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ON CONTINUOUS CURVES IN n DIMENSIONS* 

BY G. T. WHYBURN AND W. L. AYREsf 

If Mi and ikf2 are subsets of a connected point set M, the 
subset K of M is said to separate Mi and M2 in M if M—K is 
the sum of two mutually separated sets containing Afi and Mi 
respectively. R. L. MooreJ has shown that in order that a 
plane continuum M be a continuous curve § it is necessary 
and sufficient that for every two distinct points A and B oi M 
there should exist a subset of ikf which consists of a finite 
number of continua and which separates A and B in M. 
Consider the following example: Let Si (i= 1, 2) be the set of 
all points (x, 3/, 3) in three dimensions such that x = ( — l)\ 
— 1 ^-yl=k If O ^ s ^ 1. Let -Ro be the set of all points (x, y, z) 
such that — 1^x5^1, —1 ̂ : y ^ l , £ = 0. For each integer n>0, 
let Rn be the set of all points (x, y, z) such that — 1 ^ # ^ 1 , 
- 1 ^ 3 > ^ 1 , z=l/n. Let 

M = Si + .s2 + 2 X . 

I t is easy to see that every two points of M may be separated 
by a single subcontinuum of M and yet M is not a contin
uous curve. Hence the condition given by Moore is not 
sufficient in order that a continuum in n dimensions (n > 2) 
be a continuous curve. In this paper we give two modifica
tions (Theorems 2 and 4) of Moore's theorem which hold in 
n dimensions. 

* Presented to the Society, October 29, 1927. 
t National Research Fellow in Mathematics. 
% A characterization of a continuous curve, Fundamenta Mathematicae, 

vol. 7 (1925), pp. 302-307. 
§ We shall use the term continuous curve in the sense of a point set which 

is closed, connected and connected im kleinen. See R. L. Moore, Concerning 
simple continuous curves, Transactions of this Society, vol. 21 (1920), p. 347. 
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THEOREM L* If M is a continuous curve in euclidean space 
of n dimensionsy K is a bounded subcontinuum of M and e 
is any positive number, then there exists a set L such that 
(1) K+L is a continuous curve which is a subset of M, (2) 
every point of L is within a distance e of some point of K, (3) 
L consists of a countable set of arcs of M, not more than a 
finite number of which are of diameter greater than any given 
positive number y (4) L+K is non-dense at every point except 
those points at which K fails to be non-dense. 

PROOF. The set M is uniformly connected im kleinen over 
the set K.\ Let Si, S2, S3, • • • be a sequence of positive 
numbers such that every two points of K whose distance 
from one another is less than Sm can be joined by an arc of M 
whose diameter is less than e/2m. For each point p of K 
and each positive integer n, let Cnp and Cn'P be hyperspheres 
with center p and radii e/n and e/(2n) respectively.J By the 
Borel theorem, for each value of n there is a finite subset of 
the set [Cnp], 

^npniy Lnpn2) ^npnz, > ^npnn' y 

such that every point of K is in the interior of one of the sets 
Cnpni for 1 ^i^n'. Since M is a continuous curve there are 
but a finite number, 

M nil) Mni2, MniZj ' * * , M nimn y 

of the components! of M-I(CnPni) that contain points in the 
interior of Cnpni- For each n, i and j , let [Kni]] be the set of 

* This theorem contains as aspec ia lcasea theoremduetoH.M.Gehman, 
Concerning the subsets of a plane continuous curve, Annals of Mathematics, 
vol. 27 (1925), pp. 29-46, Theorem 3. 

t S. Mazurkiewicz, Sur les lignes de Jordan, Fundamenta Mathemati-
cae, vol. 1 (1920), p . 173. 

t If p is a point and r SL positive number, the hypersphere with center 
p and radius r is the set of all points of the space whose distance from the 
point p is r. If 5 is a hypersphere, I(S) denotes the interior of 5 . 

§ A connected subset of a point set H which is not a proper subset of 
any connected subset of H is called a component of H, 
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components of K• Mni3'I(CnPni). By the Zermelo postulate*, 
there exists a set of points [Pna] such that each set Knij 
contains just one point Pna and each point Pn%j belongs to 
just one component KniJ\ In the set [Pnij] there is a finite 
subset, 

1 2 3 ki 
•Lnij) ±nij) -Lnijy , J^nijj] 

such that every point of [Pna] is within a distance ôi of some 
point of this finite set. There exists an arc ar

n%j (1 t^r^ki — 1) 
with end points Pr

nij and Pr
ni} and lying wholly in Mnij. 

There exists a finite subset, 

•L nij > * nij , * * ' , -Lnijy 

of the set [Pna] such that every point of [Pna] is within a 
distance ô2 of some point of P\a, P\a, • • -, PnV Let a^i;-
(ki^r^k2 — 1) be an arc of Jkfw»/ with end points Pr

n~\} and 
some point of H 8 = i ^ni/. Continue this process indefinitely 
except that for t>n we place the additional condition on 
ocnij{kt1^rSkt+i— 1) that it be of diameter less than e/(2t). 
This can be done since any two points of K whose distance 
from one another is less than S tcan be joined by an arc of M 
whose diameter is less than e/(2t). 

For each n, i and jy there is a countable set of arcs of M, 
«niv, otnij, anij, • • -, such that (a) each lies interior to a 
hypersphere of radius e/n with a point of K as center, (b) 
only a finite number are of diameter greater than a given posi
tive number, and (c) each has its end points on K. For each 
value of n the numbers i and j range over finite sets of 
values; hence the set of all arcs [ar

nij] for a fixed value of n 
satisfy conditions (a), (b), and (c) above. And since all arcs 
[ofnij] for a fixed value of n are of diameter less than 2 e/n, 
the set of all arcs \ann\ for all values of n satisfies the condi-

* E. Zermelo, Untersuchung ilber die Grundlagen der Mengenlehre, 
Mathematische Annalen, vol. 65 (1908), pp. 261-281. 

t The symbol ki denotes a positive integer whose value depends on n, 
i and j . 
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tion that only a finite number are of diameter greater than a 
given positive number. Let 

v r 1 ^ * Û n', 1 ^ j g mn) 

^ 1 g f < oo f 1 g W < o o . 

We have shown that L satisfies conditions (2) and (3) 
of our theorem. I t remains to prove that (1) and (4) are 
satisfied. Since only a finite number of the arcs of L are of 
diameter greater than a given positive number and each has 
a point on the closed set K, every limit point of L which 
does not belong to L belongs to K. Thus K+L is closed. Let 
P be any point of K+L. If P does not belong to K it is 
easy to see that K+L is connected im kleinen at P , for the 
interiors of hyperspheres of sufficiently small radii and center 
P contain no point of K and points of only a finite number of 
arcs of L. If P is a point of K and rj is any positive number, 
there is a hypersphere CnPni which lies entirely in the interior 
of the hypersphere with radius 77/4 and center P and such 
that I(CnPni) contains P . Let Mnu be the component of 
M'I(CnPni) containing P . There exists a positive number 
7 such tha t every point of K whose distance from P is less 
than 7 lies in Mnij* There exists a number p > 0 such that 
every point p' of L whose distance from P is less than p 
lies on an arc a y of Z,, one of whose points e belongs to 
K' Mnij and such that the subarc p'e of av> is of diameter less 
than 77/2.* Let a be the smaller of 7 and p. Now let Q be 
any point of K+L whose distance from P is less than a. 
If Q belongs to K it belongs to Mn%v By the method of 

* If Sy and Sd denote hyperspheres with center P and radii 7 and d 
respectively, then only a finite number of arcs of L have points in I(Sd) 
for any d < y and contain no point of I(S7) • K since any such arc is at 
least of diameter y—d. There is a number d\ > 0 such tha t for d Sd\ there 
is no such arc. Also there is a number ^2>0 such tha t no arc of L of di
ameter greater than 77/2 contains a point whose distance from P is less 
than d2 unless the arc contains P. On each of the finite set of arcs of L of 
diameter greater than rj/2 t ha t contain P there is a point q such tha t the 
subarc qP of the arc is of diameter less than rj/2. Let d% be the smallest 
of the finite set of distances from P to the points q. Let p be the smallest 
of the numbers du d2 and d&. 
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construction of L, there is a subset V of L such that Mn%j 
contains L' and V+K-Mnn is connected. But every point 
of L'+K-Mnij is at a distance from P less than ry/2 and 
L'+K- Mnij contains both P and Q. If <2 is not a point of K, 
it lies on an arc «Q of Z, which contains a point £ of K- Mni3 

such that the subarc eQ of ag is of diameter less than rj/2. 
Then OLQ+L'+K • Jkfw»/ is a connected subset of L+K 
containing P and Q and such that every point is at a distance 
from P less than rj. Therefore K+L is connected im kleinen 
at every point P . 

Let P be any point of K a t which K is non-dense. Then if 
Si is any hypersphere with center P , the set /(Si) contains a 
hypersphere 52 such that S2+/(S2) contains no point of K. 
Since only a finite number of the arcs of L are of diameter 
greater than a given positive number, there are only a 
finite number of arcs of L tha t have points in I(52) . Then 
there is a hypersphere S3 lying in 7(52) such tha t I(Sz) 
contains no point of L. Then the interior of every hyper
sphere Si with center at P contains a hypersphere S3 such 
tha t /(S3) contains no point of K+L. Hence K+L is 
non-dense at the point P . 

THEOREM 2. In order that a continuum M lying in euclidean 
space of n dimensions be a continuous curve it is necessary and 
sufficient that for every two distinct points A and B of M there 
should exist a subset of M which consists of a finite number of 
continuous curves and which separates A and B in M. 

PROOF. The condition is necessary. Let d be the distance 
from A to B. Let Si and S2 be hyperspheres with center A 
and radii d/2 and d/4 respectively. Let H = S i + 1 (Si ) - 7(S2). 
The set M H is dosed and it is easy to see that there is at 
least one component of M H containing points on both Si 
and S2. As M is a continuous curve there cannot be more 
than a finite number of such components. Let Ki, K^ 
Kzf • • -, Km denote the set of all components of M i ? which 
contain a point on Si and a point on S2. By Theorem 1, for 
each i,l^i^m, there is a continuous curve Mi which contains 
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Kiy is a subset of M and such that every point of Af» is within 
a distance d/S of some point of Ki. Suppose that A and B lie 
in a connected subset of Af — Z)f=i M%. Then there is an arc 
with end points A and B lying in AT — Y,?=i Mi* This arc 
contains a subarc a which is a subset of i J and has one 
end point on Si and the other on 52. Then a must belong to 
some set Ki and thus to £ J L I f̂*- But this is impossible, for 
M— Z)r=i Af* contains a. Therefore Xf=i ^ separates -4 
and B in AT. 

The condition is sufficient. If M is not a continuous curve 
there exist two concentric hyperspheres Si and 52 and an 
infinite set of subcontinua Af*, Mu Af2, Af3, • • • of Af 
satisfying the conditions of the Moore-Wilder lemma.f 
Let 53 and 5 4 be distinct hyperspheres concentric with Si 
and lying between Si and 52. Each continuum Mi contains a 
subcontinuum Ki which contains a point Pi on 53 and a point 
Qi on 5 4 and is a subset of the set G consisting of 53 and 5 4 

and all points which lie between 5 3 and 54 . There exists a 
sequence of integers n\, ti2, • • -, such that [Pn t] has a sequen
tial limit point A and [<2ni] has a sequential limit point B. 
By hypothesis there exists a finite set of continuous curves 
Cu C2, Cs, - - -, Cm which are subsets of M and separate A 
and B in Af. 

CASE I. Suppose infinitely many of the continua Kni 

contain a point of ]C?=ICA> AS there are but a finite number 
of the curves C&, one curve Ck> must contain a point pni of 
i£nt. for infinitely many values of i. The set [pni] has a limit 
point P , which must belong to AT*, and to G. Let € be a 
positive number such that no point of 5i + 52 is within a 
distance e of P . As C/b' is a continuous curve, the point P 

* R. L. Moore, Concerning continuous curves in the plane, Mathematische 
Zeitschrift, vol. 15 (1922), pp. 254-260. Moore's theorem is stated for 
two dimensions, but the extension to n dimensions is obvious. 

f R. L. Moore, Report on continuous curves from the viewpoint of analysis 
situs, this Bulletin, vol. 29 (1923), p. 296; R. L. Wilder, Concerning con
tinuous curves, Fundamenta Mathematicae, vol. 7 (1925), p. 371. The 
lemma holds equally well for n dimensions and for unbounded continua. 
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belongs to CV and there is a number 5 e>0 such that any 
point of Ch> whose distance from P is less than Sé can be 
joined to P by an arc of Cw of diameter less than e. There 
is a point pnr of [pni] whose distance from P is less than §«. 
Let a denote an arc of CV with end points P and pUr and of 
diameter less than €. The arc a contains a point of MUr and 
a point of M^ and lies entirely between Si and S2. By the 
Moore-Wilder lemma, MUr is a component of the common 
part of M and the set composed of Si and S2 and all points 
lying between Si and S2. Hence MUr contains the arc a. 
But this contradicts the condition of the lemma that Mnr 

and Moo have no common points. 

CASE I I . Suppose only a finite number of the continua 
Kn< contain points of S ^ i G b . The set M—J^TCk is the 
sum of two mutually separated sets MA and MB containing 
A and B respectively. Every set Kni which contains no 
point of YL™Ck lies wholly in MA or wholly in MB* There 
is an integer j such that for i}zj, the continuum Kni contains 
no point of Y*™Ck. Both A and B are limit points of the 
set Y,l=jKni- Either infinitely many of the sets Kni (i^j) 
belong to MA or infinitely many belong to MB- If the first 
holds then B is a limit point of MA ; under the second possi
bility the point A is a limit point of the set MB- In either 
possibility we have a contradiction since MA and MB are 
mutually separated. 

The assumption that M is not a continuous curve leads 
to a contradiction with the assumed condition in either case. 
Therefore the condition is sufficient. 

I t is to be noticed that in the proof of the necessity of the 
condition in Theorem 2 we showed that the separating 
continuous curves were bounded. Hence we have the 
following corollary and theorem. 

COROLLARY. If A and B are points of a continuous curve 
M lying in euclidean space of n dimensions, there exists a 
subset of M which consists of a finite number of bounded 
continuous curves and which separates A and B in M. 
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THEOREM 3. If Ki and K2 are any two mutually exclusive 
and closed point sets, one of which is bounded, then K\ lies 
wholly in a finite number of the complementary domains of K2. 

PROOF. Suppose the contrary is true. Then there exists 
an infinite sequence Du D2, D3, • • • of distinct comple
mentary domains of K2 each of which contains at least one 
point of Ki. For each positive integer i, let P* denote a 
point of K\ belonging to Di. Let H denote the set of points 
P 1 + P 2 + P 3 + • * • . By hypothesis either Ki or K2 is 
bounded. If Ki is bounded, then H is bounded because H 
is a subset of Ki; and if K2 is bounded, then since H contains 
at most one point in the unbounded complementary domain 
of K2, it readily follows that H is bounded. Hence, in any 
case, H is bounded ; and since it is infinite, it must have at 
least one limit point P . Since Ki is closed and contains H, 
it must contain the point P ; and since Ki and K2 are 
mutually exclusive, P must belong to some complemen
tary domain D of K2. Clearly this is impossible, since P 
is a limit point of H, and not more than one point of H can 
belong to D. Thus the supposition that Theorem 3 is not 
true leads to a contradiction. 

THEOREM 4. In order that a continuum M in a euclidean 
space En of n dimensions should be a continuous curve it is 
necessary and sufficient that every two mutually exclusive, closed, 
and bounded subsets of M should be separated in M by the sum 
of a finite number of subcontinua of M. 

PROOF.* The condition is sufficient. For suppose a con
tinuum M satisfies the condition but is not a continuous 
curve. Then by the Moore-Wilder lemmaf it follows that 
there exist two different concentric hyperspheres C\ and C2 
and a countable infinity of mutually exclusive subcontinua 
of M : W, Mi, M2, Mz, • • • such that (1) if D denotes the 

* Compare this proof with that given by R. L. Moore for Theorem 1 
of his paper, A characterization of a continuous curve, loc. cit. 

t See reference to the Moore-Wilder lemma above. 
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n-dimensional domain whose boundary is C1+C2, then each 
of these continua contains at least one point on each of the 
hyperspheres d and C2> and each of them, save possibly W, 
is a component of the set of points M- (D + Ci + C2), and 
(2) W is the sequential limiting set of the sequence of con
tinua Mu M2, Ms, • • • . Let A and B denote the sets of points 
WCi and W• C2 respectively and, for each positive inte
ger i, let ai denote the set of points Mi • G and bi the set 
Mi • C2. Since A and B are mutually exclusive, closed, and 
bounded subsets of M, by hypothesis there exists a sub
set L of M such that (1) M — L is the sum of two mutually 
separated point sets Ma and Mb containing A and B respec
tively, and (2) L is the sum of a finite number of continua 
Lu L2, I/3, • • • , Lm. Since neither A nor B has a point in 
common with L, and A contains no point of Mb and B con
tains no point of Ma, therefore there exist open sets Ca and 
Cb, containing A and B respectively, such that Ca contains 
no point of L + M& and Cb contains no point of L +Ma-
There exists an integer S such that, for every j greater than 
S, the point set a3- lies wholly in Ca and the point set b3- lies 
wholly in C&. Thus, for every j greater than S, M 3 contains 
a point of Ma and also a point of Mb. But M3 is a sub-
continuum of My and every subcontinuum of M which con
tains a point of each of the sets Ma and Mb must contain 
at least one point of L. Hence, for every j greater than ô, 
Mj contains a point of L, and therefore of some one of the 
sets Lu L2, - - - , Lm. I t follows that there exists an integer 
g and an infinite sequence of distinct positive integers 
tu h, h, - • - such that, for every j , L0 contains at least 
one point in common with Mtj. Since, for every j> the sub-
continuum Lg of M contains a point of Mtj and a point of 
Mtj+1 it follows by a lemma of R. L. Moore's* that Lg 

must contain a point either of atj or of btj. Thus there exists 
an infinite sequence of distinct integers j i , j 2 l J3> • • • , such 
that either Lg has a point in common with each point set 

* A characterization of a continuous curve, loc. cit., Lemma 2. 
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of the sequence aQ-v ah, aiv •• - , or it has at least one point 
in common with each point set of the sequence bJV bj2, 
bf3, • • • . In the first case it readily follows that A contains 
at least one point of Lg, and in the second case that B con
tains at least one point of Lg. But A+B is a subset of 
M — L. Thus the supposition that M is not a continuous 
curve leads to a contradiction. 

The condition is also necessary. For let M be any continu
ous curve in £», and let K\ and K2 be any two mutually 
exclusive, closed, and bounded subsets of M. I t follows by 
Theorem 3 that there exists a finite number JDi, Di, D3, • • • , 
Dm of the complementary domains of K2 whose sum con
tains the point set K\. For each positive integer ii£m, 
let Bi denote the boundary of Dit let Hi be the set of points 
common to K\ and D^ and let Adi be the minimum distance 
between the closed sets of points Hi and Bi. For each point P 
of Hi+Bi, let Cp denote a hypersphere with P as center 
and radius dif and let G[ be the collection of all the hyper-
spheres [Cp] for all points P of Hi+Bi. Since Ki+K2, and 
hence also Hi+Bi} is bounded, then by the Borel theorem 
there exists a finite subcollection d of the hyperspheres of 
Gi such that Hi+Bi is a subset of the sum Ii of the interiors 
of the collection d. Let Ti denote the point set (Di+Bi) 
— Ii-{Di+Bi). Then Ti is closed. Let Fi denote the sum 
of all the hyperspheres (not including their interiors) of the 
collection Gi which enclose at least one point of Hu and let 
Ni be the sum of all those which enclose at least one point 
of Bi. Since the least distance between Hi and Bi is 4rf», 
and since the radius of each hypersphere of Gi is di, it follows 
that Fi and N{ are mutually exclusive closed sets whose least 
distance apart is >di. Let Qi denote the collection of all 
those maximal connected subsets of M which lie wholly in 
Ti and contain at least one point of each of the sets Fi and Ni. 
Each element of Qi is a continuum, and since M is a con
tinuous curve, it follows by the Moore-Wilder lemma that 
Qi has just a finite number of elements. Hence Qi is a finite 
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collection of mutually exclusive continua Lu, Liu Lzu • • • , 
Lnii which belong to M. 

Now let L denote the point set YJi=\ïlT=^Ji' Then 
L is the sum of a finite number of mutually exclusive 
subcontinua of M. Let Ma denote the sum of all those 
components of M — L which contain at least one point of A, and 
let Mb denote the point set M— (Ma+L). No point of B 
belongs to Ma* For if a point X of B belonged to Ma, then* 
X could be joined in M to some point Y of A by an arc 
which contains no point of L, and this arc would contain 
a subarc / which is a subset of some set Ti and which has its 
end points on Fi and N% respectively ; and the arc t would 
necessarily be a subset of some continuum of the collection 
Qi, contrary to the fact that / contains no point of L. There
fore B must be a subset of Mb» Since M is connected im 
kleinen and L is closed, it readily follows that Ma and Mb 
are mutually separated. Hence M — L is the sum of two 
mutually separated sets Ma and Mb containing A and B 
respectively, and therefore L separates A and B in M. 

THEOREM 5. In order that a continuum M in a space of 
n dimensions should be a Menger regular curvé\ it is necessary 
and sufficient that every two points of M should be separated 
in M by some finite subset of M. 

PROOF. The condition is sufficient. Let P be any point of 
M and e any positive number. Let G and G be two distinct 
hyperspheres each of which has P as center and is of radius 
less than e/4. Let D denote the domain between G and G, 
and let K denote the set of points common to D + C1 + C2 
and to M. Then K is closed. Now by Theorem 2 it follows 

* R. L. Moore, Concerning continuous curves in the plane, loc. cit. 
t A continuum M is said to be a Menger regular curve provided tha t 

for each point P of M and each positive number € there exists an open 
subset T of M of diameter less than e which contains P and whose M-
boundary is finite. The Af-boundary of an open subset T of a continuum 
M is the set of all those points of M— T t ha t are limit points of T. See 
K. Menger, Grundzüge einer Theorie der Kurven, Mathematische Annalen, 
vol. 95 (1925-1926), pp. 276-306. 
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tha t Af is a continuous curve. By hypothesis, for each 
point X of K there exists a finite subset Nx of ikf which 
separates X and P in ikf. For each such point X, the maximal 
connected subset Hx of M — Nx which contains X is an open 
subset of ikf which does not contain P and whose ikf-boundary 
is finite (a subset of Nx). Let Go denote the collection of sets 
[Hx] for all points X of K. Since K is closed and bounded, 
then by the Borel theorem the collection Go contains a 
finite subcollection G which covers K. Let R denote the 
sum of all the point sets of the collection G. Then K is a 
subset of R, and R is an open subset of ikf. Furthermore B, 
the ikf-boundary of R, is finite, for R is the sum of a finite 
number of the sets Hx. Now, supposing that & is within 
C2, let A denote the set of all those points of B which lie 
on or within C\. Now R+A does not contain P , for P 
belongs to no set Hx and to no Nx. Let T denote the maximal 
connected subset of ikf—A which contains P . I t is readily 
seen that T must lie within G. Hence the diameter of T is 
less than e. The ikf-boundary of T is finite, because it is a 
subset of A. Then, since T is an open subset of ikf, it follows 
tha t P is a regular point of ikf and that M is a Menger regular 
curve. 

Tha t the condition is necessary follows at once from the 
definition of a Menger regular curve. 

THEOREM 6. If every two points of a continuum M are 
separated in M by some finite subset of ikf, then every two 
mutually exclusive, closed, and bounded subsets of M are 
separated in M by some finite subset of M. 

PROOF. I t follows by Theorem 5 that ikf is a Menger 
regular curve. Then by a theorem of Menger's,* it follows 
tha t every two mutually exclusive, closed, and bounded 
subsets of ikf can be separated in ikf by some finite subset 
of ikf. 

T H E UNIVERSITY OF TEXAS 

* Loc. cit., Theorem 12. 


