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LARGE DEVIATIONS FOR SMALL NOISE DIFFUSIONS OVER
LONG TIME

AMARJIT BUDHIRAJA AND PAVLOS ZOUBOULOGLOU

ABSTRACT. We study two problems. First, we consider the large deviation
behavior of empirical measures of certain diffusion processes as, simultaneously,
the time horizon becomes large and noise becomes vanishingly small. The law
of large numbers (LLN) of the empirical measure in this asymptotic regime is
given by the unique equilibrium of the noiseless dynamics. Due to degeneracy
of the noise in the limit, the methods of Donsker and Varadhan [Comm. Pure
Appl. Math. 29 (1976), pp. 389-461] are not directly applicable and new ideas
are needed. Second, we study a system of slow-fast diffusions where both the
slow and the fast components have vanishing noise on their natural time scales.
This time the LLN is governed by a degenerate averaging principle in which
local equilibria of the noiseless system obtained from the fast dynamics describe
the asymptotic evolution of the slow component. We establish a large deviation
principle that describes probabilities of divergence from this behavior. On the
one hand our methods require stronger assumptions than the nondegenerate
settings, while on the other hand the rate functions take simple and explicit
forms that have striking differences from their nondegenerate counterparts.

1. INTRODUCTION

In this work we study the large deviation behavior of certain stochastic dynamical
systems with small noise over long time horizons. In order to motivate the prob-
lem of interest we begin with the following classical setting of Donsker-Varadhan
large deviation theory [0-I1] for ergodic diffusions. Let Z be an R?-valued contin-
uous stochastic process given as the solution of the following stochastic differential
equation (SDE)

dZ(t) = —V$(Z(t))dt + dB(t), Z(0) = z,

where B is a d-dimensional Brownian motion given on some probability space
(2,F,P), zo € R and ¢ : RY = R is a twice continuously differentiable func-
tion. Suppose in addition that ¢ is bounded from below, has a bounded Hessian,
and |[Ve(z)|| — oo as ||z|| = oo. Consider the empirical measure process associated
with Z defined as

1 t
(1.1) pel4) = / Sy (A)ds, t > 0, A € B(RY),
0
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where 0, denotes the Dirac probability measure at the point  and B(S) for a
topological space S denotes the associated Borel o-field. From [I] it follows that
under the above conditions on ¢, the collection {y;} of P(R?) valued random vari-
ables, where P(R?) is the space of probability measures on R? equipped with the
topology of weak convergence, satisfies a large deviation principle (LDP) with rate
function 1% : P(R%) — [0, 00] and speed ¢, namely for all continuous and bounded
F:PRY) - R

~t 'log E |e~F ) inf [F ¢
o5 B e F0] = it [F(0) +17(u),

where the rate function IZ is given as

. Lg)(x
(12) I2(5) = sup (— / wu(d@)  pePRY),
geD+ Rd g(x)
where L is the infinitesimal generator of the Markov process Z, whose evaluation
for g € CZ(RY) (the space of twice continuously differentiable bounded functions
with bounded derivatives) is given as

) 1
(Lg) = V- Vg + 5Ag,

where A is the d-dimensional Laplacian, and D% is the space of functions ¢ in
the domain of £ that are uniformly bounded below by a positive constant. The
above large deviation principle gives asymptotics of probabilities of deviations of
the empirical measure process y; from its law of large numbers (LLN) limit, which
is the unique stationary distribution of the Markov process Z, for large values of ¢.
This basic result has been extended in subsequent works in many different directions
(see e.g.[6HRT4L A5, A7, ARL20]).

Our first interest in the current work is in the study of analogous long-time
behavior for small noise diffusions. Specifically, we consider the following setting.
Let Z¢ be an R%valued continuous stochastic process given as the solution of the
following SDE

(1.3) dZ5(t) = —V (25 (t))dt + s(e)dB(t), Z°(0) = z,

where B and ¢ are as before and s : (0,00) — (0,00) satisfies s(¢) — 0 as ¢ — 0.
Due to the degeneracy of the noise in the limit as e — 0, we will need stronger
conditions than those needed for a LDP for {u;} defined by (IIl). Specifically,
we assume that, in addition to ¢ being twice continuously differentiable with a
bounded Hessian, ¢ is strongly convex and V¢(0) = 0. Under these assumptions
on ¢, 0 is the unique equilibrium of the ordinary differential equation (ODE):

(1.4) 2 =Ve¢(z).
Also, it follows (see e.g. proof of Lemma 0] that, as € — 0,

1/e =
(15) /J/‘S = 5/ 6Z5(t)dt — 60
0

in P(RY). Long time behavior of SDE with small noise as in (I3) is of interest, for
example, in study of stochastic approximation schemes for approximating zeroes of
a nonlinear function (cf. [IL2LI9]).

One of the crucial ingredients in the proofs of [11] and other works on related
themes is the nondegeneracy of the noise in the dynamics. This property is key
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in the proof of the lower bound where one invokes an ergodic theorem in order to
suitably approximate near optimal paths in the variational problem describing the
large deviation rate function. This feature of nondegeneracy is the main point of
departure in the current work, as instead of empirical measures converging to the
stationary distribution of an ergodic nondegenerate diffusion, in the current setting,
these measures converge to a point mass given by the fixed point of the noiseless
ODE in (L4). The usual methods of studying empirical measure large deviations
for Markov processes exploit nondegeneracy in the dynamics by considering relative
entropies of near optimal measures with respect to the stationary distribution of the
given diffusion. However these methods are not applicable here as typical measures
of interest in our setting will be mutually singular, and therefore one needs new
tools. We also remark that, if on the right side of (L2) one naively replaces the
second order operator with the limiting first order operator associated with the
diffusion in (L3), namely L% = —V¢- Vg, the maximization in (L2)) gives +oo for
any p with a compact support and so even a candidate for the rate function for u®
is not immediate from ([2]) in this degenerate setting.

Our first result (Theorem [22]) shows that under the assumptions on ¢ made
above, u satisfies a large deviation principle with speed (es?(¢))~!, and the as-
sociated rate function I : P(RY) — [0,00] takes a particularly simple form given
as

(1.6 10) =5 [, Vo)), 1€ PE.

We note that unlike the rate function I associated with the ergodic diffusion Z,
given in ([2), which is described through a variational formula, the rate function
in this small noise setting takes a surprisingly explicit form. The precise result we
establish allows for a somewhat more general drift function and a state-dependent
diffusion coefficient. The conditions on the coefficients and the form of the rate func-
tion in this more general setting are given in Section2l The above result gives a LDP
when simultaneously time becomes large and the noise intensity becomes small. A
similar theme has recently been considered in [I3], where, motivated by the prob-
lem of design of Monte-Carlo schemes, certain large deviation estimates have been
established for suitable integrals in the specific case where s(¢) = (log(1/¢))~/2.
In this case the relevant techniques are those based on the Freidlin-Wentzell theory
of quasipotentials of small noise diffusions [I6]. Note that in our result we do not
make any assumptions on how s(e) approaches 0. Furthermore, the paper [13] does
not give a LDP for the empirical measure p°.

The second focus of this work is the study of asymptotic behavior of fast-slow
diffusions, when both slow and fast components have small noise in their natural
time scales. The precise model of interest is described by an m + d dimensional
diffusion (X¢,Y*) given as follows.

(L.7)
dXe(t) = b(X=(t),Y=(t))dt + s(e)Vea(XE(t)dW (t), X°(0) =z, 0<t<T,

dY*(t) = —éva(XE(t), YE(t))dt + i\/EE)dB(t), YE(0) =y0, 0<t < T

Here, T € (0,00) is some fixed time horizon, b : R4 — R™ o : R™ — R™*F
U :R™4 — R are suitable coefficient functions, s(¢) is as before, and W, B are k
and d dimensional mutually independent Brownian motions respectively. Note that
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the natural time scale for Y¢ is O(e) while that of X¢ is O(1). On these natural
time scales the noise variances of the two processes are O(s%(g)) and O(es?(¢))
respectively, both of which converge to 0 as ¢ — 0.

In contrast to the setting considered here, when s(¢) = 1, the above multiscale
system falls within the framework of (nondegenerate) stochastic averaging princi-
ples, for which the associated large deviations theory has been well developed (cf.
[6l 12,16, 21, 21,22]). Under appropriate conditions on the coefficient functions,
these large deviations results give probabilities of deviations of the trajectory X¢,
regarded as a random variable in the space C([0,T] : R™) (the space of continuous
functions from [0, T] to R™ equipped with the usual uniform convergence topology),
from its law of large number limit X given as the solution of the following ODE:

X0 =p(X), where b(z) = / b(z, y)ps(dy), v € R™
R4

and for x € R™, u, is the unique stationary distribution of the diffusion
dY,(t) = =V,U(z,Y,(t))dt + dB(t).

The main insight that emerges from this LLN behavior is that the slow process, over
the time scales at which the fast process equilibrates towards its stationary distri-
bution, stays approximately unchanged and its limit is governed by a parametrized
family of stationary distributions associated with the fast diffusion where each sta-
tionary distribution corresponds to the local equilibrium of the fast process for a
given value of the state of the slow process.

In the setting of the current work (s(¢) — 0) the fast process on its natural
time scale is driven by a small noise and thus in the scaling regime we consider,
the asymptotics of the slow process (under suitable conditions) are governed by the
family of equilibria for the parametrized family of ODE:

Y, = -V, U(z,Yy).

Under our assumptions, for each x € R™ the above ODE will have a unique equi-
librium point y(x) € R? and the LLN of X*¢ defined in (7)) is given by

X0 =b(X?), where b(z) = b(x,y(z)), © € R™.

The goal of this work is to study the behavior of probabilities of large deviations
of the process X¢ from its LLN limit given by X°. The key challenge in the
degenerate setting considered here is that, unlike the case s(¢) = 1 where the
local equilibria are mutually absolutely continuous, when s(¢) — 0 as ¢ — 0, the
family of equilibria are mutually singular (except the trivial case when they are
the same). Once again the proof techniques used in the nondegenerate setting are
not applicable here and different ideas are needed. In Theorem 2.7 we establish
a large deviation principle for X under appropriate conditions on the coefficient
functions. Our results in fact give a stronger result which provides a LDP for the
pair (X, A%) in C([0,T] : R™) x M, where M is the space of finite measures v
on R? x [0, 7] such that v(R? x [0,t]) =t for all ¢ € [0, T], equipped with the weak
convergence topology, and A® is an M; valued random variable defined as

(1.8) AS(A X [0,4]) = /[O A ()s, L 0.T), A€ BE,

The precise rate function governing the LDP can be found in Section 2.2 (see (2.0]))
but we note here that in the special case where m = k and « is the identity matrix,
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the rate function takes a simple explicit form as
1
Hem =5 [ I9UES).Iadyds)
R4 x[0,T]
1 .
3 [ Jéo- [ vewrpuc ap
[0,7] R4

for (&) € C(]0,T) : R™) x My, where u(dyds) = u(s,dy)ds. Roughly, the
second term in the rate function arises from the large deviations of the Brownian
motion W whereas the first term captures the deviations of the fast process from
the collection of its local equilibria. More precisely, the first term can be interpreted
as the instantaneous cost associated with the deviations of a set of points described
by the measure u(s, dy), for each time instant s, from its equilibrium point y(£(s)).
Once again the form of the rate function has striking differences from that in the
nondegenerate setting (cf. [12,16,22]).

We remark that the proof of a LDP for u° defined in (LX) is a simpler analogue
of the proof of Theorem 2.7 and in fact can be deduced from it. However we
present these results separately for two reasons. First, the basic idea of the proof
(particularly of the LDP lower bound) is significantly simpler and clearer to see in
the setting of Theorem and sets the general framework for the more involved
setting in Theorem 27l Second, in Theorem 22l we treat a more general setting than
the one discussed in this section because of which this result cannot be immediately
deduced from Theorem 27

We now make comments on proof ideas.

2
dt,

1.1. Proof strategy. The starting point for the proofs of both Theorems and
2.7 is a variational formula for moments of nonnegative functionals of finite dimen-
sional Brownian motions due to Boué and Dupuis [3] (see Theorem [B1]). Using this
formula the basic problem of large deviations reduces to establishing convergence of
costs associated with certain stochastic control problems to those associated with
suitable deterministic optimization problems. This convergence is shown by es-
tablishing a complementary set of asymptotic inequalities between the costs, one
giving the large deviation upper bound (see [41]) and (G.I))) while the other giving
the large deviation lower bound (see [@2]) and (52)). Proof of the upper bound
proceeds by weak convergence arguments that also reveal the precise form of the
large deviations rate function. This form emerges from a key orthogonality prop-
erty (see (I for Theorem and (BI0) for Theorem [Z7) that is behind the
inequalities in Lemma 4] and Lemma [5.4] and which in turn give the large devia-
tion upper bound. Proofs of the lower bounds are somewhat long and involved and
require several approximating constructions. We only comment on the arguments
for Theorem [2.7] as those used for Theorem are simpler analogues. The basic
approach in the proof of the lower bound is the construction of simple form near
optimal paths £* and occupation measures v* for the deterministic optimization
problem on the right side of (5.2) (see Lemma[5.5]). This is then used to construct
suitable controls and controlled processes for the prelimit stochastic system which
appropriately converge to the chosen near optimum. In doing so one needs to en-
sure that the corresponding prelimit occupation measure A° in (5.5) charges the
asymptotically correct periods of time in the correct regions of the state space of
the fast process that are dictated by the near optimum occupation measure v*.
One also needs to ensure that the cost incurred in doing so is suitably close to the
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cost associated with the near optimum (£*,v*). In achieving these dual goals one
needs to design suitable controls that appropriately modify the dynamics of the fast
process so that the local equilibria of the process are sufficiently close to v*(s, dy) at
all time instants s. This construction, which is given in Section (.3 is at the heart
of the lower bound proof. The idea is for the control to move the state process from
one point in the support of v*(s,dy) to the next in a very small amount of time
with negligible cost and then keep the process near this latter point for the correct
amount of time as dictated by v*(s,dy) while incurring the optimum amount of
cost. This basic idea takes a somewhat simpler form for the proof of Theorem
and we refer the reader to Section 3] for a more detailed outline of the strategy
for this setting.

The rest of the paper is organized as follows. We close this section by summariz-
ing the basic notation and terminology used. Sections[] and [l contain the proofs of
Theorems and [Z7 respectively. Organizations of these proofs are summarized
at the beginning of the corresponding sections.

1.2. Notation and terminology. The following notation will be used. For a
Polish space X, we will denote the space of continuous, real-valued functions on
X by C(X) and by C.(X) (resp. Cp(X)) the subset of C(X) consisting of functions
with compact support (resp. that are bounded). We say a function f : R? — R
is C*,k € Nif f is continuously differentiable k-times. Such a function is said to
be in C{f if the function and all its derivatives up to the k-th order are bounded.
We denote by C>°(R%) the space of infinitely differentiable functions from R? to
R. C([0,T] : R?) will denote the space of continuous functions from [0,7] to R?
which will be equipped with the usual uniform topology induced by the sup-norm.
We denote by L2([0,T] : R?) the space of square integrable functions from [0, 7] to
R?. For v € L2([0,T] : RY), we write its L2-norm (f[O,T] |v(s)||?ds)*/? as ||v]|2. For
m,d € Nand a C? f : R™+? — R, H f will denote the (m+d) x (m+ d)-dimensional
Hessian matrix of f with regard to all variables, and for (z,y) € R™ xR, H, f(x, )
will denote the m x m Hessian matrix of f with regard to x € R™, and H,f is
defined analogously. Similarly V f denotes the (m + d)-dimensional vector that is
the gradient of f, V. f the m—dimensional vector that is the gradient of f with
regard to the variables in z, and V,f is defined similarly. For a matrix a, we
denote its transpose by a’ and its trace (when meaningful) by tr(a). Id will denote
the identity matrix with dimension clear from the context. We denote by B(X)
the Borel o-field on X. P(X) will denote the space of probability measures on
(X, B(X)), equipped with the topology of weak convergence. This topology can be
metrized using the bounded-Lipschitz distance defined as: for p,v € P(X)

(1.9) dulpor) = s | [ fau~ [ g,

feBL1(X)
where BL1(X) is the space of all Lipschitz functions from X to R that are bounded
by 1 and have Lipschitz constant bounded by 1. For x € X, §, will denote the Dirac
probability measure concentrated at the point x. For A valued random variables
X, X, we denote the convergence in distribution (resp. in probability) of X,, to

X as X;, = X (resp. X, R X). BM(X) will denote the set of bounded and
measurable real valued functions on X. For a bounded R? valued function f on
X, we denote ||f|lo = sup,ecx ||f(2)]]. A function I : X — [0,00] is called a rate
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function (on X) if it has compact level sets, i.e. for each M € (0,00) the level set
{r € X : I(x) < M} is a compact subset in X'. As a convention, infimum over
an empty set is taken to be co. We will consider collections indexed by a positive
parameter €, and by convention, ¢ will always take values in (0, 1).

A collection of X —valued stochastic processes {X¢} is said to satisfy the Laplace
Principle on X with rate function I and speed a(e), where a(e) — oo as ¢ — 0 if
for every F € Cp(X)

]. €
T —a(e)F(X®) _
;1_% ol log Fe Inelﬁ( <F(x) + I(x))
We say the Laplace upper (resp. lower) bound holds if the left side is bounded
below (resp. above) by the right side. We recall that the collection {X¢} satisfies
the Large Deviation Principle on X with rate function I and speed a(e), if and
only if it satisfies the Laplace principle.

2. MAIN RESULTS

In this section we present our two main results. The first result concerns the LDP
for the empirical measure of certain small noise diffusions while the second result
studies large deviations for a class of slow-fast system of diffusions with vanishing
noise. The results are described in Sections 2] and respectively.

2.1. Empirical measure for small noise diffusions. We will consider a some-
what more general setting than the one considered in Section [I] and after stating
the main result we remark on how the model considered in Section [l is covered by
this result. The collection of diffusions we study takes the form

1

@1 aYi() =~ Lo o)+ Do OB, Y0 =m0<t<1,
3

where B is an r-dimensional {F;}o<i<1 standard Brownian motion given on some

filtered probability space (€2, F, {F;}, P) satisfying the usual conditions, yy € R9,

and s(e) = 0 as ¢ — 0. Throughout, without loss of generality, we assume that

s(e) € (0,1). We will make Assumption 2.1 on the coefficient functions ¢ and o.

Assumption 2.1. Let a = oo”.

(1) [Diffusion Coefficient] o : R — R4*" is a bounded Lipschitz map. The
matrix function a is uniformly nondegenerate: for some ¢, € (0, 00)

vl a(y)v > cq||v||? for all y € RY, v € RY

(2) [Drift Coefficient] There is a C? function ¢ : R? — R such that
(a) ¥(y) =a(y)Ve(y) for all y € RY,
(b) supyega [Ho(y)| < oo,
(¢) Vo(y) =0 if and only if y = 0,
(d) V)l = oo as [ly|| — oo.
(3) [Asymptotic Stability] For every x € R? with

Valy) = a(z + y)Vo(z +y) — a(z)V(z), y € RY,

the ODE € = =V, (&) has 0 as the unique fixed point, which is globally
asymptotically stable.
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(4) [Lyapunov Function] For each z € R%, there exists a C? function V,, : R —
R such that for some «;(z) € (0,00),i = 1,2 and ¢;(z) € (0,00),i = 1,2,
the following hold: ||HVyleo < 00,

az(@)[[€]I* + 1 < Vi () < an(a)(1+ [I€]%),
Va(§)VVa(§) 2 cr(@)[[€]1* — ca(2),
for all £ € R?.

The following is our first main result.

Theorem 2.2. Suppose Assumption Bl holds. Then, the map I, : P(R%) — [0, o0]
defined as

<22>
/ o™ () V()P (dy) = / lo” ™ @) (dy), € PRY

is a rate function. Additionally, the collection {1} of P(RY) valued random vari-
ables defined as

(2.3) JE(A) = /0 by (A)dt, A € B(RY
satisfies a LDP on P(R?) with rate function I, and speed (es2(g))~".
Remark 2.3. Define Z¢(t) =Y*¢(te), t > 0. Then Z°¢ satisfies

dZ°(t) = = (Z°(1))dt + s(e)o (Z°(1))dB(t),  Z°(0) = yo,

where B is an r-dimensional Brownian motion and p° can be rewritten as
1/e
(2.4) ut(A) = 5/ dzey(A)dt, A e B(RY).
0

Thus Theorem gives a LDP for the 1/e-time horizon empirical measure of Z¢
with speed (es%(g)) L.

Remark 2.4. We now give examples where Assumption 2] is satisfied.

(a) Suppose that o(y) = o forally € R? and a = 007 is invertible. Suppose further

that there is a C? strongly convex function ¢ : R? — R such that ||He|s < oo,
V(0) = 0, and 9 (y) = Vé(y). Then Assumption 21l is satisfied. This is checked
as follows.

Parts (1) and (2)(a),(b),(c) of Assumption [2Z1] are clearly satisfied.

Consider now part (2)(d). Strong convexity implies that there exists some m €
(0,00), such that for all z,y € RY

Oy) = 9(x) + Vo(a)(y — ) +mly - 17H2~
Taking 2 = 0, we see that ¢(y ) > ¢(0) + m|ly||?. Also, Vo(y fo Ho(ty) - ydt

and so |[yl|[|[Véw)|| > v - Vo(y fo y - Ho(ty) - ydt > m||y||2 It then follows

IVo(y)|| > mlyll, for all y € Rd. Thus since a is invertible, |[Vé(y)||? — oo, as
lly|| = oo. This shows that part (2)(d) holds as well. Thus we have shown that
part (2) of Assumption 211 holds.
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Now consider part (3). Note that for all z,y € RY,
Va(y) = a (a7'Vo(x +y) = a” V() = Vé(a +y) - Vo(x).

Since for every x, the map 7, defined as n,(y) = q~5(:c +y) —y- V(;;(x) is strongly
convex (in y) and Vn,(0) = V,(0) = 0, we have part (3).
Finally consider part (4). Let
Ve(§) = 0§+ 2) — (x) — € V() + L.

By the assumption on the boundedness of H¢ we have that |HV,(¢)]e < oo.
Also, by strong convexity, V;(£) > m||¢[|> + 1 which gives the lower bound in
the first inequality in part (4). The upper bound is an immediate consequence of
I1HVe()]|oo < oo. For the second inequality in part (4), once more using strong
convexity, ~ ~

Va(€) - VVa(€) = [Vo(z + &) — Vo(a)||* = m?[|y>.
Thus we have shown that Assumption 2I]is satisfied. Combining this observation
with Remark [Z3] we see that, with Z¢ defined by ([3)), the collection {u°} defined
by ([Z4) satisfies a LDP with rate function I as in (L4).
(b) Assumption 2] also holds for diffusions with a multiplicative noise as the fol-
lowing example illustrates.
Let d = m = 1 and suppose that 1) : R — R is such that ¥(0) = 0 and ¢(z) =
fox ¥(y)dy is a C? strongly convex map with sup,, |¢” ()| < co.
Also suppose that for some ¢j,c2 >0, ¢; <|o(z)| < cpforallz € R, z+— o(x) is a
differentiable Lipschitz function, and y?|o’(y)|?> — 0, as |y| — oo.
Then, Assumption 1] holds with ¢(z) = [ ﬁdz/(y)dy, where a(y) = 02(y). To
see this note the following.
Part (1) holds by assumption. Part (2)(a) follows from the identity a(x)¢’(x) =
¢'(x) = (x). Part (2)(b) is immediate from our assumption and boundedness of
¢". For (2)(c), from our condition on ¢, we have ¢/(z) = 0 iff z = 0 and that
lo(z)] > 0 for all z. Finally, part (2)(d) follows from the strong convexity of ¢ and
the bounds on |o(z)|.
For part (3), note that V,(y) = ¢'(x +y) — ¢'(z). Since for all z, 1, (y) = ¢(z+y) —
y&'(z) is strongly convex in y, V,(y) = 1, (y), and V, (0) = a(2)(x) — a(z)¢/(z) =
0, we have that part (3) is satisfied.
Finally part (4) is verified as in (a). Thus we have verified all statements in As-
sumption 211
In a similar manner one can construct multidimensional examples with multiplica-
tive noise as well.

2.2. Multiscale system of diffusions with vanishing noise. In this section we
present our main result for the multiscale system (X¢,Y¢) introduced in (I7). We
begin with our main assumption on the coefficients.

Assumption 2.5. The functions b, « and U satisfy the following.

(1) [Coefficients of the slow component] The coefficients b : R™ x RY — R™
and a : R™ — R™** are Lipschitz: there exist some Ly, L, € (0, 00) such
that for all z,2' € R™, y,y' € R?

b, y") = bz, y)ll < Lu(ll2" = =] + [y =yl
la(a’) — (@) < Lafl2’ — x|
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Furthermore « is a bounded function.

(2) [Coefficients of the fast component] U : R™*4 — R is a C? function such
that the following hold:
(a) [Growth of Hessian)

[HoU(2,y) ) :
sup HU(2z,y)|| + —F/——— | = Lyv < oo.
w2 (et +
(b) [Growth of x-gradient]
R 2 TR

(@y)ermxre L+ 2] + |yl

(¢) [Lower bound on U and its y-gradient] There exist constants L}, , L?
€ (0, 00) such that

inf (U<x,y>+|va<x,y>||2) > Lhullyl? = L.

z€R
(d) [Stability of the fast component] For each (z,z) € R™*4 the ODE
==V, (u),

where the function V, . : R? — R? defined as V, . (y) = V,U(z,y +
z) — V,U(x,z2) for y € R? has 0 as the unique fixed point, which is
globally asymptotically stable.

(e) [Growth and smoothness of y-gradient] The map (z,y) — V,U(z,y)
is Lipschitz. For each y € R,

sup ||V, U (z, y)| < oo.

TER™

(f) [Fized point] There exists a Lipschitz map 6 : R™ — R? such that, for
each z € R™, V,U(z,0(x)) = 0.

Remark 2.6. Let 0 : R™ — R be in CZ. Let ¢ : R? — R be a C? strongly convex
function with bounded Hessian such that V¢(0) = 0. Then U(z,y) = ¢(y — 0(z)),
(z,y) € R™*4 s one basic example that satisfies Assumption 25(2).

Recall the space M; introduced above (L8] which is equipped with the weak
convergence topology. Once more we will metrize it using the bounded-Lipschitz
distance as in (L9). Also recall the collection of M; valued random variables {A®}
defined in ([C¥). We now introduce the rate function associated with a LDP for
(X°,A%). Let X = C([0,T] : R™). Note that a v € M; can be disintegrated as
v(dy ds) = v4(dy)ds where s — D is a measurable map from [0, 7] to P(R?).

Now, for (&,v) € X x My, let U(£,v) be the class of all v € L2([0,T] : R¥) such
that £ solves

= —|—/ /Rd Y)Us( dy)ds—i—/ot (&(s))v(s)ds, t € [0,T).

Define Ir : X x My — [0, 00] as
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(2.5)
12(571/)

o1t 2 2
=t s [ (R [ vl ) s 60 < xxan

The following is the second main result of this work.

Theorem 2.7. Suppose Assumption holds. Then Iy is a rate function on
X xM;. Furthermore, (X¢, A®) defined by (1) and (L8)) satisfy a LDP on X x M,
with rate function Iy and speed (es*(g))~*.

3. A VARIATIONAL FORMULA

In this section we recall a basic variational formula for exponential moments of
functionals of finite dimensional Brownian motions that was established in [3]. In
the form stated below, the result can be found in [4, Theorem 8.3].

Let (Q,F,P,Fi)o<i<r be a filtered probability space where the filtration
{Fi}o<i<T satisfies the usual conditions. For p € N, denote by AP the collection of
all F,—progressively measurable, R?—valued stochastic processes {u(t)}o<i<7 that

satisfy EfOT lu(s)||?ds < oo. Also for M € (0,00) we denote by
T
(3.1) P = {he L2(0,T] : R?) : / Ih(s)|2ds < M}.
0

This space will be equipped with the inherited weak topology on L?([0,T] : RP),
under which it is a compact space. Let AﬁyM ={ue A? : u e S%,,a.s.} and let
A = U"AszlAg’ a- When clear from the context, we will drop p from the notation
in A”,AZM, AP, and ST,

Let 8 be a p—dimensional, standard, {F;}—Brownian motion on this filtered
probability space.

Theorem 3.1. Let G € BM(C([0,T] : RP)). Then,

~log Bexp{~G(8)} = inf I (G (/3 [ v(s)ds) 3/ ' ||v<s)|2ds> ,

where R can be either A or Ay.

Theorem B] will be used in the proofs of both Theorems and 271 In the
first case, T = 1 and the role of 8 will be played by the Brownian motion B (in
particular p = r), while in the second case 8 = (W, B) and p = k + d.

4. PROOF OF THEOREM

In order to prove Theorem 2.2] we will first show in Section ] the LDP upper
bound, which in terms of Laplace asymptotics corresponds to the statement: for
every F € Cp(P(R?))

F(pu®)

(4.1) liggigf —es%(e)log Be” =2 > ye%?(fmd) <F(7) +1 (fy))
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Then, in Section 4.3 we will prove the complementary lower bound: for every
Fe Cb('P(Rd))
F(p)

(4.2) limsup —es%(¢) log Ee =*® < inf <F(7)—|—I1('y)>.
e—0 YEP(RY)

Finally, in Section4 we show that the function I; has compact level sets. Together
these three results will complete the proof of Theorem
Assumption 2] will be taken to hold throughout this Section.

4.1. LDP upper bound. In this Section, we prove the inequality in (I]). Fix
F € Cy(P(R%)). Note that the coefficients 1) and ¢ are Lipschitz maps and thus
the SDE in (21)) has a unique pathwise solution. This says that there exists a
measurable map G¢ : C([0,1] : R") — C([0,1] : RY) such that Y = G°(B) and
consequently, there is a measurable map G° : C([0,1] : R") — P(R?) such that

uf = G°(B) where p° is as in (23]
Fix ¢ > 0 and apply Theorem B3] with p = r, 3 = B, and G replaced by
G¢ = F o G¢. Then, we have

(4.3)
F(u€ ) GE(B)
—es?(e)log Ee =2() = —es%(e)log Be =2(2)

~ inf B [—ss / o(s)|%ds + G <B+/ o(s )dsﬂ

:viGHffle[ /||@ |ds+Ga<B+fs()/' (s)ds)].

Fix § > 0 and choose for each ¢ > 0 a 9 € A, that is d—optimal for the right
side. Then, for all ¢ > 0

—e5%(e) logEe_% > E[ / 9% (s)|%ds + G* ( \/gi(g) /O.ﬁs(s)ds)} — 0.

Since F is bounded, by a standard localization argument (see [4, Theorem 3.17])
it follows that there is an M € (0, 00), and for each € > 0,v° € A; ps such that

—es2(c)log Ee™ ) >E{ / 10° (s) | 2ds + G2 <B+\/_S( )/' S(S)dsﬂ—%.

Also by an application of Girsanov’s Theorem, it is easy to see that G¢(B +
NG 6) Jov© = [i%, a.s., where

1
P = [ LA (s)ds, A€ BRY
0
and Y¢ solves

(4.4)

dYS(t) = —éw(ffg(t))dt + ijg)a(?f(t))dB(t) + éa(?g(t))vg(t)dt, YE(0) = 40
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In particular,
F(pu®)

_EpS 1 [t
(4.5) —es%(e)log Be” <*® > E [5/ lv¢(s)||*ds + F(fF) | — 20.
0

We begin with the following moment estimate.

Lemma 4.1. We have that

1
supE/ |Ye(s)||?ds < 00, and sup sup eE|Y¢(s)|]* < cc.
€ 0 e 0<s<1
Proof. We note that from Assumption 2.1} parts (2) and (3), ¢ = Vy. Using this
fact and applying It6’s lemma to V5 (Y©(¢)) we obtain, for 0 <t

V(7 () = Valan) = 7 [ TV (3)) - ((V(5)) = o ()" (5) ds

82 13 t —
% /0 tr([oTHVyo] (V5 (s)))ds.

S
2 OV () o7 (s))aB(s) +

Let, for m € N, 7,, = inf{t : Y*(¢) > m}. Taking expectations and rearranging
terms we obtain

E / V(T (5)) - Vol(TE(s))ds
0

< eVolyo) + E /0 T V(Y5 (5)) T (V5 (5))0 (5)ds

82 tATm _
+ %E /O e[0T HVoo) (V< (s)))ds,

where we have used the nonnegativity of V.
With ¢1(+), e2(+) as in Assumption 1] (part (4)), we have

a(0)E /0 ") s < B /0 " IVa(PE(5)) - Vol(T(5))ds + 5(0)

1 2
€ € S (6)7’
< 2(0) +eVo(yo) + HUHooE/O IVVo (Y= ())l[[v*(s)llds + == llolZ I H Vol oo-
Using the linear growth of VVj (which follows from [[HV|s < o0) and Young’s
inequality, we can find k1 € (0,00) such that for all € > 0

(47 E / IVVo (= (s)ll[[v"(s) | ds

a0 __ 1 Y<(5)||?)ds + & ' ve(s)||?ds
< STl [ A IV P+ [ (o)

Then, by sending m — oo in the previous display, and recalling that v® € Ay s, we
have

C1 1 —
(4.8) @E/O 172 (s)[2ds < ko,

where ry = c2(0) + ¢1(0) + k1 M + 7||o||2 |H Vol + Vo(yo). This proves the first
statement in the lemma.
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Finally, using Assumption 2] (part (4)) in (46]) again and taking expectations,
we have, for 0 <t <1,

a2(0)eE|[Y*(1)[[* < eEVo(Y*(t)) < eVo(yo) + c2(0) + gllallioll?lVolloo

+llolloo B / IVVo(V=(s)llIlv"(s) | ds,

where we have used the observation that the expected value of the stochastic integral
in (48) is 0 in view of (48) and linear growth of V1. The second statement in
the lemma is now immediate from (7)), ([L8]) and on recalling that v® € Ay pr. O

We now introduce certain occupation measures which will play an important
role in the proof of the upper bound. For € > 0, define a P(R4*+7)—valued random
variable Q¢ as

(49)  Q°(AxB)= /0 La(V2(s)) 15 (o5 (s))ds, A € B(RY), B € B(R").

Proposition 2] gives the tightness of the collection {Q¢}.

Proposition 4.2. The family of P(R¥*")—valued random variables {Q¢} defined
in ([@9) is tight. Furthermore,

(4.10) sap [ (Il + =P (dy ds) < o0

Proof. Define ¢° € P(R¥*") as ¢°(C) = E(Q*(C)), for C € B(R¥*"). It suffices to
prove that

(4.11) sup [ (P + elP)a (A do) < o
£ Rd+1'

Note that

[l + P aa = 8 [ 17+ 8 [ P

The estimate in ([@II) now follows from Lemma 1] and on using the fact that
v® € Ay for every € € (0,1). O

The next step will be to give a suitable characterization of the weak limit points
of Q°. In order for that we present the following approximation lemma which will
also be used in the proof of Theorem 2.71

Lemma 4.3. Let f : R? — R be a C? function such that |Hf|s < oo. Then, there
exists a sequence { far}pren of C? functions from R? to R such that
(1) for each M €N, fa(x) = f(z) for all ||z|| < M.

v
(2) sup ey SUPgepa % < 0.

Proof. Define for r € N, g, : R - R as
1 y<r,

grly) =52 r<y<on
0 2r <y.
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We now suitably mollify the above piecewise smooth function. Let £ : R — R be

defined as )
_ Jee 7yl <1
£(y) {0 y>1

where c is a normalization constant that makes £ a probability density. Now define
for M € N

031(9) = (Gars1 * E)(y) = / Garsa(y — 2)E(x)da = / Gara (2)E(y — z)da.

R
Note that ga(y) =1 for y < M, gy (y) =0 for y > 2M + 3 and gy (y) € [0,1] for
all y € R. Furthermore g, is smooth and

1
lgn ()| < 1 rveER.

This in particular says that, for all z € R?

19 (el = \

, T 1
g <|x||>—H <L
Dyl = 2z

Define

fu(@) = f@)gum(ll), = € RY
Then note that fys is in C? and fy(z) = f(x) for ||z]] < M. Also, since
sup,cra |Hf(x)| < oo, there is a Cy € (0,00) (independent of M) such that

[f@)] < G+ Jz)®), [IVf(@)]] < Ci(1+ |zl for all 2 € RY.
Finally note that, for ||z|| < M
IV (@)l = IV f(@)]| < CL(1+ [l])
and for ||z|| > M
IV fa (@)l = lgr 2NV f () + £ (@) Varr (=]

| f ()]
v
< f(x)||+”m|é§f\’“3 i

1+ (2M + 3)?
M

< Ci(1+|jz]]) + C4 < 23C1(1+ ||z|)-
The result follows. O

~We now proceed with obtaining a characterization for the weak limit points of
{Q*°}. Recall from Proposition 2] that this collection is tight.

Lemma 4.4. Let Q be a weak limit point of {Q°}. Then, a.s.,

[ Qa2 [l @) ewlPQuyd:).
R+ Rd+r

Proof. Let n € C%2(R?). Then by It6’s formula

1
W7 0) =) = == [ [0V (5) = o7 ()0 (5)] - TV (5))ds
+ 53 | onre ) o )an(s)

2 1 B
+§ /0 trlooTHn] (V= (s))ds.
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Multiplying with ¢ in the above equation

1
e [n(Y*(1) = n(yo)] = —/0 [V(Y2(5)) = o (Y=(s)v" ()] - V(Y= (5))ds

1 — _
4 s(e)eV? / Vn(V*(s)) o (V*(s))dB(s)

1

+552(5)/0 trool Hn) (Y (s))ds.

Sending € to 0 and using the fact that n, Vi and Hn are bounded (as 1 has compact
support), we have, in probability,

lim [(y) — o(y)2] - Vi(y)Q (dy dz)

e—=0 Jpa+r
= lim [V(Y*(s)) — a(Y(s))v°(s)] - Vn(Y*(s))ds = 0.

e—0 0

We relabel the subsequence along which Q° = @, as Q°. Then from the square
integrability in (£I0) and since n has compact support we have that as € — 0,

im [ [6(y) — o)) - V()@ (dy dz) = / () — o(v)2] - Vi(y)Q(dy dz).

e—=0 Jrdtr Rd+r

Combining the above two displays we have, a.s.,

(1.12) 0= [ 10) = o)el - In)Qldyd:).
Disintegrate Q as Q(dy dz) = q(y, dz)Q(dy), where Q(A) = Q(A x R"), A € B(R?)

is the first marginal of @) and ¢ is the regular conditional probability distribution
(r.c.p.d.) on the second coordinate given the first coordinate. Now define

u(y) = [ aly. do).

Note that the above integral is well defined a.s. for Q a.e. y, since from @I0) and
Fatou’s lemma

(4.13) Lo ol + 121Uy d2) < o0 as.
Then, from ([@I2)), and a standard separability argument, a.s., for all n € C2(R?),
(1.14) 0= [ [60) = auiw)]- Vn() Q).

We now argue that, although ¢ does not have compact support, we can replace n
by ¢ in the above identity, namely,

(115) 0= [ [6) - o0)u(w)] - To)Qdy)
R L
From Lemma there exists a sequence nys of functions in C2(R?%) such that

nu(y) = ¢(y) for all [|y|| < M and

sup NI RN,

men 1+ [yl
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Using the linear growth of V¢, and the boundedness of a,o, we have for some
k1 € (0,00)

(4.16)
[ 1) = ot)ute) - Vo) < ms [ 1+ IlE + () P)QAd)

<w [P+ R de) <

where we have used ([I3)), the definition of u(y), and Jensen’s inequality. Now
(4.17)

/ () — o(y)u()) - Vo) O(dy) = / () — o(y)u()] - Vo) O(dy)
R4 [lyll<M
+ / W(y) — o(v)u)] - Vo) O(dy)
[ly||>M
- / () — o(w)u)] - Vou (1) Q(dy)

+ /| L Ew o)
(Vo) — Vs (9)Qldy)

/ Yu()]
Hy|\>M

- (Vo(y) = Vi (9)Q(dy),

where the last line is from ([{I4]) applied with 1 = nys. The last term converges to
0 as M — o0, since as in ([{TI6) we have that, for some x4y € (0, 00),

/l - (W (y) — o(y)uy)(Vo(y) — Vi (y))|Q(dy)

< Ky / (1+ yll? + [lu(w)||12)Q(dy),
lyl|>M

and the last term, due to (£I6), converges to 0 as M — oco. This proves ([LI5).
Finally note that

Lo IePQdn = [ ety > [ 1ot
= [ lutn) =" Vo Q) + [ |17 @)V emIPQ)
2 [ (o) =" () Vo) - (0 () Vo) Qlc).
The last term equals 0 from (EI5) since

/Rd(U(y)—UT(y)V¢(y))~(0T(y)V¢(y))Q(dy) = —/Rd [ (y) 0 (y)u(y)]- Vo(y)Q(dy)-

This completes the proof of the lemma. O
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4.1.1. Proof of the LDP upper bound. We now complete the proof of the upper
bound, namely of the inequality in ([@IJ). Denote by [Q%];, i = 1,2 the two marginals
of Q° on R? and R" respectively. Let Q be a weak limit point of Q°. By a usual

subsequential argument we can assume that the convergence Q° = @ holds along
the full sequence. Note that

liggf—SQ(E)eE |:eXp {—@F(m)}]
>hm1nfE{ /||v )i dt]—%
—timigt £ |[F(Q) + 5 [ @ yan)| - 2
> B|FQ+ g [ 11 -2

> B|FQ+ 5 [ 1o Vet -2

—E[FQ)+1(Q)] -2

> inf [F I (7)] — 26,
_fyegl(Rd)[ (v) + (7]

where the first inequality is from (@3], the second line uses the definition of Q°,
the third line uses the convergence of Q° to @, the lower semicontinuity of the L2
norm and Fatou’s lemma, and the decomposition Q(dydz) = Q(dy)q(y,dz), the
fourth line uses Lemma [£.4] and the fifth uses the definition of I;. Since § > 0 is
arbitrary, the proof of the Laplace upper bound is complete.

4.2. Construction of a stabilizing control. In proving the lower bound we will
need to construct certain controlled versions of (2.1)) that stay in the neighborhood
of a specified state in R for a given length of time. Lemma will be key in such
constructions.

Lemma 4.5. Fiz x € R and a collection of points {x°} in RY. Let Y*(s) =
Ye(s,x,x%) solve the equation

- 1 . . -

dYe(t) = ==V, (Y=(t))dt + ﬁU(YE(t) +xz)dB(t), Y*¢(0)==z°,
€ Ve

where V. (y) is as in Assumption 2I(3). Then, the following hold.

(1) There exists k1 = Kk1(x) € (0,00) such that supy<<q E|Y=(s)|]? < r1(1+
|z=|)? for all €.
(2) Suppose sup, €||z¢||* < oco. Then, for every x € (0,1]

1 t
(4.18) sup FEdy (—/ 595(5)(18,50) —0, as e€—0.
te[r,1] tJo

Proof. Fix x € R?. In the following, dependence of various bounds on z will not
be noted explicitly. Let for y € R? o,(y) = o(z +y). Applying Itd’s formula to
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Va(Ye(t)), where V, is as in Assumption [2.1i(4), we have

Vo (YE() = Va(2) — 2/0 Ve (Y2(s)) - Va(Y(5))ds
s%(e)
2¢e

5(¢) | v (7 ) ano).

(4.19) +

/0 tr([oTHV, 00 (V5 () )ds

For m > 0 let 7, = inf{t > 0 : [|[Y*(¢)|| > m}. Since by assumption V, is
nonnegative,

E / " VLT () Va (V5 (s))ds < £V ()
0

82 (8) tATm T .

+ TE tr([o, HVio,](YE(s)))ds.
0

Using Assumption 21)(4) again and sending m — oo, we have that for some

K2 € (Oa 00)7
1
(4.20) E/ IY¢(5)||2ds < ra(e||z®)* + 1)
0

for all e > 0. This estimate together with the linear growth of VV,, says in particular
that the expected value of the stochastic integral in (£I9) is 0. From (I9) and
Assumption [ZT[(4) we also see that for some a; € (0,00),i = 1,2,3,4, and for all
t €10,1]

(4.21)

- - 1 rt -
BT < VAV (0) < ax(t + [+°1) ~ [ (Bl - ar) ds.
0
A similar argument shows that for 0 < s <t < 1 and with b°(t) = E||Y=(t)||?
1 t
(4.92) ab (1) < ax(1 5 (s)) ~ © / (asb (u) — as) du.

Define k1 = 1V %"‘ v %(Z—‘; +1). We claim that b*(¢) < k1 (1 + [|2¢]|?) for all
t €10,1] and € € (0,1). Suppose that the claim is false, then there are an € € (0,1)
and a to € [0, 1] such that b°(tg) = k1 (1 + ||2¢]|?). Let ky = Gat — 1. Note that by
our choice of k1, k1 > 1. We can find some sg € [0, ) so that b°(sg) = k1 (1+]2¢]|?)
and b°(s) > ki (1 + ||2°]|?) for all s € [sq, to]. Then, from ([E22),

a1 (14 [|2°]%) = a1b®(to)

<aa(l b+ [oP) - 2 [ (b (o) - an)ds

S0

1 [t
an(t+ R+ - 2 [ (anki (1 o) - ar) ds

S0

1 [l
< sy + (1 + |°]2) g/ (ask: (1 + [2°2) — az) ds.

S0
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By our choice of k; we see that (ask; — aq) > 0 and so, from the above display, and
using the definition of k1 and kq,
a1k1

arkir(L+ [0]%) < ap(ky + (1 + [|2°]*) = <=1+ [|l2°]*)

which is clearly false. This gives us a contradiction, which proves the claim and
completes the proof of part (1) of the lemma.

Now we prove part (2) of the lemma. Fix x € (0,1) and a collection {z¢} C R¢
such that sup, e||2¢||? < co. Let, for 0 <t <1,

St
0; :f/o O (5yls.

We argue by contradiction. Suppose that ([@IS)) is false. Then, there exist some
6 > 0,k > 0, a sequence €, — 0, and t,, € [k, 1] such that for every n > 1, with
T =g

(423) Edb](ﬂ'n, 60) Z 0.

Using ([@.20) and our assumption on {x°} we see that {7} is tight as a sequence of
P(R%)-valued random variables. Then, along a subsequence (labeled again by n),
7" = 7, for some P(R%)-valued random variable 7. Along the lines of Lemma [Z4]
we now see that, for every : R? — R in CZ, a.s.,

(4.24) y Vn(y)Ve(y)m(dy) = 0.

Indeed, by It6’s formula, we have for all n € N,
- 1 [t - -
W (t) = na™) = = [T W (TE (5)ds
n Jo

32(5n)

2ep,

S(€n) tn T (NveEn \En
v / o7 (Vo () V(T (3))dB(s).

/0 " (T Mg (V" (5))) ds

Rearranging the terms,

/0 (T () Ve (P (5))ds = enn(z®) — eV ()

82 ” tn ~
+%/0 tr([o Hnoo] (Yo" (s))ds

FstenvE [ (TR ()) dB(s)

Taking limit as n — oo, the right hand side converges to 0 since &, s(¢,,) — 0 and
n € CZ. Also, the left hand side can be rewritten as

/0 T () V(o (5))ds =t | n(y)Valy)r" (dy).

Rd
Since t,, € [k, 1] for all n, we have, from the weak convergence of 7™ to 7, the square
integrability estimate in (£20]), and linear growth of V, from Assumption 2] that,

a.s., (@24) holds.
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Now, from the global asymptotic stability of the unique fixed point 0 of the ODE
¥y = =V, (y) (Assumption 21k3)), we see that 7 = dy. Indeed, denoting the solution
of the above ODE with y(0) = z € R? as y,(¢) and defining

Tin(z) = n(y=(t), Gn(z) =-=Vin(z) Va(2), z €RY,

we see that

/Rd Tin(z)m(dz) — /Rd n(2)n(dz) = /Ot /Rd(gTsU)(Z)W(dZ)ds
= [ [ v vtz as =0

which, on sending ¢ — oo and using the global asymptotic stability property, says
that [p. n(2)d0(dz) = [a n(2)7(dz) a.s. for all n € CZ, proving the identity m = &.
However, since m, = m, this contradicts the inequality in (£23]), completing the
proof of part (2) of the lemma. O

4.3. LDP lower bound. In this section, we prove the lower bound for the LDP,
namely the inequality in @2). Fix § > 0 and let v* € P(R?) be §—optimum for
the infimum on the right side of (£.2), namely,
(4.25)
F(W*)‘f‘/ lo" (1) Ve)lI*v*(dy) = F(v*) + L(y*) < inf (F(u)+11(u)> +90.
Rd neP(RY)
Denote by Pg;s the class of all probability distributions on R that are supported

on a finite set. Then, we can find a & € Py;s such that
(4.26)

PO =Pl <5, [ o7 Vel < [ o7 @) Vew* @)+

Indeed, consider an iid sequence of Rdjvzzlugd random variables &1, &s, ... dis-
tributed as v* on some probability space (€2, F, P), then from the Glivenko-Cantelli
theorem and the Strong Law of Large Numbers

1o I -
L3 = 1Sl = [l @)V ), P as
i=1 i=1

Now fix a w in the set of full measure on which the above two convergence results

hold. It then follows with u, = % Z?:l d¢, (@) that

F(v*) = Fpn)| = 0, / o™ )V (d) / o™ () Vol P (dy).

This proves the statement in (£26) and gives

a2 F@ [ eV Pt <t (PG + 0G0 ) + 3

Now suppose that supp(ii) = {1, ..., zr} with @{z;} = p;, namely i = Zle Dily, -
In order to prove the lower bound in ([£2) we will once more use the variational
representation in ([@3)). With this variational representation, the proof reduces
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to the construction of a suitable sequence of controls v and controlled empirical
measures ¢ such that the associated costs

1 ! g =&
By [ 1) Pas + P
0
are asymptotically close as e — 0 to

F(@)+ [ 107 )V i)

In order for this asymptotic behavior, the controls should keep the empirical mea-
sure j° = fol 5y5(s)ds asymptotically close to the discrete measure i and keep the
associated cost %fol [[v¢(s)||*ds asymptotically close to § [r4 [lo” (1) Vo(y) |2 i(dy).
Our strategy will be to construct controls that make the stochastic process Y¢
visit sequentially the k& points in the support of i and spend approximately p;
units of time in the vicinity of x; by incurring a control cost of approximately
pillo (z;)V(z;)||>. More precisely, the control we will construct will have the
following features:
e In a short time and with negligible cost the process Y*(t) travels to a
neighborhood of ;.
e For approximately p; amounts of time the state is controlled to stay in the
vicinity of x1 while paying a total cost that is approximately

pillo” (21) Vo (zy)|*.

e The process is then moved to x5 in a short time, while expending a negligible
control cost. Then, it is controlled to stay in the vicinity of x5 for ps units
of time while paying a control cost of pa||oT (22)Vé(z2)]|?.

e This is continued until we finish with all the & positions.

This construction is summarized in Table[ll For z,y € R?, define y(¢) = y(z,y;t) =
x+1t(y —xz), 0 <t <1 and define the function

ot) = oz yit) = o (y()a™ (y(1)(y —2),0 <t < 1.
Note that g and y satisfy

t
y() =2+ [ olv(9)ets)ds, 01 <1
0
and for some ¢ € (0, 00)
1
(4.28) / le®)II* < e(1+ ||z + [ly[|?) for all z,y € RY.
0

Define 5 ,(t) = o(w,y;t/e) for 0 <t <e. Also for i = 1,... k, let P; = E;lej
and set Py = 0. Also, for z,y € R?, let

Ay, =) = a(y)a(z).

Then the state controlled process is given by equation (L) with the control
process v defined in state feedback form as: For : =0,1,...,k—1
(4.29)

Q

() = TY()VO(Y* (1) + 05e (pya,,, (= Pi), if t € (P, P+ €],
oT(YE(t)A(YE(t), 2ir1)Vo(xir1), ift€ (Pi+e, Pyl
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TABLE 1. Construction of the control process. First column gives
the approximate states (or transitions) for Y¢ under the selection
of the controls, v°.

State of Y© ‘ Time ‘ Control Process v°(s)
woar | e | (VDT + 8, 6) 100
x1 p1—¢€ UT(YE(S))A(YE(S)vxl)vQS(xl)l(&Pl](S)

Ye(P) — xo € (UT(YE(S))V¢(Y€(S))

+Q§7a(p1)7r2 (S - Pl)) 1(P17P1+€] (S)
Ty p2—e | a"(Yo(s)A(Y<(s), 22) Vo (22)1(p,4e Py (5)

Ye(Pio1) = xp € (UT(YE(S))V(ZS(?E(S))

+Q§75(Pk—1):ﬂ?k (s = Prc—1) 1(Pk—17Pk—1+6](S)
Th pr—e | 0T (YE(s))A(YE(s),21)Vd(wr)L(p, y+e,1)(5)

From the Lipschitz property of V¢, and A, and the boundedness and Lipschitz
property of o we see that the above state feedback control is well defined and the
corresponding SDE in (4] has a unique solution. For the rest of the section, Y¢
will denote the solution of this SDE with the above feedback control.

Lemma gives a key moment bound.

Lemma 4.6.
sup sup E|Ye(t)]? < oo.
0<t<1e€(0,1)

Proof. We will show via induction that for ¢ = 0,1,... k

* 3

sup sup E|Ye(t)|? < oo.
0<t<P; e€(0,1)

Clearly the result is true for ¢ = 0. Suppose now that the result is true for some
i€{0,1,...,k— 1} and consider i + 1. Then, for ¢t € [P;, P; + €]

YE(t) =Y(P) + l/t a(Y(s)) -0 <Y€(Pi)7$i+1§ ° _EB) ds

g P;

s(e) 1 o 5 s
Thus with ¢ as in ([£.28)

E( sup V()]
P;<t<P;+e

1 2
Se Se s=(€
<SEITR)IP + 300l E [ eV (). s P + 12 e

<3(L+cllo|Z) EIVE(P)? + 3ellolZlwill® + 12[l]2. 5% () + 3elloll3,.
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Using the induction hypothesis we now have

(4.30) sup  sup E|Y(1)|? < oc.
0<t<Pi+eee(0,1)

Consider now P; + ¢ <t < P;y; and define
(431) ?;i_l(t) :YE(P1+€+t) — Tjt1, 0<t §p2+1 —E.
Then, for ¢t € [0, p;+1 — €]

B B 1 Pi+e+t 3 B 3
Yig () =Y°(P; +€) — w1 — g/ a(Y<(s))o" (Y(5))(Vo(Y(s))

) Pi+e S(E) o )
—_ A(YE(S), $i+1)v¢(.’L’i+1))d8 + % /Pv+ U(YE(S))dB(S)
s() 2

_ 1 [t - t -
V(P )i — / Voo (Vi () ds+ 22 / Carr (Vi ())dBi(5),
€ Jo \/E 0

where o, (y) is as introduced in the proof of Lemma and By(s) = B(t + P; +

g) — B(P; + ¢) is a Brownian motion. Thus Yﬁrl satisfies the SDE in Lemma
with = 2,41 and 2° = Y*(P; + ¢) — x;,;. Consequently, from Lemma

sup  sup B[V (1) <2z [P +2  sup  sup B|YE(t) — @i ?
P;+e<t<P;j41 € Pi+e<t<Pjy1 ¢

§2||xi+1||2+20 sup  sup E||[YE ()|

<t<pit1—€ €
< 2l|ziga |l + 261 (2i41) (1 + BIYE(P; + €) = ziga[?).
Combining the above with [30) we now have that

sup  sup E[Y*(s)[|* < oo.
0<s<P;11¢e€(0,1)

The proof is complete by induction. (Il

Lemma [ 7shows that the control process moves the state process to the vicinity
of ;41 in the time interval from P; to P; + «.

Lemma 4.7. Fori=0,1,...,k—1
?E(PZ —|—E) f—) Titr1, GS € — 0.

Proof. Fori=0,1,...,k—1and t € [P, P, + €],
(4.32)

Vo0 = V) + L [ a0 065y s+ 2 [ oV (5o
Define Z¢(t) = Y¢(P; + et) for 0 <t < 1. Then ([&32) can be written as
Z5(8) = Z°(0) + /O o (Z5(5)) (V2 (By), is1s 8)ds + () /0 o (Z(s))dB (s),

where B°(s) = e V/2(B(se + P;) — B(P;)), 0 < s < 1, is a BM starting from the
origin. Also consider the ODE given by the noiseless version of the above equation,
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namely,
ZE(t) = YE(P) —1—/0 O(ZE(S))Q(YE(Pi),l‘i+1; s)ds.

Note that, by the definition of ¢°(-), Z(1) = z;41. Also, using Gronwall’s lemma
and Lipschitz property of o,

(4.33)
V(P + &) = wiga || = 1 2°(1) = Z° ()|

1
< s(e) sup IIME(t)Ilexp{IIUIILip/ lo(Y*(Py), @itas s)llds},
0<t<1 0

where ||| 1;p is the Lipschitz constant of o and M®(t) = fot 0(Z%(s))dB*(s). Next
note that, from the properties of p,

1
_ . 1/2
/O lo(Y*(Py), wivs s)llds < (Y= (P)I? + lziral® +1))
and that from Lemma @6 {Y*(P;)}.>0 is tight. The result now follows on sending

e — 0 in (L33). O

Lemma .8 shows that the empirical measure of Y¢(¢) over the interval [P; +
g, P;11] is concentrated near x;.

Lemma 4.8. Ase — 0, for eachi=0,1,...,k—1

1 P
Ed 7/ Sgreids, 6., | = 0,
2l oo oy (P08 Oni

Proof. Fix i = 0,...,k — 1. Since for a z € R? and f € BL;(R?), the map
x> f(z — 2) is also in BL;(R%), we see that

1 Pitq
Ed —/ Sy ds, b,
! Pi+1 — € Jp,qe v e
1 Pit1
(4.34) = Ed —/ O5e(6) s, 48,6
bl Pit1— ¢ e Ye(s)—xit1 0

1 Pi+1—¢€
= Edb] (m/(; 6?1'E+1(S)d8,50> s

where the last line follows on recalling the definition of the process Y; ; from [@31).
The expectation on the last line can be written as

BDi (V¥(Pi+2) — 2i1) = EDEy (T, (0)),
where for z € R?
. . 1 Pi+1—€
Di+1($) = dbl (m /O 5Y§(S,:Ci+1,w)d83 50)

and Y¢(s,x;y1, ) is the process introduced in Lemma
From Lemma [£3] for any compact set K C R?,

sup EDj,(x) -0, as e —0.
rzeK
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From the tightness of {Y; 1(0)}, which follows from Lemma B.7, we now see that
ED,, (Vi (0) =0, as =—0.
The result follows. O

Proposition shows that the asymptotic costs under the control v* defined in
[#29) are as desired.

Proposition 4.9. We have

lim sup E/ lv® (D)1t = / lo™ (y)V(y) 1*ldy).

e—0

Proof. Note that

Pi+e Pii1
(4.35) E/ 10 (s)] ds_—EZ/ 10° (s) | Pds+ = EZ/ 0% (5) | 2ds.

We first argue that the cost associated with travel from x; to z; 1 is negligible, i.e.
1 P;+e
(4.36) lim sup E/ |v°(s)||?ds =0, forall i=0,...,k—1.
e—0 P;

Indeed, using the linear growth of V¢ (which follows from Assumption 2IJ(2)(b)),
the boundedness of ¢, and the estimate for g in [@.28)), for some x; € (0, 00)

Pi+e
E / v (s) | 2ds
P;
P;+e

P;+e _ _
<28 [ ot (Vs VT (s)) s 428 / 165+ (e, ()]s

i

Pi+e
o[BI+ 28 [ 1P (P06

P;

P,‘,+E _ —
< K / EQ1+ Y2 (s)[*)ds +2ceE(L + [z ||* + 1T (P)]*)-

i

The statement in (£30) is now immediate from the moment bound in Lemma

Now we consider costs over the intervals [P; + ¢, P;11]. For i = 0,1,...,k — 1
consider the random probability measure
1 P
915 = 7/ 5Yf(s)d3~
Pi+1 — € Jp,+e
Then
1 P £ 2 1 T 2 pne
SE [v5(s)[I7ds = S (pit1 —€)E | |lo* (2)A(z, xi1) V(i) |05 (d2).

2 Pij+e 2 Rd

From Lemma 8] 6; — 6,,,, in probability as ¢ — 0. Since z — A(z,x;11) and
o are bounded and continuous functions and A(z;y1,z;+1) = Id, we now see that
the right side converges, as € — 0, to 1p;41]|o” (2;41)Vé(ziy1)||*>. Combining the
above with ([4.38]), we now have the desired result from (£35). O

We now show the convergence of the empirical measure associated with Y.
Recall i introduced above ([26]).
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Proposition 4.10. Let g = fol dy<(syds. Then, i converges to fi in probability
ase — 0.

Proof. Note that one can write ¢ as

k—1 1 Pj+1 P “+e
ﬂa — Z(ijrl —E)%/ 6Y£(s)d8+gz / 5Y€(S)d8.
=0 Pj+1 — € Jpj+e
Also recall that
k—1 k—1 k—1
A= ij+159€j+1 = Z(pj-‘rl - 5)6xj+1 + Zséﬂﬂwrl'
Jj=0 j=0 j=0

It then follows that

k—1 1 Pji1
Edu(,1) < Y- (g — B ( - [ oy ydsian,
Z i+ Piv1— € Jp e Ye(s) +1

Jj=0

The result now follows on sending £ — 0 and using Lemma (.8 O

4.3.1. Proof of the LDP lower bound. We now complete the proof of ([@2]). We will
apply Theorem 3.1l with R = A. By a similar argument as in Section .1}

—e52(e) log F exp (—i(;ze;) = inf (Foge / o(s)|| ds)

<E<F / 107 (s)] ds)

where i€ is as introduced in Proposition 10l and v° is as constructed in ([£.29).
Thus,

F €
lim sup —es?(¢) log E exp (— (e )> < 11msupE( / [[v°(s ||2d3)

e—0 es? (5) e—0

R / 107 (4) V)| 2ady)

< inf (F(y)+1 + 36,
< WEP(W}( () + L)
where the first equality is from Propositions [£.9] and [£10] and the last inequality is
from ([@27). Since § > 0 is arbitrary, the inequality in ({25]) follows.

4.4. Compactness of level sets of I;. In this section we show that the function
I, as defined in (22) is a rate function.

Fix M > 0. It suffices to show that the set {y € P(R?) : I;(y) < M} is compact.
Consider a sequence 7, € {y € P(R?) : I;(y) < M}. Then

[ 1T @)Vot) Pl <204, forall nen
Rd
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We now argue that {v,} is a tight sequence of probability measures on R%. Fix
£ > 0. From Assumption 2] (parts (1) and (2)(d)) there exists M; € (0, 00) such
that for ||y[| > M, |lo” (y)Vé(y)||? > 2. Then for all n € N

K 2M
Vn(dy) = Sas —'Vn(dy)
/|y|>M1 2M gz K

KR

K
T Sy g 177 OV (d) < 3720 = .
Yil=zM1

<
- - 2M

Since k > 0 is arbitrary, we have that {v,} is tight. Thus, we can find some
subsequence (labeled again as n) along which 7, — 7 for some 7 € P(R?). From
Fatou’s lemma

/ lo” () Ve(w)[?7(dy) < limint / 10 (1) V(w)|[a(dy) < 2M,
Rd n R4

which shows that 5 € {y € P(R?) : I(y) < M}. Thus {y € P(R?) : I(y) < M} is
compact.

5. PROOF oF THEOREM [2.7]

We now turn to the multiscale system introduced in Section and prove our
second main result, namely Theorem 271 As before, the proof proceeds by estab-
lishing the associated Laplace asymptotics. Recall the definitions of the spaces X
and M, from Section Section 1] shows that for every F € Cp(X x M)

F(XE,A%)
(5.1) lim inf |:—882(€) log Be =% ] > inf <F(£, v) + I (¢, 1/)>

e—=0 T (Ev)EX XM,

which gives the LDP upper bound. Then, in Section (.3.4] we prove the comple-
mentary lower bound: for every F € Cp(X x M)

_ F(XE®,A%)
(5.2)  limsup |:—€S2(E) log Ee =% ] < inf (F(g, v)+ I (&, 1/))
e—0 (&v)eX X My

Finally Section [5.4] proves that I is a rate function. Theorem [Z7] is an immediate
consequence of these three results. Throughout this section, Assumption will
be taken to hold.

5.1. LDP upper bound. In this Section, we prove the inequality in (51). Un-
der Assumption 25 the SDE system in (7)) has a unique pathwise solution
(X©,Y*®) given on a filtered probability space (92, F,{F:}, P) satisfying the usual
conditions and equipped with mutually independent k& and d dimensional {F;}-
Brownian motions {W(¢)} and {B(t)}. This says that there exists a measurable
map G : C([0,T] : R*%) — X x M; such that (X¢, A®) = G5(B, W) where A® is
defined as in (L8).
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Fix ¢ > 0 and F € Cp(X x My) and apply Theorem B with p = k + d,
B = (B,W), and G replaced by G* = F o G¢. Then, as in Section [l we have that

9 _ F(XE,A%)
—es”(e)log Ee =)

T
= inf FE %682(6)/0 (s ()17 + llva(s) 1) ds

B (v1,v2) €A,
+G° (B+/ vl(s)ds,W—i—/ vg(s)ds)]
0 0

T
= it B g [+ e s

 (v1v2)EA,
+G* <B+ \/E%(E)/O'vl(s)ds,w—k \/E%(E)/O'vg(s)dsﬂ .

The classes A, = A} and A = AP are as in Section Bl Note that any v € A"
can be written as v = (vy,v2) where v; € A? and vy € A* and if v € .Agjv]f then
v € AL, and vy € AF .

Fix 6 > 0 and choose for each ¢ > 0 a (v5,05) € A, that is —optimal for the
right side, namely,

9 _ F(XE,A%)
—es(e)log Ee 2@

e ) e )
5 [ @R+ g [ s
0 0

+ G- <B+ @/Obg(s)ds,w+ @/O.vg(s)ds)] — .

A similar localization argument as invoked in Section F.I] shows that there is an
M € (0,00), and for each € > 0, (v5,v5) € Ap ar such that

>F

9 _ F(XE,A%)
—es“(e)log Ee =@

> E 1 T € 2d 1 T € 2d
(5.3) =E15 ) 5 (s)lI"ds + 5 ; lvz(s)["ds

e <B + \/E%(a) /O Ve (s)ds, W + ﬁ%(e) /0 ug(s)dsﬂ — 9.

Also by application of Girsanov’s Theorem, it follows that

Ge (B+@/O'U‘i(s)ds,WﬂL/o'vS(S)dS) = (X549,

where (X¢,Y¢) is the solution to

dX=(t) = (b(X°(t),Y=(t)) + a(X=(t))v5(t)) di

(54) + s(e)vVEa(X*(1))dW (1), X°(0) = o,
)+ s, 70 =

dY©e(t) = (—éva(XE(t),Ya(t)) + NG
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and

(5.5) RE(A % [0,4]) = /[0 AV (eDds, € 0.7) A€ BRY).

Denote for ¢ € [0,T], My = [0,#] x R? x R? and define P(My) valued random
variables I'® as

I“(Ax BxCQO)
I _
_ T/ 1La ()15 (Y(s))1o(v5 (s))ds, A € B(0,T]), B € BRY), C € BRY).
0
By denoting (ds x dy x dz) as dv, the first equation in (54) can now be written as

Xe(t) =20+ T / bR (s), y)T= (dv) + s(e) Ve / o (X (5))dVV ()

(5.6) M

t
+ / a(Xe(s))v5(s)ds.
0
We begin by establishing the following useful moment bound.

Lemma 5.1. For some ¢ € (0,1),

sup

e€(0,e0) 0<t<T

T
E sup H)_(E(t)|\2—|—E/ ||}75(t)||2dt—|—e sup E||175(t)|2] < 00.
0 0<t<T

Proof. The constants r;,4% = 1,...,6 in the proof will be positive reals that are
independent of ¢ € [0,7] and € € (0,1). Applying 1t6’s formula to U(X¢(t), Y=(¢))
we have for ¢ € [0, 7]
(5.7)

U(X*(),Y*(t))

= U(zo, ) +/0 VaU(X5(s),Y7(5)) - [D(X*(5), Y¥(s)) + a(X*(s))v5(s)]ds

+ s(e)e/? /0 VL U(X2(s), V2 (5))a( XE(s))dW ()

s2(e)e

T3

/Otr([aT’HmUa]()_(E(s),YE(S)))ds
1 ! Y E \€ 2 1 ¢ V€ \E 08 (s S
L [ @ v o s+ L [ 9,0 6.7 v

L 56 tV U(X*(s),Y*(s))dB(s) + &/ttr(}[ U(X(s),Y*(s)))ds.
€ o 7 2 Jo ’ 7

From our assumption that b is Lipschitz, a is bounded and V,U is Lipschitz, it
follows by standard Grénwall estimates that for each fixed ¢ > 0 and ¢ € [0, 7]

B[ X=@I* + 1Y=(@0)]7] < 0.

This, in particular, in view of linear growth of VU and V,U, says that the ex-
pectation of the stochastic integrals in (B.7)) is 0. Next note that by Assumption
2.3(2)(c)

U(X*(1),Y*(1)) = Ligy [T (0)* — L

low*
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Also, using the linear growth of b and V,U, the boundedness of a, and the fact
that v§ € A’b“’M, it follows that for some x; € (0, c0),

<1 / E(1L+ [7<(s)[2 + | X=()2).
0

E‘/0 VaU(X5(5), Y2(5)) - [b(X%(s), Y*(5)) + a(X*(5))v5(s)]

By Young’s inequality

1 ' Ve € 2 1 ! Ve € €
_ Z/o [V,U(X5(5),Y(s5))||" ds + 5/0 V,U(X5(s), YE(s)) - v5(s)ds

1 i vE \VE 2 M
§—2—€/0 |V, U(X5(s), Y (s))]| d8+Z'

Combining the above observations with (5.17) we now have, for some ks € (0, 00),
t
_ K _ _
(5.8) Lio(EIY*()]* 1) < ?2 + %2/ B+ [[Y=(s)|* + 1 X°(s)*)ds
0

I . _
- —/ E||V,U(X5(s),V*(s))||” ds.
2e Jo
Applying Assumption 2.5(2)(c) once more we see that
t t
[ EIVUEE @V )P ds > [ (L BIT @ - L,)ds
0 0
Using this inequality in (5.8]) and rearranging terms, for some k3, k4 € (0, 00)

t t
Ly [ BIVA(5)IPds < otz [ BTGP +1X5(5) ).
0 0

Choose €1 € (0,1) such that kseq < Ll;”'“’. Then there are a k5 € (0,00) such that
for all e € (0,¢1) and t € [0, 7]

t
/ E|[V¥(s)[%ds < rs(1 4+ sup E|X(s)]2).
0 0<s<t

Next, by standard Gronwall estimates on the first equation in (B4]) there is a
ke € (0,00), such that for all € € (0,1) and ¢ € [0, T

t
B sup X7 < welf [ (14 [7(5) ).
0<s<t 0
Combining the last two estimates we see that with £g = min(ey, 1/(2k5k6))
T — —
sup / E|Y(s)|?ds + E sup [|[X°(s)|]* | < oo.
e€(0,e0) 0 0<s<T
Finally, using the above estimate in (5.8) we obtain

sup ¢ sup E|Ye(t)]* < .
c€(0,e0) 0Zt<T

This completes the proof of the lemma. O
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For the rest of this subsection, we will assume that ¢ € (0,&¢) where ¢q is as in
the statement of Lemma[B.Jl In the next result we establish the tightness of various
objects of interest. Recall the definition of S%,, for p € N, from BI).

Proposition 5.2. The collection (¢, X¢,v5) is tight in P(Mz) x X x Sk,.

Proof. The tightness of {v§} is immediate from the compactness of S%;. In order
to prove the tightness of {I'*}, it suffices to show that the collection of nonrandom
probability measures on My defined as 4°(A) = ET¢(A), A € B(Mry) is relatively
compact (cf. 4, Theorem 2.11]). In turn, to prove the tightness of {7} it suffices to
prove the tightness of its three marginals. The first marginal [¥°]; is the normalized
Lebesgue measure on [0, 7] for each € so it is automatically tight. For the second
marginal we have, for R € (0, 00)

b e R ol = B =1 [ POV 2 B < g [ BNV 0P

Tightness of {[¥°]2} is now immediate from LemmalB.Il Also, for the third marginal,
for R € (0, 00)

e M
o d > > <
iz R el 2 B = [ PUON= B < s [ Blviar <

The tightness of {[¥°]3} follows. Thus we have shown the tightness of {I'}.
Finally consider {X¢}. Write X¢ = B* + A%, where, for € [0,7],

BE(t) = 20+ /O B(XE(r), V5 (r))dr + /O (X5 ()0 (r)dr

and A°(t) = s( \/_fo 5))dW (s). The tightness of {B°} in X is immediate
from the moment bounds in Lemma|5:|l the linear growth of b, the boundedness of «
and since v5 € Ay ,,, while the tightness of A® in X follows from the boundedness
of a. This proves the tightness of {X°} in X and completes the proof of the
proposition. O

By Proposiitionim it follows that every subsequence has a further subsequence
along which (I, X, v5) converges in distribution to (I', X, vs). We disintegrate the
measure I' as follows

_ 1 1 N
(5.9) T(dtdydz) = mdt3e(dy) q(t,y, dz) = y(dt dy)a(t,y, dz) = dtLe(dy dz).

In the above identity, v(dt dy) = T'(dt x dy x R?) is the marginal distribution of T’
on the first two coordinates and ¢ is the r.c.p.d. on the third coordinate given the
first two coordinates. Also, since ['(4 x R x R?) = (A x RY) = LA(A), where
A is the Lebesgue measure and A € B([0,T1]), the probability measure v can be
disintegrated as y(dtdy) = £dt4:(dy), which give the first two identities in the
display. For the third identity we disintegrate the probability measure I' as the
marginal on the first coordinate (which is the normalized Lebesgue measure dt)
and the r.c.p.d. on the last two coordinates given the first coordinate, denoted as
ft(dy dz). Lemma [5.3] gives a characterization of the limit points (I', X, v5). Recall
the class U(, v) defined in Section
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Lemma 5.3. Let_(f‘, X, v3) be a weak limit point of (['¢, X¢,v5). Define M —valued
random variable A as

A([0,] x A) = TT([0,t] x A xRY), fort e [0,T], A€ B(R?).
Then vy € U(X, ) a.s
Proof. From (5.4), for ¢ € [0,T],

X)) = a0+ T [ WX )T a) + [ ol (s))of(s)ds + RE(),
M, 0
where R¢(t) = s(e)e 1/2f a(X4(s))dW (s). Note that
E sup ||[RE(t)||*> < 4Ts*(e)ellal|’, — 0, as € — 0.
0<t<T

We assume without loss of generality that convergence of (¢, X% v§, R?) to
(T, X,v2,0) in P(Mr) x X x S¥ x X holds along the full sequence, and, by appeal-
ing to Skorohod representation theorem, that the convergence holds a.s. We need
to show that (T, X,v;) satisfy a.e., for all t € [0, T]

X(t) =2+ T/M b(X(s),y)L(dv) + /0 a(X(s))va(s)ds.
Note that
(5.10)
Xe(t) = mo + T/M b(X (s),y)l(dv) + /0 a(X (s))v5(s)ds + RE(t) + Ri(t),
where

Ri(t) = T/M (b(X=(5),y) — b(X(s),y))T=(dv) +/0 ((X=(s)) — (X (s)))v5(s)ds.
Using the Lipschitz property of b and « from Assumption 25(1)

sup [R5 < sup TH
0<t<T <t<T M;

+ / | (X=(5)) — (X ()| [05(s) Ids

<T(Lp+ LoVTM) sup | Xe(t) — X ()| — 0, as e — 0.
0<t<

b(X=(s),y) — b(X(5),))I*(dv)

From Lemma [5.]] and since v§ € .Ab!M,
(5.11) SHPE/ (yll* + l[=lI*)0= (dv) < o0
€ My

Also, by convergence of I'° to I, the continuity of the map (s,y,2) — b(X(s),y),
the linear growth of b and the estimate in (5.I1J), it follows that, for each ¢t € [0,T]

lim b(X(s),y)l=(dv) = b(X(s),y)L(av).

e—0 M, M,
Finally, for each t € [0,T], as € — 0,

/ (X ()5 (s)ds — / (X (5))va(s)ds.
0 0
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The result now follows on sending € — 0 in (G.I0). O

Lemma [5.4] gives an important inequality for the costs that will be useful for the
proof of the upper bound. Recall the disintegration in (5.9]).

Lemma 5.4. Let (I', X,v3) be as in Lemma B3l The following inequality holds

| werrarayds = 5 [ ([LmoEo. ) .

Proof. Let n: RY — R be in C2. Then It&’s formula applied to 1(Y*®) gives
(YE( )) n(y°)
/ Vn(Ye(s))dB(s) — —/ Vn(Ye(s)) - V,U(X(s),Y?(s))ds

+1 / Vn(T*(s)) - v5 (s)ds

—I—SZ—(E)/O An(Y<(s))ds

Multiplying by ¢ in the above equation and recalling the definition of the random
measure ['¢, we have

en(Y5(t)) —en(y”)

e)Ve / V(Y (s))dB(s)

~T [ V() - (V,U(X(5),y) - 2)T=(dv / An(7<(s

M
Sending € — 0 in the above display we have that, as ¢ — 0,

/ Vn(y) - (V,U(X?(s),y) — 2)T°(dv) — 0 in probability.
M

As in the proof of I:emmawe assume without loss of generality that convergence
of (I'?, X*) to (', X) holds along the full sequence in a.s. sense. From the Lipschitz
property of V,U we now see that, as ¢ — 0,

g Vi(y) - (VyU(X(s),y) = V,U(X(5),9))T*(dv) —

Finally, from the convergence of I'* to I, the square integrability in (5.I1), and the
compact support property of n we see that for all ¢ € [0, T

/Mt Vi(y) - (VyU(X(s),y) — 2)I%(dv) — . Vi(y) - (VyU(X(s),y) — 2)L(dv).
Combining the last three convergence statements we have, a.s., for all ¢ € [0,T7,
(5.12) . Vi) - (VyU(X(s),y) — 2)L(dv) =
Recall the disintegratioﬁ in (5.9) and define

o1 (t,y) = /dzq(t, y, dz), t €[0,T],y € R%.
R
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Note that the integral is well defined a.s. for v a.e. (t,y), since from (GI1]) and
Fatou’s lemma
(5.13)

_ 1 T .
B P IEa) = 2B [ ] iR+ PPy e < o
[0,T]xR24 0 JR2d

From (5.12)), by a standard separability argument, a.s., for every n € C2 and t €
[0, 7]

[ 1906 = ] - Vatwpretan] as o
Also, from ([B1I3)), a.s., for a.e. t € [0,T],
(5.14) / (Ul + [12]2)To(dy d2) < oo,
R2d

and for every n € C2,
(5.15) [, MU @) = oa(t)] - Valaintan) = .

Fix t € [0, T] for which the above two equations holds and denote f(y) = U(X (), y).
Now a similar argument as used in the proof of ([@IH) shows that we can replace n
with f in the above identity. Indeed, from Assumption the function f satisfies
the conditions in Lemma 3l Also, from properties of U, an estimate similar to
(#I18) shows that, for some x1 € (0, 00),

[V f(y) —01(t,y)] - VI (y)] Ae(dy)

Rd

= /R [[VyUX(#),9) = 01(t.9)] - V()] 4e(dy)
< / (Ll + 192 (6 )12 (dy) < s / (L Iyl + 12112 (dy d2) < oo,
R4 R2d

where the second inequality on the second line is from Jensen’s inequality while the
finiteness asserted in the last inequality is from (5.14]). Now exactly as in ({.I7) and
discussion below it we see that (I8 holds with n replaced by f(-) = U(X(¢t),-),

namely
G10) [ VU0 - 00)] TUKEO0)5 ) =0 as
Now the proof is completed as in Lemma [£.4k
[ VelPEtdyds) = [ 1elPat deiiddy) = [ o))
R2d R2d R4
= [ Ioa(t.s) = VU @) + [ IV, V0.0 ()

+2 [ (0t) = VU0, 0)) - V) ()

Since the third term equals 0 from (BI6]), the lemma follows. O
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5.1.1. Proof of the LDP upper bound. We now complete the proof of the inequality
in (B.I). Recall the weak limit point (T, X,vs) of (I'®, X¢,v5) as in Lemmas [5.3]
and B.4l By a standard subsequential argument we can assume without loss of
generality that the convergence holds along the full sequence. From (&.3) (and the
observation below it)

F(XE,A%)

liminf —s?(e)eFe” (= > liminf E | F(X¢, A®) Z/ l|vg (¢)||%dt | — 26

e—0 e—0
1=1,2

e—0

e A€ T 21e 1 ’ € 2
_hmme[ (X584 5 | =T (av) + 5 s dt] — 25

>F|F / ||2]|2T (dv) ;/0 |uz(t)|2dt] — 26
> |F % [ ([ v )ay [ |v2<t>|2dt]—
> E[ (X,A) + (X 1_\)] — 25> " u)g;(fx/v( [F(&v) + (& v)] — 24,

where the third line uses lower semicontinuity of the L? norm and Fatou’s lemma,
the fourth line uses Lemma [5.4] the fifth line uses the definition of I, the definition
of A, and the property vy € U(X,A) a.s. shown in Lemma 53l Since § > 0 is
arbitrary, the result follows.

5.2. Simple form near optimal paths. In preparation for the proof of the LDP
lower bound we first prove a preliminary result which provides simple form near
optimal paths that can then be well approximated by suitable controlled processes.

Lemma 5.5. For each dg € (0,1) and a bounded Lipschitz F : X x My — R, there
are a £ € X, v* € My, v* € L*([0,T] : R¥), a partition
O=ty <ty <tgy1=1T

of [0, T) and probability measures vy, i =0,1,..., K on R? with finite support, such
that

(1) v*(dyds) = Ds(dy)ds, with iy = v5ly(t) + Ez o Vil t01(1), 0t <T.
(2) v*(s) =v*(t;) = v fors € [ti,tit1),1=0,1,... K.
(3) Forallt e [0,T],

—aot [ [ e @i+ [ @@

(4) (&*,v*) is dp-optimal, i.e.,

rewy g [ ([ vue o)+ oF) o

< inf F(& v)+ (& v)] + do.
< i FE) + RaE)] + o
We now proceed with the proof of Lemma This proof will be completed
at the end of Section [.2.3] by constructing a series of approximations for a near
optimal (¢, 7).
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) Fix a bounded Lipschitz function F' : X x M; — R and §y € (0,1). Choose
(&,7) € X x M such that

(&, v)eEX XMy

Next, using the definition of I, choose & € U(E,7) such that, with #(dyds) =
Us(dy)ds

619 3 [ ([ 1@ o) 166 s < nE o + o

Note that &, 7, satisfy

t
=z —|—/ / Y)Vs dy)ds+/ a(é(s))v(s)ds, t €[0,T].
R 0
From the lower bound on ||V, U(z,y)|? in Assumption 25(2)(c) we see that
T
(5.19) | [ 1slatanas < .
0o Jre

where Ay = (Lj,,,) " (2(inf (g uyexxm, [F(Ev) + L2(6 )] + [|Flloc + 1) + L3, T).
We also remark that 7 can be taken to be an arbitrary probability measure on R¢
and we will assume without loss of generality that

(520) [ () = 1.

We now proceed to our series of approximations.

5.2.1. Approzimating with continuous v,v. Fix ¢ € (0,1). The choice of ¢ will be
identified at the end of this section. Using the uniform continuity of £, choose
0 < 1 < 62 such that

(5.21) €(s) — £(s")|| < & whenever |s — s'| < 7.
Let L e L e
vy (8) = —/ o(r)dr, p, o = —/ Updr, s € 10,7,
N Js—n ' nJs—n

where 9(r) = 0 and ;. = iy for 7 < 0. Note that v; and p; are continuous maps on
[0, T] with values in R* and P(R?) respectively. Let & be given as the solution of

(5.22) &,(t) =20 —|—/ / Yy s(dy)ds —1—/0 (&, (s))vy(s)ds, t € [0,T].

Note that due to the Lipschitz property of b and « the above equation has a unique
solution. Also note that £ can be represented as
(5 23)

— 20+ / / u)is, o (dy)ds + / o(€(3))07 (5)ds — R n(.1), L € 0,7],
where

Rig(é / Rdb Y)bin,s(dy) ds—/ b(€(s), y)7s(dy)ds

Rd

/0 o(€(3))3 (s)ds — / o(€(5))3(5)ds
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Using an interchange of the order of integration.

// '“nsdyds—//Rd )7s(dy)ds
:/ /Rd (_ /(r+n)/\t b(é(s),y)ds> 7o (dy)dr

/ o /R< / (&(s), )d8> Dy (dy)dr — / e / b(E(s), y)7s(dy)ds
/t )+ /Rd ( /T )ds> D (dy) dr—/ /Rd bE(s), y)is(dy) ds

From the Lipschitz property of b
1

12 [ s mas - v < misr e fo.e- .

Combining this with the linear growth of b, for some C'(b) € (0, 00) depending only
on the function b

‘ ,unsdyds—//bfs dy)ds
Rd Rd

< (c< (1 + ey + TLud)
A similar calculation shows that

/Ota(é(s))v,’;(s)ds - /Ota(g(S))ﬁ(s)ds

Thus, for all ¢ € [0, T,

< 3(LaVT +2]afloo) 13]]2-

[R1n(E )]l < (COIL+ [Elloe) + 5(LavT + 2lalloc) [3]12 + TLu) < s,

where r1 = C(b)(1+ ||€]loc) + T Lt + (LaVT +2|||| o) |7]|2). Combining the above
estimate with (0.22) and (5.23)), and using the Lipschitz property of b, we have by
Gronwall’s lemma

(5.24) 1€ = Elloo < K26,

where Ky = rjelbTHT 2 Lallll2

Now we estimate the cost. From (.19) and (E20) we see that

(5.25) / [ i s < v+ 1.

Using the Lipschitz property of V,U we see that for a C'(U) € (0,00) depending
only on U,

IV,Uz,9)|? < CO)A + ||z + [lyl*)
and
(5.26) |1V, U(z,9)|I> = IV,U ", 9)|?] < CO) e = «'[|(1+ [Jz]| + [l2"]| + llyl])
for all z,2’ € R™,y € R%.
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From this it follows that

%/OT/R IV, U (s), ) 12145 (dy) s——/ / IV U (E(), )17 17, (dy)ds

T
ko C(U)S 1 loe + K2) s, o (dy)ds
<raC@W)S [ [ (ol + e + o))
< RaC(U)IT (2 + |l + o) + A1 1),

Thus with k3 = koC(U)(T(2+ [|€]lec + K2) + A1 + 1),

T
%/0 /Rd IV, U (& (s), 9)lI 1, (dy)ds
. : ¢ 2 %
< 5/0 ~/]Rd Hva(g(S)vy)” M”],S(dy)ds‘f‘ng(;_

Also, by an interchange of order of integration, and using (&.20])

/OT/ IV, U(E(s), ) 120, (dy)ds

/ /R n/r(ww IV, U(E(s), v)|*ds 7 (dy) dr

(7'+77)/\T ~ 2 - 2 12
S/ / _/ IV, U (E(s), y)||%ds 2. (dy) dr + C(U)62(2 + ||€]| %)
o Jre M Jrvo
Next, from (5.20) and (521)),

(r+m)AT . ) - o,
L L [ amav @ - 19, @i @

<2005 [ [ 04 Wl + 101 dr < 20T + [8llc) + 40

Combining the last three displays

e _
s [ L E @ P < L [ [ 900 P ds

where
ka = kg + C(U) 2+ I€1%) + 2CU)T(1 + [I€]lo0) + A2)-

Also, an interchange of order of integration and application of Jensen’s inequality

shows that
17 e
5 [ Il < [ el
0 0

From the last two displays and (EI8) we now see that

%/OT K/R VLU (&), )P 5.5(d )) + IIv:;(s)P] ds < Ip(€,9) + kad + 6o /4.

Define py € My as py(dy ds) = py (dy) ds. We now estimate the distance between
py, and v. Recall that the space M is equipped with the bounded Lipschitz distance
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defined in (L9). Fix f € BL1(RY x [0,T]). Then, by an interchange of order of
integration,

T
/RdX[O)T] f(y, 8)ps (dy, ds) = /0 /Rd Fy, o), (dy) ds

T 1 (n+r)AT
:/ /Rdﬁ/ . f(y, 8)ds v.(dy) dr.
-n V!

Also, since f is bounded by 1,

T 1 ~ T ~
‘ / / L+ 7) AT = r v O£ (g, 1) (dy) dr — / F(, ) (dy) ds| < 4.
—n JRE T 0 R4
Using the Lipschitz property of f
T 1 (m+r)AT
/ / E / £y, s)ds 7, (dy) dr
—nJR4 T Jrvo
T 1
—/ / Ll 1) AT = 7V 0L} () | < (T 4 1),
—n JRd

The last three estimates show that
doi (i, 7) < (T +5).
Combining the above with (5:24)) we now have that
IF(€,2) = F(&y, )0 < 56,

where k5 = ||F||Lip(k2 + T + 5) and ||F||ip is the Lipschitz constant of F.
Now choose ¢ > 0 such that max{ksd, K40} < 09/20. With this choice of § (and
the corresponding 7)), we have

* * 1 r * *
20 Fgun 4y [ (L I90EE ) + IR
< F(§7) + I2(&,7) + 80/10 + b0 /4.
Henceforth we fix such an n and denote the corresponding (& o Mo s By ,,) as simply
(&, pg, e, v%).

5.2.2. Approzimating with piecewise constant v,v. Fix § € (0,1). Once again the
choice of ¢ will be identified at the end of the section. By construction, the (v*, £*)
obtained at the end of previous section are continuous. Choose 0 < v < §2 such
that

(5.28) [|€*(s) — & ()| + |[v*(s) — v*(s")]| < & whenever |s —s'| <7, s,5" € [0,T].

Let K = |T/v] and define ¢; = iy for i = 0,1,... K and tx4+1 = T. Define
£5(0) = £7(0) and

f:(s) = 5*(151‘), ERS (ti,ti+1]7 1=0,1,... K.
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Using the estimates in (5.26) and (5.25]), we have that

%/OT (/Rd |VyU(5§(S),y)|I2u§(dy)> ds
_% /OT (/Rd |VyU(€*(S),y)|2uZ(dy)> ds

where kg = C(U)(T(1 + ||§*]lc0) + A1 + 1). Next note that

/ (/ IV,U(&5(s) )||2u§(dy)) ds
_z:/l+1 (/ IV,U(&(s) )IIQMZ(dy)) ds

_Z/ IV, U(E(t:) )||2< : ! ‘/:+1 ,uj(dy)ds) (tit1 — L)

tz—i—l - tz

S KG(S)

Let
1 tit1
/ wi(dy)ds, s € (ti,tiv1], i=0,1,... K
tit1 — ti Jy,

and g ., (dy) = iy~ (dy). Then

[ (Lmwenmiza) o= [ ( [ 9060008

s (dy) =

Now define
vi(s) = v (), s € (ti,tipa], i=0,1,... K
and v3(0) = v*(tp). Then, for ¢ € [0,T],
¢
ew=rot [ [ 0 uu@@+/<€@wwm
Rd 0

t
=20+ / , b(&(s), y) s (dy)ds + / a(&5(s))vy(s)ds + Ru(t),
R 0
where | R1|loo < (T(Ly + 1) + ||alloT + La|[v*||2T*/?)6. Note that

//Rd (&) v (dy) ds—// (&(5): y)s (dy)ds + Ra(1),

where, for some C(b) € (0, 00), depending only on b, [|Rz2llcc < 27C(0)(||€*||lco + 1)-
Thus, for t € [0,T],

(5.29) & (t) =0+ / /R . (E2(5), v (dy)ds + /0 a(€(s))vi(s)ds + R(t),

where [|R|oo < 8(T'(Ly+1) +[|allooT + Lallv* |22 +2C (0) (1€ [|oo +1) +1) = r7d.
Let & be the unique solution of the equation

t
(5.30) () =0 +/ / (&5(s), y)us ~ (dy)ds —|—/ (& (s))vs(s)ds.
Then, by (529, (5.30), Gronwall’s lemma and the Lipschitz property of b,
(5.31) 1€ = & lloo,r < ks,
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where kg = krexp{TLy + (T + 1)(||v*||]2 + 1)L,}. Next, using the estimates in

(E28) and (B25), we have that

(5.32)
T
s Lme@eawiti @ [ voee.or

S K/9§a

where kg = C(U)rg[(1 + ||€*]|co + K8)T + (A1 + 1)]. Also, using (5.28])

e e
5 [ W @ikas= g [ s
0 0

where k19 = (T + V/T||3||2). Define Wy € My as pi(dyds) = p ., (dy) ds. We now
estimate the distance between p% and p*. Consider f € BL; (R x [0,7]). Then,
for k=0,1,... K,

tht1 tet1
/ fy7umwyw—/“ [ sy (dg)ds
tr R4

tr

(5.33) < K109,

< (tryr — te)-

From this it follows that
(5.34) dpi(psy, p*) < AT < oT.
Now take § to be small enough so that
S(I1FlLip(ks + 14+ T) + k1o + Ko + Kg) < d0/10.

Then, using the Lipschitz property of F, together with (5.28), (5.31)), (5.32), (533)
and (5.34) it follows that

s [ (L ImvE o i ) + 1] as + Fie)

<riear+y [ ([ Imvemtum ) e er]as oo

< F(&,0) + I(§, ) + 60/5 + 60 /4,

where the last line follows from (5.27)). Henceforth we will fix such a § and suppress
7 in the notation for &£, uf, o, pf, v}

5.2.3. Approzimating using discrete measures. Finally, we will now approximate
the piecewise constant trajectory of measures p, from the last section by a similar
trajectory where the measures are discrete. Fix § € (0,1). An appropriate choice of
¢ will be identified at the end of the section. Let 0 =ty < t; < ---txy11 =T be the
partition over which p} and v*(s) are piecewise constant. Let ji; = py, i =0,... K.
Note that, from ([EI9), for each i,

tit1
(5.35) [ 1m0 Pistdnds = € < .

Recall the space Pg;s defined in Section [£3] Then, as in (£26]), for each i, there
is & fl;,q € Pais such that

(5.36) /t %M

i

b(§"(s), y)fria(dy) — | b(§™(s),y)fi(dy)| ds <4,

Rd Rd
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(5.37)
tit1 ) tit1 )
[ vwE @ P ds— [ [ 19,06 6l b

<5

and
(5.38) dvi(fiia, f1i) < 6.
Define
Ht.d = ,ai,dv te (ti7ti+1]ai = Oa 15 v Ka
and po g = phy.a- Then, from (E30), for ¢ € [0,T],

)=t [ [ ez + [ ale o)
—aot [ [ @ watans + [ a6 hs + R0,

where ||R1]co < K. Let £} be the unique solution of

¢
—aot [ [ v st + [ atcio) ()as
R
Then, from the Lipschitz property of b,
(5.39) €5 — € l|oo < KO exp{LyT + Lo T 2|2} = K11.
Also, from (£.35), (5.37), and the lower bound in Assumption 2.5(2)(c)

K

T
| Il heatdy) ds < (L) 2 (Gt 1)+ T2,) = e
0 R4

=0

From the last two estimates and (B.20])

(R ) as
_% /OT (/Rd ||va(§*(8)7y)||2ﬂs,d(dy)) ds

k13 = C(U)k11 (T (L + [[€ |loo + K11) + K12).
Now let f € BL;(R? x [0,T]). Then, from (538), for k =0,1,... K,

/Rd (/tt+ f(&y)ds) fur.d — /R (/tt+ f(s,y)ds) s

This shows that, with pq(dy ds) = ps,a(dy) ds,

< K136,

where

< (tpg1 — tw)o.

(540) dbl(ud,u*) S oT.
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Now choose ¢ € (0,1) such that §(||F||ip(k11+T) +r13+T) < 69/10. Then, using
the Lipschitz property of F, and (£39), (540) and (B37) it follows that

3 : [( /. ||va<§;<$>,y>||2us,d<dy>) ¥ ||v*<s>|2] ds + F(€], 14)

<riear+y [ ([ ImveemPum ) e o] as o

< F(€,0) + (&, 7) + 2250/40,
where the last line is from the last display in Section

Proof of Lemma 5.5 Lemma [5.5] now follows on combining the above display with
(I7) and setting £* = &, v* = v*, v} = p1; 4, and v* = pgq. O

5.3. Construction of controlled process. We will now use the trajectory £*,
control v* and measures v given by Lemma to construct suitable controls
for the pre-limit stochastic system in ([@.4). See Figure [Il and Table [ for a brief
description of this construction.

Recall that 0 =ty < t; < ---tg41 = T is the partition over which 7, and v*(s)
are piecewise constant. Also recall the facts that v =1, ¢ = 0,... K and that
v} € P(R?) has finite support for every i. Let this discrete measure be represented

as
m(i)
*
v, = E pi7l5yi,l7
=1

where p; ; > 0 for every 4,l and y;; € R4,

Let {A.}c~0 be a collection of positive reals such that A, — 0 and A2 /e — oo,
as € — 0. Without loss of generality, 1 > A, > /g > . Let N = [(t;41 — t;)/Ac]
and define a partition of [¢;,t;11], ¢ =0,1,... K as

ti =80 < 8i1 < -0 <8 (Ni1) = Lig,

where
t; +7A j=0,1,...,N?
I R N P N
Lit1, J=N:+1
Also define, for i =0,1,... K,
i A, j=0,1,...,Ni -1
Al = oI <7
ti+1 - N5A57 J= Na

For 4,y € R?, let
(5.41) oy, y ) =y —y, 0<t <1,
and define, for i = 0,1,... K, j=0,1,... N! — 1,

1 t
e L) = o /,_ 0<t<eA..
o (y,9',1) AEg(y,y €AE), <t<eA.
Define P;; for i = 0,1,... K,1=0,1,...,m(i), as
Pio=0, Py =P, g_1)+pis, L=1,...,m(i).

Denote, associated with the interval [t;,¢;11] and its subinterval [s;;,s; j41], for
1=0,1,...,m(),
il = Sij + PiiAZ.
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~
~
<

D
>
>
Q.
>

0=t thi=T
Si1 Si2 Si3 SiNE i = SiNip
o o o e *—o '
Si0 = t; S~ —— —— v
A0 Al A2 ALN
Sij = 0ijo Tij1 Oij2 i jm(i)—1 541 = Tij.m(i)
- N i
piaAY Pl Dim(i) D¢

FicURE 1. Construction of the successive partitions: First into
intervals of the type [t;,t;4+1]; then into subintervals of the type
[Si’j7 Si’j+1]; ﬁnally into [U@j’l, Ui,j,lJrl]

Occasionally we will write o; ;1,8:.5, Pi.1, Pii, Yi, @S 041, Sij, Pit, i, Yar respectively,
for brevity. Without loss of generality we assume that ¢ is sufficiently small so that
for some p € (0,00), py — & > p for all 4, 1.

The state equations for the controlled processes are
(5.42)
dXe(t) = b(XE(t), YE(t))dt+s(e)e 2a (X5 (1)) dW () +a (X (t))v* (t)dt, X=(0)=u0,

AV(1) = ~L[V,U (X0, ¥2(0) ()t + SLaB (), ¥5(0) = o

where v* is as in Lemma and uf is given in state feedback form as follows. For
i=0,1,...K,j=0,1,...N: =1, 1 =0,1,...,m(i) — 1,
(5.43)
VyU(XE(1), YE(1) + 07 (Yo (0ij0)), w1, t — 0ijn),
ifte (Uijh oij1 + €A€],
ut(t) = § V,U(X5 (1), Y2(1) = VyU(X(03j2), YE(1) + VyU(X(03j1), Y1),
ift e (Uijl + EAE, Uz’j(l+1)]7
V,U(XE(t),YE(t) + YE(t), if t € (s, 51, tig1)-

From the Lipschitz property of V,U and « we see that (5.42)) has a unique solution
and the feedback control u® in (5:43) is well defined.

We will show that this controlled process X¢ and the corresponding A defined by
(BE5) converge suitably to the near optimal (£*, v*) in Lemma[5.5 and the associated
costs converge appropriately as well. In preparation for this result we first prove a
stabilization lemma analogous to Lemma [£5 used in the proof of Theorem 221 We
suppress some details in the proof that are similar to those in Lemma
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TABLE 2. Construction of the control process u® on the interval
[8ijs8ij+1), 5 =0,1,...,Ni=1,i=0,1,..., K. Second column de-
notes the approximate states/transitions for Y under the selection
of the controls, u®.

H Time interval ‘ State of Y ‘ Control Process u®(s) H
[ij0, 0ijo + €A] Ye(si5) = vin V,U(X5(s),Y?(s))
+0°(Y=(0i50), Yi1, t — 0ijo)
(UijO +€A5,Uij1] Yi1 va(XE(S),YEKS))
—V,U(X=(0ij0), Y*(s))
+V,U(X5(03j0), ¥i.1)
(0341, 04j1 + €Ac] Yin = Yi2 V,U(X%(s),Ye(s))

+0°(YE(0451), Y2, t — 0ij1)

(04 j.m(i)—1 + €A, 85 j41] Yi.m(i) V,U(X5(s),Y<(s))
U ( E(awmz) 1) Ye ( ))
+Vy UXx 6( i,j,m ~1)s Yi, ())

5.3.1. A stabilization lemma. Recall, for z € R™, z € R the function V, , : R¢ —
R? as introduced in Assumption Z5(2)(d). For R < oo, let

(5.44) Ap = {(e,y) €R™ xR a]” + y]* < R).
Lemma 5.6. There erists 1 € (1,00) such that for every z € R, and a collection

{(z%,¥%) }eeo,1) in R™+4 with f’(s) =Y<(s,z,2%,y°) given as the solution of

dy (t) = —évﬁ,z(?(t))dt + i\/?dB(t), Y (0) = 97,

we have, for all e € (0,1),
(i)

sup  B[YS(t, 2,2, y) 1> < ma (14 (|25 117 + [ly*[1* + [12]1).-
0<t<A.

(ii) For every a € (0,1), z € R%, and R < 00, ase — 0,

1 tAE
dbl tA / (sya(&zvig)ds,(so — 0.

Viiﬁz(y) = U(lﬁ,y + Z) -y VyU(l'E,Z)a Yy € Rd'

(5.45) sup sup FE
t€la,1] (Z,§)€EAR

Proof. Let

Applying It6’s formula

Vie e (F(0) = Vi o) = = [ Ve T (0)) Vi oV (5

5.46
o O [ ov. (Fo-ane s £ [
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Let 7, = inf{t : |Y(¢)|| > m}. Then,

E/ " VVe (Y (8)) - Ve . (Y (8))ds = e(Vige 2 (y°) — EVipe (Y (t A7)
)

(5.47 0

2 tATm
42 ée)E / AVie . (V(s))ds.
0

Using the assumption on U (Assumption 25(2)(b),(2)(c)), we can find ¢1,¢q,c3 €
(0,00) such that for all x € R™ and y, z € R?

(548)  callyll® — es(L+ [lll* + [12]1%) < Vae(v) < (X + [l + lyl* + [111)

and

2
ollyll* = es(U+ 2] + [[20%) < 1VVa ()]
Using these observations, together with VV,e , - Vye , = [|[VV,e .||, in (547), for
0<t<A.

tATm _
B[ (PR = ealt + o+ 1)) ds

<E /0 Ve L (V(5)) - Vae o (V(5))ds

<ect(L+ 1277 + 197117 + [|2]1*) — e (C2E\|57(t AT))IIP = es(1 4 2% + ||Z||2)>
+C4$2(6)A5,

where ¢4 = sup,, , 5/|H,U(z,y)|. Thus, sending m — oo, for some ¢5 € (0, 00),

Ae
(5.49) E/O 1V (s)|ds < cs5 (1+ l2°]1* + 121*) Ac + lly° %) -

Also, from (B.46]) and (48] we see that
BV ()I° — ea(1+ 2°|1* + [|=11*)
< EVee o (Y(1) < cr(1+ (|27 + [ly° 1> + [1[1)

1 t - . c45%(e
18 [ (@lF O+ [ + =) ds + S
e Jo €

This, using an argument similar to that below (£21)), shows that for some ¢ €
(0,00), for all t < A,
EIY @) < eo(1+ [l2]1* + [ly° 1 + 1[).

The first part in the lemma now follows on taking ki = cg.

In order to prove the second statement we argue via contradiction. Fix an
a € (0,1) and an R < oo. Suppose that the convergence in ([.45]) fails to hold.
Then there are a v > 0, a sequence &, — 0, t,, € [a,1] and (2, yn) € Ag such that
for every n >'1

1 t"Agn
(5'50) E ldbl (t A / 6YE"‘(szaxnayn)d8760>‘| > ’y'
n=e, 0

Introduce random probability measures Q™ on R? as

1 tn Asn

Q"(A) 2

= 14(Yo" (5,2, 20, yn))ds, A€ B(RY).
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Using (5.49) and our assumption on {(z,,y,)} we see that Q" is tight. Suppose
that it converges in distribution along a subsequence to Q along which we also have
that x,, — = for some x € R™. Then, using the Lipschitz property of V,U, we
have, for all 77 : R — R that are in CZ,

Ve ¥l = Vi) 90| @ () >

Now, using (5.49) and the property A(g)?/e — oo, along the lines of the proof of
Lemma [IH (see equation (£24]) therein), for all n as above,

/Rd Ve 2(y) - V(y)Q(dy) =0, as.

From Assumption 25(2)(d) we now have by similar arguments as at the end of
Lemma that @ must be §y which contradicts ([G.50). This completes the proof
of the second statement in the lemma. (]

5.3.2. Some preliminary estimates. In this subsection we collect some estimates
that will be used to show the convergence of X¢ and the associated costs to appro-
priate limits. We begin with Lemma [5.7] which gives a key moment bound.

Lemma 5.7. Let My = supo<,<p Sub.c(o.1) E(|Y()|” + | X=(1)||?). Then, M, <
0.

Proof. By a straightforward conditioning argument and a recursion, it suffices to
prove the result with T" replaced with ¢;. Henceforth, to reduce notation, we will

denote, poy = pi, Pou = P yog = yi, A2 = AL, so; = s;, 0051 = 04, for
j=0,...,N0and I =1,...,m(0). Also we write m = m(0) and N? = N..
Consider an interval of the form [0;;,0;41], 7 = 0,...,N. — 1 and denote as

X¢(0j1) = 2°. Then, with ¢y = 12

(5.51) E sup [V < ol BIY ()7 + Ny |? + s*(2)Ao),
0j1<t<o; 1+eAl

and

(5.52) E|[Y*(0j1 + A < [y + s*(e)A..

Consider now the interval [0 ;+eAf, ;11]. Define Z°(s) = Y=(s+0;j,+eA2)—yi1
for s € (0,041 — (0j; +eA7)]. Then {Z°(s);s € [0,05141 — (0j1 + AZ)]}, solves
s(¢)

_ 1 _ B ;
dZe(t) = _gvﬂyl+1 (Z=(t))dt + md[B(t + o041 +elAl) = B(oj, +eAl)],

Z°(0) = Y*(0j +eAl) = g1,
and conditioned on }'Jj | +ead» has the same law as {Y* (s, y141, 2%, y%); s € [0, (pr41—
e)A]}, with y* = Y¢(0;;, 4+ eAl) — y141, where Y(s, z,2°,9°) is as in Lemma 5.6
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Thus, with %1 as in LemmaB.@ and j =0,...,N. — 1

(5.53)
sup sup B[ Y*(1)]?
U'j)lJrEAgStSUj,l_*_l €€(0,1)
< 2[lyiga | + 2 sup sup E|Y*(t) — yrya|?
U'j)lJrSAJEStSUjJ_*_l 66(0)1)
<2yal®+2  sup sup E||Z°(1)]”

0<t<(pr41—e)AL €€(0,1)

<2y +2r1 sup E(1+ || X5 (0 )P+ 1Y (050+eAL) =y |+ lyesa )

e€(0,1)

< 2|y |® + 4k Szlp : EQ+ X505 ) I + Y5 (0j0 + eAD P + g1 ]1?)
e€(0,1

<2yl + 851 sup E(L+ | X% (050))1° + s l?)
e€(0,1)

<10k1 sup E(1+ | X°(o50017 + llyial®),

e€(0,1)

where the third inequality is from Lemma [5.6] and second to last inequality is from
m. Next, for t € [Uj’l, O'j’lJrl],

b(X5(s),Ye(s))ds + s(e)et/? / a(XE(s))dW (s)

T4l

Xe(t) = X(oy0) + /

gl

+ /at L a(Xe(s))v*ds.

7

Thus
X)) = HX'E(oj,z)ller?/‘ X=(s) - b(X"(s), Y= (s))ds
+ 2s(e)et/? / t Xe(s)a(X5(s))dW (s)

+ 2/ X¢(s) - a(X5(s))v*ds + 32(5)5/ tr[(a” a)(X4(s))]ds.

Js gl

For some ¢, ¢ € (1,00), depending only on b, v, v* and {y; }, for all ¢t € [0, 0 141],
j=0,...,N.—1,1>1,

sup B[ X5(s)|
O’j‘lgsgt
t
< BIIX* (00 + Cl/ sup  B(1+ || X7 ()| + [V (w)]*)ds

T4l 05, 1<u<s

(5.54) i < i
< B|IX*(001 + 21+ B X*(05)I* + B X*(05-1)]*) A

t
e / sup B X*(u)|ds,

1 51 Suss
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where the last line is from (G.51)) and (G.53]). The last estimate also holds for I = 0
and j > 0 by replacing X¢(0;,;—1) with X(0j_1,m). By Gronwall lemma, for { > 1,

sup B[ X°(s)]?
(5.55) 015850141
< 28 (B X (05))1> + ca(1 + E||X(0) 1> + E| X% (050-1) 1)) Ac).
Letting a; = E||X®(0;,)||?, for I > 1,
ajp1 < e + co(1 4 ap + ap—1) Ace™?e,
and so
a1 + oA < €2P2a; + co(1 4 ap + a1—1)Ace™? + coa A,
< (a;+ czal,lAE)eSCzAf + oA e®P
Thus, with j >0and [ >1orj>1and ! >0,
(E||X*(0j041)|” + c2AE|| X (a;0)[1%)

(5.56) ) ) ] )
< 328 (B[ X%(0,0)|I” + c2AB|| X (050-1)||?) + coAce™e,

where, as before, X¢(o,;_1) is replaced with X°(c;_1,,) when /=0and j > 1. A
similar calculation shows that, for some k € (0, 00) depending only on b, o, v* and

{yi,l}
E||X*(o0,)[1> < w(1 + [|lzol* + llyol*)-

Combining this with (&51) and(E53), and a recursion based on (G54), it follows
that, for some c3 € (0,00) and all €

sup  E[[Y(0)]1* < es(lyoll® + llzoll® + 1).
0<t<A.

Using this estimate in the first line of (554]) and Gronwall lemma, we have that for
some ¢4 < 00, for all ¢,

sup  E|IX°()]” < calllyoll® + [[zo]* + 1).
0<t<A.

Using the above estimate in the recursion in (.56]) and recalling that N. A, < t; <
T, we see that, for some c5 < 0o, and all ¢

(g |2 < 2 2 '
oo B )P < el + ool + 1)

Applying the above inequality in (555 we now see that, for some c¢g < oo and all &
(5.57) S E[IX=)]1? < esllyoll® + llzol* + 1)

<t<sn.
This together with (B5]]) and (B.53]) shows that, for some ¢; < oo, and all €
S B0 < er(llyol* + llwol* + 1)
SUSSNe

Next, by our choice of the control, note that for any ¢ € [so n., t1]

- _ 1 s(e)

Ye(1) = V(sow.) — - / Ve (w)du + ) (B() ~ Blson.).
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Applying It6’s formula with the function f(y) = ||y||* and using an argument
similar to that below (£21]) we now see that, for some cs, co € (0,00) and all € and
t € [so,n.,t1]

EY=@)* < cs(BIY*(so.n)I* +1) < eo(llyoll* + [lo]* + 1)

Using this bound together with (557 and (&42]), and the linear growth property of
b, we now see by a straightforward application of Gronwall’s lemma that, for some
c10 € (0,00) and all £ and ¢ € [so,n,,t1],

E[|X@0)” < erollyol® + llzoll* + 1).

The result follows. O

Lemma [5.8] is analogous to Lemma [£L.7] and uses the properties of the control o*
in (B41]).

Lemma 5.8. Fori=0,1,...K,j=0,1,...Ni=1,1=0,1,...,m(i)—1, Y*(0;;+
eAL) = yi41 in L2(P).

Proof. For t € [0y, 05 + eAY],

5 5 I - s(e
Ya(t) = YE(O'ijl) + g / QE(YE(Uijl)7yi,l+17 S — Uijl)ds + —55/3 [B(t) - B(O'”l)]
Tijl

Thus
Ye (Uijl + EAE)
s(e)

_ 1 _
=Y*(04;1) + E[%,H—l — Y (0451)]eAe + m[B(O'ijl +eA.) — B(oij1)]

s(€
= phasr + S Bl + 200~ Blow)) =

Let
(5.58) T ={(i,45,1):i=0,1,... K, j:O,l,...Ng‘—l7 1=0,1,...,m(i) — 1}.

Lemmal5.9lis analogous to Lemmal£.§ and uses the stabilization lemma from Section

B3I

Lemma 5.9. Ase — 0,

1 Ti,5,14+1
sup Fdy | ———— Oy< (A8, Oy, -0
(irg,)ET ((pi,lJrl —€)Ac Jojten. YT T

and

1 Ti,5,14+1
sup Fdy | ———— Oye(5)dS, Oy, — 0.
(i,4,1) €T Pii+18e Jo,, vele) ot
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Proof. Recall the set Ap defined in (5.44) for R > 0. As in ({.34]) we see that, for
R € (0,00),

1 Ti g l+1
By | Sy irds, b,
bl (pi,l-i-l _6)A5 S Ye(s)@S; Oy, 1 qa

1 Ti,5,14+1
-FBdyy | — Souin  ds.§
bl ((pi,z+1 —e)A. i oA, Ve (s)—yiat1 0)
1 oijit1—(0ij1+eA:)
By [ ——— 5 s
. (Pii+1 —5)A8/0 Z=(5)@5, 00
< sup FE

(pi,i41—€)Ac
(z,5)€A dbl m/ 5Y5(s7yL 14+1,T y)dS 50
Y R 7

x P{(X%(04j1),Y*(ciji + €Ac — yiyt1)) € Ar}

2 Y E V€
+ 5 s E([XE@0)| + [V + max [lyall*),
0<t<T i,

where, as in Lemma 5.0, Z¢(s) = V(s + 045 + €Ac) — yiyr1 and Y(8, Y5141, 7, 7)
is as in Lemma [5.6] and the last line follows on noting that o;;;41 — 045 + €A =
(Piy+1 —€)Ac and that conditioned on Fy, ;  1e., {Z(s);s € (0,00 141 — (041 +
A.)]} has the same law as {Y°(s, y;141,2%,¥°);8 € [0, (pig41 — €)AL]}, with y© =
YE(O’Z‘,]'J +eA,) — Yil+1, T = Xs(ai,ﬂ).
The first statement in the lemma now follows on applying Lemma[5.6land Lemma
B.7 by sending e — 0 and then R — oco. The second statement is immediate from
the first. O

Corollary 5.10. Fori:=0,1,... K

1 Si,j+1 6
lim su ma, Edy | — ooonds, vt | = 0.
s—>opj:0,1,...>1(v;—1 ol Aa/g Ye(s) i

Sij

Proof. Fixi=0,1,... K. Then, forall j =0,...,N! -1

1 Si,j+1 .
Edbl A_EA 6}75(s)d87yi

k¥

(i) L e (i)
= Edy Z Pi, l+1 / 5Y5(s)d8a Z pi7l+15yi,l+1
Epz +1 Jo 5 1=0
m(i)—1 1 0i,5,14+1
< Y puniEdy —/ S ids, Oy
2 pinaBdu| zoo | dreods du,
1 Ti,5,14+1
< sup FEdy —/ O5<(5)dS, Oy, .
(4,5,)€Z A‘Epi7l+1 Tijl v s
The result now follows from Lemma on sending £ — 0. O

In order to prove the convergence of X°¢ to £€*, we now introduce an approxima-
tion to X¢. Fix L. > 0 such that, as e =+ 0, L. — 0 and L./A. — oo. Define for
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€[0,T],
R t 1 s . B t R
X%ﬂ:xo+/)fi/ zmwwyqumm&+xaéﬂ/"wagmwg)

0 e J(s—L.) 0
t
—|—/ a(XE(S))v*(s)ds,
0

where we take Y¢(r) = yo for r < 0. Unique solvability of the above equation
follows from the Lipschitz property of b and a. Lemma B.I1shows that X< is close
to X¢ for small €.

Lemma 5.11. Ase — 0, E|| X — X||2, — 0.
Proof. We begin by noting that

t 1 s . B t 1 (T‘+LE)/\t R B
/ﬂi/ ba%mwmmmz/—Jp b(X=(s), V<(r))dsdr
0 L. (s—L¢) 0 L. r
0 1 r+L. R _
-I—/ —/ b(X=(s),Y*(r))dsdr.
I o

Next note that

- [} / T ke (), 7 () dsar

/ I /HLE (X=(s), V(r))dsdr

+RE() + R5 (1) + R5 (1),

t r+L.
t)i/ . Li/ b(X=(r),Ye(r))dsdr,

(r+Le)At
R5(t / / (B(X*(r), T2(r)) — B(X*(5), V*(r))dsdr,

/ / V< (r))dsdr.

Thus, using the Lipschitz property of b

|X=(t) — X=(1)]|
tq (r+Lo)At B 3
gl@/ﬁ Z_/ 1X5(s) — X=(s)|ldsdr + D° + C*() + 3 | RE(2)
—L. ~e Jrvo i=1

where

where

t

D* = s(e)v/e sup || a(XE(S))dW(S)—/O a(X=(s))dW (s)]|

0<t<T 0

and

‘() = | / (a(X*(5)) — a(X*()))0" (s)ds].



54 A. BUDHIRAJA AND P. ZOUBOULOGLOU

We now consider the remainder terms. Note that for some ¢; € (0,00) depending
only on the coefficient b

RSO < [ I 0,50 ar

L,

T 1/2
<all? /0 (1+||X5(8)||2+IIYE(S)IIQ)dS] =Ri.

Next, there is a ¢ € (0,00) depending only on b, a, v* and T', such that for A < oo,
0<u<s<T with Ju—s| <A

(5.59)
1/2

T
1X2 (5)=X= (u)]| < 2\ ?+5(e)e" 2 +co\1/2 U <1+||X€<s>|2+||Ys<s>||2>d5]
0
=T\,
where @ = 2supgc, <7 || [y (X°(7))dW (7)|. Note that
IRS()] < TLyTo(Le) = R5.

Also, from linear growth of b,

0 1 (r+L¢) B
ROl <en [ [ A+ 15501+ llhdsar

. 1/2
< (1 fl)Le +eaLt? [ | ax ||X6<s>||2>ds] = s,
0
Finally,
t
< Lo [ s |X5(w) = K@) (5)]ds.
0 0<u<s
Thus

sup | X° () — X*(u)]

0<u<t

t 3
S/O sup | X (w) — X°(w)[[(Lo + Lallv* (s)l)ds + D + Y R5.

0<u<s i—1

The result now follows on taking squared expectations and applying Gronwall
lemma together with Lemma [5.71 a

5.3.3. Convergence of controlled process and costs. Let A¢ be defined by (5.5) with
Y given by (£.42)). In this section we show the convergence of the controlled process

(X¢,A%) and estimate the cost F5 fOT [|uf (t)||?dt from above as e — 0.

Lemma 5.12. As e — 0, (X%,A%) — (£%,0%) in probability in X x My, where
(&*,v*) is as given by Lemma B30

Proof. By Lemma [5.7] and a calculation similar to (5.59) we see that X¢ is tight
in . The tightness of A® is immediate from Lemma [5.7] once more. Suppose that
(X©,A®) converges in distribution along a subsequence to (X*, A*). Then from
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Lemma [B.17] along the same subsequence, Xe converges in distribution to X* as
well. Define for s € [0, 7], a P(R?) valued random variable S as

1 S
) = - [ v

where L. is as introduced above Lemma [5.11] and, as before, Y¢(r) = y, for r < 0.
Then, for ¢t € [0,T],

- / [ W) (s + @) [ a(X()aw (o)

0

+/0 (X2 (s))v*(s)ds.

Also, from Lemma [5.7]
1 [t .
Sup sup E/ lyl| 5 (dy) = sup sup — E|YE(r)|*dr
(5.60) €>0¢€[0,T] e>0tef0,T] Le J(t—L.)

<sup sup E|Y*S(t)|?
>0 ¢€[0,T]

We now show that for each i = 0,1... K, and a compact [0, 5] € (¢, ti+1)

(5.61) sup Eldn(us,v))] — 0, ase—0.
s€[0,5]

= K1 < 0Q.

Let for s € [0, 3]
l'e = mln{j 1 Sij > 5— Lg}7 35 = max{j - 8ij < S}
and L, = A.(j° — f) Then

1o R T L. L
f=— Oge(mdr = — Ag— Oye(md e
g Lo Jor, Ve (r)or L. J;jg AL /s” Pe(r)ar + 7 v

for some P(R?) valued v5. Noting that v} = Z] AL vl + L LE v we see that

je -1 .
1 [ L) 4AL
dbl(:“‘s) z S T Z A dbl (AE L 5Y€ (T)dT’ Vi) + La :

ij

It then follows that, for e sufﬁciently small,

Edw(i5,v}) < Edy  ~ /s”“a P
sup bilMs Vi ) = max b | — ve (ydr, V] '
s€[0,5] j=0,1,...Ni-1 A, J, Ye(r) L.

i
The statement in (B.61) is now immediate from Corollary BI0] and recalling that
L./A; - o0 ase— 0.

We now argue that X* solves for i =0,1,... K and t € (¢;,t;41],

(5:62)  X*(1) /t /R d v (dy)ds + v /tt (X" (s))ds.

i

From the continuity of X*, it suffices to argue that for all [0, 5] € (i, ti+1)

B B
(5.63) X*(B)=X"(0)+ /0 » b(X*(s),y)vi (dy)ds + v} /9 a(X™(s))ds.
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Define P(R? x [0,T]) valued random variable v¢ as v*(dydt) = £ uf(dy)dt and
with v* as in Lemma 5.5, let v(dy dt) = Fv*(dy dt) = F04(dy)dt where 0y = v} for
t € (ti,tit+1]. Then, from (E61]), as € — 0,

1 T 1 K tit1

(5.64)  Edp(v°,v) < —/ BEdp (1S, 0y)dt = — Z/ BEdy (15, v} )dt — 0.
T Jo =/

By appealing to Skorohod representation theorem we can assume that

<X%M@w”4@@%www¢fwwxwmw>

a.s. in C([0,T] : R?™) x P(R? x [0,7]). Using the Lipschitz property of b

Next using the fact that v* — v, the moment bound in (5.60]), the continuity and
linear growth of b, and a standard uniform integrability argument, we have

Note that

/96 /Rd b(XE(S)ay)VE(dyds) — /f /Rd b(X*(s), y)v° (dyds)

1 b & * (6 - 9) € *
<Lop [ 1) - X*(5)lds < sup [|X(t) = X* ()| = 0.
T % T te(o,s]

B B
/‘ buwﬂmeW@—/ b(X*(s), y)w (dyds)|| — 0.
0 JRd o JRrd

(5.65)

N . B N B
X3 = X0+ [ ) dyds) + 0 [ (e )aw (o)
B
+ui/0 a(X5(s))ds.

Combining the last three convergence statements and taking limit as ¢ — 0 in
(BE65) we obtain (B.63]), which as observed previously proves (5.62). From the
unique solvability of (5:62) and the definition of £* we have that X* = &* which
proves the convergence X° — ¢*. Now we argue that A* = v*. In view of (5.64),
it suffices to show that, as ¢ — 0,

(5.66) Edy (A%, A%) = 0,

where A® = Tve(dydt) = pé(dy)dt. Consider f € BLy(R? x [0,T]). Then, using
the properties of f, an argument similar to that used in the proof of Lemma B.11]
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shows that
[ tewiyd) -~ [ fephydy
R4 x[0,T] R4 x[0,T7]
T
/ fr,Ye(r dr—/ / f(s,YE(r))drds
T | O+LIAT - -
<| = / £ T () = (s V2 ()] ds dr
(r+L¢) B
/ / (s,Y®(r))|dsdr+ Le
(2+ T
Since L. — 0 as ¢ — 0 we have (B.GGl), which, as discussed previously, shows
A* = v*. This completes the proof of the lemma. ]

Lemma [5.13] estimates the cost.
Lemma 5.13. With u® defined as in (B43) and £ as in Lemma

] 1 T 1 T .
lim sup £ / s ()|2dt < = / / IV, U(" (), )0 (dy)ds.
e—0 2 0 2 0 R4

Proof. Note that

—1m(i)—1 K tit1
P [ k=3 > >oE[ erasd E [ o
i=0 j=0 = Tijl i=0 Si,Ni
Recall the notation Z from (IBEEI) Then, for (i,7,1) € T
Tij,i+1 oijit+eAe Tiji+1
E lu()|[*dt = E [us (6)][*dt + E lu® (&) ||t
il oiji oijitelAe

For t € (041,045 + €A¢), with C(U) as introduced above (5.20)),
[us (8) ]| = |V, U(X5(2), Y1) + 0 (Y (0i0), s, l+17t —ai)|?

<2C() +2) (1 IO + PO + g5 (70l + szl ))

Thus, with ¢; = 4(C(U) 2),
oijitele B ) B 625
E Juf ()2t < 5 eA. (1+ sup E[[[ X"+ [Y*(®)]| ])
Tijl A 0<t<T

where ca = ¢1(1+M;) and M; is as in Lemma[5.7l Consequently, since A2 /e — oo,
as ¢ — 0, we have

K N'_1m(z) 1 oijiteA, T K .
PIDBEDIRE / Jus (o2 < S22z - gy g,
i=0 7=0 = Tijl A‘E

Next consider ¢t € (O'ijl +eA.,045041)- Fix ¢ € (0,1). Then by Young’s inequality,
[us(®)[1* = [V, U(X5(8), YE() = VyU (X (0ij1), V(1) + Vo U(X (0351), yia) |

< L+ T + (T (0) + To(0),
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where
T1(t) = [V U(XE(1), YE(1) =V, U(X (i), V(1) 1%,
To(t) = [VyU(X5(040), Y1) — VU (E (51, yii1) I
T3(t) = IV, U (€ (54), yis) 1>
Let
w(€"A:) = S DN 1€7(s) — & (w)]].

Observe that, for (i,4,1) € Z

)

Tij,l+1
B / _ Talt)dt = VU (€ (s5). v i) prns = )
gij1+eAe

Thus, recalling Assumption [2Z5)(2)(a),
m(i)—1 Cijis1

Z E/ Ts(t)dt

oijitelAe

<A [ IRUE )P = [ [ 19,06 s 0P s

<[] (0 el + 2 Bl AP ) ot

Consequently

N:—1m(i)—1

m

K
i=0 j=0 1=0

<(1+9) / [ 19U (o) Pon(an)as + 2 L (", AP

Oij,l+1
E / Ty (t)dt

ml“rEA

Next note that for ¢t € (0;;; + €Ac, 045,141), again using Assumption 2.5(2)(a),
Ta(t) = |V,U(X5(1), YE(t) = VU (X (0ij0), YE@)II* < Liw[T=(A)P,

where 7.(:) is as in ([@BY). Furthermore, using Assumption 25(2)(e), for some
C € (0,00),

Ta(t) = |V, U(X*(0i51), yiar1) = VyU (€ (s35), yias) 12

<213, ( sup X0 - € (I AC+ [w(f*,m]?) ,
0<t<T

for all ¢ € [0,1] and € € (0,1). Finally, using Lemma [5.7] and linear growth of V, U,

ZE/ 0 ()2t < esn.,

Nt
Neg
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where ¢3 = 2(K +1)(C(U) + 1)(M; + 1). Combining the above estimates

T
E / (1))t
0

<ar9? [ [ MU e P + 0497 Bulee, a0

+ L1, (E[T(Asn? vy ( sup |X°(t) — € OIP A C + [w(€", Asn?))

0<t<T
+ CgAE + 9(6)

The result follows on using Lemmas 5.7 and [5.12 upon first sending ¢ — 0 and then
s — 0. (]

5.3.4. Proof of the LDP lower bound. Now we complete the proof of the lower
bound in (52). From [4, Corollary 1.10], without loss of generality we can assume
that F' is a bounded Lipschitz function.

From the variational formula in Section 3] it follows that

F(XE5,A%)

—es%(e)log Be =%

1 T
inf E|= 2d + 2 d
(131 [z/ (s (5) s + o2 (s) ) s

r e (5 g [ 0w+ g [ )]

where G° is as in Section Bl and A is as in Section Bl with p = d + k. Then, since
(v1,v2) = (u®,v*) € A, where u® is as constructed in (5.43]) and v* is as in Lemma
[£.5] we have from the above variational formula that, with X< as in (5.42) and A®
defined via (55) with Y* as in (5.42)),

lim sup —s2(e)eE {exp {—ﬁF(XE, AE)H

e—0
. VE AE 1 r * 2 1 r 5 2
< limsup F(X,A>+§/O lo* (1) dt+5/0 [ (®)] dt]
< |FE vy + /H ()2t + - //HVU £ (5,) 0 (dy)d ]
S (E,V)éI;CfXMl [ (5) V) + 12(571/)] + 607

where the third line is from Lemmas and [B.13] and the last line follows from
Lemma [55(4). The bound in (&.2)) now follows on sending d9 — 0.

5.4. Compactness of level sets of [5. In this section we show that the function
I, defined in ([Z3) is a rate function. For this it suffices to show that for every
M < oo, the set By = {(&,v) € X x My : I(&,v) < M} is a compact subset of
X xM;j. Now fix an M € (0, 00) and consider a sequence {{",v"} C Byy. It suffices
to argue that the sequence is relatively compact and there is a limit point of this
sequence that belongs to Bjys. From the definition of Is, there is a v™ € U(£™, V™)



60 A. BUDHIRAJA AND P. ZOUBOULOGLOU

such that
(5.67)

1 (T 1 (T 1
—/ ||v"(s)||2ds+—/ / IV, U(€"(s), 9)|120" (dy ds) < M+~, forall neN,
2 0 2 0 Rd n

Note that {v"}nen C Sa(ar41), where the latter space is defined as in [B.I)) (with
p = k) and so {v"}nen is trivially relatively compact. Also, from Assumption
235(2)(c), we have

T
M1t / / IV, U(€"(s), ) |2" (dy ds)
> 1 / / (LLullyl? — L2, )v™ (dy ds)

and so

(.68 sup [ ylPo(dsdy) £ (L) (M 4 1)+ L8] = R < oo
neN J[0,T)xRd

This proves that {¢v"} is relatively compact in M;. Since v™ € U(™,v"™), we have

that
(5.69)

&t —xo—l—// b(&™(s),y)v" (dyds) + /a(f"(s))v”(s)ds, for all ¢€]0,T).

Using Gronwall lemma, the linear growth of b, the boundedness of «, and (5.68]),
(EE1), we now see that

sup sup 1€" ()] = ke < o0.

neN0<t<

Also, using (567)), (54)), the linear growth of b, and boundedness of «, we can find
k2 € (0,00) such that, for all n € N, and for 0 < s <t < T,

o - <1 [ [ wer v )

+ / (€ ()" (u)dul] < ma((t— 5) + (t — 5)1/2).

This estimate, together with (54), shows that {¢"} is relatively compact in X.
Now let {(£",v",v™)},, converge along some subsequence (labeled again as n) in
X x My x Soar41y to (€, v,v). Note that for every t € (0,7

t

(€™ (3))v" (s)ds — / o (€(s))v(s)ds

< [ late"(s) - ate] ||v”<s>||ds+H [ ateens) — uispas

< La(TGM+ 1) sup 6"(9) |+H / ) — u(s))ds|

0<s<

From the convergence of (§",v") — (§,v) in & X Sy(pr41) the last term converges
to 0 as n — co. This shows that, as n — oo, for each ¢ € [0, T

Atw w%/
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"(dy ds) / / v(dyds)
Rd R4

<LbT sup 1€ (s) — &(s)|

/ [ ermrianan- [ [ e mmanas].

From the convergence (£",v™) — (&,v), the continuity of b, the linear growth of
b and the square integrability estimate in (5.68]) we get that the above quantity
converges to 0 as n — co. Thus we have shown that for all ¢ € [0,T], as n — oo,

/ b(E(s), y)v" (dy ds) — / b(E(s), y)v(dy ds).
0 JR4 0 JR4

Combining the last two convergence statements with (5:69) we now see that v €
U(E,v). Next, using ([B.26]), as n — oo

15 [ (9UE I - IV,UEG).)I) v dyds)
[0,T] xR

Next,

(5.70) .

< 30W) s 1€ ~€@ [+l + 260y ds) 0

where the last convergence uses (5.68]). Flnally, using lower semicontinuity of u
fo lu(s)||?ds, and the fact that v € U(&,v),

L PN 2
e g [iPas+g [ IUE) vy

N . 1 .
<timint |3 [ ()fPds 45 [ 9,0 )P g ds)
n—oo |2 /g 2 [0,T] xR

N -]' T n 1 n n
— Jiminf | 2 / o™ (s)ds + / IV, U(E" (), ) [P0 (dy ds)
n—oo 2 /o 2 [0,T] xR

n—o0

[ 1
< liminf | M + E] =M,

where the inequality on second line is from Fatou’s lemma and the equality on the
third line is from (E70). Thus we have shown that the limit point (£, ) of (§™,v™)
is in Bjs. This completes the proof that I, is a rate function.
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