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MAGIC CIRCLES 

BY C. G. P. KUSCHKE 

If at every one of the n2 + l points defined by n concentric 
circles and n radii is placed one of the first n2 + l integers such 
that every circle with its center carries the same sum as every 
radius, I shall call this figure a system of magic circles of order 
n. Every magic square of order n gives rise to two such circular 
systems, for the square with its n rows and n columns may be 
transformed into concentric circles, the rows becoming the 
circles and the columns the radii; all that is necessary is to as
sign to the center C the number n2+l or 1; in the latter case 
all integers of the magic square must be raised by unity. Such 
systems I shall exclude here and all other systems I shall then 
call true circular systems. 

The circles will be denoted by letters a, b, c, • • - , (a being 
the smallest circle), and the radii by the integers 1, 2, 3, • • -so 
that, for instance, the integer standing at the intersection of 
circle d with radius 6 will be denoted by d§. 

All systems obtained by an interchange of rows, columns, or 
row and columns in any particular system will form a group and 
that system in the groups with a i = l , a 2 < a 3 < a 4 < • • • , &i<Ci 
<d\< • • • , and bi<a2 will be considered the representative of 
this group. Every group contains, then, 2(n\)2(l/n) distinct sys
tems and just one representative, because every system can be
long to only one group and two systems are considered to be 
identical, if one may be obtained from the other by rotating 
merely the paper on which the figure is drawn. The sum of all 
integers in a system of order n is 

n 2 + l 

Sn = Z ^ = M^2+ l)(^2 + 2), 

and the magic sum is 

sn = ( l /«) [Sn + (n~ 1)M] = 1 + h + d + dx + • • • , 

where M is the element at the center, so that we have now two 
restrictions on M, namely, KM^n2, and ikf=l (mod n). 
For each Mf all possibilities for the set (6i, Ci, di, • • • ) must be 
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found and from the remaining integers in each case all chances 
for the set (a2, a3, a4, • • •)• What is left to be filled out may be 
stretched into a square oi n — 1 rows and n — 1 columns, but that 
square would not be a magic square in the common sense for 
it has no magic constant ; the magic number is a variable in the 
sense that, while every row and column must show a definite 
sum, this sum is different for any two rows and any two columns. 
I shall call such a square a variable magic square. Every such 
variable magic square of order n — 1 gives rise to just one circular 
system of order n, for it must fit in this circular system so that 
no permutation of rows and columns is possible. 

For n = 2, there is no circular system, for our above conditions 
would lead to &i = a2. For n = 3,we have M=l (mod 3); there
fore M = 4= or 7. If Jkf = 4, 5 = 21, &i + ci=16, so that the pair 
(bh ci) = (6, 10) or (7, 9). The pair (bu Ci) = (6, 10) gives (a2, a8) 
= (7, 9), as a 2 +a 3 = 16 too; and (&i, c{) = (7, 9) leaves no further 
room for (a2, <z3) under our above conditions for a representative. 
I t remains, then, to fill out a variable magic square of order two ; 
the rows must show the sums 11 and 7, and the columns the 
sums 10 and 8, and to do this we have for our disposal the in
tegers 2, 3, 5,8. I t follows, then, that there is only one chance, 
namely, fr2 = 8, &3 = 3, c2 = 2, £3 = 5. If M=7, &i+ci = 15, so that 
(bi, ci) = (5, 10) and (a2, a3) = (6, 9). We have left for the variable 
magic square of order 2 the integers 2, 8, 3, 4, leading to only 
one chance, namely, &2 = 8, fr3 = 3, c2 = 2, c3 = 4. 

Forw = 4, ikf = 5, 9, or 13. If M = 5, s4 = 42. There are 17 pos
sibilities for the triad (6i, cx, di), four of which leave no room 
for the triad (a2, a3, a4). The number of groups is 125, so that 
we have 2(4!)2(1/4)125 = 36000 systems. For M = 9, 54 = 45. 
There are 18 possibilities for (6i, Ci, di), four of which give no 
triad (a2, <z3, a4). The number of groups in this case is 517. 
There are 2(4!)2(1/4)517 = 148896 circular systems correspond
ing to M = 9. For M =13, s4 = 48 and we have 17 possibilities for 
(6i, ci, di), four of which admit no triad (a2, a3, #4). Here we have 
117 groups and 2(4!)2(1/4)117 = 33696 circular systems. 

RESULT. Inhere are 48 true systems of magic circles of order 3, 
218592 of order 4, and none of order 2. 
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