
of H into 0¢G.

(3) We have vy > v and Cyexp(Lvy) < §H N A(1,n,A) < Cyexp(Lvg) for
n > 1, where Cy and Cy depend on A.

Proof. (1) We set Ly = n £ (A +d(1,F™)). Let W(A) be the set of all finite
words over an alphabet set A. Given a set A C I', we can define an extension map
® : W(A) — G as follows: for any word W = ajaz---a, € W(A), there exists a
sequence f; € F™ such that the path v labeled by

(14) (I)(W):al'fl'a2'f2 """ an—l'fn—l'an'anG

is a (A, ¢)-quasi-geodesic for fixed constants A, ¢ > 0 depending only on F. More-
over, the path - labeled by ®(W) has the L -bottlenecking property. The choice of
the points f; is made by iterating the construction given by Lemma [5.4l Precisely,
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by [61, Lemma 2.16], one can choose the f; so that « is a (), ¢)-quasi-geodesic with
fixed A and c¢. Then, by Claim [5.5] the terminal endpoints of the segments labeled
by a; (1 <i < n) give n distinct (r, F')-bottleneck points between 1 and ®(W') with
pairwise distance between L_ and L. Those bottlenecks shall be called canonical.
To generate a free semi-group, we need the following property, proved in [G1]
Lemma 2.19]. There exists a fixed constant Cy > 0 such that for every large
enough n and every C > (), there exists a C-separated set ACA(n,A) with the
following properties:
(a) tA ¢ tA(n, A),
(b) there is a common f € F™ for each pair (a,a’) € A x A in the path (I4)
with the L-bottlenecking property.

If C is taken sufficiently large, then the map ® : (Af)™ — G as above is injective.
Indeed, consider two paths 81 = ®(W7) and 3] = ¢(W7), where Wy = a1 f - am f
and W{ = a}f---al,f. We shall prove the following stronger fact, used later on
in Lemma Denote by (81)+, respectively (87)+, the terminal endpoint of 3y,
respectively /3.

Claim 5.11. If d((81)+, (B1)+) < D, then d(ay,a}) < C for some C = C(D).

By choosing C' > C(0) Claim [5I1] proves the injectivity of ®. Hence, the set
B := Af generates a free semi-group denoted by H.

Proof of the Claim. Write g = ®(W1) = (f1)+ and ¢’ = &(W]) = (B8])+. Since
the point a; in B; is an (r, F')-bottleneck point between 1 and g, by Lemma [£.7]
and Lemma applied to the Floyd distance dy ,, based at a;, there exists a
constant C' depending only on r, F' such that d(ay,[1,g]) < C. Since d(g,¢') < D,
concatenating the geodesic [1, g] with a geodesic from g to ¢’ yields a quasi-geodesic
a whose parameters only depend on D. Hence, Lemma[2.6lshows that d(a}, ) < C”
where C’ only depends on r, F and D. Using again that d(g,g’) < D, we finally
obtain that d(a},[1,9]) < C”. By the choice of a;,a} € A C A(n,A), we have
|d(1,a1)—d(1,a})| < 2A. We deduce that d(ay,a]) < C+C"+2A, which concludes
the proof. O

(2) Note that the image of each geodesic ray v in T is a path with the bot-
tlenecking property which converges to an end in d¢G. We deduce that the map
v+ ¢() induces the desired topological embedding.

(3) For a given v, one can choose n big enough such that vy > v for a free
semi-group H = (Af) constructed as above. This is possible since 4 >¢ §A(n, A),

and
logfA(n, A)

v = hm _—.
n—00 n

See [61], Section 3] for the details. The purely exponential growth
gH N N(o,r) < exp(vyr)

follows by standard arguments using the fact that the subgroup H is contracting,
as stated there. See an argument in the proof of [46, Lemma 3.9]. ]

5.3. Completion of proof of Proposition We shall first prove that the
embedding 0® : d¢ H — 0OgG is bi-Lipschitz with respect to visual metrics for
appropriate choice of parameters. The Hausdorff dimension of d¢G will then be
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bounded from below by that of the ends of the rooted tree T' which will be easier
to compute.

Recall T is the standard Cayley graph of H with respect to the free base B = A f
whose edges with unit length are labeled by a letter in B.

Lemma 5.12. Under the assumption of Lemma BI0, assume that ®(p) = £ and
®(q) = n where p,q € OcT. Let m be the length of the intersection [1,p] N [1,4]
where [1,p],[1, q] are geodesic rays in T. Then

pa(€,m) <o A™E.

Proof. In the proof, let us write

[L,p] = (arf)(azf) - - (@m[f)(amirf) -
and

[1,p] = (a4 f)(ayf) -+ (ap f)(ag, 1 f) -+
and denote 81 = ®([1,p]) and Bz = ®([1,q]). Those are two rays with the L-
bottlenecking property ending at £ and n. Let [1,p]N[1,¢q] = s1 - - sim be a geodesic
of length m where s; € Af. In other words, a; = a} for 1 <i < m.

By definition, py(£,17) = A" where n is the minimal integer such that £ and n
belong to different components of the complement of the ball B,,. Note that n >
mL/2. Indeed, the path 7 = ®(sy---s,,) issuing from 1 has the L-bottlenecking
property, ends at u = $7 - - - Sy, and is contained in both 81 and B2. Thus, there are
m bottleneck points between 1 and u with pairwise distance at least L/2, so that
the geodesic [1,u] in the Cayley graph ' of G has to pass through them in order.
We then derive that d(1,u) > mL/2. Since the path obtained from 8 U B2 \ 7
connects £ to 1), the definition of n implies that n > mL/2.

We shall prove the upper-bound n < R := (m + 1)L + r, which will conclude
the proof. By definition, it suffices to show that £ and 1 belong to the distinct
components of G\ Bg.

Let b be the second (r, F')-bottleneck point on 3; after the initial subpath 7 of
B1: it is the terminal endpoint of a,,42 in B;. Thus, any path from 1 to £ has to
cross the r-neighborhood of b[1, f]. Let C' = C(r+d(1, F™)) be the constant given
by Claim EIT1 If A is chosen to be C-separated, then d(b, B2) > r + d(1, F™*) and
thus, 82 N N,.(b[1, f]) = 0.

It remains to prove that any path from £ to n has to intersect the ball Br. If
not, let @ be a path from & to n so that @ N Br = 0. Recall that b is the (m +1)-th
(r, F)-bottleneck point and thus d(1,bf) < (m + 1)L. The value of R implies that
Bpr contains N,.(b[1, f]). Also recall that 82 N N,.(b[1, f]) = 0, so concatenating
Q@ and f3; yields a path @ - B2 from £ to 1 avoiding the set N,-(b[1, f]). This is a
contradiction, since b is an (r, F')-bottleneck point between 1 and €. As desired, &
and 7 lie in different components in the complement of Bg. The proof of the upper
bound n < R follows. O

Proposition 5.13. Let a = A\ for given A\ € (0,1). Then the embedding O® from
the ends boundary (0sT, pa) into the ends boundary (0gG, pa) is bi-Lipschitz.

Proof. By Lemmal[5.12] we see po(&,1) = a™ = A" <1 p\(®(p), ®(q)). Thus, the
map from JgT is bi-Lipschitz onto its image in 0gG. O

Let T be any infinite rooted tree, with vertex set V' partitioned by depth (distance
from the root vertex): V = U,—oV,. Let N,, and M,, be increasing sequences of
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positive integers. Say that T is {M,, }-regular relative to {N,} if for every n > 1
every vertex x at depth NV, has exactly M, ;1 descendant vertices at depth N, ;.

Lemma 5.14 ([38, Lemma 2]). Let T' be an infinite rooted tree with space of ends
0T equipped with the visual metric of parameter oo € (0,1). If there is an in-
creasing sequence of integers Ny satisfying lim, N]’\}:l = 1 such that, for some
sequence {My,} of positive integers, T is {M,}-regular with respect to {N,}, then
the Hausdor(f dimension of OcT (relative to the visual metric py) is given by

log [V, | ..

. . . 10gH?:1 M;
Hdim,, (9¢T) = liminf =0 2 = m it — e

We apply Lemma 514 to the standard Cayley graph T of H, where M,, = {Af
and V,, = n. We obtain

log[T/_, #Af  logtAf

Hdim,, (0¢T) = liminf

nsoo  —nloga  —Llog\’
By Lemma B5I0, Cy exp(Lvy) < $Af < Cyexp(Lvgy), so
_log Cy + Lvyg

Hdi T) >
dim,, (OT) 2 Llogh

where v < vy < vg.

Since a bi-Lipschitz map preserves the Hausdorff dimension, by Proposition [5.13]
we have

log Cy + Lv
Llog\
As v tends to vg, L goes to infinity, so we finally obtain

. va
> — .
Hdim,, (0sT) > Tog X

The proof of Proposition and thus Theorem [.1] is complete.

Hdim,, (0sT) >

6. CHARACTERIZING THE DOUBLING PROPERTY: PROOF OF THEOREM

It is well known that a virtually free group is hyperbolic and that its end bound-
ary endowed with a visual metric is bi-Hélder to its Gromov boundary endowed with
a Gromov’s visual metric. The latter has the doubling property, since the Patterson-
Sullivan measure is doubling (even Ahlfors regular) by the work of Coorneart [8].
We prove here the following result.

Proposition 6.1. If a finitely generated group admits a splitting over finite edge
groups as a finite graph of groups with at least one one-ended vertex group, then
the visual metric is not doubling.

Theorem is then a consequence of Proposition Indeed, accessible groups
admit a splitting over finite edge groups as a finite graph of groups G, so that
the vertex groups either are finite or one-ended. In the former case, the group is
virtually free; in the latter case, it satisfies the assumptions of Proposition [6.1]

Proof. Consider a splitting over finite edge groups as a finite graph of groups G and
let H be a one-ended vertex group. Notice that a metric space (X, d) is doubling if
and only if for any (or some) 0 € (0, 1), there exists N = N(6) > 0 such that every
ball of radius s > 0 can be covered by at most N balls of radius #s. To prove that
the end boundary is not doubling, our strategy will be as follows. We will consider
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for every n the ball of radius s = A" centered at the end £ of G corresponding to the
unique end of H. We will prove that for some fixed 6, this ball cannot be covered
by N(n) balls of radius 0s(n), where N(n) goes to infinity. This will conclude the
proof. We present the details below.

By the Bass-Serre theory, G is isomorphic to either an amalgamated product
H xp K or an HNN extension H*pg over a finite group F, where K might not
be one-ended. Since the visual metrics on the end boundary for different finite
generating sets are bi-Holder, so share the same doubling property, it suffices to
prove the conclusion for a special generating set. In what follows, we only consider
the amalgamated product case, the HNN extension case being similar.

Let G = H xp K so that H and K are generated by two finite sets S and T
respectively and assume for simplicity that both sets S and T contain F. The
normal form given by [58, (9.2),(9.3)] shows that the Cayley graph T' of G with
respect to S U T is obtained as the disjoint union

|_| {g ! Cay(Ha S)ag ' Cay(Ka T)}7

geG
glued along cosets gF between g-Cay(H, S),g-Cay(K,T). Recall that ¢ is the end
corresponding to the one-ended subgroup H. For any end n # &, any path from 7
to £ has to pass through a finite set F}, corresponding to some F-coset in H and
any path from 1 to 7 also has to pass through F;. Since we made the assumption
that ' C SN T, the diameter of F}, is at most 1, that is, any two distinct vertices
in F}, are connected by an edge.

Let S, :={g € G : d(1,g) = n} be the n-sphere in the Cayley graph I" of G. By
definition of the visual metric, if px(&,n7) = A™ for n > 1, then every path from &
and 7 passes the closed ball B(1,n) of radius n at the identity and exits H at some
vertex in F,. Moreover, there exists such a path from £ to n which is disjoint from
the ball B(1,n —1). Recalling that the diameter of F,, is at most 1, we see that
d(1,F,) > n—1. On the other hand, if an end n # ¢ satisfies d(1, F};) = n + 1,
then px(&,n) < A™. Indeed, since Cay(H, S) is one-ended, one can join any vertex
g € F), to the end ¢ corresponding to H by a path « in Cay(H,S) which stays
in the complement of B(1,7n). By the tree-like construction of Cayley graph of G,
since d(1, F;;) = n + 1, there exists a path § connecting a vertex in F, to the end
7 which lies outside the ball B(1,n). So we can concatenate o with such a path S
to get a path from & to n outside B(1,n). By definition of visual metric, we have

pA(€m) <A™
Set s = A™. We can reformulate the above discussion by the following inclusions:
(15)

{n#€€ T d(1,F,) > n+1} C B (6,5)\EC {n# € € 0T - d(1,Fy) > n—1}.

Since H is one-ended, it is infinite and it is not virtually cyclic. By Gromov’s
polynomial growth theorem, the growth function of H is at least quadratic, hence
super-linear. Therefore, fixing & > 2, the number of elements in

Sn_;,_k(H) = On+k NH

grows at least linearly in n and in particular goes to infinity as n goes to infinity.

For any point h € S, 1r(H), choose an end n = n(h) # £ € J¢T" so that h lies
in F,,. By definition of h, d(1, F;;) < n+ k and since the diameter of F), is at most
1, we also have d(1, F;;) > n+ k — 1. According to [IH), pa(&,1) < A" T+~ Thus,
n € BM(E,s).
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Observe that for any two elements hy # hs € S, (H) with d(hy, he) > 2, we
claim that

P (7717 772) Z )\n-i-k-‘rl’

where 11 = n(h1),n2 = n(h2). Indeed, d(h1,hs) > 2 implies that F,, N F,, = 0.
Notice that any path from 7; to 7, has to pass through both F;, and F;,,, otherwise
one would produce a path from 1 to n; not passing through F,, for some i € {1,2}.
Hence, any path from 7; to 72 has to intersect the ball B, r+1 and the claim
follows.

We are ready to finish the proof. Set § = \**! and let N(n) be the maximal size
of aset ¥ C Sp4r(H) such that any two elements h, b’ in 3 satisfy that d(h,h') > 2.
Then, N(n) goes to infinity as n goes to infinity. We can thus produce N(n) points
which are fs-separated in B,, (£, s). In other words, the ball B, (§,s) cannot be
covered by N(n) balls of radius fs. Since k is fixed and N(n) goes to infinity as
n goes to infinity, this provides a contradiction with the definition of the doubling
property. This concludes the proof. O
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