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DISCONTINUOUS SOLUTIONS IN T H E CALCULUS 
OF VARIATIONS* 

BY L. M. GRAVES 

1. Introduction. By a discontinuous solution in a calculus of 
variations problem is meant an extremizing arc having one or 
more corners, that is, the derivatives of the functions defining 
the arc have one or more ordinary discontinuities. Such dis
continuities may occur when the extremizing curve is required 
to have a point in common with the boundary of the region 
where admissible curves must lie, or when the integrand func
tion is discontinuous. These and other cases will be discussed 
later. But I wish to take up first the case when the function to 
be minimized (or maximized) is a simple integral of the form 

ƒ «2 

F(x, y, x', y')dt, 
-i 

where the integrand F has the usual continuity properties, and 
the minimizing curve is wholly interior to the region of admissi
ble curves. When the problem is not regular, corners are very 
likely to occur on the minimizing arc, even when the two end-
points can be joined by an extremal without corners. This 
depends on the behavior of the Weierstrass £-function, as will 
be seen later. Examples are F— {a x'2 + 2 b x'y' + c y'2)112, 
where the quadratic form is positive definite and the coefficients 
a, b, c are properly chosen functions of x, y, x', y''; and, for 
a non-parametric problem, f = y'2(y'2—<t>(x, y)), where </> is 
positive. 

2. The Minimizing Curve is Interior to the Region of Admis
sible Curves. The first additional necessary conditions on a 
minimizing arc with corners are the Weierstrass-Erdmann cor
ner conditions, which state that Fx> and Fy> must be continuous 
along that arc. These conditions were given by Weierstrass 
in 186S.| For the non-parametric problem, the two functions 

* An address presented at the invitation at the program committee at the 
meeting of the Society in Ann Arbor, November 29, 1929. 

f (51), vol. 7, pp. 109, 250. The numbers in parentheses in foot notes refer 
throughout to the bibliographical list at the end. 
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-F*', F y' are to be replaced by j'—y'jy, jy, and the conditions 
were given by Erdmann in 1876.* Todhunter obtained the 
continuity of jy> in the special case when ƒ depends only on 
y', in 1871.f 

Nothing more of note was done about discontinuous solu
tions in the case we are considering until the dissertation of 
Carathéodory in 1904. J I t seems to have been the fashion to 
restrict attention to regular problems, in which corners cannot 
occur. Carathéodory pointed out the unwisdom of excluding 
from consideration such a large class as the non-regular prob
lems. He also proved a theorem which shows why corners are 
likely to occur on a minimizing arc. Consider an extremal arc 
E along which 

(1) £(#, y, cos 6', sin 0, cos 0, sin 0) > 0 

whenever the direction 0 is different from the direction 6 of 
the extremal. Suppose we extend E until a point P 0 is reached 
at which this property fails to hold. Then, in general, a corner is 
possible at Po, and the second extremal arc in the new direction 
will also satisfy the condition (1) of Weierstrass except at the 
initial point P 0 . Furthermore, if we proceed past the point 
Po on the original extremal E, there will be directions 0 for 
which the Weierstrass function £ is negative. 

The extension of the Jacobi condition to discontinuous solu
tions is somewhat complicated. I shall outline the principal 
facts in the non-singular plane case,§ and then point out 
briefly the contributions of Carathéodory, Bolza, Dresden, and 
Graves to the theory. 

Consider a minimizing arc having a single corner, and hence 
composed of two arcs of extremals, E~ and E + . If <£~~ is a one-
parameter family of extremals containing £~, then in general a 
complementary family <£+ containing E+ and a corner curve C 
are determined, such that extremal arcs of the two families 
may be pieced together to form broken extremals or extrema-
loids, with corners on C and satisfying the corner conditions. 
The slope of the corner curve C a t the point P 0 where E~ joins 

t (48), pp. 2, 3. 
*(2). 
§ See Bolza (54), pp. 372-388. 
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E + , the focal point Q~ of the family <fr on £~, and the focal 
point <2+ of the family <j>+ on E+ are intimately related. In fact 
when one of the three is given the other two are uniquely deter
mined. Moreover, as the point Q~ moves toward Po from the 
point Po~ conjugate to Po on E~~, the tangent to the corner 
curve rotates always in one direction through 180°, starting 
from a position of tangency to E~~. The position of Q~ corre
sponding to tangency of the corner curve to E+ we denote by 
T~. At the same time the point Q+ moves from an initial posi
tion T+ out toward the point P 0

+ conjugate to P 0 on E + , and 
then as Q~ moves from T~ to P 0 , Q+ moves from P 0 to T+. 
Necessary conditions for a minimum are: (1) that the first end-
point, Pi = Q~, shall follow T~, and (2) that the second end-point 
P 2 shall precede the point Q+ conjugate (in the new sense) to Q~. 

Carathéodory* in his dissertation showed how to construct 
families of extremaloids,f discovered the points we have denoted 
by T~ and P + , and knew the relative motion of the two focal 
points Q~~ and Q+ and the tangent to the corner curve. Then 
he proved the second of the necessary conditions mentioned 
above quite simply by means of the extension of the Kneser 
envelope theorem. He seemed to realize also (though he gave 
no proof) that the corner curve must cross the extremaloid at 
the corner. Now this in view of the other conditions is equiva
lent to the first condition, as Dresden's work showed. BolzaJ 
clarified some details of the situation and gave an analytic 
proof regarding the motion of the points Q~ and Q+ and the 
tangent to the corner curve. Finally in the same year Dresden § 
showed that the minimizing property of an arc with a corner 
stops at the points T~~ and P + . 

Consider now the one-parameter family of extremals passing 
through the point Pi , and the complementary family which 
contains the arc E+. These two families make up a one-param
eter family of extremaloids whose equations may be written 
x = x(t, a), y=y(t, a). If D(t) denotes the determinant xtya—ytXa 
evaluated along the extremaloid E, then the condition (1) given 
above is equivalent to (la) D(t) does not vanish nor change sign 

* ( 2 ) . 
t See Rider (10), Sakellariou (11), (12). 

t(4). 
§ (5), pp. 480 ff. 
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at the corner, while (2) is equivalent to (2a) D(t) does not vanish 
between the ends of the minimizing arc. In my recent paper* I 
have proved the two conditions in this form simultaneously by 
means of the second variation. Space forbids going into details 
here. Suffice it to say that it seems to be necessary to cast the 
problem in parametric form in order to get an effective exten
sion of the Jacobi condition by means of the second variation. 
I have also given a direct proof for the condition (la) by a dif
ferentiation method. Both of my methods have the advantage 
of extending unchanged to the problem in n dimensions. 
Moreover, several corners cause no additional complication 
in the statement of the conditions (la) and (2a). For the 
Lagrange problem analogous conditions have been derived by 
means of the second variation in a partially completed disser
tation by Hefner, f 

Both BolzaJ and Graves have given sufficient conditions for 
a minimum. The latter has shown in this connection that if the 
Weierstrass function £ is positive along an extremaloid, then 
in general it remains positive on neighboring extremaloids of a 
family. § 

In 1923 Razmadze1!! obtained Dresden's condition relative to 
the points T~ and T+ of Carathéodory by a different method. 
He gives the following geometric interpretation of the point T~~. 
Produce the second arc E+ of the extremaloid P1P0P2 backward 
to S. Construct a family of extremals containing the first arc 
E~, such tha t each extremal of the family cuts the arc SP0P2 
at an angle reducing the Weierstrass function £ to zero. Then 
the focal point of this family on the arc E~ is the point T~ of 
Carathéodory. On the basis of this construction, Razmadzé 
gives a direct proof of the condition that the first end-point Pi 
must not precede the point T~. 

There is a function Ü = x'-Fx++y'-Fv+-xf+Fx--y'+F1r 
which Dresden || proved to have an intimate relation with the 
Weierstrass function 6, and which is a factor of the functional 

*(8). 
t(9). 
t (54), pp. 381 ff. 
§ Graves (8), p. 11, Lemma 5.6 
11(7). 
|| See (5), p. 485. 
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determinant involved in securing the family of extremals $ + 

complementary to a given family <j>~. A considerable part of the 
foregoing discussion depends on the assumption that fi^O at 
the corners. In 1913 Caratheodory* treated the relation be
tween £ and £2 for the case when Q vanishes. On the basis of 
this paper he promised further developments, which I have 
not seen in print. The case when £1 vanishes identically was 
discussed in the dissertation.! The location of the corners is 
then undetermined, and extremaloids joining the two end-
points may be put together in infinitely many ways. Dresden 
obtained the necessary conditions (1) and (2) even in case 
12 = 0, except that (1) is proved only in the weaker form: Pi 
does not precede T~. 

Caratheodory also treated isoperimetric problems in his 
dissertation, paying special attention to the case when both 
integrals have the same extremals without their Euler equa
tions being identical. His results are not complete. He lays 
emphasis on this case as being one in which corners must occur. 

In his 1906 paper J Caratheodory considers the Minimum 
im Kleinen for positive definite but non-regular problems. 
Consider a bounded closed region in which the integrand F 
is everywhere positive, and from each point of which there 
issues a family of extremaloids or broken extremals satisfying 
the condition (1) except at the corners. Then there is a con
stant p such tha t the circle with center at a point P and radius 
p is simply covered by the family of extremaloids issuing from 
P. Caratheodory states that with this as a basis, Huber t s 
existence proof for the absolute minimum can be carried 
through under less restrictive hypotheses, but the details have 
not to my knowledge appeared in print. 

In the discussion so far, it has been supposed that the deriva
tives of the functions defining the minimizing curve had at 
most a finite number of ordinary discontinuities. The case 
when there are infinitely many discontinuities has not been 
satisfactorily treated. In 1901 Whittemore§ obtained the du 
Bois-Reymond equations 

* (6) 
t (2). See also Bolza (54), p. 388. 

t(3). 
§ (13). 
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f y' = I fydoc + C, 

for the non-parametric integral, assuming that the set of dis
continuities of the derivative y' has content zero, and that yf 

is bounded. Hahn treated the parametric integral with analytic 
integrand in 1907.* Assuming the minimizing curve to be 
rectifiable and to have a well defined tangent at each point, 
he showed that it must satisfy the du Bois-Reymond equations 
almost everywhere. Moreover, the minimizing curve is made 
up of denumerably many analytic curves satisfying the Euler 
equations. Under the weaker hypothesis that the minimizing 
curve is rectifiable and has a forward tangent at each point, 
Hahn again obtained the du Bois-Reymond equations, and 
showed tha t Fx> and F y are continuous at isolated discontinui
ties of the tangent direction. 

In my dissertationf I treated the non-parametric integral, 
assuming y to have bounded difference quotients. I obtained 
the du Bois-Reymond equation almost everywhere, and the 
Weierstrass and Legendre conditions at points where y' is right 
hand or left hand continuous. Later I showed the existence of 
a family of solutions of the du Bois-Reymond equation, and 
obtained a corresponding extension of the Jacobi condition. 
However, this extension is of little significance, since the family 
of solutions of the du Bois-Reymond equations has the dis
continuities of y' on vertical lines, and the condition that/— y'jy 
is continuous will in general not be satisfied. Moreover, the 
Weierstrass condition will in general not be satisfied by all 
the solutions of the family. So far as I can see, to obtain an 
effective extension of the Jacobi condition to discontinuous 
solutions, it is necessary to proceed step by step past one corner 
at a time. 

Tonelli has obtained stronger results than mine in one re
spect, namely in showing that the Weierstrass and Legendre 
conditions hold almost everywhere, and without the assumption 
that y' is bounded. J For the parametric problem Tonelli as
sumes only tha t the minimizing curve is rectifiable and then 

* (14). 
Î (16). 
% See (56), vol. I I , pp. 83, 317, 511, 557. 
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obtains the du Bois-Reymond equations almost everywhere, 
a stronger result than Hahn's in some respects.* 

3. Corners related to Restrictions on the Position or Direction 
of Admissible Curves, Let us turn now to some types of prob
lems in which discontinuities in the direction of the minimizing 
curve are connected with restrictions on the position or direc
tion of admissible curves. In 1831 Goldschmidtf discovered 
the very interesting and well known example in which the 
curve generating a surface of revolution of minimum area is 
composed of a piece of the axis of revolution together with two 
line segments perpendicular to it. In this example the boundary 
restriction is y ^ 0. 

In 1879 WeierstrassJ gave the inequality T^O ( ^ 0 ) which 
replaces the Euler equation T = 0 for a piece of the minimizing 
curve lying along the boundary of the region of admissible 
curves. Todhunter gave this for the non-parametric form of the 
problem in 1871.§ Weierstrass^f also obtained the condition 
holding at the point where the minimizing curve meets the 
boundary, namely, £(x, y, x', y', x', y')=0, where x'\y' gives 
the direction of the extremal arc interior to the region, and %'\yr 

gives the direction of the boundary curve. If the problem is 
regular on the boundary, this condition implies tangency, and 
no corners are present. For this case Bliss derived sufficient 
conditions for a minimum in 1904.|| I t would be desirable to 
carry through the theory without the hypothesis of regularity. 

Problems in three dimensions of the foregoing type were 
treated in 1914 by Bliss and Underhill.** In 1878 Mayer stated 
the law of the conservation of the isoperimetric constant or 
multiplier, f f This law says that the multiplier is the same for 
all portions of the minimizing curve interior to the region. 

* See (56), vol. II, pp. 89, 318, 486, 557. 
t (25). See also MacNeish (26) and Sinclair (27). 
% See Bolza (54), p. 395. I was not able to find this in Weierstrass' Werke 

nor in a copy of notes on his 1879 lectures. 
§(48), p. 13. 
If (51), vol. 7, p. 307. 
|| See Bolza (54), pp. 400-407, Lindeberg (19). 
** (22). See Hadamard (55), p. 179. Also an example of a singular case in 

Todhunter (48), p. 128, 
t t (17). 
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It was proved by Weierstrass in 1879.* Hadamard indicated 
the conditions along the boundary for isoperimetric problems 
in 1907.f 

The case when one point of the minimizing curve is required 
to be on the boundary of the region of admissible curves was 
considered by Weierstrass. J The condition holding at this point 
is 

| sin 5 J £(x, y, cos 0, sin 0, cos 0, sin 0) 

| sin ô | £(#, y9 cos 0, sin 0, cos 0, sin 0) 

where 0 and 0 are the slope angles of the two arcs of extremals 
meeting at the point, and ô and ô are the angles at which they 
meet the boundary. This is an extension of the law of reflection 
of light. No further work seems to have been done for this prob
lem, but Bliss and Mason state that their results for the prob
lem with discontinuous integrand § can be interpreted for this 
problem, and hence we have a sufficiency theorem as well as 
necessary conditions. 

When there are restrictions on the slope or curvature of 
admissible curves, the problem becomes more complicated. 
Todhunter has many examples in his Researches.^ Zermelo 
gave a very brief and sketchy account of the situation in 1902. || 
In the same year Kneser gave a definitive treatment of New
ton's problem of the solid of revolution of minimum resistance, 
with restrictions on the slopes of admissible curves.** Hada-
mardff considered the problem of Mayer with some inequali
ties among the side conditions, and obtained inequalities for 
the multipliers occurring in the multiplier rule. Finally in 
1914 BolzaJ i undertook to study his generalization of the prob
lems of Mayer and Lagrange, with inequalities replacing equali
ties in some of the differential equations, finite equations, and 

* (51), vol. 7, p. 248. 
t (20). 
% (51), vol. 7, p. 311. See an example in Todhunter (48), p. 128. 
§ (33). 
If (48), pp. 38, 73,103,109, 111, 142,143,170, 201, 252. 
II (23). 
** (31). See Bolza (54) pp. 407-418. See Lecat (32) for a bibliography of 

Newton's problem, 
t t (55), p. 248. 
tt (24). 
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end conditions. Neither Hadamard nor Bolza considers the 
conditions which must hold at a point of transition where an 
inequality holding in the strict sense along the minimizing curve 
becomes an equality. It should be noted also that the assump
tion of normality for the minimizing arc excludes the special 
case of the plane problem with boundary restrictions, as well 
as other simple cases. There is need in this domain for a further 
study of special cases, in order that a general theory may be 
properly oriented. 

4. Problems in which the Integrand is Discontinuous. A mini
mizing problem in which the integrand is discontinuous arises 
in the consideration of the path of light through a medium 
whose refractive power changes abruptly. The general problem 
of this type in the plane was treated by Bliss and Mason in 
1906.* The corner condition at the curve of discontinuity is 
that Fx>dx-\-Fy>dy shall be continuous across this curve, where 
dx:dy gives the direction of the curve of discontinuity. This 
condition is due to Hubert (Lectures 1904/5).f Bliss and Mason 
obtained the extension of the Jacobi condition by means of the 
envelope theorem, and discussed sufficient conditions. Their 
work is apparently easily extensible to any number of dimen
sions and any number of discontinuities. J It would be of in
terest to consider the second variation for this problem. 

More recently Roos§ has discussed a generalization of Bolza's 
general problem, in which the integrand may be discontinuous. 
Roos formulates the problem as follows. The expression to be 
minimized is the sum of two integrals 

/ = I g(x, y, y', xh yl9 x2, y2, £, y(Ç))dx 
J xi 

h(x, y, y', xh yh x2, y2, f, y(&)dx, 

whose integrands may depend both on the given end values 
(%i, yi)i (%2, y*), and on the coordinates of the transition point 
(£> y(£))- Admissible curves satisfy the m differential equations 

* (33). 
t See Bolza (54), p. 390, footnote (2). 
Î See Miles (34), (35). 
§ (36). 
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<t>oc(xf y, y')=0 and the end-point conditions have the form 
Qn(xu Ju #2, 3 )̂ = 0. There is no restriction placed on the point 
of transition or discontinuity, so that Roos' work does not in
clude the special case of Bliss and Mason. Roos obtains the 
conditions associated with the first variation, namely, the ex
tension of the Lagrange equations, the corner conditions, and 
the transversality conditions. 

A special case of Roos' problem which has been studied more 
completely is the problem of minimizing the sum of an integral 
and a point function, 

J = J ƒ(*, y9 y')dx + <£(£, t?), 

where rj=y(^). Hadamard* gave the corner conditions which 
must hold at the point (£, y(£)), namely, 

(ƒ - y'fv>)+ - (ƒ - y'f*)- = ^ M , f f - ƒ? = ^ /a* . 

Miss Sinclair studied an example in 1909.t In 1922 ClarkeJ 
made a study of necessary conditions and sufficient conditions 
in the plane problem. Besides the corner conditions already 
mentioned, he obtained an inequality r § : 0 which must hold 
at the corner (£, 77). Then he obtained an extension of the Jacobi 
condition by means of an envelope theorem. I have a strong 
feeling tha t Clarke did not unravel the full significance of his 
condition T^O. 

5. Multiple Integrals, I shall speak very briefly of discontinu
ous solutions of multiple integral problems, because but little 
has been done. Kobb obtained the edge conditions for the 
double integral in parametric form in 1892.§ These are that 

dF dF 
(2) dv du 

O Xy, Cf Xy 

and two similar expressions in which x is replaced by y and z 
respectively, shall all be continuous across a curve of discon
tinuity of the derivatives xu, xvi yUy yv, zui zv, where duidv 

* (55), §159. 
t (38). 
Î (37). 
§ (39a), p. 84. For the isoperimetric problem, (39b), p. 325. 
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determines the direction of the curve of discontinuity. Kobb 
took up also the case of one-sided variations and the case when 
the minimizing surface is required to have a curve in common 
with the boundary.* The former problem was treated more 
completely by Fischer,f who gave sufficient conditions for a 
minimum with respect to one-sided variations. Kobb's edge 
conditions (2) can be easily obtained from various funda
mental lemmas for double integrals J which lead to forms of 
the Lagrange equation analogous to the du Bois-Reymond form 
for simple integrals. 

In 1909 Haar and von Karman § considered triple integrals 
with differential inequalities as side conditions, but they ob
tained no satisfactory conclusions. This is not surprising, since 
the Lagrange multiplier rule for the problem of minimizing a 
double integral with differential equations as side conditions 
seems never to have been proved in satisfying fashion. 

6. Minimizing Curves that are Actually Discontinuous. Fin
ally I wish to speak of a type of calculus of variations problem 
proposed by Razmadzé^f in which certain curves with actual 
discontinuities are admitted to consideration as paths of inte
gration. Razmadzé seems to have been motivated largely by 
the example given by Weierstrass|| of an integral which has a 
finite lower bound but no minimum in the class of continuous 
curves. This example is 

ƒ = I x2y'2dx, 

where the curve is to join two points lying on opposite sides of 
the ;y-axis and having different ordinates. The integral has 
the value zero along the discontinuous curve composed of two 
segments parallel to the x-axis. This curve is approached by a 
sequence of continuous curves {Cn} such that lim / ( C n ) = 0 . 
This property leads to Razmadze's definition of admissible 
discontinuous curves for the problem of minimizing the integral 

* (39b), p. 337-343. 
t (43). 
Î See Mason (40), Haar (41), Schauder (42). 
§ (44). 
IT (46). Perhaps earlier in (45). 
H See (51), vol. 2, p. 53. 
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J—J f(xi Ji yf)dx. A curve Dy y=y(x), having a single or
dinary discontinuity at X — $o IS admissible if a sequence { Cn} 
of continuous admissible curves exists such that lim Cn = D, 
lim J(Cn) = J(D). This condition on admissible discontinuous 
curves may limit the abscissa of the discontinuity to a fixed 
value xo, as in the Weierstrass example. This is case I. Case II 
is that in which the abscissa of the point of discontinuity is 
freely variable. Razmadzé implicitly requires also that the 
ordinates be freely variable. In case I no new theory is re
quired, so far as discontinuous comparison curves are concerned. 
In case II Razmadzé obtains a discussion of the conjugate point 
conditions strikingly analogous to that of Carathéodory, Bolza, 
and Dresden for the case of minimizing arcs with corners. He 
also discusses sufficient conditions for a strong minimum in the 
field F0 of discontinuous comparison curves. He speaks of two 
fields of continuous comparison curves. The field Fi is com
posed of sequences of continuous curves approaching discon
tinuous comparison curves, and the field F2 is composed of 
sequences of continuous curves approaching the discontinuous 
minimizing curve. In both cases the value of the integral must 
approach the value along the discontinuous limiting curve. 
I t is apparent that the fields Fx and F2 are rather ill-defined 
ideas. Now all that Razmadzé pretends to prove is that cer
tain conditions are sufficient for a discontinuous curve D to 
give a smaller value to J than do the curves of a given sequence 
of Fi or F2, after a sufficiently large number of terms have been 
discarded. Nevertheless in his summary occurs the surprising 
statement that if the discontinuous curve D minimizes J in 
the field .Po of discontinuous comparison curves, then D gives 
a smaller value to / than every curve of the field Fi, and (pro
vided a supplementary condition is satisfied) than every curve 
of the field F2. There are also minor objections to Razmadzé's 
paper which contribute to the impression that it has little 
value. 

However, Sakellariou* was sufficiently interested to attempt 
a parallel discussion for the problem in parametric form. The 
points of rupture are still restricted to have the same abscissa. 
Sakellariou does not at tempt a thoroughgoing investigation as 

* (47). 
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does Razmadzé, but a more sweeping objection to his paper 
can be made, since his first theorem, fundamental to all that 
follows, is quite obviously in error. 
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