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LARGE DEVIATIONS FOR SMALL NOISE DIFFUSIONS OVER

LONG TIME

AMARJIT BUDHIRAJA AND PAVLOS ZOUBOULOGLOU

Abstract. We study two problems. First, we consider the large deviation
behavior of empirical measures of certain diffusion processes as, simultaneously,
the time horizon becomes large and noise becomes vanishingly small. The law
of large numbers (LLN) of the empirical measure in this asymptotic regime is
given by the unique equilibrium of the noiseless dynamics. Due to degeneracy
of the noise in the limit, the methods of Donsker and Varadhan [Comm. Pure
Appl. Math. 29 (1976), pp. 389–461] are not directly applicable and new ideas
are needed. Second, we study a system of slow-fast diffusions where both the

slow and the fast components have vanishing noise on their natural time scales.
This time the LLN is governed by a degenerate averaging principle in which
local equilibria of the noiseless system obtained from the fast dynamics describe
the asymptotic evolution of the slow component. We establish a large deviation
principle that describes probabilities of divergence from this behavior. On the
one hand our methods require stronger assumptions than the nondegenerate
settings, while on the other hand the rate functions take simple and explicit
forms that have striking differences from their nondegenerate counterparts.

1. Introduction

In this work we study the large deviation behavior of certain stochastic dynamical
systems with small noise over long time horizons. In order to motivate the prob-
lem of interest we begin with the following classical setting of Donsker-Varadhan
large deviation theory [9–11] for ergodic diffusions. Let Z be an R

d-valued contin-
uous stochastic process given as the solution of the following stochastic differential
equation (SDE)

dZ(t) = −∇φ(Z(t))dt+ dB(t), Z(0) = z0,

where B is a d-dimensional Brownian motion given on some probability space
(Ω,F , P ), z0 ∈ R

d, and φ : Rd → R is a twice continuously differentiable func-
tion. Suppose in addition that φ is bounded from below, has a bounded Hessian,
and ‖∇φ(x)‖ → ∞ as ‖x‖ → ∞. Consider the empirical measure process associated
with Z defined as

(1.1) μt(A)
.
=

1

t

∫ t

0

δZ(s)(A)ds, t > 0, A ∈ B(Rd),

Received by the editors July 14, 2022, and, in revised form, May 16, 2023.

2020 Mathematics Subject Classification. Primary 60F10, 60J60, 60J25, 60H10.
Key words and phrases. Large deviations, empirical measure, stochastic approximations, mul-

tiscale diffusions, slow-fast dynamics, averaging principle, degenerate noise, Laplace asymptotics,

stochastic control.
The first author was supported in part by the NSF (DMS-1814894, DMS-1853968, DMS-

2134107 and DMS-2152577). The second author was partly supported by the 2022 Summer

Fellowship awarded through UNC’s Graduate School.

c©2024 by the author(s) under Creative Commons Attribution 3.0 License (CC BY 3.0)

1

https://www.ams.org/btran/
https://www.ams.org/btran/
https://doi.org/10.1090/btran/172


2 A. BUDHIRAJA AND P. ZOUBOULOGLOU

where δx denotes the Dirac probability measure at the point x and B(S) for a
topological space S denotes the associated Borel σ-field. From [11] it follows that
under the above conditions on φ, the collection {μt} of P(Rd) valued random vari-
ables, where P(Rd) is the space of probability measures on R

d equipped with the
topology of weak convergence, satisfies a large deviation principle (LDP) with rate
function IZ : P(Rd) → [0,∞] and speed t, namely for all continuous and bounded
F : P(Rd) → R

−t−1 logE
[
e−tF (μt)

]
→ inf

μ∈P(Rd)
[F (μ) + IZ(μ)],

where the rate function IZ is given as

(1.2) IZ(μ)
.
= sup

g∈D+

(
−
∫
Rd

(Lg)(x)
g(x)

μ(dx)

)
, μ ∈ P(Rd),

where L is the infinitesimal generator of the Markov process Z, whose evaluation
for g ∈ C2

b (R
d) (the space of twice continuously differentiable bounded functions

with bounded derivatives) is given as

(Lg) .
= −∇φ · ∇g +

1

2
Δg,

where Δ is the d-dimensional Laplacian, and D+ is the space of functions g in
the domain of L that are uniformly bounded below by a positive constant. The
above large deviation principle gives asymptotics of probabilities of deviations of
the empirical measure process μt from its law of large numbers (LLN) limit, which
is the unique stationary distribution of the Markov process Z, for large values of t.
This basic result has been extended in subsequent works in many different directions
(see e.g.[6–8, 14, 15, 17, 18, 20]).

Our first interest in the current work is in the study of analogous long-time
behavior for small noise diffusions. Specifically, we consider the following setting.
Let Zε be an R

d-valued continuous stochastic process given as the solution of the
following SDE

(1.3) dZε(t) = −∇φ(Zε(t))dt+ s(ε)dB(t), Zε(0) = z0,

where B and φ are as before and s : (0,∞) → (0,∞) satisfies s(ε) → 0 as ε → 0.
Due to the degeneracy of the noise in the limit as ε → 0, we will need stronger
conditions than those needed for a LDP for {μt} defined by (1.1). Specifically,
we assume that, in addition to φ being twice continuously differentiable with a
bounded Hessian, φ is strongly convex and ∇φ(0) = 0. Under these assumptions
on φ, 0 is the unique equilibrium of the ordinary differential equation (ODE):

(1.4) ż = ∇φ(z).

Also, it follows (see e.g. proof of Lemma 4.5) that, as ε → 0,

(1.5) με .
= ε

∫ 1/ε

0

δZε(t)dt
P−→ δ0

in P(Rd). Long time behavior of SDE with small noise as in (1.3) is of interest, for
example, in study of stochastic approximation schemes for approximating zeroes of
a nonlinear function (cf. [1, 2, 19]).

One of the crucial ingredients in the proofs of [11] and other works on related
themes is the nondegeneracy of the noise in the dynamics. This property is key
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in the proof of the lower bound where one invokes an ergodic theorem in order to
suitably approximate near optimal paths in the variational problem describing the
large deviation rate function. This feature of nondegeneracy is the main point of
departure in the current work, as instead of empirical measures converging to the
stationary distribution of an ergodic nondegenerate diffusion, in the current setting,
these measures converge to a point mass given by the fixed point of the noiseless
ODE in (1.4). The usual methods of studying empirical measure large deviations
for Markov processes exploit nondegeneracy in the dynamics by considering relative
entropies of near optimal measures with respect to the stationary distribution of the
given diffusion. However these methods are not applicable here as typical measures
of interest in our setting will be mutually singular, and therefore one needs new
tools. We also remark that, if on the right side of (1.2) one naively replaces the
second order operator with the limiting first order operator associated with the
diffusion in (1.3), namely L0g

.
= −∇φ ·∇g, the maximization in (1.2) gives +∞ for

any μ with a compact support and so even a candidate for the rate function for με

is not immediate from (1.2) in this degenerate setting.
Our first result (Theorem 2.2) shows that under the assumptions on φ made

above, με satisfies a large deviation principle with speed (εs2(ε))−1, and the as-
sociated rate function I : P(Rd) → [0,∞] takes a particularly simple form given
as

(1.6) I(μ) =
1

2

∫
Rd

‖∇φ(y)‖2μ(dy), μ ∈ P(Rd).

We note that unlike the rate function IZ associated with the ergodic diffusion Z,
given in (1.2), which is described through a variational formula, the rate function
in this small noise setting takes a surprisingly explicit form. The precise result we
establish allows for a somewhat more general drift function and a state-dependent
diffusion coefficient. The conditions on the coefficients and the form of the rate func-
tion in this more general setting are given in Section 2. The above result gives a LDP
when simultaneously time becomes large and the noise intensity becomes small. A
similar theme has recently been considered in [13], where, motivated by the prob-
lem of design of Monte-Carlo schemes, certain large deviation estimates have been
established for suitable integrals in the specific case where s(ε) = (log(1/ε))−1/2.
In this case the relevant techniques are those based on the Freidlin-Wentzell theory
of quasipotentials of small noise diffusions [16]. Note that in our result we do not
make any assumptions on how s(ε) approaches 0. Furthermore, the paper [13] does
not give a LDP for the empirical measure με.

The second focus of this work is the study of asymptotic behavior of fast-slow
diffusions, when both slow and fast components have small noise in their natural
time scales. The precise model of interest is described by an m + d dimensional
diffusion (Xε, Y ε) given as follows.
(1.7)
dXε(t) = b(Xε(t), Y ε(t))dt+ s(ε)

√
εα(Xε(t))dW (t), Xε(0) = x0, 0 ≤ t ≤ T,

dY ε(t) = −1

ε
∇yU(Xε(t), Y ε(t))dt+

s(ε)√
ε
dB(t), Y ε(0) = y0, 0 ≤ t ≤ T.

Here, T ∈ (0,∞) is some fixed time horizon, b : Rm+d → R
m, α : Rm → R

m×k,
U : Rm+d → R are suitable coefficient functions, s(ε) is as before, and W,B are k
and d dimensional mutually independent Brownian motions respectively. Note that
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the natural time scale for Y ε is O(ε) while that of Xε is O(1). On these natural
time scales the noise variances of the two processes are O(s2(ε)) and O(εs2(ε))
respectively, both of which converge to 0 as ε → 0.

In contrast to the setting considered here, when s(ε) = 1, the above multiscale
system falls within the framework of (nondegenerate) stochastic averaging princi-
ples, for which the associated large deviations theory has been well developed (cf.
[5, 12, 16, 21, 21, 22]). Under appropriate conditions on the coefficient functions,
these large deviations results give probabilities of deviations of the trajectory Xε,
regarded as a random variable in the space C([0, T ] : Rm) (the space of continuous
functions from [0, T ] to R

m equipped with the usual uniform convergence topology),
from its law of large number limit X0 given as the solution of the following ODE:

Ẋ0 = b̄(X0), where b̄(x) =

∫
Rd

b(x, y)μx(dy), x ∈ R
m

and for x ∈ R
m, μx is the unique stationary distribution of the diffusion

dYx(t) = −∇yU(x, Yx(t))dt+ dB(t).

The main insight that emerges from this LLN behavior is that the slow process, over
the time scales at which the fast process equilibrates towards its stationary distri-
bution, stays approximately unchanged and its limit is governed by a parametrized
family of stationary distributions associated with the fast diffusion where each sta-
tionary distribution corresponds to the local equilibrium of the fast process for a
given value of the state of the slow process.

In the setting of the current work (s(ε) → 0) the fast process on its natural
time scale is driven by a small noise and thus in the scaling regime we consider,
the asymptotics of the slow process (under suitable conditions) are governed by the
family of equilibria for the parametrized family of ODE:

Ẏx = −∇yU(x, Yx).

Under our assumptions, for each x ∈ R
m the above ODE will have a unique equi-

librium point y(x) ∈ R
d and the LLN of Xε defined in (1.7) is given by

Ẋ0 = b̄(X0), where b̄(x) = b(x, y(x)), x ∈ R
m.

The goal of this work is to study the behavior of probabilities of large deviations
of the process Xε from its LLN limit given by X0. The key challenge in the
degenerate setting considered here is that, unlike the case s(ε) = 1 where the
local equilibria are mutually absolutely continuous, when s(ε) → 0 as ε → 0, the
family of equilibria are mutually singular (except the trivial case when they are
the same). Once again the proof techniques used in the nondegenerate setting are
not applicable here and different ideas are needed. In Theorem 2.7 we establish
a large deviation principle for Xε under appropriate conditions on the coefficient
functions. Our results in fact give a stronger result which provides a LDP for the
pair (Xε,Λε) in C([0, T ] : Rm) ×M1, where M1 is the space of finite measures ν
on R

d × [0, T ] such that ν(Rd × [0, t]) = t for all t ∈ [0, T ], equipped with the weak
convergence topology, and Λε is an M1 valued random variable defined as

(1.8) Λε(A× [0, t])
.
=

∫
[0,t]

1A(Y
ε(s))ds, t ∈ [0, T ], A ∈ B(Rd).

The precise rate function governing the LDP can be found in Section 2.2 (see (2.5))
but we note here that in the special case where m = k and α is the identity matrix,



LDP FOR SMALL NOISE DIFFUSIONS OVER LONG TIME 5

the rate function takes a simple explicit form as

I(ξ, μ) =
1

2

∫
Rd×[0,T ]

‖∇yU(ξ(s), y)‖2μ(dy ds)

+
1

2

∫
[0,T ]

∥∥∥∥ξ̇(t)−
∫
Rd

b(ξ(t), y)μ(t, dy)

∥∥∥∥
2

dt,

for (ξ, μ) ∈ C([0, T ] : R
m) × M1, where μ(dy ds) = μ(s, dy) ds. Roughly, the

second term in the rate function arises from the large deviations of the Brownian
motion W whereas the first term captures the deviations of the fast process from
the collection of its local equilibria. More precisely, the first term can be interpreted
as the instantaneous cost associated with the deviations of a set of points described
by the measure μ(s, dy), for each time instant s, from its equilibrium point y(ξ(s)).
Once again the form of the rate function has striking differences from that in the
nondegenerate setting (cf. [12, 16, 22]).

We remark that the proof of a LDP for με defined in (1.5) is a simpler analogue
of the proof of Theorem 2.7 and in fact can be deduced from it. However we
present these results separately for two reasons. First, the basic idea of the proof
(particularly of the LDP lower bound) is significantly simpler and clearer to see in
the setting of Theorem 2.2 and sets the general framework for the more involved
setting in Theorem 2.7. Second, in Theorem 2.2 we treat a more general setting than
the one discussed in this section because of which this result cannot be immediately
deduced from Theorem 2.7.

We now make comments on proof ideas.

1.1. Proof strategy. The starting point for the proofs of both Theorems 2.2 and
2.7 is a variational formula for moments of nonnegative functionals of finite dimen-
sional Brownian motions due to Boué and Dupuis [3] (see Theorem 3.1). Using this
formula the basic problem of large deviations reduces to establishing convergence of
costs associated with certain stochastic control problems to those associated with
suitable deterministic optimization problems. This convergence is shown by es-
tablishing a complementary set of asymptotic inequalities between the costs, one
giving the large deviation upper bound (see (4.1) and (5.1)) while the other giving
the large deviation lower bound (see (4.2) and (5.2)). Proof of the upper bound
proceeds by weak convergence arguments that also reveal the precise form of the
large deviations rate function. This form emerges from a key orthogonality prop-
erty (see (4.15) for Theorem 2.2 and (5.16) for Theorem 2.7) that is behind the
inequalities in Lemma 4.4 and Lemma 5.4 and which in turn give the large devia-
tion upper bound. Proofs of the lower bounds are somewhat long and involved and
require several approximating constructions. We only comment on the arguments
for Theorem 2.7 as those used for Theorem 2.2 are simpler analogues. The basic
approach in the proof of the lower bound is the construction of simple form near
optimal paths ξ∗ and occupation measures ν∗ for the deterministic optimization
problem on the right side of (5.2) (see Lemma 5.5). This is then used to construct
suitable controls and controlled processes for the prelimit stochastic system which
appropriately converge to the chosen near optimum. In doing so one needs to en-
sure that the corresponding prelimit occupation measure Λ̄ε in (5.5) charges the
asymptotically correct periods of time in the correct regions of the state space of
the fast process that are dictated by the near optimum occupation measure ν∗.
One also needs to ensure that the cost incurred in doing so is suitably close to the
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cost associated with the near optimum (ξ∗, ν∗). In achieving these dual goals one
needs to design suitable controls that appropriately modify the dynamics of the fast
process so that the local equilibria of the process are sufficiently close to ν∗(s, dy) at
all time instants s. This construction, which is given in Section 5.3, is at the heart
of the lower bound proof. The idea is for the control to move the state process from
one point in the support of ν∗(s, dy) to the next in a very small amount of time
with negligible cost and then keep the process near this latter point for the correct
amount of time as dictated by ν∗(s, dy) while incurring the optimum amount of
cost. This basic idea takes a somewhat simpler form for the proof of Theorem 2.2
and we refer the reader to Section 4.3 for a more detailed outline of the strategy
for this setting.

The rest of the paper is organized as follows. We close this section by summariz-
ing the basic notation and terminology used. Sections 4 and 5 contain the proofs of
Theorems 2.2 and 2.7 respectively. Organizations of these proofs are summarized
at the beginning of the corresponding sections.

1.2. Notation and terminology. The following notation will be used. For a
Polish space X , we will denote the space of continuous, real-valued functions on
X by C(X ) and by Cc(X ) (resp. Cb(X )) the subset of C(X ) consisting of functions
with compact support (resp. that are bounded). We say a function f : Rd → R

is Ck, k ∈ N if f is continuously differentiable k-times. Such a function is said to
be in Ck

b if the function and all its derivatives up to the k-th order are bounded.
We denote by C∞(Rd) the space of infinitely differentiable functions from R

d to
R. C([0, T ] : Rd) will denote the space of continuous functions from [0, T ] to R

d

which will be equipped with the usual uniform topology induced by the sup-norm.
We denote by L2([0, T ] : Rd) the space of square integrable functions from [0, T ] to
R

d. For v ∈ L2([0, T ] : Rd), we write its L2-norm (
∫
[0,T ]

‖v(s)‖2ds)1/2 as ‖v‖2. For
m, d ∈ N and a C2 f : Rm+d → R, Hf will denote the (m+d)×(m+d)-dimensional
Hessian matrix of f with regard to all variables, and for (x, y) ∈ R

m×R
d, Hxf(x, y)

will denote the m × m Hessian matrix of f with regard to x ∈ R
m, and Hyf is

defined analogously. Similarly ∇f denotes the (m + d)-dimensional vector that is
the gradient of f , ∇xf the m−dimensional vector that is the gradient of f with
regard to the variables in x, and ∇yf is defined similarly. For a matrix a, we
denote its transpose by aT and its trace (when meaningful) by tr(a). Id will denote
the identity matrix with dimension clear from the context. We denote by B(X )
the Borel σ-field on X . P(X ) will denote the space of probability measures on
(X ,B(X )), equipped with the topology of weak convergence. This topology can be
metrized using the bounded-Lipschitz distance defined as: for μ, ν ∈ P(X )

(1.9) dbl(μ, ν)
.
= sup

f∈BL1(X )

|
∫

fdμ−
∫

fdν|,

where BL1(X ) is the space of all Lipschitz functions from X to R that are bounded
by 1 and have Lipschitz constant bounded by 1. For x ∈ X , δx will denote the Dirac
probability measure concentrated at the point x. For X valued random variables
Xn, X, we denote the convergence in distribution (resp. in probability) of Xn to

X as Xn ⇒ X (resp. Xn
P−→ X). BM(X ) will denote the set of bounded and

measurable real valued functions on X . For a bounded R
d valued function f on

X , we denote ‖f‖∞ .
= supx∈X ‖f(x)‖. A function I : X → [0,∞] is called a rate
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function (on X ) if it has compact level sets, i.e. for each M ∈ (0,∞) the level set
{x ∈ X : I(x) ≤ M} is a compact subset in X . As a convention, infimum over
an empty set is taken to be ∞. We will consider collections indexed by a positive
parameter ε, and by convention, ε will always take values in (0, 1).

A collection of X−valued stochastic processes {Xε} is said to satisfy the Laplace
Principle on X with rate function I and speed α(ε), where α(ε) → ∞ as ε → 0 if
for every F ∈ Cb(X )

lim
ε→0

− 1

α(ε)
logEe−α(ε)F (Xε) = inf

x∈X

(
F (x) + I(x)

)
.

We say the Laplace upper (resp. lower) bound holds if the left side is bounded
below (resp. above) by the right side. We recall that the collection {Xε} satisfies
the Large Deviation Principle on X with rate function I and speed α(ε), if and
only if it satisfies the Laplace principle.

2. Main results

In this section we present our two main results. The first result concerns the LDP
for the empirical measure of certain small noise diffusions while the second result
studies large deviations for a class of slow-fast system of diffusions with vanishing
noise. The results are described in Sections 2.1 and 2.2 respectively.

2.1. Empirical measure for small noise diffusions. We will consider a some-
what more general setting than the one considered in Section 1 and after stating
the main result we remark on how the model considered in Section 1 is covered by
this result. The collection of diffusions we study takes the form

(2.1) dY ε(t) = −1

ε
ψ(Y ε(t))dt+

s(ε)√
ε
σ(Y ε(t))dB(t), Y ε(0) = y0, 0 ≤ t ≤ 1,

where B is an r-dimensional {Ft}0≤t≤1 standard Brownian motion given on some
filtered probability space (Ω,F , {Ft}, P ) satisfying the usual conditions, y0 ∈ R

d,
and s(ε) → 0 as ε → 0. Throughout, without loss of generality, we assume that
s(ε) ∈ (0, 1). We will make Assumption 2.1 on the coefficient functions ψ and σ.

Assumption 2.1. Let a = σσT .

(1) [Diffusion Coefficient ] σ : Rd → R
d×r is a bounded Lipschitz map. The

matrix function a is uniformly nondegenerate: for some ca ∈ (0,∞)

vT a(y)v ≥ ca‖v‖2 for all y ∈ R
d, v ∈ R

d.

(2) [Drift Coefficient ] There is a C2 function φ : Rd → R such that
(a) ψ(y) = a(y)∇φ(y) for all y ∈ R

d,
(b) supy∈Rd ‖Hφ(y)‖ < ∞,
(c) ∇φ(y) = 0 if and only if y = 0,
(d) ‖∇φ(y)‖2 → ∞ as ‖y‖ → ∞.

(3) [Asymptotic Stability ] For every x ∈ R
d with

Vx(y)
.
= a(x+ y)∇φ(x+ y)− a(x)∇φ(x), y ∈ R

d,

the ODE ξ̇ = −Vx(ξ) has 0 as the unique fixed point, which is globally
asymptotically stable.
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(4) [Lyapunov Function] For each x ∈ R
d, there exists a C2 function Vx : Rd →

R such that for some αi(x) ∈ (0,∞), i = 1, 2 and ci(x) ∈ (0,∞), i = 1, 2,
the following hold: ‖HVx‖∞ < ∞,

α2(x)‖ξ‖2 + 1 ≤ Vx(ξ) ≤ α1(x)(1 + ‖ξ‖2),
Vx(ξ)∇Vx(ξ) ≥ c1(x)‖ξ‖2 − c2(x),

for all ξ ∈ R
d.

The following is our first main result.

Theorem 2.2. Suppose Assumption 2.1 holds. Then, the map I1 : P(Rd) → [0,∞]
defined as

(2.2)

I1(γ) =
1

2

∫ 1

0

‖σT (y)∇φ(y)‖2γ(dy) = 1

2

∫ 1

0

‖σT (y)a−1(y)ψ(y)‖2γ(dy), γ ∈ P(Rd)

is a rate function. Additionally, the collection {με} of P(Rd) valued random vari-
ables defined as

(2.3) με(A)
.
=

∫ 1

0

δY ε(t)(A)dt, A ∈ B(Rd)

satisfies a LDP on P(Rd) with rate function I1 and speed (εs2(ε))−1.

Remark 2.3. Define Zε(t)
.
= Y ε(tε), t ≥ 0. Then Zε satisfies

dZε(t) = −ψ(Zε(t))dt+ s(ε)σ(Zε(t))dB̃(t), Zε(0) = y0,

where B̃ is an r-dimensional Brownian motion and με can be rewritten as

(2.4) με(A)
.
= ε

∫ 1/ε

0

δZε(t)(A)dt, A ∈ B(Rd).

Thus Theorem 2.2 gives a LDP for the 1/ε-time horizon empirical measure of Zε

with speed (εs2(ε))−1.

Remark 2.4. We now give examples where Assumption 2.1 is satisfied.

(a) Suppose that σ(y) = σ for all y ∈ R
d and a = σσT is invertible. Suppose further

that there is a C2 strongly convex function φ̃ : Rd → R such that ‖Hφ̃‖∞ < ∞,

∇φ̃(0) = 0, and ψ(y) = ∇φ̃(y). Then Assumption 2.1 is satisfied. This is checked
as follows.
Parts (1) and (2)(a),(b),(c) of Assumption 2.1 are clearly satisfied.
Consider now part (2)(d). Strong convexity implies that there exists some m ∈
(0,∞), such that for all x, y ∈ R

d

φ̃(y) ≥ φ̃(x) +∇φ̃(x)(y − x) +m‖y − x‖2.

Taking x = 0, we see that φ̃(y) ≥ φ̃(0) + m‖y‖2. Also, ∇φ̃(y) =
∫ 1

0
Hφ̃(ty) · ydt

and so ‖y‖‖∇φ̃(y)‖ ≥ y · ∇φ̃(y) =
∫ 1

0
y · Hφ̃(ty) · ydt ≥ m‖y‖2. It then follows

‖∇φ̃(y)‖ ≥ m‖y‖, for all y ∈ R
d. Thus since a is invertible, ‖∇φ(y)‖2 → ∞, as

‖y‖ → ∞. This shows that part (2)(d) holds as well. Thus we have shown that
part (2) of Assumption 2.1 holds.
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Now consider part (3). Note that for all x, y ∈ R
d,

Vx(y) = a
(
a−1∇φ̃(x+ y)− a−1∇φ̃(x)

)
= ∇φ̃(x+ y)−∇φ̃(x).

Since for every x, the map ηx defined as ηx(y)
.
= φ̃(x + y) − y · ∇φ̃(x) is strongly

convex (in y) and ∇ηx(0) = Vx(0) = 0, we have part (3).
Finally consider part (4). Let

Vx(ξ)
.
= φ̃(ξ + x)− φ̃(x)− ξ · ∇φ̃(x) + 1.

By the assumption on the boundedness of Hφ̃ we have that ‖HVx(ξ)‖∞ < ∞.
Also, by strong convexity, Vx(ξ) ≥ m‖ξ‖2 + 1 which gives the lower bound in
the first inequality in part (4). The upper bound is an immediate consequence of
‖HVx(ξ)‖∞ < ∞. For the second inequality in part (4), once more using strong
convexity,

Vx(ξ) · ∇Vx(ξ) = ‖∇φ̃(x+ ξ)−∇φ̃(x)‖2 ≥ m2‖y‖2.
Thus we have shown that Assumption 2.1 is satisfied. Combining this observation
with Remark 2.3, we see that, with Zε defined by (1.3), the collection {με} defined
by (2.4) satisfies a LDP with rate function I as in (1.6).
(b) Assumption 2.1 also holds for diffusions with a multiplicative noise as the fol-
lowing example illustrates.
Let d = m = 1 and suppose that ψ : R → R is such that ψ(0) = 0 and φ̃(x) =∫ x

0
ψ(y)dy is a C2 strongly convex map with supx |φ̃′′(x)| < ∞.

Also suppose that for some c1, c2 > 0, c1 ≤ |σ(x)| ≤ c2 for all x ∈ R, x �→ σ(x) is a
differentiable Lipschitz function, and y2|σ′(y)|2 → 0, as |y| → ∞.

Then, Assumption 2.1 holds with φ(x) =
∫ x

0
1

a(y) φ̃
′(y)dy, where a(y) = σ2(y). To

see this note the following.
Part (1) holds by assumption. Part (2)(a) follows from the identity a(x)φ′(x) =

φ̃′(x) = ψ(x). Part (2)(b) is immediate from our assumption and boundedness of

φ̃′′. For (2)(c), from our condition on ψ, we have φ′(x) = 0 iff x = 0 and that
|σ(x)| > 0 for all x. Finally, part (2)(d) follows from the strong convexity of φ and
the bounds on |σ(x)|.
For part (3), note that Vx(y) = φ̃′(x+y)− φ̃′(x). Since for all x, ηx(y) = φ̃(x+y)−
yφ̃′(x) is strongly convex in y, Vx(y) = η′x(y), and Vx(0) = a(x)φ′(x)−a(x)φ′(x) =
0, we have that part (3) is satisfied.
Finally part (4) is verified as in (a). Thus we have verified all statements in As-
sumption 2.1.
In a similar manner one can construct multidimensional examples with multiplica-
tive noise as well.

2.2. Multiscale system of diffusions with vanishing noise. In this section we
present our main result for the multiscale system (Xε, Y ε) introduced in (1.7). We
begin with our main assumption on the coefficients.

Assumption 2.5. The functions b, α and U satisfy the following.

(1) [Coefficients of the slow component ] The coefficients b : Rm × R
d → R

m

and α : Rm → R
m×k are Lipschitz: there exist some Lb, Lα ∈ (0,∞) such

that for all x, x′ ∈ R
m, y, y′ ∈ R

d

‖b(x′, y′)− b(x, y)‖ ≤ Lb(‖x′ − x‖+ ‖y′ − y‖),
‖α(x′)− α(x)‖ ≤ Lα‖x′ − x‖.
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Furthermore α is a bounded function.
(2) [Coefficients of the fast component ] U : Rm+d → R is a C2 function such

that the following hold:
(a) [Growth of Hessian]

sup
(x,y)∈Rm×Rd

(
‖HyU(x, y)‖+ ‖HxU(x, y)

1 + ‖x‖+ ‖y‖

)
.
= LHU < ∞.

(b) [Growth of x-gradient ]

sup
(x,y)∈Rm×Rd

‖∇xU(x, y)‖
1 + ‖x‖+ ‖y‖ < ∞.

(c) [Lower bound on U and its y-gradient ] There exist constants L1
low, L

2
low

∈ (0,∞) such that

inf
x∈Rm

(
U(x, y) + ‖∇yU(x, y)‖2

)
≥ L1

low‖y‖2 − L2
low.

(d) [Stability of the fast component ] For each (x, z) ∈ R
m+d, the ODE

u̇ = −Vx,z(u),

where the function Vx,z : Rd → R
d defined as Vx,z(y) = ∇yU(x, y +

z) − ∇yU(x, z) for y ∈ R
d has 0 as the unique fixed point, which is

globally asymptotically stable.
(e) [Growth and smoothness of y-gradient ] The map (x, y) �→ ∇yU(x, y)

is Lipschitz. For each y ∈ R
d,

sup
x∈Rm

‖∇yU(x, y)‖ < ∞.

(f) [Fixed point ] There exists a Lipschitz map θ : Rm → R
d such that, for

each x ∈ R
m, ∇yU(x, θ(x)) = 0.

Remark 2.6. Let θ : Rm → R
d be in C2

b . Let φ : Rd → R be a C2 strongly convex
function with bounded Hessian such that ∇φ(0) = 0. Then U(x, y)

.
= φ(y − θ(x)),

(x, y) ∈ R
m+d, is one basic example that satisfies Assumption 2.5(2).

Recall the space M1 introduced above (1.8) which is equipped with the weak
convergence topology. Once more we will metrize it using the bounded-Lipschitz
distance as in (1.9). Also recall the collection of M1 valued random variables {Λε}
defined in (1.8). We now introduce the rate function associated with a LDP for
(Xε,Λε). Let X .

= C([0, T ] : Rm). Note that a ν ∈ M1 can be disintegrated as
ν(dy ds) = ν̂s(dy)ds where s �→ ν̂s is a measurable map from [0, T ] to P(Rd).

Now, for (ξ, ν) ∈ X ×M1, let U(ξ, ν) be the class of all v ∈ L2([0, T ] : Rk) such
that ξ solves

ξ(t) = x0 +

∫ t

0

∫
Rd

b(ξ(s), y)ν̂s(dy)ds+

∫ t

0

α(ξ(s))v(s)ds, t ∈ [0, T ].

Define I2 : X ×M1 → [0,∞] as
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I2(ξ, ν)

= inf
v∈U(ξ,ν)

1

2

∫ T

0

(
‖v(s)‖2 +

∫
Rd

‖∇yU(ξ(s), y)‖2ν̂s(dy)
)
ds, (ξ, ν) ∈ X ×M1.

(2.5)

The following is the second main result of this work.

Theorem 2.7. Suppose Assumption 2.5 holds. Then I2 is a rate function on
X×M1. Furthermore, (Xε,Λε) defined by (1.7) and (1.8) satisfy a LDP on X×M1

with rate function I2 and speed (εs2(ε))−1.

3. A variational formula

In this section we recall a basic variational formula for exponential moments of
functionals of finite dimensional Brownian motions that was established in [3]. In
the form stated below, the result can be found in [4, Theorem 8.3].

Let (Ω,F , P,Ft)0≤t≤T be a filtered probability space where the filtration
{Ft}0≤t≤T satisfies the usual conditions. For p ∈ N, denote by Ap the collection of
all Ft−progressively measurable, Rp−valued stochastic processes {u(t)}0≤t≤T that

satisfy E
∫ T

0
‖u(s)‖2ds < ∞. Also for M ∈ (0,∞) we denote by

(3.1) Sp
M

.
= {h ∈ L2([0, T ] : Rp) :

∫ T

0

‖h(s)‖2ds ≤ M}.

This space will be equipped with the inherited weak topology on L2([0, T ] : Rp),
under which it is a compact space. Let Ap

b,M = {u ∈ Ap : u ∈ Sp
M , a.s.} and let

Ap
b = ∪∞

M=1A
p
b,M . When clear from the context, we will drop p from the notation

in Ap,Ap
b,M , Ap

b , and Sp
M .

Let β be a p−dimensional, standard, {Ft}−Brownian motion on this filtered
probability space.

Theorem 3.1. Let G ∈ BM(C([0, T ] : Rp)). Then,

− logE exp{−G(β)} = inf
v∈R

E

(
G

(
β +

∫ ·

0

v(s)ds

)
+

1

2

∫ T

0

‖v(s)‖2ds
)
,

where R can be either A or Ab.

Theorem 3.1 will be used in the proofs of both Theorems 2.2 and 2.7. In the
first case, T = 1 and the role of β will be played by the Brownian motion B (in
particular p = r), while in the second case β = (W,B) and p = k + d.

4. Proof of Theorem 2.2

In order to prove Theorem 2.2, we will first show in Section 4.1 the LDP upper
bound, which in terms of Laplace asymptotics corresponds to the statement: for
every F ∈ Cb(P(Rd))

(4.1) lim inf
ε→0

−εs2(ε) logEe
− F (με)

εs2(ε) ≥ inf
γ∈P(Rd)

(
F (γ) + I1(γ)

)
.
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Then, in Section 4.3 we will prove the complementary lower bound: for every
F ∈ Cb(P(Rd))

(4.2) lim sup
ε→0

−εs2(ε) logEe
− F (με)

εs2(ε) ≤ inf
γ∈P(Rd)

(
F (γ) + I1(γ)

)
.

Finally, in Section 4.4 we show that the function I1 has compact level sets. Together
these three results will complete the proof of Theorem 2.2.

Assumption 2.1 will be taken to hold throughout this Section.

4.1. LDP upper bound. In this Section, we prove the inequality in (4.1). Fix
F ∈ Cb(P(Rd)). Note that the coefficients ψ and σ are Lipschitz maps and thus
the SDE in (2.1) has a unique pathwise solution. This says that there exists a

measurable map G̃ε : C([0, 1] : Rr) → C([0, 1] : Rd) such that Y ε = G̃ε(B) and
consequently, there is a measurable map Gε : C([0, 1] : Rr) → P(Rd) such that
με = Gε(B) where με is as in (2.3).

Fix ε > 0 and apply Theorem 3.1 with p = r, β = B, and G replaced by
Gε = F ◦ Gε. Then, we have

(4.3)

−εs2(ε) logEe
− F (με)

εs2(ε) = −εs2(ε) logEe
−Gε(B)

εs2(ε)

= inf
v∈Ab

E

[
1

2
εs2(ε)

∫ 1

0

‖v(s)‖2ds+Gε

(
B +

∫ ·

0

v(s)ds

)]

= inf
v∈Ab

E

[
1

2

∫ 1

0

‖v(s)‖2ds+Gε

(
B +

1√
εs(ε)

∫ ·

0

v(s)ds

)]
.

Fix δ > 0 and choose for each ε > 0 a ṽε ∈ Ab that is δ−optimal for the right
side. Then, for all ε > 0

−εs2(ε) logEe
− F (με)

εs2(ε) ≥ E

[
1

2

∫ 1

0

‖ṽε(s)‖2ds+Gε

(
B +

1√
εs(ε)

∫ ·

0

ṽε(s)ds

)]
− δ.

Since F is bounded, by a standard localization argument (see [4, Theorem 3.17])
it follows that there is an M ∈ (0,∞), and for each ε > 0, vε ∈ Ab,M such that

−εs2(ε) logEe
− F (με)

εs2(ε) ≥ E

[
1

2

∫ 1

0

‖vε(s)‖2ds+Gε

(
B +

1√
εs(ε)

∫ ·

0

vε(s)ds

)]
−2δ.

Also by an application of Girsanov’s Theorem, it is easy to see that Gε(B +
1√
εs(ε)

∫ ·
0
vε(s)ds) = μ̄ε, a.s., where

μ̄ε(A) =

∫ 1

0

1A(Ȳ
ε(s))ds, A ∈ B(Rd)

and Ȳ ε solves

(4.4)

dȲ ε(t) = −1

ε
ψ(Ȳ ε(t))dt+

s(ε)√
ε
σ(Ȳ ε(t))dB(t) +

1

ε
σ(Ȳ ε(t))vε(t)dt, Ȳ ε(0) = y0.
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In particular,

(4.5) −εs2(ε) logEe
− F (με)

εs2(ε) ≥ E

[
1

2

∫ 1

0

‖vε(s)‖2ds+ F (μ̄ε)

]
− 2δ.

We begin with the following moment estimate.

Lemma 4.1. We have that

sup
ε

E

∫ 1

0

‖Ȳ ε(s)‖2ds < ∞, and sup
ε

sup
0≤s≤1

εE‖Ȳ ε(s)‖2 < ∞.

Proof. We note that from Assumption 2.1, parts (2) and (3), ψ = V0. Using this
fact and applying Itô’s lemma to V0(Ȳ

ε(t)) we obtain, for 0 ≤ t ≤ 1

(4.6)

V0(Ȳ
ε(t)) = V0(y0)−

1

ε

∫ t

0

∇V0(Ȳ
ε(s)) ·

(
V0(Ȳ

ε(s))− σ(Ȳ ε(s))vε(s))
)
ds

+
s(ε)√

ε

∫ t

0

∇V0(Ȳ
ε(s))Tσ(Ȳ ε(s))dB(s) +

s2(ε)

2ε

∫ t

0

tr([σTHV0σ](Ȳ
ε(s)))ds.

Let, for m ∈ N, τm = inf{t : Ȳ ε(t) ≥ m}. Taking expectations and rearranging
terms we obtain

E

∫ t∧τm

0

∇V0(Ȳ
ε(s)) · V0(Ȳ

ε(s))ds

≤ εV0(y0) + E

∫ t∧τm

0

∇V0(Ȳ
ε(s))Tσ(Ȳ ε(s))vε(s)ds

+
s2(ε)

2
E

∫ t∧τm

0

tr([σTHV0σ](Ȳ
ε(s)))ds,

where we have used the nonnegativity of V0.
With c1(·), c2(·) as in Assumption 2.1 (part (4)), we have

c1(0)E

∫ t∧τm

0

‖Ȳ ε(s)‖2ds ≤ E

∫ t∧τm

0

∇V0(Ȳ
ε(s)) · V0(Ȳ

ε(s))ds+ c2(0)

≤ c2(0) + εV0(y0) + ‖σ‖∞E

∫ 1

0

‖∇V0(Ȳ
ε(s))‖‖vε(s)‖ds+ s2(ε)r

2
‖σ‖2∞‖HV0‖∞.

Using the linear growth of ∇V0 (which follows from ‖HV0‖∞ < ∞) and Young’s
inequality, we can find κ1 ∈ (0,∞) such that for all ε > 0

(4.7) E

∫ 1

0

‖∇V0(Ȳ
ε(s))‖‖vε(s)‖ds

≤ c1(0)

2(‖σ‖∞ + 1)
E

∫ 1

0

(1 + ‖Ȳ ε(s)‖2)ds+ κ1E

∫ 1

0

‖vε(s)‖2ds.

Then, by sending m → ∞ in the previous display, and recalling that vε ∈ Ab,M , we
have

(4.8)
c1(0)

2
E

∫ 1

0

‖Ȳ ε(s)‖2ds ≤ κ2,

where κ2 = c2(0) + c1(0) + κ1M + r‖σ‖2∞‖HV0‖∞ + V0(y0). This proves the first
statement in the lemma.
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Finally, using Assumption 2.1 (part (4)) in (4.6) again and taking expectations,
we have, for 0 ≤ t ≤ 1,

α2(0)εE‖Ȳ ε(t)‖2 ≤ εEV0(Ȳ
ε(t)) ≤ εV0(y0) + c2(0) +

r

2
‖σ‖2∞‖HV0‖∞

+ ‖σ‖∞E

∫ 1

0

‖∇V0(Ȳ
ε(s))‖‖vε(s)‖ds,

where we have used the observation that the expected value of the stochastic integral
in (4.6) is 0 in view of (4.8) and linear growth of ∇V0. The second statement in
the lemma is now immediate from (4.7), (4.8) and on recalling that vε ∈ Ab,M . �

We now introduce certain occupation measures which will play an important
role in the proof of the upper bound. For ε > 0, define a P(Rd+r)−valued random
variable Q̄ε as

(4.9) Q̄ε(A×B) =

∫ 1

0

1A(Ȳ
ε(s))1B(v

ε(s))ds, A ∈ B(Rd), B ∈ B(Rr).

Proposition 4.2 gives the tightness of the collection {Q̄ε}.

Proposition 4.2. The family of P(Rd+r)−valued random variables {Q̄ε} defined
in (4.9) is tight. Furthermore,

(4.10) sup
ε

E

∫
Rd+r

(‖y‖2 + ‖z‖2)Q̄ε(dy dz) < ∞.

Proof. Define qε ∈ P(Rd+r) as qε(C)
.
= E(Q̄ε(C)), for C ∈ B(Rd+r). It suffices to

prove that

(4.11) sup
ε

∫
Rd+r

(‖y‖2 + ‖z‖2)qε(dy dz) < ∞.

Note that∫
Rd+r

(‖y‖2 + ‖z‖2)qε(dy dz) = E

∫ 1

0

‖Ȳ ε(s)‖2ds+ E

∫ 1

0

‖vε(s)‖2ds.

The estimate in (4.11) now follows from Lemma 4.1 and on using the fact that
vε ∈ Ab,M for every ε ∈ (0, 1). �

The next step will be to give a suitable characterization of the weak limit points
of Q̄ε. In order for that we present the following approximation lemma which will
also be used in the proof of Theorem 2.7.

Lemma 4.3. Let f : Rd → R be a C2 function such that ‖Hf‖∞ < ∞. Then, there
exists a sequence {fM}M∈N of C2

c functions from R
d to R such that

(1) for each M ∈ N, fM (x) = f(x) for all ‖x‖ ≤ M .

(2) supM∈N
supx∈Rd

‖∇fM (x)‖
1+‖x‖ < ∞.

Proof. Define for r ∈ N, g̃r : R → R as

g̃r(y) =

⎧⎪⎨
⎪⎩
1 y ≤ r,
2r−y

r r < y ≤ 2r,

0 2r < y.
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We now suitably mollify the above piecewise smooth function. Let ξ : R → R be
defined as

ξ(y) =

{
ce

− 1
1−y2 |y| < 1

0 |y| ≥ 1
,

where c is a normalization constant that makes ξ a probability density. Now define
for M ∈ N

gM (y) = (g̃M+1 ∗ ξ)(y) =
∫
R

g̃M+1(y − x)ξ(x)dx =

∫
R

g̃M+1(x)ξ(y − x)dx.

Note that gM (y) = 1 for y ≤ M , gM (y) = 0 for y ≥ 2M + 3 and gM (y) ∈ [0, 1] for
all y ∈ R. Furthermore gM is smooth and

|g′M (y)| ≤ 1

M
, for y ∈ R.

This in particular says that, for all x ∈ R
d

‖∇(gM (‖x‖))‖ =

∥∥∥∥g′M (‖x‖) x

‖x‖

∥∥∥∥ ≤ 1

M
.

Define
fM (x)

.
= f(x)gM (‖x‖), x ∈ R

d.

Then note that fM is in C2
c and fM (x) = f(x) for ‖x‖ ≤ M . Also, since

supx∈Rd |Hf(x)| < ∞, there is a C1 ∈ (0,∞) (independent of M) such that

|f(x)| ≤ C1(1 + ‖x‖2), ‖∇f(x)‖ ≤ C1(1 + ‖x‖) for all x ∈ R
d.

Finally note that, for ‖x‖ < M

‖∇fM (x)‖ = ‖∇f(x)‖ ≤ C1(1 + ‖x‖)
and for ‖x‖ ≥ M

‖∇fM (x)‖ = ‖gM (‖x‖)∇f(x) + f(x)∇gM (‖x‖)‖

≤ ‖∇f(x)‖+ sup
‖x‖≤2M+3

|f(x)|
M

≤ C1(1 + ‖x‖) + C1
1 + (2M + 3)2

M
≤ 23C1(1 + ‖x‖).

The result follows. �
We now proceed with obtaining a characterization for the weak limit points of

{Q̄ε}. Recall from Proposition 4.2 that this collection is tight.

Lemma 4.4. Let Q̄ be a weak limit point of {Q̄ε}. Then, a.s.,∫
Rd+r

‖z‖2Q̄(dy dz) ≥
∫
Rd+r

‖σT (y)∇φ(y)‖2Q̄(dy dz).

Proof. Let η ∈ C2
c (R

d). Then by Itô’s formula

η(Ȳ ε(1))− η(y0) = −1

ε

∫ 1

0

[
ψ(Ȳ ε(s))− σ(Ȳ ε(s))vε(s)

]
· ∇η(Ȳ ε(s))ds

+
s(ε)

ε1/2

∫ 1

0

∇η(Ȳ ε(s))Tσ(Ȳ ε(s))dB(s)

+
s2(ε)

2ε

∫ 1

0

tr[σσTHη](Ȳ ε(s))ds.
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Multiplying with ε in the above equation

ε
[
η(Ȳ ε(1))− η(y0)

]
= −

∫ 1

0

[
ψ(Ȳ ε(s))− σ(Ȳ ε(s))vε(s)

]
· ∇η(Ȳ ε(s))ds

+ s(ε)ε1/2
∫ 1

0

∇η(Ȳ ε(s))Tσ(Ȳ ε(s))dB(s)

+
1

2
s2(ε)

∫ 1

0

tr[σσTHη](Ȳ ε(s))ds.

Sending ε to 0 and using the fact that η, ∇η and Hη are bounded (as η has compact
support), we have, in probability,

lim
ε→0

∫
Rd+r

[ψ(y)− σ(y)z] · ∇η(y)Q̄ε(dy dz)

= lim
ε→0

∫ 1

0

[
ψ(Ȳ ε(s))− σ(Ȳ ε(s))vε(s)

]
· ∇η(Ȳ ε(s))ds = 0.

We relabel the subsequence along which Q̄ε ⇒ Q̄, as Q̄ε. Then from the square
integrability in (4.10) and since η has compact support we have that as ε → 0,

lim
ε→0

∫
Rd+r

[ψ(y)− σ(y)z] · ∇η(y)Q̄ε(dy dz) =

∫
Rd+r

[ψ(y)− σ(y)z] · ∇η(y)Q̄(dy dz).

Combining the above two displays we have, a.s.,

(4.12) 0 =

∫
Rd+r

[ψ(y)− σ(y)z] · ∇η(y)Q̄(dy dz).

Disintegrate Q̄ as Q̄(dy dz) = q(y, dz)Q̂(dy), where Q̂(A)
.
= Q̄(A×R

r), A ∈ B(Rd)
is the first marginal of Q̄ and q is the regular conditional probability distribution
(r.c.p.d.) on the second coordinate given the first coordinate. Now define

u(y) =

∫
Rr

z q(y, dz).

Note that the above integral is well defined a.s. for Q̂ a.e. y, since from (4.10) and
Fatou’s lemma

(4.13)

∫
Rd+r

(‖y‖2 + ‖z‖2)Q̄(dy dz) < ∞ a.s.

Then, from (4.12), and a standard separability argument, a.s., for all η ∈ C2
c (R

d),

(4.14) 0 =

∫
Rd

[ψ(y)− σ(y)u(y)] · ∇η(y)Q̂(dy).

We now argue that, although φ does not have compact support, we can replace η
by φ in the above identity, namely,

(4.15) 0 =

∫
Rd

[ψ(y)− σ(y)u(y)] · ∇φ(y)Q̂(dy).

From Lemma 4.3 there exists a sequence ηM of functions in C2
c (R

d) such that
ηM (y) = φ(y) for all ‖y‖ ≤ M and

sup
M∈N

‖∇ηM (y)‖
1 + ‖y‖

.
= C1 < ∞.
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Using the linear growth of ∇φ, and the boundedness of a, σ, we have for some
κ1 ∈ (0,∞)

∫
Rd

|(ψ(y)− σ(y)u(y)) · ∇φ(y)|Q̂(dy) ≤ κ1

∫
Rd

(1 + ‖y‖2 + ‖u(y)‖2)Q̂(dy)

≤ κ1

∫
Rd+r

(1 + ‖y‖2 + ‖z‖2)Q̄(dy dz) < ∞,

(4.16)

where we have used (4.13), the definition of u(y), and Jensen’s inequality. Now

∫
Rd

[ψ(y)− σ(y)u(y)] · ∇φ(y)Q̂(dy) =

∫
‖y‖<M

[ψ(y)− σ(y)u(y)] · ∇φ(y)Q̂(dy)

+

∫
‖y‖≥M

[ψ(y)− σ(y)u(y)] · ∇φ(y)Q̂(dy)

=

∫
[ψ(y)− σ(y)u(y)] · ∇ηM (y)Q̂(dy)

+

∫
‖y‖≥M

[ψ(y)− σ(y)u(y)]

· (∇φ(y)−∇ηM (y))Q̂(dy)

=

∫
‖y‖≥M

[ψ(y)− σ(y)u(y)]

· (∇φ(y)−∇ηM (y))Q̂(dy),

(4.17)

where the last line is from (4.14) applied with η = ηM . The last term converges to
0 as M → ∞, since as in (4.16) we have that, for some κ2 ∈ (0,∞),∫

‖y‖≥M

|(ψ(y)− σ(y)u(y))(∇φ(y)−∇ηM (y))|Q̂(dy)

≤ κ2

∫
‖y‖≥M

(1 + ‖y‖2 + ‖u(y)‖2)Q̂(dy),

and the last term, due to (4.16), converges to 0 as M → ∞. This proves (4.15).
Finally note that∫
Rd+r

‖z‖2Q̄(dy dz) =

∫
Rd+r

‖z‖2q(y dz)Q̂(dy) ≥
∫
Rd

‖u(y)‖2Q̂(dy)

=

∫
Rd

‖u(y)− σT (y)∇φ(y)‖2Q̂(dy) +

∫
Rd

‖σT (y)∇φ(y)‖2Q̂(dy)

+ 2

∫
Rd

(u(y)− σT (y) · ∇φ(y)) · (σT (y)∇φ(y))Q̂(dy).

The last term equals 0 from (4.15) since∫
Rd

(u(y)−σT (y)∇φ(y))·(σT (y)∇φ(y))Q̂(dy) = −
∫
Rd

[ψ(y)−σ(y)u(y)]·∇φ(y)Q̂(dy).

This completes the proof of the lemma. �
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4.1.1. Proof of the LDP upper bound. We now complete the proof of the upper
bound, namely of the inequality in (4.1). Denote by [Q̄ε]i, i = 1, 2 the two marginals
of Q̄ε on R

d and R
r respectively. Let Q̄ be a weak limit point of Q̄ε. By a usual

subsequential argument we can assume that the convergence Q̄ε ⇒ Q̄ holds along
the full sequence. Note that

lim inf
ε→0

−s2(ε)εE

[
exp

{
− 1

s2(ε)ε
F (με)

}]

≥ lim inf
ε→0

E

[
F (μ̄ε) +

1

2

∫ 1

0

‖vε(t)‖2dt
]
− 2δ

= lim inf
ε→0

E

[
F ([Qε]1) +

1

2

∫
Rd+r

‖z‖2Q̄ε(dy dz)

]
− 2δ

≥ E

[
F (Q̂) +

1

2

∫
Rd+r

‖z‖2Q̄(dy dz)

]
− 2δ

≥ E

[
F (Q̂) +

1

2

∫
Rd

‖σT (y)∇φ(y)‖2Q̂(dy)

]
− 2δ

= E
[
F (Q̂) + I1(Q̂)

]
− 2δ

≥ inf
γ∈P(Rd)

[F (γ) + I1(γ)]− 2δ,

where the first inequality is from (4.5), the second line uses the definition of Q̄ε,
the third line uses the convergence of Q̄ε to Q̄, the lower semicontinuity of the L2

norm and Fatou’s lemma, and the decomposition Q̄(dy dz) = Q̂(dy)q(y, dz), the
fourth line uses Lemma 4.4, and the fifth uses the definition of I1. Since δ > 0 is
arbitrary, the proof of the Laplace upper bound is complete.

4.2. Construction of a stabilizing control. In proving the lower bound we will
need to construct certain controlled versions of (2.1) that stay in the neighborhood
of a specified state in R

d for a given length of time. Lemma 4.5 will be key in such
constructions.

Lemma 4.5. Fix x ∈ R
d and a collection of points {xε} in R

d. Let Ỹ ε(s) =
Y ε(s, x, xε) solve the equation

dỸ ε(t) = −1

ε
Vx(Ỹ

ε(t))dt+
s(ε)√

ε
σ(Ỹ ε(t) + x)dB(t), Ỹ ε(0) = xε,

where Vx(y) is as in Assumption 2.1(3). Then, the following hold.

(1) There exists κ1 = κ1(x) ∈ (0,∞) such that sup0≤s≤1 E‖Ỹ ε(s)‖2 ≤ κ1(1 +

‖xε‖)2 for all ε.
(2) Suppose supε ε‖xε‖2 < ∞. Then, for every κ ∈ (0, 1]

(4.18) sup
t∈[κ,1]

Edbl

(
1

t

∫ t

0

δỸ ε(s)ds, δ0

)
→ 0, as ε → 0.

Proof. Fix x ∈ R
d. In the following, dependence of various bounds on x will not

be noted explicitly. Let for y ∈ R
d, σx(y)

.
= σ(x + y). Applying Itô’s formula to
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Vx(Ỹ
ε(t)), where Vx is as in Assumption 2.1(4), we have

(4.19)

Vx(Ỹ
ε(t)) = Vx(x

ε)− 1

ε

∫ t

0

∇Vx(Ỹ
ε(s)) · Vx(Ỹ

ε(s))ds

+
s2(ε)

2ε

∫ t

0

tr([σT
xHVxσx](Ỹ

ε(s)))ds

+
s(ε)√

ε

∫ t

0

∇Vx(Ỹ
ε(s))Tσx(Ỹ

ε(s))dB(s).

For m > 0 let τm = inf{t ≥ 0 : ‖Ỹ ε(t)‖ ≥ m}. Since by assumption Vx is
nonnegative,

E

∫ t∧τm

0

∇Vx(Ỹ
ε(s)) · Vx(Ỹ

ε(s))ds ≤ εVx(x
ε)

+
s2(ε)

2
E

∫ t∧τm

0

tr([σT
x HVxσx](Ỹ

ε(s)))ds.

Using Assumption 2.1(4) again and sending m → ∞, we have that for some
κ2 ∈ (0,∞),

(4.20) E

∫ 1

0

‖Ỹ ε(s)‖2ds ≤ κ2(ε‖xε‖2 + 1)

for all ε > 0. This estimate together with the linear growth of∇Vx says in particular
that the expected value of the stochastic integral in (4.19) is 0. From (4.19) and
Assumption 2.1(4) we also see that for some ai ∈ (0,∞), i = 1, 2, 3, 4, and for all
t ∈ [0, 1]
(4.21)

a1E‖Ỹ ε(t)‖2 ≤ EVx(Ỹ
ε(t)) ≤ a2(1 + ‖xε‖2)− 1

ε

∫ t

0

(
a3E‖Ỹ ε(s)‖2 − a4

)
ds.

A similar argument shows that for 0 ≤ s ≤ t ≤ 1 and with bε(t) = E‖Ỹ ε(t)‖2

(4.22) a1b
ε(t) ≤ a2(1 + bε(s))− 1

ε

∫ t

s

(a3b
ε(u)− a4) du.

Define κ1
.
= 1 ∨ 4a2

a1
∨ 2a2

a1
(a4

a3
+ 1). We claim that bε(t) ≤ κ1(1 + ‖xε‖2) for all

t ∈ [0, 1] and ε ∈ (0, 1). Suppose that the claim is false, then there are an ε ∈ (0, 1)
and a t0 ∈ [0, 1] such that bε(t0) = κ1(1 + ‖xε‖2). Let k1 .

= a1κ1

2a2
− 1. Note that by

our choice of κ1, k1 ≥ 1. We can find some s0 ∈ [0, t0) so that bε(s0) = k1(1+‖xε‖2)
and bε(s) ≥ k1(1 + ‖xε‖2) for all s ∈ [s0, t0]. Then, from (4.22),

a1κ1(1 + ‖xε‖2) = a1b
ε(t0)

≤ a2(1 + k1(1 + ‖xε‖2))− 1

ε

∫ t0

s0

(a3b
ε(s)− a4) ds

≤ a2(1 + k1(1 + ‖xε‖2))− 1

ε

∫ t0

s0

(
a3k1(1 + ‖xε‖2)− a4

)
ds

≤ a2(k1 + 1)(1 + ‖xε‖2)− 1

ε

∫ t0

s0

(
a3k1(1 + ‖xε‖2)− a4

)
ds.
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By our choice of k1 we see that (a3k1 − a4) ≥ 0 and so, from the above display, and
using the definition of κ1 and k1,

a1κ1(1 + ‖xε‖2) ≤ a2(k1 + 1)(1 + ‖xε‖2) = a1κ1

2
(1 + ‖xε‖2)

which is clearly false. This gives us a contradiction, which proves the claim and
completes the proof of part (1) of the lemma.

Now we prove part (2) of the lemma. Fix κ ∈ (0, 1) and a collection {xε} ⊂ R
d

such that supε ε‖xε‖2 < ∞. Let, for 0 ≤ t ≤ 1,

θεt
.
=

1

t

∫ t

0

δỸ ε(s)ds.

We argue by contradiction. Suppose that (4.18) is false. Then, there exist some
δ > 0, κ > 0, a sequence εn → 0, and tn ∈ [κ, 1] such that for every n ≥ 1, with
πn .

= θεntn

(4.23) Edbl(π
n, δ0) ≥ δ.

Using (4.20) and our assumption on {xε} we see that {πn} is tight as a sequence of
P(Rd)-valued random variables. Then, along a subsequence (labeled again by n),
πn ⇒ π, for some P(Rd)-valued random variable π. Along the lines of Lemma 4.4
we now see that, for every η : Rd → R in C2

b , a.s.,

(4.24)

∫
Rd

∇η(y)Vx(y)π(dy) = 0.

Indeed, by Itô’s formula, we have for all n ∈ N,

η(Ỹ εn(tn)) = η(xεn)− 1

εn

∫ tn

0

∇η(Ỹ εn(s))Vx(Ỹ
εn(s))ds

+
s2(εn)

2εn

∫ tn

0

tr([σT
xHησx](Ỹ

εn(s)))ds

+
s(εn)√

εn

∫ tn

0

σT
x (Ỹ

εn(s))∇η(Ỹ εn(s))dB(s).

Rearranging the terms,∫ tn

0

∇η(Ỹ εn(s))Vx(Ỹ
εn(s))ds = εnη(x

εn)− εnη(Ỹ
εn(tn))

+
s2(εn)

2

∫ tn

0

tr([σT
x Hησx](Ỹ

εn(s))ds

+ s(εn)
√
εn

∫ tn

0

(
σT
x (Ỹ

ε
n (s))∇η(Ỹ εn(s))

)
dB(s).

Taking limit as n → ∞, the right hand side converges to 0 since εn, s(εn) → 0 and
η ∈ C2

b . Also, the left hand side can be rewritten as∫ tn

0

∇η(Ỹ εn(s))Vx(Ỹ
εn(s))ds = tn

∫
Rd

∇η(y)Vx(y)π
n(dy).

Since tn ∈ [κ, 1] for all n, we have, from the weak convergence of πn to π, the square
integrability estimate in (4.20), and linear growth of Vx from Assumption 2.1, that,
a.s., (4.24) holds.
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Now, from the global asymptotic stability of the unique fixed point 0 of the ODE
ẏ = −Vx(y) (Assumption 2.1(3)), we see that π = δ0. Indeed, denoting the solution
of the above ODE with y(0) = z ∈ R

d as yz(t) and defining

Ttη(z)
.
= η(yz(t)), Gη(z) .

= −∇η(z) · Vx(z), z ∈ R
d,

we see that∫
Rd

Ttη(z)π(dz)−
∫
Rd

η(z)π(dz) =

∫ t

0

∫
Rd

(GTsη)(z)π(dz)ds

= −
∫ t

0

∫
Rd

∇(Tsη)(z) · Vx(z)π(dz) ds = 0

which, on sending t → ∞ and using the global asymptotic stability property, says
that

∫
Rd η(z)δ0(dz) =

∫
Rd η(z)π(dz) a.s. for all η ∈ C2

b , proving the identity π = δ0.
However, since πn ⇒ π, this contradicts the inequality in (4.23), completing the
proof of part (2) of the lemma. �

4.3. LDP lower bound. In this section, we prove the lower bound for the LDP,
namely the inequality in (4.2). Fix δ > 0 and let γ∗ ∈ P(Rd) be δ−optimum for
the infimum on the right side of (4.2), namely,
(4.25)

F (γ∗)+

∫
Rd

‖σT (y)∇φ(y)‖2γ∗(dy) = F (γ∗)+ I1(γ
∗) ≤ inf

μ∈P(Rd)

(
F (μ)+ I1(μ)

)
+ δ.

Denote by Pdis the class of all probability distributions on R
d that are supported

on a finite set. Then, we can find a μ̃ ∈ Pdis such that
(4.26)

|F (γ∗)− F (μ̃)| ≤ δ,

∫
Rd

‖σT (y)∇φ(y)‖2μ̃(dy) ≤
∫
Rd

‖σT (y)∇φ(y)‖2γ∗(dy) + δ.

Indeed, consider an iid sequence of Rd−valued random variables ξ1, ξ2, . . . dis-
tributed as γ∗ on some probability space (Ω̃, F̃ , P̃ ), then from the Glivenko-Cantelli
theorem and the Strong Law of Large Numbers

1

n

n∑
i=1

δξi → γ∗,
1

n

n∑
i=1

‖σT (ξi)∇φ(ξi)‖2 →
∫
Rd

‖σT (y)∇φ(y)‖2γ∗(dy), P̃ a.s.

Now fix a ω̃ in the set of full measure on which the above two convergence results
hold. It then follows with μn = 1

n

∑n
i=1 δξi(ω̃) that

|F (γ∗)− F (μn)| → 0,

∫
Rd

‖σT (y)∇φ(y)‖2μn(dy) →
∫
Rd

‖σT (y)∇φ(y)‖2γ∗(dy).

This proves the statement in (4.26) and gives

(4.27) F (μ̃) +

∫
Rd

‖σT (y)∇φ(y)‖2μ̃(dy) ≤ inf
μ∈P(Rd)

(
F (μ) + I1(μ)

)
+ 3δ.

Now suppose that supp(μ̃) = {x1, . . . , xk} with μ̃{xi} = pi, namely μ̃ =
∑k

i=1 piδxi
.

In order to prove the lower bound in (4.2) we will once more use the variational
representation in (4.3). With this variational representation, the proof reduces
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to the construction of a suitable sequence of controls vε and controlled empirical
measures μ̄ε such that the associated costs

E

[
1

2

∫ 1

0

‖vε(s)‖2ds+ F (μ̄ε)

]
are asymptotically close as ε → 0 to

F (μ̃) +

∫
Rd

‖σT (y)∇φ(y)‖2μ̃(dy).

In order for this asymptotic behavior, the controls should keep the empirical mea-

sure μ̄ε =
∫ 1

0
δȲ ε(s)ds asymptotically close to the discrete measure μ̃ and keep the

associated cost 1
2

∫ 1

0
‖vε(s)‖2ds asymptotically close to 1

2

∫
Rd ‖σT (y)∇φ(y)‖2μ̃(dy).

Our strategy will be to construct controls that make the stochastic process Ȳ ε

visit sequentially the k points in the support of μ̃ and spend approximately pi
units of time in the vicinity of xi by incurring a control cost of approximately
pi‖σT (xi)∇φ(xi)‖2. More precisely, the control we will construct will have the
following features:

• In a short time and with negligible cost the process Ȳ ε(t) travels to a
neighborhood of x1.

• For approximately p1 amounts of time the state is controlled to stay in the
vicinity of x1 while paying a total cost that is approximately

p1‖σT (x1)∇φ(x1)‖2.
• The process is then moved to x2 in a short time, while expending a negligible
control cost. Then, it is controlled to stay in the vicinity of x2 for p2 units
of time while paying a control cost of p2‖σT (x2)∇φ(x2)‖2.

• This is continued until we finish with all the k positions.

This construction is summarized in Table 1. For x, y ∈ R
d, define y(t) ≡ y(x, y; t)

.
=

x+ t(y − x), 0 ≤ t ≤ 1 and define the function

�(t) ≡ �(x, y; t)
.
= σT (y(t))a−1(y(t))(y − x), 0 ≤ t ≤ 1.

Note that � and y satisfy

y(t) = x+

∫ t

0

σ(y(s))�(s)ds, 0 ≤ t ≤ 1

and for some c ∈ (0,∞)

(4.28)

∫ 1

0

‖�(t)‖2 ≤ c(1 + ‖x‖2 + ‖y‖2) for all x, y ∈ R
d.

Define �εx,y(t)
.
= �(x, y; t/ε) for 0 ≤ t ≤ ε. Also for i = 1, . . . , k, let Pi

.
=
∑i

j=1 pj
and set P0 = 0. Also, for x, y ∈ R

d, let

Λ(y, x)
.
= a(y)−1a(x).

Then the state controlled process is given by equation (4.4) with the control
process vε defined in state feedback form as: For i = 0, 1, . . . , k − 1
(4.29)

vε(t)
.
=

{
σT (Ȳ ε(t))∇φ(Ȳ ε(t)) + �ε

Ȳ ε(Pi),xi+1
(t− Pi), if t ∈ (Pi, Pi + ε],

σT (Ȳ ε(t))Λ(Ȳ ε(t), xi+1)∇φ(xi+1), if t ∈ (Pi + ε, Pi+1].
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Table 1. Construction of the control process. First column gives
the approximate states (or transitions) for Ȳ ε under the selection
of the controls, vε.

State of Ȳ ε Time Control Process vε(s)

y0 → x1 ε

(
σT (Ȳ ε(s))∇φ(Ȳ ε(s)) + �εy0,x1

(s)

)
1(0,ε](s)

x1 p1 − ε σT (Ȳ ε(s))Λ(Ȳ ε(s), x1)∇φ(x1)1(ε,P1](s)

Ȳ ε(P1) → x2 ε

(
σT (Ȳ ε(s))∇φ(Ȳ ε(s))

+�ε
Ȳ ε(P1),x2

(s− P1)

)
1(P1,P1+ε](s)

x2 p2 − ε σT (Ȳ ε(s))Λ(Ȳ ε(s), x2)∇φ(x2)1(P1+ε,P2](s)
. . . . . . . . .

Ȳ ε(Pk−1) → xk ε

(
σT (Ȳ ε(s))∇φ(Ȳ ε(s))

+�ε
Ȳ ε(Pk−1),xk

(s− PK−1)

)
1(Pk−1,Pk−1+ε](s)

xk pk − ε σT (Ȳ ε(s))Λ(Ȳ ε(s), xk)∇φ(xk)1(Pk−1+ε,1](s)

From the Lipschitz property of ∇φ, and Λ, and the boundedness and Lipschitz
property of σT we see that the above state feedback control is well defined and the
corresponding SDE in (4.4) has a unique solution. For the rest of the section, Ȳ ε

will denote the solution of this SDE with the above feedback control.
Lemma 4.6 gives a key moment bound.

Lemma 4.6.

sup
0≤t≤1

sup
ε∈(0,1)

E‖Ȳ ε(t)‖2 < ∞.

Proof. We will show via induction that for i = 0, 1, . . . , k,

sup
0≤t≤Pi

sup
ε∈(0,1)

E‖Ȳ ε(t)‖2 < ∞.

Clearly the result is true for i = 0. Suppose now that the result is true for some
i ∈ {0, 1, . . . , k − 1} and consider i+ 1. Then, for t ∈ [Pi, Pi + ε]

Ȳ ε(t) = Ȳ ε(Pi) +
1

ε

∫ t

Pi

σ(Ȳ ε(s)) · �
(
Ȳ ε(Pi), xi+1;

s− Pi

ε

)
ds

+
s(ε)√

ε

∫ t

Pi

σ(Ȳ ε(s))dB(s).

Thus with c as in (4.28)

E( sup
Pi≤t≤Pi+ε

‖Ȳ ε(t)‖2)

≤ 3E‖Ȳ ε(Pi)‖2 + 3‖σ‖2∞E

∫ 1

0

‖�(Ȳ ε(Pi), xi+1; ·)‖2ds+ 12
s2(ε)

ε
‖σ‖2∞ε

≤ 3(1 + c‖σ‖2∞)E‖Ȳ ε(Pi)‖2 + 3c‖σ‖2∞‖xi+1‖2 + 12‖σ‖2∞s2(ε) + 3c‖σ‖2∞.
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Using the induction hypothesis we now have

(4.30) sup
0≤t≤Pi+ε

sup
ε∈(0,1)

E‖Ȳ ε(t)‖2 < ∞.

Consider now Pi + ε ≤ t ≤ Pi+1 and define

(4.31) Ỹ ε
i+1(t) = Ȳ ε(Pi + ε+ t)− xi+1, 0 ≤ t ≤ pi+1 − ε.

Then, for t ∈ [0, pi+1 − ε]

Ỹ ε
i+1(t) =Ȳ ε(Pi + ε)− xi+1 −

1

ε

∫ Pi+ε+t

Pi+ε

σ(Ȳ ε(s))σT (Ȳ ε(s))(∇φ(Ȳ ε(s))

− Λ(Ȳ ε(s), xi+1)∇φ(xi+1))ds+
s(ε)√

ε

∫ Pi+ε+t

Pi+ε

σ(Ȳ ε(s))dB(s)

=Ȳ ε(Pi + ε)−xi+1−
1

ε

∫ t

0

Vxi+1
(Ỹ ε

i+1(s))ds+
s(ε)√

ε

∫ t

0

σxi+1
(Ỹ ε

i+1(s))dB̃i(s),

where σx(y) is as introduced in the proof of Lemma 4.5 and B̃i(s)
.
= B(t + Pi +

ε) − B(Pi + ε) is a Brownian motion. Thus Ỹ ε
i+1 satisfies the SDE in Lemma 4.5

with x = xi+1 and xε = Ȳ ε(Pi + ε)− xi+1. Consequently, from Lemma 4.5

sup
Pi+ε≤t≤Pi+1

sup
ε

E‖Ȳ ε(t)‖2 ≤ 2‖xi+1‖2 + 2 sup
Pi+ε≤t≤Pi+1

sup
ε

E‖Ȳ ε(t)− xi+1‖2

≤ 2‖xi+1‖2 + 2 sup
0≤t≤pi+1−ε

sup
ε

E‖Ỹ ε
i+1(t)‖2

≤ 2‖xi+1‖2 + 2κ1(xi+1)(1 + E‖Ȳ ε(Pi + ε)− xi+1‖2).

Combining the above with (4.30) we now have that

sup
0≤s≤Pi+1

sup
ε∈(0,1)

E‖Ȳ ε(s)‖2 < ∞.

The proof is complete by induction. �

Lemma 4.7 shows that the control process moves the state process to the vicinity
of xj+1 in the time interval from Pj to Pj + ε.

Lemma 4.7. For i = 0, 1, . . . , k − 1

Ȳ ε(Pi + ε)
P−→ xi+1, as ε → 0.

Proof. For i = 0, 1, . . . , k − 1 and t ∈ [Pi, Pi + ε],
(4.32)

Ȳ ε(t) = Ȳ ε(Pi) +
1

ε

∫ t

Pi

σ(Ȳ ε(s))�εȲ ε(Pi),xi+1
(s− Pi)ds+

s(ε)√
ε

∫ t

Pi

σ(Ȳ ε(s))dB(s).

Define Z̄ε(t) = Ȳ ε(Pi + εt) for 0 ≤ t ≤ 1. Then (4.32) can be written as

Z̄ε(t) = Z̄ε(0) +

∫ t

0

σ(Z̄ε(s))�(Ȳ ε(Pi), xi+1; s)ds+ s(ε)

∫ t

0

σ(Z̄ε(s))dB̃ε(s),

where B̃ε(s)
.
= ε−1/2(B(sε + Pi) − B(Pi)), 0 ≤ s ≤ 1, is a BM starting from the

origin. Also consider the ODE given by the noiseless version of the above equation,
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namely,

Z̃ε(t) = Ȳ ε(Pi) +

∫ t

0

σ(Z̃ε(s))�(Ȳ ε(Pi), xi+1; s)ds.

Note that, by the definition of �ε(·), Z̃ε(1) = xi+1. Also, using Grönwall’s lemma
and Lipschitz property of σ,

‖Ȳ ε(Pi + ε)− xi+1‖ = ‖Z̄ε(1)− Z̃ε(1)‖

≤ s(ε) sup
0≤t≤1

‖Mε(t)‖ exp{‖σ‖Lip

∫ 1

0

‖�(Ȳ ε(Pi), xi+1; s)‖ds},

(4.33)

where ‖σ‖Lip is the Lipschitz constant of σ and Mε(t)
.
=
∫ t

0
σ(Z̄ε(s))dB̃ε(s). Next

note that, from the properties of �,∫ 1

0

‖�(Ȳ ε(Pi), xi+1; s)‖ds ≤
(
c(‖Ȳ ε(Pi)‖2 + ‖xi+1‖2 + 1)

)1/2
and that from Lemma 4.6 {Ȳ ε(Pi)}ε>0 is tight. The result now follows on sending
ε → 0 in (4.33). �

Lemma 4.8 shows that the empirical measure of Ȳ ε(t) over the interval [Pi +
ε, Pi+1] is concentrated near xi+1.

Lemma 4.8. As ε → 0, for each i = 0, 1, . . . , k − 1

Edbl

(
1

pi+1 − ε

∫ Pi+1

Pi+ε

δȲ ε(s)ds, δxi+1

)
→ 0.

Proof. Fix i = 0, . . . , k − 1. Since for a z ∈ R
d and f ∈ BL1(R

d), the map
x �→ f(x− z) is also in BL1(R

d), we see that

Edbl

(
1

pi+1 − ε

∫ Pi+1

Pi+ε

δȲ ε(s)ds, δxi+1

)

= Edbl

(
1

pi+1 − ε

∫ Pi+1

Pi+ε

δȲ ε(s)−xi+1
ds, δ0

)

= Edbl

(
1

pi+1 − ε

∫ pi+1−ε

0

δỸ ε
i+1(s)

ds, δ0

)
,

(4.34)

where the last line follows on recalling the definition of the process Ỹ ε
i+1 from (4.31).

The expectation on the last line can be written as

EDε
i+1(Ȳ

ε(Pi + ε)− xi+1) = EDε
i+1(Ỹ

ε
i+1(0)),

where for x ∈ R
d

Dε
i+1(x)

.
= dbl

(
1

pi+1 − ε

∫ pi+1−ε

0

δY ε(s,xi+1,x)ds, δ0

)

and Y ε(s, xi+1, x) is the process introduced in Lemma 4.5.
From Lemma 4.5, for any compact set K ⊂ R

d,

sup
x∈K

EDε
i+1(x) → 0, as ε → 0.
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From the tightness of {Ỹ ε
i+1(0)}, which follows from Lemma 4.7, we now see that

EDε
i+1(Ỹ

ε
i+1(0)) → 0, as ε → 0.

The result follows. �

Proposition 4.9 shows that the asymptotic costs under the control vε defined in
(4.29) are as desired.

Proposition 4.9. We have

lim sup
ε→0

1

2
E

∫ 1

0

‖vε(t)‖2dt = 1

2

∫
Rd

‖σT (y)∇φ(y)‖2μ̃(dy).

Proof. Note that

(4.35)
1

2
E

∫ 1

0

‖vε(s)‖2ds = 1

2
E

k−1∑
i=0

∫ Pi+ε

Pi

‖vε(s)‖2ds+ 1

2
E

k−1∑
i=0

∫ Pi+1

Pi+ε

‖vε(s)‖2ds.

We first argue that the cost associated with travel from xi to xi+1 is negligible, i.e.

(4.36) lim sup
ε→0

1

2
E

∫ Pi+ε

Pi

‖vε(s)‖2ds = 0, for all i = 0, . . . , k − 1.

Indeed, using the linear growth of ∇φ (which follows from Assumption 2.1(2)(b)),
the boundedness of σ, and the estimate for � in (4.28), for some κ1 ∈ (0,∞)

E

∫ Pi+ε

Pi

‖vε(s)‖2ds

≤ 2E

∫ Pi+ε

Pi

‖σT (Ȳ ε(s))∇φ(Ȳ ε(s))‖2ds+ 2E

∫ Pi+ε

Pi

‖�εȲ ε(Pi),xi+1
(s)‖2ds

≤ κ1

∫ Pi+ε

Pi

E(1 + ‖Ȳ ε(s)‖2)ds+ 2εE

∫ 1

0

‖�(Ȳ ε(Pi), xi+1, s)‖2ds

≤ κ1

∫ Pi+ε

Pi

E(1 + ‖Ȳ ε(s)‖2)ds+ 2cεE(1 + ‖xi+1‖2 + ‖Ȳ ε(Pi)‖2).

The statement in (4.36) is now immediate from the moment bound in Lemma 4.6.
Now we consider costs over the intervals [Pi + ε, Pi+1]. For i = 0, 1, . . . , k − 1

consider the random probability measure

θεi
.
=

1

pi+1 − ε

∫ Pi+1

Pi+ε

δȲ ε(s)ds.

Then

1

2
E

∫ Pi+1

Pi+ε

‖vε(s)‖2ds = 1

2
(pi+1 − ε)E

∫
Rd

‖σT (z)Λ(z, xi+1)∇φ(xi+1)‖2θεi (dz).

From Lemma 4.8, θεi → δxi+1
in probability as ε → 0. Since z �→ Λ(z, xi+1) and

σ are bounded and continuous functions and Λ(xi+1, xi+1) = Id, we now see that
the right side converges, as ε → 0, to 1

2pi+1‖σT (xi+1)∇φ(xi+1)‖2. Combining the
above with (4.36), we now have the desired result from (4.35). �

We now show the convergence of the empirical measure associated with Ȳ ε.
Recall μ̃ introduced above (4.26).



LDP FOR SMALL NOISE DIFFUSIONS OVER LONG TIME 27

Proposition 4.10. Let μ̄ε =
∫ 1

0
δȲ ε(s)ds. Then, μ̄ε converges to μ̃ in probability

as ε → 0.

Proof. Note that one can write μ̄ε as

μ̄ε =
k−1∑
j=0

(pj+1 − ε)
1

pj+1 − ε

∫ Pj+1

Pj+ε

δȲ ε(s)ds+ ε
k−1∑
j=0

1

ε

∫ Pj+ε

Pj

δȲ ε(s)ds.

Also recall that

μ̃ =
k−1∑
j=0

pj+1δxj+1
=

k−1∑
j=0

(pj+1 − ε)δxj+1
+

k−1∑
j=0

εδxj+1
.

It then follows that

Edbl(μ̄
ε, μ̃) ≤

k−1∑
j=0

(pj+1 − ε)Edbl

(
1

pj+1 − ε

∫ Pj+1

Pj+ε

δȲ ε(s)ds, δxj+1

)

+ε
k−1∑
j=0

Edbl

(
1

ε

∫ Pj+ε

Pj

δȲ ε(s)ds, δxj+1

)
.

The result now follows on sending ε → 0 and using Lemma 4.8. �

4.3.1. Proof of the LDP lower bound. We now complete the proof of (4.2). We will
apply Theorem 3.1 with R = A. By a similar argument as in Section 4.1,

−εs2(ε) logE exp

(
−F (με)

εs2(ε)

)
= inf

v∈A
E

(
F ◦ Gε(B) +

1

2

∫ 1

0

‖v(s)‖2ds
)

≤ E

(
F (μ̄ε) +

1

2

∫ 1

0

‖vε(s)‖2ds
)
,

where μ̄ε is as introduced in Proposition 4.10 and vε is as constructed in (4.29).
Thus,

lim sup
ε→0

−εs2(ε) logE exp

(
−F (με)

εs2(ε)

)
≤ lim sup

ε→0
E

(
F (μ̄ε) +

1

2

∫ 1

0

‖vε(s)‖2ds
)

= F (μ̃) +
1

2

∫
‖σT (y)∇φ(y)‖2μ̃(dy)

≤ inf
γ∈P(Rd)

(F (γ) + I1(γ)) + 3δ,

where the first equality is from Propositions 4.9 and 4.10, and the last inequality is
from (4.27). Since δ > 0 is arbitrary, the inequality in (4.25) follows.

4.4. Compactness of level sets of I1. In this section we show that the function
I1 as defined in (2.2) is a rate function.

Fix M > 0. It suffices to show that the set {γ ∈ P(Rd) : I1(γ) ≤ M} is compact.
Consider a sequence γn ∈ {γ ∈ P(Rd) : I1(γ) ≤ M}. Then∫

Rd

‖σT (y)∇φ(y)‖2γn(dy) ≤ 2M, for all n ∈ N.



28 A. BUDHIRAJA AND P. ZOUBOULOGLOU

We now argue that {γn} is a tight sequence of probability measures on R
d. Fix

κ > 0. From Assumption 2.1 (parts (1) and (2)(d)) there exists M1 ∈ (0,∞) such
that for ‖y‖ > M1, ‖σT (y)∇φ(y)‖2 ≥ 2M

κ . Then for all n ∈ N

∫
‖y‖≥M1

γn(dy) =
κ

2M

∫
‖y‖≥M1

2M

κ
γn(dy)

≤ κ

2M

∫
‖y‖≥M1

‖σT (y)∇φ(y)‖2γn(dy) ≤
κ

2M
2M = κ.

Since κ > 0 is arbitrary, we have that {γn} is tight. Thus, we can find some
subsequence (labeled again as n) along which γn → γ̄ for some γ̄ ∈ P(Rd). From
Fatou’s lemma∫

Rd

‖σT (y)∇φ(y)‖2γ̄(dy) ≤ lim inf
n

∫
Rd

‖σT (y)∇φ(y)‖2γn(dy) ≤ 2M,

which shows that γ̄ ∈ {γ ∈ P(Rd) : I(γ) ≤ M}. Thus {γ ∈ P(Rd) : I(γ) ≤ M} is
compact.

5. Proof of Theorem 2.7

We now turn to the multiscale system introduced in Section 2.2 and prove our
second main result, namely Theorem 2.7. As before, the proof proceeds by estab-
lishing the associated Laplace asymptotics. Recall the definitions of the spaces X
and M1 from Section 2.2. Section 5.1 shows that for every F ∈ Cb(X ×M1)

(5.1) lim inf
ε→0

[
−εs2(ε) logEe

−F (Xε,Λε)

εs2(ε)

]
≥ inf

(ξ,ν)∈X×M1

(
F (ξ, ν) + I2(ξ, ν)

)

which gives the LDP upper bound. Then, in Section 5.3.4 we prove the comple-
mentary lower bound: for every F ∈ Cb(X ×M1)

(5.2) lim sup
ε→0

[
−εs2(ε) logEe

−F (Xε,Λε)

εs2(ε)

]
≤ inf

(ξ,ν)∈X×M1

(
F (ξ, ν) + I2(ξ, ν)

)
.

Finally Section 5.4 proves that I2 is a rate function. Theorem 2.7 is an immediate
consequence of these three results. Throughout this section, Assumption 2.5 will
be taken to hold.

5.1. LDP upper bound. In this Section, we prove the inequality in (5.1). Un-
der Assumption 2.5, the SDE system in (1.7) has a unique pathwise solution
(Xε, Y ε) given on a filtered probability space (Ω,F , {Ft}, P ) satisfying the usual
conditions and equipped with mutually independent k and d dimensional {Ft}-
Brownian motions {W (t)} and {B(t)}. This says that there exists a measurable

map G̃ε : C([0, T ] : Rd+k) → X ×M1 such that (Xε,Λε) = G̃ε(B,W ) where Λε is
defined as in (1.8).
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Fix ε > 0 and F ∈ Cb(X × M1) and apply Theorem 3.1 with p = k + d,

β = (B,W ), and G replaced by Gε = F ◦ G̃ε. Then, as in Section 4.1 we have that

− εs2(ε) logEe
−F (Xε,Λε)

εs2(ε)

= inf
(v1,v2)∈Ab

E

[
1

2
εs2(ε)

∫ T

0

(‖v1(s)‖2 + ‖v2(s)‖2)ds

+Gε

(
B +

∫ ·

0

v1(s)ds,W +

∫ ·

0

v2(s)ds

)]

= inf
(v1,v2)∈Ab

E

[
1

2

∫ T

0

(‖v1(s)‖2 + ‖v2(s)‖2)ds

+Gε

(
B +

1√
εs(ε)

∫ ·

0

v1(s)ds,W +
1√
εs(ε)

∫ ·

0

v2(s)ds

)]
.

The classes Ab = Ap
b and A = Ap are as in Section 3. Note that any v ∈ Ad+k

can be written as v = (v1, v2) where v1 ∈ Ad and v2 ∈ Ak and if v ∈ Ad+k
b,M then

v1 ∈ Ad
b,M and v2 ∈ Ak

b,M .

Fix δ > 0 and choose for each ε > 0 a (v̄ε1, v̄
ε
2) ∈ Ab that is δ−optimal for the

right side, namely,

− εs2(ε) logEe
−F (Xε,Λε)

εs2(ε)

≥ E

[
1

2

∫ T

0

‖v̄ε1(s)‖2ds+
1

2

∫ T

0

‖v̄ε2(s)‖2ds

+ Gε

(
B +

1√
εs(ε)

∫ ·

0

v̄ε1(s)ds,W +
1√
εs(ε)

∫ ·

0

v̄ε2(s)ds

)]
− δ.

A similar localization argument as invoked in Section 4.1 shows that there is an
M ∈ (0,∞), and for each ε > 0, (vε1, v

ε
2) ∈ Ab,M such that

(5.3)

− εs2(ε) logEe
−F (Xε,Λε)

εs2(ε)

≥ E

[
1

2

∫ T

0

‖vε1(s)‖2ds+
1

2

∫ T

0

‖vε2(s)‖2ds

+Gε

(
B +

1√
εs(ε)

∫ ·

0

vε1(s)ds,W +
1√
εs(ε)

∫ ·

0

vε2(s)ds

)]
− 2δ.

Also by application of Girsanov’s Theorem, it follows that

Gε

(
B +

1√
εs(ε)

∫ ·

0

vε1(s)ds,W +

∫ ·

0

vε2(s)ds

)
= (X̄ε, Λ̄ε),

where (X̄ε, Ȳ ε) is the solution to

(5.4)

dX̄ε(t) =
(
b(X̄ε(t), Ȳ ε(t)) + α(X̄ε(t))vε2(t)

)
dt

+ s(ε)
√
εα(X̄ε(t))dW (t), X̄ε(0) = x0,

dȲ ε(t) =

(
−1

ε
∇yU(X̄ε(t), Ȳ ε(t)) +

1

ε
vε1(t)

)
dt+

s(ε)√
ε
dB(t), Ȳ ε(0) = y0
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and

(5.5) Λ̄ε(A× [0, t])
.
=

∫
[0,t]

1A(Ȳ
ε(s))ds, t ∈ [0, T ], A ∈ B(Rd).

Denote for t ∈ [0, T ], Mt = [0, t] × R
d × R

d and define P(MT ) valued random
variables Γ̄ε as

Γ̄ε(A×B × C)

=
1

T

∫ T

0

1A(s)1B(Ȳ
ε(s))1C(v

ε
1(s))ds, A ∈ B([0, T ]), B ∈ B(Rd), C ∈ B(Rd).

By denoting (ds× dy× dz) as dv, the first equation in (5.4) can now be written as

X̄ε(t) = x0 + T

∫
Mt

b(X̄ε(s), y)Γ̄ε(dv) + s(ε)
√
ε

∫ t

0

α(X̄ε(s))dW (s)

+

∫ t

0

α(X̄ε(s))vε2(s)ds.

(5.6)

We begin by establishing the following useful moment bound.

Lemma 5.1. For some ε0 ∈ (0, 1),

sup
ε∈(0,ε0)

[
E sup

0≤t≤T
‖X̄ε(t)‖2 + E

∫ T

0

‖Ȳ ε(t)‖2dt+ ε sup
0≤t≤T

E‖Ȳ ε(t)‖2
]
< ∞.

Proof. The constants κi, i = 1, . . . , 6 in the proof will be positive reals that are
independent of t ∈ [0, T ] and ε ∈ (0, 1). Applying Itô’s formula to U(X̄ε(t), Ȳ ε(t))
we have for t ∈ [0, T ]

U(X̄ε(t), Ȳ ε(t))

= U(x0, y0) +

∫ t

0

∇xU(X̄ε(s), Ȳ ε(s)) · [b(X̄ε(s), Ȳ ε(s)) + α(X̄ε(s))vε2(s)]ds

+ s(ε)ε1/2
∫ t

0

∇xU(X̄ε(s), Ȳ ε(s))α(X̄ε(s))dW (s)

+
s2(ε)ε

2

∫ t

0

tr([αTHxUα](X̄ε(s), Ȳ ε(s)))ds

− 1

ε

∫ t

0

∥∥∇yU(X̄ε(s), Ȳ ε(s))
∥∥2 ds+ 1

ε

∫ t

0

∇yU(X̄ε(s), Ȳ ε(s)) · vε1(s)ds

+
s(ε)

ε1/2

∫ t

0

∇yU(X̄ε(s), Ȳ ε(s))dB(s) +
s2(ε)

2ε

∫ t

0

tr(HyU(X̄ε(s), Ȳ ε(s)))ds.

(5.7)

From our assumption that b is Lipschitz, α is bounded and ∇yU is Lipschitz, it
follows by standard Grönwall estimates that for each fixed ε > 0 and t ∈ [0, T ]

E[‖X̄ε(t)‖2 + ‖Ȳ ε(t)‖2] < ∞.

This, in particular, in view of linear growth of ∇xU and ∇yU , says that the ex-
pectation of the stochastic integrals in (5.7) is 0. Next note that by Assumption
2.5(2)(c)

U(X̄ε(t), Ȳ ε(t)) ≥ L1
low‖Ȳ ε(t)‖2 − L2

low.
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Also, using the linear growth of b and ∇xU , the boundedness of α, and the fact
that vε2 ∈ Ak

b,M , it follows that for some κ1 ∈ (0,∞),

E

∥∥∥∥
∫ t

0

∇xU(X̄ε(s), Ȳ ε(s)) · [b(X̄ε(s), Ȳ ε(s)) + α(X̄ε(s))vε2(s)]

∥∥∥∥
≤ κ1

∫ t

0

E(1 + ‖Ȳ ε(s)‖2 + ‖X̄ε(s)‖2).

By Young’s inequality

− 1

ε

∫ t

0

∥∥∇yU(X̄ε(s), Ȳ ε(s))
∥∥2 ds+ 1

ε

∫ t

0

∇yU(X̄ε(s), Ȳ ε(s)) · vε1(s)ds

≤ − 1

2ε

∫ t

0

∥∥∇yU(X̄ε(s), Ȳ ε(s))
∥∥2 ds+ M

2ε
.

Combining the above observations with (5.7) we now have, for some κ2 ∈ (0,∞),

(5.8) L1
low(E‖Ȳ ε(t)‖2 − 1) ≤ κ2

ε
+ κ2

∫ t

0

E(1 + ‖Ȳ ε(s)‖2 + ‖X̄ε(s)‖2)ds

− 1

2ε

∫ t

0

E
∥∥∇yU(X̄ε(s), Ȳ ε(s))

∥∥2 ds.
Applying Assumption 2.5(2)(c) once more we see that∫ t

0

E
∥∥∇yU(X̄ε(s), Ȳ ε(s))

∥∥2 ds ≥ ∫ t

0

(L1
lowE‖Ȳ ε(s)‖2 − L2

low)ds.

Using this inequality in (5.8) and rearranging terms, for some κ3, κ4 ∈ (0,∞)

L1
low

∫ t

0

E‖Ȳ ε(s)‖2ds ≤ κ3 + κ4ε

∫ t

0

E(‖Ȳ ε(s)‖2 + ‖X̄ε(s)‖2)ds.

Choose ε1 ∈ (0, 1) such that κ4ε1 ≤ L1
low

2 . Then there are a κ5 ∈ (0,∞) such that
for all ε ∈ (0, ε1) and t ∈ [0, T ]∫ t

0

E‖Ȳ ε(s)‖2ds ≤ κ5(1 + ε sup
0≤s≤t

E‖X̄ε(s)‖2).

Next, by standard Grönwall estimates on the first equation in (5.4) there is a
κ6 ∈ (0,∞), such that for all ε ∈ (0, 1) and t ∈ [0, T ]

E sup
0≤s≤t

‖X̄ε(s)‖2 ≤ κ6E

∫ t

0

(1 + ‖Ȳ ε(s)‖2)ds.

Combining the last two estimates we see that with ε0 = min(ε1, 1/(2κ5κ6))

sup
ε∈(0,ε0)

(∫ T

0

E‖Ȳ ε(s)‖2ds+ E sup
0≤s≤T

‖X̄ε(s)‖2
)

< ∞.

Finally, using the above estimate in (5.8) we obtain

sup
ε∈(0,ε0)

ε sup
0≤t≤T

E‖Ȳ ε(t)‖2 < ∞.

This completes the proof of the lemma. �
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For the rest of this subsection, we will assume that ε ∈ (0, ε0) where ε0 is as in
the statement of Lemma 5.1. In the next result we establish the tightness of various
objects of interest. Recall the definition of Sp

M , for p ∈ N, from (3.1).

Proposition 5.2. The collection (Γ̄ε, X̄ε, vε2) is tight in P(MT )×X × Sk
M .

Proof. The tightness of {vε2} is immediate from the compactness of Sk
M . In order

to prove the tightness of {Γ̄ε}, it suffices to show that the collection of nonrandom
probability measures on MT defined as γ̄ε(A)

.
= EΓ̄ε(A), A ∈ B(MT ) is relatively

compact (cf. [4, Theorem 2.11]). In turn, to prove the tightness of {γ̄ε} it suffices to
prove the tightness of its three marginals. The first marginal [γ̄ε]1 is the normalized
Lebesgue measure on [0, T ] for each ε so it is automatically tight. For the second
marginal we have, for R ∈ (0,∞)

[γ̄ε]2(y ∈ R
d : ‖y‖ ≥ R) =

1

T

∫ T

0

P (‖Ȳ ε(t)‖ ≥ R) ≤ 1

TR2

∫ T

0

E‖Ȳ ε(t)‖2dt.

Tightness of {[γ̄ε]2} is now immediate from Lemma 5.1. Also, for the third marginal,
for R ∈ (0,∞)

[γ̄ε]3(z ∈ R
d : ‖z‖ ≥ R) =

1

T

∫ T

0

P (‖vε1(t)‖ ≥ R) ≤ 1

TR2

∫ T

0

E‖vε1(t)‖2dt ≤
M

TR2
.

The tightness of {[γ̄ε]3} follows. Thus we have shown the tightness of {Γ̄ε}.
Finally consider {X̄ε}. Write X̄ε = B̄ε + Āε, where, for ∈ [0, T ],

B̄ε(t) = x0 +

∫ t

0

b(X̄ε(r), Ȳ ε(r))dr +

∫ t

0

α(X̄ε(r))vε2(r)dr

and Āε(t) = s(ε)
√
ε
∫ t

0
α(X̄ε(s))dW (s). The tightness of {B̄ε} in X is immediate

from the moment bounds in Lemma 5.1, the linear growth of b, the boundedness of α
and since vε2 ∈ Ar

b,M , while the tightness of Āε in X follows from the boundedness

of α. This proves the tightness of {X̄ε} in X and completes the proof of the
proposition. �

By Proposition 5.2, it follows that every subsequence has a further subsequence
along which (Γ̄ε, X̄ε, vε2) converges in distribution to (Γ̄, X̄, v2). We disintegrate the
measure Γ̄ as follows

(5.9) Γ̄(dt dy dz) =
1

T
dt γ̂t(dy) q(t, y, dz) = γ(dt dy)q(t, y, dz) =

1

T
dt Γ̂t(dy dz).

In the above identity, γ(dt dy) = Γ̄(dt× dy × R
d) is the marginal distribution of Γ̄

on the first two coordinates and q is the r.c.p.d. on the third coordinate given the
first two coordinates. Also, since Γ̄(A × R

d × R
d) = γ(A × R

d) = 1
T λ(A), where

λ is the Lebesgue measure and A ∈ B([0, T ]), the probability measure γ can be
disintegrated as γ(dt dy) = 1

T dt γ̂t(dy), which give the first two identities in the

display. For the third identity we disintegrate the probability measure Γ̄ as the
marginal on the first coordinate (which is the normalized Lebesgue measure 1

T dt)
and the r.c.p.d. on the last two coordinates given the first coordinate, denoted as
Γ̂t(dy dz). Lemma 5.3 gives a characterization of the limit points (Γ̄, X̄, v2). Recall
the class U(ξ, ν) defined in Section 2.2.
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Lemma 5.3. Let (Γ̄, X̄, v2) be a weak limit point of (Γ̄ε, X̄ε, vε2). Define M1−valued
random variable Λ̄ as

Λ̄([0, t]×A)
.
= T Γ̄([0, t]×A× R

d), for t ∈ [0, T ], A ∈ B(Rd).

Then v2 ∈ U(X̄, Λ̄) a.s.

Proof. From (5.6), for t ∈ [0, T ],

X̄ε(t) = x0 + T

∫
Mt

b(X̄ε(s), y)Γ̄ε(dv) +

∫ t

0

α(X̄ε(s))vε2(s)ds+Rε(t),

where Rε(t)
.
= s(ε)ε1/2

∫ t

0
α(X̄ε(s))dW (s). Note that

E sup
0≤t≤T

‖Rε(t)‖2 ≤ 4Ts2(ε)ε‖α‖2∞ → 0, as ε → 0.

We assume without loss of generality that convergence of (Γ̄ε, X̄ε, vε2,Rε) to
(Γ̄, X̄, v2, 0) in P(MT )×X ×Sk

M ×X holds along the full sequence, and, by appeal-
ing to Skorohod representation theorem, that the convergence holds a.s. We need
to show that (Γ̄, X̄, v2) satisfy a.e., for all t ∈ [0, T ]

X̄(t) = x0 + T

∫
Mt

b(X̄(s), y)Γ̄(dv) +

∫ t

0

α(X̄(s))v2(s)ds.

Note that

X̄ε(t) = x0 + T

∫
Mt

b(X̄(s), y)Γ̄ε(dv) +

∫ t

0

α(X̄(s))vε2(s)ds+Rε(t) +Rε
1(t),

(5.10)

where

Rε
1(t)

.
= T

∫
Mt

(b(X̄ε(s), y)− b(X̄(s), y))Γ̄ε(dv) +

∫ t

0

(α(X̄ε(s))− α(X̄(s)))vε2(s)ds.

Using the Lipschitz property of b and α from Assumption 2.5(1)

sup
0≤t≤T

‖Rε
1(t)‖ ≤ sup

0≤t≤T
T

∥∥∥∥
∫
Mt

(b(X̄ε(s), y)− b(X̄(s), y))Γ̄ε(dv)

∥∥∥∥
+

∫ T

0

∥∥α(X̄ε(s))− α(X̄(s))
∥∥ ‖vε2(s)‖ds

≤T (Lb + Lα

√
TM) sup

0≤t≤T
‖X̄ε(t)− X̄(t)‖ → 0, as ε → 0.

From Lemma 5.1, and since vε1 ∈ Ad
b,M ,

(5.11) sup
ε

E

∫
MT

(‖y‖2 + ‖z‖2)Γ̄ε(dv) < ∞.

Also, by convergence of Γ̄ε to Γ̄, the continuity of the map (s, y, z) �→ b(X̄(s), y),
the linear growth of b and the estimate in (5.11), it follows that, for each t ∈ [0, T ]

lim
ε→0

∫
Mt

b(X̄(s), y)Γ̄ε(dv) =

∫
Mt

b(X̄(s), y)Γ̄(dv).

Finally, for each t ∈ [0, T ], as ε → 0,∫ t

0

α(X̄(s))vε2(s)ds →
∫ t

0

α(X̄(s))v2(s)ds.
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The result now follows on sending ε → 0 in (5.10). �

Lemma 5.4 gives an important inequality for the costs that will be useful for the
proof of the upper bound. Recall the disintegration in (5.9).

Lemma 5.4. Let (Γ̄, X̄, v2) be as in Lemma 5.3. The following inequality holds
a.s. ∫

MT

‖z‖2Γ̄(dt dy dz) ≥ 1

T

∫ T

0

(∫
Rd

‖∇yU(X̄(t), y)‖2γ̂t(dy)
)
dt.

Proof. Let η : Rd → R be in C2
c . Then Itô’s formula applied to η(Ȳ ε) gives

η(Ȳ ε(t))− η(y0)

=
s(ε)√

ε

∫ t

0

∇η(Ȳ ε(s))dB(s)− 1

ε

∫ t

0

∇η(Ȳ ε(s)) · ∇yU(X̄ε(s), Ȳ ε(s))ds

+
1

ε

∫ t

0

∇η(Ȳ ε(s)) · vε1(s)ds

+
s2(ε)

2ε

∫ t

0

Δη(Ȳ ε(s))ds.

Multiplying by ε in the above equation and recalling the definition of the random
measure Γ̄ε, we have

εη(Ȳ ε(t))− εη(y0)

= s(ε)
√
ε

∫ t

0

∇η(Ȳ ε(s))dB(s)

− T

∫
Mt

∇η(y) · (∇yU(X̄ε(s), y)− z)Γ̄ε(dv) +
s2(ε)

2

∫ t

0

Δη(Ȳ ε(s))ds.

Sending ε → 0 in the above display we have that, as ε → 0,∫
Mt

∇η(y) · (∇yU(X̄ε(s), y)− z)Γ̄ε(dv) → 0 in probability.

As in the proof of Lemma 5.3 we assume without loss of generality that convergence
of (Γ̄ε, X̄ε) to (Γ̄, X̄) holds along the full sequence in a.s. sense. From the Lipschitz
property of ∇yU we now see that, as ε → 0,∫

Mt

∇η(y) · (∇yU(X̄ε(s), y)−∇yU(X̄(s), y))Γ̄ε(dv) → 0.

Finally, from the convergence of Γ̄ε to Γ̄, the square integrability in (5.11), and the
compact support property of η we see that for all t ∈ [0, T ]∫

Mt

∇η(y) · (∇yU(X̄(s), y)− z)Γ̄ε(dv) →
∫
Mt

∇η(y) · (∇yU(X̄(s), y)− z)Γ̄(dv).

Combining the last three convergence statements we have, a.s., for all t ∈ [0, T ],

(5.12)

∫
Mt

∇η(y) · (∇yU(X̄(s), y)− z)Γ̄(dv) = 0.

Recall the disintegration in (5.9) and define

v̄1(t, y) =

∫
Rd

z q(t, y, dz), t ∈ [0, T ], y ∈ R
d.
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Note that the integral is well defined a.s. for γ a.e. (t, y), since from (5.11) and
Fatou’s lemma
(5.13)

E

∫
[0,T ]×R2d

(‖y‖2 + ‖z‖2)Γ̄(dv) = 1

T
E

∫ T

0

∫
R2d

(‖y‖2 + ‖z‖2)Γ̂t(dy dz)dt < ∞.

From (5.12), by a standard separability argument, a.s., for every η ∈ C2
c and t ∈

[0, T ] ∫ t

0

[∫
Rd

[
∇yU(X̄(s), y)− v̄1(s, y)

]
· ∇η(y)γ̂s(dy)

]
ds = 0.

Also, from (5.13), a.s., for a.e. t ∈ [0, T ],

(5.14)

∫
R2d

(‖y‖2 + ‖z‖2)Γ̂t(dy dz) < ∞,

and for every η ∈ C2
c ,

(5.15)

∫
Rd

[
∇yU(X̄(t), y)− v̄1(t, y)

]
· ∇η(y)γ̂t(dy) = 0.

Fix t ∈ [0, T ] for which the above two equations holds and denote f(y)
.
= U(X̄(t), y).

Now a similar argument as used in the proof of (4.15) shows that we can replace η
with f in the above identity. Indeed, from Assumption 2.5 the function f satisfies
the conditions in Lemma 4.3. Also, from properties of U , an estimate similar to
(4.16) shows that, for some κ1 ∈ (0,∞),∫

Rd

|[∇f(y)− v̄1(t, y)] · ∇f(y)| γ̂t(dy)

=

∫
Rd

∣∣[∇yU(X̄(t), y)− v̄1(t, y)
]
· ∇f(y)

∣∣ γ̂t(dy)
≤ κ1

∫
Rd

(1+‖y‖2+‖v̄1(t, y)‖2)γ̂t(dy) ≤ κ1

∫
R2d

(1+‖y‖2+‖z‖2)Γ̂t(dy dz) < ∞,

where the second inequality on the second line is from Jensen’s inequality while the
finiteness asserted in the last inequality is from (5.14). Now exactly as in (4.17) and
discussion below it we see that (5.15) holds with η replaced by f(·) = U(X(t), ·),
namely

(5.16)

∫
Rd

[
∇yU(X̄(t), y)− v̄1(t, y)

]
∇yU(X(t), y)γ̂t(dy) = 0 a.s.

Now the proof is completed as in Lemma 4.4:∫
R2d

‖z‖2Γ̂t(dy dz) =

∫
R2d

‖z‖2qt(y, dz)γ̂t(dy) ≥
∫
Rd

‖v̄1(t, y)‖2γ̂t(dy)

=

∫
Rd

‖v̄1(t, y)−∇yU(X̄(t), y)‖2γ̂t(dy) +
∫
Rd

‖∇yU(X̄(t), y)‖2γ̂t(dy)

+ 2

∫
Rd

(v̄1(t, y)−∇yU(X̄(t), y)) · ∇f(y)γ̂t(dy).

Since the third term equals 0 from (5.16), the lemma follows. �
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5.1.1. Proof of the LDP upper bound. We now complete the proof of the inequality
in (5.1). Recall the weak limit point (Γ̄, X̄, v2) of (Γ̄ε, X̄ε, vε2) as in Lemmas 5.3
and 5.4. By a standard subsequential argument we can assume without loss of
generality that the convergence holds along the full sequence. From (5.3) (and the
observation below it)

lim inf
ε→0

−s2(ε)εEe
−F (Xε,Λε)

s2(ε)ε ≥ lim inf
ε→0

E

⎡
⎣F (X̄ε,Λε) +

1

2

∑
i=1,2

∫ T

0

‖vεi (t)‖2dt

⎤
⎦− 2δ

= lim inf
ε→0

E
[
F (X̄ε, Λ̄ε) +

T

2

∫
MT

‖z‖2Γ̄ε(dv) +
1

2

∫ T

0

‖vε2(t)‖2dt
]
− 2δ

≥ E

[
F (X̄, Λ̄) +

T

2

∫
MT

‖z‖2Γ̄(dv) + 1

2

∫ T

0

‖v2(t)‖2dt
]
− 2δ

≥ E

[
F (X̄, Λ̄) +

1

2

∫ T

0

(∫
Rd

‖∇yU(X̄(t), y)‖2γ̂t(dy)
)
dt+

1

2

∫ T

0

‖v2(t)‖2dt
]
−2δ

≥ E
[
F (X̄, Λ̄) + I2(X̄, Λ̄)

]
− 2δ ≥ inf

(ξ,ν)∈X×M1

[F (ξ, ν) + I2(ξ, ν)]− 2δ,

where the third line uses lower semicontinuity of the L2 norm and Fatou’s lemma,
the fourth line uses Lemma 5.4, the fifth line uses the definition of I2, the definition
of Λ̄, and the property v2 ∈ U(X̄, Λ̄) a.s. shown in Lemma 5.3. Since δ > 0 is
arbitrary, the result follows.

5.2. Simple form near optimal paths. In preparation for the proof of the LDP
lower bound we first prove a preliminary result which provides simple form near
optimal paths that can then be well approximated by suitable controlled processes.

Lemma 5.5. For each δ0 ∈ (0, 1) and a bounded Lipschitz F : X ×M1 → R, there
are a ξ∗ ∈ X , ν∗ ∈ M1, v

∗ ∈ L2([0, T ] : Rk), a partition

0 = t0 < t1 · · · < tK+1 = T

of [0, T ] and probability measures ν∗i , i = 0, 1, . . . ,K on R
d with finite support, such

that

(1) ν∗(dy ds) = ν̂s(dy)ds, with ν̂t
.
= ν∗01{0}(t) +

∑K
i=0 ν

∗
i 1(ti,ti+1](t), 0 ≤ t ≤ T .

(2) v∗(s) = v∗(ti)
.
= v∗i for s ∈ [ti, ti+1), i = 0, 1, . . .K.

(3) For all t ∈ [0, T ],

ξ∗(t) = x0 +

∫ t

0

∫
Rd

b(ξ∗(s), y)ν̂s(dy)ds+

∫ t

0

α(ξ∗(s))v∗(s)ds.

(4) (ξ∗, ν∗) is δ0-optimal, i.e.,

F (ξ∗, ν∗) +
1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗(s), y)‖2ν̂s(dy)
)
+ ‖v∗(s)‖2

]
ds

≤ inf
(ξ,ν)∈X×M1

[F (ξ, ν) + I2(ξ, ν)] + δ0.

We now proceed with the proof of Lemma 5.5. This proof will be completed
at the end of Section 5.2.3 by constructing a series of approximations for a near
optimal (ξ̃, ν̃).
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Fix a bounded Lipschitz function F : X × M1 → R and δ0 ∈ (0, 1). Choose

(ξ̃, ν̃) ∈ X ×M1 such that

(5.17) F (ξ̃, ν̃) + I2(ξ̃, ν̃) ≤ inf
(ξ,ν)∈X×M1

[F (ξ, ν) + I2(ξ, ν)] + δ0/5.

Next, using the definition of I2, choose ṽ ∈ U(ξ̃, ν̃) such that, with ν̃(dy ds) =
ν̃s(dy)ds

(5.18)
1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ̃(s), y)‖2ν̂s(dy)
)
+ ‖ṽ(s)‖2

]
ds ≤ I2(ξ̃, ν̃) + δ0/4.

Note that ξ̃, ν̃, ṽ satisfy

ξ̃(t) = x0 +

∫ t

0

∫
Rd

b(ξ̃(s), y)ν̂s(dy)ds+

∫ t

0

α(ξ̃(s))ṽ(s)ds, t ∈ [0, T ].

From the lower bound on ‖∇yU(x, y)‖2 in Assumption 2.5(2)(c) we see that

(5.19)

∫ T

0

∫
Rd

‖y‖2ν̃s(dy)ds ≤ A1,

where A1
.
= (L1

low)
−1(2(inf(ξ,ν)∈X×M1

[F (ξ, ν) + I2(ξ, ν)] + ‖F‖∞ + 1) + L2
lowT ).

We also remark that ν̂0 can be taken to be an arbitrary probability measure on R
d

and we will assume without loss of generality that

(5.20)

∫
Rd

‖y‖2ν̂0(dy) = 1.

We now proceed to our series of approximations.

5.2.1. Approximating with continuous ν, v. Fix δ ∈ (0, 1). The choice of δ will be

identified at the end of this section. Using the uniform continuity of ξ̃, choose
0 < η < δ2 such that

(5.21) ‖ξ̃(s)− ξ̃(s′)‖ ≤ δ whenever |s− s′| ≤ η.

Let

v∗η(s) =
1

η

∫ s

s−η

ṽ(r)dr, μ∗
η,s =

1

η

∫ s

s−η

ν̃rdr, s ∈ [0, T ],

where ṽ(r)
.
= 0 and ν̂r

.
= ν̂0 for r ≤ 0. Note that v∗η and μ∗

η are continuous maps on

[0, T ] with values in R
k and P(Rd) respectively. Let ξ∗η be given as the solution of

(5.22) ξ∗η(t) = x0 +

∫ t

0

∫
Rd

b(ξ∗η(s), y)μ
∗
η,s(dy)ds+

∫ t

0

α(ξ∗η(s))v
∗
η(s)ds, t ∈ [0, T ].

Note that due to the Lipschitz property of b and α the above equation has a unique
solution. Also note that ξ̃ can be represented as
(5.23)

ξ̃(t) = x0 +

∫ t

0

∫
Rd

b(ξ̃(s), y)μ∗
η,s(dy)ds+

∫ t

0

α(ξ̃(s))v∗η(s)ds−R1,η(ξ̃, t), t ∈ [0, T ],

where

R1,η(ξ̃, t) =

∫ t

0

∫
Rd

b(ξ̃(s), y)μ∗
η,s(dy)ds−

∫ t

0

∫
Rd

b(ξ̃(s), y)ν̃s(dy)ds

+

∫ t

0

α(ξ̃(s))v∗η(s)ds−
∫ t

0

α(ξ̃(s))ṽ(s)ds.
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Using an interchange of the order of integration.∫ t

0

∫
Rd

b(ξ̃(s), y)μ∗
η,s(dy)ds−

∫ t

0

∫
Rd

b(ξ̃(s), y)ν̃s(dy)ds

=

∫ 0

−η

∫
Rd

(
1

η

∫ (r+η)∧t

0

b(ξ̃(s), y)ds

)
ν̃0(dy)dr

+

∫ (t−η)+

0

∫
Rd

(
1

η

∫ r+η

r

b(ξ̃(s), y)ds

)
ν̂r(dy)dr −

∫ (t−η)+

0

∫
Rd

b(ξ̃(s), y)ν̃s(dy)ds

+

∫ t

(t−η)+

∫
Rd

(
1

η

∫ t

r

b(ξ̃(s), y)ds

)
ν̂r(dy)dr −

∫ t

(t−η)+

∫
Rd

b(ξ̃(s), y)ν̃s(dy) ds.

From the Lipschitz property of b∥∥∥∥1η
∫ r+η

r

b(ξ̃(s), y)ds− b(ξ̃(r), y)

∥∥∥∥ ≤ Lbδ, r ∈ [0, (t− η)+].

Combining this with the linear growth of b, for some C(b) ∈ (0,∞) depending only
on the function b∥∥∥∥

∫ t

0

∫
Rd

b(ξ̃(s), y)μ∗
η,s(dy)ds−

∫ t

0

∫
Rd

b(ξ̃(s), y)ν̃s(dy)ds

∥∥∥∥
≤
(
C(b)(1 + ‖ξ̃‖∞)η + TLbδ

)
.

A similar calculation shows that∥∥∥∥
∫ t

0

α(ξ̃(s))v∗η(s)ds−
∫ t

0

α(ξ̃(s))ṽ(s)ds

∥∥∥∥ ≤ δ(Lα

√
T + 2‖α‖∞)‖ṽ‖2.

Thus, for all t ∈ [0, T ],

‖R1,η(ξ̃, t)‖ ≤
(
C(b)(1 + ‖ξ̃‖∞)η + δ(Lα

√
T + 2‖α‖∞)‖ṽ‖2 + TLbδ

)
≤ κ1δ,

where κ1
.
= C(b)(1+ ‖ξ̃‖∞)+TLb +(Lα

√
T +2‖α‖∞)‖ṽ‖2). Combining the above

estimate with (5.22) and (5.23), and using the Lipschitz property of b, we have by
Grönwall’s lemma

(5.24) ‖ξ∗η − ξ̃‖∞ ≤ κ2δ,

where κ2
.
= κ1e

LbT+T 1/2Lα‖ṽ‖2 .
Now we estimate the cost. From (5.19) and (5.20) we see that

(5.25)

∫ T

0

∫
Rd

‖y‖2μ∗
η,s(dy)ds ≤ A1 + 1.

Using the Lipschitz property of ∇yU we see that for a C(U) ∈ (0,∞) depending
only on U ,

‖∇yU(x, y)‖2 ≤ C(U)(1 + ‖x‖2 + ‖y‖2)
and

(5.26)
∣∣‖∇yU(x, y)‖2 − ‖∇yU(x′, y)‖2

∣∣ ≤ C(U)‖x− x′‖(1 + ‖x‖+ ‖x′‖+ ‖y‖)
for all x, x′ ∈ R

m, y ∈ R
d.
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From this it follows that∣∣∣∣∣12
∫ T

0

∫
Rd

‖∇yU(ξ∗η(s), y)‖2μ∗
η,s(dy)ds−

1

2

∫ T

0

∫
Rd

‖∇yU(ξ̃(s), y)‖2μ∗
η,s(dy)ds

∣∣∣∣∣
≤ κ2C(U)δ

∫ T

0

∫
Rd

(1 + ‖y‖+ ‖ξ̃‖∞ + κ2)μ
∗
η,s(dy)ds

≤ κ2C(U)δ(T (2 + ‖ξ̃‖∞ + κ2) +A1 + 1).

Thus with κ3
.
= κ2C(U)(T (2 + ‖ξ̃‖∞ + κ2) +A1 + 1),

1

2

∫ T

0

∫
Rd

‖∇yU(ξ∗η(s), y)‖2μ∗
η,s(dy)ds

≤ 1

2

∫ T

0

∫
Rd

‖∇yU(ξ̃(s), y)‖2μ∗
η,s(dy)ds+ κ3δ.

Also, by an interchange of order of integration, and using (5.20)∫ T

0

∫
Rd

‖∇yU(ξ̃(s), y)‖2μ∗
η,s(dy)ds

=

∫ T

−η

∫
Rd

1

η

∫ (r+η)∧T

r∨0

‖∇yU(ξ̃(s), y)‖2ds ν̃r(dy) dr

≤
∫ T

0

∫
Rd

1

η

∫ (r+η)∧T

r∨0

‖∇yU(ξ̃(s), y)‖2ds ν̃r(dy) dr + C(U)δ2(2 + ‖ξ̃‖2∞).

Next, from (5.26) and (5.21),

∫ T

0

∫
Rd

1

η

∫ (r+η)∧T

r∨0

(‖∇yU(ξ̃(s), y)‖2 − ‖∇yU(ξ̃(r), y)‖2)ds ν̃r(dy) dr

≤ 2C(U)δ

∫ T

0

∫
Rd

(1 + ‖ξ̃‖∞ + ‖y‖2)ν̃r(dy) dr ≤ 2C(U)δ(T (1 + ‖ξ̃‖∞) +A1).

Combining the last three displays

1

2

∫ T

0

∫
Rd

‖∇yU(ξ∗η(s), y)‖2μ∗
η,s(dy)ds ≤ 1

2

∫ T

0

∫
Rd

‖∇yU(ξ̃(s), y)‖2ν̃s(dy) ds+ κ4δ,

where

κ4
.
= κ3 + C(U)(2 + ‖ξ̃‖2∞) + 2C(U)(T (1 + ‖ξ̃‖∞) +A1).

Also, an interchange of order of integration and application of Jensen’s inequality
shows that

1

2

∫ T

0

‖v∗η(s)‖2ds ≤
1

2

∫ T

0

‖ṽ(s)‖2ds.

From the last two displays and (5.18) we now see that

1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗η(s), y)‖2μ∗
η,s(dy)

)
+ ‖v∗η(s)‖2

]
ds ≤ I2(ξ̃, ν̃) + κ4δ + δ0/4.

Define μ∗
η ∈ M1 as μ∗

η(dy ds) = μ∗
η,s(dy) ds. We now estimate the distance between

μ∗
η and ν̃. Recall that the spaceM1 is equipped with the bounded Lipschitz distance
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defined in (1.9). Fix f ∈ BL1(R
d × [0, T ]). Then, by an interchange of order of

integration,∫
Rd×[0,T ]

f(y, s)μ∗
η(dy, ds) =

∫ T

0

∫
Rd

f(y, s)μ∗
η,s(dy) ds

=

∫ T

−η

∫
Rd

1

η

∫ (η+r)∧T

r∨0

f(y, s)ds ν̃r(dy) dr.

Also, since f is bounded by 1,∣∣∣∣∣
∫ T

−η

∫
Rd

1

η
[(η + r) ∧ T − r ∨ 0]f(y, r)ν̃r(dy) dr −

∫ T

0

∫
Rd

f(y, s)ν̃r(dy) ds

∣∣∣∣∣ ≤ 4η.

Using the Lipschitz property of f∣∣∣∣∣
∫ T

−η

∫
Rd

1

η

∫ (η+r)∧T

r∨0

f(y, s)ds ν̃r(dy) dr

−
∫ T

−η

∫
Rd

1

η
[(η + r) ∧ T − r ∨ 0]f(y, r)ν̃r(dy) dr

∣∣∣∣∣ ≤ η(T + 1).

The last three estimates show that

dbl(μ
∗
η, ν̃) ≤ η(T + 5).

Combining the above with (5.24) we now have that

‖F (ξ̃, ν̃)− F (ξ∗η , μ
∗
η)‖∞ ≤ κ5δ,

where κ5
.
= ‖F‖Lip(κ2 + T + 5) and ‖F‖Lip is the Lipschitz constant of F .

Now choose δ > 0 such that max{κ5δ, κ4δ} ≤ δ0/20. With this choice of δ (and
the corresponding η), we have

(5.27) F (ξ∗η , μ
∗
η) +

1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗η(s), y)‖2μ∗
η,s(dy)

)
+ ‖v∗η(s)‖2

]
ds

≤ F (ξ̃, ν̃) + I2(ξ̃, ν̃) + δ0/10 + δ0/4.

Henceforth we fix such an η and denote the corresponding (ξ∗η , μ
∗
η,s, μ

∗
η, v

∗
η) as simply

(ξ∗, μ∗
s, μ

∗, v∗).

5.2.2. Approximating with piecewise constant ν, v. Fix δ ∈ (0, 1). Once again the
choice of δ will be identified at the end of the section. By construction, the (v∗, ξ∗)
obtained at the end of previous section are continuous. Choose 0 < γ ≤ δ2 such
that

(5.28) ‖ξ∗(s)− ξ∗(s′)‖+ ‖v∗(s)− v∗(s′)‖ ≤ δ whenever |s− s′| ≤ γ, s, s′ ∈ [0, T ].

Let K
.
= �T/γ� and define ti

.
= iγ for i = 0, 1, . . .K and tK+1 = T . Define

ξ̃∗γ(0)
.
= ξ∗(0) and

ξ̃∗γ(s)
.
= ξ∗(ti), s ∈ (ti, ti+1], i = 0, 1, . . .K.
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Using the estimates in (5.26) and (5.25), we have that∣∣∣∣∣12
∫ T

0

(∫
Rd

‖∇yU(ξ̃∗γ(s), y)‖2μ∗
s(dy)

)
ds

−1

2

∫ T

0

(∫
Rd

‖∇yU(ξ∗(s), y)‖2μ∗
s(dy)

)
ds

∣∣∣∣∣ ≤ κ6δ,

where κ6
.
= C(U)(T (1 + ‖ξ∗‖∞) +A1 + 1). Next note that∫ T

0

(∫
Rd

‖∇yU(ξ̃∗γ(s), y)‖2μ∗
s(dy)

)
ds

=

K∑
i=0

∫ ti+1

ti

(∫
Rd

‖∇yU(ξ̃∗γ(s), y)‖2μ∗
s(dy)

)
ds

=
K∑
i=0

∫
Rd

‖∇yU(ξ̃∗γ(ti), y)‖2
(

1

ti+1 − ti

∫ ti+1

ti

μ∗
s(dy)ds

)
(ti+1 − ti).

Let

μ∗
s,γ(dy)

.
=

1

ti+1 − ti

∫ ti+1

ti

μ∗
s(dy)ds, s ∈ (ti, ti+1], i = 0, 1, . . .K

and μ∗
0,γ(dy)

.
= μt0,γ(dy). Then∫ T

0

(∫
Rd

‖∇yU(ξ̃∗γ(s), y)‖2μ∗
s(dy)

)
ds =

∫ T

0

(∫
Rd

‖∇yU(ξ̃∗γ(s), y)‖2μ∗
s,γ(dy)

)
ds.

Now define
v∗γ(s)

.
= v∗(ti), s ∈ (ti, ti+1], i = 0, 1, . . .K

and v∗γ(0)
.
= v∗(t0). Then, for t ∈ [0, T ],

ξ∗(t) = x0 +

∫ t

0

∫
Rd

b(ξ∗(s), y)μ∗
s(dy)ds+

∫ t

0

α(ξ∗(s))v∗(s)ds

= x0 +

∫ t

0

∫
Rd

b(ξ̃∗γ(s), y)μ
∗
s(dy)ds+

∫ t

0

α(ξ̃∗γ(s))v
∗
γ(s)ds+R1(t),

where ‖R1‖∞ ≤ (T (Lb + 1) + ‖α‖∞T + Lα‖v∗‖2T 1/2)δ. Note that∫ t

0

∫
Rd

b(ξ̃∗γ(s), y)μ
∗
s(dy)ds =

∫ t

0

∫
Rd

b(ξ̃∗γ(s), y)μ
∗
s,γ(dy)ds+R2(t),

where, for some C(b) ∈ (0,∞), depending only on b, ‖R2‖∞ ≤ 2γC(b)(‖ξ∗‖∞ +1).
Thus, for t ∈ [0, T ],

(5.29) ξ̃∗γ(t) = x0 +

∫ t

0

∫
Rd

b(ξ̃∗γ(s), y)μ
∗
s,γ(dy)ds+

∫ t

0

α(ξ̃∗γ(s))v
∗
γ(s)ds+R(t),

where ‖R‖∞ ≤ δ(T (Lb+1)+‖α‖∞T+Lα‖v∗‖2T 1/2+2C(b)(‖ξ∗‖∞+1)+1)
.
= κ7δ.

Let ξ∗γ be the unique solution of the equation

(5.30) ξ∗γ(t) = x0 +

∫ t

0

∫
Rd

b(ξ∗γ(s), y)μ
∗
s,γ(dy)ds+

∫ t

0

α(ξ∗γ(s))v
∗
γ(s)ds.

Then, by (5.29), (5.30), Grönwall’s lemma and the Lipschitz property of b,

(5.31) ‖ξ̃∗γ − ξ∗γ‖∞,T ≤ κ8δ,
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where κ8 = κ7 exp{TLb + (T + 1)(‖v∗‖2 + 1)Lα}. Next, using the estimates in
(5.26) and (5.25), we have that

(5.32)∣∣∣∣∣12
∫ T

0

∫
Rd

‖∇yU(ξ̃∗γ(s), y)‖2μ∗
s,γ(dy) ds−

1

2

∫ T

0

∫
Rd

‖∇yU(ξ∗γ(s), y)‖2μ∗
s,γ(dy) ds

∣∣∣∣∣
≤ κ9δ,

where κ9 = C(U)κ8[(1 + ‖ξ∗‖∞ + κ8)T + (A1 + 1)]. Also, using (5.28)∣∣∣∣∣12
∫ T

0

‖v∗(s)‖2ds− 1

2

∫ T

0

‖v∗γ(s)‖2ds
∣∣∣∣∣ ≤ κ10δ,(5.33)

where κ10 = (T +
√
T‖ṽ‖2). Define μ∗

γ ∈ M1 as μ∗
γ(dy ds) = μ∗

s,γ(dy) ds. We now

estimate the distance between μ∗
γ and μ∗. Consider f ∈ BL1(R

d × [0, T ]). Then,
for k = 0, 1, . . .K,∣∣∣∣

∫ tk+1

tk

∫
Rd

f(y, s)μ∗
s,γ(dy)ds−

∫ tk+1

tk

∫
Rd

f(y, s)μ∗
s(dy)ds

∣∣∣∣ ≤ γ(tk+1 − tk).

From this it follows that

dbl(μ
∗
γ , μ

∗) ≤ γT ≤ δT.(5.34)

Now take δ to be small enough so that

δ(‖F‖Lip(κ8 + 1 + T ) + κ10 + κ9 + κ6) ≤ δ0/10.

Then, using the Lipschitz property of F , together with (5.28), (5.31), (5.32), (5.33)
and (5.34) it follows that

1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗γ(s), y)‖2μ∗
γ,s(dy)

)
+ ‖v∗γ(s)‖2

]
ds+ F (ξ∗γ , μ

∗
γ)

≤ F (ξ∗, μ∗) +
1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗(s), y)‖2μ∗
s(dy)

)
+ ‖v∗(s)‖2

]
ds+ δ0/10

≤ F (ξ̃, ν̃) + I2(ξ̃, ν̃) + δ0/5 + δ0/4,

where the last line follows from (5.27). Henceforth we will fix such a δ and suppress
γ in the notation for ξ∗γ , μ

∗
γ,s, μ

∗
γ , v

∗
γ .

5.2.3. Approximating using discrete measures. Finally, we will now approximate
the piecewise constant trajectory of measures μs from the last section by a similar
trajectory where the measures are discrete. Fix δ ∈ (0, 1). An appropriate choice of
δ will be identified at the end of the section. Let 0 = t0 < t1 < · · · tK+1 = T be the
partition over which μ∗

s and v∗(s) are piecewise constant. Let μ̂i = μ∗
ti , i = 0, . . .K.

Note that, from (5.19), for each i,

(5.35)

∫ ti+1

ti

∫
Rd

‖∇yU(ξ∗(s), y)‖2μ̂i(dy)ds
.
= Ci < ∞.

Recall the space Pdis defined in Section 4.3. Then, as in (4.26), for each i, there
is a μ̂i,d ∈ Pdis such that

(5.36)

∫ ti+1

ti

∣∣∣∣
∫
Rd

b(ξ∗(s), y)μ̂i,d(dy)−
∫
Rd

b(ξ∗(s), y)μ̂i(dy)

∣∣∣∣ ds ≤ δ,
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(5.37)∥∥∥∥
∫ ti+1

ti

∫
Rd

‖∇yU(ξ∗(s), y)‖2μ̂i,d(dy) ds−
∫ ti+1

ti

∫
Rd

‖∇yU(ξ∗(s), y)‖2μ̂i(dy) ds

∥∥∥∥
≤ δ,

and

(5.38) dbl(μ̂i,d, μ̂i) ≤ δ.

Define

μt,d
.
= μ̂i,d, t ∈ (ti, ti+1], i = 0, 1, . . .K,

and μ0,d
.
= μt0,d. Then, from (5.36), for t ∈ [0, T ],

ξ∗(t) = x0 +

∫ t

0

∫
Rd

b(ξ∗(s), y)μ∗
s(dy)ds+

∫ t

0

α(ξ∗(s))v∗(s)ds

= x0 +

∫ t

0

∫
Rd

b(ξ∗(s), y)μs,d(dy)ds+

∫ t

0

α(ξ∗(s))v∗(s)ds+R1(t),

where ‖R1‖∞ ≤ Kδ. Let ξ∗d be the unique solution of

ξ∗d(t) = x0 +

∫ t

0

∫
Rd

b(ξ∗d(s), y)μs,d(dy)ds+

∫ t

0

α(ξ∗d(s))v
∗(s)ds.

Then, from the Lipschitz property of b,

(5.39) ‖ξ∗d − ξ∗‖∞ ≤ Kδ exp{LbT + LαT
1/2‖v∗‖2} .

= κ11δ.

Also, from (5.35), (5.37), and the lower bound in Assumption 2.5(2)(c)

∫ T

0

∫
Rd

‖y‖2μs,d(dy) ds ≤ (L1
low)

−1(
K∑
i=0

(Ci + 1) + TL2
low)

.
= κ12.

From the last two estimates and (5.26)∣∣∣∣∣12
∫ T

0

(∫
Rd

‖∇yU(ξ∗d(s), y)‖2μs,d(dy)

)
ds

−1

2

∫ T

0

(∫
Rd

‖∇yU(ξ∗(s), y)‖2μs,d(dy)

)
ds

∣∣∣∣∣ ≤ κ13δ,

where

κ13
.
= C(U)κ11(T (1 + ‖ξ∗‖∞ + κ11) + κ12).

Now let f ∈ BL1(R
d × [0, T ]). Then, from (5.38), for k = 0, 1, . . .K,∣∣∣∣

∫
Rd

(∫ tk+1

tk

f(s, y)ds

)
μ̂k,d −

∫
Rd

(∫ tk+1

tk

f(s, y)ds

)
μ̂k

∣∣∣∣ ≤ (tk+1 − tk)δ.

This shows that, with μd(dy ds)
.
= μs,d(dy) ds,

(5.40) dbl(μd, μ
∗) ≤ δT.
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Now choose δ ∈ (0, 1) such that δ(‖F‖Lip(κ11+T )+κ13+T ) ≤ δ0/10. Then, using
the Lipschitz property of F , and (5.39), (5.40) and (5.37) it follows that

1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗d(s), y)‖2μs,d(dy)

)
+ ‖v∗(s)‖2

]
ds+ F (ξ∗d , μd)

≤ F (ξ∗, μ∗) +
1

2

∫ T

0

[(∫
Rd

‖∇yU(ξ∗(s), y)‖2μ∗
s(dy)

)
+ ‖v∗(s)‖2

]
ds+ δ0/10

≤ F (ξ̃, ν̃) + I2(ξ̃, ν̃) + 22δ0/40,

where the last line is from the last display in Section 5.2.2.

Proof of Lemma 5.5. Lemma 5.5 now follows on combining the above display with
(5.17) and setting ξ∗

.
= ξ∗d , v

∗ .
= v∗, ν∗i

.
= μi,d, and ν∗ = μd. �

5.3. Construction of controlled process. We will now use the trajectory ξ∗,
control v∗ and measures ν∗i given by Lemma 5.5 to construct suitable controls
for the pre-limit stochastic system in (5.4). See Figure 1 and Table 2 for a brief
description of this construction.

Recall that 0 = t0 < t1 < · · · tK+1 = T is the partition over which ν̂s and v∗(s)
are piecewise constant. Also recall the facts that ν∗i = νti , i = 0, . . .K and that
ν∗i ∈ P(Rd) has finite support for every i. Let this discrete measure be represented
as

ν∗i =

m(i)∑
l=1

pi,lδyi,l
,

where pi,l > 0 for every i, l and yi,l ∈ R
d.

Let {Δε}ε>0 be a collection of positive reals such that Δε → 0 and Δ2
ε/ε → ∞,

as ε → 0. Without loss of generality, 1 > Δε >
√
ε > ε. Let N i

ε = �(ti+1 − ti)/Δε�
and define a partition of [ti, ti+1], i = 0, 1, . . .K as

ti
.
= si,0 ≤ si,1 ≤ · · · ≤ si,(Ni

ε+1)
.
= ti+1,

where

si,j
.
=

{
ti + jΔε, j = 0, 1, . . . , N i

ε

ti+1, j = N i
ε + 1

, i = 0, 1, . . .K.

Also define, for i = 0, 1, . . .K,

Δi,j
ε

.
=

{
Δε, j = 0, 1, . . . , N i

ε − 1

ti+1 −N i
εΔε, j = N i

ε

.

For y, y′ ∈ R
d, let

(5.41) �∗(y, y′, t)
.
= y′ − y, 0 ≤ t ≤ 1,

and define, for i = 0, 1, . . .K, j = 0, 1, . . . N i
ε − 1,

�ε(y, y′, t)
.
=

1

Δε
�∗(y, y′,

t

εΔε
), 0 ≤ t ≤ εΔε.

Define Pil for i = 0, 1, . . .K, l = 0, 1, . . . ,m(i), as

Pi,0
.
= 0, Pi,l

.
= Pi,(l−1) + pi,l, l = 1, . . . ,m(i).

Denote, associated with the interval [ti, ti+1] and its subinterval [sij , si,j+1], for
l = 0, 1, . . . ,m(i),

σi,j,l
.
= si,j + Pi,lΔ

i,j
ε .
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Figure 1. Construction of the successive partitions: First into
intervals of the type [ti, ti+1]; then into subintervals of the type
[si,j , si,j+1]; finally into [σi,j,l, σi,j,l+1]

Occasionally we will write σi,j,l, si,j , Pi,l, pi,l, yi,l as σijl, sij , Pil, pil, yil respectively,
for brevity. Without loss of generality we assume that ε is sufficiently small so that
for some p ∈ (0,∞), pil − ε ≥ p for all i, l.

The state equations for the controlled processes are
(5.42)

dX̄ε(t) = b(X̄ε(t), Ȳ ε(t))dt+s(ε)ε1/2α(X̄ε(t))dW (t)+α(X̄ε(t))v∗(t)dt, X̄ε(0)=x0,

dȲ ε(t) = −1

ε
[∇yU(X̄ε(t), Ȳ ε(t))− uε(t)]dt+

s(ε)

ε1/2
dB(t), Ȳ ε(0) = y0,

where v∗ is as in Lemma 5.5 and uε is given in state feedback form as follows. For
i = 0, 1, . . .K, j = 0, 1, . . . N i

ε − 1, l = 0, 1, . . . ,m(i)− 1,
(5.43)

uε(t)
.
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∇yU(X̄ε(t), Ȳ ε(t)) + �ε(Ȳ ε(σijl)), yi,l+1, t− σijl),

if t ∈ (σijl, σijl + εΔε],

∇yU(X̄ε(t), Ȳ ε(t))−∇yU(X̄ε(σijl), Ȳ
ε(t)) +∇yU(X̄ε(σijl), yi,l+1),

if t ∈ (σijl + εΔε, σij(l+1)],

∇yU(X̄ε(t), Ȳ ε(t)) + Ȳ ε(t), if t ∈ (si,Ni
ε
, ti+1].

From the Lipschitz property of ∇yU and α we see that (5.42) has a unique solution
and the feedback control uε in (5.43) is well defined.

We will show that this controlled process X̄ε and the corresponding Λ̄ε defined by
(5.5) converge suitably to the near optimal (ξ∗, ν∗) in Lemma 5.5 and the associated
costs converge appropriately as well. In preparation for this result we first prove a
stabilization lemma analogous to Lemma 4.5 used in the proof of Theorem 2.2. We
suppress some details in the proof that are similar to those in Lemma 4.5.
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Table 2. Construction of the control process uε on the interval
[sij , si,j+1], j = 0, 1, . . . , N i

ε−1, i = 0, 1, . . . ,K. Second column de-
notes the approximate states/transitions for Ȳ ε under the selection
of the controls, uε.

Time interval State of Ȳ ε Control Process uε(s)

[σij0, σij0 + εΔε] Ȳ ε(sij) → yi,1 ∇yU(X̄ε(s), Ȳ ε(s))
+�ε(Ȳ ε(σij0), yi,1, t− σij0)

(σij0 + εΔε, σij1] yi,1 ∇yU(X̄ε(s), Ȳ ε(s))
−∇yU(X̄ε(σij0), Ȳ

ε(s))
+∇yU(X̄ε(σij0), yi,1)

(σij1, σij1 + εΔε] yi,1 → yi,2 ∇yU(X̄ε(s), Ȳ ε(s))
+�ε(Ȳ ε(σij1), yi,2, t− σij1)

. . . . . . . . .

(σi,j,m(i)−1 + εΔε, si,j+1] yi,m(i) ∇yU(X̄ε(s), Ȳ ε(s))
−∇yU(X̄ε(σi,j,m(i)−1), Ȳ

ε(s))
+∇yU(X̄ε(σi,j,m(i)−1), yi,m(i))

5.3.1. A stabilization lemma. Recall, for x ∈ R
m, z ∈ R

d the function Vx,z : Rd →
R

d as introduced in Assumption 2.5(2)(d). For R < ∞, let

(5.44) AR
.
= {(x, y) ∈ R

m × R
d : ‖x‖2 + ‖y‖2 ≤ R}.

Lemma 5.6. There exists κ1 ∈ (1,∞) such that for every z ∈ R
d, and a collection

{(xε, yε)}ε∈(0,1) in R
m+d, with Ỹ (s) ≡ Y ε(s, z, xε, yε) given as the solution of

dỸ (t) = −1

ε
Vxε,z(Ỹ (t))dt+

s(ε)√
ε
dB(t), Ỹ (0) = yε,

we have, for all ε ∈ (0, 1),

(i)

sup
0≤t≤Δε

E‖Y ε(t, z, xε, yε)‖2 < κ1(1 + ‖xε‖2 + ‖yε‖2 + ‖z‖2).

(ii) For every a ∈ (0, 1), z ∈ R
d, and R < ∞, as ε → 0,

(5.45) sup
t∈[a,1]

sup
(x̄,ȳ)∈AR

E

[
dbl

(
1

tΔε

∫ tΔε

0

δY ε(s,z,x̄,ȳ)ds, δ0

)]
→ 0.

Proof. Let

Vxε,z(y) = U(xε, y + z)− y · ∇yU(xε, z), y ∈ R
d.

Applying Itô’s formula

Vxε,z(Ỹ (t)) = Vxε,z(y
ε)− 1

ε

∫ t

0

∇Vxε,z(Ỹ (s)) · Vxε,z(Ỹ (s))ds

+
s(ε)√

ε

∫ t

0

∇Vxε,z(Ỹ (s)) · dB(s) +
s2(ε)

2ε

∫ t

0

ΔVxε,z(Ỹ (s))ds.

(5.46)
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Let τm = inf{t : ‖Ỹ (t)‖ ≥ m}. Then,

E

∫ t∧τm

0

∇Vxε,z(Ỹ (s)) · Vxε,z(Ỹ (s))ds = ε(Vxε,z(y
ε)− EVxε,z(Ỹ (t ∧ τm)))

+
s2(ε)

2
E

∫ t∧τm

0

ΔVxε,z(Ỹ (s))ds.

(5.47)

Using the assumption on U (Assumption 2.5(2)(b),(2)(c)), we can find c1, c2, c3 ∈
(0,∞) such that for all x ∈ R

m and y, z ∈ R
d

(5.48) c2‖y‖2 − c3(1 + ‖x‖2 + ‖z‖2) ≤ Vx,z(y) ≤ c1(1 + ‖x‖2 + ‖y‖2 + ‖z‖2)
and

c2‖y‖2 − c3(1 + ‖x‖2 + ‖z‖2) ≤ ‖∇Vx,z(y)‖2 .
Using these observations, together with ∇Vxε,z · Vxε,z = ‖∇Vxε,z‖2, in (5.47), for
0 ≤ t ≤ Δε

E

∫ t∧τm

0

(
c2‖Ỹ (s)‖2 − c3(1 + ‖xε‖2 + ‖z‖2)

)
ds

≤ E

∫ t∧τm

0

∇Vxε,z(Ỹ (s)) · Vxε,z(Ỹ (s))ds

≤ εc1(1 + ‖xε‖2 + ‖yε‖2 + ‖z‖2)− ε
(
c2E‖Ỹ (t ∧ τm))‖2 − c3(1 + ‖xε‖2 + ‖z‖2)

)
+ c4s

2(ε)Δε,

where c4
.
= supx,y

1
2‖HyU(x, y)‖. Thus, sending m → ∞, for some c5 ∈ (0,∞),

(5.49) E

∫ Δε

0

‖Ỹ (s)‖2ds ≤ c5
(
(1 + ‖xε‖2 + ‖z‖2)Δε + ‖yε‖2ε

)
.

Also, from (5.46) and (5.48) we see that

c2E‖Ỹ (t)‖2 − c3(1 + ‖xε‖2 + ‖z‖2)
≤ EVxε,z(Ỹ (t)) ≤ c1(1 + ‖xε‖2 + ‖yε‖2 + ‖z‖2)

− 1

ε
E

∫ t

0

(
c2‖Ỹ (s)‖2 − c3(1 + ‖xε‖2 + ‖z‖2)

)
ds+

c4s
2(ε)

ε
t.

This, using an argument similar to that below (4.21), shows that for some c6 ∈
(0,∞), for all t ≤ Δε,

E‖Ỹ (t)‖2 ≤ c6(1 + ‖xε‖2 + ‖yε‖2 + ‖z‖2).
The first part in the lemma now follows on taking κ1 = c6.

In order to prove the second statement we argue via contradiction. Fix an
a ∈ (0, 1) and an R < ∞. Suppose that the convergence in (5.45) fails to hold.
Then there are a γ > 0, a sequence εn → 0, tn ∈ [a, 1] and (xn, yn) ∈ AR such that
for every n ≥ 1

(5.50) E

[
dbl

(
1

tnΔεn

∫ tnΔεn

0

δY εn (s,z,xn,yn)ds, δ0

)]
> γ.

Introduce random probability measures Q̃n on R
d as

Q̃n(A)
.
=

1

tnΔεn

∫ tnΔεn

0

1A(Y
εn(s, z, xn, yn))ds, A ∈ B(Rd).
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Using (5.49) and our assumption on {(xn, yn)} we see that Q̃n is tight. Suppose

that it converges in distribution along a subsequence to Q̃ along which we also have
that xn → x for some x ∈ R

m. Then, using the Lipschitz property of ∇yU , we
have, for all η : Rd → R that are in C2

b ,∫
Rd

|Vxn,z(y) · ∇η(y)− Vx,z(y) · ∇η(y)| Q̃n(dy) → 0.

Now, using (5.49) and the property Δ(ε)2/ε → ∞, along the lines of the proof of
Lemma 4.5 (see equation (4.24) therein), for all η as above,

∫
Rd

Vx,z(y) · ∇η(y)Q̃(dy) = 0, a.s.

From Assumption 2.5(2)(d) we now have by similar arguments as at the end of

Lemma 4.5 that Q̃ must be δ0 which contradicts (5.50). This completes the proof
of the second statement in the lemma. �

5.3.2. Some preliminary estimates. In this subsection we collect some estimates
that will be used to show the convergence of X̄ε and the associated costs to appro-
priate limits. We begin with Lemma 5.7 which gives a key moment bound.

Lemma 5.7. Let M1
.
= sup0≤t≤T supε∈(0,1) E(‖Ȳ ε(t)‖2 + ‖X̄ε(t)‖2). Then, M1 <

∞.

Proof. By a straightforward conditioning argument and a recursion, it suffices to
prove the result with T replaced with t1. Henceforth, to reduce notation, we will
denote, p0,l = pl, P0,l = Pl y0,l = yl, Δ0,j

ε = Δj
ε, s0,j = sj , σ0,j,l = σj,l for

j = 0, . . . , N0
ε and l = 1, . . . ,m(0). Also we write m = m(0) and N0

ε = Nε.
Consider an interval of the form [σj,l, σj,l+1], j = 0, . . . , Nε − 1 and denote as

X̄ε(σj,l) = xε. Then, with c0
.
= 12

(5.51) E sup
σj,l≤t≤σj,l+εΔj

ε

‖Ȳ ε(t)‖2 ≤ c0(E‖Ȳ ε(σj,l)‖2 + ‖yl+1‖2 + s2(ε)Δε),

and

(5.52) E‖Ȳ ε(σj,l + εΔj
ε)‖2 ≤ ‖yl+1‖2 + s2(ε)Δε.

Consider now the interval [σj,l+εΔj
ε, σj,l+1]. Define Z̄ε(s) = Ȳ ε(s+σj,l+εΔj

ε)−yl+1

for s ∈ [0, σj,l+1 − (σj,l + εΔj
ε)]. Then {Z̄ε(s); s ∈ [0, σj,l+1 − (σj,l + εΔj

ε)]}, solves

dZ̄ε(t) = −1

ε
Vxε,yl+1

(Z̄ε(t))dt+
s(ε)

ε1/2
d[B(t+ σj,l + εΔj

ε)−B(σj,l + εΔj
ε)],

Z̄ε(0) = Ȳ ε(σj,l + εΔj
ε)− yl+1,

and conditioned on Fσj,l+εΔj
ε
, has the same law as {Y ε(s, yl+1, x

ε, yε); s ∈ [0, (pl+1−
ε)Δε]}, with yε = Ȳ ε(σj,l + εΔj

ε)− yl+1, where Y ε(s, z, xε, yε) is as in Lemma 5.6.
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Thus, with κ1 as in Lemma 5.6, and j = 0, . . . , Nε − 1

sup
σj,l+εΔj

ε≤t≤σj,l+1

sup
ε∈(0,1)

E‖Ȳ ε(t)‖2
(5.53)

≤ 2‖yl+1‖2 + 2 sup
σj,l+εΔj

ε≤t≤σj,l+1

sup
ε∈(0,1)

E‖Ȳ ε(t)− yl+1‖2

≤ 2‖yl+1‖2 + 2 sup
0≤t≤(pl+1−ε)Δj

ε

sup
ε∈(0,1)

E‖Z̄ε(t)‖2

≤ 2‖yl+1‖2+2κ1 sup
ε∈(0,1)

E(1 + ‖X̄ε(σj,l)‖2+‖Ȳ ε(σj,l+εΔj
ε)−yl+1‖2+‖yl+1‖2)

≤ 2‖yl+1‖2 + 4κ1 sup
ε∈(0,1)

E(1 + ‖X̄ε(σj,l)‖2 + ‖Ȳ ε(σj,l + εΔj
ε)‖2 + ‖yl+1‖2)

≤ 2‖yl+1‖2 + 8κ1 sup
ε∈(0,1)

E(1 + ‖X̄ε(σj,l)‖2 + ‖yl+1‖2)

≤ 10κ1 sup
ε∈(0,1)

E(1 + ‖X̄ε(σj,l)‖2 + ‖yl+1‖2),

where the third inequality is from Lemma 5.6 and second to last inequality is from
(5.52). Next, for t ∈ [σj,l, σj,l+1],

X̄ε(t) = X̄ε(σj,l) +

∫ t

σj,l

b(X̄ε(s), Ȳ ε(s))ds+ s(ε)ε1/2
∫ t

σj,l

α(X̄ε(s))dW (s)

+

∫ t

σj,l

α(X̄ε(s))v∗ds.

Thus

‖X̄ε(t)‖2 = ‖X̄ε(σj,l)‖2 + 2

∫ t

σj,l

X̄ε(s) · b(X̄ε(s), Ȳ ε(s))ds

+ 2s(ε)ε1/2
∫ t

σj,l

X̄ε(s)α(X̄ε(s))dW (s)

+ 2

∫ t

σj,l

X̄ε(s) · α(X̄ε(s))v∗ds+ s2(ε)ε

∫ t

σj,l

tr[(αTα)(X̄ε(s))]ds.

For some c1, c2 ∈ (1,∞), depending only on b, α, v∗ and {yil}, for all t ∈ [σj,l, σj,l+1],
j = 0, . . . , Nε − 1, l ≥ 1,

sup
σj,l≤s≤t

E‖X̄ε(s)‖2

≤ E‖X̄ε(σj,l)‖2 + c1

∫ t

σj,l

sup
σj,l≤u≤s

E(1 + ‖X̄ε(u)‖2 + ‖Ȳ ε(u)‖2)ds

≤ E‖X̄ε(σj,l)‖2 + c2(1 + E‖X̄ε(σj,l)‖2 + E‖X̄ε(σj,l−1)‖2)Δε

+ c2

∫ t

σj,l

sup
σj,l≤u≤s

E‖X̄ε(u)‖2ds,

(5.54)
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where the last line is from (5.51) and (5.53). The last estimate also holds for l = 0
and j > 0 by replacing Xε(σj,l−1) with Xε(σj−1,m). By Grönwall lemma, for l ≥ 1,

sup
σj,l≤s≤σj,l+1

E‖X̄ε(s)‖2

≤ ec2Δε(E‖X̄ε(σj,l)‖2 + c2(1 + E‖X̄ε(σj,l)‖2 + E‖X̄ε(σj,l−1)‖2)Δε).
(5.55)

Letting al = E‖X̄ε(σj,l)‖2, for l ≥ 1,

al+1 ≤ ec2Δεal + c2(1 + al + al−1)Δεe
c2Δε ,

and so

al+1 + c2alΔε ≤ ec2Δεal + c2(1 + al + al−1)Δεe
c2Δε + c2alΔε

≤ (al + c2al−1Δε)e
3c2Δε + c2Δεe

c2Δε .

Thus, with j ≥ 0 and l ≥ 1 or j ≥ 1 and l ≥ 0,

(E‖X̄ε(σj,l+1)‖2 + c2ΔεE‖X̄ε(σj,l)‖2)
≤ e3c2Δε(E‖X̄ε(σj,l)‖2 + c2ΔεE‖X̄ε(σj,l−1)‖2) + c2Δεe

c2Δε ,
(5.56)

where, as before, Xε(σj,l−1) is replaced with Xε(σj−1,m) when l = 0 and j ≥ 1. A
similar calculation shows that, for some κ ∈ (0,∞) depending only on b, α, v∗ and
{yi,l}

E‖X̄ε(σ0,1)‖2 ≤ κ(1 + ‖x0‖2 + ‖y0‖2).
Combining this with (5.51) and(5.53), and a recursion based on (5.56), it follows
that, for some c3 ∈ (0,∞) and all ε

sup
0≤t≤Δε

E‖Ȳ ε(t)‖2 ≤ c3(‖y0‖2 + ‖x0‖2 + 1).

Using this estimate in the first line of (5.54) and Grönwall lemma, we have that for
some c4 < ∞, for all ε,

sup
0≤t≤Δε

E‖X̄ε(t)‖2 ≤ c4(‖y0‖2 + ‖x0‖2 + 1).

Using the above estimate in the recursion in (5.56) and recalling that NεΔε ≤ t1 ≤
T , we see that, for some c5 < ∞, and all ε

max
0≤j≤Nε−1,1≤l≤m

E‖X̄ε(σj,l)‖2 ≤ c5(‖y0‖2 + ‖x0‖2 + 1).

Applying the above inequality in (5.55) we now see that, for some c6 < ∞ and all ε

(5.57) sup
0≤t≤sNε

E‖X̄ε(t)‖2 ≤ c6(‖y0‖2 + ‖x0‖2 + 1).

This together with (5.51) and (5.53) shows that, for some c7 < ∞, and all ε

sup
0≤t≤sNε

E‖Ȳ ε(t)‖2 ≤ c7(‖y0‖2 + ‖x0‖2 + 1).

Next, by our choice of the control, note that for any t ∈ [s0,Nε
, t1]

Ȳ ε(t) = Ȳ ε(s0,Nε
)− 1

ε

∫ t

s0,Nε

Ȳ ε(u)du+
s(ε)

ε1/2
(B(t)−B(s0,Nε

)).
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Applying Itô’s formula with the function f(y) = ‖y‖2 and using an argument
similar to that below (4.21) we now see that, for some c8, c9 ∈ (0,∞) and all ε and
t ∈ [s0,Nε

, t1]

E‖Ȳ ε(t)‖2 ≤ c8(E‖Ȳ ε(s0,Nε
)‖2 + 1) ≤ c9(‖y0‖2 + ‖x0‖2 + 1).

Using this bound together with (5.57) and (5.42), and the linear growth property of
b, we now see by a straightforward application of Grönwall’s lemma that, for some
c10 ∈ (0,∞) and all ε and t ∈ [s0,Nε

, t1],

E‖X̄ε(t)‖2 ≤ c10(‖y0‖2 + ‖x0‖2 + 1).

The result follows. �

Lemma 5.8 is analogous to Lemma 4.7 and uses the properties of the control �∗

in (5.41).

Lemma 5.8. For i = 0, 1, . . .K, j = 0, 1, . . . N i
ε−1, l = 0, 1, . . . ,m(i)−1, Ȳ ε(σijl+

εΔε) → yi,l+1 in L2(P ).

Proof. For t ∈ [σijl, σijl + εΔij
ε ],

Ȳ ε(t) = Ȳ ε(σijl) +
1

ε

∫ t

σijl

�ε(Ȳ ε(σijl), yi,l+1, s− σijl)ds+
s(ε)

ε1/2
[B(t)−B(σijl)].

Thus

Ȳ ε(σijl + εΔε)

= Ȳ ε(σijl) +
1

εΔε
[yi,l+1 − Ȳ ε(σijl)]εΔε +

s(ε)

ε1/2
[B(σijl + εΔε)−B(σijl)]

= yi,l+1 +
s(ε)

ε1/2
[B(σijl + εΔε)−B(σijl)] → yi,l+1,

in L2(P ) as ε → 0. �

Let

(5.58) I .
= {(i, j, l) : i = 0, 1, . . .K, j = 0, 1, . . . N i

ε − 1, l = 0, 1, . . . ,m(i)− 1}.

Lemma 5.9 is analogous to Lemma 4.8 and uses the stabilization lemma from Section
5.3.1.

Lemma 5.9. As ε → 0,

sup
(i,j,l)∈I

Edbl

(
1

(pi,l+1 − ε)Δε

∫ σi,j,l+1

σijl+εΔε

δȲ ε(s)ds, δyi,l+1

)
→ 0

and

sup
(i,j,l)∈I

Edbl

(
1

pi,l+1Δε

∫ σi,j,l+1

σijl

δȲ ε(s)ds, δyi,l+1

)
→ 0.
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Proof. Recall the set AR defined in (5.44) for R > 0. As in (4.34) we see that, for
R ∈ (0,∞),

Edbl

(
1

(pi,l+1 − ε)Δε

∫ σi,j,l+1

σijl+εΔε

δȲ ε(s)ds, δyi,l+1

)

= Edbl

(
1

(pi,l+1 − ε)Δε

∫ σi,j,l+1

σijl+εΔε

δȲ ε(s)−yi,l+1
ds, δ0

)

= Edbl

(
1

(pi,l+1 − ε)Δε

∫ σi,j,l+1−(σijl+εΔε)

0

δZ̄ε(s)ds, δ0

)

≤ sup
(x̄,ȳ)∈AR

E

[
dbl

(
1

(pi,l+1 − ε)Δε

∫ (pi,l+1−ε)Δε

0

δY ε(s,yi,l+1,x̄,ȳ)ds, δ0

)]

× P{(X̄ε(σijl), Ȳ
ε(σijl + εΔε − yi,l+1)) ∈ AR}

+
2

R
sup

0≤t≤T
E(‖X̄ε(t)‖2 + ‖Ȳ ε(t)‖2 +max

i,l
‖yil‖2),

where, as in Lemma 5.7, Z̄ε(s)
.
= Ȳ ε(s+ σijl + εΔε)− yi,l+1 and Y ε(s, yi,l+1, x̄, ȳ)

is as in Lemma 5.6, and the last line follows on noting that σij,l+1 − σijl + εΔε =
(pi,l+1 − ε)Δε and that conditioned on Fσi,j,l+εΔε

, {Z̄ε(s); s ∈ [0, σi,j,l+1 − (σi,j,l +
εΔε)]} has the same law as {Y ε(s, yi,l+1, x

ε, yε); s ∈ [0, (pi,l+1 − ε)Δε]}, with yε =
Ȳ ε(σi,j,l + εΔε)− yi,l+1, x

ε = X̄ε(σi,j,l).
The first statement in the lemma now follows on applying Lemma 5.6 and Lemma

5.7 by sending ε → 0 and then R → ∞. The second statement is immediate from
the first. �

Corollary 5.10. For i = 0, 1, . . .K

lim sup
ε→0

max
j=0,1,...Ni

ε−1
Edbl

(
1

Δε

∫ si,j+1

sij

δȲ ε(s)ds, ν
∗
i

)
→ 0.

Proof. Fix i = 0, 1, . . .K. Then, for all j = 0, . . . , N i
ε − 1,

Edbl

(
1

Δε

∫ si,j+1

sij

δȲ ε(s)ds, ν
∗
i

)

= Edbl

⎛
⎝m(i)−1∑

l=0

pi,l+1
1

Δεpi,l+1

∫ σi,j,l+1

σijl

δȲ ε(s)ds,

m(i)−1∑
l=0

pi,l+1δyi,l+1

⎞
⎠

≤
m(i)−1∑
l=0

pi,l+1Edbl

(
1

Δεpi,l+1

∫ σi,j,l+1

σijl

δȲ ε(s)ds, δyi,l+1

)

≤ sup
(i,j,l)∈I

Edbl

(
1

Δεpi,l+1

∫ σi,j,l+1

σijl

δȲ ε(s)ds, δyi,l+1

)
.

The result now follows from Lemma 5.9 on sending ε → 0. �

In order to prove the convergence of X̄ε to ξ∗, we now introduce an approxima-
tion to X̄ε. Fix Lε > 0 such that, as ε → 0, Lε → 0 and Lε/Δε → ∞. Define for
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t ∈ [0, T ],

X̂ε(t) = x0 +

∫ t

0

1

Lε

∫ s

(s−Lε)

b(X̂ε(s), Ȳ ε(r))drds+ s(ε)ε1/2
∫ t

0

α(X̂ε(s))dW (s)

+

∫ t

0

α(X̂ε(s))v∗(s)ds,

where we take Ȳ ε(r)
.
= y0 for r ≤ 0. Unique solvability of the above equation

follows from the Lipschitz property of b and α. Lemma 5.11 shows that X̂ε is close
to X̄ε for small ε.

Lemma 5.11. As ε → 0, E‖X̂ε − X̄ε‖2∞ → 0.

Proof. We begin by noting that∫ t

0

1

Lε

∫ s

(s−Lε)

b(X̂ε(s), Ȳ ε(r))drds =

∫ t

0

1

Lε

∫ (r+Lε)∧t

r

b(X̂ε(s), Ȳ ε(r))dsdr

+

∫ 0

−Lε

1

Lε

∫ r+Lε

0

b(X̂ε(s), Ȳ ε(r))dsdr.

Next note that∫ t

0

b(X̄ε(r), Ȳ ε(r))dr =

∫ t

0

1

Lε

∫ (r+Lε)∧t

r

b(X̄ε(r), Ȳ ε(r))dsdr +Rε
1(t)

=

∫ t

0

1

Lε

∫ (r+Lε)∧t

r

b(X̄ε(s), Ȳ ε(r))dsdr

+

∫ 0

−Lε

1

Lε

∫ r+Lε

0

b(X̄ε(s), Ȳ ε(r))dsdr

+Rε
2(t) +Rε

3(t) +Rε
1(t),

where

Rε
1(t)

.
=

∫ t

t−Lε

1

Lε

∫ r+Lε

t

b(X̄ε(r), Ȳ ε(r))dsdr,

Rε
2(t)

.
=

∫ t

0

1

Lε

∫ (r+Lε)∧t

r

(b(X̄ε(r), Ȳ ε(r))− b(X̄ε(s), Ȳ ε(r)))dsdr,

Rε
3(t)

.
= −

∫ 0

−Lε

1

Lε

∫ r+Lε

0

b(X̄ε(s), Ȳ ε(r))dsdr.

Thus, using the Lipschitz property of b

‖X̂ε(t)− X̄ε(t)‖

≤ Lb

∫ t

−Lε

1

Lε

∫ (r+Lε)∧t

r∨0

‖X̂ε(s)− X̄ε(s)‖dsdr +Dε + Cε(t) +

3∑
i=1

‖Rε
i (t)‖,

where

Dε = s(ε)
√
ε sup
0≤t≤T

‖
∫ t

0

α(X̂ε(s))dW (s)−
∫ t

0

α(X̄ε(s))dW (s)‖

and

Cε(t) = ‖
∫ t

0

(α(X̂ε(s))− α(X̄ε(s)))v∗(s)ds‖.



54 A. BUDHIRAJA AND P. ZOUBOULOGLOU

We now consider the remainder terms. Note that for some c1 ∈ (0,∞) depending
only on the coefficient b

‖Rε
1(t)‖ ≤

∫ t

t−Lε

‖b(X̄ε(r), Ȳ ε(r))‖dr

≤ c1L
1/2
ε

[∫ T

0

(1 + ‖X̄ε(s)‖2 + ‖Ȳ ε(s)‖2)ds
]1/2

.
= R̃ε

1.

Next, there is a c2 ∈ (0,∞) depending only on b, α, v∗ and T , such that for λ < ∞,
0 ≤ u ≤ s ≤ T with |u− s| ≤ λ

‖X̄ε(s)−X̄ε(u)‖ ≤ c2λ
1/2+s(ε)ε1/2�+c2λ

1/2

[∫ T

0

(1+‖X̄ε(s)‖2+‖Ȳ ε(s)‖2)ds
]1/2

.
= Tε(λ),

(5.59)

where �
.
= 2 sup0≤u≤T ‖

∫ u

0
α(X̄ε(τ ))dW (τ )‖. Note that

‖Rε
2(t)‖ ≤ TLbTε(Lε)

.
= R̃ε

2.

Also, from linear growth of b,

‖Rε
3(t)‖ ≤ c1

∫ 0

−Lε

1

Lε

∫ (r+Lε)

0

(1 + ‖X̄ε(s)‖+ ‖y0‖)dsdr

≤ c1(1 + ‖y0‖)Lε + c1L
1/2
ε

[∫ T

0

(1 + ‖X̄ε(s)‖2)ds
]1/2

.
= R̃ε

3.

Finally,

Cε(t) ≤ Lα

∫ t

0

sup
0≤u≤s

‖X̂ε(u)− X̄ε(u))‖‖v∗(s)‖ds.

Thus

sup
0≤u≤t

‖X̂ε(u)− X̄ε(u)‖

≤
∫ t

0

sup
0≤u≤s

‖X̂ε(u)− X̄ε(u))‖(Lb + Lα‖v∗(s)‖)ds+Dε +

3∑
i=1

R̃ε
i .

The result now follows on taking squared expectations and applying Grönwall
lemma together with Lemma 5.7. �

5.3.3. Convergence of controlled process and costs. Let Λ̄ε be defined by (5.5) with
Ȳ ε given by (5.42). In this section we show the convergence of the controlled process

(X̄ε, Λ̄ε) and estimate the cost E 1
2

∫ T

0
‖uε(t)‖2dt from above as ε → 0.

Lemma 5.12. As ε → 0, (X̄ε, Λ̄ε) → (ξ∗, ν∗) in probability in X × M1, where
(ξ∗, ν∗) is as given by Lemma 5.5.

Proof. By Lemma 5.7 and a calculation similar to (5.59) we see that X̄ε is tight
in X . The tightness of Λ̄ε is immediate from Lemma 5.7 once more. Suppose that
(X̄ε, Λ̄ε) converges in distribution along a subsequence to (X∗,Λ∗). Then from
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Lemma 5.11, along the same subsequence, X̂ε converges in distribution to X∗ as
well. Define for s ∈ [0, T ], a P(Rd) valued random variable με

s as

με
s(dy) =

1

Lε

∫ s

(s−Lε)

δȲ ε(r)dr,

where Lε is as introduced above Lemma 5.11 and, as before, Ȳ ε(r)
.
= y0 for r ≤ 0.

Then, for t ∈ [0, T ],

X̂ε(t) = x0 +

∫ t

0

∫
Rd

b(X̂ε(s), y)με
s(dy)ds+ s(ε)ε1/2

∫ t

0

α(X̂ε(s))dW (s)

+

∫ t

0

α(X̂ε(s))v∗(s)ds.

Also, from Lemma 5.7,

sup
ε>0

sup
t∈[0,T ]

E

∫
Rd

‖y‖2με
t (dy) = sup

ε>0
sup

t∈[0,T ]

1

Lε

∫ t

(t−Lε)

E‖Ȳ ε(r)‖2dr

≤ sup
ε>0

sup
t∈[0,T ]

E‖Ȳ ε(t)‖2 .
= κ1 < ∞.

(5.60)

We now show that for each i = 0, 1 . . .K, and a compact [θ, β] ∈ (ti, ti+1)

(5.61) sup
s∈[θ,β]

E[dbl(μ
ε
s, ν

∗
i )] → 0, as ε → 0.

Let for s ∈ [θ, β]

jε = min{j : sij ≥ s− Lε}, j̄ε = max{j : sij ≤ s}

and L̄ε = Δε(j̄
ε − jε). Then

με
s =

1

Lε

∫ s

(s−Lε)

δȲ ε(r)dr =
1

Lε

j̄ε−1∑
j=jε

Δε
1

Δε

∫ si,j+1

sij

δȲ ε(r)dr +
Lε − L̄ε

Lε
γε
s

for some P(Rd) valued γε
s . Noting that ν∗i = 1

Lε

∑j̄ε−1
j=jε Δεν

∗
i +

Lε−L̄ε

Lε
ν∗i we see that

dbl(μ
ε
s, ν

∗
i ) ≤

1

Lε

j̄ε−1∑
j=jε

Δεdbl

(
1

Δε

∫ si,j+1

sij

δȲ ε(r)dr, ν
∗
i

)
+

4Δε

Lε
.

It then follows that, for ε sufficiently small,

sup
s∈[θ,β]

Edbl(μ
ε
s, ν

∗
i ) ≤ max

j=0,1,...Ni
ε−1

Edbl

(
1

Δε

∫ si,j+1

sij

δȲ ε(r)dr, ν
∗
i

)
+

4Δε

Lε
.

The statement in (5.61) is now immediate from Corollary 5.10 and recalling that
Lε/Δε → ∞ as ε → 0.

We now argue that X∗ solves for i = 0, 1, . . .K and t ∈ (ti, ti+1],

(5.62) X∗(t) = X∗(ti) +

∫ t

ti

∫
Rd

b(X∗(s), y)ν∗i (dy)ds+ v∗i

∫ t

ti

α(X∗(s))ds.

From the continuity of X∗, it suffices to argue that for all [θ, β] ∈ (ti, ti+1)

(5.63) X∗(β) = X∗(θ) +

∫ β

θ

∫
Rd

b(X∗(s), y)ν∗i (dy)ds+ v∗i

∫ β

θ

α(X∗(s))ds.
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Define P(Rd × [0, T ]) valued random variable νε as νε(dydt)
.
= 1

T μ
ε
t (dy)dt and

with ν∗ as in Lemma 5.5, let ν(dy dt)
.
= 1

T ν
∗(dy dt) = 1

T ν̂t(dy)dt where ν̂t = ν∗i for
t ∈ (ti, ti+1]. Then, from (5.61), as ε → 0,

Edbl(ν
ε, ν) ≤ 1

T

∫ T

0

Edbl(μ
ε
t , ν̂t)dt =

1

T

K∑
i=0

∫ ti+1

ti

Edbl(μ
ε
t , ν

∗
i )dt → 0.(5.64)

By appealing to Skorohod representation theorem we can assume that

(X̂ε(·), s(ε)ε1/2
∫ ·

0

α(X̂ε(s))dW (s), νε) → (X∗(·), 0, ν)

a.s. in C([0, T ] : R2m)× P(Rd × [0, T ]). Using the Lipschitz property of b

∥∥∥∥∥
∫ β

θ

∫
Rd

b(X̂ε(s), y)νε(dyds)−
∫ β

θ

∫
Rd

b(X∗(s), y)νε(dyds)

∥∥∥∥∥
≤ Lb

1

T

∫ β

θ

‖X̂ε(s)−X∗(s)‖ds ≤ (β − θ)

T
sup

t∈[θ,β]

‖X̂ε(t)−X∗(t)‖ → 0.

Next using the fact that νε → ν, the moment bound in (5.60), the continuity and
linear growth of b, and a standard uniform integrability argument, we have

∥∥∥∥∥
∫ β

θ

∫
Rd

b(X∗(s), y)νε(dyds)−
∫ β

θ

∫
Rd

b(X∗(s), y)ν(dyds)

∥∥∥∥∥→ 0.

Note that

(5.65)

X̂ε(β) = X̂ε(θ) + T

∫ β

θ

∫
Rd

b(X̂ε(s), y)νε(dyds) + s(ε)ε1/2
∫ β

θ

α(X̂ε(s))dW (s)

+ v∗i

∫ β

θ

α(X̂ε(s))ds.

Combining the last three convergence statements and taking limit as ε → 0 in
(5.65) we obtain (5.63), which as observed previously proves (5.62). From the
unique solvability of (5.62) and the definition of ξ∗ we have that X∗ = ξ∗ which
proves the convergence X̄ε → ξ∗. Now we argue that Λ∗ = ν∗. In view of (5.64),
it suffices to show that, as ε → 0,

Edbl(Λ̃
ε, Λ̄ε) → 0,(5.66)

where Λ̃ε .
= Tνε(dydt) = με

t (dy)dt. Consider f ∈ BL1(R
d × [0, T ]). Then, using

the properties of f , an argument similar to that used in the proof of Lemma 5.11



LDP FOR SMALL NOISE DIFFUSIONS OVER LONG TIME 57

shows that ∣∣∣∣∣
∫
Rd×[0,T ]

f(s, y)Λ̄ε(dy ds)−
∫
Rd×[0,T ]

f(s, y)Λ̃ε(dy ds)

∣∣∣∣∣
=

∣∣∣∣∣
∫ T

0

f(r, Ȳ ε(r))dr −
∫ T

0

1

Lε

∫ s

s−Lε

f(s, Ȳ ε(r))dr ds

∣∣∣∣∣
≤
∫ T

0

1

Lε

∫ (r+Lε)∧T

r

|f(r, Ȳ ε(r))− f(s, Ȳ ε(r))|ds dr

+

∫ 0

−Lε

1

Lε

∫ (r+Lε)∧T

0

|f(s, Ȳ ε(r))|ds dr + Lε

≤ (2 + T )Lε.

Since Lε → 0 as ε → 0 we have (5.66), which, as discussed previously, shows
Λ∗ = ν∗. This completes the proof of the lemma. �

Lemma 5.13 estimates the cost.

Lemma 5.13. With uε defined as in (5.43) and ξ∗ as in Lemma 5.5

lim sup
ε→0

E
1

2

∫ T

0

‖uε(t)‖2dt ≤ 1

2

∫ T

0

∫
Rd

‖∇yU(ξ∗(s), y)‖2ν̂s(dy)ds.

Proof. Note that

E

∫ T

0

‖uε(t)‖2dt =
K∑
i=0

Ni
ε−1∑
j=0

m(i)−1∑
l=0

E

∫ σij,l+1

σijl

‖uε(t)‖2dt+
K∑
i=0

E

∫ ti+1

si,Ni
ε

‖uε(t)‖2dt.

Recall the notation I from (5.58). Then, for (i, j, l) ∈ I

E

∫ σij,l+1

σijl

‖uε(t)‖2dt = E

∫ σijl+εΔε

σijl

‖uε(t)‖2dt+ E

∫ σij,l+1

σijl+εΔε

‖uε(t)‖2dt.

For t ∈ (σijl, σijl + εΔε), with C(U) as introduced above (5.26),

‖uε(t)‖2 = ‖∇yU(X̄ε(t), Ȳ ε(t)) + �ε(Ȳ ε(σijl), yi,l+1, t− σijl)‖2

≤ 2(C(U) + 2)

(
1 + ‖X̄ε(t)‖2 + ‖Ȳ ε(t)‖2 + 1

Δ2
ε

(‖Ȳ ε(σijl)‖2 + ‖yi,l+1‖2)
)
.

Thus, with c1 = 4(C(U) + 2 +maxi,l ‖yi,l‖2),

E

∫ σijl+εΔε

σijl

‖uε(t)‖2dt ≤ c1
Δ2

ε

εΔε

(
1 + sup

0≤t≤T
E[‖X̄ε(t)‖2 + ‖Ȳ ε(t)‖2]

)
≤ c2ε

Δε
,

where c2 = c1(1+M1) and M1 is as in Lemma 5.7. Consequently, since Δ2
ε/ε → ∞,

as ε → 0, we have

K∑
i=0

Ni
ε−1∑
j=0

m(i)−1∑
l=0

E

∫ σijl+εΔε

σijl

‖uε(t)‖2dt ≤ c3Tε
∑K

i=0 m(i)

Δ2
ε

.
= θ(ε) → 0.

Next consider t ∈ (σijl + εΔε, σij,l+1). Fix ς ∈ (0, 1). Then by Young’s inequality,

‖uε(t)‖2 = ‖∇yU(X̄ε(t), Ȳ ε(t))−∇yU(X̄ε(σijl), Ȳ
ε(t)) +∇yU(X̄ε(σijl), yi,l+1)‖2

≤ (1 + ς)T3(t) +
4

ς
(T1(t) + T2(t)),
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where

T1(t) = ‖∇yU(X̄ε(t), Ȳ ε(t))−∇yU(X̄ε(σijl), Ȳ
ε(t))‖2,

T2(t) = ‖∇yU(X̄ε(σijl), yi,l+1)−∇yU(ξ∗(sij), yi,l+1)‖2,
T3(t) = ‖∇yU(ξ∗(sij), yi,l+1)‖2.

Let

�(ξ∗,Δε)
.
= sup

0≤u≤s≤(u+Δε)∧T

‖ξ∗(s)− ξ∗(u)‖.

Observe that, for (i, j, l) ∈ I,

E

∫ σij,l+1

σijl+εΔε

T3(t)dt = ‖∇yU(ξ∗(sij), yi,l+1)‖2(pi,l+1 − ε)Δε.

Thus, recalling Assumption 2.5(2)(a),

m(i)−1∑
l=0

E

∫ σij,l+1

σijl+εΔε

T3(t)dt

≤ Δε

∫
Rd

‖∇yU(ξ∗(sij), y)‖2ν∗i (dy) =
∫ si,j+1

sij

∫
Rd

‖∇yU(ξ∗(sij), y)‖2ν̂s(dy)ds

≤
∫ si,j+1

sij

∫
Rd

(
(1 + ς)‖∇yU(ξ∗(s), y)‖2 + 2

ς
L2
HU [�(ξ∗,Δε)]

2

)
ν̂s(dy)ds.

Consequently

K∑
i=0

Ni
ε−1∑
j=0

m(i)−1∑
l=0

E

∫ σij,l+1

σijl+εΔij
ε

T3(t)dt

≤ (1 + ς)

∫ T

0

∫
Rd

‖∇yU(ξ∗(s, y))‖2ν̂s(dy)ds+
2T

ς
L2
HU [�(ξ∗,Δε)]

2.

Next note that for t ∈ (σijl + εΔε, σij,l+1), again using Assumption 2.5(2)(a),

T1(t) = ‖∇yU(X̄ε(t), Ȳ ε(t))−∇yU(X̄ε(σijl), Ȳ
ε(t))‖2 ≤ L2

HU [Tε(Δε)]
2,

where Tε(·) is as in (5.59). Furthermore, using Assumption 2.5(2)(e), for some
C ∈ (0,∞),

T2(t) = ‖∇yU(X̄ε(σijl), yi,l+1)−∇yU(ξ∗(sij), yi,l+1)‖2

≤ 2L2
HU

(
sup

0≤t≤T
‖X̄ε(t)− ξ∗(t)‖2 ∧ C + [�(ξ∗,Δε)]

2

)
,

for all t ∈ [0, 1] and ε ∈ (0, 1). Finally, using Lemma 5.7 and linear growth of ∇yU ,

K∑
i=0

E

∫ ti+1

si,Ni
ε

‖uε(t)‖2dt ≤ c3Δε,
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where c3 = 2(K + 1)(C(U) + 1)(M1 + 1). Combining the above estimates

E

∫ T

0

‖uε(t)‖2dt

≤ (1 + ς)2
∫ T

0

∫
Rd

‖∇yU(ξ∗(s, y))‖2ν̂s(dy)ds+ (1 + ς)
2T

ς
L2
HU [�(ξ∗,Δε)]

2

+
4T

ς
L2
HU

(
E[Tε(Δε)]

2 + 2E

(
sup

0≤t≤T
‖X̄ε(t)− ξ∗(t)‖2 ∧ C + [�(ξ∗,Δε)]

2

))
+ c3Δε + θ(ε).

The result follows on using Lemmas 5.7 and 5.12 upon first sending ε → 0 and then
ς → 0. �

5.3.4. Proof of the LDP lower bound. Now we complete the proof of the lower
bound in (5.2). From [4, Corollary 1.10], without loss of generality we can assume
that F is a bounded Lipschitz function.

From the variational formula in Section 3 it follows that

− εs2(ε) logEe
−F (Xε,Λε)

εs2(ε)

= inf
(v1,v2)∈A

E

[
1

2

∫ T

0

(‖v1(s)‖2ds+ ‖v2(s)‖2)ds

+ Gε

(
B +

1√
εs(ε)

∫ ·

0

v1(s)ds,W +
1√
εs(ε)

∫ ·

0

v2(s)ds

)]
,

where Gε is as in Section 5.1 and A is as in Section 3 with p = d+ k. Then, since
(v1, v2) = (uε, v∗) ∈ A, where uε is as constructed in (5.43) and v∗ is as in Lemma
5.5, we have from the above variational formula that, with X̄ε as in (5.42) and Λ̄ε

defined via (5.5) with Ȳ ε as in (5.42),

lim sup
ε→0

−s2(ε)εE

[
exp

{
− 1

s2(ε)ε
F (Xε,Λε)

}]

≤ lim sup
ε→0

E

[
F (X̄ε, Λ̄ε) +

1

2

∫ T

0

‖v∗(t)‖2dt+ 1

2

∫ T

0

‖uε(t)‖2dt
]

≤
[
F (ξ∗, ν∗) +

1

2

∫ T

0

‖v∗(t)‖2dt+ 1

2

∫ T

0

∫
Rd

‖∇yU(ξ∗(s, y))‖2ν̂s(dy)ds
]

≤ inf
(ξ,ν)∈X×M1

[F (ξ, ν) + I2(ξ, ν)] + δ0,

where the third line is from Lemmas 5.12 and 5.13, and the last line follows from
Lemma 5.5(4). The bound in (5.2) now follows on sending δ0 → 0.

5.4. Compactness of level sets of I2. In this section we show that the function
I2 defined in (2.5) is a rate function. For this it suffices to show that for every
M < ∞, the set BM

.
= {(ξ, ν) ∈ X ×M1 : I2(ξ, ν) ≤ M} is a compact subset of

X×M1. Now fix an M ∈ (0,∞) and consider a sequence {ξn, νn} ⊂ BM . It suffices
to argue that the sequence is relatively compact and there is a limit point of this
sequence that belongs to BM . From the definition of I2, there is a vn ∈ U(ξn, νn)



60 A. BUDHIRAJA AND P. ZOUBOULOGLOU

such that
(5.67)

1

2

∫ T

0

‖vn(s)‖2ds+1

2

∫ T

0

∫
Rd

‖∇yU(ξn(s), y)‖2νn(dy ds) ≤ M+
1

n
, for all n ∈ N.

Note that {vn}n∈N ⊂ S2(M+1), where the latter space is defined as in (3.1) (with
p = k) and so {vn}n∈N is trivially relatively compact. Also, from Assumption
2.5(2)(c), we have

M + 1 ≥ 1

2

∫ T

0

∫
Rd

‖∇yU(ξn(s), y)‖2νn(dy ds)

≥ 1

2

∫ T

0

∫
Rd

(L1
low‖y‖2 − L2

low)ν
n(dy ds)

and so

(5.68) sup
n∈N

∫
[0,T ]×Rd

‖y‖2νn(dsdy) ≤ (L1
low)

−1[2(M + 1) + L2
lowT ]

.
= κ1 < ∞.

This proves that {νn} is relatively compact in M1. Since vn ∈ U(ξn, νn), we have
that
(5.69)

ξn(t) = x0+

∫ t

0

∫
Rd

b(ξn(s), y)νn(dy ds)+

∫ t

0

α(ξn(s))vn(s)ds, for all t ∈ [0, T ].

Using Grönwall lemma, the linear growth of b, the boundedness of α, and (5.68),
(5.67), we now see that

sup
n∈N

sup
0≤t≤T

‖ξn(t)‖2 .
= κξ < ∞.

Also, using (5.67), (5.4), the linear growth of b, and boundedness of α, we can find
κ2 ∈ (0,∞) such that, for all n ∈ N, and for 0 ≤ s ≤ t ≤ T ,

‖ξn(t)− ξn(s)‖ ≤ ‖
∫ t

s

∫
Rd

b(ξn(u), y)νn(dudy)‖

+ ‖
∫ t

s

α(ξn(u))vn(u)du‖ ≤ κ2((t− s) + (t− s)1/2).

This estimate, together with (5.4), shows that {ξn} is relatively compact in X .
Now let {(ξn, νn, vn)}n converge along some subsequence (labeled again as n) in
X ×M1 × S2(M+1) to (ξ, ν, v). Note that for every t ∈ [0, T ]∥∥∥∥

∫ t

0

α(ξn(s))vn(s)ds−
∫ t

0

α(ξ(s))v(s)ds

∥∥∥∥
≤
∫ t

0

‖α(ξn(s))− α(ξ(s))‖ ‖vn(s)‖ds+
∥∥∥∥
∫ t

0

α(ξ(s))(vn(s)− v(s))ds

∥∥∥∥
≤ Lα(T (2M + 1))1/2 sup

0≤s≤T
‖ξn(s)− ξ(s)‖+

∥∥∥∥
∫ t

0

α(ξ(s))(vn(s)− v(s))ds

∥∥∥∥ .
From the convergence of (ξn, vn) → (ξ, v) in X × S2(M+1) the last term converges
to 0 as n → ∞. This shows that, as n → ∞, for each t ∈ [0, T ]∫ t

0

α(ξn(s))vn(s)ds →
∫ t

0

α(ξ(s))v(s)ds.
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Next, ∥∥∥∥
∫ t

0

∫
Rd

b(ξn(s), y)νn(dy ds)−
∫ t

0

∫
Rd

b(ξ(s), y)ν(dy ds)

∥∥∥∥
≤ LbT sup

0≤t≤T
‖ξn(s)− ξ(s)‖

+

∥∥∥∥
∫ t

0

∫
Rd

b(ξ(s), y)νn(dy ds)−
∫ t

0

∫
Rd

b(ξ(s), y)ν(dy ds)

∥∥∥∥ .
From the convergence (ξn, νn) → (ξ, ν), the continuity of b, the linear growth of
b and the square integrability estimate in (5.68) we get that the above quantity
converges to 0 as n → ∞. Thus we have shown that for all t ∈ [0, T ], as n → ∞,∫ t

0

∫
Rd

b(ξn(s), y)νn(dy ds) →
∫ t

0

∫
Rd

b(ξ(s), y)ν(dy ds).

Combining the last two convergence statements with (5.69) we now see that v ∈
U(ξ, ν). Next, using (5.26), as n → ∞

(5.70)

‖1
2

∫
[0,T ]×Rd

(
‖∇yU(ξn(s), y)‖2 − ‖∇yU(ξ(s), y)‖2

)
νn(dy ds)

≤ 1

2
C(U) sup

0≤s≤T
‖ξn(s)− ξ(s)‖

∫
[0,T ]×Rd

(1 + ‖y‖+ 2κξ)ν
n(dy ds) → 0,

where the last convergence uses (5.68). Finally, using lower semicontinuity of u �→∫ T

0
‖u(s)‖2ds, and the fact that v ∈ U(ξ, ν),

I2(ξ, ν) ≤
1

2

∫ T

0

‖v(s)‖2ds+ 1

2

∫
[0,T ]×Rd

‖∇yU(ξ(s), y)‖2ν(dy ds)

≤ lim inf
n→∞

[
1

2

∫ T

0

‖vn(s)‖2ds+ 1

2

∫
[0,T ]×Rd

‖∇yU(ξ(s), y)‖2νn(dy ds)
]

= lim inf
n→∞

[
1

2

∫ T

0

‖vn(s)‖2ds+ 1

2

∫
[0,T ]×Rd

‖∇yU(ξn(s), y)‖2νn(dy ds)
]

≤ lim inf
n→∞

[
M +

1

n

]
= M,

where the inequality on second line is from Fatou’s lemma and the equality on the
third line is from (5.70). Thus we have shown that the limit point (ξ, ν) of (ξn, νn)
is in BM . This completes the proof that I2 is a rate function.
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